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1 Introdu
tionIn the 1970's and 1980's the problem of how to 
ompute quantum 
orre
tionsto the mass of 1+1 dimensional solitons re
eived wide attention [1℄ 5. Thesesoliton models 
ould be made supersymmetri
 (susy), and various methodsto 
ompute the quantum mass were developed (see [3℄ and referen
es in [4℄,[5℄ and [6℄). It turned out that if one repeated for the susy kink exa
tly thesame steps as performed in [1℄ for the bosoni
 
ase, the results for the quan-tum mass of the susy kink depended both on the regularization method andthe 
hoi
e of boundary 
onditions. In 1997, in view of renewed interest inextended obje
ts due to dualities in string theory, the issue of why di�erentmethods and di�erent boundary 
onditions for the quantum �elds gave dif-ferent answers for the quantum massM , and the 
entral 
harge Z in the susy
ases, was reopened [4℄. It was found that two of the most prominent regu-larization s
hemes used for these problems, mode number 
ut-o� and energy(=momentum) 
ut-o�, gave di�erent answers; imposing di�erent boundary
onditions yielded di�erent answers as well. As we shall review below, thereasons for these di�eren
es are by now well-understood, and both s
hemesyield the same 
orre
t answers provided they are applied 
orre
tly.In this paper we apply another prominent regularization s
heme to thisproblem: zeta fun
tion regularization [7℄. Our aim is not to settle the ques-tion what the 
orre
t mass of the kink or susy kink is, but rather to show ina 
lear and simple example how to use zeta fun
tion regularization in prob-lems with boundaries. We start from the regulated sum P!1�2sn where s isa real positive number. To remove afterwards the pole 1=s we use two sub-tra
tion s
hemes often employed in non-renormalizable �eld theories (notehowever that here we are dealing with a renormalizable theory). The �rsts
heme 
omes from Casimir energy 
al
ulations [8℄. One just subtra
ts thesingularities (in
luding the 
onstant term) in the limit of large mass (to bedis
ussed below). The se
ond s
heme, widely used in quantum 
al
ulationson 
urved ba
kgrounds, requires subtra
tion of the 
ontributions from the�rst several heat kernel 
oeÆ
ients [9℄. The heat kernel formalism has beenused in quantum theory sin
e works by Fo
k [10℄ and S
hwinger [11℄. Givenre
ent advan
es of the te
hnique [12, 13℄, this s
heme be
omes a rather uni-versal tool for quantum 
al
ulations in external �elds. In this paper wedemonstrate that the two s
hemes are equivalent: large mass asymptoti
sis the same as expansion in the proper time of the heat kernel. Moreover,in two-dimensional renormalizable �eld theories they are equivalent to therequirement that tadpoles are absent, as we prove in Appendix B.Closer study of various regularization s
hemes for the kink and the susykink in the period after 1997 revealed that the di�eren
e in answers was due5For general reviews of the quantization of solitons see [2℄.2



�rst of all to the fa
t that by evaluating sums over zero point energies onein
luded boundary energies for most of the boundary 
onditions 
onsidered[5℄. For parti
ular boundary 
onditions the boundary energy vanished, andfor these 
onditions mode regularization gave the 
orre
t results. The realiza-tion that for the susy kink boundary energy should be subtra
ted suggesteda re�nement of this s
heme: one should average over (quartets of) boundary
onditions su
h that in the averaging the boundary energies would 
an
el[14℄. For the energy 
ut-o� s
heme, on the other hand, it was realized thatinstead of an abrupt 
ut-o� at some maximal energy one should use a smooth
ut-o�, and this resolved the problem with the quantum mass both of theordinary and of the susy kink [15, 14℄. The mass of the susy kink has alsobeen 
al
ulated by s
attering theory methods [6℄, whi
h were applied to thebosoni
 
ase earlier in [16℄. (In [16℄ even a renormalization pres
ription basedon zeta fun
tion regularization was given. In this paper we shall justify thispres
ription.) Also some other s
hemes for evaluating the sums over zero-point energies were developed whi
h remove boundary energies, in parti
ulara method based on �rst evaluating the �=�m derivative of the sum (wherem is the meson mass) and then integrating this result w.r.t. m, using therenormalization 
ondition M (1)(m = 0) = 0 [17℄.For the reader who may wonder whether there really is a problem in de-termining the quantum 
orre
tion to the kink mass by evaluation of P 12�h!n,we give an example whi
h should remove any doubt, and whi
h also playsa role below. One 
an impose susy boundary 
onditions su
h that for everynonvanishing bosoni
 solution !bn there is a 
orresponding fermioni
 solutionwith the same eigenvalue, !fn = !bn. The one-loop 
orre
tions to the susykink are given byM (1) = (X 12�h!bn �X 12�h!fn)� (X 12�h!b(0)n �X 12�h!f(0)n ) + �M : (1)Namely, one subtra
ts the 
ontributions from the trivial se
tor, denoted by(o), from those of the topologi
al se
tor, and one must add a mass 
ountert-erm�M , the �nite part of whi
h is �xed by requiring the absen
e of tadpolesin 
at spa
e (or far from the kink). Clearly, all bosoni
 sums 
an
el 
orre-sponding fermioni
 sums, but as �M is nonvanishing and divergent, evenin the susy 
ase, this pro
edure gives a divergent answer for M (1). One 
anexpli
itly evaluate the energy density near the boundary for susy boundary
onditions, and �nds then that it is also divergent, giving as the boundary
ontribution �M �M (1), where M (1) is the 
orre
t value of the mass of thesusy kink [18℄. Subtra
ting the boundary energy from the total energy thengives the 
orre
t result. Thus the global answer a
tually is 
orre
t for the en-tire system with susy boundary 
onditions, but it is insuÆ
ient for obtainingthe mass of the isolated kink. 3



By dire
tly evaluating lo
al energy density one 
an obtain the 
orre
tvalue for the quantum mass by integrating this density around the kink.The �rst su
h method was developed in [5℄ where a higher-derivative a
tionwas used whi
h preserves susy and is 
anoni
al (in the sense of no highertime derivatives). This s
heme gave a result for the quantum mass whi
hagreed with the results of S
honfeld [3℄, the �=�m method, and the phaseshift method. For the susy sine-Gordon model, it also agrees with the resultsobtained from the Yang-Baxter equation. Another s
heme to evaluate boththe lo
al energy density and the lo
al 
entral 
harge density employs the
on
ept of lo
al mode regularization [19℄. This method also yields the 
orre
tresult.After this summary of previous work done on the 
al
ulations of thequantum mass of the susy kink, we 
ome to a new development: the ap-pli
ation of zeta-fun
tion regularization to this problem. One 
onverts thesum 12 P �h!1�2sn into an integral by using a fun
tion whi
h has poles in k
orresponding to ea
h solution !n. One 
an also 
onvert ea
h term !1�2sn inthe sum into an integral by using the gamma fun
tion �(s). By writing thesum of these integrals as an integral over the sum, one en
ounters the heatkernel, about whi
h an enormous literature exists. We shall give a simpleself-
ontained a

ount dire
tly applied to the 
ase of the kink and susy kink.In se
tion 2 we dis
uss the bosoni
 kink with Diri
hlet boundary 
ondi-tions and use the large mass subtra
tion s
heme. In se
tion 3 we 
onsiderthe susy kink and use the heat kernel subtra
tion s
heme. In se
tion 4 wesummarize the methods. In Appendix A we extend the large mass subtra
-tion s
heme of se
tion 2 to Robin boundary 
onditions. As a by-produ
twe derive a simple relation between the 
ontributions to the va
uum energyfrom the boundaries and from the bound states. In Appendix B we showthat these subtra
tion s
hemes are equivalent to absen
e of tadpoles.2 Large mass method for the bosoni
 kinkThe prin
iple of zeta-fun
tion regularization of a sum 12 P!n (we set �h = 1)is to repla
e this sum byE(0) = 12Xn (!2n + �2)1�2s + 12Xi (��2i +m2) 12 ; (2)where !n = qk2n +m2 are the zero point energies for the 
ontinuum spe
trumof the quantum �elds in a kink ba
kground (dis
retized by putting the kinksystem in a box with length L), and ��2i+m2 = !2B;i are the squared energiesof the dis
rete spe
trum, namely the bound states and the zero mode. Forthe kink there is one bound state. The real number s is positive and large4



enough to make the sum 
onvergent, and �2 is a small mass temporarilyintrodu
ed for the treatment of the zero mode (it will be used to move thepole due to the zero mode away from the starting point of a bran
h 
ut).Later we set � to zero, and 
onsider the asymptoti
s of E(0) for m!1 whilekeeping all s
attering data �i and kn �xed. Our renormalization pres
riptionwill be to subtra
t all non-negative powers of m in this limit (together withlnm terms). We shall see that this indeed gives a �nite result for E(0).We �rst 
onvert the 
ontinuum sum into an integralE(0)
ont = 12 I dk2�i(k2 +M2 + �2) 12�s ��k ln�(k;m) : (3)The fun
tion �(k;m) has zeroes at k = kn su
h that k2n + m2 = !2n. Theintegration 
ontour runs anti-
lo
kwise and 
onsists of one bran
h at k =<k+ i�, a se
ond bran
h at k = <k � i� , and a small segment �� � =k � �along the imaginary axis.As the mass parameter m may also appear in �i and kn, the fun
tion�(k;m) depends also on m. This m should be kept �xed in the asymptoti
limit. Therefore, we have repla
ed m2 in !2n = k2n + m2 by M2. We alsorepla
e m2 by M2 in the sum over bound states. The asymptoti
 limit weneed is M !1. The values of !n depend on the boundary 
onditions, andthe only pla
e where boundary 
onditions enter in the 
al
ulations is in the
hoi
e of �.We 
onsider the supersymmetri
 LagrangianL = �12 (���) (���)� 12U2(�) � 12 (=� + U 0) (4)with polynomial superpotentialU = s�2  �2 � m22� ! : (5)The kink solution reads � = (m=p2�) tanh(mx=2). Here m is the mesonmass, and � is the (dimensionful) 
oupling 
onstant.In this se
tion we 
onsider the bosoni
 
ase, and impose Diri
hlet bound-ary 
onditions6 �(�L=2) = �(L=2) = 0 on the s
alar �eld 
u
tuations �.Then �(k;m) is given by �(k;m) = sin(kL+ Æ(k)) (6)where the phase shift Æ(k) is given byÆ(k) = �2 ar
tan 3mkm2 � 2k2 :6Robin boundary 
onditions are 
onsidered in Appendix A.5



Along the �rst part of the 
ontour we 
an approximate sin(kL+ Æ(k)) by� 12i exp(�ikL � iÆ(k)) be
ause the term with exp(ikL + iÆ(k)) vanishes asL!1. Along the se
ond part of the 
ontour we retain � 12i exp(ikL+iÆ(k)).We obtain thenE(0)I+II
ont = 12 1Z0 dk2�i(k2+M2+�2) 12�s ��k [(ikL� ln e�iÆ(k))+(ikL+ln eiÆ(k))℄ :The 
ontribution from the third part of the 
ontour is independent of thephase shift, and hen
e it is dropped. Although k = 0 is formally a solution ofthe equation �(k;m) = 0, the 
orresponding mode is identi
ally zero, and sothe 
ontribution from the pole at k = 0 must be dropped; this is a pe
uliarproperty of Diri
hlet boundary 
onditions. The terms proportional to L areindependent of the phase shift and equal to the 
ontribution from the trivialva
uum, and as usual we subtra
t them. For future use we repla
e Æ(k)by �Æ(�k) in the se
ond term. In order to be able to estimate the limitM2 !1 of the integral, it is useful to make a Wi
k rotation. The �rst partof the 
ontour is rotated to the positive imaginary axis (k = i� with realpositive �)E(0);I
ont � L term = 12 1Z0 d�2�iei�( 12�s)[�2 �M2 � �2℄ 12�s ���[� ln e�iÆ(i�)℄ :The se
ond part of the 
ontour is rotated downwards (k = �i�, again withreal positive �)E(0);II
ont � L term = 12 1Z0 d�2�ie�i�( 12�s)[�2 �M2 � �2℄ 12�s ��� [ln e�iÆ(i�)℄ :For � > M the sum of both terms 
ontains the fa
tor�ei�( 12�s) + e�i�( 12�s) = �2i 
os�s :For � < M the two integrals (almost) 
an
el ea
h other so that only 
ontri-butions of the poles in Æ(k) at imaginary k need to be studied further.E(0);I+II
ont � L terms = �12 1ZpM2+�2 d�� 
os �s(�2 �M2 � �2) 12�s[�i ���Æ(i�)℄+pole 
ontributions. (7)We now use an alternative form of the phase shift7Æ(k) = i "ln k � im=2k + im=2 + ln k � imk + im# :7This is a parti
ular 
ase of the more general formula (46) valid for all re
e
tionlesspotentials. 6



It is 
lear from this representation that the � integral has poles at k = �im=2and k = �im. We now see the reason for adding �2 to m2 in (2): it avoidsthat the starting point of the 
ut at k = iM 
oin
ides with the pole atk = im (whi
h is due to the zero mode). Ea
h of the two 
ontours 
ontainsa half-
ir
le around these poles, but by 
ombining these two � 
ontours from0 � � � M , one obtains the two residues at the poles. These two residuespre
isely 
an
el the terms with bound states in the original sum. Hen
e wehave arrived at an expression for the quantum mass whi
h is expressed as anintegral over only m � � � 1, and the bound state 
ontributions no longerappear expli
itly.8 At this point we 
an put � = 0.The expression for the quantum energy redu
es toE(0) = �12 1ZM d�� (
os �s)(�2 �M2) 12�s ���[ln ��m=2�+m=2 + ln ��m� +m ℄ :We rewrite the expression in square bra
kets as a sum of the limit of thisexpression for �!1 and a remainderln ��m=2� +m=2 + ln ��m�+m = (�m� � 2m� ) + (ln ��m=2� +m=2 + ln � �m� +m + 3m� ) :With this de
omposition inserted into the integral, the �rst term is expli
itlyevaluated for nonvanishing s, whereas in the se
ond term we may set s = 0.This yields E(0)(1) = �12 Z 1M d�� 
os �s(�2 �M2) 12�s 3m�2= �
os�s4� (3m)M�2s "�(3=2 � s)�(s)�(3=2) # ;E(0)(2) = �12 1ZM d�� p�2 �M2 " m�2 �m2=4 + 2m�2 �m2 � 3m�2 # :For s ! 0 the term E(0)(1) 
ontains a pole 1=s as well as �nite 
ontributionsproportional to M0 and lnM . A

ording to our pres
ription this entireterm must be dis
arded. The term E(0)(2) vanishes in the limit M ! 1 and,therefore, it must be kept in its entirety. A dire
t evaluation of this term9 at8In other approa
hes one �nds the quantummass expressed in terms of only the energiesof the bound states; see, e.g., [19℄ .9It is 
onvenient to represent the numerator of the 2nd term in square bra
kets as 2m =�m + 3m and then 
ombine these two parts with the 1st and the 3rd terms respe
tively.Ea
h of the two integrals resulting from this pro
edure is 
onvergent and 
an be easily
al
ulated. 7



M = m yields then the quantum mass of the bosoni
 kinkMb = m 14p3 � 32�! : (8)This is the 
orre
t result [4, 5, 6℄ �rst found in [1℄. The term with �3=2�
omes from the pole due to the zero mode, while the bound state 
ontributesthe term with 1=4p3.3 Heat kernel methods for the susy kinkWe now 
onsider the susy kink. The 
lassi
al kink solution satis�es �1�K +U 0 = 0, and this ba
kground solution is invariant under rigid susy withparameter ��, as Æ + = �1��+ � �t��� � U�+Æ � = ��1��� + �t��+ � U�� :Note also Æ� = �i�+ � + i�� +. There are two sets of supersymmetri
boundary 
onditions. The �rst set reads�j�M = 0;  +j�M = 0 ;(�1 � U 0(�)) �j�M = 0 : (9)The se
ond set is (�1 + U 0(�))�j�M = 0;  �j�M = 0 ;(�1 + U 0(�)) +j�M = 0 : (10)For the spinor �eld it is suÆ
ient to give the Diri
hlet boundary 
onditions forone 
omponent. The Robin boundary 
onditions for the other 
omponent arethen determined by the Dira
 equation, whi
h is equivalent to the followingequations on the spinor �eld 
omponents(�1 + U 0) + + �0 � = 0 ; (11)(��1 + U 0) � � �0 + = 0 : (12)If we require that the  + 
omponent satisfy the Diri
hlet boundary 
ondition(the 2nd equation in (9)), equation (12) then yields the Robin boundary
ondition for  � (2nd line in (9)). The same is also true for (10). We needthese boundary 
ondition for the other spinor 
omponent as well be
ause theheat kernel method uses se
ond-order di�erential operators, so that we mustex
lude spurious solutions. 8



To dis
uss the 
an
elation of the bosoni
 and fermioni
 
ontributions tothe va
uum energy, it is 
onvenient to introdu
e the operatorsQ� = �x � U 0 (13)and build from them the se
ond-order di�erential operators�� = Q+Q� ; �+ = Q�Q+ : (14)The eigenfrequen
ies of the bosoni
 
u
tuations and those of  + are de�nedby the operator �+, but the eigenfrequen
ies for  � are de�ned by ��. Theoperators �+ and �� satisfy the following intertwining relations��Q+ = Q+�+ ; Q��� = �+Q� : (15)Moreover, the boundary 
onditions (9) and (10) are 
ompatible with theserelations: if  + is an eigenfun
tion of �+ whi
h vanishes at the boundary,thenQ+ + is an eigenfun
tion of �� whi
h obeys the se
ond 
ondition in (9).Therefore, the two operators involved are isospe
tral (up to the zero modeswhi
h do not 
ontribute to the va
uum energy). This shows a 
omplete
ompensation of the regulated sum of the zero point energies in the bosoni
and fermioni
 se
tor.The property of isospe
trality is 
ru
ial in our dis
ussion. Nonsupersym-metri
 boundary 
onditions in prin
iple also 
an be handled with heat kernelmethods, but the treatment is more 
ompli
ated.Ea
h operator �� 
an be represented as �� = �21 �m2 � V�, where m2is 
hosen in su
h a way that V� vanishes as x1 ! �1. The potentials thenread V� = U 02 � U 00U �m2. From now on we drop the subs
ript � wherethis 
annot lead to 
onfusion. Let k2n +m2 be the eigenvalues of �. In zetafun
tional regularization the regularized va
uum energy has the formE0 = ~�2s2 Xn �k2n +M2� 12�s ; (16)where ~� is an arbitrary parameter with the dimension of a mass whi
h isneeded to restore the 
orre
t dimension of E0. Again, we have repla
ed themass m in the spe
trum byM to be able to 
onsider later the limitM !1without deforming the potential V . The mass parameter m whi
h enters thesusy boundary 
onditions (9) and (10) through the superpotential U alsomust be kept �xed in the limitM ! 1. Values of �n do not depend on Mand are the same in the fermioni
 and bosoni
 se
tors (up to the zero modewhi
h must be ex
luded expli
itly10). Therefore, the bosoni
 
ontribution to10Although for large M the term (k2n + M2) in the sum in (16) is always non-zero,keeping the zero modes in (16) would give an in
orre
t result for the susy kink mass.9



the va
uum energy 
an
els the fermioni
 
ontribution for all values of M .Consequently, in the large M subtra
tion s
heme both E0 and Ediv0 are zerofor the susy kink. This gives zero value for the total energy of the susykink and the boundaries. As we shall see below, this is the 
orre
t result.In order to introdu
e the heat kernel subtra
tion s
heme we �rst 
onsideran individual 
ontribution (bosoni
 or fermioni
) to the regularized va
uumenergy. We writeXn �k2n +M2� 12�s = Z 10 dtt t� 12+s� �s� 12� K(t) e�tM2 ; (17)where K(t) =Xn e�tk2n (18)is the heat kernel for this problem. Its asymptoti
 expansion for t! 0,K(t) �Xn�0 antn� 12 (19)is equivalent to the expansion of E0 forM !1. The ultraviolet divergen
esare 
ontained in the 
ontributions with n = 0; 12 ; 1 whi
h 
orrespond to thenonnegative powers of M . From this we de�ne the divergent part of theva
uum energy asEdiv0 � ~�2s2 Z 10 dtt t� 12+s� �s� 12� 1Xn=0 antn e�tM2 =~�2s2� �s� 12� �a0� (s� 1)M2�2s + a 12��s� 12�M1�2s + a1� (s)M�2s� : (20)We de�ne the renormalized va
uum energy asEren0 = E0 � Ediv0 (21)at s = 0 and M = m. For n larger than unity, the 
oeÆ
ients an aremultiplied by negative powers of M , so that the subtra
tion of the leadingheat kernel asymptoti
s for small t is equivalent to the subtra
tion of theleading large mass asymptoti
s. In Appendix B it is demonstrated that forrenormalizable theories these two pro
edures are equivalent to imposing the
ondition that tadpoles vanish.To obtain the kink mass, we must determine the 
ontributions to theheat kernel from the boundary. This requires a detailed dis
ussion of the10



heat kernel 
oeÆ
ients11. To write down these 
oeÆ
ients we need some newnotations. Let us introdu
e the boundary operators BR;D a
ting on a �eld '(either bosoni
 or fermioni
)BD' = ' ; BR' = (�N + S)' : (22)Here �N denotes partial derivative with respe
t to an inward pointing unitve
tor. The �eld ' satis�es the �eld equation (��2x + V )'n = �2n'n.The asymptoti
 expansion of the heat kernelK(t) as t! 0 for the bound-ary 
ondition B'j�M = 0 (where B 
an be BD or BR) readsK(t) = Xn=0; 12 ;1;::: tn� 12 an(BR;D) ; (23)with [12℄ a0(BR;D) = (4�)� 12 ZM dx ;a 12 (BR) = 14 Z�M dx ; a 12 (BD) = �14 Z�M dx ;a1(BR) = (4�)� 12 �� ZM V dx+ 2 Z�M Sdx� ;a1(BD) = �(4�)� 12 ZM V dx : (24)In the present (one-dimensional) 
ase the boundary integral be
omes a sumover the two boundary points.For the fermioni
 se
tor we sum the 
ontributions from  + and  �, anddivide by a fa
tor 2. It is easy to see that in the \total" heat kernelatotn = abosn � afermn (25)the 
ontribution of  + always 
an
els one half the 
ontribution of �.Let the kink be 
entered at the origin, but the box lie between x = L1and x = L2. In all supersymmetri
 theories we have atot0 = 0 independentlyof the ba
kground and the boundary 
onditions. This is due to the equalityof the numbers of bosoni
 and fermioni
 degrees of freedom. The 
oeÆ
ienta 12 simply 
ounts the number of Diri
hlet minus Robin boundary 
onditionsin ea
h set (9) or (10). Obviously,atot12 = �12 (26)11The expansion (19) has quite re
ently been used in numeri
al 
al
ulations of the kinkmass [20℄. 11



for the boundary 
onditions (9), andatot12 = 12 (27)for the boundary 
onditions (10). However, we must set a 12 = 0 for thefollowing reason. The operator �+ (resp. ��) has a zero mode whi
h satis�esthe Robin boundary 
ondition Q+ + = 0 (resp. Q� � = 0). Therefore,there is one zero mode in the fermioni
 se
tor for the boundary 
onditions(9). (There are of 
ourse no zero modes in the bosoni
 se
tor be
ause weuse Diri
hlet boundary 
onditions there). This zero mode 
ontributes �12to the heat kernel 
oeÆ
ient. Zero mode 
ontributions must be expli
itlysubtra
ted from the va
uum energy. A similar me
hanism works also for theboundary 
onditions (10).Let us now turn to 
al
ulation of a1. The volume terms in a1 
ombine togive atot1 [vol℄ = 12(4�)� 12 ZM(�V+ + V�)dx= 12(4�)� 12 L2ZL1 (�2UU 00)dx= 12(4�)� 12 (�2U 0(L1) + 2U 0(L2)) ; (28)where we have used the Bogomolny equation �1� = �U(�).We next 
al
ulate 
ontributions to a1 from �M . We have to 
ast theboundary 
onditions into the standard form (22). Note that �1 = �N at theleft boundary, but �1 = ��N at the right boundary. Consequently, we haveto set S = �U 0 at x = L1 and S = U 0 at x = L2 for  � and the boundary
onditions (9). For the boundary 
onditions (10) S assumes the oppositevalues, but now both � and  + 
ontribute. As a result, we obtain for (9) and(10) equal boundary 
ontributionsatot1 [boundary℄ = 12(4�)� 12 (2U 0(L1)� 2U 0(L2)) (29)whi
h exa
tly 
an
el the volume term (28) givingatot1 = 0 : (30)We 
on
lude that all singularities as well as the �nite part of the 
ontributionsto the va
uum energy 
an
el. Thus, a

ording to (21), not only E0 but alsothe renormalized energy Eren0 of the kink plus boundaries vanishes.Qualitatively, it is 
lear what has happened. The va
uum energy asso
i-ated with the kink has been 
an
elled by the va
uum energy asso
iated with12



the boundaries. Therefore, to obtain the 
orre
tion to the mass of an isolatedkink we have to subtra
t from the above vanishing result the Casimir energyof the boundaries as they are being moved to in�nity.Of 
ourse, the kink solution 
annot be smoothly deformed to the trivialone. We 
an, however, repla
e all ba
kground �elds in the wave operatorfor the s
alar �eld 
u
tuations and in the squared Dira
 operator by theirasymptoti
 values (V = 0), and repla
e U 0 in (10) by +m at x = L=2 and�m at x = �L=2. In this way, we arrive at the problem of 
al
ulating theva
uum energy for free s
alar and spinor �elds with mass m. We 
onsider theboundary 
onditions (10) be
ause, as we shall later explain, the 
al
ulationswith (9) are more 
ompli
ated. The boundary 
onditions for the free �eldsread (�N �m)�j�M = 0;  �j�M = 0 ;(�N �m) +j�M = 0 ; (31)where �N = �1 on the left boundary x1 = �L=2, and �N = ��1 at x1 =L=2. Obviously, the bosoni
 and fermioni
 
ontributions partially 
an
elea
h other. For (31) the va
uum energy E [B℄ asso
iated with the boundariesbe
ome E [B℄ = 12(E [R℄ � E [D℄); (32)where the supers
ripts [R℄ and [D℄ stand for Robin and Diri
hlet boundary
onditions respe
tively.Let us start with the Robin se
tor. The eigenfun
tions of the operator��21 +m2 'k = Ak sin(2kx=L) +Bk 
os(2kx=L) (33)satisfy the Robin boundary 
onditions in (31) if2kL 
os k +m sin k = 0 and Bk = 0 (34)or if �2kL 
os k +m sin k = 0 and Ak = 0 : (35)It is easy to see that these two equations on the wave numbers k in (34) and(35) are equivalent to a single equation,fR(k) = sin(2(k + ÆR(k))) = 0 with ÆR(k) = ar
tan(k=m) : (36)We 
an use the integral representation (3) for the regularized va
uum energyE[R℄0 = ~�2s2 I dk2�i  4k2L2 +m2! 12�s ��k ln fR(k) ; (37)13



where the 
ontour again en
ir
les the real positive semi-axis.Clearly, the same representation is also valid for E [D℄0 with ÆD(k) = 0.The 
ontour rotation pro
eeds in exa
tly the same way as before (althoughthere are no bound states in this 
ase).After rather elementary (but somewhat lengthy) 
al
ulations we obtainin the limit L!1E [B℄(s) = 12 0� ~�2s�(s)m1�2s2p�� �s+ 12� + 12m1A+ : : : (38)Again we make the heat kernel expansion of the energy in the trivialse
tor (whi
h is only lo
ated on the boundaries). Be
ause the boundary
onditions (whi
h were susy in the kink se
tor) break susy in the trivialse
tor, both E0 and Ediv0 are nonvanishing in this 
ase. From the equations(24) we immediately obtaina[B℄0 = 0; a[B℄12 = 12 ; a[B℄1 = � mp� : (39)These 
oeÆ
ients de�ne the divergent part of the va
uum energy (20). Theboundary energy is the di�eren
e of the total result in the boundary energyin (38) and the divergen
e in (20)E [B℄ren = m2� : (40)The one-loop 
orre
tion M (1)to the kink mass is the di�eren
e between theone-loop va
uum energy of the kink on a �nite interval (whi
h is zero) andthe va
uum energy (40) asso
iated with the boundaries. Thus we obtainM (1) = �m2� : (41)This is the 
orre
t result.Dire
t appli
ation of the same method to the other set of the bound-ary 
onditions (9) yields in addition to the eigenmodes (33) for  � also theeigenmodes of the form Ak sinh(2kx=L) +Bk 
osh(2kx=L) whi
h 
orrespondto negative eigenvalues of ��21. Their absolute values are large enough tomake��21+m2 negative. In this 
ase one 
annot repla
e U 0(�) in the bound-ary 
onditions by its asymptoti
 values �m before taking the limit L!1.Keeping L-dependent boundary 
onditions 
onsiderably 
ompli
ates the 
al-
ulation. This 
ase is 
onsidered from a little bit di�erent point of view inAppendix A. 14



4 Con
lusionsWe have illustrated in a simple 
on
rete physi
al model how one may usezeta fun
tion regularization and heat kernel methods. The problem was nottotally trivial be
ause there were boundaries present whi
h played a role inthe trivial and the topologi
al se
tor.In the zeta fun
tion approa
h, one 
onverted the sum of the modes intoa 
omplex 
ontour integral. The renormalization 
ondition whi
h �xes the�nite part of the zero point energy is that one must dis
ard all terms whi
hdo not vanish in the limit when the meson mass M tends to in�nity whilekeeping the \s
attering data" (namely ki and �i) �xed. In our 
ase theseterms were proportional to M0 and lnM . The remainder gave the 
orre
tmass of the bosoni
 kink.In the approa
h whi
h uses heat kernels, the sum over modes was 
on-verted into an integral over the proper time t, and the asymptoti
 expansionin t yielded the heat kernel 
oeÆ
ients an. We �rst 
omputed the total en-ergy in the susy kink se
tor, and de�ned its renormalization as subtra
tionof the 
ontributions from a0, a 12 and a1. The result was found to vanish.This was to be expe
ted be
ause we used susy boundary 
onditions in thekink se
tor, so that the sum over bosoni
 modes should exa
tly 
an
el thesum over fermioni
 modes. Then we repeated this 
al
ulation in the trivialse
tor, but with the same boundary 
onditions as for large x in the topo-logi
al se
tor. These boundary 
onditions are not susy in the trivial se
tor.As a result we found that the total energy and the renormalized energy werenonvanishing. The di�eren
e yielded the 
orre
t result for the susy kink. Anontrivial te
hni
al aspe
t of this approa
h was the role of Robin boundary
onditons and zero modes in the heat kernel expansion.A
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t P-14650-TPH).Appendix A: Large mass subtra
tion s
hemefor Robin boundary 
ondtionsIn this Appendix we demonstrate how the largeM subtra
tion s
heme worksfor generi
 Robin boundary 
onditions. All ne
essary information on one-dimensional s
attering theory 
an be found in [21℄. Consider a re
e
tionless15



potential V (x) lo
alized around the point x = 0 (and vanishing for x !�1). Before imposing any boundary 
ondition we have two independenteigenfun
tions '1;2(k; x) of the operator � = �21 � m2 � V (x) for ea
h k.Their asymptoti
s as x! �1 are'1(k; x)! 
os(kx� Æ=2) ; '2(k; x)! sin(kx� Æ=2) ; (42)where Æ(k) is the phase shift de�ned by the potential V . We put the systemin the box �L=2 � x � L=2 and suppose that L is large enough so that nearthe boundaries the eigenfun
tions 
an be represented by their asymptoti
s.Consider the Robin boundary 
onditions(�x + S1)'j(x=�L=2) = (��x + S2)'j(x=L=2) = 0 (43)with arbitrary S1 and S2. The general eigenmode of the operator � is a linear
ombination of '1 and '2: '(k; x) = A'1(k; x)+B'2(k; x). Substituting theasymptoti
s (42) of this eigenmode in the boundary 
ondition (43) we arriveat the following equation whi
h de�nes the spe
trum of k:0 = �(k) = sin(kL+ Æ + �1 + �2) ; (44)where �1;2 = � ar
tan(k=S1;2) : (45)The va
uum energy is now de�ned by the equation (3) where we haveto substitute the fun
tion �(k) given in (44) instead of �(k;m). If we nowrepeat the same steps as in se
. 2 we arrive at the equation (7) where Æ mustbe repla
ed by Æ+�, � = �1+�2. The important property of the equation (7)is the linearity in Æ. Therefore, the regularized va
uum energy for arbitraryauxiliary mass M 
an be represented as a sum of the 
ontribution from thepotential V (
ontaining Æ under the integral) and the boundary 
ontribution(
ontaining �). To obtain the mass of the kink alone we have to subtra
tthe whole boundary 
ontribution, retaining the Æ-term only. Hen
e we arriveat the old expression for the kink mass obtained for the Diri
hlet boundary
onditions. We 
on
lude, that if the boundary 
ontributions are subtra
tedthe large M s
heme gives equivalent results for the kink mass independentlyof the boundary 
onditions.We 
on
lude this Appendix by a useful relation between the 
ontributionsto the va
uum energy from the bound states and form the boundaries. Forany re
e
tionless potential the phase shift 
an be represented as a sum overthe bound sates [21℄Æ(k) = iXn ln k � i�nk + i�n =Xn 2 ar
tan��nk � ; (46)16



where �n are the bound state energies. We 
an rewrite (45) in a similar form� = �1 + �2 = ar
tan�S1k �+ ar
tan�S2k �� � : (47)Be
ause of the derivative �k in (7) the 
onstant term �� in (47) does not
ontribute to the va
uum energy. By 
omparing (46) and (47) we see thatthe va
uum energy asso
iated with a boundary with Robin boundary 
on-ditions12 is, roughly speaking, one half of the 
ontribution of a bound statewith the energy � = S.As an example, 
onsider the supersymmetri
 boundary 
onditions (9).The bosoni
 se
tor is des
ribed by the potential V+ and 
ontains two boundstates with the energies �1 = m and �2 = m=2. There is no boundary
ontribution to the va
uum energy. The same is true for  +. The otherspinor 
omponent  � 
orresponds to the potential V� and has one boundstate with �2 = m=2. For large L the Robin boundary 
onditions haveS1 = S2 = m. These two boundaries add the same 
ontribution to theva
uum energy as would 
ome from the bound state with �1 = m. Thisrestores the balan
e between the bosoni
 and fermioni
 
ontributions andgives zero total energy for the susy kink and the boundaries. A similarme
hanism works for the boundary 
onditions (10), where S1 = S2 = �mand the boundary 
ontribution is minus the 
ontribution of the bound state�1.Appendix B: Equivalen
e of the large mass andheat kernel subtra
tion s
hemes to the vanish-ing tadpole 
onditionIn this Appendix we demonstrate that in a renormalizable theory in twodimensions the heat kernel subtra
tion pro
edure is equivalent to imposingthe renormalization 
ondition of vanishing tadpoles in the trivial va
uum.As the former s
heme is equivalent to the large M subtra
tion (see se
. 3),this will also prove that all three s
hemes are equivalent. For simpli
ity, werestri
t ourselves to a bosoni
 theory.Consider �rst the 
ase of a 
onstant but arbitrary ba
kground �eld �.The se
ond-order di�erential operator a
ting on the 
u
tuations has the form��21+M(�)2. For the a
tion (4)M2(�) = U 0(�)2+U(�)U 00(�). The expli
it12In the large M subtra
tion s
heme the va
uum energy asso
iated with the Diri
hletboundaries is zero. This is 
lear from the 
onsideration of se
. 2. The reason is that theDiri
hlet problem 
ontains no dimensional parameter. Therefore, the boundary energy 
anonly be proportional to M . In the large M s
heme su
h 
ontributions must be dropped.17



form of M2 will play no role. The 
omplete heat kernel in this 
ase is givenby the term with n = 0 in (19). As this term is proportional to the volumeof the manifold, it is more 
onvenient to 
onsider the energy density E0(x)whi
h 
an be read o� from the �rst term of the divergent part of the energy(20): E0(x) = ~�2s4p��(s � 12)M2�2s�(s� 1) : (48)Let us now expand E0 around s = 0:E0(x) �  1s + 
E + 1 � ln M2~�2 !� �s ln ��s� 12�s=0!M24� : (49)In a renormalizable theory (49) is a

ompanied by a 
ounterterm�E0(x) = � 1s + 
E + 1 � ln �2~�2!� �s ln ��s� 12�s=0!M24� ; (50)whi
h repeats the pole stru
ture of (49). Finite renormalization is en
odedin an arbitrary parameter �2 in (50).Vanishing of tadpoles means that the one-loop renormalized energyE0(x)+�E0(x) has a minimum at the same value of � = �0 as the 
lassi
al energy.Generi
ally, �(M2)=�� 6= 0 near � = �0. We obtain:��M2 (E0(x) + �E0(x)) = � 14�  lnM2�2 + 1! = 0 : (51)This 
ondition de�nes �2 in terms of M2(�0).Consider now a non-trivial va
uum �. The operator a
ting on the 
u
-tuations is modi�ed: ��21 +M(�0)2 + V (x). It is essential that V (x) ! 0for x ! �1. Consider Ediv0 (20). The �rst term 
ontaining a0 is now pro-portional to M(�0)2, whi
h is a 
onstant. This term must be removed byrenormalization of the \
osmologi
al 
onstant". This is always done in su
ha way that the whole in�nite volume 
ontribution 
oming from a0 is sub-tra
ted. The se
ond term with a 12 is simply absent on manifolds withoutboundary. We are left with the 3rd term. It requires a 
ounterterm�E0 = � 1s + 
E + 1� ln �2~�2!� �s ln ��s� 12�s=0! a12p� : (52)The fa
t the su
h a 
ounterterm is indeed present is guaranteed by renormal-izability of the theory. As it is enough to do just one (mass) renormalization,the terms added to the pole 1s in the bra
ket in (52) are exa
tly the same asin (50). Finally we haveEdiv0 +�E0 = � a12p�  lnM2�2 + 1! : (53)18



The right hand side of (53) vanishes due to the 
ondition (51). We 
on
ludethat the renormalization 
ondition that tadpoles vanish in the trivial va
uumis equivalent to dropping Ediv0 in the kink va
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