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THE COHOMOLOGY OF THE COMPLEX OFG-INVARIANT FORMS ON G-MANIFOLDSM.V.LOSIKAbstract. The cohomology of the complex of G-invariant forms for arbitrary G-manifolds and, especially for a certain class of G-manifolds, which are locally trivial�ber bundles over the orbit space, is considered. The transgression in the di�erentialgraded algebra of basic elements for tensor product of two identical Weil algebras ofa group Lie G with a reductive Lie algebra is calculated and this is applied to thecalculation of the transgression of the cross product of principal G-bundles over G.This allows to construct a convenientDG-algebra whose cohomology coincides withthe cohomology of the complex of G-invariant forms on a G-manifold of the aboveclass. In particular, for compact G the generalization of the Cartan theorem on thecohomology of homogeneous spaces is proved.0. IntroductionIn this paper we consider a certain class of G-manifolds formed by G-manifoldsthat are locally trivial �ber bundles over the orbit space M=G with a �ber G=H;where H is a closed subgroup of a Lie group G: For this class, the natural invariant,namely the cohomology H(
(M )G) of the complex of G-invariant forms 
(M )G;is studied. Note that, for a connected compact G; this cohomology coincides withthe real cohomology ofM and, therefore, in particular we obtain some informationon the last one. For example, the generalization of the Cartan theorem on thecohomology of homogeneous spaces [4] to the above class is proved.In Section 1 the complex 
(M )G is included as a subcomplex into a certainbicomplex for arbitrary G-manifolds. The �rst spectral sequence Er(M;G) of thisbicomplex allows to give an interpretation, in terms of the continuous cohomologyof G and the cohomology of M; for those classes cohomology of 
(M )G; thatvanish in the de Rham cohomology of M: The examples of the applications of theabove interpretation for in�nite-dimensional Lie groups were given in [10]. Herethe interplay between H(
(M )G) and Er(M;G) for �nite-dimensional Lie groupsis studied for arbitrary G-manifolds and, especially, for G-manifolds of the aboveclass. In particular, in 1.2 it is shown (Theorem 1.2.4) that the spectral sequenceEr(M;G) tends to H(
(M )G) for the above class whenever H is compact.1991 Mathematics Subject Classi�cation. 57R91.Key words and phrases. G-manifold, �ber bundle,DG-algebra, cohomology, spectral sequence,transgression..Partially supported by the grant of the AMS's fSU Aid Fund Typeset by AMS-TEX1



In Section 2 di�erential graded commutative associative algebras (DG-algebras)and DG-algebras with an action of a Lie group G with a Lie algebra g (G�DG-algebras) are de�ned and the DG-algebra of basic elements for a tensor product oftwo G�DG-algebras is studied. The main result of Section 2 is Theorem 2.2.3 onthe transgression in the DG-algebra of basic elements for a tensor product of twoidentical Weil algebras W (g) with a reductive g:In Section 3 there are some applications of Theorem 2.2.3. Let Pi (i = 1; 2)be a smooth principal K-bundle with a base Bi and M = P1 �K P2; where K isa connected Lie group with a Lie algebra k: Consider M as a �ber bundle overB1 � B2: For compact K the transgression of this �ber bundle is calculated andthe subalgebra of the DG-algebra 
(M ) with the same cohomology is indicated(Theorem 3.1.1).Let G be a connected Lie group with a reductive Lie algebra, H and N its closedconnected subgroups with reductive Lie algebras such that H is a normal subgroupof N; K = N=H; and P a smooth principal K-bundle. For G-manifold M =P �K (G=H) the DG-algebra C(M ) quasiisomorphic to the DG-algebra 
(M )G;i.e. has the minimal model isomorphic to one of 
(M )G in the sense of Sullivan[14], is indicated (Theorem 3.2.3). For a compact G it gives the generalizationof the above Cartan theorem to the investigated class of G-manifolds when thenormalizer N = NG(H) of subgroup H is connected or M = P �K (G=H); whereK is a component of the neutral element N=H (Corollary 3.2.4).Throughout the paper all manifolds, di�erential forms, maps of manifolds, andso on belong to the class C1; a Lie group means a �nite-dimensional real Lie group.1. A class of G-manifoldsFor G-manifolds a spectral sequence is constructed and studied. A certain classof G-manifolds is introduced and some its properties are obtained.1.1. A spectral sequence and its aplications. Let G be a topological group.A topological cochain G-complex K = fKq; dqg is a cochain complex such thatKq are topological real vector spaces and dq are continuous linear maps with acontinuous left action of G by topological automorphisms of K. Suppose that KGis the complex of G-invariant cochains of K.Suppose that Cp;q = Cp;q(G;K) be the space of continuous maps from Gp toKq for p > 0 and C0;q = Kq . De�ne the maps �0 : Cp;q ! Cp+1;q and �00 : Cp;q !Cp;q+1 as follows:(�0c)(g1; : : : ; gp+1) = g1c(g2; : : : ; gp+1) + i=pXi=1(�1)ic(g1; : : : ; gigi+1; : : : ; gp+1)+ (�1)p+1c(g1; : : : ; gp);(�00c)(g1; : : : ; gp) = (�1)pdqc(p1; : : : ; gp);where c 2 Cp;q; g1; : : : ; gp+1 2 G: It is easily checked that C(K;G) = fCp;q; �0; �00gis a cochain bicomplex and Cq = fCp;q; �0g is the complex of standard continuouscochains of G with values in the G-module Kq :2



If K1 and K2 are topological cochain G-complexes, then each continuous equi-variant complex homomorphism h : K1 ! K2 induces the homomorphismC(K1; G)! C(K2; G)of bicomplexes.Consider C(K;G) as the complex with the total coboundary operator �0 + �00and its cohomology H(K;G). It is easily seen that the inclusion KG � C0;� �C(K;G) determines the cohomology homomorphismH(KG)! H(C(K;G));whichis nontrivial on the kernel of the homomorphismH(KG)! H(K) induced by theinclusion KG � K in general.Let Er(K;G) = fEp;qr g be the �rst spectral sequence of the bicomplex C(K;G);i.e. the spectral sequence induced by the �ltrationFpC(K;G) = �q�0;n�pCn;q (p = 0; 1; : : :)of C(K;G): It is easily proved that Ep;q2 = Hpc (G;Hq(K)), where the index c meansthe continuous cohomology in the sense of Mostov [12] and the action ofG onHq(K)is determined by the action of G on K: Evidently every continuous equivarianthomomorphism of topological cochain G-complexes induces the homomorphism ofthe corresponding spectral sequences.Proposition 1.1.1. If Ki (i = 1; 2) is a topological cochain G-complex and h :K1 ! K2 is an equivariant continuous homomorphism of complexes inducing acohomology isomorphism H(K1) ! H(K2), then the homomorphism of the corre-sponding spectral sequences is an isomorphism beginning with the terms E2 and,hence, the cohomologies H(C(Ki; G)) are isomorphic.The proof is immediately follows from the above representation of the termE2(K;G).Proposition 1.1.2. If K1; K2 are topological cochain G-complexes and h1; h2 :K1 ! K2 are equivariant cochain homotopic equivariant complex homomorphisms,then the homomorphisms of the cohomologies H(C(K1; G)) ! H(C(K2; G)) in-duced by h1 and h2 coincide.The proof is obvious.Denote by Hqp the image of q-dimensional cohomology of the complex FpC(K;G)in H(K;G) under the inclusion FpC(K;G) � C(K;G). It is known that Ep;q1 =Hqp=Hqp+1, i.e. Ep;q1 (p = 0; 1: : : : ; ) is the graduated vector space associated with the�ltration of the cohomologyHq(K;G) by Hqp : Hence, the inclusion KG � C(K;G)induces the �ltration Hqp(KG) of Hq(KG) and the associated graduated vectorspace Hqp(KG)=Hqp+1(KG):Consider now the category GTop of topological spaces with a continuous leftaction of a topological group G and equivariant maps as morphisms. Let X be anobject of this category and ��(X) the complex of singular cochains of X with realcoe�cients. ��(X) is a topological cochain G-complex under the usual functiontopology and the natural left action of G: Applying the above constructions tothis complex we obtain the bicomplex C(X;G); its cohomology H(X;G); and thecorresponding spectral sequence Er(X;G).3



Now let G be a Lie group and M be a G-manifold, i.e. a manifold M witha left smooth action of G: Consider the complexes ��(M ) and ��diff of singularcochains with real coe�cients and di�erentiable singular cochains with the samecoe�cients, respectively, as topological cochain G-complexes with the usual func-tion space topologies and the left action of G: Let 
(M ) = f
q(M ); dg be the deRham complex ofM with the natural structure of a topological cochain G-complex.Let us apply the above constructions to these complexes. Clearly the bicomplexhomomorphisms 
�(M )! ��diff (M )! ��(M )induced by the inclusions of the corresponding chain complexes produce the isomor-phisms of the �rst spectral sequences of these bicomplexes beginning with the termsE1 and cohomologies of the associated total complexes. Denote by Cdiff (
(M ); G)the subcomplex of the bicomplex C(
(M ) formed by the di�erentiable maps fromGp to 
q(M ). Note that the cohomology of the complex (Cdiff (
(M ); G); �0) isthe van Est continuous cohomology of the Lie group G with coe�cients in 
(M )[15]. Clearly Cdiff (
(M ); G) is a bicomplex and from [12] it follows that that theinclusion Cdiff (
(M ); G) � C(
(M ); G) induces the isomorphism of the corre-sponding �rst spectral sequences of these bicomplexes beginning with the termsE2 and, then, the isomorphism of the corresponding total complexes. Further wedenote by C(M;G) the bicomplex Cdiff (
(M ); G), by Er(M;G) its �rst spectralsequence, and by H(M;G) the cohomology of C(M;G) as a complex with a totalcoboundary operator.Finally, we obtain that the spectral sequence Er(M;G) and the cohomologyH(M;G) are depend only on the topologies of M and G but the cohomologyH(
(M )G) of the complex 
(M )G of G-invariant forms on M depends on thesmooth structure of M and the topology of G:Remark. 1. If G is a connected Lie group Ep;q2 (M;G) = Hpc (G;R) 
 Hq(M;R)Then, for a connected manifoldM; the homomorphismHpc (G;R) = Ep;02 ! Ep;01 ! H(M;G)de�nes the structure of a Hc(G;R)-module on H(M;G): Moreover, there are the�ltrations of H(M;G) and H(
(M )G) de�ned above in the general case for H(K)and H(KG):2. If G is a connected compact Lie group Ep;q2 (M;G) = 0 for p > 0 andE0;q2 (M;G) = Hq(M ;R) = Hq(
(M )G) [15].In [10] we used Er(M;G) and, particularly,Ep;q1 for q equal to the highest dimen-sion of the nontrivial cohomology H(M ;R): In this case Ep;q2 � Ep;q1 and one caninterpret elements of Hqp(
(M )G)=Hqp+1(
(M )G) as classes of Hpc (G;Hq(M ;R)).1.2. A class of G-manifolds. Consider now the full subcategory GHTop ofGTop formed by those objects X for which the natural projection X ! X=Gde�nes a locally trivial �ber bundle over X=G with a �ber G=H, where H is aclosed subgroup of G: Note that, if G is a compact Lie group and X is completelyregular, these conditions are satis�ed whenever all orbits have the type G=H as itfollows from the existence of a slice [11].4



Let us �x the subgroup H and consider the set XH of points of X with thestabilizer H. Let N = NG(H) be the normalizer of the subgroup H: Clearly theaction of N on XH induces the action of N=H on XH : One can consider thefollowing right action of N on XH � G: (x; g)n = (n�1x; gn) (x 2 XH ; g 2 G;n 2N ): This action of N on G�XH induces the action of N=H on XH � (G=H): Thefollowing proposition, due to Borel [2], holds.Proposition 1.2.1. The action of N=H on XH de�nes the structure of a principalN=H-bundle over X=G on XH ; XH �N G = XH �N=H (G=H) is canonically equi-variant isomorphic to X, and X with the natural projection X = XH�NG! G=Nis a locally trivial �ber bundle with the �ber XH :Proof. If X is a trivial �ber bundle, i.e. X = (X=G) � (G=H); all statementsof the theorem are obvious. In the general case these statements follow from thelocal triviality of X ! X=G: The isomorphism XH �N G �= X is induced by theassignment (x; g)! gx, where x 2 XH and g 2 G. �Let E(N=H) ! B(N=H) be an universal N=H-bundle. The following proposi-tion is the evident consequence of the known properties of an universal N=H-bundle.Proposition 1.2.2. There is a one-to-one correspondence between the set of iso-morphism classes of objects for the category GHTop with paracompact orbit spacesand the set of homotopy classes of continuous maps from their orbit spaces to theclassifying space B(N=H).Proof. By Proposition 1.2.1 for each object X of the category GHTop there is thecanonical representation X = XH �N=H (G=H) and, then, a one-to-one correspon-dence between the set of isomorphism classes of objects for the category GHTopand the set of isomorphism classes of principal G=H-bundles. Therefore, the propo-sition follows from the known properties of the universal N=H-bundle E(G=H). �Let G be a Lie group and H a closed subgroup of G: Consider a smooth objectof GHTop, i.e. a G-manifoldM such that all orbits of G have the type G=H,M=Gis a manifold and, under the projection M !M=G; M is a smooth locally trivial�ber bundle. Denote by MH the set of points of M with the stabilizer H and byN the normalizer of the subgroup H: Then one has the following smooth version ofProposition 1.2.1.Proposition 1.2.3. MH is a smooth subbundle of the bundle M ! M=G anda smooth principal N=H-bundle under the action of N=H on MH : MH �N G =MH �N=H (G=H) is a G-manifold canonically equivariant isomorphic to M and Mwith the natural projection M =MH �N G! G=N is a smooth locally trivial �berbundle with the �ber MH :The proof is analogous to one of Proposition 1.2.1.Now we prove the following generalization of the van Est theorem [16] for M =G=H by a slight generalization of the proof of this theorem in [6].Theorem 1.2.4. If H is compact, for the above G-manifold M , the spectral se-quence Er(M;G) converges to the cohomology H(
(M )G).Proof. It is convenient to suppose that G acts on M on the right and considerthe corresponding left action g ! R�g of G on 
(M ): Consider the second spectral5



sequence Er of the bicomplex C(M;G). If one identi�es E0 with C(M;G) thedi�erential operator d0 : E0 ! E0 coincides with �0: Let the �ber bundleM !M=Gbe trivial, i.e. M = (M=G) � (HnG): De�ne the linear map Dp;q : Cp;q ! Cp�1;qfor p > 0 as follows:Dp;qc(g1; : : : ; gp�1)(x;Hg) = ZHg R�g�1(c(g; g1; : : : ; gq�1)(x;H))dg;where c 2 Cp;q, x 2M=G, g; g1; : : : ; gp�1 2 G, dg is the measure on Hg induced bythe normed Haar measure on H: For p = 0 put D0;q = 0.It can be easily proved that �0Dp;q + Dp+1;q�0 is equal to the identity map onCp;q for p > 0: For p = 0 and c 2 C0;q one hasD1;q�0c( )(x;Hg) = c( )(x;Hg)� ZHg R�g�1 (c( )(x;H))dg;It follows from this that D1;qd0 � I, where I is the identity map on C0;q, is theprojection of C0;q = 
q(M ) onto the space 
q(M )G of G-invariant q-forms on M:Since Dp;q commutes with the product on functions on M=G the linear mapsDp;q can be extended to C(M;G) for an arbitrary �ber bundle M ! M=G bymeans of a partition of unity onM=G; the above properties of Dp;q are valid in thiscase. Therefore, Ep;q1 = 0; for p > 0; and E0;q1 = 
(M )G in the general case. Sinced1 is induced by �00 Ep;q2 = 0; for p > 0; and E0;q2 = H(
(M )G): �Corollary 1.2.5. If M is connected and H is compact there is a canonical homo-morphism of cohomology algebras Hc(G;R)! H(
(M )G).Proof. As it was noticed above there is the canonical homomorphismHc(G;R)!H(C(M;G)): Then the statement of the corollary follows from Theorem 1.2.4. �2. DG- and G � DG-algebrasIn this Section di�erential graded associative commutative R-algebras, moreconcisely a GD-algebras, and DG-algebras with an action of a group Lie G calledG�DG-algebras are considered.2.1. Some properties of DG- and G� DG-algebras. Let U = �n�0Un be adi�erential graded associative commutative R-algebra. Recall that the multiplica-tion and di�erential operator d in U satis�es the rulesba = (�1)deg a�deg bab; d(ab) = (da)b+ (�1)deg aa(db);where a and b are homogeneous elements of U:Let G be a Lie group with a Lie algebra g and U a DG-algebra U with a givenleft action of G by means of automorphisms of U: Denote by �x : U ! U (x 2 g)the derivation of degree 0 of U for which g 7! �x is the representation of g in Uassociated with the action of G: 6



De�nition. A DG-algebra U is called a G � DG-algebra if, for each x 2 g; anantiderivation ix of degree -1 of U satisfying the following Cartan conditions:(2.1.1) i[x;y] = �x iy � iy �x; �x = ix d+ d ix;is given [3].Introduce the following notations: IU = UG is the DG-subalgebra of U formedby G� invariant elements of U: (Obviously, if G is connected IU = \x2gKer �x);SBU = \x2gKer ix is a graded subalgebra of U formed by semibasic elementsof U ;BU = IU \ SBU is the DG-subalgebra of U formed by basic elements of U:If H is a closed subgroup of G with the Lie algebra h, one can consider anyG�DG-algebra U as a H �DG-algebra relative to the restriction of the action ofG to H; the derivations �x; and the antiderivations ix to elements x 2 h; denote byIHU; SBHU; and BHU the subalgebras of U corresponding to this restriction.Examples. 1. Let P be a smooth principal G-bundle. The action of G on 
(P )de�nes on the graded algebra 
(P ) a structure of G�DG-algebra.2. The Weil algebra. Let g0 be the dual space of g; �(g0) the exterior, and S(g0)the symmetric algebra of g0. If x 2 g0 � �(g0); then the corresponding elementof g0 � S(g0) is denoted by x: We consider �(g) and S(g) as graded algebrassupposing that, for each nonzero x 2 g0; deg x = 1 and deg x = 2: Consider thegraded algebra W (g) = �(g0) 
 S(g0): Let ei (i = 1; : : : ; r = dim g) be a basis of g;cijk (i; j; k = 1; : : : ; r) the corresponding structure constants, and ei the dual basis.De�ne the di�erential operator d : W (g) ! W (g) by its values on the generatorsei 2 �(g0) and ei 2 S(g0) as follows:(2.1.2) dei = �12 rXj;k=1cijkejek + ei; dei = rXj;k=1 cijiejek:The adjoint representation of g induces the action of g onW (g) and the correspond-ing operators �x (x 2 g): De�ne the antiderivation ix of W (g) putting it equal tothe inner product of a vector x 2 g and a form on �(g0) and equal to zero on S(g0):It is easily checked that W (g) = fW (g); d; �x; ixg is a G � DG-algebra called theWeil algebra [3].Let U be a G�DG-algebra, P (x1; : : : ; xp) a p-linear form on g with values in avector space L; and !i 2 Uki � g (i = 1; : : : ; p): Denote by P (!1; : : : ; !p) the imageof !1 
 � � � 
 !p under the following composition of maps:(Uk1 
 g)
 � � � 
 (Ukp 
 g)! Uk1 
 � � � 
 Ukp 
 g
 � � � 
 g m
P���! Uk 
 L;where k = k1 + � � �+ kp and m is the multiplication Uk1 
 � � � 
 Ukp ! Uk: It iseasily seen that P (!1; : : : ; !p) 2 SBU whenever !i 2 SBUki � g (i = 1; : : : ; p): Inthe sequel we use L = R; g; dropping R in the �rst case.Denote the operators d 
 1; �x 
 1; ix 
 1 : U 
 g ! U 
 g; and the operator1
 ad x : U 
 g! U 
 g just by d; �x; ix and ad x:7



De�nition. Let G be a connected Lie group and U aG�DG-algebra. A connection! on U is an element of U1 
 g satisfying the following conditions:(1) ix! = x (x 2 g);(2) �x! = �ad x! (x 2 g):Let ! be a connection on a G�DG-algebra U: From the de�nition of connectionand conditions (2.1.1) it easily follows that(2.1.3) d! = �12 [!; !] +
; d
 = [
;!];where 
 2 SBU 
 g: 
 is called the curvature of the connection !: It is easilyproved that �x
 = �ad x
:Examples. 1. Let P be a smooth principal G-bundle and 
(P ) the correspondingG�DG-algebra. For a connected Lie group G a connection ! on G�DG-algebra
(P ) is a connection form ! on P and the curvature 
 of ! is the curvature form.2. Consider the Weil algebra W (g): It is easily proved that the form ! =Pri=1 eiei; i.e. identity form on g with values in g; is a connection on W (g); calledthe canonical connection of W (g); and 
 = Pri=1 eiei is a curvature of this con-nection.De�nition. Let Ui (i = 1; 2) be a GD-algebra. A morphism from U1 to U2 is ahomomorphism f : U1 ! U2 of graded algebras which commutes with d: If Ui isa G � DG-algebra a morphism f : U1 ! U2 of DG-algebras commuting with theoperators �x and ix is called a morphism of G�DG-algebras.It is evident that a morphism f : U1 ! U2 of G � DG-algebras induces themorphisms IU1 ! IU2; SBU1 ! SBU2; and BU1 ! BU2 of the correspondingsubalgebras of G-invariant elements, semibasic elements, and basic elements.Example. Let U be G� DG-algebra with a connection !U . It is known [3] thatthere is a morphism of G � DG-algebras f : W (g) ! U uniquely de�ned by thecorrespondence ! 7! !U ; where ! is the canonical connection on W (g):Let f : U1 ! U2 be a morphism of DG-algebras, U01 = R; and U1;p = 
q�pU q1 :It is clear that Fp = f(U1;p)U2 is an ideal of U2 and Fp = f(U1;p)U2 (p = 0; 1; : : :)is a decreasing �ltration of U2 de�ning the corresponding spectral sequence. Forexample, if U is a G�DG-algebra of forms of a connected smooth principal �berbundle the inclusionBU � U induces the spectral sequence which is the Leray-Serrespectral sequence of this �ber bundle.Let Uk (k = 1; 2) be a G � DG-algebra with the operators �k;x; ik;x; and thedi�erential operator dk. Further we consider the tensor product of graded algebrasU1 
 U2 as a G�DG-algebra under the diagonal action of G and the operators �xand ix that coincide with the corresponding operators on the factors U1 and U2 ofU1
U2: It is clear that, if fi : Ui ! Vi (i = 1; 2) is a morphism of G�DG-algebras,then f1
f2 : U1
U2 ! V1
V2 is a morphism of the correspoding G�DG-algebras.A p-linear form P on g is called invariant if it is invariant under the action of Ginduced by the adjoint representation of G: For connected G P is invariant i� the8



following condition is satis�ed:(2.1.4) pXi=1 P (x1; : : : ; [x; xi]; : : : ; xp) = 0;where x; x1; : : : ; xp 2 g: If ! 2 U q 
 g and !i 2 Uki 
 g; (2.1.4) implies the equality(2.1.5) pXi=1(�1)k1+���+ki�1+qP (!1; : : : ; [!; !i]; : : : ; !p) = 0:Let G be a connected Lie group, P a p-linear invariant form on g; and let !isatisfy the condition �x!i = �ad x!i: From (2.1.4) it follows that P (!1; : : : ; !p) isa basic element of U:Suppose that U is a G � DG-algebra with a connection ! and �(g0) is theexterior algebra of the dual space g0 of g: De�ne the morphism of graded algebras�(g0) ! U assigning to P 2 �p(g0) P (!; : : : ; !) 2 Up: A G � DG-algebra U suchthat the following composition of morphisms of graded algebras�(g0) 
 SBU ! U 
 SBU m�! Uis an isomorphism is called a W � algebra: Further we identify W -algebra U with�(g0)
 SBU: Note that the Weil algebra and the algebra of di�erential forms on aprincipal G-bundle are W -algebras.Consider the DG-algebra B(W (g)
U ); where U is a W -algebra. Denote by !1the canonical connection on W (g) and by !2 the connection on U: Identifying !iand its cuvatures 
i with their images under the natural inclusionsW (g)
 g!W (g) 
 U 
 g and U 
 g!W (g) 
 U 
 gput � = 12(!1 � !2);  = 12(!1 + !2); �i = 12
i:Then, d� = �1 � �2 � [ ; �];d�1 = [�1; �]� [ ;�1];(2.1.6) d�2 = �[�2; �]� [ ;�2]:It is obvious that �; �i 2 SB(W (g) 
 U )
 g and the following equations hold:�x� = �ad x�; �x�i = �ad x�i:Hence, for an invariant (a + b+ c)-linear form P on g;(2.1.7) P (�; : : : ; �| {z }a times ; �1; : : : ; �1| {z }b times ; �2; : : : ; �2| {z }c times )9



is an element of B(W (g) 
 U ) of degree a+ 2b+ 2c: Note that, if U =W (g); eachelement of B(W (g) 
 U ) is a sum of elements of the type (2.1.7). For an elementof B(W (g) 
 U ) of the type (2.1.7), from (2.1.5) and (2.1.6) it follows that(2.1.8) dP (�; : : :; �; �1; : : : ; �1; �2; : : : ; �2)= aXi=1(�1)i�1P (�; : : : ; �1 � �2; : : : ; �; �1; : : : ; �1; �2; : : : ; �2)+ (�1)a bXj=1P (�; : : : ; �; �1; : : : ; [�1; �]; : : :; �1; �2; : : : ; �2)� (�1)a cXk=1P (�; : : : ; �; �1; : : : ; �1; �2; : : : ; [�2; �]; : : : ; �2):Thus, one can use in the calculation of di�erential operator of B(W (g) 
 U ) thefollowing formulas:(2.1.9) d� = �1 � �2; d�1 = [�1; �] d�2 = �[�2; �]:Theorem 2.1.1. The inclusion BU � B(W (g) 
 U ) induces a cohomology iso-morphism.Proof. It is easily proved that identifying P 2 �p(g0) with P (�; : : : ; �) one obtainsthe natural isomorphism of graded algebras SB(W (g)
U ) = �(g0)
S(g0)
SBU:Put Fp = 
q�p(�(g0) 
 S(g0)
 SBU q) \B(W (g) 
 U ):>From (2.1.1) it follows that d(SBU ) � SBU 
 g0: Therefore Fp is an ideal DG-algebra B(W (g)
U ) and fFpg is a decreasing �ltration of B(W (g)
U ): Considerthe spectral sequence fEp;qr ; drg induced by this �ltration. It is easily proved thatto calculate d0 on E0 = B(W (g) 
 U ) one can use the following equations:d0� = �1; d0�1 = [�1; �]:Take the antiderivation k of a graded algebra SB(W (g) 
 U ) of degree -1 whichvanishes on SBU and is determined on �(g0) 
 S(g0) in the following way:k(�i) = 0; k(�i1) = �i:It is clear that k(Fp) � Fp and, then, one can consider k as an antiderivation ofE0 = B(W (g) 
 U ): For c 2 B(W (g) 
 U ) denote by jcj1 the highest number psuch that c has nonzero component in �p(g0)
S(g0)
SBU and by jcj2 the highestnumber q such that c has nonzero component in �(g0)
 Sq(g0)
 SBU: It is easilychecked that, if c 2 Ep;q0 ; jcj1 = m; jcj2 = n; m + n 6= 0; andc1 = c� 1m + n (d0k + kd0)(c);then jc1j2 < n: Iterating this procedure one obtains the �nite sequence c; c1; : : : ; cs 2B(W (g) 
 U ) such that jcsj2 = 0: If jcsj1 6= 0; applying the above procedure to cs;one obtains an element b 2 BU: Note that, if d0c = 0; c1; : : : ; cs; b are cohomologousto c: Since BUp � Ep;00 this implies that Ep;q1 = 0; if q > 0; and Ep;01 = BUp. Hence,Ep;q2 = Ep;q1 = 0; for q > 0, and Ep;02 = Ep;01 = Hp(BU ): Therefore, the statementof the theorem follows from the known properties of spectral sequences. �10



2.2. The algebra C(g). Denote by C(g) the DG-algebraB(W (g) 
W (g)) = (S(g01)
 �(g0) 
 S(g02))G;where g1 and g2 are two copies of g: Since the di�erential operator d vanishes onBW (g) we obtain the following corollary of Theorem 2.1.1.Proposition 2.2.1. H(C(g)) = S(g)G:Suppose now that g is a reductive Lie algebra. It is known [4] S(g0)G is thepolinomial algebra with generators having even degrees. Then, Proposition 2.2.1impliesProposition 2.2.2. If G is a connected Lie group with a reductive Lie algebra gthe DG-algebra S(g) is a minimal model of the GD-algebra C(g) in the sense ofSullivan [14].Now let G be a connected Lie group with a reductive Lie algebra g: It is known[9] that the cohomologyH(g;R) = �(g0)G is the exterior algebra of the vector spacePg of primitive elements of the algebra H(g;R) and Pg has a basis consisting of theelements of odd degrees. All elements of this basis are universally transgressive, i.e.if a 2 �(g0)G is an element of this basis of Pg; there exists an element c0 2 BW (g);called a transgression cochain, such that the component of c0 in �(g0)G coincideswith a and d0c0 = b 2 S(g0)G = BW (g) [4].Theorem 2.2.3. Let G be a connected Lie group with a reductive Lie algebra gand a an element of the basis of �(Pg) = �(g0)G of degree 2p-1. Then, there existsc 2 C(g) such that its component in �(g0)G coincides with a and dc = b1+b2; wherebi 2 S(g0i)G (i = 1; 2):Proof. Let a; c0; and b be as above and P an invariant p-form such thatP (
; : : : ; 
) = b:Further, for the sake of brevity, put P (x) = P (x; : : : ; x); P (x; x0) = P (x; x0; : : : ; x0);and P (x; x0; x00) = P (x; x0; x00; : : : ; x00): Suppose that 
t = t
 + 12(t2 � t)[!; !](t 2 [0; 1]):By [5] one can take p R 10 P (!;
t) dt for c0. Thus, a is equal to P (�; [�; �])up to a rational factor.Now put �t = t�1 + (1� t)�2 + (t2 � t)[�; �]It is evident that Z 10 ddtP (�t) dt = P (�1)� P (�2):On the other hand, by (2.1.5) and (2.1.9)Z 10 ddtP (�t) dt = p Z 10 P (�1 � �2 + (2t� 1)[�; �]; 
t) dt= p Z 10 (P (�1 � �2; �t)� (p� 1)(2t� 1)P (�; [�1; �]; �t)+ (p� 1)(2t� 1)(t � 1)P (�; [�2; �]; �t)) dt = pd Z 10 P (�; �t) dt:11



Since P (�1) 2 S(g01)G and P (�2) 2 S(g02)G and the component of R 10 P (�; �t) dt in�(g)G is equal to P (�; [�; �]) up to a rational factor the required cochain c is equalto P (�; �t) up to a rational factor. �By analogy with the Weil complex we call the cochain c from Theorem 2.2.3 thetransgression cochain of the element a 2 Pg in the DG-algebra C(g):3. Some applications of the complex C(k)In this Section we use the transgression in the DG-algebra of forms on thecross product of two smooth principal K-bundles to prove some theorems on thecohomology of this cross product and the cohomology of DG-algebra of G-invariantforms, where G is a Lie group of automorphisms of the second factor. In particular,the generalization of the Cartan theorem on the cohomology of homogeneous spaces[4] is proved. Note that, since a group Lie G will play another role in this Section,we use, instead of G; a group Lie K with a Lie algebra k:3.1. The transgression in a cross product of principal �ber bundles andits applications. Let Pi (i = 1; 2) be a smooth principal K-bundle, where K isa connected Lie group, !i a connection form on Pi; and 
i its curvature form.Consider the natural morphism of K � DG-algebras hi : W (k) ! 
(Pi) de�nedas above by means of !i; the canonical connection of W (k); and the correspondingmorphism of DG-algebrash : C(k) = B(W (k) 
W (k))! B(
(P1) 

(P2)):De�ne now the GD-algebra C(P1; P2; k) in the following way. As a graded algebraC(P1; P2; k) = 
(B1)
 �(Pk)
 
(B2);where Bi is the base of Pi; and the di�erential operator d is equal to the exteriorderivative on 
(Bi) and, for each basic element a 2 Pk of degree 2p � 1; da =h(dc) = h(b1)+h(b2); where c is the transgression cochain of a de�ned in Theorem2.2.3. Since, by Theorem 2.2.3, h(bi) 2 
(Bi) da 2 
(B1)
 
(B2):Consider the manifoldM = P1 �K P2 and the DG-algebra 
(M ): The compo-sition of the natural inclusionsC(P1; P2; k)! B(
(P1)
 
(P2))! 
(M )is the inclusion of C(P1; P2; k) into 
(M ):Consider nowM = P1�K P2 as a locally trivial �ber bundle over B1�B2: This�ber bundle is not principal but its standard �ber F is di�eomorphic to K�KK =K:Theorem 3.1.1. Let K be a connected compact Lie group, Pi (i = 1; 2) a smoothprincipal K-bundle, M = P1 �K P2; and !i a connection form on Pi: Then(1) Each homogeneous element of Pk is a transgressive element of the �berbundle M ! B1 �B2;(2) The inclusion of C(P1; P2; k) into 
(M ) induces a cohomology isomorphism.12



Proof. Since the Lie algebra of a compact Lie group is reductive the �rst statementof the theorem follows from the inclusion C(P1; P2; k) into 
(M ) and Theorem2.2.3. The second statement of the theorem follows from the Leray-Serre spectralsequence of the �ber bundle M ! B1 � B2 in the usual way [4, 8]. �Remark. If the complex 
(Bi) contains a subalgebra Hi consisting of cocycles,which have the only representative of each cohomology class, one can replace 
(Bi)in the de�nition of C(P1; P2; k) with H(Bi;R) and revise the values of di�erentialoperator d on the homogeneous elements of Pk in the obvious way. This conditionis satis�ed, for example, if Bi is di�eomorphic to an orientable compact locallysymmetric Riemannian space. In this case one can take, for the required subalgebra,the subalgebra of harmonic di�erential forms.Let now K be a connected Lie group with a reductive Lie algebra k; P1 be asmooth principal K-bundle and P2 a smooth principal K-bundle with an automor-phism group G: It is clear that the action of the group G is naturally extended tothe action of G onM = P1�K P2: Suppose that !1 is a connection form on P1 and!2 is a G-invariant connection form on P2:Put C(P1; P2; k)G = 
(B1) 
 �(Pk) 
 
(B2)G: It is easily seen that the imageof the composition of morphismsC(k) h�! B(
(P1) 

(P2)) � 
(M )consists of the G-invariant forms on M: Thus, the composition of inclusionsC(P1; P2; k)G � C(P1; P2; k)! 
(M )factors through the inclusion of C(P1; P2; k)G into 
(M )G:Proposition 3.1.2. Let K be a connected Lie group with a reductive Lie algebra k;Pi (i = 1; 2) a smooth principal K-bundle, G a transitive group of automorphismsof P2; !i a connection form on Pi; and M = P1 �K P2: If !2 is a G-invariantconnection form on P2 the inclusion of C(P1; P2; k)G into 
(M )G is a complexisomorphism.Proof. Since 
(Pi) is a W -algebra and G is a transitive group of automorphismsof P2 
(M )G = 
(B1)
 �(Pk) 

(B2)G:Therefore, by de�nition of the inclusion of C(P1; P2; k)G into 
(M ); it induces thecomplex isomorphism C(P1; P2; k)G = 
(M )G: �Remarks. 1. The necessary and su�cient conditions of the existence of invariantconnections on a principalK-bundle P with an automorphismLie group G inducingthe transitive action of G on the base B of P is given in [17]. The simplest su�cientcondition is the existence of a subspace m of g such that g = n � m; where n isthe Lie algebra of the stabilizer N of a point of B and m is invariant under theadjoint representation of N on g ( see for detailed information [7]). This conditionis satis�ed, for example, if N is compact or N is connected and n is a reductivesubalgebra of g:2. For a connected compact Lie group G H(
(M )G) = H(M ;R) and, then,H(C(P1; P2; k)G) = H(M ;R): 13



3.2. A generalization of the Cartan theorem on the cohomology of ho-mogeneous spaces. In this Section we consider a Lie group G with a reductiveLie algebra g and its connected closed subgroups H and N with Lie algebras h andn; such that H is a normal subgroup of N and h and n are reductive subalgebrasof g: Denote by K the quotient group N=H and by k the quotient algebra n=h: LetP be a smooth principal K-bundle with a base B and M = P �K (G=H); whereG=H is considered as a principal K-bundle. It is clear that M is a G-manifold andthe G-manifolds of Section 1 are obtained in the same way.Since there exists a G-invariant connection on the principal K-bundle G=H and
(G=N )G = C(g; n) [9], where C(g; n) is a complex of cochains of g relative tosubalgebra n; by Proposition 3.1.2
(M )G = C(P;G=H; k)G = 
(B)G 
 �(Pk) 
C(g; n):Wewant to replace the algebraC(g; n) inC(P;G=H; k)Gwith a more simple algebra.It is known [9] that the projection n ! k and the inclusion h � n induce thelinear maps i : Pk ! Pn and j : Pn ! Ph:Proposition 3.2.1. The sequence0! Pk i�! Pn j�! Ph ! 0is exact.Proof. Since the algebra H(k;R) = �(Pk) has not generators of even degrees thesubalgebra h of n non homologous to zero [9]. Consider the ideals Hq of H(n;R)generated by the images of elements of H(k;R) with degrees � q under the ho-momorphism H(k;R) ! H(n;R): Then the graded algebra associated with the�ltration of H(n;R) by these ideals Hq is isomorphic to H(h;R) 
 H(k;R) [9].This implies the statement of the proposition immediately. �Consider the graded algebraC(G;H;N ) = �(Pk)
 �(Pg)
 S(Pn)with the di�erential operator @ de�ned as follows:@x = i(x); @y = l(y); @z = 0;where x and y are homogeneous elements of Pk and Pg; respectively, l : Pg ! Pnis the linear map induced by the inclusion n � g; z 2 S(Pn); and, for a primitiveelement a; a is equal to a but belongs to the corresponding symmetric algebra. Weshall show that C(G;H;N ) is the appropriate candidate for the above replacement.Analogously, let C(G=H) = �(Pg)
 S(h) be the D-algebra with the di�erentialoperator � de�ned as follows: �y = j � l(y); �z = 0;where y is a homogeneous element of Pg and z 2 S(Ph): The Cartan theorem[1,4] asserts that, for compact G and H; H(C(G=H)) is canonically isomorphic toH(G=H;R). 14



Proposition3.2.2. The morphism of GD-algebras C(G;H;N )! C(G=H); whichvanishes on �(Pk); is identical on �(Pg); and is induced by j on S(Pn); induces thecohomology isomorphism.Proof. The homomorphism i de�nes the structure of S(Pk)-module on S(Pn): PutFp = �q+2r�p�q(Pk) 
 �(Pg)
 Sr (Pk)S(Pn):It is clear that Fp is an ideal of C(G;H;N ) and fFpg is a decreasing �ltration ofC(G;H;N ):Consider the spectral sequence fEr; drg associated with this �ltration.It is easily proved that E0 = �(Pk) 
 S(Pk)
 C(G=H);with the di�erential operator d0 induced by the di�erential operator @ of C(G;H):Therefore, E1 = �(Pk) 
 S(Pk)
H(C(G=H));with the di�erential operator d1 de�ned as follows: d1x = x; where x 2 Pk; and d1vanishes on S(Pk) and H(C(G;H)): Then E2 = E1 = H(C(G=H)) and the state-ment of the proposition follows from the known properties of spectral sequences. �Consider the G�DG-algebra �(g0) of cochains of the Lie algebra g with coe�-cients in R as a N �DG-algebra. It is obvious that BN (�(g0)) = C(g; n):Proposition 3.2.3. The natural inclusion BN (�(g0)) � BN (W (n)
�(g0)) inducesa cohomology isomorphism.Proof. Since n is a reductive subalgebra of g there exists a following representationof g: g = n � m; where n is the invariant under the adjoint representation of gsubspace of g. Consider the projection g ! n associated with this representationas an element ! of g0 
 n: Clearly ! is a connection on the N �DG-algebra �(g0)and relative to this connection �(g0) is a W -algebra. Then the statement of theproposition is the immediate consequence of theorem 2.1.1. �Consider the graded algebraC(M ) = 
(B) 
 �(Pk)
 �(Pg)
 S(Pn)and de�ne the di�erential operator d on it as an antiderivation of degree -1 in thefollowing way. d is equal to the exterior derivative on 
(B) and coincides with thedi�erential operator @ of C(G;H;N ) on �(Pg) 
 S(Pn): Let a be a homogeneousbasic element of Pg and b the component of da in the factor 
(B) of C(P;G=H; k):Then, put da = b+ @a: Clearly (C(M ); d) is a DG-algebra.Theorem 3.2.3. The cohomologies of DG-algebras 
(M )G and C(M ) are iso-morphic.Proof. Consider the DG-algebraC1(M ) = 
(B) 
 �(Pk)
 BN (W (n)
 �(g0))15



and change the di�erential operator d on �(Pk) so that the morphism of gradedalgebras f1 : C(P;G=H; k)G! 
(B) 
 �(Pk) 
BN (W (n) 
 �(g0));induced by the inclusion C(g; n) � BN (W (n) 
 �(g0)) will be a morphism of DG-algebras. Further we consider C1(M ) as a DG-algebra with this new di�erentialoperator.On the other hand, there is a natural morphism of DG-algebras C(G=N ) !BN (W (n) 
 �(g0)); which induces a cohomology isomorphism [4] (see the detailedproof of this statement for compact G and N in [13]; this proof is valid also inthe general case). Let f2 : C(M ) ! C1(M ) be the morphism of graded algebrasinduced by the morphismC(G=N ) = �(Pg)
 S(Pn)! BN (W (n)
 �(g0)):Clearly f2 is a morphism of DG-algebras.Consider the �ltrations and the spectral sequences associated with these �ltra-tions induced by the morphisms of DG-algebras
(B)! C(P;G=H; k)G; 
(B)! C1(M ); 
(B)! C(M ):>From Proposition 3.2.2 and the above property of the morphismC(G=N )! BN (W (g) 
 �(g0))it follows that the morphisms f1 and f2 induce the isomorphisms of these spectralsequences beginning with the terms E1: Thus, the statement of the theorem followsfrom theorem 3.1.2. �Theorem 3.2.3 implies the following immediate corollary.Corollary 3.2.4. Let G be a connected compact Lie group, H and N its connectedclosed subgroups such that H is a normal subgroup of N; and P a smooth principalK-bundle, where K = N=H: Then the real cohomology of M = P �K (G=H) isisomorphic to the cohomology of the complex C(M ):One can consider Corollary 3.2.4 as the generalization of the Cartan theorem onthe cohomology of homogeneous spaces; this theorem follows from Corollary 3.2.4and Proposition 3.2.2 whenever B is a one-point space.References1. A. Borel, Sur la cohomologie des espaces �br�es principaux et des espaces homog�enes de groupde Lie compacts, Ann. Math 57 (1953), 115-207.2. A. Borel, Seminar on Transformation Gropes, Princeton, N.J.,Princeton Univ. Press, 1960.3. H. Cartan, Notions d'alg�ebre di��erentielle: application aux groupes de Lie et aux vari�et�es o�uop�ere un groupe de Lie in Colloque de Topologie, Bruxelles, 1950, pp. 16-27.4. H. Cartan, La transgression dans un groupe de Lie et dans un espace �br�e principal in Col-loque de Topologie, Bruxelles, 1950, pp. 57-71.16
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