B N - AR AR FE AR st e AR R ARV RS AR e A
EJ b J. Institute for Mathematical Physics A-1090 Wien, Austria

Standard Tractors and the
Conformal Ambient Metric Construction

Andreas Cap
A. Rod Gover

Vienna, Preprint ESI 1177 (2002) October 9, 2002

Supported by the Austrian Federal Ministry of Education, Science and Culture
Available via http://www.esi.ac.at



STANDARD TRACTORS AND THE CONFORMAL
AMBIENT METRIC CONSTRUCTION

ANDREAS CAP AND A. ROD GOVER

ABSTRACT. In this paper we relate the Fefferman—Graham ambient
metric construction for conformal manifolds to the approach to confor-
mal geometry via the canonical Cartan connection. We show that from
any ambient metric that satisfies a weakening of the usual normalisa-
tion condition, one can construct the conformal standard tractor bundle
and the normal standard tractor connection, which are equivalent to
the Cartan bundle and the Cartan connection. This result is applied to
obtain a procedure to get tractor formulae for all conformal invariants
that can be obtained from the ambient metric construction. We also
get information on ambient metrics which are Ricci flat to higher order
than guaranteed by the results of Fefferman—Graham.

1. INTRODUCTION

It is an old result of E. Cartan that conformal manifolds of dimension > 3
admit a canonical normal Cartan connection. While this solves the equiva-
lence problem for conformal structures, the problem of a complete conformal
invariant theory and the related problem of constructing conformally invari-
ant differential operators remain very difficult. Based on similar ideas for
CR-structures, Ch. Fefferman and C.R. Graham initiated a new approach
to these problems in 1985, see [8]. Viewing a pseudo—conformal structure
of signature (p,q) on a manifold M as a ray bundle S*T*M > Q — M
the idea of this approach is to associate to the given conformal structure a
pseudo-Riemannian metric of signature (p+ 1,¢+ 1) on @ x (—1,1), the
so—called ambient metric. This metric is required to be homogeneous and
compatible with the conformal structure in a rather obvious sense, while the
more subtle condition is that it should be Ricci flat up to some order along
Q. In odd dimensions, ambient metrics which are Ricci flat to infinite order
along Q exist and are essentially unique, while in even dimensions there is
an obstruction at finite order, but up to that order the ambient metric is
again essentially unique.

This immediately leads to a construction for conformal invariants, since
any Riemannian invariant of an ambient metric satisfying these Ricci condi-
tions, which is of low enough order in the even—dimensional case, gives rise
to a conformal invariant of the underlying conformal structure. Moreover,
the ambient metric construction has been applied in [14] to construct confor-
mally invariant powers of the Laplacian. This constructions gives arbitrarily
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high powers in odd dimensions and powers up to some critical order in even
dimensions. This is complemented by C.R. Graham’s result in [13] that
there is no conformally invariant third power of the Laplacian in dimension
four, which strongly suggests that the obstruction to the ambient metric
construction in even dimensions is of fundamental nature. It should also be
remarked here that the ambient metric construction has recently received
renewed interest because of its relation to the so—called Poincaré metric and
via that to scattering theory and the AdS/CFT—correspondence in physics,
see [20, 16, 17, 15, 9] and references therein.

Over the past few years the Cartan approach to conformal geometry and
a more general class of geometric structures called parabolic geometries has
been significantly developed. One development, whose origins can be traced
back to the work of T. Thomas in the 1920’s and 1930’s [18, 19], is the con-
cept of tractor bundles, which give an equivalent description of the Cartan
bundle and the Cartan connection in terms of linear connections on certain
vector bundles. These then lead to an efficient calculus, which has been
successfully applied to the study of conformal invariants and conformally
invariant differential operators, see e.g. [1, 7, 11].

The purpose of this paper is to relate precisely the ambient metric con-
struction to the conformal standard tractor bundle and its canonical linear
connection. We first construct a standard tractor bundle and a tractor con-
nection on that bundle from a very general class of ambient metrics. Then
we prove that normality of this tractor connection is equivalent to vanishing
of the tangential components of the Ricci curvature of the ambient metric
along Q. Hence, we obtain the normal standard tractor bundle and tractor
connection from any metric produced by the ambient metric construction.
This is done in section 2.

In section 3, we express some basic elements of tractor calculus in terms
of ambient data. This is then used to show that for any ambient metric
which satisfies the Ricci conditions of [8], there is an algorithm to com-
pute all covariant derivatives of the curvature (up to the critical order in
even dimensions) from the tractor curvature. Since any local scalar confor-
mal invariant obtained from the ambient metric construction is a complete
contraction of a tensor product of such covariant derivatives, we obtain an
algorithm to compute a tractor formula for any of these invariants. This is
an important achievement, since in contrast to the situation of the ambient
metric construction, converting tractor formulae into formulae in terms of
metrics from the conformal class is a purely mechanical procedure and in
particular does not involve solving any equations. In fact it is straightfor-
ward to write software for these expansions, see [12].

Our results also cover the case of metrics which are Ricci flat to higher
order than the ones that can be obtained from the ambient metric con-
struction. While such metrics do not exist on general conformal manifolds,
studying the cases in which they do exist is of considerable interest in con-
formal geometry. What we can prove in this case is that all higher covariant
derivatives of the curvature can be obtained from the tractor curvature and
one “critical” covariant derivative.
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It should be pointed out that formally, our results are completely in-
dependent from the results of [8] on the ambient metric construction. In
particular, Theorem 3.4 goes a long way towards an independent proof of
the uniqueness of the ambient metric. In fact, it contains enough informa-
tion on the uniqueness to show that the ambient metric construction leads
to conformal invariants. We believe that our results can be extended to
a complete proof of uniqueness of the ambient metric, which is of entirely
different nature than the one in [8]. The reason why we do not go further
in that direction here is that we believe that the ideas we develop also can
be used for existence proofs for ambient metrics and an analysis for the ob-
struction to the existence of an ambient metric which is Ricci flat to infinite
order in even dimensions, and we will take up this whole circle of problems
elsewhere.

The authors would like to thank C. Robin Graham for several helpful
conversations.

2. THE AMBIENT CONSTRUCTION OF CONFORMAL STANDARD TRACTORS

2.1. Conformal structures. Let M be a smooth manifold of dimension
n > 3. A conformal structure on M of signature (p, q) (with p+¢ =n) is an
equivalence class of smooth pseudo-Riemannian metrics of signature (p, ¢)
on M, with two metrics being equivalent if and only if one is obtained from
the other by multiplication with a positive smooth function.

For a point 2 € M, and two metrics g and § from the conformal class, there
is an element s € Ry such that §, = sg,. Thus, we may equivalently view
the conformal class as being given by a smooth ray subbundle Q C S?*T*M,
whose fibre at z is formed by the values of ¢, for all metrics ¢ in the conformal
class. By construction, @ has fibre Ry and the metrics in the conformal class
are in bijective correspondence with smooth sections of Q.

Denoting by 7 : @ — M the restriction to Q of the canonical projection
S?2T*M — M, we can view this as a principal bundle with structure group
R,. The usual convention is to rescale a metric ¢ to § = f?¢. This corre-
sponds to a principal action given by p*(g,) = s?g, for s € Ry and g, € Q,,
the fibre of Q over z € M.

Having this, we immediately get a family of basic real line bundles E[w] —
M for w € R by defining £[w] to be the associated bundle to Q@ with respect
to the action of Ry on R given by st := s7%¢. The usual correspondence
between sections of an associated bundle and equivariant functions on the
total space of a principal bundle then identifies the space I'(£[w]) of smooth
sections of £[w] with the space of all smooth functions f : @ — R such that
f(p®(gz)) = s f(ge) forall s € Ry

Although the bundle £[w] as we defined it depends on the choice of the
conformal structure, it is naturally isomorphic to a density bundle (which
is independent of the conformal structure). Recall that the bundle of a—
densities is associated to the full linear frame bundle of M with respect to
the 1-dimensional representation A — |det(A)|=® of the group GL(n,R).
In particular, 1-densities are exactly the geometric objects that may be
integrated in a coordinate-independent way on non-orientable manifolds,
while in the orientable case they may be canonically identified with n—forms.
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To obtain the identification, recall that any pseudo—Riemannian metric g on
M determines a nowhere vanishing 1-density, the volume density vol(g). In
local coordinates, this density is given by /|det(g;;)|, which immediately
implies that for a positive function f we get vol(f2g) = f™ vol(g).

Consequently, any 1-density ¢ determines a smooth function @ — R by
mapping ¢, to ¢(z)/ vol(g)(x) and obviously this function is homogeneous
of degree —n. This gives an identification of the basic density bundle with
E[—n] and thus an identification of £[w] with the bundle of (—)-densities
on M. Hence if we have not fixed a conformal structure in the sequel,
we will switch the point of view and consider £[w] as being defined as the
bundle of (—%)-densities and a choice of a conformal structure providing an
identification of this density bundle with an associated bundle tow : @ — M.

We will follow the convention that adding the expression [w] to the name
of any bundle indicates the tensor product of that bundle with £[w], so for
example TM[-1] = TM @ &[—1]. Clearly, sections of such weighted tensor
bundles may be viewed as equivariant sections of pullback bundles. For
example, smooth sections of T'M[w] are in bijective correspondence with
smooth sections & of 7*TM such that £(s?g,;) = s“¢(g.). (Recall that the
fibres of #*T'M in g, and s?¢, may be canonically identified, so this equation
makes sense.) In particular, we may consider the tautological inclusion of Q
into 7*S*T™* M as a canonical section of S?T*M[2] describing the conformal
class, which gives another equivalent description of a conformal structure.

Of course, homogeneity along Q may as well be characterised infinites-
imally. For this, let X be the fundamental vector field for the R —action
on Q,i.e X(gs) = %|t:0pet (92) = %|t:0(62tgx). For a function f: Q@ — R
and w € R, the equation f(s?g,) = s*f(z) is then clearly equivalent to
X.-f = wf. Similarly, a tensor field ¢t on Q is called homogeneous of de-
gree w € R if and only if (p®)*t = s™¥¢, which is equivalent to Lxt = wt,
where £ denotes the Lie derivative. Using this, we may for example in-
terpret the space of smooth sections of T'M[w] as the quotient of the space
{€ € X(Q) : [X,£] = w&} by the subspace consisting of those elements whose
values in each point are proportional to X.

2.2. Tractor description of conformal structures. It is a result that
goes back to E. Cartan that conformal structures admit a canonical normal
Cartan connection, see [3]. More precisely, consider V = R"*2 equipped with
a non-degenerate inner product ( , ) of signature (p+ 1,¢ + 1). Now put
G == O(V), the orthogonal group of V,s0 G = O(p+1,q+1). Furthermore,
we define P C G to be the stabiliser of a fixed null line in V. It then turns
out that P C G is a parabolic subgroup, which may be nicely described
explicitly, see e.g. [7]. The relation of this pair to conformal geometry can
be described as follows: Let C be the cone of nonzero null vectors in V and
let N be its image in the projectivisation of P(V) = RP" L. Then it is
easy to see that (, ) induces a conformal structure of signature (p,q) on N
and G acts transitively by conformal isometries. Moreover, it turns out that
this conformal structure is flat and while G does not act effectively on N
(essentially since id and —id both act as the identity on projective space) it
is a two—fold covering of the group of conformal automorphisms of N. Thus
N 2= G/P is the homogeneous flat model of conformal geometry.
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A slight generalisation of Cartan’s result may be expressed as follows.
A choice of a conformal structure on a smooth manifold M gives rise to a
canonical principal P-bundle G — M which is endowed with a uniquely de-
termined Cartan connection w € Q(G, g), where g = 0(V) is the Lie algebra
of GG and w satisfies a normalisation condition to be discussed below. To see
this in more detail (see e.g. [4, 2.2]) note that the parabolic subgroup P C GG
is actually related to a grading of the Lie algebra g of the form g_1 G goP g1.
Denoting by G C P the subgroup of all elements whose adjoint action pre-
serves this grading, then it is elementary to verify (as outlined in [4, 2.3])
that this group consists of (14+n 4 1) x (1 + n+ 1)-block matrices of the

c 0 O
form [0 € 0 | with0#c€ Rand C € O(p,q). The action of such an
0 0 ¢!

element on g_; = R" is given by the standard action of ¢='C. Now one im-
mediately verifies that (¢, C') — (¢/|c|, ¢71C) induces an isomorphism Go —
Zy x CO(p, q), where CO(p, q) denotes the (pseudo-) conformal group. The
inverse isomorphism is given by (g, A) — (| det(A)|=1/" g| det(A)|~1/"A).
This isomorphism intertwines the adjoint action of Gy on g_; with the prod-
uct of the trivial action of Zj and the standard action of CO(p, ¢) on RP¥4.
In particular, this implies that a (first order) Gp-structure is the same thing
as a C'O(p, q)-structure and hence a conformal structure on the manifold.
Now the procedure of [6] applies to produce a normal Cartan connection.
(Of course in this special case there are much simpler direct constructions of
the Cartan bundle and the normal Cartan connection.) The Cartan bundle
and its normal Cartan connection are uniquely determined by the underlying
conformal structure up to isomorphism.

While this Cartan connection is convenient from the point of view of the
equivalence problem, it is rather difficult to use it for problems like find-
ing invariants of conformal structures or conformally invariant differential
operators. To deal with such problems, it is often more efficient to switch
to the description of conformal structures via the so—called standard trac-
tor bundle and its canonical linear connection. Starting from the Cartan
bundle and the Cartan connection, the standard tractor bundle 7 — M is
simply the associated bundle G xp V. By construction, this bundle carries
a canonical metric of signature (p + 1,¢+ 1). The distinguished null line
in V used to define P leads to a subbundle 7' C 7 whose fibres are null
lines and which is easily seen to be isomorphic to £[—1]. Furthermore, it
turns out that the Cartan connection w induces a linear connection V on
T, the so—called normal standard tractor connection, see [5]. Having these
data at hand, one may then compute the fundamental D—operator on 7T,
see [, section 3], which in turn leads to the so called tractor D-operator,
see [10] or [4, section 3]. These operators have been successfully applied
to the construction of conformally invariant differential operators, confor-
mal invariants and other topics in conformal geometry, see e.g. [1, 2, 11].
In summary, having an explicit knowledge of the standard tractor bundle,
the tractor metric and the normal standard tractor connection, one imme-
diately gets a large number of tools for dealing with problems in conformal
geometry.
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It is an idea going back to the work of T. Thomas in the 20’s to use
the standard tractor bundle and its canonical connection as an alternative
approach to conformal geometry. The precise relation between these data
and the Cartan bundle and Cartan connection was completely clarified (in
a much more general setting) in [5]. Specialised to conformal standard trac-
tors, this goes as follows: Suppose that M is a smooth manifold, and that
T — M is a real rank n 4+ 2 vector bundle endowed with a bundle metric A
of signature (p+ 1,¢+ 1) and an injective bundle map £[—1] — T, whose
image 7' is null with respect to h. Suppose further that the 7 admits a
tractor connection V in the sense of [5, 2.5]. By definition, this means that
V is a non-degenerate o(V)-connection. The condition that V is a o(V)
connection is easily seen to be equivalent to V preserving the bundle metric
h. On the other hand, 7 has a filtration of the form 7 > 7% > T, where
79 := (THL. This immediately implies that for connections preserving h
the non—degeneracy condition from [5, 2.5] is equivalent to the condition
that for any € M and & € T, M there is a smooth section o of 7! such
that Veo(z) ¢ T,

Given the data (7,h,V) as above, we can now recover an underlying
conformal structure of signature (p, ¢) on M: First, let og be a locally non—
vanishing section of 7'. Then h(og,00) = 0 and thus 0 = &-h(og, 00) =
2h(V¢op, 00) for all & € X(M). This immediately implies that for any
smooth function f we get h(V¢(fop), 09) = 0, and since locally any smooth
section of 7! can be written in the form fog, we conclude that Veo € T'(7°)
for all ¢ € X(M) and o € ['(7T'). Now consider the map which maps (&, o)
to the class of Veo in T'(7°/T1). This is obviously bilinear over smooth
functions, and thus induced by a bundle map TM @ £[—-1] — T°/T*, which
by the non—degeneracy assumption is injective on each fibre, so since both
bundles have rank n, we obtain a bundle isomorphism 7°/71 = T M[-1].
On the other hand, since the restriction of A to 79 is degenerate with null
space T, h induces a non-degenerate bundle metric of signature (p, q) on
T°/T*, and thus gives rise to a section of S?T*M][2], i.e. a conformal struc-
ture on M. We say (7, h, V) is a standard tractor bundle corresponding to
this conformal structure. Conversely beginning with a conformal structure
on M there are ways (see e.g. [1, 4]) to directly construct standard tractor
bundles for the given conformal structure.

Next, one may recover the Cartan bundle from the standard tractor bun-
dle: For € M define G, to be the set of all orthogonal maps V — 7, which
in addition map the distinguished null line to 7,!. By assumption, such
maps exist, and composition from the right defines a transitive free right
action of P on G,. Now the union G := U,cp G, may be naturally viewed as
a subbundle of the frame bundle of 7, whence it obtains its smooth struc-
ture and the P—action from above makes it into a P—principal bundle. By
construction, we have 7 = G Xp V and the metric & and the subbundle 71
are obtained by carrying over the respective data from V. In the language
of [5, section 2], this means that 7 — M is a standard tractor bundle and
G is an adapted frame bundle for 7. (The adjoint tractor bundle lurking
in the background is the bundle o(7) of skew symmetric endomorphisms of

7).
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Now by [5, Theorem 2.7] there is a bijective correspondence between trac-
tor connections on 7 and Cartan connections on the adapted frame bundle
G. To recognise the normal tractor connection among all tractor connec-
tions, one notes that by [5, Proposition 2.9], the curvature R of a tractor
connection V is given by the action of the curvature of the corresponding
Cartan connection. Now in the special case of conformal structures, the
general Lie theoretic normalisation condition on Cartan connections used
in [5] can be simplified considerably. First of all, any normal Cartan con-
nection in the conformal case is torsion free, which simply means that the
action of R(&,n) on the standard tractor bundle preserves the subbundle
T1 C T for all £ and 7. If this condition is satisfied, then R(&,n) induces
an endomorphism W (&, n) of T°/T! = TM[~1], so we may as well view W
as a section of A*T*M @ L(T'M,TM). Using this and taking into account
the description of 0* in the proof of [5, Proposition 4.3] and the formula for
the algebraic bracket in the conformal case in [4, 2.3] one concludes that the
normalisation condition on the curvature of a standard tractor connection
is equivalent to vanishing of the Ricci—type contraction of W. Of course,
uniqueness of the Cartan bundle and Cartan connection implies that 7 to-
gether with the subbundle 77, the metric & and the normal standard tractor
connection V is uniquely determined by the underlying conformal structure
up to isomorphism. Summarising, we obtain

Theorem. (1) Let M be a smooth manifold of dimension n > 3. Suppose
that T — M is a rank n+2 real vector bundle endowed with a bundle metric
h of signature (p+ 1,q+ 1), an injective bundle map E[—1] — T with null
image T* C T and a linear connection ¥V such that Vh = 0 and, for any
x € M and any € € T, M, there is a smooth section o € T'(T') such that
Veo(z) ¢ T Then (THLY/TH =2 TM[-1], and (T,h,V) is a standard
tractor bundle for the conformal structure defined by the restriction of h to
(THL/T x (THL/TL,

(2) The tractor connection V on T is normal if and only if its curvature R
has the properties that R(&,m)(T') C T' and the Ricci-type contraction of
the element W € T(A*T*M @ L(TM,TM)), as described above, vanishes. If
this is the case, then (T, T, h,V) is uniquely determined by the underlying
conformal structure up to isomorphism.

2.3. Ambient manifolds and ambient metrics. In [8], Ch. Fefferman
and C.R. Graham have initiated a project to study conformal structures us-
ing the so—called ambient metric construction. The idea of that construction
is to mimic the flat metric on the vector space V in the case of the homo-
geneous model as described in 2.2 above. The null cone C may be viewed
as the image of the inclusion £[—2] — S*T*M provided by the conformally
flat structure, so half of this null cone may be identified with the bundle Q
of metrics in the conformal class. Now one starts with the bundle @ — M
of metrics defining an arbitrary conformal structure. Then in [8] it is shown
that there is a Riemannian metric of signature (p41,¢+ 1) on @ X (—1,1)
(defined locally around Q) whose Ricci curvature vanishes to a certain order
(depending on the dimension) along Q. Moreover, the corresponding jet of
this metric along Q is unique in a certain sense. This construction has been
applied in [14] to prove the existence of certain conformally invariant powers
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of the Laplacian. Using Q x (—1, 1) is slightly misleading, one could equally
consider a germ along Q of an (unspecified) ambient manifold endowed with
a free R —action. Moreover, as we shall see later on, a much weaker normal-
isation condition on an ambient metric than the one used in [8] is sufficient
to get the relation to standard tractors. Thus, we will start our discussion
with a general version of ambient manifolds and ambient metrics.

Note first, that on any manifold endowed with a free action of R4, one
has the notion of homogeneity of tensor fields as described in 2.2 above,
which can equivalently be characterised infinitesimally.

Definition. Let 7 : @ — M be a conformal structure. An ambient manifold
is a smooth (n 4 2)-manifold M endowed with a free R —action p on M and
a Ry—equivariant embedding ¢ : Q@ — M.

If v : Q — M is an ambient manifold, then an ambient metric is a pseudo—
Riemannian metric h of signature (p+1,¢+1) on M such that the following
condition hold:

(i) The metric h is homogeneous of degree 2 with respect to the R -action,
i.e. if X € X(M) denotes the fundamental field generating the R 4action
and Lx denotes the Lie derivative by X, then we have Lxh = 2h.

(ii) Foru=g¢, € Q C M and &5 € T, Q, we have h(&,n) = g, (Tw&, Trn).

Since the action of R4 on M extends the action on Q, we will denote
both actions by the symbol p and we use X to denote the fundamental field
for both actions. Moreover, we will usually view Q as a submanifold of M
and suppress the embedding .

Since we will frequently have to deal with the question of vanishing of
tensor fields along Q to some order, we collect some information on that. A
tensor field ¢ on M is said to vanish along Q to order £ > 1if and only if tlg =
0 and for any integer k < £ and arbitrary vector fields &;,...,& € %(M) the
iterated Lie derivative L, - - - L¢ t vanishes along Q. Equivalently, one may
require all iterated covariant derivatives V¢, --- V¢ t to vanish along Q. The
tensor field ¢ is said to vanish to infinite order along @ if it vanishes to order
£ for all £ € N. If we choose any defining function r for @Q, i.e. a smooth real
valued function defined locally around @ such that Q@ = r_l(O) and dr does
not vanish in any point of Q, then any tensor field ¢ that vanishes along
Q may be written as ¢ = rt’ for some tensor field ¢’ of the same type as ¢.
Inductively, one sees that ¢ vanishes to order £ along Q if and only if t = rt/
for some tensor field #'. Thus, we will use the notation ¢t = O(r%) to indicate
that ¢ vanishes to order £ along .

There are some points we should make that are particular to the case of
sections of ®*T*M. This is especially relevant for the case of differential
forms. On the one hand, in this case vanishing to order { along Q can
be equivalently expressed as vanishing of & ---&-t(m, ..., ns) for arbitrary
k < £ and vector fields & and 7;. On the other hand, for tensor fields ¢
of that type there is the weaker condition that tangential components of t
vanish to some order along Q. One says that the tangential components of
t vanish along Q if *t = 0, where ¢+ : Q — M is the inclusion. Equivalently,
t(n1,...,ms) has to vanish along Q if for any v € @ and any j one has
n;(u) € T,Q C T,M. We say that the tangential components of ¢ vanish
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to order £ if and only if for £ < £, arbitrary vector fields &,...,&; € %(M)
and vector fields n;,...,7n, € X(M) such that each 5;|g is tangent to Q,
the function & ---&t(m,...,ns) vanishes along Q. In this case, however,
one may not replace this by a condition on Lie derivatives or covariant
derivatives, since a Lie derivative or covariant derivative of a vector field
whose restriction to @Q is tangent to Q in general does not have the same
property.

The normalisation conditions on ambient metrics used in [8] are based on
the Ricci curvature of the ambient metric h. However, to get the relation
to standard tractors, we need a different condition. We shall show in 2.6
that this condition is a consequence of the weakest possible condition on the
Ricci curvature. The condition we need is based on the one-form o« dual to
the generator X of the R -action, i.e. a(§) = h(X,&). Notice that since
Tw-X =0, condition (ii) in the definition of an ambient metric implies that
oo = 0. Thus, we also have 0 = dt*a = t*da, so the tangential components
of da vanish along Q.

Expanding the homogeneity condition Lxh = 2h, we get X-h(&,7) —
h([X,&],n) —h(&,[X,n]) = 2h(&, 1), and rewriting the Lie brackets in terms
of covariant derivatives, we obtain

which says that X is a conformal Killing field of dilation type. On the other
hand, by definition of the exterior derivative, we get da(&, ) = &-h(X,n) —
n-h(X,€) — h(X, [, n]), and expanding the right hand side of this in terms
of covariant derivatives gives

h(V5X7 77) - h(€7 VUX) = dO&(€7 77)7

which just expresses the fact that the exterior derivative of a differential
form is obtained by alternating the covariant derivative. Putting these two
equations together, we obtain

(1) R(VeX 1) = h(€,n) + yda(s, ).

This equation shows that da = O(r*) implies VX = £ + O(r?) for any

vector field &. On the other hand, if € is homogeneous of degree w, then

wé = [X,€] = Vx& — VX, which shows that Vx& = (w+ 1)¢ + O(rt)

provided that da = O(r*). Suppose next that ixda|g = 0, where i denotes

the insertion operator. Since « is obviously homogeneous of degree two,

this implies that 2alg = Lxalo = dixalg. Thus we see that assuming
1

ixda|g = 0, the function r := Sh(X, X) satisfies dr|g = a|g, so we get a

canonical defining function in this case.
2.4. The standard tractor bundle and connection induced by an
ambient metric. Let # : @ — M be a conformal structure, M > Q
an ambient manifold and h and ambient metric on M. Throughout this
subsection we assume that h has the property that the one—form « dual to
X satisfies da|g = 0.

Consider the restriction TM]|g of the ambient tangent bundle to Q and
define an action of R, on this space by s:£ := s71Tp%&. This is compatible
with the R action on Q, so defining 7 to be the quotient (TM|g)/R,
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we immediately see that this is a vector bundle over Q/R, = M, and the
fibre dimension of this bundle is n + 2. Moreover, by construction, there
is a bijective correspondence between the space ['(7) of smooth sections of
p: T — M and the space of ambient vector fields along Q (i.e. sections of
TM|Q — Q) which are homogeneous of degree —1, or equivalently satisfy
[X7 g] = _g'

The fact that the ambient metric h is homogeneous of degree 2 immedi-
ately implies that for vector fields &€ and 1 on M which are homogeneous of
degree w and w’, respectively, the function h(&,n) is homogeneous of degree
w + w’' + 2. In particular, applying h to the vector fields corresponding to
two sections of T, the resulting function on Q is constant on R4 orbits, and
thus descends to a smooth function on M. Hence h descends to a smooth
bundle metric h of signature (p+ 1,¢+ 1) on 7.

The bundle metric A immediately leads to a filtration of the bundle 7:
Since the vertical tangent bundle of 7 : @ — M is stable under the R -
action, it gives rise to a distinguished line bundle 7' C 7. By construction,
sections of this subbundle correspond to ambient vector fields along Q, which
are of the form fX for some smooth function f: @ — R, and in order that
this is a section of T, the function f must be homogeneous of degree —1.
Thus, mapping f to fX defines an isomorphism £[—1] = 71. On the other
hand, we have already observed that h(X, X) = 0 along Q. Hence, defining
T7° to be the orthogonal complement of 7! with respect to h, we see that
7% C T is a smooth subbundle of rank n 4+ 1 and 7' C 7°. To identify the
quotient 7 /7Y, we observe that for any section s € I'(7) with corresponding
vector field £ along Q, we get a function h(£, X), which is homogeneous of
degree one. By construction, this vanishes if and only if s has values in 7°,
so it induces an isomorphism 7 /7° 2 £[1] of vector bundles.

Finally, assume that £ is a vector field on M and f € I'(£[-1]) is a
smooth section, i.e. a function @ — R homogeneous of degree —1. Then we
may lift £ to an ambient vector field & along Q, which is homogeneous of
degree zero, and this lift is unique up to adding fields of the form X with
¢ : QO — R homogeneous of degree zero. Then f€ is a section of T and by
property (i) of h we have h(f¢, X) = 0, whence f€ € I'(T°). Moreover,
the class of f€ in T°/T?! is independent of the choice of the lift €. Hence
we obtain a bundle map TM[-1] — TY/T!, which is obviously injective
in each fibre, so since both bundles have the same rank, we conclude that
T°/Tt = TM[-1], which implies that p : 7 — M is a candidate for a
conformal standard tractor bundle. Notice that up to now we have not used
the assumption that da vanishes along Q.

Next, let V be the Levi—Civita connection of h. The fact that V is torsion
free and Vh = 0 imply the well know global formula

2h(Ven, ¢) =6-h(n, ) + n-h(&,¢) — C-h(&,n)
‘|’h([€, 77]7() - h([f? C]? 77) - h([777 C]vf)

for all vector fields &,7,¢ € %gM) Observe that if & € X(M) is homo-
geneous of degree w and f : M — R is homogeneous of degree w’, then
the equation X-&-f = [X,&]-f + & X-f shows that the function &-f is ho-

mogeneous of degree w + w’. Hence choosing the three vector fields in the
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above formula to be homogeneous of degrees w, w’, and w”, we see that any
summand on the right hand side is homogeneous of degree w + w’ + w"” + 2,
which immediately implies that V¢n is homogeneous of degree w + w'. In
particular, if £ is invariant, i.e. homogeneous of degree zero, then V¢n has
the same homogeneity as 7.

On the other hand, we have already observed in the end of 2.3 above,
that dajg = 0, i.e. dao = O(r) implies that VX = £+ O(r), and Vx& =
(w+ 1€+ O(r) if £ is homogeneous of degree w. In particular, Vx&|g =0
for & homogeneous of degree —1. Using this, we can now show that V
descends to a linear connection V on the bundle 7. Suppose that s € I'(7)
is a section corresponding to the ambient vector field 7 along Q and that
£ € X(M) is a vector field. As before, we may lift £ to an ambient vector
field & along Q, which is unique up to adding terms of the form X with
© homogeneous of degree zero. Extend 7 to a homogeneous field on M and
observe that since the flow lines of £ are contained in Q, it follows that, along
Q. the ambient vector field Ve is independent of the extension of 7. Since

V x17|g = 0, we conclude that ngy depends only on ¢ and not on the lift .
Moreover, from above we know that Vi is homogeneous of degree —1, so
it corresponds to a section of 7, which we denote by V¢s. One immediately
verifies that this defines a linear connection V on 7, which by construction
is compatible with the bundle metric h.

To verify that V is a tractor connection on 7, we thus only have to
verify the non—degeneracy condition from 2.2, which is very easy: For a
section s € ['(7T1), the corresponding ambient field is of the form fX with
f: Q@ = R homogeneous of degree —1. For a lift £ of a vector field £ € X(M)
as above, we get ngX = (éf)X—l—ngX and the second summand equals

fe along Q. In particular, we see that Ves € T'(7?), and the image of this
section in T(7°/T") is simply the element f¢&, which implies that V is a
tractor connection on 7. Thus we have proved:

Proposition. Let # : Q@ — M be a conformal structure on a smooth
manifold M, M an ambient manifold and h an ambient metric, and let
o € Ql(M) be the one—form dual to the infinitesimal generator of the R4~
action on M. Then for the R action on TM|o defined above, h descends to
a bundle metric h on T := (TM|o)/R4. If da|o = 0, then the Levi-Civita
connection of h descends to a tractor connection on T which preserves h.
This together with the filtration induced by the vertical subbundle means T
is a conformal standard tractor bundle.

2.5. The normalisation condition. Let us assume that h is an ambient
metric on an ambient manifold A for a given conformal structure on M
such that the one—form « dual to the infinitesimal generator X of the R —
action on M has the property that dalo = 0. Then we have the induced
conformal standard tractor bundle (7, h, V). Now it is almost obvious that
the curvature R of h descends to curvature R of the tractor connection V.
Indeed, choosing invariant lifts € and 7 for vector fields &, 7 € X (M), and
considering the (homogeneous of degree —1) ambient vector field ¢ along
@ corresponding to a section s € I'(7), the ambient vector field V V¢
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corresponds to the section V¢V, s € I'(T). Moreover, [€,7] is an invariant
lift of [£,7n], which immediately implies that R(é7 7)¢ corresponds to the
section R(§,n)s of T.

Hence to understand the tractor curvature R, we have to analyse the
ambient curvature R. For later use, we work in a more general setting
and prove more specific results than are required for the verification of the
normalisation condition.

Proposition. Let h be an ambient metric on M, R the Riemann curvature
of h, X € X(M) the infinitesimal generator of the R —action on M and
a € QY (M) the one—form dual to X. Then we have:

h(R(&n)X,¢) = —h(R(§,n)¢, X) = h(R(X ()¢, n) = —3(Vda)((, & n),

Jor all vector fields &,n,( € %(M) In particular, if da = O(r*) for some
(> 1, then this expression is O(r*=1) and it is O(r') if either ¢ or both &
and n have the property that the restriction to Q is tangent to Q. Hence, if
da = O(r'), then tangential components of do vanish to order { + 1 along

Q.

Proof. The equality of the first three expressions follows from standard sym-
metries of the curvature of a pseudo-Riemannian metric. Now we compute

h(V:V, X, () =§h(V, X, () — h(V, X, Ve(),
and inserting formula (1) from 2.3 in both summands, we obtain

h(Ven, ¢) + 3&da(n, ) — 3da(n, V().
Taking the alternation of this in £ and 7 and subtracting h(V: 1 X, () =
h([¢,n],¢) + %doe([f,n],() we may expand the Lie bracket into covariant

derivatives which implies that all terms involving h cancel, and we are left
with the expression

t(ea(0€) ~ wia(€,0) ~ dallE,1.) ~ da(n, VeC) +da(6, V,0))

for h(R(¢,m)X,¢). Expanding the equation 0 = d(da)(&,1,() we may
rewrite fda(m C) - 77d04(57 C) - da([€7 77]7C) as —C-dO&(f, 77) - da([€7 CL 77) +
da([n,¢],€), and expressing the Lie brackets as commutators of covariant
derivatives, we arrive at the claimed formula for h(R(&, n7) X, ().

By definition, (Vda)(¢, &, n) = (-da(&, n) —da(V €, n) —da(é, Ven), and
if do = O(r?), the the last two terms visibly are O(r?), while the first is
O(r=1). If in addition (|g is tangent to Q, the equation ('-(-da(&,n) =
¢ da(é,n) + ¢, ¢)-da(€, ) shows that the first summand is O(r*), too. On
the other hand, if both £|o and n|o are tangent to Q, then by the Bianchi
identity, we get A(R(E, )¢, X) = —h(R(G,€)n. X) — h{R(1, )¢, X), and
from above we know that both terms of the right hand side are O(r).
Turning around the argument, we see now that if {|o and 7|g are tangent
to Q, then for any vector field ¢, the function (-de(&,n) is O(rf), whence
tangential components of do vanish to order £+ 1 along Q. d

Using these results we can now prove:
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Theorem. Let h be an ambient metric such that the one—form « dual to
the infinitesimal generator of the R y—action satisfies da|g = 0. Then the
standard tractor bundle (T, h, V) induced by h is normal if and only if the
tangential components of the Ricci curvature Ric(h) vanish along Q.

Proof. From the above Proposition we see that da = O(r) implies that
if £|o and 7j|o are tangent to Q, then h(R (f, 7X,() and h(R (é, ¢, X)
vanish along Q. Applied to invariant lifts of vector fields &, € X(M), the
first equation exactly means that R(£,n) vanishes on 7!, while the second
equation says that R(£,n) maps 7 to T°. In particular, R(&,n) : T — T is
filtration preserving for all &, n

Hence R(&,n) induces an endomorphism of 7°/7, which we may as well
view as an endomorphism of TM. From 2.2 we know that normality of the
tractor connection is equivalent to vanishing of the Ricci-type contraction
of the resulting operator W € I'(A*T*M @ L(TM,TM)). The value of
this contraction at a point @ € M on tangent vectors £, n € T, M can be
computed as >, ©;(W(&;,&)n), for a basis {1, ...,&,} of T, M with dual
basis {¢1,...,¢n} of ThM

Choosing a point » in Q over x and lifts &, € and 7 of the vector
fields involved, we may compute ¢; as h(_,7;), where the tangent vectors
fyenoyiin € TyQ C Ty M are defined by h(ﬁi,fj) = 6;;. (Note that 7; € T, Q
implies h(7;, X) = 0). Hence our contraction applied to £ and 7 corresponds

to
Zh (&) mi).-

Now let Y € T,,Q be the unique null tangent vector such that R(X,Y)=1
and h(f27 Y) =0 for all <. Then clearly {X, E1y.. o &n, Y} is a basis of T, M
with dual basis (with respect to h) given by {Y, 71, ..., 7., X }. But from the
above proposition, we know that h(R(X, é)fy, Y) and h(R(Y, é)fy, X)) vanish
along Q, since the restrictions of £ and 7 to Q are tangent to Q. Adding
these two summands to the above sum, we by definition get Ric(h) (&, 7)(u),
where Ric denotes the Ricci curvature of h, which implies the result. O

Note that it follows immediately from the theorem that the normal tractor
curvature R is induced by the curvature of any ambient metric h which has
the property that da and tangential components of Ric(h) vanish along Q.

2.6. We next want to show that an ambient metric h, such that the tangen-
tial components of Ric(h) vanish along Q, automatically satisfies da|g = 0,
where « is the one—form dual to the infinitesimal generator X of the R —
action. In particular, this implies that any ambient metric satisfying the
Ricci condition can be used to construct the normal standard tractor bun-
dle.

Let us again start with an arbitrary ambient metric h on an ambient
manifold M for 7 : Q — M. Let us first choose appropriate dual frames
defined locally around a point in Q. Note that along Q, the tangent spaces
of Q are orthogonal to X. Thus, locally around a point vy € Q, we may
choose ambient vector fields &; € %(M) for ¢ = 1,...,n, which are ho-
mogeneous of degree —1, satisfy h(X,&;) = 0 and have the property that



14 ANDREAS CAP AND A. ROD GOVER

{X (u),&1(u), ..., 6. (u)} is a basis for T,Q C Ty,M for u € Q close to up.
Further, choose an ambient vector field Y such that h(X,Y) = 1 (which
forces Y to be homogeneous of degree —2) and h(Y,&)|o = 0 for all ¢.
Adding an appropriate multiple of X, we may assume that h(Y,Y)|o = 0.
Clearly, the fields X, & and Y form a frame for TM in a neighbourhood
of ug in Q, and thus locally around ug. Let {)N/, m,f(} be the local frame
dual to {X,&,Y}. Then by construction ¥ |g = Y| and X|g = X|o, but
this is not true off Q, since as we shall see immediately the weakest possible
assumption on Ricci flatness implies that h(X, X)) is nonzero off Q.

Theorem. Let h be an ambient metric and let « be the one—form dual to
the infinitesimal generator X of the Ri—action. Then we have:

(1) Ric(h)(X, X)|o =0 if and only if ixda|g = 0. If this is the case, then
ri= %h(X7 X) is a defining function for Q such that Y-r =1+ O(r).

(2) The tangential components of Ric(h)(X,-) vanish along Q if and only if
dalg = 0. In particular, for any ambient metric h such that the tangential
components of Ric(h) vanish along Q, the procedure from 2.4 can be used to
obtain a normal standard tractor bundle.

Proof. From Proposition 2.5 we get h(R(X,()¢,n) = —%(Vdoe)((,f,n).
Thus, we may compute 2Ric(h)(X,&) by taking the trace over ¢ and 7
in (Vda)(¢,€,n), i.e. by inserting the elements of dual frames and sum-
ming up, and we use dual frames as introduced above. We only have to
consider the case that &|g is tangent to Q, and since we are only inter-
ested in the restriction of the result to Q, we may as well replace X by X
and Y by Y. The term with ( = X and n = Y never contributes since
(Vda)(X,€,Y) = —2h(R(X, X){,Y) =0 by Proposition 2.5.

Let us next look at the terms with { = & and n = 1;. By definition tangen-
tial components of o vanish along Q, so the same holds for dae. In particular,
do(&, n;) vanishes along Q and since &; is tangent to Q also &;-da(&, ;) van-
ishes along Q. Moreover, for any vector field ¢, the restriction of ¢ — a(¢)Y
to @ is tangent to Q, which implies da(&,()|o = a(()da(&,Y)|o. Apply-
ing the same argument with £ replaced by n;, we see that da(V¢&, 7)o =
a(Ve&)da(Y, ;)| o. Since |g is tangent to @ and thus h(§, X)|g = 0, we
see that, along Q, we have a(V¢ &) = h(VgE X) = —h(€, V¢, X). Since
both £|o and &;|o are tangent to Q and tangential components of da vanish,
formula (1) from 2.3 implies that this restricts to —h(&,&;) on Q, so

do (Ve & m)lo = h(&, &) da(n, Y).

Similarly, do (&, Ve,m) = a(Ven)da(§,Y), and a(Ven)lo = —h(n:, &) =
—1. Together with the above, this implies that for any vector field £ such
that &|o is tangent to Q, we obtain

2Ric(h)(X,§)[o = (Vda) (Y, &, X)|o+nda(é, Y)|Q_Z h(&, &)da(n;, Yo

(1) Putting £ = X in the above formula, we see that the first summand
vanishes since Vda is skew symmetric in the last two entries. On the other
hand, the last sum vanishes since h(X,&) = 0 by construction. Thus,
we are left with 2Ric(h)(X, X)|o = nda(X,Y)|o, and since tangential
components of do vanish, the vanishing of da(X,Y)|o is equivalent to
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ixdalg = 0. We have already verified in 2.3 that the latter condition
implies that r = $h(X, X) is a defining function for Q since dr|g = alg.
The last statement obviously implies Y-r =1+ O(r).

(2) We may assume that the equivalent conditions of (1) are satisfied and
show that vanishing of the rest of Ric(h)(X,_) is equivalent to dao = O(r).
Using the above formula for 2 Ric(h)(X, ), we first note that since i y da
vanishes along Q, we get

(Vda) (Y, &, X)[o = Y-da(£, X)[o — da(, Vy X)]o.

The first term in the right hand side may be written as —Y-(i x de(&))| o,
and since ¢ xy dajg = 0 and §|g is tangent to Q, this equals di x da(£,Y) =
Lxda(€,Y). By construction, « is homogeneous of degree two, so the same
holds for da, whence this gives 2da(&,Y). For the second summand, we get
do(, Vy X))o = a(Vy X)da(£,Y) as above, and clearly h(Vy X, X) =
1Y-h(X, X), which restricts to 1 on Q by part (1).

Finally, by construction >, h(§,&;)n; coincides with £ up to addition of
a multiple of X, so since ¢ xdalg = 0 we obtain ), h(&,&)da(n;,Y) =
da(, V).

Collecting our results, we see that (assuming Ric(h)(X, X)|g = 0) we get
2Ric(h)(X,€) = nda(,Y) for any £ such that &|g is tangent to Q, which

immediately implies the result. O

3. AN APPLICATION

In this section, we show how our results can be applied to the study of
conformal invariants obtained from the ambient metric construction. Some
of these ideas were sketched in [12] but here we generalise the setting consid-
erably. In particular, we derive an algorithm that can be used to compute a
tractor expression for any conformal invariant which can be obtained from
the ambient metric construction. Our results are however more general than
that, since they also deal with the case of ambient metrics which are Ricci
flat to higher order than those whose existence is proved by Fefferman and
Graham. While the existence of such metrics is obstructed on general con-
formal manifolds, we believe studying these “better” metrics in the cases
when they do exist is very interesting.

It should be remarked at this point that another line of applications of
the results derived in this paper can be found in [12], where they are ap-
plied to the study of conformally invariant powers of the Laplacian and
(Q—curvatures.

3.1. To carry out some computations, we introduce abstract index nota-
tion. Given an ambient manifold M and an ambient metric h for a confor-
mal structure @ — M, we write (w) for the space smooth functions on M
which are homogeneous of degree w, i.e. fe g(w) means X-f = wf. We
will write £4 = £4(0) (53 = 53(0)) to denote the space of sections of TM
(TM|g) which are homogeneous of degree —1. (We adopt this convention
since sections of gé correspond to sections of the standard tractor bun-
dle.) Then finally we will write £45 (w) (ESB(w)) to mean £4® £8 @ &(w)
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(53(@55 ®(§Q(w) respectively) and so forth. For lower indices, the appropri-
ate convention is that 4 = £4(0) denotes the space of ambient one-forms,
which are homogeneous of degree 1, since then hyp (which is homogeneous
of degree 2) induces an isomorphism £4 — €4. The extensions to multi-
ple lower and mixed indices, as well as the notation for sections along Q is
done as above. In this context we will refer to w as the conformal weight
(to distinguish it from the homogeneity degree). This means that for an
ambient tensor field, the conformal weight equals the homogeneous degree
plus the number of upper indices minus the number of lower indices. We
raise and lower indices using the ambient metric hap and its inverse hAB.
We also adopt the usual conventions that round brackets (square brack-
ets) around indices indicate a symmetrisation (antisymmetrisation) of the
enclosed indices, except indices between vertical lines, and that the same
index occurring twice indicates a trace.
We start with some general results for pseudo-Riemannian metrics:

Proposition. Let h be a pseudo—Riemannian metric with curvature R =
R45%p and Ricci curvature Ric = Ricag = Rca€p. Then we have:

(1) VERgapc = 2V g Riccya.

(2) ARABCD = Q(VAV[CRiCD]B - VBV[CR’I:CD]A) + \IIABCD; where A
denotes the ambient Laplacian and W sgcop is a linear combination of partial
contractions of R® R.

(3) Let 4.5 € E4.p(w) be any section. Then the commutator of the
Laplacian A with a covariant derivative V acts as

[A, V@4 p=— 2" (®p.BVpRicyc + -+ Pa. EVrRicg)
— 2 (Rpc® 4V ®p g+ -+ Rpc" 5V @4 1)
+ RiccpVEQ,. 5,

where in the two sums there is one summand for each index of ®, and E is
contracted into that indez.

Proof. (1) The algebraic Bianchi identity 0 = Ryz4p|c together with the
usual symmetries of the Riemann curvature gives us Rpapc = —Raprc +
Racgp. The differential Bianchi identity 0 = V{p R pjpc together with
the symmetries of R leads to VrRiprc = —VBRrarc + VARFBEC,
and similarly we get VrRicpp = —VoRpapp+ VaRpopp. Contracting
with AP the claim now follows from symmetry of Ric.

(2) By definition (AR)apcp = VEVERApep. Using the differential
Bianchi identity and curvature symmetries, we may write VgRAgcp as
~VeRgscp + VaREpcp. Now the commutator of two covariant deriva-
tives is given by the algebraic action of the curvature, so —VEVEREAcD
may be written as the sum of —V g V¥R acp and a sum of partial contrac-
tions of R ® R. Similarly, — VPV sRgpep is the sum of —V V¥ Repgep
and a sum of partial contractions of R ® R. Now the result immediately
follows from (1).

(3) Let us compute AVedy g = RPE yV Vo ®4 . The definition of
the curvature reads as [V 4, Vg]VC = Ry pV?, and thus [V 4, V]V =
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—RAsPcVp. Using this, we get
I I
ViVe®s B=VeVr®s p— (Rrc' 4®r. B+ -+ Rrc'B®A. 1),

with one summand for each index of ® in the sum in brackets. Hitting that
sum with V', each summand splits into a sum of two terms, one in which
V1 acts on R and one in which V1" acts on ®. Using (1) we see that the
terms in which V¥ acts on R exactly give the terms in the first sum of the
claimed formula for [A, V]® 4. 5. On the other hand, the terms in which
V' acts on @ exactly give half of the second sum in the claimed formula.

Again swapping covariant derivatives, we may write VgVoVr®4 B
as the sum of Vo VEVrd, g (which after contraction with REF gives
VcAd, ) and

~Rpc!'pVi®4s 5 — (Rec'AVED, g4+ Rpc'pVirda_ 1),

again with one summand for each index of ® in the sum in brackets. Con-
tracting with A, the the sum in brackets gives the second half of the
second sum in our claimed formula, while the other summand gives the last
term in the claimed formula. g

Remark. Of course, in the proof of part (2), it is no problem to compute
an explicit formula for the sum of partial contractions ¥ 4pcp of R® R (see

[12]).

3.2. To proceed, we next specialise to an ambient metric h such that tan-
gential components of the ambient Ricci curvature Rec vanish along Q. By
part (2) of Theorem 2.6 the one form « dual to the infinitesimal generator
X of the Ri—action then satisfies da = O(r) and the procedure of 2.4 can
be applied to construct a normal standard tractor bundle (7, h, V) from
(M, h).

We may regard the ambient curvature R as 2-form taking values in
End(T M). We have observed in 2.5 above that if £ and 7 are invariant lifts of
vector fields &, n € X (M), then R(é7 77) is precisely the homogeneous degree 0
section of End(TM|g) corresponding to the section R(£,n) of End 7. Thus
the homogeneous End(TM)fvalued three form a A R is, along Q, uniquely
determined by the tractor curvature. Similarly, the Levi-Civita connection
V is determined by its action on vector fields homogeneous of degree —1,
so along @Q covariant derivatives in tangential directions are determined by
the underlying tractor connection.

Since dalg = 0, we know from 2.3 that r := $h(X, X) satisfies a =
dr+ O(r), and hence r is a smooth defining function for Q. Notice that the
ambient vector field X = X# has conformal weight 1 and since the ambient
covariant derivative is compatible with homogeneities, the ambient differ-
ential operator V 4 has conformal weight —1. By definition, the ambient
one—form a4 is given by hABXB7 so we will also denote this form by X 4.
(So X will mean either a 1-form or a vector field according to index place-
ment and/or context.) For example aA R is SX[ARBC]DE € g[ABC]DE(—l).

Note that by definition XAX 4= hapX2XP =2r.
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To compute efficiently in the sequel, we have to determine the commuta-
tors of covariant derivatives with r and X 4, viewed as multiplication oper-
ators. Since da = O(r), we get i yda = 2(a — dr) = O(r),so a = dr + 13
for some ambient one—form S. Moreover, dov = dr A 5 + rdf3 and this being
O(r) implies vanishing of the tangential components of 5 along Q, whence
B = wa + r¥y for some ambient smooth function ¢ and one—form %, and
hence o = dr + gra+r?3. In particular, dr = (1 — @r)a+O(r?), and view-
ing r as a multiplication operator, this implies the commutation formula
[Va,r] = (1 — ¢r)X 4 + O(r?). Further, the above equations immediately
imply dr A a = O(r?) and da = ry A a+ O(r?), where v := dp — 27, which
in index notaiton reads as V4 X g = ry4 X p +O(r?). On the other hand,
equation (1) from 2.3 gives us V4 Xp = hap + ryaX g + O(r?). View-
ing Xp as a multiplication operator, we thus get the commutator formula
[Va,XB]=hap +ryaXp +O(r?).

The next step is to compute two basic tractor operators in ambient
terms. The first obvious operator to consider is o A V, which, along Q,
obviously only needs derivatives in tangential directions, and may be writ-
ten as Dap = 2X4Vpg]. Since [Vu,r] = (1 — ¢r)X 4 4+ O(r?), one
immediately concludes that [Dag,r] = O(r?), which in particular means
that for any ambient tensor field V| the restriction (DABV)|Q depends
only on V|g. Hence for arbitrary indices, we get a well defined operator
Dag : (£0)5 R (w) — (59)[(/;{B?E...F(w)v that clearly can be computed in
terms of the underlying standard tractor bundle. It is easy to identify this
operator: By definition, the adjoint tractor bundle of M is the bundle of
skew symmetric endomorphisms of the standard tractor bundle 7. Since sec-
tions of 7 may be identified with sections in €4, we obtain, using the inverse

hAP of the ambient metric, an identifiction of smooth sections of the adjoint

tractor bundle A and sections in g[QAB]. Thus DAB determines a conformally
invariant operator D on M which goes between A® F ® Elw] and F @ E[w],
where F is any tensor power of 7. There is a natural projection A — T'M.
Under the identification of I'(A) with gng] this is explicitly given by map-
ping 48 to X 404F — X 4 P4 modulo multiples of XP. Using this, one
immediately verifies that on the standard tractor bundle, D coincides with
the composition of the tractor connection with this projection. On density
bundles one obtains a similar composition of Levi-Civita connection with
the projection invariantly combined with the canonical action of an adjoint
tractor on the density bundle; in total the fundamental D—operator, see [4,
section 3]. The obvious compatibility of D4p with tensor products then
implies that it is exactly the operator obtained by twisting the fundamental
D on the density bundle with the tractor connection on the tractor bundle.
This is precisely the “double-D” operator of [10, 11] (and see also [4, section
3]).

Now we can follow these sources to obtain the tractor D—operator: Con-
sider the operator hABDA(QD|B|p)O, which by construction acts tangentially
on tensor fields along Q. Here (- --)g indicates the trace-free symmetrisation
over enclosed indices (excluding any in the |---|). Using the commutator
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formulae from above, one immediately verifies directly that
4hABX[AVQ]X[BVp] = — nXQVp — hpQXAVA + XQXPA
~ XoXAV4Vp - XpXAVoV4+0(r).

The definition of the Riemann curvature implies that on any tensor bundle
we may rewrite VoV 4 as V4 Vg — Rag#, where Ryg# denotes the ten-
sorial action of Rag¥F (via the indices F and F) on the given tensor field.
Thus we conclude that hABDA(QD|B|p)O = -X@Dp), +O(r), where

Dy :=nV,4+ QXBVBVA — X 4A — XBRBA#7

where the # as above indicates a tensorial action. Since the map &p —
X (9€p), is an injection of T*M|g into @*T*M|g we see that this construc-

tion determines D4 as a well defined operator between gé ® gg(w) and

gg(w — 1), where 53 is any tensor power of (‘jg Thus D determines an
operator D between weighted tractor bundles on M. By its construction
from D it is clear that this action of D is determined by the underlying
standard tractor bundle and its connection. In fact this construction of D is
exactly the interpretation on Q@ of the construction of the standard tractor
D operator from D as in [10] and [4, 3.2]. For which it follows immediately
that D is the standard tractor D operator.

We can easily verify explicitly that D 4 acts tangentially on homogeneous
ambient tensor fields along Q. For an ambient tensor T of conformal weight
w, the covariant derivative VT has conformal weight w — 1. Whence we get
Ds=(n+2w-2)Vy— X4 A - XBRp4# on tensor fields of conformal
weight w. Moreover, from above we know that V 4r = (1 — or) X 4 + O(r?).
Hitting this with V4, we immediately conclude that Ar = (n + 2) 4+ O(r).
More generally, if V' is any ambient tensor field of conformal weight w, then
A(rV) = (Ar)V+2hAB(V 4r) VRV +rAV = (n 42w +2)V +O(r). Since
rV has conformal weight w + 2, together with the above formula for the
action of D4 on tensor fields of fixed conformal weight this implies that
D 4rV =0O(r), so D4 indeed acts tangentially along Q.

3.3. The simple relation between the operator D4 and the ambient co-
variant derivative together with the fact that D 4 acts tangentially leads to
very remarkable consequences. The point here is that, along Q, D4 de-
pends only on the underlying standard tractor bundle, and for any ambient
tensor field ® the restriction of D4® to Q depends only on the restric-
tion of ® to Q. In particular, we have noted in 3.2 that Xy RpcipF is a

section of g[ABO][EF](—l) whose restriction to Q depends only on the tan-
gential components of the ambient curvature. These tangential components
are determined by the curvature of the normal standard tractor connection.
Consequently, 3DAX[ARBO]EF is a section of g[BO][EF](—Q) whose restric-
tion to Q can be computed from the tractor curvature (and thus depends
only on the underlying conformal structure).

To compute this explicitly, we need the commutator of the Laplacian with
X 4. From section 3.2 above, we have Vg X 4 = hBA—I—r'y[BXA] +X4Vp+
O(r?). Hitting this with V5, we obtain AX 4 = 2V, + IXPypX 4 +
X AA+0(r). Since XB'yB and the curvature Rgcogr both have conformal
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weight —2, this allows us to write DX 4 Rpcipr as (n—2)Ve X4 Rpojpr+
(3X77, - A)X X4 Rpopr — X9 Roa# X4 Rpcypr+O(r). Taking into
account the conformal weights and using the formulae derived above, we can
now expand this expression explicitly and contracting with h%4 we obtain

3D*X 4Rpcipr =
@) (n— 3)[(” - 4)RBCAEF +2X 5V Re1apr]
(X vy = 280 (X" X 5 RoyAEF)
—3h*9 (X9 Roa#X aRpcpr) + O(r).

In particular, in dimensions # 4, the curvature of the ambient metric
shows up in this formula. In these dimensions, existence of an ambient
metric h such that Ric(h) = O(r) and such that the tangential components
of Ric(h) vanish to second order along Q has been proved in [8]. Assuming
that we deal with such a metric we may simplify the formula considerably.
We first claim that the Ricci condition implies dov = O(r?). We know that
doo = O(r), so da = rf for some two—form S, which is homogeneous of
degree 0, and thus has conformal weight —2. From 3.2 we conclude that
A(da) = A(rp) = (n —2)B + O(r), so it suffices to prove A(da) = O(r)
in order to conclude da = O(r?). In index notation, proposition 2.5 reads
as V(da)pe = 2XPRpapc. Consequently, we may compute A(da) as
%VAXEREABC. From 3.2 we know that up to an O(r) we may replace
V4Xg by hag + XgV 4, so the fact that the curvature is skew in the
first two indices implies A(da) = LXFVARE pc + O(r). By part (1)
of proposition 3.1, this may be rewritten as —XEV[BRicC]E. Since we
assume Ric(h) = O(r) and that the tangential components of Ric(h) vanish
to second order, we may write Ricop = r(XcKg+ X gKe)+O(r?) for an
appropriate K. Hitting this with Vg, we obtain Xp Xc K+ XpXgKc+
O(r), and skewing in B and C' the first summand vanishes. Thus we see
that Vg Ricoip = X p K¢ X g) + O(r). Contracting this with X we get
an O(r) term, which completes the proof that daw = O(r?).

In particular, vanishing of the Ricci and vanishing of its tangential com-
ponents to second order implies that XY Rpipe = O(r), so the last line
in formula (2) becomes an O(r). Next, XARcapr = —%Vc(da)EF imme-
diately implies XAX[BRC]AEF = —iDBO(d@)EF- Since da = O(r?), the
same is true for D(da), and from 3.2 we know that applying A to an O(r?)
term we get an O(r) term, so the last but one line in (2) also contributes an
O(r) only. On the other hand, using part (1) of Proposition 3.1 we get

X5V Rojapr = (- XpVpRicpc + X VipRicyp)

Writing Ricpe = r(X pKo+X o Kp)+O(r?) as above, we get VigRicpic =
XoKpXpg + O(r), which immediately implies X[BVARC]AEF = O(r).
Collecting our results, we see that for metrics with Ric(h) = O(r) and with
tangential components of Ric(h) vanishing to second order along Q, formula
(2) boils down to SDAX[ARBC]EF|Q = (n—2)(n—4)RpcEr|o. In partic-
ular, the curvature of such metrics is intrinsic to the conformal structure,
provided that n # 4.
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3.4. Assuming higher order vanishing of the Ricci curvature, we can obtain
a similar result for certain covariant derivatives of the ambient curvature,
except for a single critical order in even dimensions. As we have noted above,
the restriction of R to Q may be viewed as a section of (E45cp)o(—2), and
similarly for any £ > 0 the restriction of VR = (Vo...0 V)R to Q defines
a section of (gA1~~~AZ+4)Q(_2 —10).

Lemma. Let M be an ambient manifold for a conformal structure Q — M
on an n—dimensional manifold M, and let h be an ambient metric on M
with curvature R and Ricci curvature Ric. If for some k > 0 we have
Ricap = O(rk"'l) and tangential components of Ric vanish to order k + 2
along Q, and if n # 2k + 4, then there is a universal formula that computes
V% R|o from R|o and V'R|g for { < k.

Proof. By assumption, we always have Ric(h) = O(r) and tangential com-
ponents of Ric(h) vanish to second order along Q, so from 3.3 and 3.2 we
conclude that D4y = (n 4+ 2w — 2)V 4 — X 4A on ambient tensor fields of
conformal weight w. The section V™' R has conformal weight —k — 1, so
D V"R = (n— 2k -4)V,V* 'R - X 4,AV* 'R, and by assumption
n—2k—4%#0. Since D, V* ' R|o depends only on V*"! R|, it suffices to
compute AV* 'R from the restrictions of the sections VR for ¢ < k to
Q. Now one immediately verifies inductively that

k—2

(A, V=) viA, Vvl

£=0
Our assumptions on Ric together with part (3) of proposition 3.1 imply
that for any ambient tensor field ® 4. g, we can write [A, V]P4 B as

~2 (Rpc"aVE®p g+ -+ Rec' 5VFP®4_p) + O(F).

Inserting ® = V*"27‘R for some { = 0, ...,k — 2, we get an expression for
[A, V]V*2*R in terms of R and V1R up to some O(r*). Applying
V% and restricting to Q, the O(rk) cannot contribute, and we only get
covariant derivatives of order at most k£ —1 of R. Thus we obtain a universal
formula which expresses [A, VF71IR|o in terms of R|o and V*'R|o for
(< k.

To complete the proof it hence suffices to analyse VF"'AR, and we
have computed AR in part (2) of Proposition 3.1. Now we claim that the
term V 4 Vo Ricpp — VgV Ricp) 4 showing up in that formula is O(rk).
Indeed, by assumption Ric = O(r*+!) and tangential components of Ric
vanish to order k + 2 along @, which implies that Ricap = rk"'l(XAKB +
X gK 4)+O(r¥+2) for some ambient one—form Kp. Asin 3.3, we then obtain
VicRicpp = (k+ 1)r* XpKpX ey + O(r*1). Hitting this with V4 we
get k(k + D)r* 1 X4 XgKpX ) + O(r¥), and skewing over A and B the
claim follows.

But then it follows from part (2) of Proposition 3.1 that VF"'!AR|g =
Vk_IKIIAB(;D|Q, and since Wy pop is a partial contraction of R ® R we
conclude that Vk_lkllAB(;D|Q can be expressed by a universal formula in
terms of R|g and V'R|g for £ < k — 1. O
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Together with the tractor formula computing the ambient curvature, this
now leads to

Theorem. Let M be an ambient manifold for a conformal structure Q — M
on an n—dimensional manifold M, and let h be an ambient metric on M
with curvature R and Ricci curvature Ric. Assume that Ric(h) = O(r*+1)
and tangential components of Ric(h) vanish to order k+2 along Q for some
k > 0. Then using the convention that V'R = R we have:

(1) If n is odd or n is even and k < %, then for each 0 < £ < k there is a

universal tractor formula that computes V'R from the tractor curvature of
the underlying standard tractor bundle.
(2) If n is even and % < L < k, then there is a universal tractor formula

that computes V'R from the tractor curvature of the underlying standard
n—4
tractor bundle and (V™7 R)|o.

Proof. Since our assumptions on Ric(h) imply that at least Ric(h) = O(r)
and tangential components of Ric(h) vanish to second order, we may can
compute R via Rpcpr|o = mDAX[ARBO]EﬂQ provided that n #
4. Thus we get (1) for £ = 0. Iterated application of the lemma then leads
to a universal formula for VYR in terms of R provided that in no step we
get n =2+ 4, and so (1) follows.

For (2), we first note that by (1) we get a universal formula for V'R in
terms of the tractor curvature for i < ”2;4. But using this, the result again

follows from iterated application of the lemma. O

Remarks. Part (1) of this theorem ties in nicely with the results on exis-
tence and uniqueness of ambient metrics in [8]. It is shown in that paper
that in odd dimensions there exists an infinite order power series solution
along Q for an ambient metric h such that Ric(h) vanishes to infinite order
along Q and this solution is unique up to the action of an equivariant diffeo-
morphism fixing Q. On the other hand, in the case of even dimensions the
Fefferman-Graham construction is obstructed at finite order. More preciselzly7

if n is even then there exist an ambient metric h such that Ric(h) = O(r 2 )
and tangential components of Ric(h) vanish to order 252. Moreover, this
solution is unique up to the action of an equivariant diffeomorphism fixing
@Q and addition of terms which vanish to order 2 along Q. In fact it is ele-

2
mentary to show that adding terms vanishing to order 7 along Q one may

n—2

even obtain an ambient metric such that Ric(h) = O(r 2z ). The unique-
ness stetement for such metrics is slightly more complicated. There is an
obstruction to the existence of an ambient metric h such that, in addition
to these conditions, the tangential components of Ric(h) vanish to order %
along Q.

The uniqueness result on the ambient metric in particular implies that for
n # 4 the curvature of such an ambient metric as well as those of its covariant
derivatives that are covered in part (1) of the theorem are intrinsic to the
underlying conformal structure. Since the tractor curvature is intrinsic to
the underlying conformal structure, part (1) of the theorem provides an
alternative proof for this fact, which clearly comes close to an alternative
proof for uniqueness of Fefferman—Graham metrics. It seems to us, however,
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that the ideas developed in this paper should also have applications to the
question of existence of ambient metrics and the nature of the obstruction
in the Fefferman—Graham construction, so we will take up this whole circle
of problems elsewhere. Below we will show how our results can be applied
to obtain explicit descriptions of ambient Weyl invariants.

On the other hand, part (2) of the theorem goes significantly beyond the
results in [8], since it analyses the cases in which the obstruction in the
Fefferman—Graham construction vanishes. It shows that in these cases the
only essential new ingredient is the critical covariant derivative V2~ R of
the ambient curvature, which then determines all higher covariant deriva-
tives by universal tractor formulae. It should also be remarked here that
large parts of this critical covariant derivative are again determined by the
underlying conformal structure, since covariant derivatives in tangential di-
rections are determined by the tractor connection.

3.5. Applications to the study of ambient Weyl invariants. One of
the main applications of the conformal ambient metric construction is that
it allows a systematic construction of conformal invariants. It is well known
that by Weyl’s classical invariant theory any scalar valued polynomial Rie-
mannian invariant can be written as a linear combination of complete con-
tractions of tensor powers of iterated covariant derivatives of the Riemann
curvature tensor. Consider an arbitrary Riemannian invariant in odd dimen-
sions or an invariant depending only on covariant derivatives up to order less
than % in even dimensions n # 4. Applied to a Fefferman—-Graham metric,
one can consider the restriction of the resulting function to Q. Since parts
of different homogeneity of this function must be individually invariant, we
may without loss of generality assume that our function is homogeneous of
some degree and hence may be interpreted as a density on M. Now the
fact that we deal with a Riemannian invariant exactly eliminates the dif-
feomorphism freedom in the ambient metric, while the freedom of adding
terms that vanish along Q to the appropriate order has already been taken
care of. Consequently, the resulting density on M is conformally invariant.
Invariants obtained in that way are called ambient Weyl-invariants.

Theorem 3.4 not only provides an alternative proof for the fact the the
construction outlined above leads to conformal invariants, but also provides
a way to compute explicit formulae for ambient Weyl invariants, which oth-
erwise is a difficult problem. On the one hand, one directly obtains an iter-
ative way to compute tractor expressions for ambient Weyl invariants. For
many purposes this is already sufficient, since one obtains genuine formulae
for the given invariant and many qualitative features of the invariant can
be appreciated in this compact form. On the other hand, converting tractor
expressions into formulae in terms of a metric representing the conformal
class, its Levi-Civita connection and curvature is a completely mechanical
procedure which even may be left to a computer. Since we do not want to
introduce too much tractor calculus here, we only roughly analyse a simple
case below. More involved applications in a similar direction can be found
in [12].
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For the first step in this analysis, we assume n # 4, and we are dealing
with an ambient metric h such that Ric(h) = O(r) and tangential compo-
nents of Ric(h) vanish to second order. Then we have observed above that
3DAX[ARBC]EF|Q = (n—2)(n—4)Rpcrr|o. Further, X[ARBC]EF|Q de-
pends only on the tangential components (in the indices B and C') of the
ambient curvature which are given by the tractor connection. Otherwise put,
extending the tractor curvature sp.pr in any way to a tractor field Qpogr
and forming X 4QpcigF, one will obtain the same result. In the general
setting of tractor calculus, the expression Wgpc¥r = n%DAX[AQBC]EF
has been known for some time (see [10, 11]) as a natural conformally invari-
ant tractor extension of the tractor curvature (which itself is an extension
of the Weyl curvature or the Cotton—York tensor in dimension 3). Thus we
see that WP F is the tractor field equivalent to (n — 4) R r|o.

To describe a formula for W 7 we have to introduce some basic ele-
ments of tractor calculus, see [1, 10, 11, 12]. We use lower case letter for
tensor indices and upper case letters for standard tractor indices and also
ambient indices. We use the tractor metric and its inverse to raise and lower
tractor indices. Choosing a metric g from the conformal class, we may raise
and lower tensor indices using ¢ (but taking into account that this changes
the weight), and the standard tractor bundle £4 splits as E[1]®&,[1]BE[-1].
This can be conveniently encoded by adding to the natural section X4 ¢
EA[1] (which represents the natural inclusion £[—1] — £4) tractor sections
Y4 ¢ £4[-1] and Z%4 € £%4[—1] which represent the other two inclusions
that depend on the choice of the metric g. Basic properties of the tractor
metric imply that YAX, = 1, XAX 4 = YAV, = X474 = YAZ% = 0 and
Z947b 4 = g%, Further, we denote by Wopeq the Weyl-curvature, by S the

scalar curvature of g, by P,y = anz(Ricab —ﬁsfhb) the rho—tensor of ¢

and by Bep := VIVPW,e0p + (0 — 3)P?PW g the Bach tensor. Using the
formulae in [10, 11] one verifies that Wxpcg is given by

(n — 4)ZAaZBbZCCZE6Wabc5 — 4(71 - 4)ZAaZBbX[OZE]6V[an]e

4
_4(n _ 4)X[AZB]bZCcZE6V[cP6]b + n—_SX[AZB]bX[CZE]eBeb

This is a general tractor formula not related to the ambient metric in
any way, so in particular, it also holds in dimension n = 4. In that case,
only the last term survives, which shows that B,; is a conformal invariant
in dimension 4. However, our interest here is in the case n # 4, and the
main fact that we need from the above formula is that since XAZ‘;‘1 =0 and
7447 4 = ¢° one immediately concludes that any complete contraction of
WaBcp @---@ Wik gives the complete contraction of Wypeq @ -+ - @ Wijn
with the same pairing of indices. Applying this to the case of ambient
Weyl invariants, we obtain an alternative proof of [8, Proposition 3.2] that
any complete contraction of a tensor power of the ambient curvature gives
the “same” complete contraction of the corresponding tensor power of the
Weyl-curvature. Of course, these are exactly the invariants one knew about
in advance, so to get more interesting invariants one has to consider covariant
derivatives of the ambient curvature.
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The simplest ambient Weyl invariant involving covariant derivatives is
IVR|]? := (VARPYPIYV 4 Rpopr. In order that this is well defined, we
have to assume that n # 4, 6 and that we are dealing with an ambient metric
h such that Ric(h) = O(r?) and tangential components of Ric(h) vanish to
third order along Q. To apply our method, we first note following the proof
of Lemma 3.4 that R has conformal weight —2, and thus

DsRpopr = (n—6)V4iRpepr — X AARpcEF.

From part (2) of Proposition 3.1 we next conclude that our assumptions on
Ric(h) imply that the restriction to Q@ of ARpcgrr coincides with a partial
contraction of R ® R. Thus we see that up to a nonzero factor and the
addition of complete contractions of tensor powers of the Weyl curvature,
the ambient Weyl invariant ||V R||? coincides with (DAWBCFF) D Wgopp.
Using the standard formulae for the tractor D—operator and the formulae
for Wgogr above, this can be expanded into formula in terms a chosen
representative of the conformal class. While this is straightforward, it is
quite tedious since there are many components in D4Wgcrr and most of
them do not contribute to the final invariant.

A more efficient way to proceed is to rewrite the original invariant as fol-
lows: Applying the differential Bianchi identity to the first term, we see that
(VARB(;EF)VARBCEF may be written as Q(VBRACEF)VARBCEF. On
the other hand, consider VAVERACEF. Switching the covariant derivatives
can be compensated by adding partial contractions of R® R, and using part
(1) of Proposition 3.1 and the proof of Lemma 3.4, we see that VARcEF
can be written as 4r X ¢ Kip X g +O(r?) for an appropriate tractor field K.
Hitting this with Vg, we obtain 4X g X ¢ KX ) + O(r), which vanishes
upon contraction into RPYPF . The upshot of this is that, along Q and
up to adding complete contractions of tensor powers of R, we may rewrite
IVRJ|? as 2V 4,V RA“PERB (.

Following the same idea as for the single covariant derivative above, one
next shows that

D DgRAPERP ;pp = (n—6)(n —8)V4VERAPPRB g,

up to complete contractions of tensor powers of R. Thus the conformal
invariant given by ||V R||? is, up to the addition of complete contractions of
tensor powers of the Weyl curvature, exactly

2
(n—4)%(n—6)(n—8)

in dimensions other than 4, 6. Note that we know in advance that the expres-
sion Dy DgWACPEWB e will yield (n — 8) times a conformal invariant
because ||V R||? is well defined in dimension 8. This is then easily expanded
out using formulae for the tractor connection as in [4] or [12] to yield (once
again modulo complete contractions of tensor powers of W),
2 n — 10
—Oj|w||?
e LU Bl oy
where [ is the tractor Laplacian, Cypqg = 2V[,Py)4 is the Cotton—York tensor
and Uypeq := VoClogp + P Wepeq. This shows explicitly how the invariant

DADB WACDE WB CDE-

[VWI[* + 8h(W, U) — 4(n — 6)[|C]]°],
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simplifies in dimension 10. Alternatively we can re-express in the more
compact form

IVWI[* + 16(W,U) — 4(n — 10)]|C|*.

It is readily verified that this precisely agrees with the result obtained by
Fefferman-Graham in [8]. (In fact we have borrowed some notation from
that source to simplify the comparison.) Note that although ||[VRJ? is
not well defined in dimensions 4 and 6, the last display does give an in-
variant in these dimensions. This is immediate from the fact that in arbi-
trary dimension n, DyDgWASPEWB pp may be written as the sum of
(n_4)2(n2_6)(n_8) (JIVW||? + 16R(W,U) — 4(n — 10)||C||*) and complete con-
tractions of tensor powers of W, and that the transformation formulae for
the scalars ||VW||?, h(W,U) and ||C]|?, under a change of metric from the

conformal class, is of polynomial type.
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