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THE COHOMOLOGY OF THE COMPLEX OF
G-INVARIANT FORMS ON G-MANIFOLDS

M.V.LOSIK

ABSTRACT. The cohomology of the complex of G-invariant forms for arbitrary G-
manifolds and, especially for a certain class of G-manifolds, which are locally trivial
fiber bundles over the orbit space, is considered. The transgression in the differential
graded algebra of basic elements for tensor product of two identical Weil algebras of
a group Lie G with a reductive Lie algebra is calculated and this is applied to the
calculation of the transgression of the cross product of principal G-bundles over G.
This allows to construct a convenient DG-algebra whose cohomology coincides with
the cohomology of the complex of G-invariant forms on a G-manifold of the above
class. In particular, for compact G the generalization of the Cartan theorem on the
cohomology of homogeneous spaces is proved.

0. INTRODUCTION

In this paper we consider a certain class of G-manifolds formed by G-manifolds
that are locally trivial fiber bundles over the orbit space M/G with a fiber G/H,
where H 1s a closed subgroup of a Lie group . For this class, the natural invariant,
namely the cohomology H(§2(M)%) of the complex of G-invariant forms 2(M)¢,
is studied. Note that, for a connected compact G, this cohomology coincides with
the real cohomology of M and, therefore, in particular we obtain some information
on the last one. For example, the generalization of the Cartan theorem on the
cohomology of homogeneous spaces [4] to the above class is proved.

In Section 1 the complex 2(M)% is included as a subcomplex into a certain
bicomplex for arbitrary G-manifolds. The first spectral sequence F,(M, G) of this
bicomplex allows to give an interpretation, in terms of the continuous cohomology
of G and the cohomology of M, for those classes cohomology of £2(M)%, that
vanish in the de Rham cohomology of M. The examples of the applications of the
above interpretation for infinite-dimensional Lie groups were given in [10]. Here
the interplay between H(2(M)%) and E,.(M,G) for finite-dimensional Lie groups
is studied for arbitrary G-manifolds and, especially, for G-manifolds of the above
class. In particular, in 1.2 it is shown (Theorem 1.2.4) that the spectral sequence
E.(M,G) tends to H(2(M)%) for the above class whenever H is compact.
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In Section 2 differential graded commutative associative algebras (DG-algebras)
and DG-algebras with an action of a Lie group GG with a Lie algebra g (G — DG-
algebras) are defined and the DG-algebra of basic elements for a tensor product of
two G — DG-algebras is studied. The main result of Section 2 is Theorem 2.2.3 on
the transgression in the DG-algebra of basic elements for a tensor product of two
identical Weil algebras W(g) with a reductive g.

In Section 3 there are some applications of Theorem 2.2.3. Let P; (i = 1,2)
be a smooth principal K-bundle with a base B; and M = P, Xxg Ps, where K is
a connected Lie group with a Lie algebra £. Consider M as a fiber bundle over
By x Bs. For compact K the transgression of this fiber bundle 1s calculated and
the subalgebra of the DG-algebra 2(M) with the same cohomology is indicated
(Theorem 3.1.1).

Let G be a connected Lie group with a reductive Lie algebra, H and N its closed
connected subgroups with reductive Lie algebras such that H is a normal subgroup
of N, K = N/H, and P a smooth principal K-bundle. For G-manifold M =
P xk (G/H) the DG-algebra C(M) quasiisomorphic to the DG-algebra £2(M )%,
i.e. has the minimal model isomorphic to one of 2(M)“ in the sense of Sullivan
[14], is indicated (Theorem 3.2.3). For a compact G it gives the generalization
of the above Cartan theorem to the investigated class of G-manifolds when the
normalizer N = Ng(H) of subgroup I is connected or M = P xg (G/H), where
K is a component of the neutral element N/H (Corollary 3.2.4).

Throughout the paper all manifolds, differential forms, maps of manifolds, and
so on belong to the class C°°; a Lie group means a finite-dimensional real Lie group.

1. A cLAsS OF (G-MANIFOLDS

For G-manifolds a spectral sequence is constructed and studied. A certain class
of (G-manifolds 1s introduced and some its properties are obtained.

1.1. A spectral sequence and its aplications. Let G be a topological group.
A topological cochain G-complex K = {K?,d?} is a cochain complex such that
K1 are topological real vector spaces and d? are continuous linear maps with a
continuous left action of G by topological automorphisms of K. Suppose that K¢
is the complex of G-invariant cochains of K.

Suppose that CP? = CP4(G, K) be the space of continuous maps from G? to
K9 for p > 0 and C%? = K9. Define the maps § : CP¢ — CP+1:¢ and 6" : CP1 —
CPt1 ag follows:

(& c)gry - gpt+1) = gre(ga, - -, gpy1) + Z(—l)lc(gl, e GiGit s Opt1)
i=1
+ (_1)p+1c(g1a ey gp)a

(8"c)g1,-- v 9p) = (=1D)Pd%(p1, ..., 9p),

where ¢ € CP9 g1,...,9p41 € G. It is easily checked that C(K,G) = {CP1,§',6"}
is a cochain bicomplex and C? = {C?'7, 8} is the complex of standard continuous
cochains of (G with values in the G-module K1.



If K1 and K, are topological cochain G-complexes, then each continuous equi-
variant complex homomorphism & : K1y — K5 induces the homomorphism

C(Ky,G) — C(Ks, G)

of bicomplexes.

Consider C'(K,G) as the complex with the total coboundary operator & + é"
and its cohomology H(K,(). It is easily seen that the inclusion K¢ C C%* C
C(K, @) determines the cohomology homomorphism H(K%) — H(C(K,G)), which
is nontrivial on the kernel of the homomorphism H(K%) — H(K) induced by the
inclusion K¢ C K in general.

Let E.(K,G) = {EE1} be the first spectral sequence of the bicomplex C(K, G),
1.e. the spectral sequence induced by the filtration

FPC([{a G): @qZO,HZanyq (pIO,l,)

of C(K,G). Tt is easily proved that FY'! = HFP(G; HY(K)), where the index ¢ means
the continuous cohomology in the sense of Mostov [12] and the action of G on HI(K)
is determined by the action of G on K. Evidently every continuous equivariant
homomorphism of topological cochain G-complexes induces the homomorphism of
the corresponding spectral sequences.

Proposition 1.1.1. If K; (i = 1,2) is a topological cochain G-complex and h :
Ky — K5 1s an equivariant continuous homomorphism of compleres inducing a
cohomology isomorphism H(K,) — H(Ka2), then the homomorphism of the corre-
sponding spectral sequences is an isomorphism beginning with the terms Fo and,
hence, the cohomologies H(C(K;, G)) are isomorphic.

The proof is immediately follows from the above representation of the term

Ey(K,G).

Proposition 1.1.2. If Ky, K5 are topological cochain G-complexes and hy, hs :
Ky — Ko are equivariant cochain homotopic equivariant complex homomorphisms,
then the homomorphisms of the cohomologies H(C(K1,G)) — H(C(K2, @) in-
duced by hy and ho coincide.

The proof is obvious.

Denote by H}! the image of ¢-dimensional cohomology of the complex F,C(K,G)
in H(K, ) under the inclusion F,C(K,G) C C(K,G). It is known that EZ? =
Hg/H;f_l_l, ie. EL? (p=0,1....,)is the graduated vector space associated with the
filtration of the cohomology H?(K,G) by H]. Hence, the inclusion K% c CO(K,G)
induces the filtration Hg(KG) of HY(K%) and the associated graduated vector
space HI(KY)/H!,  (K).

Consider now the category GTop of topological spaces with a continuous left
action of a topological group G and equivariant maps as morphisms. Let X be an
object of this category and A*(X) the complex of singular cochains of X with real
coefficients. A*(X) is a topological cochain G-complex under the usual function
topology and the natural left action of (G. Applying the above constructions to
this complex we obtain the bicomplex C'(X, (), its cohomology H(X, (), and the
corresponding spectral sequence E.(X, G).
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Now let G be a Lie group and M be a G-manifold, i.e. a manifold M with
a left smooth action of GG. Consider the complexes A*(M) and A%, 4 of singular
cochains with real coefficients and differentiable singular cochains with the same
coefficients, respectively, as topological cochain G-complexes with the usual func-
tion space topologies and the left action of G. Let 2(M) = {£29(M), d} be the de
Rham complex of M with the natural structure of a topological cochain G-complex.
Let us apply the above constructions to these complexes. Clearly the bicomplex
homomorphisms

induced by the inclusions of the corresponding chain complexes produce the isomor-
phisms of the first spectral sequences of these bicomplexes beginning with the terms
E and cohomologies of the associated total complexes. Denote by Cg;rr(2(M), G)
the subcomplex of the bicomplex C'(£2(M) formed by the differentiable maps from
G? to £29(M). Note that the cohomology of the complex (Cgir(2(M),G),8') is
the van Est continuous cohomology of the Lie group G with coefficients in £2(M)
[15]. Clearly Caize(£2(M), ) is a bicomplex and from [12] it follows that that the
inclusion Cq;7(£2(M),G) C C(£2(M), ) induces the isomorphism of the corre-
sponding first spectral sequences of these bicomplexes beginning with the terms
FE5 and, then, the isomorphism of the corresponding total complexes. Further we
denote by C'(M, Q) the bicomplex Cu1¢(£2(M),G), by E.(M,G) its first spectral
sequence, and by H(M,G) the cohomology of C(M, ) as a complex with a total
coboundary operator.

Finally, we obtain that the spectral sequence E.(M,G) and the cohomology
H(M,G) are depend only on the topologies of M and G but the cohomology
H(2(M)Y) of the complex 2(M)¢ of G-invariant forms on M depends on the
smooth structure of M and the topology of G

Remark. 1. If G is a connected Lie group EYY(M,G) = HP(G;R) @ HY(M,R)
Then, for a connected manifold M, the homomorphism

HE(G;R) = ED® — BB — H(M,G)

defines the structure of a H.(G; R)-module on H(M, G). Moreover, there are the
filtrations of H(M,G) and H(2(M)%) defined above in the general case for H(K)
and H(K%).

2. If G is a connected compact Lie group EL?(M,G) = 0 for p > 0 and
EYN(M,G)= Hi{(M;R) = HY(2(M)%) [15].

In [10] we used E,.(M, &) and, particularly, F£:? for q equal to the highest dimen-
sion of the nontrivial cohomology H(M;R). In this case F5? C E£ and one can
interpret elements of Hg(Q(M)G)/HgH(Q(M)G) as classes of H?(G; HI(M;R)).

1.2. A class of GG-manifolds. Consider now the full subcategory GHTop of
GTop formed by those objects X for which the natural projection X — X/G
defines a locally trivial fiber bundle over X/G with a fiber G/H, where I is a
closed subgroup of GG. Note that, if G is a compact Lie group and X is completely
regular, these conditions are satisfied whenever all orbits have the type G/H as it
follows from the existence of a slice [11].



Let us fix the subgroup H and consider the set X of points of X with the
stabilizer H. Let N = Ng(H) be the normalizer of the subgroup H. Clearly the
action of N on X# induces the action of N/H on X% . One can consider the
following right action of N on X% x G: (z,g9)n = (n"'z,gn) (z € X¥ g€ G,ne
N). This action of N on G x X induces the action of N/H on X x (G/H). The
following proposition, due to Borel [2], holds.

Proposition 1.2.1. The action of N/H on X defines the structure of a principal
N/H-bundle over X/G on XH X xy G = X xn/u (G/H) is canonically equi-
variant isomorphic to X, and X with the natural projection X = X xnG — G/N
is a locally trivial fiber bundle with the fiber XH .

Proof. Tf X is a trivial fiber bundle, i.e. X = (X/G) x (G/H), all statements
of the theorem are obvious. In the general case these statements follow from the
local triviality of X — X/G. The isomorphism X xx G = X is induced by the
assignment (z,g) — gz, where € X¥ and g€ G. O

Let B(N/H) — B(N/H) be an universal N/H-bundle. The following proposi-
tion is the evident consequence of the known properties of an universal N/H-bundle.

Proposition 1.2.2. There is a one-to-one correspondence between the set of iso-
morphism classes of objects for the category GHTop with paracompact orbit spaces

and the set of homotopy classes of continuous maps from their orbit spaces to the
classifying space B(N/H).

Proof. By Proposition 1.2.1 for each object X of the category GHTop there is the
canonical representation X = X X n/g (G/H) and, then, a one-to-one correspon-
dence between the set of isomorphism classes of objects for the category GHTop
and the set of isomorphism classes of principal G/ H-bundles. Therefore, the propo-
sition follows from the known properties of the universal N/H-bundle E(G/H). O

Let G be a Lie group and H a closed subgroup of G. Consider a smooth object
of GHTop, i.e. a G-manifold M such that all orbits of G' have the type G/H, M/G
is a manifold and, under the projection M — M/G, M is a smooth locally trivial
fiber bundle. Denote by M the set of points of M with the stabilizer H and by
N the normalizer of the subgroup H. Then one has the following smooth version of
Proposition 1.2.1.

Proposition 1.2.3. M is a smooth subbundle of the bundle M — M/G and
a smooth principal N/H-bundle under the action of N/JH on M¥. M" xy G =
MH XN/ (G/H) is a G-manifold canonically equivariant isomorphic to M and M
with the natural projection M = M" x5 G — G/N is a smooth locally trivial fiber
bundle with the fiber M¥ .

The proof 1s analogous to one of Proposition 1.2.1.
Now we prove the following generalization of the van Est theorem [16] for M =
G/ H by a slight generalization of the proof of this theorem in [6].

Theorem 1.2.4. If H s compact, for the above G-manifold M, the speciral se-
quence E,.(M,G) converges to the cohomology H(2(M)<).

Proof. Tt is convenient to suppose that G acts on M on the right and consider
the corresponding left action ¢ — R} of G on £2(M). Consider the second spectral
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sequence FE, of the bicomplex C(M,G). If one identifies Fy with C'(M,G) the
differential operator dy : Fy — Fg coincides with é’. Let the fiber bundle M — M /G
be trivial, i.e. M = (M/G) x (H\G). Define the linear map DP»¢ : (P4 — CP=14
for p > 0 as follows:

Dpch(gla .. 'agp—l)($a Hg) = / R;—l(c(gagla .. 'agq—l)(xa H))dga
Hyg

where c € CP%, 2 € M/G, g,¢1,...,9p—1 € G, dg is the measure on Hyg induced by
the normed Haar measure on H. For p = 0 put D%¢ = 0.

It can be easily proved that ¢ DP¢ + DPtH4§’ is equal to the identity map on
CP+4 for p > 0. For p = 0 and ¢ € C%? one has

Dl’qé’C()(%Hg)IC()(%Hg)—/H Ry (c()(x, H))dy,

It follows from this that D»9d’ — I, where I is the identity map on C%4, is the
projection of C%¢ = 29(M) onto the space 2¢(M)% of G-invariant g-forms on M.

Since DP¢ commutes with the product on functions on M/G the linear maps
DP% can be extended to C(M,G) for an arbitrary fiber bundle M — M/G by
means of a partition of unity on M/G; the above properties of DP+¢ are valid in this
case. Therefore, E7"* = 0, for p > 0, and Eg’q = 2(M)% in the general case. Since
dy is induced by 6 E5? =0, for p > 0, and Ey? = H(2(M)F). O

Corollary 1.2.5. If M s connected and H is compact there is a canonical homo-
morphism of cohomology algebras H.(G;R) — H(2(M)%).

Proof. As it was noticed above there is the canonical homomorphism H.(G; R) —
H(C(M,G)). Then the statement of the corollary follows from Theorem 1.2.4. O

2. DG- AND G — DG-ALGEBRAS

In this Section differential graded associative commutative R-algebras, more
concisely a GG D-algebras, and DG-algebras with an action of a group Lie G called
G — DG-algebras are considered.

2.1. Some properties of DG- and G — DG-algebras. Let U = @,50U" be a
differential graded associative commutative R-algebra. Recall that the multiplica-
tion and differential operator d in U satisfies the rules

ba = (—1)%9d9bqp  d(ab) = (da)b+ (—1)%°9 “a(db),

where a and b are homogeneous elements of U.

Let G be a Lie group with a Lie algebra g and U a DG-algebra U with a given
left action of GG by means of automorphisms of U. Denote by 8, : U — U (z € g)
the derivation of degree 0 of U for which ¢ — 8, 1s the representation of g in U
associated with the action of G.



Definition. A DG-algebra U is called a G — DG-algebra if, for each # € g, an
antiderivation i, of degree -1 of U satisfying the following Cartan conditions:
(2.1.1) o] = 0oty — iy 0p, 0Op =ipd+dig,

@y
is given [3].

Introduce the following notations: IU = U is the DG-subalgebra of U formed
by G' — invariant elements of U. (Obviously, if GG is connected IU = NyegKerb,);

SBU = NgegKeri, is a graded subalgebra of U formed by semibasic elements
of U;

BU = IU N SBU is the DG-subalgebra of U formed by basic elements of U.

If H 1s a closed subgroup of G with the Lie algebra h, one can consider any
G — DG-algebra U as a H — DG-algebra relative to the restriction of the action of
G to H, the derivations 8,, and the antiderivations ¢, to elements z € h; denote by
IgU, SBgU, and BygU the subalgebras of U corresponding to this restriction.

Examples. 1. Let P be a smooth principal G-bundle. The action of G on £2(P)
defines on the graded algebra £2(P) a structure of GG — DG-algebra.

2. The Weil algebra. Let g’ be the dual space of g, A(g’) the exterior, and S(g’)
the symmetric algebra of g’. If # € g’ C A(g’), then the corresponding element
of g/ C S(g’) is denoted by . We consider A(g) and S(g) as graded algebras
supposing that, for each nonzero x € ¢, degx = 1 and degT = 2. Consider the
graded algebra W(g) = A(g’) @ S(¢'). Let e; (i = 1,...,r = dimg) be a basis of g,
c;:k (i,j,k = 1,...,7) the corresponding structure constants, and e’ the dual basis.
Define the differential operator d : W(g) — W(g) by its values on the generators
e € A(g') and el € S(g’) as follows:

r

, 1 e— ., - - -
(2.1.2) de' = —3 Z c}ke]ek +et, det = Z c}iefek.
i, k=1 i, k=1

The adjoint representation of g induces the action of g on W(g) and the correspond-
ing operators 0, (# € g). Define the antiderivation i, of W(g) putting it equal to
the inner product of a vector € g and a form on A(g’) and equal to zero on S(g').
It is easily checked that W(g) = {W(g),d, 0y, i, } is a G — DG-algebra called the
Weil algebra [3].

Let U be a G — DG-algebra, P(z1,...,2,) a p-linear form on g with values in a
vector space L, and w; € U¥ x g (i = 1,...,p). Denote by P(wy,...,w,) the image
of w1 ® -+ - ® wp under the following composition of maps:

(Ukl®g)®...®([]kp®g)_>Uk1®...®Ukp®g®...®gL®P>Uk®L’

where k = k1 + --- + k, and m is the multiplication U@ ... Uk = UF Tt is
easily seen that P(wy,...,wp,) € SBU whenever w; € SBU* xg (i=1,...,p). In
the sequel we use L = R, g, dropping R in the first case.

Denote the operators d® 1,0, ® 1,7, ® 1 : U ® g — U ® g, and the operator
1®adz:U®g—U®gjust by d, 8, i, and adz.
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Definition. Let G be a connected Lie group and U a G—DG-algebra. A connection
w on U is an element of U! @ g satisfying the following conditions:

(1) iyjw=2 (z€g);

(2) Oyw = —adzw (2 €g).

Let w be a connection on a G — DG-algebra U. From the definition of connection
and conditions (2.1.1) it easily follows that

(2.1.3) dw:—%[w,w]—l—(), df2 = [2,w],

where {2 € SBU ® g. £2 1s called the curvature of the connection w. It 1s easily
proved that 8,2 = —ad x £2.

Examples. 1. Let P be a smooth principal G-bundle and 2(P) the corresponding
G — DG-algebra. For a connected Lie group G a connection w on G — DG-algebra
f2(P) is a connection form w on P and the curvature £2 of w is the curvature form.

2. Consider the Weil algebra W(g). It is easily proved that the form w =
Si_, €'e;, Le. identity form on g with values in g, is a connection on W(g), called
the canonical connection of W(g), and 2 = > _._, eie; is a curvature of this con-
nection.

Definition. Let U; (i = 1,2) be a GD-algebra. A morphism from U; to Us is a
homomorphism f : U; — Us of graded algebras which commutes with d. If U; is
a G — DG-algebra a morphism f : Uy — Us of DG-algebras commuting with the
operators 8, and i, is called a morphism of G — DG-algebras.

It is evident that a morphism f : Uy — Us of G — DG-algebras induces the
morphisms [U; — IUs, SBU; — SBU;, and BU; — BUs of the corresponding
subalgebras of G-invariant elements, semibasic elements, and basic elements.

Example. Let U be GG — DG-algebra with a connection wy. It is known [3] that
there is a morphism of G — DG-algebras f : W(g) — U uniquely defined by the
correspondence w — wyr, where w is the canonical connection on W(g).

Let f : U; — Us be a morphism of DG-algebras, U = R, and Uip = Qg>pUf.
It is clear that F,, = f(Uy ,)Us is an ideal of Uy and F, = f(U1,)U2 (p=10,1,...)
is a decreasing filtration of Uy defining the corresponding spectral sequence. For
example, if U is a G — DG-algebra of forms of a connected smooth principal fiber
bundle the inclusion BU C U induces the spectral sequence which 1s the Leray-Serre
spectral sequence of this fiber bundle.

Let Uy (k = 1,2) be a G — DG-algebra with the operators 8y, ., ix o, and the
differential operator di. Further we consider the tensor product of graded algebras
Uy ® Uy as a G — D(G-algebra under the diagonal action of (G and the operators 8,
and ¢, that coincide with the corresponding operators on the factors U; and Us of
Uy ®@Us. Tt is clear that, if f; : Uy — V; (i = 1,2) is a morphism of G — DG-algebras,
then f1®fy : U1 @U; — V1 ®V5 1s a morphism of the correspoding G'— DG-algebras.

A p-linear form P on g is called invariant if it is invariant under the action of G
induced by the adjoint representation of (G. For connected G P is invariant iff the



following condition is satisfied:

4

(2.1.4) S Py, [w . wp) =0,

i=1
where z,21,...,2, €g. Ifw € U@ g and w; € U* @ g, (2.1.4) implies the equality

14
(2.1.5) Z(—l)kl"'"""k’—l"'qP(wl, s wwil, s wy) = 0.

i=1

Let G be a connected Lie group, P a p-linear invariant form on g, and let w;
satisfy the condition fyw; = —ad x w;. From (2.1.4) it follows that P(w,...,wp) is
a basic element of U.

Suppose that U is a G — DG-algebra with a connection w and A(g’) is the
exterior algebra of the dual space g’ of g. Define the morphism of graded algebras
A(g') — U assigning to P € AP(g’') P(w,...,w) € UP. A G — DG-algebra U such

that the following composition of morphisms of graded algebras
Ag)®SBU — U@ SBU 22U

is an isomorphism is called a W — algebra. Further we identify W-algebra U with
A(g') ® SBU. Note that the Weil algebra and the algebra of differential forms on a
principal G-bundle are W-algebras.

Consider the DG-algebra B(W(g) ® U), where U is a W-algebra. Denote by w;
the canonical connection on W(g) and by wa the connection on U. Identifying w;
and its cuvatures {2; with their images under the natural inclusions

W eog—WEgolUogandUUeg— W@ olog

put
6= glor—wa), G=gites), Bi=30,
—2("}1 w2 ), _2("}1 w2 ), 2—2 2.

Then,

d¢) = @1 _@2 - [1/)a¢]a
(216) ddjl = [lea ¢] - [¢a@1]a
dde = _[@2a¢] - [¢a@2]

It is obvious that ¢,@; € SB(W(g) ® U) ® g and the following equations hold:
b0 = —adzx ¢, 0,9, = —adx®;.

Hence, for an invariant (a + b + ¢)-linear form P on g,

2.1.7 P(b,...,6,®1,... . B, Poy....
(2.1.7) (¢,..., 0,1 1, P2 2)
a times b times ¢ times
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is an element of B(W(g) ® U) of degree a + 2b + 2¢. Note that, if U = W(g), each
element of B(W(g) ® U) is a sum of elements of the type (2.1.7). For an element
of B(W(g) ® U) of the type (2.1.7), from (2.1.5) and (2.1.6) it follows that

AP(¢,...,6,®1,... .01, Py, ... Py)
=D (=1)TIP(g, . B =By, 6, P, By, B, Bo)
i=1

b
(2.1.8) + (=13 P(6y 6B, [ D1, B1 By Do)
ji=1

_(_1)aZP(¢a"'a¢a@1a"'adjla@%"'a[@2a¢]a"w@2)~
k=1

Thus, one can use in the calculation of differential operator of B(1W(g) @ U) the
following formulas:

(2.1.9) dé = 1 — By, D) = [B1, 8] dPy = —[Bs, d)].
Theorem 2.1.1. The inclusion BU C B(W(g) ® U) induces a cohomology iso-
morphism.

Proof. Tt is easily proved that identifying P € AP(g') with P(¢,...,¢) one obtains
the natural isomorphism of graded algebras SB(W(g)®@U) = A(g') ® S(g') @ SBU.
Put
Fp = @g>p(A(g") @ S(¢') @ SBUY) N B(W(g) @ U).

iFrom (2.1.1) it follows that d(SBU) C SBU @ ¢'. Therefore F), is an ideal DG-
algebra B(W(g)@U) and {F,} is a decreasing filtration of B(W(g) @ U). Consider
the spectral sequence {E®? d,.} induced by this filtration. It is easily proved that
to calculate dy on Ey = B(W(g) ® U) one can use the following equations:

do¢p = @1, doP1 = [P, ¢].

Take the antiderivation k of a graded algebra SB(W(g) ® U) of degree -1 which
vanishes on SBU and is determined on A(g’) ® S(g’) in the following way:

k(¢') =0, k(D)) =¢"
It is clear that k(F,) C F, and, then, one can consider k as an antiderivation of
FEy = B(W(g) ® U). For ¢ € B(W(g) ® U) denote by |c|]; the highest number p
such that ¢ has nonzero component in A?(g')® S(g’') ® SBU and by |¢|2 the highest

number ¢ such that ¢ has nonzero component in A(g') ® S¢(g') ® SBU. It is easily
checked that, if c € F5? |c|y = m, |e|]a = n, m+n # 0, and

1
¢l =¢C— m——i_n(dok + kdo)(c),

then |¢1|2 < n. Iterating this procedure one obtains the finite sequence ¢, ¢y, ..., ¢5 €
B(W(g) ® U) such that |c;|2 = 0. If |¢5|1 # 0, applying the above procedure to ¢,
one obtains an element b € BU. Note that, if dyc = 0, ¢1, .. ., ¢5, b are cohomologous
to ¢. Since BUP C Eg’o this implies that E"? = 0,if ¢ > 0, and Ezf’o = BU?. Hence,
EPY = ER =0, for ¢ > 0, and Eg’o = EB° = HP(BU). Therefore, the statement
of the theorem follows from the known properties of spectral sequences. 0O
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2.2. The algebra C(g). Denote by C(g) the DG-algebra
B(W(g) @ W(g)) = (S(g1) © A(g") © S(g2))°,

where g1 and go are two copies of g. Since the differential operator d vanishes on
BW(g) we obtain the following corollary of Theorem 2.1.1.

Proposition 2.2.1. H(C(g)) = S(g)“.

Suppose now that g is a reductive Lie algebra. It is known [4] S(g/)“ is the
polinomial algebra with generators having even degrees. Then, Proposition 2.2.1
implies
Proposition 2.2.2. If G is a connected Lie group with a reductive Lie algebra g

the DG-algebra S(g) is a minimal model of the GD-algebra C(g) in the sense of
Sullivan [14].

Now let GG be a connected Lie group with a reductive Lie algebra g. It is known
[9] that the cohomology H(g; R) = A(g’)“ is the exterior algebra of the vector space
Py of primitive elements of the algebra H(g; R) and Py has a basis consisting of the
elements of odd degrees. All elements of this basis are universally transgressive, i.e.
if a € A(g')“ is an element of this basis of Py, there exists an element ¢/ € BW (g),
called a transgression cochain, such that the component of ¢’ in A(g’)G coincides

with @ and d'¢’ = b € S(g') = BW(g) [4].

Theorem 2.2.3. Let G be a connected Lie group with a reductive Lie algebra g
and a an element of the basis of A(Py) = A(g')“ of degree 2p-1. Then, there exists
¢ € C(g) such that its component in A(g')“ coincides with a and dec = by +bs, where
bi € S(gh)Y (i =1,2).

Proof. Let a, ¢/, and b be as above and P an invariant p-form such that

P(£2,...,2)=b.
Further, for the sake of brevity, put P( )= P(x,...,z), P(z,2') = P(l‘ 1),
and P(z,z',2") = P(x,2',2",... 2"). Suppose that 2, = 2 + (t2 — t)[w,w

]
(t € [0,1]). By [5] one can take pfo (w, £2;)dt for ¢/. Thus, a is equal to P(¢, [¢, ¢])
up to a rational factor.
Now put
O, = 1P + (1 — )Py + (12 —1)[6, ]

It 1s evident that .
d
/ d—P(@t) dt = P($1) — P(®P2).
0 t

On the other hand, by (2.1.5) and (2.1.9)
| Gr@ydi=p [ P@ = 0st @2 1io.) 20 d
=1 [ (P01 = 02,0 = (p = D2t = DP(6.[01,6].2)
+(p— D2 -1t - 1)P(¢>,[@z,¢>],@t))dtzpd/0 P(¢,®y)dt.
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Since P(®;) € S(g})¢ and P(®3) € S(gh)“ and the component of fol P(¢,®:)dt in
A(g)% is equal to P(¢,[¢, ¢]) up to a rational factor the required cochain ¢ is equal
to P(¢,P:) up to a rational factor. O

By analogy with the Weil complex we call the cochain ¢ from Theorem 2.2.3 the
transgression cochain of the element a € Py in the DG-algebra C(g).

3. SOME APPLICATIONS OF THE COMPLEX C(¥)

In this Section we use the transgression in the DG-algebra of forms on the
cross product of two smooth principal K-bundles to prove some theorems on the
cohomology of this cross product and the cohomology of DG-algebra of G-invariant
forms, where G is a Lie group of automorphisms of the second factor. In particular,
the generalization of the Cartan theorem on the cohomology of homogeneous spaces
[4] is proved. Note that, since a group Lie G will play another role in this Section,
we use, instead of (G, a group Lie K with a Lie algebra ¢.

3.1. The transgression in a cross product of principal fiber bundles and
its applications. Let P; (i = 1,2) be a smooth principal K-bundle, where K is
a connected Lie group, w; a connection form on F;, and {2; its curvature form.
Consider the natural morphism of K — DG-algebras h; : W(¥) — £2(F;) defined
as above by means of w;, the canonical connection of W (%), and the corresponding
morphism of DG-algebras

h:C(®) = BW(¢) @ W(¥)) — B(£2(P1) ® 2(P2)).
Define now the GCD-algebra C'(Py, P2; %) in the following way. As a graded algebra
C(Pl, Pz,?) = Q(Bl) ® A(Pg) ® Q(Bz),

where B; 1s the base of P;, and the differential operator d is equal to the exterior
derivative on £2(B;) and, for each basic element a € Pp of degree 2p — 1, da =
h(de) = h(by) + h(bs), where ¢ is the transgression cochain of a defined in Theorem
2.2.3. Since, by Theorem 2.2.3, h(b;) € £2(B;) da € £2(B1) ® £2(Bs).

Consider the manifold M = P; xg P> and the DG-algebra 2(M). The compo-
sition of the natural inclusions

C(Py, Py; 8) — B(2(Py) @ 2(Py)) — 2(M)

is the inclusion of C'(Py, Po;t) into 2(M).

Consider now M = Py Xg Ps as a locally trivial fiber bundle over By x By. This
fiber bundle is not principal but its standard fiber F' is diffeomorphic to K x g K =
K.

Theorem 3.1.1. Let K be a connected compact Lie group, P; (i = 1,2) a smooth
principal K-bundle, M = P| Xg Ps, and w; a connection form on P;. Then

(1) Each homogeneous element of Py is a transgressive element of the fiber
bundle M — By x Ba;
(2) The inclusion of C(Py, Pa; ®) into £2(M) induces a cohomology isomorphism.

12



Proof. Since the Lie algebra of a compact Lie group is reductive the first statement
of the theorem follows from the inclusion C(Py, Py;€) into £2(M) and Theorem
2.2.3. The second statement of the theorem follows from the Leray-Serre spectral
sequence of the fiber bundle M — B; x By in the usual way [4,8]. O

Remark. Tf the complex 2(B;) contains a subalgebra H; consisting of cocycles,
which have the only representative of each cohomology class, one can replace £2(B;)
in the definition of C'(Py, P2; €) with H(B;;R) and revise the values of differential
operator d on the homogeneous elements of Py in the obvious way. This condition
1s satisfied, for example, if B; is diffecomorphic to an orientable compact locally
symmetric Riemannian space. In this case one can take, for the required subalgebra,
the subalgebra of harmonic differential forms.

Let now K be a connected Lie group with a reductive Lie algebra ¢ P be a
smooth principal K-bundle and P, a smooth principal K-bundle with an automor-
phism group G'. It is clear that the action of the group G is naturally extended to
the action of G on M = P; X g Ps. Suppose that wy is a connection form on P; and
ws 18 a G-invariant connection form on Ps.

Put C(Py, Po;0)Y = 2(B1) @ A(Pe) @ §2(B2)Y. Tt is easily seen that the image
of the composition of morphisms

C(¥) & B(2(P1) © 2(P2)) C 2(M)
consists of the G-invariant forms on M. Thus, the composition of inclusions
C(Py, Py; 8) C C(Py, Py t) — 2(M)

factors through the inclusion of C(Py, P2;£)“ into £2(M)<.

Proposition 3.1.2. Let K be a connected Lie group with a reductive Lie algebra €,
P; (i = 1,2) a smooth principal K-bundle, G a transitive group of automorphisms
of Ps, w; a connection form on P;, and M = P, Xg Ps. If wy ts a G-invariant
connection form on Py the inclusion of C(Py, Py; €)Y into 2(M)% is a complex
1somorphism.

Proof. Since 2(F;) is a W-algebra and G is a transitive group of automorphisms
of P2
(M) = Q2(B)) @ A(Pg) @ 2(B2)“ .

Therefore, by definition of the inclusion of C'(Py, P2;€)“ into 2(M), it induces the
complex isomorphism C(Py, Py; 8)¢ = 2(M)¢. O

Remarks. 1. The necessary and sufficient conditions of the existence of invariant
connections on a principal K-bundle P with an automorphism Lie group G inducing
the transitive action of G on the base B of P is given in [17]. The simplest sufficient
condition is the existence of a subspace m of g such that g = n @& m, where n is
the Lie algebra of the stabilizer N of a point of B and m is invariant under the
adjoint representation of N on g ( see for detailed information [7]). This condition
is satisfied, for example, if N is compact or N is connected and n is a reductive
subalgebra of g.

2. For a connected compact Lie group G H(2(M)%) = H(M;R) and, then,
H(C(Py, P2;0)%) = H(M;R).
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3.2. A generalization of the Cartan theorem on the cohomology of ho-
mogeneous spaces. In this Section we consider a Lie group G' with a reductive
Lie algebra g and its connected closed subgroups H and N with Lie algebras h and
n, such that H is a normal subgroup of N and h and n are reductive subalgebras
of g. Denote by K the quotient group N/H and by ¢ the quotient algebra n/h. Let
P be a smooth principal K-bundle with a base B and M = P xg (G/H), where
G/H is considered as a principal K-bundle. Tt is clear that M is a G-manifold and
the GG-manifolds of Section 1 are obtained in the same way.

Since there exists a G-invariant connection on the principal K-bundle G/H and
Q2(G/N)Y = C(g,n) [9], where C(g,n) is a complex of cochains of g relative to
subalgebra n, by Proposition 3.1.2

M) =C(P,G/H;0)% = 2(B)Y @ A(Py) @ C(g,n).

We want to replace the algebra C(g, n)in C(P, G/ H ;)¢ with a more simple algebra.
It is known [9] that the projection n — ¢ and the inclusion § C n induce the
linear maps ¢ : P — Py and j : Py — Py

Proposition 3.2.1. The sequence
0— Pe Py L Py — 0

18 exact.

Proof. Since the algebra H (% R) = A(P¢) has not generators of even degrees the
subalgebra h of n non homologous to zero [9]. Consider the ideals H? of H(n;R)
generated by the images of elements of H(¢;R) with degrees > ¢ under the ho-
momorphism H(¢,R) — H(n;R). Then the graded algebra associated with the
filtration of H(n;R) by these ideals $? is isomorphic to H(h;R) @ H(&R) [9].
This implies the statement of the proposition immediately. O

Consider the graded algebra
C(G,H,N)= A(Ps) @ A(Py) @ S(Pn)

with the differential operator 0 defined as follows:

Jr =i(x), Oy=IUy), JIz=0,

where z and y are homogeneous elements of P; and Py, respectively, [ : Py — P,
is the linear map induced by the inclusion n C g, z € S(Py), and, for a primitive
element a, @ is equal to @ but belongs to the corresponding symmetric algebra. We
shall show that C'(G, H, N') is the appropriate candidate for the above replacement.

Analogously, let C(G/H) = A(P;) ® S(h) be the D-algebra with the differential

operator & defined as follows:

sy =jolly), 6z=0,

where y is a homogeneous element of Py and z € S(Py). The Cartan theorem
[1,4] asserts that, for compact G and H, H(C(G/H)) is canonically isomorphic to
H(G/H;R).
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Proposition 3.2.2. The morphism of GD-algebras C(G, H, N) — C(G/H), which
vanishes on A(Py), is identical on A(Py), and is induced by j on S(Py), induces the
cohomology isomorphism.

Proof. The homomorphism ¢ defines the structure of S(P¢)-module on S(P,). Put
Fp = ®grarzp AT(Pe) © A(Pg) @ 5" (Pe)S(Pr).

It is clear that F, is an ideal of C(G, H, N) and {F,} is a decreasing filtration of
C(G, H,N). Consider the spectral sequence {F,,d,} associated with this filtration.
It is easily proved that

Eo = A(Pe) @ S(Pe) @ C(G/H),

with the differential operator dy induced by the differential operator  of C'(G, H).
Therefore,

By = A(Py) @ S(Pe) © H(C(G/H)),
with the differential operator d; defined as follows: dix = 7, where # € P, and d;
vanishes on S(P¢) and H(C(G, H)). Then Es = Foo = H(C(G/H)) and the state-

ment of the proposition follows from the known properties of spectral sequences. O

Consider the G — DG-algebra A(g’) of cochains of the Lie algebra g with coeffi-
cients in R as a N — DG-algebra. It is obvious that By (A(g")) = C(g, n).

Proposition 3.2.3. The natural inclusion By (A(g')) C Bn(W(n)@A(g')) induces
a cohomology tsomorphism.

Proof. Since nis a reductive subalgebra of g there exists a following representation
of g g = n® m, where n is the invariant under the adjoint representation of g
subspace of g. Consider the projection g — n associated with this representation
as an element w of g’ @ n. Clearly w is a connection on the N — DG-algebra A(g’)
and relative to this connection A(g’) is a W-algebra. Then the statement of the
proposition is the immediate consequence of theorem 2.1.1. O

Consider the graded algebra
C(M) = 2(B) © A(Pe) @ A(Pg) © S(Pn)

and define the differential operator d on it as an antiderivation of degree -1 in the
following way. d is equal to the exterior derivative on £2(B) and coincides with the
differential operator ¢ of C(G, H, N) on A(Py) @ S(Py). Let a be a homogeneous
basic element of Py and b the component of da in the factor £2(B) of C(P,G/H;¥).
Then, put da = b+ da. Clearly (C(M),d) is a DG-algebra.

Theorem 3.2.3. The cohomologies of DG-algebras 2(M)S and C(M) are iso-
morphic.

Proof. Consider the DG-algebra
C1(M) = 2(B) @ A(Py) @ By(W(n) © A(g'))
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and change the differential operator d on A(P¢) so that the morphism of graded
algebras

fi:C(P,G/H,6)Y — 2(B) @ A(Py) ® Bn(W(n) @ A(g)),

induced by the inclusion C(g,n) C By(W(n) ® A(g")) will be a morphism of DG-
algebras. Further we consider C1(M) as a DG-algebra with this new differential
operator.

On the other hand, there is a natural morphism of DG-algebras C(G/N) —
Bn(W(n) ® A(g')), which induces a cohomology isomorphism [4] (see the detailed
proof of this statement for compact G and N in [13]; this proof is valid also in
the general case). Let fa : C(M) — C1(M) be the morphism of graded algebras
induced by the morphism

C(G/N) = A(Pg) ® S(Po) — By (W(n) @ A(g')).

Clearly fo is a morphism of D(G-algebras.
Consider the filtrations and the spectral sequences associated with these filtra-
tions induced by the morphisms of D(G-algebras

2(B) — C(P,G/H,0)% 2(B)— Ci(M), 2(B)— C(M).
., From Proposition 3.2.2 and the above property of the morphism
C(G/N) — Bn(W(g) © Ag'))

it follows that the morphisms f; and f; induce the isomorphisms of these spectral
sequences beginning with the terms £7. Thus, the statement of the theorem follows
from theorem 3.1.2. O

Theorem 3.2.3 implies the following immediate corollary.

Corollary 3.2.4. Let G be a connected compact Lie group, H and N its connected
closed subgroups such that H is a normal subgroup of N, and P a smooth principal
K-bundle, where K = N/H. Then the real cohomology of M = P xg (G/H) is
isomorphic to the cohomology of the complex C(M).

One can consider Corollary 3.2.4 as the generalization of the Cartan theorem on
the cohomology of homogeneous spaces; this theorem follows from Corollary 3.2.4
and Proposition 3.2.2 whenever B is a one-point space.
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