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AbstractThis paper further develops the combinatorial approach to quantization of theHamiltonian Chern Simons theory advertised in [1]. Using the theory of quan-tum Wilson lines, we show how the Verlinde algebra appears within the contextof quantum group gauge theory. This allows to discuss 
atness of quantum con-nections so that we can give a mathematically rigorous de�nition of the algebraof observables ACS of the Chern Simons model. It is a *-algebra of \functionson the quantum moduli space of 
at connections" and comes equipped with apositive functional ! (\integration"). We prove that this data does not dependon the particular choices which have been made in the construction. Followingideas of Fock and Rosly [2], the algebra ACS provides a deformation quantizationof the algebra of functions on the moduli space along the natural Poisson bracketinduced by the Chern Simons action. We evaluate a volume of the quantizedmoduli space and prove that it coincides with the Verlinde number. This an-swer is also interpreted as a partition partition function of the lattice Yang-Millstheory corresponding to a quantum gauge group.



1 IntroductionThis paper is a second part of the series devoted to combinatorial quantization ofthe Hamiltonian Chern Simons theory. Here we continue and essentially completeanalysis started in [1].To set up the stage let us reproduce the well-recognizable landscape of 3D ChernSimons theory. The latter is a 3-dimensional topological theory de�ned by the actionCS(A) = k4�Tr ZM(AdA+ 23A3) (1.1)Here M is a 3-dimensional manifold, A is a gauge �eld taking values in some semi-simple Lie algebra and k is a positive integer. In this setting the theory enjoysboth gauge and reparametrization symmetry which makes it topological. Elementaryobservables satisfying the same symmetry conditions may be constructed for eachclosed contour � in M as W� = TrPexp(Z�A) : (1.2)Choosing the manifold M to be a product of a circle and a 2-dimensional orientablesurface �, one gets a Hamiltonian formulation of the model. The direction alongthe circle plays the role of time. Actually, one can relax topological requirementsand treat the problem locally. Then such a splitting into time and space directionsis always possible. The problem of quantization in Hamiltonian approach may bestated as follows. One should construct quantum analogues Ŵ� of the observables(1.2) corresponding to space-like contours. The main questions which arise in thisway are the following. We should describe the algebra generated by Ŵ� in termsof commutation or exchange relations. Next, if we are going to use this algebraas a quantum algebra of observables, a �-operation and a positive inner productare necessary. The �nal step is to construct �- representations of the algebra ofobservables. Linear spaces which carry such representations may be used as Hilbertspaces of the corresponding quantum systems.The Hamiltonian formulation of the Chern Simons theory leads directly to themoduli space of 
at connections on a Riemann surface. The latter appears as a phasespace of the Chern Simons model. The action (1.1) introduces a natural symplecticform and a Poisson bracket on the moduli space. So, one can look for quantizationof this moduli space in the framework of deformation quantization. This is actuallya mathematical reformulation of the same problem as Hamiltonian quantization ofthe Chern Simons model.In the spirit of deformation quantization one should start with the Poisson bracketon the moduli space. This object was considered for some time in mathematical lit-erature and there are several descriptions of the corresponding Poisson structure.The one suitable for our purposes has been suggested recently by Fock and Rosly1



[2]. The main idea of this approach is to replace a 2-dimensional surface by a ho-motopically equivalent fat graph. This gives a �nite-dimensional or combinatorialdescription of the moduli space. The name of combinatorial quantization originatesfrom this fact. Another important achievement of [2] is that the only object whichis used in the description of the Poisson bracket is a classical r-matrix (solution ofthe classical Yang-Baxter equation). When the Poisson bracket is represented interms of r-matrices, the quantization procedure is almost straightforward. Roughlyspeaking, one has to replace solutions of the classical Yang-Baxter equation by thecorresponding solutions of the quantum Yang-Baxter equation. In conclusion, theway to deformation quantization of the moduli space was much clari�ed by [2].In [1] we have started a description of the quantum algebra of observables. We haveintroduced such an algebra for any pair of a fat graph and a semi-simple ribbon quasi-Hopf algebra. There we followed the ideas of [2]. The novelties of our approach wereintroduction of the �-operation and of the quantum Haar measure on the algebra ofobservables. A Haar measure on this type of algebras has been previously consideredin [3]. We succeeded to extend our consideration to quasi-Hopf algebras as well.This is motivated by the fact that the most interesting examples { like quantumgroups at roots of unity { do not meet the condition of semi-simplicity. After acertain truncation, however, they become semi-simple (weak) quasi Hopf-algebras[4], [5]. Thus, all the essential technical tools for quantization of the moduli spacewere introduced in [1]. On the other hand, an important piece of the quantization wasstill missing there: the quantum analogue of the 
atness condition. The \algebra ofobservables" A eventually included some �eld con�gurations with nonzero curvature.In this paper we overcome this problem and complete the program of quantization.The quantized algebra of functions on the moduli space (moduli algebra) is ex-pected to provide the description of the algebra of observables in 3-dimensional ChernSimons theory. In principle, we can change the point of view at this point andtreat the theory of graph connections with a quantum gauge group as a sort of 2-dimensional lattice gauge theory. As usual, one may be interested in correlation func-tions of Wilson line observables provided by the trace functional. This 2-dimensionalinterpretation has its own continuous counterpart. Assuming that in 3-dimensionalformulation the moduli algebra reproduces the algebra of observables of the ChernSimons model exactly, one concludes that in 2-dimensional formulation we obtain anexact lattice counterpart of gauged WZW model or so-called G=G model (for rela-tion of CS and G=G model see e.g. [6]). From time to time it is useful to switchfrom 3-dimensional interpretation to 2-dimensional and back. So, we shall use thevocabulary of both these approaches.Let us give a short description of the content of each section. Section 2 collectsmain theorems of [1]. This gives a possibility to understand the results of the paperwithout referring to [1]. However, we do not give any proves here and refer theinterested reader to the original text. Section 3 is devoted to Wilson line observables2



Ŵ�. In particular, we prove that for � being a contractible contour, Ŵ� belongs tothe center of the algebra of observables. We study in details the commutative algebragenerated by Ŵ� for a given �. It is proved to coincide with the celebrated Verlindealgebra. On the basis of the Verlinde algebra we construct central projectors in thealgebra A and de�ne a quantum analogue of the 
atness conditions on the graph.The algebra of observables ACS with the condition of 
atness imposed, is our �nalanswer for quantized algebra of functions on the moduli space of 
at connections. InSection 4 we prove correctness of our de�nition. From the very beginning we replacethe surface by a fat graph. This can be done in many ways. We prove that observablealgebras ACS which arise from di�erent graphs are canonically isomorphic to eachother. We pick up a particular graph which consists of a bunch of circles intersectingin only one point on the surface and describe the algebra thereon in section 4.2.Then we revisit the \multidimensional Haar measure" in section 5.1. and obtain agraph independent \quantum integration" for ACS . This is used in section 5.2. todetermine the volume of the quantum moduli space.Let us mention here that there is an ambiguity in normalization of the \integrationmeasure". In this paper we use some particular normalization which may be referredto as lattice Yang-Mills measure. The corresponding volume of the quantum modulispace resembles the answer for partition function in the 2-dimensional Yang-Millstheory. Along with this normalization there exists a canonical one which is �xed bythe requirement that the volume of each simple ideal in the moduli algebra should beequal to the square root of its dimension. The volume of the moduli space evaluatedby means of the canonical measure reproduces the famous Verlinde formula for thenumber of conformal blocks in WZW model [7]. In this way we get a consistencycheck of our approach. In the 2-dimensional interpretation Verlinde formula gives theanswer for partition function of our lattice gauge model. It coincides with experienceof continuous G=G model (see e.g. [8]). Advertizing here this result, we postponemore detailed discussion to the next paper.For simplicity, we worked with ribbon Hopf-algebras. The generalization to ribbonquasi-Hopf algebras is explained in section 6. Proofs for this section are partly givenin a separate appendix of the paper.After this brief introduction we turn to a more systematic presentation of the mainresults. There are two basic ingredients used as the input for our construction. The�rst one is a semi-simple ribbon (weak quasi-) Hopf algebra G. Equivalence classesof irreducible representations of G are labeled by I; J;K; : : :. Furthermore one needsa compact orientable Riemann surface �g;m of genus g and with m punctures. Thesepunctures are then marked so that the representation class I� is assigned to the �thpoint (� = 1; : : : ;m).Our combinatorial approach requires to replace �g;m by a homotopically equiva-lent fat graph G and to equip G with some extra structure called \ciliation". Theciliated graph will be denoted Gcil. In [1] we assigned a *-algebra B(Gcil) to this3



ciliated graph. It is generated by quantum lattice connections and quantum gaugetransformations. A *-subalgebra A(G) � B(Gcil) generated by invariant quantumlattice connections has to be singled out. Our attempt to implement the 
atness con-dition that will �nally lead to Chern-Simons observables, is based on the followingtheorem.Theorem I: (Fusion algebra and quantum characters) For every contractible plaque-tte P of the graph (or lattice) G, there is a set of central elements cI(P ) 2 A � Bwhich satisfy the fusion algebra (or \Verlinde algebra"), i.e.cI(P )cJ (P ) = XK N IJK cK(P ) ; (1.3)(cI(P ))� = c�I(P ) : (1.4)If the matrix SIJ = N (trIq 
 trJq )(R0R), N being equal to some nonzero real number,is invertible, a set of quantum characters �I(P ) can be constructed from the elementscI(P ). They are central orthogonal projectors within A, i.e.�I(P )� = �I(P ) ; �I(P )�J(P ) = �I;J�I(P ) : (1.5)Explicit formulas for both cI(P ) and �J(P ) can be given (see eqs. (3.19) and (3.22)below ).Projectors are the analogue of characteristic functions on the group in the non-commutative framework. We will show that the \support" of �0(P ) consists of quan-tum connection, which have trivial monodromy around the plaquette P . So �0(P )plays the role of �-function at the group unit. A similar construction has been de-veloped in [3]. This consideration motivates the following construction of an algebraAfI�gCS of Chern-Simons observables.AfI�gCS = A YP2P0 �0(P ) mY�=1�I� (P�) : (1.6)Here P� ; � = 1; : : : ;m; denotes the plaquette containing the �th puncture on �g;m. Itis marked my I� . P0 is the set of all plaquettes on the graph G, which do not containa marked point.Actually AfI�gCS comes with some extra structure. First the �-operation on Arestricts to AfI�gCS . Moreover, the generalized \multidimensional Haar measure" ! onA which was constructed in [1] furnishes a positive linear functional !CS on AfI�gCS .These data turn out to depend only on the input (�g;m;G).Theorem II: (Chern Simons observables) The triple (AfI�gCS ; �; !CS) of an algebraAfI�gCS with �-operation � and a positive linear functional !CS : AfI�gCS 7! C does notdepend on the choice of the fat ciliated graph Gcil which is used in the construction.4



Positive linear functional generalizes the concept of integration. Having constructed!CS will allow to calculate the volume of the quantum moduli space. Actually,it coincides with the Verlinde number assigned to the same Riemann surface withmarked points. This may be considered as a representative consistency check of thecombinatorial approach.2 Short summary of [1]Before we continue our study of Chern-Simons observables we want to review somenotations and results from [1]. We will not attempt to make this section selfcontainedbut keep our emphasis on formulas and notations frequently used throughout the restof this paper. Compared with [1], our notations will be slightly changed to adaptthem to our new needs.The theories to be considered here live on a graph (or lattice) G. The latterconsists of sites x; y; z 2 S and oriented links �i;�j;�k 2 L. We also introduce amap t from the set of oriented links L to the set of sites S such that t(i) = x, if ipoints towards the site x. Let us assume that two sites on the graph are connectedby at most one link (we will come back to this assumption later).Our models on the graph G will possess a quantum gauge symmetry, which isdescribed by a family of ribbon Hopf-*-algebras assigned to the sites x 2 S. Theyconsist of a �-algebra Gx with co-unit �x, co-product �x, antipode Sx, R-matrix Rxand the ribbon element vx. Let us stress that we deal with structures for which theco-product �x is consistent with the action(� 
 �)� = �� 
 �� for all �; � 2 Gxof the *-operation � on elements in the tensor product Gx 
 Gx. This case is ofparticular interest, since it appears for the quantized universal enveloping algebrasUq(G) when the complex parameter q has values on the unit circle [5].Given the standard expansion of Rx 2 Gx 
Gx, Rx = P r1x� 
 r2x�, one constructsthe elements ux =XSx(r2x�)r1x� : (2.1)Among the properties of ux (cp. e.g. [9]) one �nds that the product uxSx(ux) is inthe center of Gx. The ribbon element vx is a central square root of uxSx(ux) whichobeys the following relationsv2x = uxSx(ux) ; Sx(vx) = vx ; �x(vx) = 1 ; (2.2)v�x = v�1x ; �x(vx) = (R0xRx)�1(vx 
 vx) : (2.3)The elements ux and vx can be combined to furnish a grouplike element gx = u�1x vx 2Gx. It will play an important role throughout the text. So let us list some properties5



here. g�1x = Sx(gx) ; g�x = g�1x ; gxSx(�) = S�1x (�)gx ; (2.4)�x(gx) = (gx 
 gx) : (2.5)Examples of ribbon-Hopf-*-algebras are given by the quantized enveloping algebrasof all simple Lie algebras [9].The algebras Gx at di�erent sites x are assumed to be twist equivalent, i.e. theHopf-structure of every pair of symmetry algebras Gx;Gy is related by a (unitary)twist in the sense of Drinfel'd [10]. We emphasize that { for the moment { werestrict ourselves to co-associative co-products �x. As in [1], the discussion of thequasi-co-associative case is included at the end of the paper.The total gauge symmetry is the ribbon Hopf-*-algebra G = NGx, with the in-duced co-unit �, co-product �, etc. . There is a canonic embedding of Gx into G andwe will not distinguish in notations between the image of this embedding and thealgebra Gx, i.e. the symbol Gx will also denote a subalgebra of G.Representations of the algebra G of gauge transformations are obtained as families(�x)x2S of representations of the symmetries Gx. At this point let us assume that Gxare semisimple and that every equivalence class [J ] of irreducible representations ofGx contains a unitary representative � Jx with carrier space V J . For the moment, themost interesting examples of gauge symmetries, e.g. Uq(G); qp = 1, are ruled out bythis assumption. It was explained in section 7 of [1] how \truncation" can cure thisproblem once the theory has been extended to quasi-Hopf algebras.The tensor product � Ix 2� � Jx of two representations � Ix ; � Jx of the semisimple algebraGx can be decomposed into irreducibles �Kx . This decomposition determines theClebsch-Gordon maps Cax[IJ jK] : V I 
 V J 7! V K,Cax [IJ jK](� Ix2� � Jx )(�) = �Kx (�)Cax [IJ jK] : (2.6)The same representations �Kx in general appears with some multiplicity N IJK . Thesuperscript a = 1; : : : ; N IJK keeps track of these subrepresentations. It is common tocall the numbers N IJK fusion rules. Normalization of these Clebsch Gordon maps isconnected with an extra assumption. Notice that the ribbon element vx is centralso that the evaluation with irreducible representations � Ix gives complex numbersvI = � Ix (vx) (twist equivalence of the gauge symmetries implies that � Ix (vIx) does notdepend on the site x). We suppose that there exists a set of square roots �I ; �2I = vI;such that Cax [IJ jK](R0x)IJCbx[IJ jL]� = �a;b�K;L�I�J�K : (2.7)Here R0x = P r2x� 
 r1x� and (R0x)IJ = (� Ix 
 � Jx )(R0x). Let us analyze this relation inmore detail. As a consequence of intertwining properties of the Clebsch Gordon maps6



and the R-element, �K(�) commutes with the left hand side of the equation. So bySchurs' lemma, it is equal to the identity eK times some complex factor !ab(IJ jK).After appropriate normalization, !ab(IJ jK) = �a;b!(IJ jK) with a complex phase!(IJ jK). Next we exploit the �-operation and relation (2.2) to �nd !ab(IJ jK)2 =vIvJ=vK. This means that (2.7) can be ensured up to a possible sign �. Here weassume that this sign is always +. This assumption was crucial for the positivity in[1]. It is met by the quantized universal enveloping algebras of all simple Lie algebrasbecause they are obtained as a deformation of a Hopf-algebra which clearly satis�es(2.7).We wish to combine the phases �I into one element �x in the center of Gx, i.e. byde�nition, �x will denote a central element�x 2 Gx with � Jx (�x) = �J : (2.8)Such an element does exist and is unique. It has the property �� = ��1.The antipode Sx of Gx furnishes a conjugation in the set of equivalence classes ofirreducible representations. We use [ �J] to denote the class conjugate to [J ]. Someimportant properties of the fusion rules N IJK can be formulated with the help of thisconjugation. Among them are the relationsNK �K0 = 1 ; N IJK = NJIK = NJ �K�I : (2.9)The numbers vI are symmetric under conjugation, i.e. vK = v �K. Let us also mentionthat the trace of the element Sx(ux)v�1x in a given representation � I computes the\quantum dimension" dJ of the representation � I [9], i.e.dJ � tr(� J (gx)) : (2.10)The numbers dJ satisfy the equalities dIdJ = PN IJK dK and dK = d �K.We can use the Clebsch Gordon maps C[K �Kj0] to de�ne a \deformed trace" trKq .If X 2 End (V K) thentrKq (X) = dKvKCx[ �KKj0] 2X (R0x) �KKCx[ �KKj0]� (2.11)This de�nition simpli�es with the help of the following lemma which will be appliedfrequently within the next section.Lemma 1 The Clebsch-Gordon maps C[K �Kj0] satisfy the following equations:1. For all � 2 Gx they obey the intertwining relationsCx[K �Kj0](�Kx (�) 
 id) = Cx[K �Kj0](id
 �Kx (Sx(�)))(�Kx (�) 
 id)Cx[K �Kj0]� = (id 
 �Kx (Sx(�)))Cx[K �Kj0]� (2.12)7



2. With the normalization conventions (2.7) one �ndsdKtr �K(Cx[K �Kj0]�Cx[K �Kj0]) = eKdKtr �K(Cx[ �KKj0]�Cx[ �KKj0]) = eK (2.13)Here action of the trace tr �K on the �rst resp. second component is understoodand eK = eKx is the identity map on V K.Proof: The �rst two relations are a consequence of the intertwining propertiesof C[K �Kj0] and the de�ning relations of an antipode Sx. Using (2.12) one can checkthat the traces on the left hand side of the equations (2.13) commute with �K(�)and hence are proportional to the identity eKx . To calculate the normalization, onemultiplies with �K(g), evaluates the trK of the expression and uses the normalization(2.7) of the Clebsch Gordon maps.As a consequence of this lemma we �nd the simple formulatrKq (X) = trK(X�Kx (gx)) (2.14)In particular this implies that dK = trKq (eK).While the gauge transformations � 2 G live in the sites of G, variables U Iab(i) areassigned to the links of the graph G. They can be regarded as \functions" on thenon-commutative space of lattice connections. Together with the quantum gaugetransformations � 2 G they generate the lattice algebra B de�ned in [1]. To writethe relations in B, one has to introduce some extra structure on the graph G. Theorientation of the Riemann surface � determines a canonical cyclic order in the setLx = fi 2 L : t(i) = xg of links incident to the vertex x. Writing the relations in Bwe were forced to specify a linear order within Lx. To this end one considers ciliatedgraphs Gcil. A ciliated graph can be represented by picturing the underlying graphtogether with a small cilium cx at each vertex. For i; j 2 Lx we write i � j, if (cx; i; j)appear in a clockwise order.In contrast to [1], we will write relations in B in a matrix notation. This meansthat the generators U Iab(I) 2 B are combined into one single objectU I(i) 2 End(V I)
B :Such algebra valued matrices are widely used in similar contexts and will have manyadvantages for the calculations to be done later. With this remark we are preparedto review the de�ning relations of B. The rest of our notations will be explained aswe proceed.B is characterized by three di�erent types of relations.8



1. Covariance properties of the generators U Iab(i) under gauge transformations arethe only relations involving the generators � 2 G. If x = t(i); y = t(�i) theyread �U I (i) = U I(i)�Ix(�) for all � 2 Gx�Iy(�)U I (i) = U I(i)� for all � 2 Gy (2.15)�U I (i) = U I(i)� for all � 2 Gz; z 62 fx; yg :Here we used the symbol �Iz(�) 2 End (V I)
 B which is de�ned by�Iz(�) = (� Iz 
 id)�z(�) for all � 2 Gz : (2.16)The covariance relations (2.15) make sense as relations in End(V I)
 B, if � isregarded as an element � 2 End(V I)
B with trivial entry in the �rst component.We will not distinguish in notation between elements � 2 G and their image inEnd (V I)
 G.2. Functoriality for elements U I(i) on a �xed link i encodes that the degrees offreedom attached to links basically generate a quantum group algebra 1 .1U I(i) 2U J(i) = XK;aCay [IJ jK]�UK(i)Cax[IJ jK] ; (2.17)U I(i)U I(�i) = eIy ; U I (�i)U I(i) = eIx : (2.18)The Clebsch Gordon maps Cax[IJ jK]; Cay [IJ jK]� have been introduced in thelast section. To explain the small numbers on top of the U , one has to expandU I(i) 2 End(V I)
B according to U I(i) =PmI� 
 uI�. Then1U I =XmI� 
 eJ 
 uI�and similarly for 2U J(i). Here and in the following, eJ denotes the identity mapon V J .3. Braid relations between elements U I (i); UJ(j) assigned to di�erent links have torespect the gauge symmetry and locality of the model. These principles require1U I(i) 2U J (j) = 2U J (j) 1U I(i) (2.19)for all i; j 2 L without common endpoints ;1U I(i) 2U J (j) = 2U J (j) 1U I(i)RIJx (2.20)for all i; j 2 L with t(i) = x = t(j) and i < j :RIJx is the matrix ((� Ix 
 � Jx )(Rx)
 e) 2 End(V I)
 End (V J )
B.1It is a quantum group algebra up to a possible twist in one of the endpoints of the link i (see[1]) 9



Braid relations for other con�gurations of the links i; j can be derived. As anexample we consider a case where j;�i point towards the same site x and �i > j.Then 1U J(j)(Rx)IJ 2U I(i) = 2U I(i) 1U J(j) : (2.21)In this form, braid relations will be widely used throughout the text.Let us brie
y describe some of the results obtained in [1]. The lattice algebra Ballows for a *-operation. Its de�nition uses the elements �x introduced in (2.8), orrather the element � 2 G they determine in G = QGx. Before we can explain how �acts on B, we need some more notations. Let �� : B 7! B be the automorphism of Bobtained by conjugation with the unitary element � 2 G, i.e.��(F ) = ��1F� for all F 2 B :�� extends to an automorphism of End (V )
B with trivial action on End (V ). Sup-pose furthermore that B 2 End(V )
B has been expanded in the form B = m�
B�with m� 2 End (V ) and B� 2 B. If V is a Hilbert space and m�� the usual adjoint ofthe linear map m�, the �-operation on B induces a �-operation on End (V ) 
 B mymeans of the standard formula B� = m�� 
B��. With these notations, the de�nitionfor � in [1] becomes (U I(i))� = ��(RIxU I(�i)(R�1y )I) : (2.22)Again i is supposed to point from y = t(�i) towards x = t(i) and RIz � (� Iz
id)(Rz) 2End (V I)
 B etc. .Another ingredient in the theory of the lattice algebra B is the functional ! : B 7!C . It can be regarded as the quantum analog of a multidimensional Haar measure.If we assume that the links i�; � = 1; : : : ; n; are pairwise di�erent, i.e. i� 6= �i� forall � 6= �, then !(U I1 (i1) : : : U In(in)�) = �(�)�I1;0 : : : �In;0 (2.23)for all � 2 G and every set of labels I� . Details and examples of explicit calculationswith ! can be found in [1].It is interesting to consider the quantum analog of functions on the space of latticeconnections. They form a subset < U > in B. More precisely, < U > is generated bythe matrix elements U Iab(i) 2 B of quantum lattice connections U I(i) with the labelsi; I running through all their possible values. Here the word \generate" refers to theoperations of addition and multiplication in B, while the action of � is not included.So { except from special cases { < U > will not be a *-subalgebra of B. This is oneof the reasons, why we prefer to call < U > a subset (as opposed to subalgebra) ofB. The other reason is related to the case of quasi-Hopf symmetries G which will bediscussed below. One of the main results in [1] is10



Theorem 1 (positivity) [1] Suppose that all the quantum dimensions dJ are positiveand that relation (2.7) is satis�ed. Then!(F �F ) � 0 for all F 2< U >and equality holds only for F = 0.In this theorem, the argument F �F of the functional ! is in B rather than in< U >. Since ! was de�ned on the whole lattice algebra B the evaluation of !(F �F )is possible nevertheless.Invariants within the subset < U > are the quantum analog of invariant functionson the space of lattice connections. They form a subset A,A � fA 2< U >� Bj�A = A� for all � 2 Gg :Actually, A �< U > is also a subalgebra of B and the �-operation on B does restrictto a �-operation on A. The positivity result of theorem 1 implies that ! restricts toa positive linear functional on the �-algebra A (under the conditions of the theorem).Let us �nally mention mention that A is independent of the position of eyelasheswhich entered the theory when we de�ned B.3 The Quantum-curvature and Chern Simons ob-servablesObservables of Chern-Simons theories are obtained from the algebra < U >� Bof \functions" on the space of quantum lattice connection in a two-step procedure.The restriction to invariants was described in [1]. The second step is to impose the
atness condition. This will be achieved in section 3.2 below after some preparationin the �rst subsection.3.1 Monodromy around plaquettesTo begin with let us consider a single plaquette P on the graph G. We assume thatall cilia at sites on the boundary @P of this plaquette lie outside of P . In moremathematical terms we can describe this as follows: suppose that i; j are two linkson @P and that t(i) = x = t(j). Without any restriction we can take i � j. If k 2 Lis a third link on G with t(k) = x and i � k � j then i = k or i = j which meansthat in the situation encountered here there can be no link in between i; j.Next let C be a curve on @P , i.e. a set of links fi�g�=1:::n with t(i�) = t(�i�+1); � =1 : : : n � 1. Its inverse �C is the ordered set �C = f�in+1��g�=1:n. On the set of11



curves C one can introduce a weight w(C) according tow(C) = n�1X�=1 sgn(i�; i�+1) wheresgn(i; j) = ( �1 if i < �j+1 if i > �jObviously, w(C) changes the sign, if the orientation of C is inverted, i.e. w(C) =�w(�C).From now on we will assume that C moves in a strictly counter-clockwise directionon @P , i.e. �i�+1 > i� for all � = 1 : : : n � 1. The starting point t(�C) � t(�i1) ofC will be called y while we use x to denote the endpoint x = t(C) � t(in).The quantum-holonomy along C is the family fU I(i)gI of elementsU I (i) 2 End (V I)-
 B de�ned by U I(C) � �w(C)I U I(i1) : : :U I (in) : (3.1)Here �I are the complex numbers which have been postulated in relation (2.7). Letus gather some of the properties of the holonomies in the following proposition.Proposition 2 (properties of U I(C)) If C satis�es the requirements described aboveand C is not closed (i.e. t(C) 6= t(�C)) , the holonomies U I(C) have the followingproperties1. they commute with gauge transformations � 2 Gx� for all x� = t(i�); � = 1 : : : n�1. In other words, the holonomies are gauge invariant except for their endpoints.2. they commute with UJ (i) if the endpoints of i and the endpoints of C are disjoint,1U I(C) 2U J (i) = 2U J (i) 1U I(C)whenever ft(i); t(�i)g \ ft(C); t(�C)g = ;.3. they satisfy the following \functoriality on curves"1U I(C) 2U J(C) =XCay [IJ jK]�UK(C)Cax [IJ jK] ; (3.2)U I(C)U I (�C) = eIy ; U I (�C)U I(C) = eIx : (3.3)and behave under the action of � as(U I(C))� = ��(RIxU I(�C)(R�1y )I) : (3.4)4. the elements U I(C) and U I(�C) are related byUK(�C) = dKtr �K �Cx[ �KKj0]�Cy[ �KKj0] 1g �Ky 1U �K(C)� ; (3.5)where 1g �Ky = (� �Ky (gy)
 eK). 12



Proof: 1: is essentially trivial. 2: is an application of the braid relations for compos-ite elements (proposition 6, [1]). If i has no endpoint on C the assertion is trivial. Letus suppose that i has one endpoint z 2 S on C and z 6= x; y. Without loss of generalitywe assume z = t(i). We decompose the curve C into two parts C1z = C1; C2z = C2 suchthat C1(C2) ends (starts) at z. The corresponding elements U I(C�) satisfy standardbraid relations with UJ (i), i.e.1U I(C�) 2U J(i) = 2U J(i) 1U I(C�)RIJzif C1;�C2 < i. Similar relations with (R0z�1) instead of Rz hold if C1;�C2 > i.Because of the assumptions on C, other possibilities on the order of C1;�C2; i do notexist. In the �rst case, braid relations for composite elements imply that1U I(C1) 1U I(C2) 2U J(i) = 2U J(i) 1U I(C1) 1U I(C2)(� 0z 
 � Jz )(Rz) :Again, R has to be substituted by R0�1 in case that C1;�C2 > i. The representation� 0 appears because U I(C1)U I(C2) is invariant in z. Since (� 0z 
 � Jz )(Rz) = (�z 
� Jz )(Rz) = eJz we obtain the desired commutation relation. The last case in whichboth endpoints of i lie on the curve C is treated in a similar fashion.3: We prove the �rst relation by induction on the length n of the curve C. Forn = 1, C = i1 and the relation holds because of functoriality on the link i1. So let usassume that the equation is correct for curves of length n� 1. We decompose C intoa curve C 0 of length n � 1 and one additional link in. Using the de�nition of U I(C),the braid relations (2.21) and functoriality for curves of length less than n we obtain1U I(C) 2U J (C)= (�I�J)�1 1U I(C 0) 1U I(in) 2U J(C 0) 2U J(in)= (�I�J)�1 1U I(C 0) 2U J (C 0)(R0z)IJ 1U I(in) 2U J (in)= (�I�J)�1XKLCay [IJ jK]�UK(C 0)Caz [IJ jK](R0z)IJCbz [IJ jL]�UL(in)Cbx[IJ jL]= XK Cay [IJ jK]�UK(C)Cax[IJ jK]Here z = t(C 0) and we used relation (2.7) for the last equality. The other two formulasin 3: are obvious. 4: is a generalization of the formula (4.8) in [1] within our newnotations. We want to justify it here. It follows from the functoriality of holonomies(3.2) and relation (2.7) thatCy[ �KKj0](R0y) �KK 1U �K(C) = vKCx[ �KKj0] 2U K(�C) :Here we also applied �K� �K = vK. With the intertwining relation (2.12) of the ClebschGordon maps C[ �KKj0] and the de�nition of 1g �Ky = (�Ky (gy)
e), this can be rewritten13



in the form Cy[ �KKj0] 1g �Ky 1U �K(C) = vKCx[ �KKj0] 2U K(�C) :Multiplication with Cx[ �KKj0]� and taking the trace tr �K results in the desired ex-pression for UK(�C) as a consequence of equation (2.13).Let us now turn to the de�nition of monodromies. This corresponds to the case ofclosed curves C which was excluded in the preceding proposition. C starts and endsin the point x on @P . For such holonomies we introduce the new notationM I(C) � U I(C) for C closed. (3.6)Proposition 3 (properties of the monodromies) If C is a closed curve which sat-is�es the requirements described above, the monodromies M I (C) have the followingproperties1. they commute with all gauge transformations � 2 G with � 62 Gx. Their trans-formation behavior under elements � 2 Gx is described by�I(�)M I (C) = M I(C)�I (�) :2. they commute with UJ (i) if x is not among the endpoints of i, i.e. x 62 ft(i); t(�i)g.3. they satisfy the following \functoriality on loops"1M I(C)RxIJ 2M J (C) =XCax[IJ jK]�MK(C)Cax [IJ jK] ; (3.7)M I (C)M I(�C) = eIx ;M I(�C)M I(C) = eIx : (3.8)and behave under the action of � as(M I(C))� = ��(RIxM I (C)(R�1x )I) : (3.9)4. the elements M I(C) and M I(�C) are related byMK(�C) = dKtr �K �Cx[ �KKj0]�Cx[ �KKj0] 1g �Kx 1M �K(C)R �KKx � : (3.10)Proof: 1:; 2: are obvious from the proof of the proposition 2. For the proof of 3: onebreaks C into two non-closed parts C1; C2 such that t(C1) = y = t(�C2) and exploitsthe simple braid relation1U I(C2)RIJx 2U J (C1) = 2U J (C1)(R0y)IJ 1U I(C2) : (3.11)14



Using the functoriality of the holonomies U I(C�) derived before, the functoriality onloops follows. Giving more details on the proof of 3:; 4: would amount to a repetitionof the proof of proposition 2.Remark: From the functoriality relations (3.7) of the monodromies one derives thefollowing quadratic relations1M I(C)RxIJ 2M J(C)R0xIJ = RxIJ 2M I(C)R0xIJ 1M J(C) : (3.12)Relations of this form were found to describe the quantum enveloping algebras ofsimple Lie algebras [11].From the monodromies one can prepare new elements cI 2 A � B. For the closedcurve C on the boundary @P of the plaquette P we de�necI � cI(P ) � �ItrIq(M I(C)) = �ItrI(M I(C)� Ix (gx)) (3.13)We recall that � Ix(gx) � gIx = � Ix (u�1x vx) and the last equality is a consequence oflemma 1. The elements cI have a number of beautiful properties. They will turnout to be central elements in the algebra A of invariants in < U > and satisfy thede�ning relations of the fusion algebra.Proposition 4 (properties of cI) If all eyelashes at sites on the boundary of theplaquette P lie outside of P , the elements cI = cI(P ) have the following properties1. they are independent of the choice of the start- and endpoint x of the closedcurve C.2. they are central in the lattice algebra B. In particular cI are invariant elementsin < U > and hence central in A.3. they satisfy the fusion algebracIcJ = XK N IJK cK ; (3.14)(cI)� = c�I : (3.15)Proof: 1: We break the curve C at an arbitrary point y on @P and start again fromthe braid relations of the holonomies on the two pieces C1; C2 of C1U I(C1)RyII 2U I(C2) = 2U I(C2)(R0x)II 1U I(C1) : (3.16)Now multiply with 1g Iy from the right and with 1g Ix from the left. Usage of � Ix (�)gIx =gIx� Ix(S2x(�)) and the expansion R�1z =P s1z� 
 s2z� result in1g Ix 1U I(C1) 1g Iy 1� Iy(Sy(s1y�)) 2� Iy(s2y�) 2U I(C2)= 2U I(C2) 2� Ix(s1x�) 1� Ix(S�1x (s2x�)) 1g Ix 1U I(C1) 1g Iy : (3.17)15



Here we made use of the formula (Sy 
 id)(Ry) = R�1y . We will insert this for-mula frequently in the following without further mentioning. After multiplying thetwo matrix components in the last equation we take the trace trI . With uIz =(vI)2� Iz (Sz(s1z�)s2z�) = (vI)2� Iz (s1z�S�1z (s2z�)) the result istrI(gIxU I (C1)gIyuIyU I(C2)) = trI(U I(C2)uIxgIxU I(C1)gIy) :Finally, we insert gIzuIz = vI, the de�nitions (3.6,2.11) of the monodromy M I(C) andthe q-trace trIq to end up withtrIq(M I (C)) = trIq(M I (C 0))where C 0 starts in the site y and runs along C2 and C1 to end up in y again. Thismeans that instead of x one can choose any other site y on the boundary of P tode�ne cI .2: is a simple consequence of the properties of the monodromy (proposition 3) and1: 3: The �rst relation is easily obtained from the \operator products" (3.7) of themonodromy. One just multiplies the latter from the right with 1g Ix 2g Jx(R�1x )IJ�I�J ,uses the relation Cax[IJ jK] 1g Ix 2gJx = gKx Cax[IJ jK] (this is (2.4)) and takes the trace ofboth matrix-components of the equation. For the right hand side of (3.7) this leadsto r.h.s. � �I�J (trI 
 trJ ) �Cax[IJ jK]�MK(C)Cax[IJ jK] 1g Ix 2g Jx(R�1x )IJ�= XK;a�KtrK(MK(C)gKx ) =XK N IJK cK ;where we also inserted the normalization (2.7) of the Clebsch-Gordon maps and thede�nition of the numbers N IJK . The evaluation of the left hand side is equally simple.After application of the intertwining relation of 1g Jx and the trace property for trJone obtainsl.h.s. = �I�J (trI 
 trJ) � 1M I(C) 1� Ix(r1x�S�1x (r1x�) 1g Ix 2� I(r2x�r2x�)) 2M J(C) 2g Jx� :The simple calculation r1x�S�1x (r1x�) 
 r2x�r2x� = S�1x (r1x�s1x�) 
 r2x�s2x� = e 
 e showsthat l.h.s. = �I�J(trI 
 trJ )[ 1M I(C) 1g Ix 2M J (C) 2gJx ] = cIcJ :Let us turn to the behavior of cI under the action of �. The relation (3.9) impliesthat (cI)� = ��1I trI hRIxM I(C)(R�1x )I� Ix(g�1x )i16



= ��3I trI h� Ix (Sx(s1x�ux)s2x�M I (�C)(R�1x )Ii= �ItrI h� Ix (Sx(s1x�)Sx(s1x� )s2x�)s2x�M I (�C)(R�1x )Ii= �ItrI h�Ix(s2x�)M I(�C)(R�1x )I� Ix(Sx(s1x�))i= �ItrI hM I (�C)� Ix(s2x�Sx(s1x�))i= �ItrI hM I (�C)� Ix(u�1x )i = ��1I trI(M I (�C)gIx) (3.18)Here six� are still de�ned by the expansion R�1x = P s1x� 
 s2x� and we used therelations ux = Sx(s1x�)s2x�v2 and u�1x = s2x�Sx(s1x�) (sum over � is understood). Forthe forth equality we inserted the quasi-triangularity of the element Rx. �Ix(�) wasde�ned in (2.16). It also appears in the transformation law of the monodromies�Ix(�)M I (C) = M I(C)�Ix(�) for all � 2 Gx :The latter was used in the above calculation to shift the factor �Ix(s2x�) from the leftto the right of M I (C). After this step, another application of the quasi-triangularityleads to the �nal result of the above calculation.At this point we can insert the relation (3.10) and apply the lemma 1 severaltimes. (cI)� = ��1I dI(tr�I 
 trI) �Cx[ �IIj0]�Cx[ �IIj0] 1g �Ix 1M �I(C)R�IIx 2g Ix�= k�1I tr�I(� �Ix (S�1x (r2x�)M �I (C)� �Ix(r1x�))= k�1I tr�I(M �I (C)� �Ix (Sx(ux))) = k�Itr�I(M �I(C)g �Ix) = c�I :3.2 The algebra ACS of Chern Simons observablesThe results of the preceding subsection show that for every plaquette P on the graphG there is a family fcI(P )gI of elements in the center of A(G) with the propertiescI(P )cJ (P ) =XK N IJK cK(P ) ; cI(P )� = c�I(P ) :These elements are obtained as follows: suppose that A(G) has been constructedwith some �xed ciliation on G. The corresponding ciliated graph will be denotedby Gcil. Now choose an arbitrary plaquette P and some ciliation on G such thatno cilium lies inside of P . We call this ciliated graph Gcil0 . By proposition 12 in[1] we know that there is an isomorphism E : A(Gcil0) 7! A(Gcil). We can nowuse the expressions in the �rst subsection to construct the elements cI explicitly inA(Gcil0). Their images cI(P ) = E(cI) in A(Gcil) will be central and generate thefusion algebra. The automorphism E has been constructed in [1]. From the generalaction of E and the de�nition (3.13) for cI one can obtain the explicit expressioncI(P ) = (�I)w(@P )+2trIq(U I(i1)U I(i2) : : : U I(in)) (3.19)17



where fi1; i2; : : : ; ing is a closed curve that surrounds P once and w(@P ) =w(fi1; i2; : : : ing)�1 if the cilium at x = t(in) lies outsideinside the plaquette P . The formula(3.19) does no longer depend on the position of cilia.Let us describe next, how one obtains \quantum-characters" �I(P ) from theCasimirs cJ(P ). In fact this step is quite standard, but it requires an additionalassumption on the gauge symmetries Gx. From now on we suppose that the matrixSIJ � N (trIq 
 trJq )(R0R) (3.20)with N � (XK d2K)�1=2 <1is invertible. A number of standard properties of S can be derived from the invertibil-ity (and properties of the ribbon Hopf-*-algebra). We list them here without furtherdiscussion. Proofs can be found e.g. in [12].SIJ = SJI ; S0J = NdJ ;XJ SIJSKJ = �IK ; XJ SIJSJK = CIK ; (3.21)XK N IJK SKL = SJLSIL(NdL)�1with CIJ = N IJ0 . For the relations in the second line, the existence of an inverse ofS is obviously necessary. Invertibility of S is also among the de�ning features of amodular Hopf-algebra in [13].Theorem 5 (characters) Suppose that the matrix S = (SIJ) de�ned in equation(3.20) is invertible so that it has the properties stated in (3.21). Then the elements�J(P ) 2 A de�ned by�I(P ) � NdI (SC)IKcK(P ) = NdISIKc �K(P ) : (3.22)are central orthogonal projectors in A, i.e. they satisfy the following relations�I(P )� = �I(P ) ; �I(P )�J(P ) = �I;J�I(P ) : (3.23)Proof: The simple calculation needs no further comments.�I�J = N 2dIdJSI �KSJLcKc�L= N 2dIdJSI �KSJLNKML c �M= N 2dIdJSI �KSMJSKJ (NdJ )�1c �M= dISI �KSKJ (dJ )�1�J= �I;J�J 18



Let us also determine the action of � on the projectors �I.(�I)� = NdISIJ(c �J )�= NdIS �JIcJ = �IThis concludes the proof of theorem 5. The result is quite remarkable and centralfor our �nal step in constructing Chern Simons observables.Consider once more the graph G that we have drawn on the punctured Riemannsurface �. Suppose that G has M plaquettes P , m of which contain a marked point.The latter will be denoted by P� ; � = 1 : : :m. Let us use P for the set of all plaquetteson G and P0 for the subset of plaquettes which do not contain a marked point. Byconstruction, the plaquettes P� contain at most one puncture which is marked bya label I�. To every family of such labels I�; � = 1 : : :m; we can assign a centralorthogonal projector in A.�(fI�g) = YP2P0 �0(P ) mY�=1�I� (P�) : (3.24)Since all elements �I(P ) commute with each other, the order of multiplication isirrelevant.De�nition 6 (Chern Simons observables) The algebra AfI�gCS of Chern Simons ob-servables on a Riemann surface � with m punctures marked by I�; � = 1 : : :m; isgiven through AfI�gCS � A �(fI�g) = �(fI�g) A : (3.25)Remark: Notice that the �-operation on A restricts to a �-operation on ACS . Thesame is true for the positive linear functional in [1].To call elements in ACS \Chern Simons observables" has certain aspects of aconjecture. A full justi�cation of this name needs a detailed comparison with otherapproaches to quantized Chern-Simons theories. This is discussed at lenght in aforthcoming paper ([14]). Some remarks are also made in the last section of thispaper. At this point we can only give a more \physical" argument by showing thatelements in ACS have \their support on the space of lattice connections which are 
ateverywhere except from the marked points". So whenever we multiply an elementA 2 ACS with the matrix M I (C) and C wraps around a plaquette P 2 P0, only thecontributions from 
at connections survive in MJ (C). Since 
at connections havetrivial monodromy, this means that for all A 2 ACS, AMJ (C) � AeJ up to complexfactor which depends on the conventions. This will follow from the next proposition.Proposition 7 (
atness) The elements �0(P ) and M I(C) satisfy the following re-lation �0(P ) MJ (C) = (�J)�1�0(P ) eJx : (3.26)19



Here C is a closed curve on the boundary @P of the plaquette P which starts and endsin the site x.Proof: The point of departure is the operator product of the monodromies (eq.(3.7)). 1M I(C)(Rx)IJ 2M J (C) =XCax[IJ jK]�MK(C)Cax [IJ jK] :As in the proof of proposition 4:3: we obtaincIMJ(C) = �I X trIq h(R�1x )IJCax[IJ jK]�MK(C)Cax [IJ jK]i= �I X dIvICx[ �IIj0](R�1x )IJCax [IJ jK]�MK(C) �� Cax[IJ jK](R0x)�IICx[ �IIj0]�= �I X d2KvJvKdICx[ �KKj0](R0x)J �KCax[J �Kj�I]�Cax[J �Kj�I] �� 3M K(C)(R0x) �KKCx[ �KKj0]�While the second equality follows from the de�nition (2.11) of the q-trace, the thirdequality is a consequence of the following lemma.Lemma 2 The Clebsch-Gordon maps satisfy the following two relationsCax[IJ jK](R0x)�IICx[ �IIj0]� = dKvIdIvKAabCbx[J �Kj�I](R0x) �KKCx[ �KKj0]�Cx[ �IIj0](R0x)IJCax[IJ jK]� = dKvIdIvK (A�1)abCx[ �KKj0](R0x)J �KCbx[J �Kj�I]�with an invertible, complex matrix A.The proof of the lemma relies on intertwining properties and normalizations ofClebsch Gordon maps. Since it is somewhat similar to the proof of lemma 1 {though certainly more sophisticated { we leave details to the reader.As we continue to calculate �0MJ (C), we will use the completeness of ClebschGordon maps, i.e. the relationX�I;a ��I�J� �K (R0x)J �KCax[J �Kj�I]�Cax[J �Kj�I] = eJ 
 e �K : (3.27)With �0 = PN 2dIcI it follows that�0MJ(C) = N 2XI d2K�I(�J�K)2Cx[ �KKj0](R0x)J �KCax [J �Kj�I]�Cax [J �Kj�I] �� 3M K(C)(R0x) �KKCx[ �KKj0]�20



= N 2X d2K�J�K eJxCx[ �KKj0] 2M K(C)(R0x) �KKCx[ �KKj0]�= N 2X dK�K�J eJxtrKq (MK(C))= (�J)�1eJxXN 2dKcK = (�J )�1�0eJx :4 Changing the graph GThe quantum algebra AfI�gCS is shown to depend only on the marked Riemann surface�g;m with punctures labeled by I� and the quantum symmetry G. Then a particulargraph is described which allows for a relatively simple presentation of ACS . Thispresentation will be useful for explicit calculations (see e.g. section 5.2) and thediscussion of representation theory in a forthcoming paper ([14]).4.1 Independence of the graphWe plan to prove some fundamental isomorphisms within this section. The algebraA of invariants can be constructed in many di�erent ways. One �rst chooses a fatgraph G on the punctured Riemann surface �g;m and equips it with cilia at all thesites. Then one constructs the lattice algebra B for this ciliated graph and considersthe algebra A of invariants in < U >� B. Even though B depends on the position ofeyelashes, the algebra A that is obtained following these steps does not (proposition12, [1]). We will see now that the concrete choice of the graph G is also irrelevant oncewe restrict ourselves to the subalgebra ACS of \functions" on the quantum modulispace of 
at connections (as long as the graph G is homotopically equivalent to thepunctured Riemann surface �g;m).Proposition 8 (dividing a link) Let G1 be a graph and construct a second graph G2from G1 by choosing an arbitrary link i on G1 and introducing an additional site x oni so that i is divided into two links i1; i2 on G2 with t(i2) = t(i); t(�i1) = t(�i) andt(i1) = t(�i2) = x. Then the algebras A1 = A(G1) and A2 = A(G2) are isomorphicas � � algebras.Proof: We know already that the algebras A do not depend on the ciliations(proposition , [1]). So choose an arbitrary ciliation for G2 and introduce the samecilia at the corresponding sites ofG1. Generators in B1 and B2 will be distinguished bya subscript, i.e. U I1 (i) 2 B1 and U I2 (i) 2 B2. Looking at the proof of the properties ofholonomies we see immediately that the product ��1I U I2 (i1)U I2 (i2) satis�es preciselythe same relations in B2 = B(G2;cil) as U I1 (i) does in in B1 = B(G1;cil) (the signdepends on the position of the cilium at the new point x). This establishes an21



isomorphism of < U1 > with< U2 >x� fU 2< U2 > j�U = U� for all � 2 Gxg : (4.1)This isomorphism is consistent with the *-operation � and clearly induces a *-isomorphism between A1 and A2.Let us remark that this simple proposition shows, how to de�ne a lattice algebraB(G) and the corresponding algebra A(G) on a multigraph G, on which two givensites may be connected by more than one link. Our original de�nition in [1] did notinclude this case. If G is a multigraph, one can always construct a graph G0 (whichhas at most one link connecting two given sites) simply by dividing some of the linkson G. Even though the resulting graph G0 is certainly not unique, the algebra A(G0)is. This makes A(G) � A(G0) well de�ned for every multigraph G. The idea can beextended to the lattice algebra B(G). Since we will need this in some of the proofsto come, let us brie
y explain the details. Suppose that the link i on G has beendivided into two into links i1 and i2 on G0. Then we de�ne the element U I(i) by (�depending on the ciliation) U I(i) � ��1I U I(i1)U I(i2) :Observe that the right hand side is meaningful since the arguments i1; i2 are linkson a graph G0 (whereas i is a link on a multigraph so that U I (i) was previously notde�ned ). If we identify the set S of sites on G and the corresponding subset ofsites on G0, we can set B(G) to be the subalgebra of B(G0) which is generated bycomponents of U I(i); i 2 L and the elements � 2 Gx; x 2 S. Along these lines, evengraphs with loops (i.e. links which start and end in the same site) can be admitted.Needless to say that it would have been possible to give a direct de�nition of B(G)for all these types of graphs similar to the de�nition of B in [1]. But the morecomplicated the type of the graph becomes the more cases have to be distinguishedin writing the de�ning relations of B. For many proofs this would have been anenormous inconvenience. On the other hand, our results for algebras on graphs Gimply corresponding results for algebras on multigraphs G since the latter have beenidenti�ed as subalgebras of the former. After this excursion we can give up our strictdistinction between graphs and multigraphs.Proposition 9 (contraction of a link) Let G1 be a graph and construct a secondgraph G2 from G1 by contracting an arbitrary link i on G1. This means that on thesubgraph G1 � i which is obtained from G1 by removing the link �i, the endpointst(i) = x and t(�i) = y of i are identi�ed to get G2. The resulting algebras A1 =A(G1) and A2 = A(G2) are isomorphic as � � algebras.Remark: Observe that G2 can be a multigraph even if G1 is a graph. So objectson G2 have to be understood in the sense of our general discussion preceding thisproposition. 22



Proof: To proof the proposition we will adopt the following conventions. The siteon G2 that corresponds to the pair (x; y) of sites on G1 will be denoted by z. Wewill use the same letters for a link k 2 L1 on G1 and its \partner" k 2 L2 on G2. Inaddition to i, the site x is the endpoint of n other links j1; : : : jn. We assume thatthey all point away from x, i.e. t(�j�) = x for all � = 1 : : : n. Next we introduce aciliation on G1 such that i becomes the largest link at x and �i is the smallest at y.In a canonical way, this induces a ciliation for G2.As in the proof of the preceding proposition, the desired isomorphism will be ob-tained by restricting an isomorphism between < U1 >x and < U2 >. From de�nition(4.1) it is obvious that < U1 >x is generated by components of UK1 (k); k 6= �i;�j�;and 1U J11 (j1) : : : nU Jn1 (jn)C[J1 : : : JnjJ ]UJ1 (i) (4.2)where the maps C[J1 : : : JnjJ ] are only restricted by the property(� J1x 2� : : : 2� � Jnx )(�)C[J1 : : : JnjJ ] = C[J1 : : : JnjJ ]� Jx (�) for all � 2 Gx :This guarantees that components of the elements (4.2) are invariant at x. We de�nea map � :< U1 >x 7!< U2 > by an action on these generators.�(UK1 (k)) = UK2 (k) for all k 6= �i;�j� 2 L1 ; (4.3)�( 1U J11 (j1) : : : nU Jn1 (jn)C[J1 : : : JnjJ ]UJ1 (i)= 1U J12 (j1) : : : nU Jn2 (jn)C[J1 : : : JnjJ ] (4.4)Indeed � can be extended to an isomorphism. Let us start to establish the consistencywith the multiplication. It is clear that � respects all relations between generatorsUK1 (k); k 6= �i;�j�; and between such UK1 (k) and elements (4.2). Suppose next thatwe have two elements in < U2 > which are both of the form of the right hand sidein equation (4.3). Their multiplication de�nes maps C 00a ; F by11U J12 (j1) : : : 1nU Jn2 (jn)C[J1 : : : JnjJ ] 21U K12 (j1) : : : 2nU Kn2 (jn)C 0[K1 : : :KnjK]= F 1U L12 (j1) : : : nU Ln2 (jn)C 00a [L1 : : :LnjL]Cax[JKjL] (4.5)F is just a simple combination of Clebsch-Gordon maps but since it will be of noconcern to us, we do not want to spell this out. On the other hand we may multiplyelements in < U1 >x of the form (4.2). When dealing with the product11U J11 (j1) : : : 1nU Jn1 (jn)C[J1 : : : JnjJ ] 1U J1 (i) �� 21U K11 (j1) : : : 2nU Kn1 (jn)C 0[K1 : : :KnjK] 1U K1 (i) (4.6)we �rst apply the proposition on braid relations of composites to move UJ1 (i) to theright. The elements on links j� can then be rearranged precisely as in < U2 > before.23



The result of these manipulations is= F 1U L11 (j1) : : : nU Ln1 (jn)C 00a [L1 : : :LnjL]Cax[JKjL](R�1x )JK 1U J1 (i) 2U K1 (i)= F 1U L11 (j1) : : : nU Ln1 (jn)C 00a [L1 : : :LnjL]U I1 (i)Cax[JKjL] ;with the same F;C 00a as in equation (4.5). For the second equality we used functorialityon the link i. We see that � maps products (4.6) to the element on the right handside of equation (4.5). This shows consistency of � with multiplication. Consistencyof � with the *-operation is proved in a similar way. We leave this as an exercise.Since elements in the image of � generate < U2 >, we established proposition 9.Proposition 10 (erasure of a link) Let G be a graph and P be a plaquette of G.Suppose that the link i lies on the boundary @P of this plaquette and that G0 = G�i isthe subgraph of G obtained by removing the link �i. Then the *-algebras �0(P )A(G)and A(G0) are isomorphic. Denote the other plaquette incident to the link i in G by~P and the resulting plaquette wich replaces P and ~P in G0 by ~P 0. The *-subalgebras�0(P )�I( ~P )A(G) and �I( ~P 0)A(G0) are isomorphic.Proof: The proof is obtained as a reformulation of proposition 7 above. We choosecilia to be outside of P and C = f�i; j1; : : : ; jng such that it surrounds P in clockwisedirection. With the decomposition C = Co �f�ig, the equation (3.26) can be restatedas �0(P )UJ (Co) = �0(P )UJ (i) :SinceA(G0) can be identi�ed with the subalgebra of elementsA 2 A(G) which do notcontain U I (�i), the formula means that �0(P )A(G) = �0(P )A(G0) = A(G0). Nowchoose ~C = fi; jn+1; : : : ; jn+~ng to surround ~P in clockwise direction and decomposeit according to ~C = fig � ~Co. It follows immediately that�0(P )cI( ~C) = �0(P )trIq(U I(i)U I( ~Co))= �0(P )trIq(U I(Co)U I ( ~Co)) = �0(P )cI( ~P 0) :This implies the second statement of the proposition.The last proposition re
ects the topological nature of the Chern Simons theory.Since elements in ACS have a factor �0(P ) for every plaquette P 2 P0 which doesnot contain a marked point, the proposition implies that such plaquettes can bearbitrarily added or removed from the graph G without any e�ect on ACS .Contracting and erasing links and making inverse operations one can obtain fromany admissible graph on a punctured Riemann surface any other admissible graph.The algebra of observables does not change when we contract and erase links. So,we can conclude that this algebra is actually graph-independent as a *-algebra. Letus note that such strategy of proving graph independence has been applied in [2] tothe Poisson algebra of functions on the moduli space.24



4.2 Theory on the standard graph Gg;mSince the algebra ACS does not depend on the graph G one may choose any graph onthe Riemann surface to construct it. This section is devoted to a special example ofsuch a graph called the \standard graph". It is also the basis for the representationtheory of the moduli algebra considered in a forthcoming paper [14].The standard graph is one of the simplest possible graphs which is homotopicallyequivalent to a Riemann surface �g;m of genus g and with m marked points. It hasm+ 1 plaquettes, m+ 2g links and only one vertex. To give a precise de�nition weconsider the fundamental group �1(�g;m) of the marked Riemann surface. Let uschoose a set of generators l�; � = 1; : : : ;m; ai; bi; i = 1; : : : ; g in �1(�g;n) so that1. l� is homologous to a small circle around the �th marked point,2. ai; bi are a- and b-cycles winding around the ith handle, which means in termsof intersections l�#l� = l�#aj = l�#bj = 0 ; ai#bj = �i;j; (4.7)3. the only relation between generators in �1(�g;n) isl1 : : : lm[a1; b1] : : : [ag; bg] = 1; (4.8)where we use the notation [x; y] = yx�1y�1x for elements x; y of the group�1(�g;m).We call such a basis in �1(�g;m) a standard basis. Having a standard basis, one onecan draw a standard graph on the Riemann surface �g;m.De�nition 11 (Standard graph Gg;m) Given a standard basis in �1(�g;n), a stan-dard graph Gg;m corresponding to this basis is a collection of circles on the surface,representing the generators l�; ai; bi in such a way that they intersect only in one\base point" p.Any standard graph may be supplied with a canonical ciliation which orders thelink ends such that l� < l� < (ai; bi) < (aj; bj) for all � < � and i < j. Within theith pair (ai; bi) of a� and b� cycles we assume the order of �gure 1.66- -aiaibi bi@@ Figure 1: Position of thecilium at the only vertex ofthe standard graph. The let-ters ai; bi mark loop-ends cor-responding to a� and b� cy-cle. 25



The notion l� < (ai; bi) means for example that the elements in the triple (cilium,ends of l�, ends of ai and bi) appear in a clockwise order with respect to a �xedorientation of �g;m.Still we have a big choice as there is in�nitely many standard graphs. In principle,we should describe how the formalism behaves when we pass from one standardgraph to another one. However, the algebraic content of the theory is identicallythe same for any standard graph. So, we forget for a moment about this ambiguityand turn to the corresponding graph algebra Sg;m = B(Gg;m). To write the de�ningrelations of Sg;m one simply follows the general rules discussed above. So in principleSg;m � B(Gg;m) su�ces as a de�nition of Sg;m. In view of the central role, the graphalgebra Sg;m will play for the representation theory of ACS we would like to give acompletely explicit de�nition here.De�nition 12 (Graph algebra Sg;m) The graph-algebra Sg;m is a *-algebra whichis generated by matrix elements of M I (l�);M I(ai);M I(bi) 2 End(V I) 
 Sg;m; � =1; : : : ;m; i = 1; : : : ; g together with elements � in a quasi-triangular Hopf algebra G� =G with R-element R� = R and co-product �� = �. As usual, the superscript I runsthrough the set of equivalence classes of irreducible representations of G. Elementsin Sg;m are subject to the following relations1M I(l�)RIJ 2M J (l�) = XCa[IJ jK]�MK(l�)Ca[IJ jK] ;1M I(ai)RIJ 2M J(ai) = XCa[IJ jK]�MK(ai)Ca[IJ jK] ;1M I(bi)RIJ 2M J(bi) = XCa[IJ jK]�MK(bi)Ca[IJ jK] ;(R�1)IJ 1M I(ai)RIJ 2M J(bi) = 2M J (bi)(R0)IJ 1M I(ai)RIJ ;(R�1)IJ 1M I(l�)RIJ 2M J(l�) = 2M J (l�)(R�1)IJ 1M I(l�)RIJ for � < � :(R�1)IJ 1M I(l�)RIJ 2M J(aj) = 2M J (aj)(R�1)IJ 1M I(l�)RIJ 8 �; j ;(R�1)IJ 1M I(l�)RIJ 2M J(bj) = 2M J (bj)(R�1)IJ 1M I(l�)RIJ 8 �; j ;(R�1)IJ 1M I(ai)RIJ 2M J(aj) = 2M J (aj)(R�1)IJ 1M I(ai)RIJ for i < j;(R�1)IJ 1M I(ai)RIJ 2M J(bj) = 2M J (bj)(R�1)IJ 1M I(ai)RIJ for i < j;(R�1)IJ 1M I(bi)RIJ 2M J(bj) = 2M J (bj)(R�1)IJ 1M I(bi)RIJ for i < j;(R�1)IJ 1M I(bi)RIJ 2M J(aj) = 2M J (aj)(R�1)IJ 1M I(bi)RIJ for i < j;�J(�)MJ (l�) = MJ (l�)�J (�) ;�J(�)MJ (ai) = MJ (ai)�J(�) ; �J (�)MJ (bi) =MJ (bi)�J (�) ;26



where �I(�) � (� I
id)(�(�)) 2 End (V I)
G as before. With M I(�l�);M I(�ai) andM I (�bi) being constructed from M I(l�);M I(ai) and M I (bi) with the help of formula(3.10) (so that M I (l�)M I(�l�) = eI etc.) the action of the �-operation on Sg;m isgiven through (M I(l�))� = ��(RIM I(�l�)(R�1)I) ;(M I (ai))� = ��(RIM I(�ai)(R�1)I) ;(M I (bi))� = ��(RIM I(�bi)(R�1)I) ;where �k means conjugation by � (see section 2 for details).This de�nition requires some comments. All links of the standard graph are closed(\loops"). This explains why all the functoriality relations have the form (3.7).The relations between generators on di�erent loops re
ect the particular ciliationdescribed above and follow strictly from the rules give section 2. To verify this, oneshould recall that quantum lattice connections on closed links where de�ned in section4 as special elements in a larger lattice algebra B(G). Here G is a graph on which allloops have been divided into two (non-closed) links by introducing additional sites onthe loops. After one has gained some experience with this type of exchange relations,the rather pedantic procedure of dividing links will become super
uous.There is one more remark we need in order to prepare for a calculation in thenext section. We saw in proposition 2 that holonomies which are made up fromproducts of lattice connections assigned to di�erent links, satisfy the same type offunctoriality as the lattice connection U I(i) themselves. A similar property holdsfor the lattice connections M I(l) on loops l. We demonstrate this at the example ofM I (ai);M I(bi) 2 End (V I)
 Sg;m.��1I 1M I(bi) 1M I(ai)RIJ��1J 2M J(bi) 2M J(ai)= (�I�J )�1 1M I(bi)RIJ 2M J(bi)(R0)IJ 1M I(ai)RIJ 2M J(ai)= (�I�J )�1XCa[IJ jK]�MK(bi)Ca[IJ jK] �� (R0)IJCb[IJ jL]�ML(ai)Cb[IJ jL]= X��1K Ca[IJ jK]�MK(bi)MK(ai)Cb[IJ jK] :From this one can easily derive the following formula, which is similar to eq. (3.10).��1I M I(bi)M I(ai) = dI trI �RI �I�I 2M �I(�ai) 2M �I(�bi) 2g �IC[I �Ij0]�C[I �Ij0]� : (4.9)It will be used in subsection 5.2. 27



5 Quantum integrationThe \multidimensional Haar measure" ! : A 7! C mentioned in theorem 1 restrictsto a positive functional on the algebra ACS of Chern Simons observables. Whenthe latter is properly normalized, it does not depend on the choice of the graph andthus furnishes a distinguished functional !Y M : ACS 7! C. This functional is ageneralization of the integration measure in the lattice Yang-Mills theory. We usethis to calculate the volume of the quantum moduli space in the second subsection.5.1 The Yang-Mills functional !Y MTo de�ne the functional !Y M we use the same notations as in section 3.2. In par-ticular, the graph G which we have drawn on the punctured Riemann surface � issupposed to possess M plaquettes. With the �nite real constant N = (P(dI )2)�1=2introduced in relation (3.20) we de�ne!YM (A) � N�2M!(A) for all A 2 AfI�gCS : (5.1)Obviously, !Y M inherits its positivity from the positivity of !.We have seen at the end of the preceding section that the algebra ACS � AfI�gCSdoes not depend on the graph G. The main purpose of this subsection is to establishthe graph-independence for !Y M .Proposition 13 (graph-independence of !Y M ) Let G be a graph and suppose thatG0 is a second graph so that either1. G0 is obtained from G by dividing one link i on G into to links i1; i2 on G0 byadding one additional site x on i,2. G0 is obtained from G by contracting one link i on G so that i is removed andits endpoints are identi�ed on G0,3. G0 is obtained from G by erasure of a link i on the common boundary of twoplaquettes P;P 0, with P containing no marked point.Then the Yang-Mills functional !Y M for the graph G is equal to the Yang-Mills func-tional !0YM assigned to the graph G0 (since in all three cases the corresponding algebrasACS = AfI�gCS (G) are isomorphic to A0CS = AfI�gCS (G0), equality of the functionals iswell de�ned).Proof: The �rst case is essentially trivial. It follows directly from the de�nition(2.23) of !. 2: can be derived by combining the �rst and the last case. The simpleargument is left to the reader. In turning to the proof of 3:, let C; C 0 denote twocurves on the boundary of P;P 0 such that fC; ig and f�i; C 0g are closed. Both are28



assumed to move counter-clockwise. By de�nition, an element A in ACS is of theform A = eCSÂ with eCS � efI�gCS � YP2P0 �0(P ) mY�=1�I� (P�) (5.2)being the unit element in the moduli algebra ACS . According to proposition 10,the element Â 2 A can be written without usage of U I(�i). Given an arbitrarypresentation of Â one simply has to replace U I(�i) by U I(�C). In the followingwe will assume that this replacement has been made. The image of A under theisomorphism between ACS and A0CS is A0 = e0CSÂ (e0CS is the unit element in A0CS).With these notations, the statement of the proposition,!Y M(A) = !0Y M (A0) ;is equivalent to N�2M!(eCSÂ) = N�2(M�1)!(e0CSÂ) : (5.3)The di�erent powers of N are due to the fact that G0 has one plaquette less than G.This equation is a consequence of the following lemma.Lemma 3 Suppose that F̂ 2 A = A(G) does not contain elements U I(�i) with ibeing on the common boundary of two arbitrary plaquettes P;P 0 of G. After i isremoved, the plaquettes P;P 0 merge into a single plaquette P [ P 0 on G0 = G � i.We have !(cI(P )cJ(P 0)F̂ ) = (dI)�1!(cI(P [ P 0)F̂ )�I;J (5.4)Here cI(P ); cJ (P 0) and cI(P [ P 0) are given by equation (3.19) (which holds forarbitrary but �xed ciliations).Proof of the lemma: We want to show �rst that the left hand side of eq. (5.4)is nonzero only for I = J . The formula (2.23) for ! reveals that the value of ! can benonzero, only if the argument has a component which contains the factor U0(i). Theproduct cI(P )cJ(P 0)F̂ contains U I (i) and UJ (�i) and these are the only elementsassociated with the link i. Now UJ (�i) can be expressed as a linear combination ofU �J (i). The \operator product" of U I(i) and U �J (i) has components proportional toU0(i), if and only if I is the conjugate of �J , i.e. i� I = J . So we can set I = J for therest of the proof. For simplicity we will also assume that the cilia at the sites x = t(i)and y = t(�i) lie outside of both P and P 0. For di�erent positions of eyelashes, theproof contains some additional phases (vI)�1 which cancel in the end. By equations(3.19) and (3.18) we have cI(P ) = trIq(U I (C)U I(i)) ; (5.5)cI(P 0) = tr�Iq(U �I (i)U �I(�C 0)) : (5.6)29



Functoriality on the link i gives1U I(C) 1U I(i) 2U �I(i) 2U �I(�C0) =X 1U I(C)Cay [I �IjK]�UK(i)Cax[I �IjK] 2U �I(�C 0) :If we apply trIq 
 tr�Iq to this relation, multiply with F̂ and evaluate the resultingexpression with ! we obtain!(cI(P )cJ (P 0)F̂ ) = !((trIq 
 tr�Iq) �X 1U I(C)Cay [I �Ij0]�Cax[I �Ij0] 2U �I(�C 0)� F̂ ) :A formula similar to equation (3.5) allows to rewrite the right hand side so that isbecomes = d�1I !(trIq(U I(C)gIxU I(C 0)(gIx)�1)F̂ )= d�1I !(cI(P [ P 0)F̂ ) :This proves formula (5.4) and thus lemma 3.With the explicit expressions (3.22) for the characters and lemma 3 we can calcu-late !(�K(P )�L(P 0)F̂ ) = N 2dKdLSK �ISL �J!(cI(P )cJ (P 0)F̂ )= N 2dKdLSK �ISL�I(d�I)�1!(cI(P [ P 0)F̂ )= N 2NdKdLNKLR SR�I!(cI(P [ P 0)F̂ )= dKdLdR NKLR N 2!(�R(P [ P 0)F̂ ) : (5.7)Proof of proposition 13 (3:): (continued) For proposition 13, P was assumednot to contain a marked point so that is contributed with a factor �0(P ) to eCS. P 0was arbitrary and so is the associated factor �L(P 0). In the calculation leading to(5.7) we can set K = 0 and useF̂ = YP2P00�0(P ) mY�=10�I� (P�)Âwith 0 meaning that the product is restricted to plaquettes nonequal to P;P 0. Withd0 = 1 and N0LR = �L;R this gives the formula (5.3) and hence proves the proposition.5.2 Volume of the quantum moduli spaceTo demonstrate how computations can be performed within the framework of thispaper, the volume of quantummoduli space of 
at connections on a marked Riemann30



surface � is calculated 2. In practice we de�ne the volume of the quantum space asan integral or trace of the characteristic projector. In the framework of 2-dimensionallattice gauge model one can interpret this result as a partition function of the system.As there is no Hamiltonian involved, we shall get just a number.The \characteristic function" for the quantum moduli space is the projectoreCS � efI�gCS � YP2P0 �0(P ) mY�=1�I� (P�) ; (5.8)which contains one factor for every plaquette of the graph which we have drawnon the marked Riemann surface �g;m. The I�; � = 1; : : : ;m; are the labels sittingat the m punctures. P0 denotes the set of plaquettes without marked point. If acharacteristic function is integrated, this gives the volume of the corresponding space.In our case, integration is de�ned with the help of the Yang-Mills functional !Y Mand this means that the volume of the moduli space is !Y M(efI�gCS ). Using the graphindependence of the algebra AfI�gCS and the functional !YM , we �x a particular graphfrom the very beginning. Let us use the standard graph discussed in section 4.2 forthis purpose. This is certainly not necessary for the computations to follow, but itsimpli�es the presentation and can help to make it as concrete as possible. Beforewe give the general result, we would like to discuss two examples.Example 1: genus 0 . Recall that the standard graph G0;m on a Riemann spherewith m marked points consists of m loops which start and end at the same vertex.The standard graph has m + 1 plaquettes, one of which does not contain a markedpoint. So the characteristic projector is�0(P0) mY�=1�K� (P�) :To calculate its expectation value, one should recall the formula (5.7). It allowsto relate the expectation value of the characteristic projector efI�gCS on the standardgraph Gm to a similar expectation value on a simpler graph, from which one link andone plaquette has been removed. One can actually iterate this procedure to get!Y M(efI�gCS ) = (m�1Y�=1 dI� )XK� N I1I2K1 NK1I3K2 : : :NKm�3Im�1Km�2 ��d�1Km�2!Y M (�Km�2(P )�Im(Pm)) :Here P = Sm�1�=0 P� and we used d0 = 1 and N0JK = �J;K. We stopped the calcu-lation before we integrate over the last link on the graph which separates the twoplaquettes P and Pm. From the de�nition of characters and eq. (3.22) one infers2A similar calculation was also done recently by Bu�enoir and Roche [15].31



�K(P ) = � �K(Pm). Using the property �K(Pm)�L(Pm) = �K;L�K(Pm) we can treatthe remaining expectation value as follows.d�1Km�2!YM (�Km�2(P )�Im(Pm)) = �Im; �Km�2d�1Im!YM (�Im(Pm))= �Im; �Km�2d�1ImN�4!(NdImSImJc �J )= NKm�2Im0 N�2dIm :We made use of the normalization of !YM on a graph with two plaquettes, thede�nition (3.22) of characters, the property !(cI) = �I;0 and properties of the S-matrix. The result implies for the volume!YM (efI�gCS ) = ( mY�=1 dI� )XK� N I1I2K1 NK1I3K2 : : : NKm�2Im0 N�2 :We want to rewrite this using properties of the matrix S. To this end we insertNKm�2Im0 = PSKm�2JSJIm and move the �rst S through the product of fusion ma-trices. This results in !Y M (efI�gCS ) =XJ d2�mJ ( mY�=1 dI�N SJI� ) : (5.9)Example 2: genus 1 . The standard graph G1;m has again m+ 1 plaquettes. Butthis time the plaquette P0 is bounded by the links l� as well as by a� and b� cycleson the torus. Let us merge step by step all plaquettes into one and call it P . In thisway we erase all l� links so that the boundary of P looks as ba�1b�1a. Using thesame arguments as in the �rst example we see that!YM (efI�gCS ) = ( mY�=1 dI� )XK� N I1I2K1 NK1I3K2 : : : NKm�2ImKm�1 d�1Km�1!YM (�Km�1(P )): ; (5.10)Observe that the boundary of P contains every link twice so that the evaluation of!(�K(P )) is quite nontrivial. Before one can integrate over the degrees of freedomassigned to a particular link on the graph, one has to ensure that this link appearsonly once and only in one orientation in the integrand. This can be done with thehelp of exchange relations and functoriality. Let us calculate the expectation valueof cJ (P ) �rst. To this end we insert the formula (3.19) for cJ (P ) and invert theorientation of the f�a;�bg in the middle. This is done with the help of eq. (4.9).Next functoriality can be applied on the link b which then allows to perform theintegration on b. In formulas this is!(cJ(P )) = �4J!(trJq (MJ (b)MJ (�a)MJ(�b)MJ(a)))32



= dJ!((trJ 
 tr �J) � 1M J(b)RJ �J 2M �J (b) 2M �J(a)(R0)J �JC[J �Jj0]� ��C[J �Jj0] 1M J (a) 1g J�)= dJ!((trJ 
 tr �J) �C[J �Jj0]�C[J �Jj0] 2M �J(a)(R0)J �JC[J �Jj0]� ��C[J �Jj0] 1M J (a) 1g J�)= �2J!((trJ 
 tr �J ) �C[J �Jj0]�tr �Jq (M �J (a))C[J �Jj0] 1M J (a) 1g J�) :In this expression we inserted the de�nition (2.11) of the q-trace. Now we can inte-grate on the link a. The formulatr �Jq (MJ (a))MJ(a) =X tr �Jq h(R�1) �JJC[ �JJ jK]�MK(a)C[ �JJ jK]ifollows from functoriality and was derived earlier in section 3. It shows that!(tr �Jq (MJ (a))MJ(a)) = tr �Jq �v�1J 2g JC[ �JJ jK]�C[ �JJ jK]�= v�1J d�1J :We may insert this into our expression for !(cJ(P0)) which then becomes!(cJ(P )) = d�1J (trJ 
 tr �J) �C[J �Jj0]�C[J �Jj0] 1g J�= d�2J trJq (eJ) = d�1J : (5.11)With the normalization of !YM on a graph having only one plaquette, we �nd!Y M (�Km�1(P )) = N�1XJ dKm�1SKm�1J (dJ)�1 :When this is �nally plugged into the formula above, we can write an expression forthe volume.!YM (efI�gCS ) = XJ ( mY�=1 dI� )XK� N I1I2K1 NK1I3K2 : : : NKm�2ImKm�1 SKm�1J(NdJ )�1= XJ d�mJ (Y�=1 dI�N SJI� ) : (5.12)where the last line employs the same type of algebra described in the �rst example.Now we are su�ciently prepared to deal with the general case.33



Proposition 14 (Volume of the moduli space) The volume of the quantum modulispace of 
at connections on a compact Riemann surfaces �g;m of genus g and with mpunctures marked by I�; � = 1; : : : ;m evaluated with the Yang-Mills measure is giventhrough !YM (efI�gCS ) =XJ d2�2g�mJ (Y�=1 dI�N SJI� ) : (5.13)Proof: The proof of this formula is again done with a calculation on the standardgraph Gg;m. The latter has m+ 1 plaquettes. When we erase all links l� we are leftwith the plaquette P which is bounded by a combination of a� and b� cycles whichcorresponds to eq. (4.8). We designed the proof for the g = 1 case in such a way,that it can be applied directly to the higher genus. We leave this to the reader. Letus just do the power counting for dJ . A generalization of formula (5.11) for the valueof !(cJ(P )) shows that every pair (ai; bi) of a� and b� cycles contributes with afactor d�2J until only trJq (eJ) is left. So the g pairs (ai; bi) together with trJq (eJ) = dJgive rise to d1�2gJ , i.e. !(cJ(P )) = d1�2gJ :Compared to the result for the torus, this gives an extra factor of d2�2gJ in the �nalformula for the volume of the moduli space.5.3 Canonical measure and Verlinde formulaThe functional !YM that we have discussed so far had the fundamental properties ofbeing gauge invariant and graph independent. These invariances �x the functionalonly up to a coe�cient which may depend on the genus g, the number m of markedpoints, the labels I�; � = 1 : : :m at the punctures and on the deformation parameterq. Actually, there exists a canonical normalization of the measure. This is used inthe Chern Simons theory and we call it !CS . The di�erent normalizations of !CSand !Y M can be encoded in the following relation!CS = �(g;m; I1; : : : ; Im; q)!YM : (5.14)The aim of this subsection is to explain the choice of the positive coe�cients �.One can de�ne the canonical normalization in two di�erent ways. The �rst ap-proach is through the representation theory of the moduli algebra. Assume for amoment that the latter is �nite dimensional (this is indeed the case for q being aroot of unity). As a �-algebra with positive inner product, the moduli algebra issemi-simple and splits into a direct sum of matrix algebras. One can �x the canoni-cal functional !CS by the requirement that { when restricted to a simple summand{ it coincides with the usual matrix trace. This approach furnishes a proper de�-nition for !CS which is fundamental for the considerations to follow below. On theother hand, a direct computation of the canonical normalization from this de�nition34



requires the full information about the representation theory. This is the subject ofthe subsequent paper [14] where the representation theory of the moduli algebra isconsidered in details.Another approach refers to the theory of deformation quantization. Treating thedeformation parameter q as an exponent q = exp(h) of the Plank constant, one canexpand the commutation relations of the moduli algebra into formal power series inh and identify this picture with deformation quantization of the moduli space (formore details see [24]). According to the theorem of Tsygan and Neste [23] thereexists a unique canonical trace in the framework of deformation quantization. Weconjecture that this trace coincides with an expansion into the formal power seriesin h of the canonical functional !CS de�ned via the representation theory.Both ways to normalize the functional ! include some complicated analysis whichis beyond the scope of this paper. Instead, we plan to describe a di�erent wayto determine the coe�cients �(g;m; I1; : : : ; Im; q) which characterize the canonicalfunctional !CS . This computation is based on several suggestive properties of themoduli algebra which are more natural to prove in the context of the paper [14]. Weformulate these properties as theorems labeled by latin letters. Assuming validityof these theorems, our method gives a derivation of the canonically functional !CS .Actually, we are going to combine the ideology of the Topological Field Theory andthe algebraic approach of this paper.Let us introduce some new notations �rst. Using the graph algebra correspondingto some standard graph, one can assign a bunch of matrix generators M I(x) to eachcycle x on a Riemann surface. As we have discussed above, they furnish elementscI(x) { one for every label I { when they are evaluated with the q-trace. For homo-logically trivial cycle x, the corresponding elements cI(x) belong to the center of thegraph algebra. If the cycle x is nontrivial, they are no longer central. Their algebraicrelations, however, remain those of a fusion algebra, i.e.cI(x)cJ(x) =XK N IJK cK(x) ; (cI(x))� = c�I(x) ; (5.15)for arbitrary cycle x. We denote this algebra by V(x).Suppose that X be a subalgebra of an algebra Y. The (relative) commutant ofX 2 Y will be denoted by C(X ;Y).Let AfI1;:::;Imgg;m be a moduli algebra corresponding to a Riemann surface of genus gand with m marked points. Consider the a-cycle ag of some standard graph and thefusion algebra V(ag). Without proof we stateTheorem A: (Induction in the genus g) The commutant C(V(ag);AfI1;:::;Imgg;m ) splitsinto the direct sum of moduli algebras of genus g � 1 with m+ 2 marked pointsC(V(ag);AfI1;:::;Imgg;m ) �=MI AfI1;:::;Im;I;�Igg�1;m+2 : (5.16)35



Here the sum runs over all classes of irreducible representations of the symmetryHopf algebra.In the language of Topological Field Theory, evaluation of the commutant corre-sponds to shrinking the cycle ag so that we get a surface of lower genus. It has twomarked points at the place where the handle is pinched { one on either side of thecut. Shrinking all the a-cycles one after another, one produces spheres with m+ 2gmarked points.We apply a similar technique to reduce the number of marked points. Considerthe moduli algebra AfI1;:::;Img0;m corresponding to a sphere with m marked points. Pickup a cycle l = lm�1 � lm (i.e. the product of the two elementary loops lm�1 and lm)and construct the fusion algebra V(l). As before, we investigate the commutant ofV(l) in AfI1;:::;Img0;m . The result is given by the following theorem.Theorem B: (Induction in the number m of punctures) The commutant of V(l) inAfI1;:::;Img0;m splits into the direct sum of products of moduli algebras corresponding tom� 1 and 3 marked pointsC(V(l);AfI1;:::;Img0;m ) �=MI AfI1;:::;Im�2;Ig0;m�1 
Af�I;Im�1 ;Img0;3 : (5.17)Here the sum runs over all classes of irreducible representations of the symmetryHopf algebra.In Topological Field Theory the evaluation of the commutant should be interpretedas a fusion of two marked points into one. As before, one can imagine that we createa long neck which separates these two points from the rest of the surface. When wecut the neck, the surface splits into two pieces. The \main part" carries the rest ofmarked points and a new one created by the cut. The other piece has only threepunctures, two of them are those that we wish to fuse and the new one appearsbecause of the cut. Iteration of this procedure results in a product of 3-puncturedspheres.In the following we will need two simple consequences of the theorems A and B.Namely, the decomposition of the commutant of the fusion algebra determines thefollowing decompositions of the unit.efI1;:::;Imgg;m = XI efI1;:::;Im;I;�Igg�1;m+2 ;efI1;:::;Img0;m = XI efI1;:::;Im;Ig0;m�1 
 ef�I;Im�1;Img0;3 :Here efI�gg;m denotes the unit of the moduli algebra AfI�gg;m . The equations are a simpleconsequence of the completeness of characters, i. e. of PI �I(x) = id.Now we can turn back to the discussion of the canonical functional !CS . Byde�nition, it is supposed to coincide with a usual matrix trace. When the standard36



properties of a matrix trace are combined with the decomposition formulas for theunits efI1;:::Imgg;m , one arrives at!CS(efI1;:::;Imgg;m ) = XI !CS(efI1;:::;Im;I;�Igg�1;m+2 ) ;!CS(efI1;:::;Img0;m ) = XI !CS(efI1;:::;Im;Ig0;m�1 )!CS(ef�I;Im�1 ;Img0;3 ) :By iterations, these equations reduce the evaluation of !CS (efI�gg;m ) to the knowledge of!CS (eI;J;K0;3 ). This has a simple geometric interpretation. The algebraic informationin theorem A and B about the decomposition of the commutant and the de�nitionof the canonical functional !CS as the standard matrix trace mean that the volumeof the quantum moduli space does not change under pinching when it is evaluatedwith the canonical measure !CS . Using this invariance, one can �rst decompose themoduli space according to the decomposition of a punctured Riemann surface into 3-punctured spheres and then calculate the volume directly as a function of the volumeof the quantum moduli-space assigned to the 3-punctured sphere, i.e. as a functionof !CS(eI;J;K0;3 ).In the algebraic context, the numbers !CS(eI;J;K0;3 ) have to be determined from therepresentation theory. For this we anticipate the following simple result (a proof willbe given in [14]).Theorem C: (3-punctured sphere) The moduli algebra AI;J;K0;3 corresponding to a3-punctured sphere is isomorphic to a full matrix algebra of the dimension d = N IJK .This means that the canonical functional !CS obeys!CS (eI;J;K0;3 ) = N IJK :Putting all this together, the normalization of !CS is completely determined, i.e.!CS (efI�gg;m ) can be calculated. After rewriting everything in terms of the matrix S,the result is !CS(efI�gCS ) = N 2�2gXJ d2�2g�mJ (Y�=1 1N SJI� ) : (5.18)In particular, for a surface of genus g without marked points one recovers the famousVerlinde formula !CS(eg) = N 2�2gXJ d2�2g�mJ : (5.19)These formulas have to be compared with the corresponding formula for !Y M inproposition 14. From this comparison one infers�(g;m; I1; : : : ; Im; q) = N 2�2g( mYi dIi)�1: (5.20)37



Let us note that the Verlinde formula has been designed to compute the numberof conformal blocks in WZW model. Witten related the space of conformal blocks tothe space of holomorphic sections of the quantum line bundle over the moduli spaceof 
at connections. The latter is a natural Hilbert space associated to quantizationof the moduli space by geometric quantization. We deal with another quantizationscheme which associates to the moduli space a quantized algebra of functions. In thisapproach, the Hilbert space arises as a representation space of the moduli algebra.Actually, the canonical trace functional evaluated at the unit element of the algebraprovides a dimension of this representation. We naturally expect it to coincide withthe dimension provided by the Verlinde formula. Equation (5.19) proves that this isindeed the case.We get another interpretation of formula (5.19) if we switch to the point of viewof two-dimensional lattice model. Then the canonical trace gives a partition functionof lattice gauge model with the quantum gauge group. As this partition functioncoincides with Verlinde number, it is natural to conjecture that the lattice gaugemodel at hand is an exact lattice approximation of the gauged WZW model (alsocalled G=G model). This is supported by the fact that the gauged WZW model isequivalent to the CS model on the manifold which is a product of a Riemann surfaceand a circle. To establish the equivalence one should consider arbitrary correlationfunctions. The partition function is the simplest among them. We do not go intodetailed consideration in this paper.6 Generalization to Quasi-Hopf symmetriesAll the theory developed above was valid under the assumption that the symmetryalgebras Gx are semisimple. It is well known that this requirement is not satis�ed forthe quantum group algebras Uq(G) when q is a root of unity. To treat this importantcase we proposed (cp. [1]) to use the semisimple truncation of Uq(G); qp = 1; whichhas been constructed in [5]. In this truncation, semisimplicity is gained in exchangefor co-associativity, i.e. the truncated UTq (G) of [5] are only quasi{co-associative. Inaddition, the co-product � of these truncated structures is not unit preserving (i.e.�(e) 6= e
e). This leads to a generalization of Drinfeld's axioms [10] which was called\weak quasi-Hopf-algebra" in [5]. To ful�ll our program, we have to explain, how thetheory of section 2 to 5 generalizes to (weak) quasi-Hopf algebras. In order not toclutter the presentation, we decided to outline proofs without conceptual signi�cancein a separate appendix.In the quasi-Hopf context, there appear three additional distinguished elementsassociated with the local gauge symmetryGx. These are the elements �x; �x 2 Gx andthe re-associator 'x = Gx 
 Gx 
 Gx. The re-associator 'x satis�es the fundamental38



relation 'x(�x 
 id)�x(�) = (id
�x)�x(�)'x for all � 2 Gxand is quasi-invertible in the sense that'x'�1x = (id
�x)�x(e) ; '�1x 'x = (�x 
 id)�x(e) :Following Drinfel'd, �x; �a are required to obeySx(�1�)�x�2� = �x�x(�) ; �1��xSx(�2�) = �x�x(�)'1x��xSx('2x�)�x'3x� = e ; Sx(�1x�)�x�2x��xSx(�3x�) = ewith �i�; 'ix�; �ix� being de�ned through the expansions of �x(�); 'x; �x = '�1x asusual. As remarked in [1], consistency with the *-operation means��x = �x ; '�x = 'x :Details and further relations can be found elsewhere (see e.g. [1] and referencestherein).An element ux 2 Gx is de�ned by relations similar to (2.1),Sx(�x)ux = Sx(r2x�)�xr1x� ; �xux = r2x�S�1x (r1x��x) : (6.1)Notice that the second equation follows from the �rst by taking adjoints. ux andthe ribbon element vx 2 Gx continue to satisfy v2x = uxSx(ux). All other relations(2.2, 2.2) of the ribbon element remain true as well. As for ribbon-Hopf algebras,the product gx = u�1x vx is unitary and enjoys the intertwining relation gxSx(�) =S�1x (�)gx. On the other hand, gx is no longer grouplike. The correct generalizationof equation (2.4) can be found in appendix A.The representation theoretic statements and notations outlined in section 2 carryover to the more general situation. In particular, Clebsch Gordon maps Cax [IJ jK]are de�ned and normalized by the relations (2.6,2.7). Starting with the de�nition(2.10) of quantum dimensions, the theory is again subject to changes. It is possibleto describe them in a very economic way. Indeed, the whole theory in sections 2and 3 can be rewritten for quasi-Hopf-algebras with the help of a small number of\substitution rules". We collect these rules in the following tableRIJx ! RIJx = (� Ix 
 � Jx 
 id)(Rx)= (� Ix 
 � Jx 
 id)(('213R12'�1)x) ;Cax[IJ jK] ! Cax[IJ jK]('�1x )IJ= Cax [IJ jK](� Ix 
 � Jx 
 id)('�1x ) ;39



Cay [IJ jK]� ! ('0y)IJCay [IJ jK]� (6.2)with !0 = !213 for all ! 2 Gy 
 Gy 
 GydK ! dK � trK(�Kx (gxSx(�x)�x))RIx ! RIx = (� Ix 
 id)Rx ; (R�1y )I ! (R�1y )I :Before we give some examples of formulas we obtain with these rules, we have torelease a warning. Some of the formulas of the preceding sections were obtainedwith the help of lemma 1. A similar lemma holds for the quasi-Hopf case, but it isnot obtained from lemma 1 and the substitutions (6.2). Lemma 1 was used aboveto simplify a number of expressions. As a result of these simpli�cations, factors gzappeared in several formulas. The substitution rules (6.2) should never be used inequations containing a factor gz . Instead on has to depart from the ancestors of suchrelations (notice that we gave no substitution rule for gz !).Let us consider the de�nition of the \deformed trace" (2.11) as a �rst example ofthe substitution rules (6.2). In our present context the de�nition becomestrKq (X) = dKvKCx[ �KKj0]('�1x ) �KK 2X (R0x) �KK('0x) �KKCx[ �KKj0]� : (6.3)In section 2 this formula was rewritten with the help of lemma 1. A generalizationof this lemma has been announced already.Lemma 4 The map Ĉx[K �Kj0] � Cx[K �Kj0] 2� �Kx (��1x ) and its adjoint Ĉx[K �Kj0]�= 2� �Kx (��1x )Cx[K �Kj0]� satisfy the following equations:1. For all � 2 Gx they obey the intertwining relationsĈx[K �Kj0](�Kx (�) 
 id) = Ĉx[K �Kj0](id
 �Kx (Sx(�)))(�Kx (�) 
 id)Ĉx[K �Kj0]� = (id
 �Kx (Sx(�)))Ĉx[K �Kj0]� (6.4)2. With the normalization conventions (2.7) one �ndsdKtr �K(Ĉx[K �Kj0]�Ĉx[K �Kj0]) = eKxdKtr �K(Ĉx[ �KKj0]�Ĉx[ �KKj0]) = eKx (6.5)With lemma 4 the de�nition (6.3) of trKq simpli�es totrKq (X) = dKtrKq (mKx XwKx gKx ) (6.6)with mKx = �Kx (Sx(�1x�)�x�2x�)�3x�and wKx = �Kx ('2x�S�1x ('1x��x))'3x� :40



Here '�1x = P�1x� 
 �2x� 
 �3x� is used in the second line. Equation (6.6) should beregarded as the analogue of formula (2.14).The substitution rules for the de�ning relations of B are straightforward to im-plement. The resulting algebra is identical to the one introduced in [1]. Comparisonwith our formulation in [1] is mostly obvious. One has to recall, however, that weused the generators Û I(i) � mIyU I (i) { with mIy given by the expression in (6.6) {instead of generators U I(i) (cp. remark after proposition 17 in [1]). Let us make somespeci�c remarks concerning functoriality on the link. Within our present formulationit becomes 1U I(i) 2U J(i) = XK;a('0y)IJCay [IJ jK]�UK(i)Cax[IJ jK]('�1x )IJU I (i)U I(�i) = eIy ; U I(�i)U I(i) = eIx :An argument similar to the proof of proposition 2.4 reveals the following relationbetween U I(i) and U I(�i).mIxU I(�i) = dI tr�I �Ĉ[ �IIj0]�Ĉ[ �IIj0] 1g �I 1m �Iy 1U �I(i)� : (6.7)This shows that Û I(�i) � mIxU I(�i) and Û �I(i) are complex linear combinations ofeach other. The latter fact was used in [1] to implement functoriality on the link i.In spite of its compact appearance, the matrix formulation for B has a majordrawback. This becomes apparent when one tries to construct elements in the algebraA. It is crucial to notice that the algebra A (as it was de�ned e.g. in the case ofHopf-algebras) does not contain all invariants in B but only invariants in a specialsubset < U >� B. This subset was easily described in the situation of Hopf-algebrasbut a similar matrix-descriptions for the quasi-Hopf case does not exist. Our strategyis now as follows: for a moment we will switch to the \vector notations" of [1] sothat we can construct elements in A by the prescription given there. Applied toelements on curves C, the general prescription will indeed reduce to the ordinarymatrix product of generators U I (i). Let us �rst recall the general procedure: We �xa basis within every representation space V I . Then1. regard B to be generated by elements � 2 G and Û I(i) � mIyU I (i). The elementsÛ I(i) transform according to �Û I (i) = Û I(i)(�� Iy 
 id)(�y(�)) for all � 2 Gy andas in eq. (2.15) for all other elements in G. Here �� Ix (�) =t � Ix (Sy(�)) with t beingthe transpose w.r.t. the �xed basis in V I .2. construct the (linear) set of all covariant products obtained from Û I(i). Covari-ant products were de�ned as follows ([5], [4]). Suppose that F � 2 End (V �) 
B; � = 1; 2; transform covariantly according to the representations � � of G, i.e.41



�F � = F �(� � 
 id)(�(�)) for all � 2 G. Then their covariant product is anelement F 1 � F 2 2 End (V 1)
 End (V 2)
 B de�ned byF 1 � F 2 � F 1F 2(� 1 
 � 2 
 id)(') :3. with the help of Clebsch Gordon maps one can �nally build invariants withinthe set covariant products. These invariants are the elements of A.This procedure is now applied to elements which live on curves C. Since the construc-tion is \local", i.e. it can be performed independently at all the sites x on the curve, itsu�ces to consider one site x. As usual, we have two links i; j with t(i) = x = t(�j).In the following calculation we will omit the subscripts z. It is understood that allobjects which come with the gauge symmetry are assigned to the site x.Û Iab(i)Û Ice(j)(� Ibf 
 �� Icg 
 id)(')�� Igf(S�1(�))� U Iab(i)mIcdU Ide(j)(� Ibf 
 �� Icg 
 id)(')�� Igf(S�1(�))= U Iab(i)mIcdU Ide(j)�� Icb('2�S�1('1��))'3�= U Iab(i)mIcdU Ide(j)wIcb = U Iab(i)U Ibe(j)Here � means \up to contributions at sites y 6= x". The coe�cients �� Igf(S�1(�))ensure invariance of the expression at the site x and proposition 17.2 of [1] wasemployed for the last equality. From the previous calculation we learn that thematrix products of elements U I(i) furnish the right prescription to construct Wilsonline observables within our theory. So we de�ne U I(C) as before byU I(C) � �w(C)I U I(i1) : : :U I (in) :and use M I(C) instead of U I(C) whenever C is closed (and satis�es the other as-sumptions speci�ed in section 3). Properties of U I(C) and M I(C) are obtained fromproposition 2 and 3 together with the substitution rules (6.2). The algebra of mon-odromies M I(C) on the loop C reads for example1M I(C)RxIJ 2M J (C) = X('0y)IJCax[IJ jK]�MK(C)Cax[IJ jK]('�1x )IJ (6.8)M I(C)M I (�C) = eIx ; M I(�C)M I(C) = eIx ; (6.9)(M I(C))� = ��(RIxM I(�C)(R�1x )I) : (6.10)Under reversal of C, the monodromies behave asmIM I (�C) = dI tr�I �Ĉ[ �IIj0]�Ĉ[ �IIj0] 1g �I 1m �I 1M �I(C)R�II� (6.11)42



This algebra can be regarded as a generalization of quantum enveloping algebras ofsimple Lie algebras (within the formulation of [11]).The de�nition (3.13), our substitution rules (6.2) and formula (6.6) combine intothe following expression for the elements cI .cI � �ItrIq(M I (C)) = �ItrI(mIM I(C)wIgI) : (6.12)As before, the cI do not depend on the starting point x of C and they satisfy thede�ning relations (3.14, 3.14) of a fusion algebra. The derivation of these propertiesis sketched in Appendix A. Once the fusion algebra is established, we can proceedexactly as in section 3.2 to build the characters �I(P ). �0(P ) continues to implement
atness (cp. Appendix A). In a generalization of proposition 7 and 10 this showsthat the theory does not depend on the choice of the graph G. The same holds truefor the Chern-Simons functional !CS .7 Appendix A: Proofs for section 6This Appendix contains some material which is used to prove the statements ofsection 6. The derivation of the fusion algebra and the generalization of proposition7 are discussed in some detail.To begin with we have to recall a number of results on quasi-Hopf algebras. For(co-associative) Hopf-algebras it is well known that �(�) = (S 
 S)�0(S�1(�)). Ageneralization of this fact was already noticed by Drinfel'd [10]. To state his obser-vation we introduce the following notations.
 = XS(U�)�V� 
S(T�)�W�with XT� 
 U� 
 V� 
W� = ('
 e)(�
 id
 id)('�1) ;f = X(S 
 S)(�0(�1�))
�(�2��S(�3�)) ; (7.1)with '�1 =X �1� 
 �2� 
 �3� :Drinfel'd proved in [10] that the element f satis�esf�(�)f�1 = (S 
 S)�0(S�1(�)) for all � 2 G ; (7.2)
 = f�(�) :This remains true in the presence of truncation. The �rst equation asserts that f\intertwines" between the co-product � and the combination of � and S on theright hand side.When we perform this construction for the algebras Gx we end up with elementsfx 2 Gx 
 Gx. fx appears in the expression for �x(gx) = �x(u�1x vx)�x(gx) = gx 
 gx(Sx 
 Sx)(f 0�1x )fx : (7.3)43



This is a generalization of eq. (2.4) and shows that gx is no longer grouplike.Without proof we state a number uf useful relations which follow from the basicaxioms of a weak quasi-Hopf algebras (cp. [16]). With R = '213R12'�1 we have[(id
 id
�)(')]2314(id
�
 id)(R)(e
 '�1)= R134(id
 id
�)R (7.4)'124(�
 id
 id)(R)(id
 id
�)('�1)= [(id
 id
�)(R)]1324R234 (7.5)These two relations are in fact equivalent to Drinfeld's pentagon and hexagon equa-tions. If we use m = S(�1�)��2� 
 �3� and w = '2�S�1('1��))'3� as before then(id
�)�(�3�)(id
�)(w)(e
 w)(S�1 
 S�1)(f 0(�2� 
 �1�))= '(�
 id)(w) ; (7.6)f�1(S 
 S)('2s 
 '1�)(e
m)(id
�)(m)(id
�)�('3�)= (�
 id)(m)'�1 : (7.7)Here f = P f1� 
 f2� is the element (7.1) and f 0 = P f2� 
 f1� . Of course, all theserelations hold also \locally" at the sites x of the graph.We are now prepared to prove the basic properties of the elements cI 2 A de�nedin (6.12).Independence of x: The de�nition of cI depends on the curve C on the bound-ary of the plaquette P through the site x at which C starts and ends. We want toshow that cI does not change, if we use the site y 2 @P instead of x. As in the proofof proposition 4 we break the curve C at an arbitrary point y on @P and use thebraid relations 1U I(C1)RyII 2U I(C2) = 2U I(C2)(R0x)II 1U I(C1) : (7.8)From equation (7.4) one obtainse
mz = (e
 Sz(�2z�)
 e) [(id
�z)(mz)]213Rz(�1z� 
�z(�3z�)) (7.9)with Rz = P �1z� 
 �2z� 
 �3z� . This relation and the covariance properties (2.15)furnish h(Sx(�2x�)
 e
 e)(mx)13iII 1U I(C1) 2m Iy 2U I(C2) he
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 �3x�iII= h(Sy(�2y�)
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 e
 �3y�iII:Now we use the equationX(Sz(w1z�)
 e)mz�z(w2z�) = �z(e)44



to cancel the factors mz in between the two factors U I . Then one multiplies the twocomponents of eq. (7.10) and evaluates the trace trI of the product. To simplify theresulting expression, the formulaX �1z�Sz(�2z�w1z� )
 �3z�w2z� = wz(Sz(uz)
 e)is inserted. This leads totrI(mIxU I (C1)U I(C2)wIxgIx) = trI(mIyU I(C2)U I(C1)wIygIy)which establishes the independence of cI on the choice of the site x on @P .Fusion algebra: The derivation of the fusion algebra in the quasi-Hopf casedeparts from the \operator products" of monodromies1M I(C)RxIJ 2M J(C) =X('0x)IJCax[IJ jK]�MK(C)Cax[IJ jK]('�1x )IJ (7.10)Let us omit the subscript x for the rest of this section. Together with the covarianceof monodromies, �I(�)M I (C) = M I(C)�I (�) for all � 2 Gx, the formula (7.9) can beused to convert the factor R on the left hand side of the operator product into afactor m.1M I(C) 2m J 2M J (C) = Xh(S(�2�)
 �
 e)(id
�)(m)'iIJ213Ca[IJ jK]� ��MK(C)Ca[IJ jK]('�1(�1� 
�(�3�))IJ :From here we can calculate cIcJ using the relation (6.12) and(�1� 
�(�3�))(e
 w)(e
 S�1(�2�)
 e) = R�1 [(id
�)w]213together with the equation (7.6, 7.6). The result of a short calculation iscIcJ = �I�J X(trI 
 trJ ) h(f 0)IJCa[IJ jK]�mKMK(C)wK �� Ca[IJ jK](R�1(S�1 
S�1)(f�1))IJ 1g I 2gJ�= �I�J X(trI 
 trJ ) hCa[IJ jK]�mKMK(C)wKgKCa[IJ jK](R�1)IJi :The last equality is a consequence of eq. (7.3). The fusion algebra cIcJ = PN IJK cJ�nally follows from the normalization (2.7).Evaluation of (cI)� is left as an exercise. As an intermediate result one shows(cI)� = ��1I trI hmIM I(�C)wIgI iThen relation (6.11) is inserted. After application of lemma 4 one uses equation (6.1)and writes R as a product '213R12'�1. This gives the result (cI)� = c�I .45



Flatness: Every line in the proof of proposition (7) can be \translated" with thesubstitution rules (6.2). There is only one problem. In the second part of the proof(i.e. after lemma 2) we exploit the completeness (3.27) of Clebsch Gordon maps,which fails to hold in the case of truncation. Even though completeness was thefastest way to get the desired results, it is not necessary. In fact, (quasi)-associativityof the co-product does su�ce. We want to show this with ' = e
 e
 e. The case ofnontrivial ' is again obtained with the rules (6.2). From associativity of the tensorproduct of representations it follows thateJCx[ �KKj0] = X�I;a;bFab(I J K)Cbx[ �IKjJ ]Cax[J �Kj�I] :The complex coe�cients are a subset of 6j-symbols. We may use the normalization(2.7) to rewrite this as��I�J� �K (R0x)J �KCax[J �Kj�I]� =Xb Fba(I J K)Cbx[ �IKjJ ] :These two formulas can be inserted into the �rst equation after relation (3.27) andfurnish an alternative calculation of �0MJ . It does not use the completeness (3.27)and remains valid in the case of truncation.8 Discussion and OutlookIn this paper we have introduced a new quantum algebra. It is natural to inter-pret it as a quantized algebra of functions on the moduli space of 
at connections(moduli algebra). This algebra plays the role of the observable algebra in the Hamil-tonian Chern Simons theory. The construction of the moduli algebra requires aquasi-triangular ribbon �-Hopf algebra to be used as a gauge symmetry. A lot ofexamples of such symmetry algebras are provided by quantized universal envelopingalgebras of simple Lie algebras. Given a Riemann surface of genus g with m markedpoints, a simple Lie algebra, a c-number q being some root of unity and a set of mrepresentation-classes [I�] of the corresponding quantized universal enveloping alge-bra, one can construct the moduli algebra AfI�gCS . This means that we have completedthe program of deformation quantization of the moduli space and now we are goingto discuss perspectives of the combinatorial approach to quantization of the ChernSimons model.The main question which arises naturally is the comparison to other quantiza-tion schemes already applied to Chern Simons theory. Among them we pick up twoapproaches which are the most suitable for comparison. These are geometric quan-tization [17], [18] and Conformal Field Theory approach which was used originallyto solve the Chern Simons model [19]. Both these approaches use the Hamiltonian46



picture of quantization. So, their results may be easily compared to the results ofcombinatorial approach.Opening the list of unsolved questions we start with1. Compare results of geometric quantization and Conformal Field Theory approachto combinatorial quantization.Geometric quantization as well as Conformal Field Theory produces the Hilbertspace of the Chern Simons model rather than the observable algebra. In the Confor-mal Field Theory approach, vectors in the Hilbert space are identi�ed with conformalblocks of the WZWmodel. More precisely, they come as solutions of a certain systemof linear di�erential equations. In the case of the Riemann sphere this system of equa-tions was discovered in [20] and called Knizhnik-Zamolodchikov equation. For highergenera it was considered in [21], [17] etc. Geometric quantization provides a moreabstract picture of the Hilbert space. There it appears as a space of holomorphicsections of the quantum line bundle over the moduli space. It is possible to �nd acontact between these two pictures of the Hilbert space. The key observation is thateach complex structure on the underlying Riemann surface provides a complex struc-ture on the moduli space. Thus, the �@-operator in the quantum line bundle dependson this complex structure. One can think that for each complex structure on thesurface we get its own geometric quantization and its own Hilbert space. One needsa projectively 
at connection on the space of complex structures in order to identifythese bunch of Hilbert spaces with the unique Hilbert space of the quantum theory.Here one makes a bridge with the Conformal Field Theory approach. It appears [17]that the linear system of equations for conformal blocks may be reinterpreted as acovariance condition with respect to some projectively 
at connection.While these approaches to quantization provide Hilbert spaces, our combinatorialquantization provides an algebra of observables. The natural route for comparison isto realize the algebra of observables in given Hilbert spaces. This is the second pointin our list.2. Represent the moduli algebra in the Hilbert spaces of the Chern-Simons theoryprovided by geometric quantization and Conformal Field Theory.In principle, this is the central question of the whole program and { provided itis done { one can stop here. However, there is a couple of questions that one shouldadd to the list. The �rst one concerns the action of the mapping class group. Itis known that the projective representation of the mapping class group acts in theHilbert space of the Chern-Simons theory. This representation proves to be usefulin constructing of invariants of 3-manifolds. One can try to relate this idea to themoduli algebra.3. Construct the action of the mapping class group on the moduli algebra.The last question which we would like to mention here concerns a very particularapplication of the machinery that we have developed. It has been recently proven thatthe relativistic analogue of the Calogero-Moser integrable model may be naturally47



realized on the moduli space of 
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