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Abstract. It is shown that the complete set of �eld equations of a gauged sigma modelcoupled to gravity is satis�ed by a set of �rst-order equations when the metric is static.
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1. IntroductionIn the past few years, there has been a growing interest to study the e�ects of gravityon classical solutions of Yang{Mills (YM) [1] and of spontaneously broken gauge theories(YMH) [2,3]. It has been found that, in the presence of gravity, new nonperturbativephenomena appear even for weak coupling. However, due the complexity of the equations,most investigations have been numerical. In YMH theories without a Higgs potential (in
at spacetime) a number of striking (analytic) results based on the �rst order Bogomolnyequations [4] have been obtained. It is therefore natural to look for a similar simpli�cationalso in the presence of gravity. Then the immediate problem one faces is the lack of apositive de�nite energy functional in the static case whose variation would yield the �eldequations and which could be bounded from below in the spirit of Ref. [4]If the metric is static and it is �xed (background), the generalization of the 
at spaceBogomolny eqs. for the curved-spaced YMH theory without scalar potential have beenfound in Ref. [5]. Compatibility with the Einstein eqs., however, excluded any non-abeliansolution (in the spherically symmetric case).It has been found in string theories that, when the four-metric is conformally 
at,solutions of the 
at-space self-duality eqs. can be imbedded into the string background�eld eqs. (with graviton, YM, dilaton and the antisymmetric tensor) [6]. Similarly, whena YMH theory is coupled to N=2 supergravity, Bogomolny-type eqs. were found when thefour-metric is of the special conformstatic form e2�dt2 � e�2�dxidxi [7]. In Refs. [8] resp.[9] the Bogomolny-type eqs. of Ref. [5] have been rediscovered for this special conformstaticmetric in an EYMH theory (with a coupling of the Higgs �eld to the Ricci scalar in [8])resp. in an EYMH theory with a dilaton [9].The aim of this paper is to show that in a gauged sigma model (the in�nite mass limitof a YMH theory), the Bogomolny{type eqs. of Ref. [5] yield solutions to the full coupledsystem with a static metric. No additional constraints appear. This result appears to besomewhat surprising, since, in 
at space, no corresponding �rst order system exists andthat the metric of the three-space is completely general. These results are easily generalizedwhen a dilaton is also included.2. Gravitating sigma modelWe consider the following action, corresponding to a gauged non{linear sigma model,coupled to gravity:S = �Z d4xp�g � 116�G R+ 14Tr F��F�� � 12Tr (D�nD�n)� ; (1)where G is Newton's constant, R is the Ricci scalar, and the scalar �eld n is in the adjointrepresentation of the gauge group G satisfying the constraint Tr n2 = 1. This model can2



also be viewed as the MH ! 1 limit of a spontaneously broken gauge theory with theHiggs �elds in the adjoint representation (MH being the mass of the Higgs �elds).The �eld equations following from the action (1) are:1p�gD��p�g F��� = �n;D�n�; (2:a)1p�gD��p�g D�n� = �Tr (D�nD�n)n ; (2:b)together with the Einstein equationsR�� = 8�G�T�� � 12g��T � : (3)The energy-momentum tensor is T�� = T YM�� [F ] + TSc�� [n], whereT YM�� [F ] = Tr �F��F �� � 14g��F��F ��	 ;TSc�� [n] = Tr �(D�nD�n)� 12g��(D�nD�n)	 : (4)Note that T , the trace of T�� , is that of the scalar part alone, T = �Tr (D�nD�n).We now restrict ourselves to static, purely-magnetic, (A0 = 0), con�gurations. Themetric is then of the form g�� = (g00;�egij).The Yang{Mills{Higgs theory in a static background based on the action (1), butwithout the constraint Tr n2 = 1 was considered some time ago. This corresponds to theMH = 0 limit. The �eld equations of this system are (2.a), and (2.b) with zero on theright side, can be solved by a system of �rst order equations. This system, generalizingthe 
at space Bogomolny{equations, has been found to be [5]:Din+ (@iu)n = 12peg �ijkF jk where u = lnpg00 (5)solves the �eld equations, provided the metric satis�es the constrainte4 lnpg00 = 1peg @i�peg @i lnpg00� = 0 : (6)When one considers the coupled Einstein{Yang{Mills equations the constraint (6) turnsout to be very restrictive. In the spherically symmetric case the only solution is the extremeReissner{Nordstr�m metric and an abelian gauge �eld.In the gauged sigma model (1) we are considering, no �rst-order (Bogomolny{type)equations are known even in 
at space. The main result of this paper is that the �rst orderequations (5) yield solutions of the coupled system (2.a, 2.b, 3).First, it is easy to see that Eqs. (5) imply the Yang-Mills Eq. (2.a): Just contractEqs. (5) with �ilm and Dm and exploit Eqs. (5). In fact, this derivation remains true3



for more general YM theories coupled to scalars in the adjoint representation (e.g. YMHtheory with potential).Contracting Eqs. (5) with Di and using the Bianchi identities one �nds that Eqs. (2.b)(the scalar eqs.) are also satis�ed provided the constrainte4 lnpg00 = Tr (DinDin) ; (7)holds. Clearly, the r.h.s of (7) | the modi�cation of the previous constraint (6) | arisesdue to the r.h.s. of (2.b). For a YMH theory (with potential) in a curved background asimilar eq. could be derived with an appropriately modi�ed r.h.s. What makes this gaugedsigma model so special, is that the (00) component of the Einstein eqs. (3) turn out to beidentical to Eq. (7), when using the �rst order system (5) and the sigma model constraintTr n2 = 1. To see this we note that R00 = pg00 e4pg00, so the corresponding Einsteinequation is 1pg00 e4pg00 = (4�G) 12Tr FijF ij : (8)The r.h.s. of Eq. (8) can be rewritten with the use of the the �rst order system (5) andTr n2 = 1. Then Eq. (8) becomes equivalent to (7), provided4�G = 1; (9)which amounts to setting the mass of the gauge �elds (MW ) equal to the Planck mass.We note that with use of the Einstein eqs. (7) can be rewritten in the following way:e4 lnpg00 � 12R = 0 : (10)Eq. (10) involves only the metric and its derivatives. The remaining Einstein eqs. determinethe egij components of the metric and no additional constraints arise. Therefore a class ofsolutions of the full system is obtained by solving the �rst order Eqs. (5) instead of thesecond order �eld eqs. (2.a, 2.b).Interestingly, by coupling a dilaton �eld to our sigma model, the �rst order system (5)can easily be modi�ed to take the dilaton into account. Then the action (1) is replaced by�Z � 116�G �R � 12@��@���+ 14Tr �e
�F��F���� 12Tr (D�nD�n)�p�g; (11)where 
 is a constant. The equations of motion are then given as1p�gD��p�g e
�F��� = �n;D�n� ; (12:a)1p�g@��p�g @��� = (4�G
)e
�Tr F��F�� : (12:b)4



The �eld equations of n are again given by Eqs. (2.b). The Einstein equations are as in(3), where the stress energy tensor has to be replaced byT�� = e
�T YM�� [F ] + TSc�� [n] + 116�GTSc�� [�] ; (13)where TSc�� [�] is TSc�� [n] with � replacing n. Still restricting ourselves to static systems, one�nds that by comparing the (00) component of the Einstein equations with the dilatonequation (12.b) yields the following relation between � and g00:@i �p�g@i(� � 2
 lnpg00)� = 0 : (14)With the obvious modi�cation of Eqs. (5)Din+ (@iu)n = 12peg �ijke
�=2F jk ; (15)one easily �nds that (15) implies the YM Eqs. (12.a), when� = 2
 logpg00 ; and u = (1 + 
2) logpg00 : (16)An analogous computation as before shows that the scalar Eq. (2.b) is satis�ed providede4u� 12
 @i� @iu = Tr (DinDin) ; (17)holds, which is the counterpart of the constraint equation (7). Finally, a very similarcalculation to the one without the dilaton shows that Eq. (17) will be identical to the (00)component of the Einstein equations if4�G(1 + 
2) = 1 : (18)Interestingly, condition (17) then reduces again to (10).For the special conformstat metricV 2dt2 � V �2dxidxi ; (19)it has been observed in [8] and [9] that the static reduction of what corresponds to the action(1) resp. (11), can be bounded modulo a surface term yielding the correspondig specialform of Eqs. (5) resp. (15). Eq. (9) is identically satis�ed by the special conformstat classof metrics (18). 5



3. Spherically symmetric equationsLet us now examine brie
y the simplest nontrivial case, namely that of sphericalsymmetry and gauge group SU(2). The �rst order eqs. for this case have been discoveredin Ref. [10]. Parametrize the line element asds2 = A2�2 dt2 � 1�2 dr2 � r2d
 (20)and consider the minimal spherically symmetric ansatz:A0 = 0 ; Aai = �iak xkr2 �1�W (r)� ; na = xar : (21)The gauge �eld equation and the two Einstein eqs. can be written as:(A�2W 0)0 = AW �W 2 � 1r2 + 1� ; (22:a)2r��0 = 1� �2 � 2�2�2W 02 � 2�2 � (W 2 � 1)22r2 +W 2� ; (22:b)A0A = 2�2r W 02 ; (22:c)where �2 = 4�G. The Bogomolny-type equations (5) read�W 0 =W; (A�)0 = AW 2 � 1r2 : (23)One can check directly that Eq. (22.a) is a consequence of Eqs. (23), and that the com-patibility of Eqs. (22.b, 22.c) with Eqs. (23) leads to an algebraic relation between � andW : �2 = 1 ; (24)and � + W 2 � 1r = �1 : (25)Then the �rst order system (23) is solved by a single �rst order equation,W 0 = � rW�r � 1 +W 2 ; (26)while g00 becomes g00 = A2�2 = exp h2Z W 2 � 1(�r �W 2 + 1)r dri: (27)6



Eq. (26) is analyzed brie
y as follows: (assumingW > 0). For the plus sign (W+) Eq.(26) has two singular points, namely p1 = (W = 0, r = 1) and p2 = (W = 1, r = 0). p1is a hyperbolic point with indices � = �1, while p2 is a focal point with complex indices� = (1 � ip7)=2. For the minus sign (W�) there is only one singular point p2. In�nitelymany solutions start from the singular point p2 but become soon double-valued and leavethe physical region. In the �rst case there are two separatrices in the (r, W+) plane;W+ � 0 and a second one which cuts the r = 0 axis at the point W+(0) = 1:2888 : : :.Solutions with initial value larger thenW+(0) are de�ned for all r. As W+(0) 6= 1 all thesesolutions are singular at r = 0. They di�er substantially from zero for r < 1 and decayexponentially. We present some solutions of Eq. (26) obtained numerically on Fig. 1.For W+ = 0 one obtains the extreme Reissner - Nordstr�m metric g00 = (1 � 1=r)2,the only solution with a horizon. Linearizing around W � 0 shows that, in the regionr > 1, the the gauge �eld behaves asW � e�rr 11� 1r (28)and the metric tends to the extreme Reissner - Nordstr�m form,g00 � �1� 1r �2 � exp �� cZ r e�2�(� � 1)4 d��: (29)For completeness, we discuss brie
y the �rst order eqs. in the presence of the dilaton.Since in the coordinate system (19) the algebraic equation corresponding to (25) is rathercomplicated it is more convenient to use the isotropic coordinate system (19), used alsoin refs. [8], [9]. (In the absence of the dilaton �eld Eq. (26) is simpler since it is only�rst order.) In the spherically symmetric case the metric is V 2dt2 � V �2(dR2 + R2d
),V = V (R). Eqs. (5) can be written as(lnV )0 = V W 2 � 1R2 : W = VW 0 ; (30)Eliminating V , a single second order eq. for W is obtained. Then Eqs. (23) are replacedby: V = e�=2
 ; e
�=2VW 0 =W : 1 + 
22
 �0 = e�
=2V (W 2 � 1)R2 : (31)Eliminating V and � from Eq. (31) leads to the same second order eq. forW as in the casewithout the dilaton. As discussed in Ref. [9], Eqs. (31) do not have regular solutions.7
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Figure captionFig.1 Numerical solutions of Eq. (26).

10


