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eAbstra
tSLE� sto
hasti
 pro
esses des
ribe growth of random 
urves whi
h,in some 
ases, may be identi�ed with boundaries of two dimensional
riti
al per
olating 
lusters. By generalizing SLE� growths to formalMarkov pro
esses on the 
entral extension of the 2d 
onformal group,we establish a 
onne
tion between 
onformal �eld theories with 
en-tral 
harges 
� = 12(3��8)( 6��1) and zero modes { observables whi
hare 
onserved in mean { of the SLE� sto
hasti
 pro
esses.Criti
al phenomena are 
hara
terized by large s
ale 
u
tuations. Con-formal �eld theories [1℄ are powerful tools for analyzing their multifra
talproperties, leading for instan
e to exa
t results 
on
erning s
aling behaviorof geometri
al models, see eg. refs.[5℄. An alternative probabilisti
 approa
hhas re
ently been introdu
ed [2℄. It 
onsists in formulating 
onformally 
o-variant pro
esses, so-
alled SLE� pro
esses, based on Loewner's equation.Among the many 
onformal �eld theory results, in
luding 
rossing per
ola-tion probabilities [6℄ or multifra
tal distributions of ele
trostati
 potentialnear 
onformally invariant fra
tal boundaries [7℄, some have been rederivedin the SLE� framework, see eg refs.[3, 4℄ for a review. However, the pre
ise
onne
tion between SLE� models and 
onformal �eld theories in the sense1Email: bauer�spht.sa
lay.
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of [1℄ remains elusive, although SLE6 has been identi�ed with 2d per
ola-tion, with 
entral 
harge 
 = 0, SLE2 with loop erased random walks, with
 = �2, and SLE8=3 with self-avoiding random walks, with 
 = 0 also. Butsee ref.[8℄.The aim of this letter is to establish a dire
t relation between 
 � 1
onformal �eld theories and SLE� models by extending them to pro
esses inthe Virasoro group. This link goes through the 
onstru
tion (using 
onformal�eld theory) of observables whi
h are 
onserved in mean during the SLE�growth. It bears some analogy with turbulent passive adve
tions [9, 10℄.SLE� pro
esses. Sto
hasti
 Loewner evolution SLE� are growth pro-
esses [2℄ de�ned via 
onformal maps whi
h are solutions of Loewner's equa-tion: �tgt(z) = 2gt(z)� �t ; gt=0(z) = z (1)When �t is a smooth real-valued fun
tion, the map gt(z) is the uniformizingmap for a simply 
onne
ted domain Dt of the upper half plane H, Imz > 0.The map gt(z), normalized by gt(z) = z+2t=z+ � � � at in�nity, is well-de�nedup to the time �z for whi
h g�z(z) = ��z . Noti
e that Imgt(z) is a de
reasingfun
tion of time on H. Following refs.[2, 3, 4℄, de�ne Kt = fz 2 H : �z � tg.They form an in
reasing sequen
e of sets, Kt0 � Kt for t0 < t, and for smoothenough driving sour
e �t, they are simple 
urves staggering along H. Thedomain Dt is H nKt.SLE� pro
esses are de�ned [2℄ by 
hoosing a Brownian motion as driv-ing parameter in the Loewner's equation: �t = p�Bt with Bt a two-sidednormalized Brownian motion and � a parameter. The growth pro
esses arethen that of the sets Kt.Lifted SLE� pro
esses. Let Ln be the generators of the Virasoro alge-bra vir { the 
entral extension of the Lie algebra of 
onformal transformations{ with 
ommutation relations [Ln; Lm℄ = (n�m)Ln+m + 
12n(n2 � 1)Æn+m;0.Let Vir be the formal group obtained by exponentiating elements of vir.We de�ne a (formal) sto
hasti
 Markov pro
ess on Vir by the �rst ordersto
hasti
 di�erential equation generalizing random walks on Lie groups:G�1t dGt = �2dtL�2 + d�t L�1 (2)where d�t � wtdt, so that wt is Gaussian with white-noi
e 
ovarian
e hwt wsi =�Æ(t � s). With initial 
ondition Gt=0 = 1, the elements Gt belong to the2



formal group Vir� obtained by exponentiating the generators Ln, n < 0, ofnegative grades of the Virasoro algebra. We may order fa
tors in Vir� a
-
ording to their grades n, so that group elementsG are presented in the form� � � ex2L�2ex1L�1. Eq.(2) turns into a family of ordinary sto
hasti
 di�erentialequations for the xk's, with a probabilisti
 measure indu
ed by that of theBrownian motion.The 
onne
tion with the previously introdu
ed SLE� growth pro
essemerges from the a
tion indu
ed by the above 
ows on 
onformal �elds.Re
all from ref.[1℄, that 
onformal primary �elds ��(z) are z-dependent op-erators a
ting on appropriate representations of the Virasoro algebra andtransforming as forms of weight � under 
onformal transformations. Theysatisfy the following intertwining relations: [Ln; ��(z)℄ = `�n � ��(z) with`�n � zn+1�z +(n+1)�zn. As a 
onsequen
e, the group Vir a
ts on primary�elds by 
onformal transformations and, in parti
ular for the 
ows (2), onehas: G�1t ��(z)Gt = [�zĝt(z)℄� ��(ĝt(z))where ĝt(z) � gt(z)� �t with gt(z) solution of the Loewner's equation. Thismeans that the 
onformal transformations indu
ed by the lifted SLE� 
owson the primary �elds redu
e to that of the 
onformal maps of the SLE�pro
esses.Alternatively, the SLE� sto
hasti
 equation may be represented as ĝt(z) =Ht z H�1t with H�1t dHt = 2dt `0�2 � d�t `0�1. Indeed, equation (1) translatesinto �tĝt(z) = 2=ĝt(z)�wt for ĝt(z) = gt(z)��t whi
h is then equivalent to the
ommutation relation [H�1t �tHt; z℄ = 2=z � wt among di�erential operators.The group Vir� may be presented as the group of germs of meromorphi
fun
tions with a pole at in�nity su
h that f(z) = z(1 + a1=z + a2=z2 + � � �)with ak as 
oordinates, similar to Fo
k spa
e 
oordinates. The Virasorogenerators are then di�erential operators in the ak's.Time evolution and Fokker-Plan
k equations. Any observable ofthe random pro
ess Gt may be thought of as fun
tion on Vir, and we useformal rules extending those valid in �nite dimensional Lie groups. We denoteby E[F (Gt)℄ the expe
tation value of the observable F (Gt).Our main result is the following representation of their time evolution:�tE[F (Gt)℄ = E[�2r�2F (Gt) + �2r2�1F (Gt)℄ (3)where rn are the left invariant ve
tor �elds asso
iated to the elements Ln invir de�ned by (rnF )(G) = dduF (GeuLn)ju=0 for any appropriate fun
tion Fon Vir. 3



Hints for the proof of eq.(3) are as follows. By de�nition of the lifted SLE�
ows, the mean value of any test fun
tion of su
h 
ows evolves a

ordingto �tE[F (Gt)℄ = E[�2r�2F (Gt) + wtr�1F (Gt)℄. Sin
e wt is a Gaussianvariable with white-noi
e 
ovarian
e, the last term may be identi�ed with�E[r�1ÆF (Gt)=Æwt℄. So one has to 
ompute ÆF (Gt)=Æwt. Small variation ofeq.(2) implies that ddt( ÆGtÆws G�1t ) = (GsL�1G�1s )Æ(t� s): As a 
onsequen
e, weget ÆF (Gt)=Æwt = 12r�1F (Gt) and eq.(3).As for any Markov pro
ess, the time evolution of the probability distri-bution fun
tions (Pdf) of the lifted SLE� pro
esses are governed by Fokker-Plan
k equations whose hamiltonians are the generators of the semi-groupsspe
ifying the pro
esses. These Pdf's, denoted Pt(G), may be written as theaverages of the point Dira
 measures lo
alized on G: Pt(G) � E[ÆG(Gt)℄.Their time evolution is:�tPt(G) = H � Pt(G); H � 2r�2 + �2r2�1 (4)This follows from eq.(3) with F (Gt) = ÆG(Gt), using the fa
t that the Liederivatives of ÆG(Gt) with respe
t to Gt are the opposite of its Lie derivativeswith respe
t to G.By eq.(4), the Pdf's are time transported by the Fokker-Plan
k hamil-tonian H so that we expe
t Pt(G) = exp tH � Pt=0(G). Alternatively, theprobability transitions from G0 at time t0 to G at time t > t0 are the kernelsof the operator � exp(t� t0)H�G;G0 . A similar derivation remains valid if we
onsider the sto
hasti
 
ows xt = G�1t � x0 indu
ed by eq.(2) on any repre-sentation of Vir . Of 
ourse, these sto
hasti
 pro
esses are 
alling for a moremathemati
al pre
ise des
ription, along the lines of refs.[2, 3, 4℄.Zero modes and null ve
tors. Sin
e left invariant Lie derivatives forma representation of vir, equation (3) may be written as:�tE[F (Gt)℄ = E[HT � F (Gt)℄; HT � �2L�2 + �2 L2�1 (5)with the Virasoro generators Ln a
ting on the appropriate representationspa
e. By de�nition a zero modes F! is an eigenve
tor of HT with zeroeigenvalue: HT � F! = 0. As a 
onsequen
e a zero mode is an observable
onserved in mean.To 
onstru
t su
h 
onserved quantities we look for su
h F!'s among zeromodes annihilated by the Ln, n > 0, ie. among the so-
alled highest weightve
tors, LnF! = 0, n > 0, with given 
onformal dimension h, L0F! = hF!.4



We now demand under whi
h 
onditions HTF! is again a highest weightve
tor. We have[Ln;HT ℄ = (�2(n+ 2) + �2n(n+ 1))Ln�2 + �(n + 1)L�1Ln�1 � 
Æn;2Hen
e, LnHTF! = 0 for any n � 3, but demanding L1HTF! = 0 requires2�h = 6� �, whereas L2HTF! = 0 imposes 
 = h(3�� 8).Thus, for these values of 
 and h, HTF! is a highest weight ve
tor, a so-
alled null ve
tor, whi
h 
an be 
onsistently set to zero, see eg.[1℄. In otherwords, F! is su
h that HTF! ' 0 if and only if the Virasoro 
entral 
hargeis adjusted to 
� = 12�3� � 8��6� � 1� = 1 � 6� 2p� � p�2 �2 (6)and the 
onformal weight to h� = 12( 6� � 1). Furtheremore, the stationaryproperty of the mean of F! is a 
onsequen
e of the existen
e of a null ve
torin the 
orresponding Virasoro Verma module. The analogy with 
onservedmodes in turbulent passive adve
tion [9, 10℄ is parti
ularly striking.Su
h zero modes may be 
onstru
ted by 
onsidering the orbit of the high-est weight ve
tor ! of 
onformal dimension h� in the 
� 
onformal �eld theoryand de�ning F!(Gt) = Gt � ! so that�tE [Gt � !℄ = 0All 
omponents of the ve
tor E [Gt�!℄ are 
onserved. Similarly, sin
e the 
on-formal �eld �x(z) asso
iated to any state x in the Virasoro module with high-est weight ve
tor ! depends linearly on x, the matrix elements of E [�Gt�!(z)℄are also 
onserved.In 
on
lusion, we have established a dire
t link between observables 
on-served in mean and 
onformal null ve
tors. This opens a route to the studyof probabilisti
 properties of growth pro
esses using 
onformal �eld theory.The above 
entral 
harge 
oin
ides with that of the 
onformal �eld theoryexpe
ted to be asso
iated with the SLE� pro
ess. It is invariant under theduality transformation �! 16=�, it vanishes for � = 6 as expe
ted for per-
olation, and the self-dual point � = 4 
orresponds to the 
� = 1 free �eldtheory.More on the algebrai
 and geometri
al aspe
ts as well as on appli
ationsof this 
onstru
tion will be des
ribed elsewhere [11℄.A
knowledgement: We thank Antti Kupiainen for explanations 
on-
erning the SLE pro
esses. 5
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