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TENSOR FIELDS AND CONNECTIONS ON HOLOMORPHICORBIT SPACES OF FINITE GROUPSANDREAS KRIEGL, MARK LOSIK, AND PETER W. MICHORAbstra
t. For a representation of a �nite groupG on a 
omplex ve
tor spa
eV we determine when a holomorphi
 �pq�-tensor �eld on the prin
ipal stratumof the orbit spa
e V=G 
an be lifted to a holomorphi
G-invariant tensor �eldon V . This extends also to 
onne
tions. As a 
onsequen
e we determine thoseholomorphi
 di�eomorphisms on V=G whi
h 
an be lifted to orbit preservingholomorphi
 di�eomorphisms on V . This in turn is applied to 
hara
terize
omplex orbifolds. 1. Introdu
tionLo
ally, an orbifold Z 
an be identi�ed with the orbit spa
e B=G, where B isa G-invariant neighborhood of the origin in a ve
tor spa
e V with a �nite groupG � GL(V ) and, using this identi�
ation, one 
an easily de�ne lo
al (and thenglobal) tensor �elds and other di�erential geometri
al obje
ts in Z as appropriateG-invariant tensor �elds and obje
ts on B � V . In parti
ular, one 
an naturally de-�ne Riemannian orbifolds, Einstein orbifolds, symple
ti
 orbifolds, K�ahler-Einsteinorbifolds et
.We study 
omplex orbifolds, that is, orbifolds modeled on orbit spa
es V=G,where G is a �nite subgroup of GL(V ) for a 
omplex ve
tor spa
e V . In par-ti
ular, the orbit spa
es Z = M=G of a dis
rete proper group G of holomorphi
transformations of a 
omplex manifoldM are 
omplex orbifolds.An orbifoldX has a stru
ture de�ned by the sheaf FX of lo
al invariant holomor-phi
 fun
tions in a lo
al uniformizing system. X has also a strati�
ation by strataS whi
h are glued from lo
al isotropy type strata of lo
al uniformizing systems. Inparti
ular, the regular stratum X0 is an open dense 
omplex manifold in X.Holomorphi
 geometri
 obje
ts on X (e.g. tensor �elds and 
onne
tions) arelo
ally de�ned as invariant obje
ts on the uniformizing system. Their restri
tionsto the regular stratum X0 are usual holomorphi
 geometri
 obje
ts on the 
omplexmanifold X0.A natural question is to 
hara
terize these restri
tions, i.e. to des
ribe tensor�elds and 
onne
tions on X0 whi
h are extendible to X. We look at the liftingproblem for 
onne
tions be
ause this allows a very elegant approa
h to the liftingproblem for holomorphi
 di�eomorphisms. And the last problem has immediate
onsequen
es for 
hara
terizing 
omplex orbifolds, i.e., for answering the following1991 Mathemati
s Subje
t Classi�
ation. 32M17.Key words and phrases. 
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2 KRIEGL, LOSIK, MICHORquestion: Whi
h data does one need besides FX and X0 to 
hara
terize a 
omplexorbifold X? The main goal of the paper is to answer these questions.We have �rst to investigate the lo
al situation, thus we 
onsider a �nite sub-group G � GL(V ) and the orbit spa
e Z = V=G with the stru
ture given by thesheaf FV=G of invariant holomorphi
 fun
tions on V , and the orbit type strati�
a-tion. The prime role is played by strata of 
odimension 1 with the orders of the
orresponding stabilizer groups, whi
h are arranged in the re
e
tion divisor DV=Gwhi
h keeps tra
k of all 
omplex re
e
tions in G. It turns out that the union Z1of Z0 and of all 
odimension 1 strata is a 
omplex manifold, see 3.5. We 
hara
-terize all G-invariant holomorphi
 tensor �elds and 
onne
tions on V in terms ofthe re
e
tion divisor of the 
orresponding meromorphi
 tensor �eld and 
onne
tionon Z1, see 3.7 and 4.2. Our result gives a generalization 3.9 of Solomon's theorem[10℄, see 3.10. Using the lifting property of 
onne
tions we are able to prove that aholomorphi
 di�eomorphism Z = V=G! V=G0 = Z 0 between two orbit spa
es hasa holomorphi
 lift to V whi
h is equivariant over an isomorphism G ! G0 if andonly if f respe
ts the regular strata and the re
e
tion divisors, i.e. f(Z0) � Z 00 andf�(DZ) � DZ0 . In fa
t we give two proofs of this result, whi
h in [4℄ is 
arried overto the algebrai
 geometry setting for algebrai
ally 
losed ground �elds of 
hara
-teristi
 0. The related problem of lifting (smooth) homotopies from (general) orbitspa
es has been treated in [1℄ and [9℄.Applying the lo
al results we prove that a 
omplex orbifold X is uniquely de-termined by the sheaf FX , the regular stratum X0, and the re
e
tion divisor DXalone, see 6.6. 2. Preliminaries2.1. The orbit type strati�
ation. Let V be an n-dimensional 
omplex ve
torspa
e, G a �nite subgroup ofGL(V ), and � : V ! V=G the quotient proje
tion. Thering C [V ℄G has a minimal system of homogeneous generators �1; : : : ; �m. We willuse the map � = (�1; : : : ; �m) : V ! Cm . Denote by Z the aÆne algebrai
 varietyin Cm de�ned by the relations between �1; : : : ; �m. It is known that �(V ) = Z.We 
onsider the orbit spa
e V=G endowed with the quotient topology as a lo
alringed spa
e de�ned by the following sheaf of rings FV=G: if U is an open subsetof V=G, FV=G(U ) is equal to the spa
e of G-invariant holomorphi
 fun
tions on��1(U ). Clearly one may 
onsider se
tions of FV=G on U as fun
tions on U . We
all these fun
tions holomorphi
 fun
tions on U . It is known that the map of theorbit spa
e V=G to Z indu
ed by the map � is a homeomorphism. Moreover, thishomeomorphism indu
es an isomorphism of the sheaf FV=G(U ) and the stru
turesheaf of the 
omplex algebrai
 variety Z (see [7℄). Via the above isomorphism weidentify the lo
al ringed spa
es V=G and Z. Under this identi�
ation the proje
tion� is identi�ed with the map �. Let G and G0 be �nite subgroups of GL(V ) andlet Z = V=G and Z 0 = V=G0 be the 
orresponding orbit spa
es. By de�nitiona holomorphi
 di�eomorphism of the orbit spa
e Z to the orbit spa
e Z 0 is anisomorphism of Z to Z 0 as lo
al ringed spa
es.Let K be a subgroup of G, (K) the 
onjuga
y 
lass of K. Denote by V(K) theset of points of V whose isotropy groups belong to (K) and put Z(K) = �(V(K)).It is known that fZ(K)g is a �nite strati�
ation of Z, 
alled the isotropy typestrati�
ation, into lo
ally 
losed irredu
ible smooth algebrai
 subvarieties (see [5℄).Denote by Zi the union of the strata of 
odimension greater than i and put Zi =
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ipal stratum of Z, i.e. Z0 = Z(K) for K = fidg. It isknown that Z0 is a Zariski open subset of Z and a 
omplex manifold. It is 
learthat the restri
tion of the map � to the set Vreg of regular points of V is an talemap onto Z0.In this paper we 
onsider the orbit spa
e Z = V=G with the above stru
ture oflo
al ringed spa
e and the strati�
ation fZ(K)g.2.2. The divisor of a tensor �eld. We shall use divisors of meromorphi
 fun
-tions on a 
omplex manifold X. For te
hni
al reasons (see e.g. the last formulaof this se
tion) we de�ne div(0) =PS1:S, where the sum runs over all 
omplexsubspa
es of X of 
odimension 1.Let f and g be two meromorphi
 fun
tions on X. Then we have div(f + g) �minfdiv(f); div(g)g, where div(f) denote the divisor of f . Taking the minimummeans: For ea
h irredu
ible 
omplex subspa
e S of X of 
odimension 1 belongingto the support of f or g take the minimum of the 
oeÆ
ients in Z of S in div(f)and div(g).Let P be a meromorphi
 tensor �eld (i.e., with meromorphi
 
oeÆ
ient fun
tionsin lo
al 
oordinates) on X. In lo
al holomorphi
 
oordinates y1; : : : ; yn on an opensubset U � X the tensor �eld P 
an be written asP jU = Xi1;:::;ip;j1;:::;jq P i1:::ipj1:::jq ��yi1 
 � � � 
 ��yip 
 dyj1 
 dyjq :and we de�ne the divisor of P on U as the minimum of all divisors div(P i1:::ipj1:::jq ) 2Div(U ) for all 
oeÆ
ient fun
tions of P . The resulting 
oeÆ
ient of the 
om-plex subspa
e S of 
odimension 1 in div(P ) 2 Div(U ) does not depend on the
hoi
e of the holomorphi
 
oordinate system; e.g., for a ve
tor �eld PiXi ��yi =Pi;kXi �uk�yi ��uk we havediv�Xi Xi �uk�yi � � mini div�Xi �uk�yi � = mini �div(Xi)+div��uk�yi �� � mini div(Xi):Finally we de�ne the divisor of P on X by gluing the lo
al divisors for anyholomorphi
 atlas of X. Note that a tensor �eld P is holomorphi
 if and only ifdiv(P ) � 0. 3. Invariant tensor fields3.1. Let P be a G-invariant holomorphi
 tensor �eld of type �pq� on V . Sin
e � isan tale map on Vreg, there is a unique holomorphi
 tensor �eld Q on Z0 of type �pq�su
h that the pullba
k ��(Q) 
oin
ides with the restri
tion of P to Vreg. It is 
learthat the tensor �eld P is uniquely de�ned by Q.Consider a holomorphi
 tensor �eld Q of type �pq� on Z0 and its pullba
k ��(Q)whi
h is a G-invariant holomorphi
 tensor �eld on Vreg. Then by the Hartogsextension theorem, ��(Q) has a G-invariant holomorphi
 extension to V i� it hasa holomorphi
 extension to ��1(Z1).Denote by H the set of all re
e
tion hyperplanes 
orresponding to all 
omplexre
e
tions in G and, for ea
h H 2 H, by eH the order of the 
y
li
 subgroup ofG �xing H. It is 
lear that �([H2HH) 
ontains all strata of 
odimension 1. Thisimplies immediately the following



4 KRIEGL, LOSIK, MICHOR3.2. Proposition. If H = ;, for ea
h holomorphi
 tensor �eld P0 on Z0 thepullba
k ��(P0) has a G-invariant holomorphi
 extension to V . �3.3. The re
e
tion divisor of the orbit spa
e. Consider the set RZ of allhyper surfa
es �(H) in Z, where H runs through all re
e
tion hyperplanes in V .Note that �(H) is a 
omplex subspa
e of Z1 of 
odimension 1. We endow ea
hS = �(H) 2 RZ with the label eH of the hyperplane H. It is easily seen that thislabel does not depend on the 
hoi
e of H, we denote it by eS and we 
onsider eS : Sas an e�e
tive divisor on Z and we 
onsider the e�e
tive divisor in Z1D = DV=G = DZ = XS2RZ eS : S;whi
h we 
all the re
e
tion divisor.3.4. Basi
 example. Let the 
y
li
 group Zr =Z=rZwith generator �r = e2�i=ra
t on C by z 7! e2�ik=rz for r � 2. The generating invariant is � (z) = zr .We 
onsider �rst a holomorphi
 tensor �eld P = f(z)(dz)
q 
 ( ��z )
p on C . Itis invariant, ��rP = P , if and only if f(�rz) = �p�qr f(z), so that in the expansionf(z) =Pk�0 fkzk at 0 of f the 
oeÆ
ient fk 6= 0 at most when k �= p� q mod r.Writing p � q = rs + t with s 2Zand 0 � t < r we see that P is invariant if andonly if f(z) = ztg(zr) for holomorphi
 g.We use the 
oordinate y = � (z) = zr on C=Zr = C , ��dy = rzr�1dz and��( ��y jCn0) = 1rzr�1 ��z jCn0, and we writeP jCn0 = g(zr)zt(dz)
q 
 ( ��z )
p= g(y)zt(rzr�1)p�q(dy)
q 
 ( ��y )
p= g(y)z�rs(rzr)p�q(dy)
q 
 ( ��y )
p= g(y)rp�qyp�q�s(dy)
q 
 ( ��y )
p(we omitted ��). Thus a holomorphi
 tensor �eld P of type �pq� on C isZr-invariantif and only if P jCn0 = ��Q for a meromorphi
 tensor �eldQ = g(y)ym (dy)
q 
 ( ��y )
pon C with g holomorphi
 with g(0) 6= 0 and withm � p� q � s:It is easily 
he
ked that the above inequality is equivalent to the following onemr + (q � p)(r � 1) � 0:3.5. Suppose H 6= ;. Let z 2 Z1 n Z0 and v 2 ��1(z). Then there is a uniquehyperplane H 2 H su
h that v 2 H and the isotropy group Gv is isomorphi
 to a
y
li
 group. It is evident that the order rz = eH of Gv depends only on z = �(v)and is lo
ally 
onstant on Z1 n Z0.By the holomorphi
 sli
e theorem (see [5℄, [6℄) there is a Gv-invariant openneighborhood Uv of v in V su
h that the indu
ed map Uv=Gv ! V=G is a lo
albiholomorphi
 map at v.Choose orthonormal 
oordinates z1; : : : ; zn in V with respe
t to a G-invariantHermitian inner produ
t on V , so that H = fzn = 0g. Then the ring C [V ℄Gv isgenerated by z1; : : : ; zn�1; (zn)r , where r = rz.



TENSOR FIELDS ON HOLOMORPHIC ORBIT SPACES OF FINITE GROUPS 5Put �1 = z1; : : : ; �n�1 = zn�1, �n = (zn)r, and � = (�1; : : : ; �n) : Uv ! Cn .Then there are holomorphi
 fun
tions f i (i = 1; : : : ; n) in an open neighborhoodWz of z 2 Cm su
h that �a = fa Æ �jUv . On the other hand, we know that in anopen neighborhood of v all �a for (a = 1; : : : ;m) are holomorphi
 fun
tions of the� i. We denote by yi the holomorphi
 fun
tion on Z su
h that � i = yi Æ �. Thenwe 
an use yi as 
oordinates of Z de�ned in the open neighborhood Wz � Cm ofz. Note that we found holomorphi
 
oordinates near ea
h point of Z1, so we have:Corollary. The union Z1 of all 
odimension � 1 strata, with the restri
tion of thesheaf FV=G, is a 
omplex manifold. �3.6. The re
e
tion divisor of a meromorphi
 tensor �eld on Z1. Let�M(T pq (Z1)) be the spa
e of meromorphi
 tensor �elds (i.e. with meromorphi

oeÆ
ient fun
tions in lo
al holomorphi
 
oordinates on the 
omplex manifold Z1),and let P 2 �M(T pq (Z1)).Let S be an irredu
ible 
omponent of Z1 n Z0 and let z 2 S. Lo
al 
oordinatesy1; : : : ; yn on U � Z1, 
entered at z, are 
alled adapted to the strati�
ation of Z1if S = fyn = 0g near z. By de�nition the 
oordinates y1; : : : ; yn from 3.5 have thisproperty. Denote by Oz the ring of germs of holomorphi
 fun
tions and byMz the�eld of germs of meromorphi
 fun
tions, both at z 2 Z1.Let y1; : : : ; yn be lo
al 
oordinates on U � Z1, 
entered at z, adapted to thestrati�
ation of Z1 . Then on U the meromorphi
 tensor �eld P is given byP jU = Xi1;:::;ip;j1;:::;jq P i1:::ipj1:::jq ��yi1 
 � � � 
 ��yip 
 dyj1 
 dyjq :where the P i1:::ipj1:::jq are meromorphi
 on U . Let us �x one nonzero summand of theright hand side: for the 
oeÆ
ient fun
tion we have P i1:::ipj1:::jq = (yn)mf for someinteger m su
h that the germs at z of yn, g, and h are pairwise relatively prime inOz where f = g=h 2 Mz. Suppose that the fa
tor ��yn appears exa
tly p0 timesand the fa
tor dyn appears exa
tly q0 times in this summand. The integer� = mr + (q0 � p0)(r � 1);a priori depending on z, is 
onstant along an open dense subset of S and it is 
alledthe re
e
tion residuum of the summand at S. Finally let �S(P ) be the minimumof the re
e
tion residua at S of all summands of P in the representation of P .Let ~y1; : : : ; ~yn be arbitrary lo
al 
oordinates on U � Z1, 
entered at z, adaptedto the strati�
ation of Z1. In a neighborhood of z we have yn = f ~yn , where f isa holomorphi
 fun
tion su
h that f(z) 6= 0. Remark that ~yn divides �yn�~yi and �~yn�yi(i = 1; : : : ; n) in Oz. A straightforward 
al
ulation using the above remark showsthat the values of �S(P ) 
al
ulated in the 
oordinates ~yi and in the 
oordinates yiare the same. Then �S(P ) does not depend on the 
hoi
e of the system of lo
al
oordinates adapted to the strati�
ation of Z1. For details see [4℄: there we 
he
kedthis in the algebrai
 geometry setting where the use of tensor �elds is less familiar.We now 
an de�ne the re
e
tion divisordivD(P ) = divDV=G(P ) 2 Div(U )as follows: take the divisor div(P ), and for ea
h irredu
ible 
omponent S of Z1 nZ0do the following: if S appears in the support of div(P ) 2 Div(U ), repla
e its
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oeÆ
ient by �S(P ); if it does not appear, add �S(P ):S to it. If S is not 
ontainedin Z1 n Z0, we keep its 
oeÆ
ient in div(P ).Finally we glue the global re
e
tion divisor divD(P ) 2 Div(Z1) from the lo
alones, using a holomorphi
 atlas for Z1.3.7. Theorem. Let G � GL(V ) be a �nite group, with re
e
tion divisor D =DV=G = DZ . Then we have:� Let P be a holomorphi
 G-invariant tensor �eld on V . Then the re
e
tiondivisor divD(��P ) � 0.� Let Q 2 �M(T pq (Z1)) be a meromorphi
 tensor �eld on Z1. Then theG-invariant meromorphi
 tensor �eld ��Q extends to a holomorphi
 G-invariant tensor �eld on V if and only if divD(Q) � 0.The above remains true for G-invariant holomorphi
 tensor �elds de�ned in a G-stable open subset of V .Proof. This follows dire
tly from Hartogs' extension theorem, the basi
 exam-ple 3.4 using y1; : : : ; yn�1 as dummy variables, and the de�nition of the re
e
tiondivisor divD(P ) as explained in 3.6. �3.9. Corollary. The mapping � establishes an inje
tive 
orresponden
e betweenthe spa
e of holomorphi
 G-invariant tensor �elds of type �pq� on V whi
h are skew-symmetri
 with respe
t to the 
ovariant entries, and the spa
e of holomorphi
 tensor�elds on Z1 of the same type and the same skew-symmetry 
ondition. If p = 0 the
orresponden
e is bije
tive.The above remains true for G-invariant holomorphi
 tensor �elds de�ned in aG-stable open subset of V .Proof. Let P be a holomorphi
 G-invariant tensor �eld on V satisfying the 
on-ditions of the 
orollary. For ea
h nonzero de
omposable summand of ��P take theintegers m, p0, and q0 de�ned in 3.6. By skew symmetry of P we have q0 � 1. ByTheorem 3.7 we get divD(��P ) � 0 and thus mr � (p0� q0)(r�1) > �r. So m � 0and the summand is holomorphi
 on Z1.If Q is a holomorphi
 di�erential form on Z1 its pullba
k ��Q is a G-invariantholomorphi
 form on ��1(Z1) and then has a holomorphi
 extension to the wholeof V . �3.10. Remarks. Note that Corollary 3.9 is a generalization of Solomon's theorem(see [10℄): If G � GL(V ) is a �nite 
omplex re
e
tion group then every G-invariantpolynomial exterior q-form ! on V 
an be written as ! = ��' for a polynomial q-form ' on Cn , where � = (�1; : : : ; �n) : V ! Cn is the mapping 
onsisting of aminimal system of homogeneous generators of C [V ℄G.A
tually, in the 
ase of a re
e
tion group Z = Cn and ea
h holomorphi
 �pq�-tensor �eld Q on Z1 has a holomorphi
 extension to Z by Hartogs' extension the-orem. 4. Invariant 
omplex 
onne
tions4.1. Let � be a holomorphi
G-invariant 
omplex 
onne
tion on V . Then the image��� of � under the map � de�nes a holomorphi
 
omplex 
onne
tion on Z0.Let z 2 Z1nZ0, v 2 ��1(z), and r the order of Gv. Consider the 
oordinates zi inV de�ned in 3.5. Denote by �ijk the 
omponents of the 
onne
tion � with respe
t to
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oordinates. By assumption, the �ijk are holomorphi
 fun
tions on V . Re
allthe standard formula for the image 
 of � under a holomorphi
 di�eomorphismf = (ya(xi)) 
ab
 Æ f = �ya�xi �xj�yb �xk�y
 �ijk(xl) � �2ya�xi�xj �xi�yb �xj�y
 :Remark that the similar formula is true for the transformation of the 
omponentsof 
onne
tion under the 
hange of 
oordinates.Consider the generator g of the 
y
li
 groupGv given by 3.5. Sin
e g a
ts linearly,the 
onne
tion rea
ts to it like a �12�-tensor �eld. Thus by the 
onsiderations of 3.4we get in the notation of 3.5, where i; j; k = 1; : : : ; n� 1:�ijk = ~�ijk Æ �; �njk = 1r zn~�njk Æ �; �ijn = r(zn)r�1~�ijn Æ �;�ink = r(zn)r�1~�ink Æ �; �njn = ~�njn Æ �; �nnk = ~�nnk Æ �;�inn = r2(zn)r�2~�inn Æ �; �nnn = r(zn)r�1~�nnn Æ �;where the ~�ab
 are holomorphi
 fun
tions of the 
oordinates ya (a = 1; : : : ; n) intro-du
ed in 3.5.Using the transformation formula for 
onne
tions, we get the following formulasfor the 
omponents 
ab
 of the meromorphi
 
onne
tion ��� with respe
t to the
oordinates ya 
ijk = ~�ijk; 
njk = yn~�njk; 
ijn = ~�ijn; 
ink = ~�ink;(4.1.1) 
njn = ~�njn; 
nnk = ~�nnk; 
inn = 1yn ~�inn; 
nnn = ~�nnn � r � 1ryn :Let ~ya for a = 1; : : : ; n be other lo
al 
oordinates 
entered at z and adapted tothe strati�
ation of Z1. Then in a neighborhood of z we haveyn = f ~yn; ~yn = ~fyn;where f and ~f are holomorphi
 fun
tions in a neighborhood of z and ~ff = 1. Thenwe have �yn�~yi = �f�~yi ~yn; �~yn�yi = �f�yi yn (i = 1; : : : ; n� 1)and on S = fyn = 0g �yn�~yn = f; ~�yn�yn = ~f :Using these formulas one 
an 
he
k that in the 
oordinates ~ya the formulas 4.1.1have the same form as in the 
oordinates ya. For example, for the new 
omponent~
nnn we have ~
nnn + r � 1r~yn = (r � 1)�1� ~f �~yn�yn��yn�~yn�2�ryn ~f + h;where h is a holomorphi
 fun
tion near z. Sin
e on S = fyn = 0g we have1� ~f �~yn�yn��yn�~yn�2 = 1� ~f2f2 = 0;



8 KRIEGL, LOSIK, MICHORyn divides in Oz the fun
tion 1� ~f �~yn�yn��yn�~yn�2:Thus ~
nnn + r � 1r~ynis holomorphi
 in a neighborhood of z.4.2. Theorem. Let 
 be a holomorphi
 
omplex linear 
onne
tion on Z0 su
h thatfor ea
h z 2 Z1 n Z0 it has an extension to a neighborhood of z whose 
omponentsin the 
oordinates adapted to the strati�
ation of Z1 are de�ned by the formulas4.1.1 where ~�ab
 are holomorphi
. Then there is a unique G-invariant holomorphi

omplex linear 
onne
tion � on V su
h that ��� 
oin
ides with 
 on Z0. Thisremains true if we repla
e V by a G-open subset of G.Proof. Sin
e � is tale on the prin
ipal stratum, there is a unique G-invariant
omplex linear 
onne
tion �0 on ��1(Z0) su
h that ���0 = 
. The 
ondition of thetheorem implies that the 
onne
tion �0 has a holomorphi
 extension to ��1(Z1).Then by Hartogs' extension theorem the 
onne
tion �0 has a unique holomorphi
extension � to the whole of V . �5. Lifts of diffeomorphisms of orbit spa
es5.1. Let G and G0 be �nite subgroups of GL(V ) and GL(V 0) and let F be aholomorphi
 di�eomorphism V ! V 0 whi
h maps G-orbits to G0-orbits bije
tively.Then the map F indu
es an isomorphism f of the sheaves FV=G ! FV 0=G0 , i.e. aholomorphi
 di�eomorphism of orbit spa
es V=G and V 0=G0.Lemma. There is a unique isomorphism a : G ! G0 su
h that F Æ g = a(g) Æ Ffor every g 2 G.Note that a and its inverse a�1 map 
omplex re
e
tions to 
omplex re
e
tions.Proof. The 
ardinalities of the two groups are the same sin
e F maps a generi
regular orbit to a regular orbit. Consequently, it maps regular points to regularpoints and we have �0 Æ F = f Æ � : V ! V 0=G0 for a holomorphi
 di�eomorphismf : V=G ! V 0=G0, where � : V ! V=G and �0 : V 0 ! V 0=G0 are the quotientproje
tions.Fix some G-regular v 2 V . Then F (v) and F (gv) for g 2 G are regular pointsof V 0 of the same orbit. Therefore, there is a unique a(g) 2 G su
h that F (gv) =a(g)(F (v)). We have �0 Æ F Æ g = f Æ � Æ g = f Æ � = �0 Æ F = �0 Æ a(g) Æ F . Sin
e�0 is tale on V 0reg we see that F Æ g = a(g) Æ F lo
ally near v and thus globally. Byuniqueness, the map g ! a(g) is an isomorphism of G onto G0. �In this se
tion we study when a di�eomorphism f of the orbit spa
es Z ! Z 0has a holomorphi
 lift F .5.2. Corollary. Let F : V ! V be a holomorphi
 di�eomorphism whi
h mapsG-orbits onto G0-orbits, and f : Z ! Z 0 the 
orresponding holomorphi
 di�eomor-phism of the orbit spa
es. Then f maps the isotropy type strati�
ation of Z ontothat of Z 0 and, moreover, it maps DZ to DZ0 .Proof. This follows from Lemma 5.1 and the de�nition 3.3 of the re
e
tion divisor.�



TENSOR FIELDS ON HOLOMORPHIC ORBIT SPACES OF FINITE GROUPS 95.3. Theorem. Let G and G0 be two �nite subgroups of GL(V ) and let f : Z !Z0 be a holomorphi
 di�eomorphism of the 
orresponding orbit spa
es su
h thatf(Z0) = Z 00 and f�(DZ) = DZ0 . If Q is a holomorphi
 tensor �eld of type �pq� onZ0 whi
h satis�es the 
onditions of Theorem 3.7, then f�(Q) also satis�es these
onditions on Z 00 and thus there exists a unique G0-invariant holomorphi
 tensor�eld Q0 of type �pq� su
h that �0�Q0 
oin
ides with f�Q on Z 00.This is also true for holomorphi
 
onne
tions if we repla
e Theorem 3.7 by The-orem 4.2. The theorem remains true if we repla
e V by invariant open subsets ofV .Proof. Sin
e f(Z0) = Z 00 the tensor �eld f�Q is also holomorphi
 on Z 00. Letz 2 Z1nZ0. Then there is a 
omplex spa
e S 2 RZ of 
odimension 1 su
h that z 2 S.By assumption f(z) 2 Z 01 nZ 00 and f(z) 2 f(S) 2 RZ0 and rz = eS = ef(S) = rf(z).Now, obviously f�Q satis�es the 
onditions of Theorem 3.7 at f(x). Thus thereexists a G0-invariant holomorphi
 tensor �eld Q0 on V with �0�Q0 = f�Q.A similar argument applies to 
onne
tions. �5.4 Theorem. Let G and G0 be two �nite subgroups of GL(V ). Let f : Z ! Z 0be a holomorphi
 di�eomorphism of the orbit spa
es su
h that f(Z0) = Z 00 andf�(DZ) = DZ0 .Then f lifts to a holomorphi
 di�eomorphism F : V ! V , i.e. �0 Æ F = f Æ �.The lo
al version is also true. Namely, if B is a ball in the ve
tor spa
e V
entered at 0 (for an invariant Hermitian metri
), U = �(B), and f : U ! Z 0 isa lo
al holomorphi
 di�eomorphism of U onto a neighborhood U 0 of �0(0) su
h thatf(U \Z0) = U 0 \Z 00 and f maps DZ \U to DZ0 \U 0, then there is a holomorphi
lift F : B ! V .Proof. Let � be the natural 
at 
onne
tion on V . Then � is uniquely de�ned bythe holomorphi
 
onne
tion ��� on Z0 whi
h satis�es the 
onditions of Theorem4.2. By Theorem 5.3 there is a unique G-invariant holomorphi
 
omplex linear
onne
tion �0 on V su
h that �0��0 
oin
ides with f�(���) on Z 00. It is evident that�0 is a torsion free 
at 
onne
tion, sin
e � is it and �0 is lo
ally isomorphi
 to � onan open dense subset.Let v 2 V be G-regular and let v0 2 V be G0-regular, su
h that (fÆ�)(v) = �0(v0).Then there is a biholomorphi
mapF of a neighborhoodW of v onto a neighborhoodof v0 su
h that �0 Æ F = f Æ � on W and F (v) = v0. Moreover by 
onstru
tion F isa lo
ally aÆne map of the aÆne spa
e (V;�) into (V;�0) equipped with the abovestru
tures of lo
ally aÆne spa
es, thus we have(1) F = exp�0v0 ÆTvF Æ (exp�v )�1where exp�v : TvV ! V is the holomorphi
 geodesi
 exponential mapping 
enteredat v given by the 
onne
tion � and its indu
ed spray. It is globally de�ned, thus
omplete and a holomorphi
 di�eomorphism sin
e � is the standard 
at 
onne
tion.Likewise exp�0v0 is the holomorphi
 exponential mapping of the 
at 
onne
tion �0.The formula above extends F to a globally de�ned holomorphi
 mapping if exp�0v0 :TvV ! V is also globally de�ned (
omplete). Assume for 
ontradi
tion that thisis not the 
ase. Let F be maximally extended by equation (1); it still proje
ts tof : Z ! Z 0. We 
onsider exp�0v0 as a real exponential mapping, and then there isa real geodesi
 whi
h rea
hes in�nity in �nite time and this is the image under Fof a �nite part exp�v ([0; t0)w) of a real geodesi
 of � emanating at v. The sequen
e



10 KRIEGL, LOSIK, MICHORexp�v ((t0 � 1=n)w) 
onverges to exp�v (t0w) in V , but its image under F divergesto in�nity by assumption. On the other hand, the image under F is 
ontained inthe set (�0)�1(f�(exp�v ([0; t0℄w))) whi
h is 
ompa
t sin
e �0 is a proper mapping.Contradi
tion.Any holomorphi
 lift F of a holomorphi
 di�eomorphism f is a holomorphi
di�eomorphismof V whi
h mapsG-orbits ontoG0 orbits, by the following argument:Let F 0 be a holomorphi
 lift of f�1. Evidently the map F 0 Æ F preserves ea
h G-orbit. Then, for a G-regular point v 2 V , there is a g 2 G su
h that F 0 Æ F = gin a neighborhood of v and, then, on the whole of V . Similarly F Æ F 0 = g0 2 G0.This implies that F is a holomorphi
 di�eomorphism of V . By de�nition the lift Frespe
ts the partitions of V into orbits. �We give a se
ond proof of Theorem 5.4 based on the known results about thefundamental groups of Vreg and Z0 for �nite 
omplex re
e
tion groups. It is anextension of the proof of [8℄, using results of [2℄.5.5. Lemma. Let G and G0 be two �nite subgroups of GL(V ) and let f : Z ! Z 0 bea holomorphi
 di�eomorphism of the 
orresponding orbit spa
es. Suppose v0 2 Vreg,v00 2 V 0reg, and f Æ�(v0) = �0(v00). If the image of the fundamental group �1(Vreg; v0)under f Æ� is 
ontained in the subgroup �0�(�1(Vreg); v00) of �1(Z 00; �0(v00)), the holo-morphi
 lift of f Æ � mapping v0 to v00 exists.Proof. Consider the restri
tion ' of the map f Æ � to Vreg. Sin
e the restri
tionof � to Vreg is a 
overing map onto Z0, the 
ondition of the lemma implies thatthere is a holomorphi
 lift F0 of the map ' to Vreg. The map F0 is bounded onB\Vreg for ea
h 
ompa
t ballB in V sin
e its image is 
ontained in the 
ompa
t set(�0)�1(f(�(B))). Then by the Riemann extension theorem F0 has a holomorphi
extension F to V whi
h is the required holomorphi
 lift of f . �5.6. Next we prove Theorem 5.4 in the 
ase when the group G is generated by
omplex re
e
tions. PutB := �1(Z0) and P := �1(Vreg):The groups B and P are 
alled the braid group and the pure braid group asso
iatedto G, respe
tively. It is 
lear that the map � indu
es an isomorphism of P onto asubgroup of B.The following results about the groups B and P are well known (see, for example,[2℄). The braid group B is generated by those elements whi
h are representedby loops around the hypersurfa
es �(H) for H 2 H. The pure braid group Pis generated by the elements of B of the type seH , where s is any of the abovegenerators of B represented by a loop around the hypersurfa
e �(H). This impliesthe followingProposition. Suppose the group G is generated by 
omplex re
e
tions. Let f be aholomorphi
 di�eomorphism of the orbit spa
e Z = Cn with f(Z0) = Z0 whi
h alsopreserves DZ . Then f jZ0 preserves the subgroup P of B. �The following proposition is an immediate 
onsequen
e of Lemma5.5 and Propo-sition 5.6.5.7. Proposition. Suppose the groups G and G0 are generated by 
omplex re
e
-tions. Let f : Z ! Z 0 be a holomorphi
 di�eomorphism between the 
orrespondingorbit spa
es, su
h that f(Z0) = Z 00 and f�(DZ ) = DZ0 .
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 lift F to V . �Se
ond proof of 5.4. Now let G � GL(V ) be a �nite group and let G1 be thesubgroup generated by all 
omplex re
e
tions inG. ClearlyG1 is a normal subgroupof G. Let G2 = G=G1. Let �11; : : : ; �n1 be a system of homogeneous generators ofC [V ℄G1 and �1 : V ! Cn the 
orresponding orbit map. Then the a
tion of G on Vindu
es the a
tion of the group G2 on V1 := Cn = �1(V ). Sin
e ea
h representationof the group G2 is 
ompletely redu
ible, by standard arguments of invariant theory,we may assume that the generators �i1's are 
hosen in su
h a way that the abovea
tion of G2 on V1 = Cn is linear. Then the representation of G2 on V1 
ontainsno 
omplex re
e
tions. Let �12; : : : ; �m2 be a system of homogeneous generatorsof C [V1 ℄G2 and �2 : V1 ! Cm the 
orresponding orbit map. Then �i = �i2 Æ �1(i = 1; : : : ;m) is a system of generators of C [V ℄G with orbit map � = �2 Æ �1.Similarly for G0.Let f : Z ! Z 0 be a holomorphi
 di�eomorphism, su
h that f(Z0) = Z 00 andf�(DZ) = DZ0 . Sin
e the group G2 
ontains no 
omplex re
e
tions the set V1;regof regular points of the a
tion of G2 on V1 is obtained from V1 by removing somesubsets of 
odimension � 2. And similarly for G0. Then the fundamental group�1(V1;reg) = �1(V1) = 0 is trivial and by lemma 5.5 the di�eomorphism f has aholomorphi
 lift F1 : V1 ! V 01 whi
h is a holomorphi
 di�eomorphism mappingthe prin
ipal stratum to the prin
ipal stratum, and the re
e
tion divisor to there
e
tion divisor, sin
e G2 
ontains no 
omplex re
e
tions on V1. Thus the di�eo-morphismF1 has a holomorphi
 lift to V by Proposition 5.7, whi
h is a holomorphi
lift of f . �6. An intrinsi
 
hara
terization of a 
omplex orbifoldWe re
all the de�nition of orbifold.6.1. De�nition. [11℄ Let X be a Hausdor� spa
e. An atlas of a smooth n-dimensional orbifold on X is a family fUigi2I of open sets that satisfy:(1) fUigi2I is an open 
over of X.(2) For ea
h i 2 I we have a lo
al uniformizing system 
onsisting of a triple( ~Ui; Gi; 'i), where ~Ui is a 
onne
ted open subset of Rn 
ontaining the origin,Gi is a �nite group of di�eomorphisms a
ting e�e
tively and properly on~Ui, and 'i : ~Ui ! Ui is a 
ontinuous map of ~Ui onto Ui su
h that 'iÆg = 'ifor all g 2 Gi and the indu
ed map of ~Ui=Gi onto Ui is a homeomorphism.The �nite group Gi is 
alled a lo
al uniformizing group.(3) Given ~xi 2 ~Ui and ~xj 2 ~Uj su
h that 'i(~xi) = 'j(~xj), there is a di�eomor-phism gij : ~Vj ! ~Vi from a neighborhood ~Vj � ~Uj of ~xj onto a neighborhood~Vi � ~Ui of ~xi su
h that 'j = 'i Æ gij.Two atlases are equivalent if their union is again an atlas of a smooth orbifoldon X. An orbifold is the spa
e X with an equivalen
e 
lass of atlases of smoothorbifolds on X.If we take in the de�nition of orbifold Cn instead of Rn and require that Gi isa �nite group of holomorphi
 di�eomorphisms a
ting e�e
tively and properly on~Ui and the maps gij are biholomorphi
, we get the de�nition of 
omplex analyti
n-dimensional orbifold.



12 KRIEGL, LOSIK, MICHOR6.2. Theorem. [11℄ Let M be a smooth manifold and G a proper dis
ontinuousgroup of di�eomorphisms of M . Then the orbit spa
e M=G has a natural stru
tureof smooth n-dimensional orbifold. IfM is a 
omplex n-dimensional manifold and Gis a group of holomorphi
 di�eomorphisms of M , the orbit spa
e M=G is a 
omplexn-dimensional orbifold.6.3 De�nitions. In the de�nition of atlas of a 
omplex orbifold on X we 
analways take ~Ui to be balls of the spa
e Cn (with respe
t to some Hermitian metri
)
entered at the origin and the �nite subgroups Gi to be subgroups of the GL(n)a
ting naturally on Cn . In the sequel we 
onsider atlases of 
omplex orbifoldssatisfying these 
onditions.Let X be a 
omplex orbifold with an atlas ( ~Ui; Gi; 'i). A fun
tion f : Ui ! Cis 
alled holomorphi
 if f Æ 'i is a holomorphi
 fun
tion on ~Ui. The germs ofholomorphi
 fun
tions on X de�ne a sheaf FX on X. It is evident that the sheafFX depends only on the stru
ture of 
omplex orbifold on X.Consider a uniformizing system ( ~Ui; Gi; 'i) of the above atlas and the 
orre-sponding a
tion of Gi on Cn . Then we have the isotropy type strati�
ation of theorbit spa
e Cn=Gi, the indu
ed strati�
ation of Ui, and the divisor DUi .By 
orollary 5.2 we get the strati�
ation on X by gluing the strata on the Ui's.Denote by X0 the prin
ipal stratum of this strati�
ation. By de�nition, for ea
hx 2 X0, for ea
h uniformizing system ( ~Ui; Gi; 'i), and for ea
h y 2 ~Ui su
h that'i(y) = x, the isotropy group Gy of y is trivial. Note thatX0 is a 
omplex manifold.Note that X1 is also a 
omplex manifold sin
e this holds lo
ally as noted in 3.5.Denote by RX the set of all strata of 
odimension 1 of X. Sin
e the pullba
ksof the re
e
tion divisors DUi to Ui \ Uj agree by 5.2 we may glue them into there
e
tion divisor DX on X1.6.4. De�nition. Let X and ~X be two smooth orbifolds. The orbifold ~X is 
alleda 
overing orbifold for X with a proje
tion p : ~X ! X if p is a 
ontinuous map ofunderlying topologi
al spa
es and ea
h point x 2 X has a neighborhood U = ~U=G(where ~U is an open subset of Rn) for whi
h ea
h 
omponent Vi of p�1(U ) isisomorphi
 to ~U=Gi, where Gi � G is some subgroup. The above isomorphismsU = ~U=G and Vi = ~U=Gi must respe
t the proje
tions.Note that the proje
tion p in the above de�nition is not ne
essarily a 
overing ofthe underlying topologi
al spa
es. It is 
lear that a 
overing orbifold for a 
omplexorbifold is a 
omplex orbifold. Hereafter we suppose that all orbifolds and their
overing orbifolds are 
onne
ted.6.5. Theorem. [11℄ An orbifold X has a universal 
overing orbifold p : ~X ! X.More pre
isely, if x 2 X0, ~x 2 ~X0 and p(~x) = x, for any other 
overing orbifoldp0 : ~X0 ! X and ~x0 2 ~X 0 su
h that p0(~x0) = x there is a 
over q : ~X ! ~X0su
h that p = p0 Æ q and q(~x) = ~x0. For any points ~x; ~x0 2 p�1(x) there is a de
ktransformation of ~X taking ~x to ~x0.Now we prove the main theorem of this se
tion.6.6. Theorem. An n-dimensional 
omplex orbifold X is uniquely determined bythe sheaf of holomorphi
 fun
tions FX , the prin
ipal stratum X0, and the re
e
tiondivisor DX .
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h x 2 X, there exists V = Cm , a �nite group G � GL(m), a ballB in V 
entered at 0, an open subset U of X 
ontaining x, and an isomorphism : �(B) ! U between the sheaves FZ j�(B) and FX jU . Consider the map � : V !Z = V=G, the stratum Z0 and the re
e
tion divisor DZ . We suppose also that (Z0 \B=G) � X0 and  �(D�(B)) = DU . It suÆ
es to prove that the germ of theuniformizing system fB;G;  Æ �jBg at x is the germ of some uniformizing systemof the orbifold X.Let y 2 Vreg \ B. Then the ring FZ(�(y)) of germs of FZ at �(y) is isomorphi
to the ring of germs of holomorphi
 fun
tions on Cn at 0 and thus we have m = n.Consider the uniformizing system ( ~Ui; Gi; 'i) of the orbifold X, where ~Ui is aball in Cn 
entered at the origin, Gi is a �nite subgroup of the group GL(n) a
tingnaturally on V = Cn , and where 'i(0) = x. Consider the map �i : V ! V=Gigiven by some system of generators of C [V ℄Gi. We may assume that 'i =  i Æ�ij~Ui ,where  i : F~Ui=Gi ! FUi is an isomorphism of sheaves.Cn B�
��

? _oo F // ~Ui�i
��

� � // CnB=G  
!!CC

CC
CC

CC f // ~Ui=Gi i
||zz

zz
zz

zzUThen the maps  and  i de�ne a map (germ) f of a holomorphi
 di�eomorphismB=G to Ui=Gi at 0 := �(0) su
h that f(0) = 0 := �i(0). Then f indu
es anisomorphism FV=G(0) ! FV=Gi(0), it maps (B=G)0 to ( ~Ui=Gi)0 and f�(DB=G) =D~Ui=Gi . Thus by theorem 5.4 there is a germ of a holomorphi
 di�eomorphismF : B ! ~Ui whi
h is equivariant for a suitable isomorphism G! Gi. �6.7. Corollary. Let M be a 
omplex simply 
onne
ted manifold, G a proper dis-
ontinuous group of holomorphi
 di�eomorphisms of M , and FX the 
orrespondingsheaf on the orbifold X = M=G. The G-manifold M is a universal 
overing orb-ifold for the orbifold X and it is de�ned uniquely up to a natural isomorphism ofuniversal 
overings by the sheaf FX , the prin
ipal stratum X0, and by the re
e
tiondivisor DX .Proof. Evidently the manifoldM is a 
overing orbifold for X. If ~X is a universal
overing orbifold for X, by de�nition 6.4 there is a 
over q : ~X !M . By de�nition~X should be a manifold and q a 
over of manifolds. Therefore, q is a di�eomorphism.Then the statement of the 
orollary follows from theorem 6.6. �An automorphism of the sheaf FX is 
alled a holomorphi
 di�eomorphism ofthe orbit spa
e X. Theorem 6.5 and 
orollary 6.7 imply the following analogue ofTheorem 5.4.6.8. Theorem. Let M be a 
omplex simply 
onne
ted manifold, G a proper dis-
ontinuous group of holomorphi
 di�eomorphisms of M , and FX the 
orrespond-ing sheaf on the orbifold X = M=G. Ea
h holomorphi
 di�eomorphism f of theorbit spa
e X preserving X0 and DX has a holomorphi
 lift F to M , whi
h isG-equivariant with respe
t to an automorphism of G. The lift F is unique up to
omposition by an element of G.



14 KRIEGL, LOSIK, MICHORProof. By theorem 6.6 and 
orollary 6.7 the manifold M with the map f Æ p :M ! X, where p :M ! X is the proje
tion, is a universal 
overing orbifold for X.Then there is a holomorphi
 di�eomorphism F :M !M su
h that p Æ F = f Æ p.The equivarian
e property holds lo
ally by 5.1, thus globally. The lift is uniquelygiven by 
hoosing F (x) for a regular point x in the orbit f(p(x)). �6.9. Let V be a 
omplex ve
tor spa
e with a linear a
tion of a �nite group G. Thegroup C � a
ts on V by homotheties and indu
es an a
tion on Z = V=G.Corollary. In this situation, the G-module V is uniquely de�ned up to a linearisomorphism by the sheaf FV=G with the a
tion of C � , by Z0, and the re
e
tiondivisor DZ . �Proof. Consider the orbit spa
e Z = V=G of a G-module V with the sheaf FV=G,regular stratum Z0, re
e
tion divisorDZ , and the a
tion of C � indu
ed by the a
tionof C � on V by homotheties. Suppose that we have another G0-module V 0 with thesame data on Z 0 = V 0=G0 su
h that there is a biholomorphi
 map f : Z ! Z 0preserving these data. By Theorem 4.5 there is a biholomorphi
 lift F : V ! V 0,and by lemma 5.1 there is an isomorphism a : G! G0 su
h that F Æ g = a(g) Æ F .Thus we may assume that G = G0, V = V 0, Z = Z 0, and a is the identity map. Byde�nition the pullba
k A of the ve
tor �eld on the orbit spa
e V=G de�ned by thea
tion of the group C � on V=G 
oin
ides with the ve
tor �eld on V de�ned by theabove a
tion of the group C � on V . By 
onstru
tion F �A = A and then the mapF 
ommutes with the a
tion of C � on V , i.e. for ea
h t 2 C � and v 2 V we haveF (tv) = tF (v). Sin
e F is biholomorphi
 it is a linear automorphism of the ve
torspa
e V . By de�nition F is then an automorphism of the G-module V . �6.10. Tensor �elds and 
onne
tions on orbifolds. The lo
al results in se
tion3 show that the 
orre
t de�nition of a �pq�-tensor �eld Q on an orbifold X is asfollows: Q is a meromorphi
 �pq�-tensor �eld on X1 su
h that divDX (Q) � 0.Likewise, we 
an de�ne 
onne
tions on orbifolds by requiring the lo
al 
onditionsof se
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