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TIGHT CONTACT STRUCTURES ON FIBERED HYPERBOLIC3-MANIFOLDSKO HONDA, WILLIAM H. KAZEZ, AND GORDANA MATI�CAbstra
t. We take a �rst step towards understanding the relationship between foliationsand universally tight 
onta
t stru
tures in hyperboli
 manifolds. If a surfa
e bundle over a
ir
le has pseudo-Anosov holonomy, we obtain a 
lassi�
ation of \extremal" tight 
onta
tstru
tures. Spe
i�
ally, there is exa
tly one 
onta
t stru
ture whose Euler 
lass, whenevaluated on the �ber, equals the Euler number of the �ber. This rigidity theorem is a
onsequen
e of properties of the a
tion of pseudo-Anosov maps on the 
omplex of 
urves ofthe �ber and a remarkable 
exibility property of 
onvex surfa
es in su
h a spa
e. Indeed this
exibility may be seen in surfa
e bundles over an interval where the analogous 
lassi�
ationtheorem is also established.Let � be a 
losed, oriented surfa
e of genus g > 1. This paper is devoted to the studyof tight 
onta
t stru
tures � on the 3-manifold M = � � I = � � [0; 1℄ whi
h satisfy thefollowing 
ondition:Extremal 
ondition. he(�);�ti = �(2g � 2), t 2 [0; 1℄, where the left-hand side refers tothe Euler 
lass of � evaluated on �t.Here we write �t = �� ftg. Tight 
onta
t stru
tures on �� I satisfying this 
ondition aresaid to be extremal for the following reason: if � is a tight 
onta
t stru
ture on � � I, thenthe Bennequin inequality [1, 4℄ states that:�(2g � 2) � he(�);�ti � 2g � 2:One of the main results of this paper is the following 
lassi�
ation:Theorem 0.1. Let � be a 
losed oriented surfa
e of genus � 2 and M = ��I. Fix dividingsets ��i = 2
i (2 parallel disjoint 
opies of 
i), i = 0; 1, so that 
0, 
1 are nonseparating
urves and �((�0)+)��((�0)�) = �((�1)+)��((�1)�), where (�i)+, (�i)� are the positiveand negative regions of �i n ��i . Then 
hoose a 
hara
teristi
 foliation F on �M whi
h isadapted to ��0 t ��1 . We have the following:(1) All the tight 
onta
t stru
tures whi
h satisfy the boundary 
ondition F are universallytight.Date: September 30, 2001.1991 Mathemati
s Subje
t Classi�
ation. Primary 57M50; Se
ondary 53C15.Key words and phrases. tight, 
onta
t stru
ture.KH supported by NSF grant DMS-0072853, AIM, and IHES; GM supported by NSF grant DMS-0072853;WHK supported by NSF grant DMS-0073029. 1



2 KO HONDA, WILLIAM H. KAZEZ, AND GORDANA MATI�C(2) If 
0 6= 
1, then #�0(T ight(M;F)) = 4. Provided 
0 and 
1 are not homologous,they are distinguished by the relative Euler 
lasses PD(~e(�)) = �
0 � 
1.(3) If 
0 = 
1, then #�0(T ight(M;F)) = 5. Three of them (one of them I-invariant)have relative Euler 
lass PD(~e(�)) = 0 and the other two have PD(~e(�)) = �2
0 =�2
1.Here, #�0(T ight(M;F)) denotes the number of 
onne
ted 
omponents of tight 
onta
t2-plane �elds adapted to F , and the relative Euler 
lass is an invariant of the tight 
onta
tstru
ture whi
h will be de�ned in Se
tion 3. Theorem 0.1 is a 
omplete 
lassi�
ation in theextremal 
ase, provided #��i = 2 and ��i 
onsists of two nonseparating 
urves. The proofof Theorem 0.1, given in Se
tion 5 requires one involved 
al
ulation, found in Se
tion 4,followed by judi
ious use of general fa
ts from 
urve 
omplex theory, found in Se
tion 2.The extremal 
ase is 
urrently the only 
ase we understand, but we also have the followingtheorem:Theorem 0.2. Let M be a 
losed, oriented, hyperboli
 3-manifold whi
h �bers over S1,where the �ber is a 
losed oriented surfa
e � of genus g > 1 and the monodromy mapis pseudo-Anosov. Then there exists a unique tight 
onta
t stru
ture in ea
h of the twoextremal 
ases, i.e., he(�);�i = �(2g � 2). This 
onta
t stru
ture is universally tight andweakly symple
ti
ally �llable. Moreover, every C0-small perturbation of the �bration into a
onta
t stru
ture is isotopi
 to the unique extremal tight 
onta
t stru
ture.Perturbing the �bration by � into a 
onta
t stru
ture is either done dire
tly or by appealingto the perturbation result of Eliashberg and Thurston [5℄, whi
h also tells us that the 
onta
tstru
ture is weakly symple
ti
ally semi-�llable. It is interesting to note that, no matter howwe perturb the �bration into a 
onta
t stru
ture, the resulting tight 
onta
t stru
ture is thesame. This 
ontrasts with the 
ase where the �ber is a torus [8℄.In this paper we adopt the following 
onventions:(1) The ambient manifold M is an oriented, 
ompa
t 3-manifold.(2) � = positive 
onta
t stru
ture whi
h is 
o-oriented by a global 1-form �.(3) A 
onvex surfa
e � is either 
losed or 
ompa
t with Legendrian boundary.(4) �� = dividing multi
urve of a 
onvex surfa
e �.(5) #�� = number of 
onne
ted 
omponents of ��.(6) � n �� = �+ [ ��, where �+ (resp. ��) is the region where the normal orientationof � is the same as (resp. opposite to) the normal orientation for �.(7) j� \ 
j = geometri
 interse
tion number of two 
urves � and 
 on a surfa
e.(8) #(� \ 
) = 
ardinality of the interse
tion.(9) � n 
 = metri
 
losure of the 
omplement of 
 in �.(10) t(�; FrS) = twisting number of a Legendrian 
urve with respe
t to the framing in-du
ed from the surfa
e S.



TIGHT CONTACT STRUCTURES ON FIBERED HYPERBOLIC 3-MANIFOLDS 31. Tools from 
onvex surfa
e theoryIn this se
tion we 
olle
t some results from the theory of 
onvex surfa
es whi
h are non-standard. For standard results on 
onvex surfa
es, we refer the reader to [7, 10, 12, 15, 16℄.We �rst re
all the Legendrian realization prin
iple (LeRP), in a slightly stronger form.An embedded graph C on a 
onvex surfa
e � is nonisolating if (1) C is transverse to ��,(2) the univalent verti
es of C lie on ��, (3) all the other verti
es do not lie on ��, and (4)every 
omponent of �n(�� [ C) has a boundary 
omponent whi
h interse
ts ��.Theorem 1.1 (Legendrian realization). Let C be a nonisolating graph on a 
onvex surfa
e� and v a 
onta
t ve
tor �eld transverse to �. Then there exists an isotopy �s, s 2 [0; 1℄ sothat:(1) �0 = id, �sj�� = id.(2) �s(�) t v (and hen
e �s(�) are all 
onvex),(3) �1(��) = ��1(�),(4) �1(C) is Legendrian.Proposition 1.2 (The Right-to-Life Prin
iple). Let S be a 
onvex surfa
e in a tight 
onta
tmanifold (M; �) and let Æ be a Legendrian ar
 transverse to �S with endpoints on �S , forwhi
h j�S \Æj = 3. Suppose an \abstra
t bypass move" was applied to �S along Æ and yieldeda dividing set isotopi
 to �S , i.e., this move was trivial. (Here, by an \abstra
t bypass move"we simply mean a modi�
ation of the multi
urve �S � S whi
h would theoreti
ally arise fromatta
hing a bypass along Æ | there may or may not be an a
tual bypass half-disk along Æinside the ambient 3-manifold.) Then there exists an a
tual bypass half-disk B along Æ (fromthe proper side) 
ontained in the I-invariant neighborhood of S.The Right-to-Life Prin
iple is a 
onsequen
e of Eliashberg's 
lassi�
ation of tight 
onta
tstru
tures on the 3-ball [4℄, and is proved in Lemma 1.8 of [14℄. Here we re
reate the proof.Proof. Suppose Æ interse
ts �S su

essively along p1; p2; p3. Sin
e Æ gives rise to a trivial\abstra
t bypass move", we may assume that the subar
 from p1 to p2, together with asubar
 of �S , bounds a disk D0. Let D � S be a disk whi
h 
ontains D0[ Æ. We may assume�D is Legendrian with tb(�D) = �2 | to do this we apply LeRP (or Giroux's FlexibilityTheorem [7, 12℄) to �D, while �xing Æ. Then �D 
onsists of two ar
s 
1 3 p1; p2 and 
2 3 p3.We will now �nd the a
tual bypass along Æ � f0g inside the I-invariant tight 
onta
tstru
ture on D� [0; 1℄. (Here we are assuming that the bypass atta
hed from the D� [0; 1℄-dire
tion is the trivial bypass.) Let p0 be a point on 
2 (6= p3) for whi
h there exists aLegendrian ar
 Æ0 � D from p1 to p0 whi
h does not interse
t �D ex
ept at endpoints anddoes not interse
t Æ ex
ept at p1. De�ne Æ0 = Æ [ Æ0 and Æ1 � D to be a Legendrian ar
from p3 to p0 that lies on the same side of 
2 as Æ0 and has no other interse
tions with �D.Now 
onsider an ar
 " � D from p0 to p3 that lies on the opposite side of 
2 as Æ0 and Æ1and has no other interse
tions with �D. Let A � D � [0; 1℄ be a 
onvex annulus su
h that�A = (Æ0 [ ") � f0g [ (Æ1 [ ")� f1g and su
h that (" � [0; 1℄) � A. Sin
e �"�I 
onsists ofan ar
 fqg � [0; 1℄ (q 2 "), �A must 
ontain one of two possible bypasses, one interse
ting



4 KO HONDA, WILLIAM H. KAZEZ, AND GORDANA MATI�Cfp0; p1; p2g� f0g and the other interse
ting fp1; p2; p3g� f0g. The former is a bypass whi
h
annot exist sin
e it gives rise to an overtwisted disk. Therefore we obtain the se
ond, asstated in the proposition. �Lemma 1.3 (Bypass Sliding Lemma). Let R be an embedded re
tangle with 
onse
utive sidesa; b; 
; d in a 
onvex surfa
e S su
h that a is an ar
 of atta
hment of a bypass, b and d aresubsets of �S and 
 is a Legendrian ar
 whi
h is eÆ
ient (rel endpoints) with respe
t to �S .Then there exists a bypass for whi
h 
 is its ar
 of atta
hment.Proof. The appendix to [13℄ explains how to expli
itly move the endpoints of the Legendrianar
 of atta
hment. In this paper, we will dedu
e the Bypass Sliding Lemma from the Right-to-Life Prin
iple.Let R0 � R be an embedded disk in S satisfying the following:� �R0 is Legendrian, �R0 t �S , and tb(�R0) = �3.� �R0 = a0 [ b0 [ 
0 [ d0, where a0 and 
0 are Legendrian ar
s parallel to and 
lose toa and 
, respe
tively. The four ar
s a0; b0; 
0; d0 are 
onse
utive sides of a re
tanglewhose 
orners, lying on �S , have been smoothed.� �R0 
onsists of three parallel (= nested) dividing ar
s.Su
h an R0 exists by LeRP. Suppose we atta
h the bypass along a to obtain a 
onvex surfa
eR00 isotopi
 to R0 rel boundary. Note that, away from a, R00 and R0 are identi
al. Now,the \abstra
t bypass move" along 
 applied to R00 still yields the same dividing set �R00.Therefore, the bypass must also exist along 
. (In fa
t, it exists in a small neighborhood ofR00.) �Lemma 1.4. Let S be a 
losed 
onvex surfa
e of genus g and �S its dividing set, 
onsistingof one homotopi
ally nontrivial separating 
urve. Let S � I be its I-invariant neighborhood.Then there exists a bypass in S�I along S�f1g su
h that the dividing set �S0 of the surfa
eS0, obtained after bypass atta
hment, 
onsists of three 
urves parallel to �S . Moreover, thear
 of atta
hment � is 
ontained in an annular neighborhood of �S and interse
ts �S in 3points, and the two half disks bounded by � and �S have a 
ommon interse
tion along an ar

ontained in �S .For a more thorough dis
ussion on dividing-
urve in
reasing bypasses, see [14℄.Remarks.(1) Typi
ally, we in
rease #� by folding along a Legendrian divide (see [12℄ or [16℄).This generates a pair of dividing 
urves parallel to the Legendrian divide. However,this folding operation to in
rease #� does not o

ur immediately for free, in 
asethe 
urve we want to realize as a Legendrian divide is an isolating 
urve for � in thesense of LeRP. This is the 
ase in Lemma 1.4.(2) Lemma 1.4 
an be viewed as a strengthened form of LeRP and of Giroux's FlexibilityTheorem.



TIGHT CONTACT STRUCTURES ON FIBERED HYPERBOLIC 3-MANIFOLDS 5(3) Lemma 1.4 (or the proof therein) shows that folds along homotopi
ally nontrivial
losed 
urves always exist.Proof. In order to use LeRP, we �rst 
ut along some annulus 
� � I, where 
� � S is a
losed nonseparating 
urve whi
h does not interse
t �S . Let N be (S � I) n (
� � I), withedges rounded near 
�� I, so that �N is 
onvex. We will write G = �N . Note that we maythink of �S as a sub-multi
urve of �G. A parallel 
opy (�S)� of �S on G, pushed o� 
losertowards 
� � I and disjoint from �S , is then nonisolating. We 
an then use LeRP to realize(�S)� as a Legendrian divide and use it to perform a fold. (For more details on folding andbypasses, see [16℄. In a standard I-invariant neighborhood of G, we therefore �nd a parallel
opy G0, where �G0 is �G, with 2 parallel 
urves (parallel to �S) added. To get from G0 to G,a bypass B is atta
hed along G0 whi
h straddles the three distin
t dividing 
urves parallel to�S . This has the e�e
t of redu
ing #� by 2. Every bypass operation always has its inverseoperation, and the inverse of B is B�1, whi
h is atta
hed along G and in
reases #� by 2. We
an now view B�1 as also atta
hed onto S and interse
ting �S three times. The Legendrianar
 of atta
hment for G may not exist on S, but one 
an always �nd an appropriate ar
 ofatta
hment using Giroux's Flexibility Theorem. (Remark: The ar
 of atta
hment does notreally matter here | the only thing that really matters is the twisting number of the bypassLegendrian ar
.) Hen
e the bypass survives passage from being a bypass for �G to being abypass for �S . �2. Tools from Curve Complex TheoryIn this se
tion, we re
all several fa
ts from the theory of 
urve 
omplexes whi
h will be
omeuseful later. Let � be a 
losed oriented surfa
e of genus g � 2 | we stress here that all thelemmas and propositions of this se
tion require g � 2. Let C(�) be the 
urve 
omplex for�. The verti
es of C(�) 
onsist of isotopy 
lasses of homotopi
ally nontrivial 
losed 
urveson � and there is a single edge between ea
h pair 
0, 
1 of (isotopy 
lasses of) 
losed 
urveswith j
0 \ 
1j = 0. Note that we do not atta
h simpli
es of higher dimension, sin
e theyare not needed. The fa
ts we need from the theory of 
urve 
omplexes are variations andstrengthenings of the basi
 Lemma 2.1 below. We refer the reader to [17℄ for an expositionon 
urve 
omplexes, an extensive referen
e, and a proof of Lemma 2.1.Lemma 2.1. C(�) is 
onne
ted, i.e., given two 
losed 
urves �, �0 in C(�), there exists asequen
e �0 = �;�1; : : : ; �k = �0 in C(�) where j�i�1 \ �ij = 0, i = 1; : : : ; k.Alternatively, we have the following:Lemma 2.2. Given two nonseparating 
losed 
urves �, �0 on �, there exists a sequen
e�0 = �;�1; : : : ; �k = �0 of 
losed 
urves where j�i�1 \ �ij = 1, i = 1; : : : ; k.Proposition 2.3. Given two nonseparating 
losed 
urves � and �0 on �, there exists asequen
e �0 = �;�1; : : : ; �k = �0 of 
losed 
urves where:(1) �i are nonseparating, i = 0; : : : ; k.(2) j�i�1 \ �ij = 0, i = 1; : : : ; k.



6 KO HONDA, WILLIAM H. KAZEZ, AND GORDANA MATI�C(3) �i�1 and �i are not homologi
ally equivalent, i = 1; : : : ; k.Proof. By Lemma 2.2, there is a sequen
e �0 = �;�1; : : : ; �k = �0 of 
losed 
urves wherej�i�1 \ �ij = 1, i = 1; : : : ; k. A neighborhood Ui�1 of �i�1 [ �i is a pun
tured torus. Sin
ethe genus of � is at least 2, � � Ui�1 
ontains a nonseparating 
urve �i�1. Therefore,�0; �0; �1; �1; : : : ; �k is the desired sequen
e. �Proposition 2.4. Given three nonseparating 
losed 
urves �, �, � 0 on �, where j�\�j = 0,j� \ � 0j = 0, � and � are nonhomologous, and � and � 0 are nonhomologous, there exists asequen
e �0 = �; �1; : : : ; �k = � 0 of 
losed 
urves where:(1) �i are nonseparating, i = 0; : : : ; k.(2) j� \ �ij = 0, i = 0; : : : ; k.(3) j�i�1 \ �ij = 1, i = 1; : : : ; k.Proof. By assumption �n� is 
onne
ted. If 
 is a 
urve in � su
h that j
 \�j = 0, then 
 isnonseparating and not homologous to � if and only if 
 is nonseparating as a subset of �n�.Let �0 be �n� together with two disks 
apping o� the boundary 
omponents 
orrespondingto �. Then � and � 0 are nonseparating 
losed 
urves of �0 and applying Lemma 2.2 to �; � 0and �0 produ
es the desired sequen
e of 
urves. �Proposition 2.5. Given two nonseparating 
losed 
urves � and �0 on �, there exists asequen
e �0 = �;�1; : : : ; �k = �0 of 
losed 
urves where:(1) �i are nonseparating, i = 0; : : : k.(2) j�i�1 \ �ij = 1, i = 1; : : : ; k.(3) j�i�1 \ �i+1j = 0, i = 1; : : : ; k � 1.Proof. Let �0 = �;�1; : : : ; �k = �0 be a sequen
e for whi
h j�i�1 \ �ij = 1, i = 1; : : : ; k, asguaranteed by Lemma 2.2. Suppose that j � 1 is the smallest integer for whi
h j�j�1\�j+1j >0. We show how to insert 
urves into the sequen
e between �j and �j+1, until Condition 3is satis�ed, at least up to �j+1. Sin
e 
urves are only inserted after �j, there is no dangerthat Condition 3 will be disturbed for earlier terms in the sequen
e.For notational 
onvenien
e, we shall take j = 1. We will always assume that �0\�1 is notan element of �2. Suppose that j�0 \ �2j � 1. The following 
ases are used to indu
tivelyde
rease the number of interse
tions between �0 and �2.Case 1: Not all interse
tions between �0 and �2 have the same sign.Then there exist two points p; q 2 �0 \ �2 with opposite signs of interse
tion, and an ar
[p; q℄�0 � �0 whi
h 
onne
ts p and q su
h that [p; q℄�0 does not interse
t �1 and 
ontains nopoint of �2 in its interior. Cut-and-paste surgery of �2 along [p; q℄�0 produ
es two 
urves; let� the 
omponent whi
h interse
ts �1 on
e. The sequen
e �0; �1; �; �1; �2 satis�es Condition 2(and hen
e Condition 1), and is 
loser to satisfying Condition 3 than the original sequen
e,in the sense that the total number of interse
tion points of type �i�1\�i+1 has been redu
ed.



TIGHT CONTACT STRUCTURES ON FIBERED HYPERBOLIC 3-MANIFOLDS 7Here it is understood that the se
ond �1 in the sequen
e is slightly isotoped o� the �rst �1so that the two 
urves are disjoint as required in Condition 3.Case 2: All interse
tions of �0 and �2 have the same sign and j�0 \ �2j � 2.
α0

α1 α1

β

α2

p qFigure 1. Case 2Let [p; q℄�2, p; q 2 �0\�2, be the smallest interval in �2 that 
ontains �1\�2. Let [p; q℄�0 bethe interval in �0 (with endpoints p; q) whi
h does not interse
t �1. Let � = [p; q℄�2[ [p; q℄�0.After a slight isotopy of �, the sequen
e �0; �1; �; �1; �2 satis�es Condition 2. Condition 3is not satis�ed, but at least the �rst and third terms of this interim sequen
e interse
t onlyon
e and j� \ �2j < j�0 \ �2j.Case 3: j�0 \ �2j = 1.Let U be a regular neighborhood of �0 [�1 [ �2 in �. Let V = U n (�0 [ �1). V is a planarsurfa
e with 4 boundary 
omponents, one 
orresponding to �0 [ �1, shown as a re
tangle inFigure 2, and three others denoted A;B and C. The 
onstru
tion of the desired sequen
eof 
urves depends on the relation of A;B and C to the rest of �. In ea
h of the following
ases, S will denote a 
onne
ted subsurfa
e of � whi
h satis�es �S � A [B [ C and whoseinterior int(S) is disjoint from V .(A) A � S and genus(S) � 1. Choose �1 as indi
ated in Figure 2(A), that is, �1 starts on�1, then passes a
ross A into S and ba
k to A without separating S, and then 
rosses �2before returning to the point it started from, but from the opposite side of �1. Let �2 � Sbe a 
urve su
h that j�2\�1j = 1. The sequen
e �0; �1; �1; �2; �1; �2 satis�es Conditions 1{3.(B) B � S and genus(S) � 1. This is similar to (A).(C) C � S and genus(S) � 1. Choose �1 and �2 as shown in Figure 2(C) and the sequen
e�0; �1; �1; �2; �1; �2 will satisfy Conditions 1{3.(D) A [ B � S. Choose an ar
 in V that runs from A, a
ross �2 and �1 and then to B.Complete this ar
 to a 
urve � by atta
hing an ar
 in S. The sequen
e �0; �1; �;A; �; �2satis�es Conditions 1{3.
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(A) (C)

β1

β1

β2

β2 α0

α0 α1

α1

A B

C

V

α2

α0

α0 α1

α1

A B

C

V

α2

(D) (E)

β

β

α0

α0 α1

α1

A B

C

V

α2

α0

α0 α1

α1

A B

C

V

α2

Figure 2. Case 3(E) A [ C � S. Choose an ar
 in V that runs from C, a
ross �1 and then to A. Completethis ar
 to a 
urve � by atta
hing an ar
 in S. The sequen
e �0; �1; �; �1; �2 satis�esConditions 1{3.(F) B [ C � S. This is similar to (E).The only possibility not 
overed in (A){(F) is if ea
h of A;B and C bound disks, but thiswould imply genus(�) = 1, 
ontrary to assumption. �3. Definition of the relative Euler 
lassLet M = �� I = �� [0; 1℄ and �t = �� ftg. If �t is 
onvex, we denote �t = ��t . Let �be a tight 
onta
t stru
ture on M whi
h satis�es he(�);�ti = �(2g� 2). Sin
e the situationis symmetri
 under sign 
hange, we will additionally assume that he(�);�ti = �(2g � 2).First re
all the following identity (
f. Kanda [19℄ or Eliashberg [4℄):(1) he(�); Si = �(S+) � �(S�):



TIGHT CONTACT STRUCTURES ON FIBERED HYPERBOLIC 3-MANIFOLDS 9Here S is a 
losed 
onvex surfa
e.A

ording to Giroux's 
riterion [10℄, a 
losed 
onvex surfa
e � 6= S2 has a tight neighbor-hood if and only if no 
onne
ted 
omponent of �� is a disk. This implies that �(��) � 0.Hen
e, the extremal 
ondition implies that �(�+) = �(2g � 2) and �(��) = 0. In otherwords, �� is a nonempty union of annuli. Here, re
all that both �+ and �� of a 
onvexsurfa
e � are nonempty, sin
e there must be both sour
es (�+) and sinks (��) for the
hara
teristi
 foliation.This se
tion is devoted to de�ning the relative Euler 
lass ~e(�) of �, not to be 
onfusedwith the Euler 
lass e(�) used previously. It is suÆ
ient to de�ne the relative Euler 
lass onannuli, as follows. Let 
 � � be a 
losed 
urve. Suppose �rst that 
 � f0; 1g is eÆ
ientwith respe
t to �M , i.e., interse
ts ��M minimally in its isotopy 
lass in �M . If 
�f0; 1g isnonisolating in �M (whi
h is the 
ase for example when 
 is nonseparating in �), then wemay use the Legendrian realization prin
iple (LeRP) [12℄ to make 
 � f0; 1g Legendrian. IfS = 
 � I �M is a 
onvex surfa
e, then we de�ne:(2) h~e(�); Si = �(S+) � �(S�):In general, 
hoose 
�f0; 1g (i.e., introdu
e extra interse
tions with ��M ) so that the following
ondition holds:
 � f0; 1g is nonisolating and every 
onne
ted 
omponent of (
 � fig) \ (�i)�, i = 0; 1, is anonseparating ar
.If this 
ondition is satis�ed, we will say that 
 � f0; 1g has been primped. We remark herethat (i) (�i)� is a union of annuli, and (ii) 
omponents of (
�fig)\(�i)+ may be separating.We take S 
onvex with primped �S = 
 � f0; 1g and de�ne h~e(�); Si as in Equation 2.What we would like to prove is that ~e(�) is indeed a homology invariant, i.e., lives inH2(M;�M ;Z). This follows from the following three lemmas.Lemma 3.1. Let S and S 0 be 
onvex surfa
es with �S = �S 0 primped Legendrian 
urves on�M . If S and S 0 are isotopi
 rel boundary, then h~e(�); Si = h~e(�); S 0i.Proof. Sin
e �S = �S 0, we 
onsider S [ (�S 0). After rounding along the 
ommon edgeand perturbing slightly if ne
essary (without 
hanging the isotopy 
lass of the dividing set),we may take S [ (�S 0) to be a 
losed immersed surfa
e. Although Equation 1 holds for
losed 
onvex surfa
es (
onvex surfa
es are embedded by de�nition), we may 
learly extendKanda's argument in [19℄ to immersed surfa
es whi
h have meaningful positive and negativeregions. Therefore, we have:h~e(�); Si � h~e(�); S 0i = [�(S+)� �(S�)℄� [�(S 0+)� �(S 0�)℄= �(S+ [ S 0�)� �(S� [ S 0+)= he(�); S [ (�S 0)i = 0:This proves that h~e(�); Si is independent of the 
hoi
e of S, provided �S is �xed. �
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δ

δ′Figure 3. Isotopy of Æ to Æ0Lemma 3.2. Let S = Æ � I and S 0 = Æ0 � I be isotopi
 
onvex surfa
es with primpedLegendrian boundary in M . Then h~e(�); Si = h~e(�); S 0i.Proof. The key point of using primped 
urves is that dividing 
urves of � � f0; 1g (in theextremal 
ase) 
ome in pairs, and we 
an isotop one primped 
urve to another primped 
urvein the same isotopy 
lass by pushing Æ � f0; 1g a
ross two 
urves in a pair simultaneously,i.e. by 
hanging the annulus by a sequen
e of operations of the type des
ribed in Figure 3(or its inverse). We see that su
h an isotopy 
hanges the dividing set on the annulus byadding (or deleting) a nested pair of boundary 
ompressible ar
s. This amounts to adding(or removing) one disk region ea
h for S+ and S� and does not 
hange h~e(�); Si. A �nitesequen
e of su
h steps will bring us to the situation where we 
an apply the previous lemma.�Next, we prove additivity.Lemma 3.3. Let Æi, i = 1; 2, be two oriented nonseparating 
urves on � with nontrivialgeometri
 interse
tion. Let Si = Æi � I and form S = S1 + S2 = Æ � I by the natural
ut-and-paste operation 
orresponding to homology addition. Thenh~e(�); Si = h~e(�); S1i + h~e(�); S2i:Proof. Consider the graph C = Æ1[ Æ2, where Æ1 t Æ2 and Æ1 \ Æ2 does not interse
t �� [��.Assume enough extra interse
tions of ��\Æi have been introdu
ed to Æi, i = 1; 2, so that Æi isprimped and C satis�es the nonisolating 
ondition. We may take the 
ommon interse
tionsÆ1 \ Æ2 to be ellipti
 tangen
ies, using a slightly stronger version of LeRP whi
h is easilyderived from Giroux's Flexibility Theorem [12℄, and (Æ1 \ Æ2) � I to be transverse 
urves,by perturbing if ne
essary. Let Æ0 = Æ1 + Æ2 be the multi
urve obtained by smoothing theinterse
tion Æ1 \ Æ2 in the standard manner. Then the surfa
e S 0 obtained by performing a
ut-and-paste along the transverse 
urve and smoothing the 
orners satis�es the followingequality: h~e(�); S 0i = h~e(�); S1i + h~e(�); S2i:



TIGHT CONTACT STRUCTURES ON FIBERED HYPERBOLIC 3-MANIFOLDS 11The equality follows from relating �(S 0+) � �(S 0�) to the more standard way of 
omputingh~e(�); S 0i using signs and types of isolated singularities as in Kanda's argument in [19℄. Now,�S0 is primped, sin
e we took the interse
tions Æ1 \ Æ2 to be away from ��. Therefore,Lemma 3.2 implies that h~e(�); S 0i = h~e(�); Si. �We will usually express ~e(�) 2 H2(M;�M ;Z) in terms of its Poin
ar�e dual PD(~e(�)) 2H1(M ;Z). 4. Computation of the base 
aseRe
all that, by our 
hoi
e of he(�);�ti, (�i)�, i = 0; 1, is a union of annuli. If we assumethat there is only one pair of dividing 
urves on ea
h �i, then (�i)� is an annulus and (�i)+is its 
omplement in �i (i.e., \most" of the surfa
e).We will now 
onsider the following spe
ial 
ase, whi
h turns out to be the most funda-mental:Base Case. �i = 2
i, i = 0; 1, and j
0 \ 
1j = 1.Here, k
 is shorthand for k parallel (mutually noninterse
ting) 
opies of a 
losed 
urve 
.Theorem 4.1. Let � be a 
losed surfa
e of genus g � 2, M = �� I the ambient manifold,and F a 
hara
teristi
 foliation on �M adapted to �0t�1 of the Base Case. Let T ight(M;F)be the spa
e of tight 
onta
t 2-plane �elds whi
h indu
e F along �M . Then we have thefollowing:(1) #�0(T ight(M;F)) = 4 .(2) The isotopy 
lasses of tight 
onta
t stru
tures are distinguished by their relative Euler
lass, whi
h are: PD(~e(�)) = �
0 � 
1 2 H1(M ;Z):(3) All the tight 
onta
t stru
tures are universally tight.This 
omputation is a little involved, and o

upies Se
tions 4.1 through 4.4. In whatfollows, when we pres
ribe a boundary 
ondition for a 3-manifold M , we will simply give��M , although, stri
tly speaking, we need to also assign the 
hara
teristi
 foliation F on �Madapted to ��M . We will assume that some 
onvenient 
hara
teristi
 foliation is pres
ribed,sin
e the a
tual number of tight 
onta
t stru
tures is independent of the a
tual 
hara
teristi
foliation adapted to ��M (see [12℄). The following is a preliminary lemma.Lemma 4.2. There exists a unique tight 
onta
t stru
ture on H = S � I, where S is a
ompa
t oriented surfa
e with nonempty boundary, S0, S1, and (�S)�I are 
onvex, �S0 = �S1are �-parallel, and ��S�I are verti
al. (Here verti
al means the dividing 
urves are ar
sfptg � I.) This tight 
onta
t stru
ture is universally tight, and is obtained by perturbing thefoliation of H by leaves S � ftg, t 2 [0; 1℄, into a 
onta
t stru
ture.Proof. Observe that H = S � I is a handlebody and that ��H, after edge-rounding [12℄, isisotopi
 to �S � f12g. See Figure 4.
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H

edge-roundingFigure 4. Dividing multi
urve after edge-rounding.Consider a meridional disk D = 
 � I, where 
 is a non-boundary-parallel, properlyembedded ar
 on S. Then, after rounding, �D interse
ts ��H along exa
tly two points.Make �D Legendrian and D 
onvex. Then the Thurston-Bennequin invariant tb(�D) equals�1, and there is a unique dividing 
urve 
on�guration on D 
onsistent with this boundary
ondition. Moreover, there is a system of su
h meridional disks D1; : : : ;Dk whi
h de
omposeH into 3-balls B3, ea
h with ��B3 = S1. By Eliashberg's uniqueness theorem for tight 
onta
tstru
tures on the 3-ball (
.f. [4℄), there is a unique tight 
onta
t stru
ture up to isotopy relboundary on ea
h of the B3's. This implies that there exists at most one tight 
onta
tstru
ture on H with given ��H . Now, to prove that there indeed exists a (universally) tight
onta
t stru
ture on H with given ��H, we glue ba
k using Theorem 4.3 below. Note that�Di is �-parallel on ea
h meridional disk Di. We leave the statement of the perturbation tothe reader. �Theorem 4.3 (Colin [3℄). Let (M; �) be an oriented, 
ompa
t, 
onne
ted, irredu
ible, 
onta
t3-manifold and S �M an in
ompressible 
onvex surfa
e with nonempty Legendrian boundaryand �-parallel dividing set �S . If (M nS; �jMnS) is universally tight, then (M; �) is universallytight.We now begin the analysis of the Base Case. Let us position the dividing 
urves 2
0 and2
1 as in Figure 5, that is, we suppose #(
0 \ 
1) = 1 and we have oriented 
0 and 
1so that the interse
tion pairing h
1; 
0i on � equals +1. Now 
onsider an oriented 
losed
urve 
 whi
h satis�es #(
 \ 
i) = 1 and h
; 
ii = 1, i = 0; 1. For our 
onvenien
e, we willassume that 
0 and 
1 are identi
al ex
ept in a thin annulus A parallel to but disjoint from
, obtained as follows. First push 
 o� of itself in the dire
tion opposite the dire
tion givenby the orientation of 
1 to obtain 
 0. Then let A be a small annular neighborhood of 
 0. 
0is then obtained from 
1 via a Dehn twist in A. We will write ��1 \ 
 = fp1; p2g � f1g,
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 = fp1; p2g � f0g. Our �rst 
ut of M = � � I will be along the 
onvex surfa
eA = 
 � I, where A = 
 � I is given the orientation indu
ed from 
 and I.
Σ1

γ × {1}

γ × {0}

+

+

−

−

−Σ0Figure 5. Suitable 
hoi
e of �0 and �1.There are two general 
lasses of dividing 
urves �A whi
h we denote by Ik and II�n . Thedividing set Ik 
onsists of 2 parallel nonseparating dividing 
urves (i.e., dividing 
urves whi
hgo a
ross from 
 � f0g to 
 � f1g). Here, k 2 Zdenotes the holonomy, or the amount ofspiraling, de�ned as follows. First, zero holonomy k = 0 means the dividing 
urves are verti
alin the sense that they are isotopi
 rel boundary to fq1; q2g � [0; 1℄, where fq1; q2g � f0; 1gare the endpoints of �A. The holonomy is k if �A is obtained from fq1; q2g � [0; 1℄ by doingk negative Dehn twists along the 
ore 
urve of A. The dividing set II+n (resp. II�n ), n 2Z�0,
onsists of two �-parallel dividing 
urves whi
h split o� half-disks, where the half-disk along
 � f1g is positive (resp. negative) and there are n parallel homotopi
ally essential 
losed
urves. See Figure 6 for the possibilities.4.1. Type II�n , n even. The �rst 
ase we treat is �A = II�n , where n is even.Lemma 4.4. II�2m, m 2Z+, 
an be redu
ed to II�0 .Proof. The proof strategy is to start with the 
onvex annulus A with dividing set �A andthen sear
h for a bypass B atta
hed along A su
h that isotoping A a
ross B will produ
ea 
onvex annulus A0 with �0A of de
reased 
omplexity. It is important to keep in mind thatTheorem 4.1 is false for tori; thus in sear
hing for B we must exploit the assumption thatthe genus of � is � 2.Assume we have II+2m. Figure 7 depi
ts the 
onvex de
omposition sequen
e for this 
ase.We will treat the 
ase m = 1, whi
h is the hardest 
ase. The situation m > 1 will be left tothe reader.Figure 7(A) depi
ts M 
ut open along A. Figure 7(A) shows (� n 
)� f1g together withA+ and A�, two 
opies of A on M nA. (Warning: A+ and A+ are distin
t surfa
es. A+ � A
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k = 1

k = 0

k = −1

γ × {1}

γ × {0} Type II+
n

Type II−n

Type Ik

n = 3

n = 4

+

+

+

+

−

−

− −

−Figure 6. Dividing 
urves of type Ik and II�n .is reserved for the positive region of a 
onvex annulus A, whereas A+ is the 
opy of A inM n A where the indu
ed orientation from A agrees with the the orientation indu
ed from�(M nA).) Figure 7(B) depi
ts (� n 
)�f0g. After rounding the edges of M nA, we obtainthe 
onvex handlebody M1 in Figure 7(C). The dividing set ��M1 then 
onsists of threeparallel 
urves isotopi
 to the 
ore 
urve of A+ and three parallel 
urves isotopi
 to the 
oreof A�.We now make the next 
ut in the 
onvex de
omposition along Æ � I, where Æ � � n 
 isa properly embedded oriented ar
 whi
h 
onne
ts the two boundary 
omponents of � n 
(from A+ to A�). (Some rounding will have taken pla
e, but we assume that has alreadybeen taken 
are of.) Æ � I will be given the orientation indu
ed from Æ and I. We now
onsider the dividing 
urve 
on�gurations on Æ � I. �(Æ � I) will interse
t ��M1 in threepoints along A+ and in three points along A�. We label them 1, 2, 3 on A+ in order from
losest to Æ � f1g to farthest from Æ � f1g. Similarly label the three points of interse
tionon A� by 4, 5, 6 from 
losest to Æ�f1g to farthest (see Figure 7(D)). We 
laim that if thereexists a �-parallel dividing 
urve straddling one of Positions 2, 3, 4, or 5, then the bypass
orresponding to any of these positions, when 
onsidered ba
k on A, would give a bypassalong A (from one of the sides) and a new 
onvex annulus isotopi
 to A with fewer dividing
urves. Positions 2 and 5 give rise to bypasses whose Legendrian ar
s of atta
hment are
ontained in A and whi
h interse
t three distin
t 
urves of �A. A bypass at Positions 3 or4, when tra
ed ba
k to Figure 7(A), also yields a bypass along A whi
h redu
es #�A. Torealize this, we apply Bypass Sliding (Lemma 1.3). Now, Figure 7(D) is the only remainingdividing 
urve 
on�guration for Æ � I.
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(A)

(F)

(D)

M2

(B)

(Σ \ γ) × {0}

(E)

M2

Bypass?

+

+

−

(C)

M1

+

δ

1

2

3

4

5

6

δ ×{1}

δ × {0}

Figure 7. The 
ase II+2m.Therefore, we 
an either redu
e from II+2 to II+0 or obtain the dividing set as in Figure 7(D).In the latter situation, we pro
eed by rounding the edges ofM1n(Æ�I) to getM2, depi
ted in
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urve is straightened, is equivalent to Figure 7(F).In other words, ��M2 
onsists of one 
urve, and it separates �M2.We 
laim there exists a bypass from the interior of �M2 along (Æ � I)� as depi
ted inFigure 7(E). This follows from using Lemma 1.4 with F = �M2. On
e we have the bypass,adding it to the exterior of (Æ� I)+ as shown in Figure 7(E) for
es the existen
e of bypassesin Positions 3 and 4. Therefore, we 
an always redu
e from II�2m to II�0 . �Lemma 4.5. �A = II�0 extends uniquely to a tight 
onta
t stru
ture on M . It is universallytight.Proof. After 
utting M along A, we obtain M n A = S � I, where S is a surfa
e of genusg � 1 with two pun
tures. Applying edge-rounding, we obtain that ��(S�I) is isotopi
 to(�S) � f12g. Lemma 4.2 (or the proof of Lemma 4.2) implies that there is a unique tight
onta
t stru
ture whi
h extends to the interior of S � I. The tight 
onta
t stru
ture isuniversally tight by Lemma 4.2, and glues to give a universally tight 
onta
t stru
ture onM , sin
e �A is �-parallel and we 
an therefore apply Theorem 4.3. �4.2. Type II�n , n odd.Lemma 4.6. II�2m+1, m 2Z+, 
an be redu
ed to II�1 .Proof. The proof is similar to the proof of Lemma 4.4. It is enough to show that II�2m+1 
anbe redu
ed to II�2m�1. Figure 8(A) depi
ts M nA where we have II+2m+1. After rounding theedges, we obtain M1 whi
h has 2m + 3 
losed 
urves parallel to the 
ore 
urve of A+ and2m+1 
losed 
urves parallel to the 
ore 
urve of A�. We take the next 
onvex de
omposingdisk Æ�I with eÆ
ient Legendrian boundary. �(Æ�I) interse
ts ��M1 in 2m+3 points alongA+, labeled 1 through 2m + 3 from 
losest to Æ � f1g to farthest from Æ � f1g, and 2m + 1points along A�, labeled 2m + 4 through 4m + 4. The only �-parallel dividing 
urves onÆ � I whi
h do not immediately lead to a bypass on A are those straddling Positions 1 and2m+3. Therefore, we are left to 
onsider a unique 
hoi
e for �Æ�I , given in Figure 8(C), i.e.,exa
tly two �-parallel ar
s (along 1 and 2m+3), and all other dividing 
urves 
onse
utivelynested around them.In order to prove the redu
tion from II�2m+1 to II�2m�1, we show the existen
e of a nontrivialbypass along (Æ � I)� from the interior of M2. Indeed, Lemma 1.4 guarantees that there isa bypass along an ar
 of atta
hment whi
h interse
ts the �-parallel 
omponent of (Æ � I)�straddling Position 1, as well as two 
onse
utively nested dividing ar
s. See Figure 8(D). Thisbypass, if viewed on Æ� I (Figure 8(C)), produ
es �-parallel 
urves a
ross Positions 2m+ 2and 4m+ 3, giving us a redu
tion in the number of parallel 
urves on �A. �Lemma 4.7. II�1 
an be redu
ed to Ik.Proof. We will treat �A = II�1 , and leave II+1 to the reader. The 
omputation is similar inspirit to the previous 
omputations, ex
ept that it is a bit more involved. The goal is to �nda bypass along A+ from the interior of M1 whi
h straddles the three 
omponents of �A+ .
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(A) +

−

(B)

M1

+

δ

(D)

M2

Bypass?

+
(C)

1

2

3

4

5

6

7

8

δ × {1}

δ × {0} Figure 8. The 
ase II+2m+1.This time, the holonomy of the bypass (how many times the bypass wraps around the 
ore
urve) is important. In order to determine the existen
e of a bypass, we will su

essively
ut M1, leaving A+ untou
hed, until we arrive at a solid torus whose boundary 
ontainsA+. On the solid torus, we 
an determine whether the bypass exists, by appealing to the
lassi�
ation of tight 
onta
t stru
tures on solid tori [9, 12℄.Figures 9 and 10 depi
t this de
omposition pro
ess. As shown in Figure 9(B), let Æ1 bea non-boundary-parallel, properly embedded ar
 on � n 
 whi
h does not interse
t Æ andbegins and ends on �A�. We take �(Æ1 � I) to be Legendrian and eÆ
ient with respe
t to��M1nA+ on �M1 n A+. Note this happens to be the same as being eÆ
ient with respe
tto ��M1 on �M1. The side of Figure 9(A) whi
h is hidden, namely (� n 
) � f0g, is asshown in Figure 7(B), that is, the hidden side di�ers from the top by a single Dehn twist.However, for subsequent �gures, we suppose that the �-parallel dividing 
urve on A� along(
 � f0g)� has already been twisted around the 
ore 
urve of A�, i.e., �(�n
)�f0g is thesame as �(�n
)�f1g. Now, take Æ1 � I to be 
onvex and de�ne M2 to be M1 n (Æ1 � I), afterrounding the edges. (Warning: This M2 is di�erent from the M2's in the previous lemmas.)
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(A)

+

+

−

−

Bypass?

+

−

δ1

M1

(B)

(C) (D)

1
2

3

4
5
6

β1 β2

M2 Figure 9. The 
ase II�1 .We label �(Æ1� I)\��M1 by numbers 1 through 6 as follows: There is a unique 
losed 
urveof ��M1nA+ , and we let the two points of interse
tion of this 
urve with �(Æ1� I) be 2 and 5.The rest are labeled in in
reasing order along �(Æ1� I) in the dire
tion given by the indu
edorientation, i.e., \
ounter
lo
kwise". Now, �-parallel dividing 
urves in Positions 2 and 5would immediately allow us to redu
e to Ik, as 
an been on the (Æ1 � I)�-side. Therefore,we are left with two possibilities for �Æ1�I , whi
h we 
all �1 and �2. In Figure 9(D), theleft diagram represents the two �-parallel positions whi
h are ruled out, and the middle andright respe
tively are �1 and �2.Consider �1. (See Figure 10.) Figure 10(A) represents the dividing set ��M2 beforerounding, and Figure 10(B) is ��M2 after rounding. We take Æ2 (as in Figure 10(B)) to bea non-boundary-parallel, properly embedded ar
 on � n (
 [ Æ1) whi
h begins on one 
opyof Æ1 and ends on the other 
opy. At this point, � n (
 [ Æ1) is a pair-of-pants, and 
uttingalong Æ2 yields an annulus. Take �(Æ2 � I) to be Legendrian and eÆ
ient with respe
t to��M2nA+ (whi
h also happens to be the same as being eÆ
ient with respe
t to ��M2). Now,
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(A)

(F)

(D)
+

−

+

−

M2

+

−

(B)
+

−

M2

δ2

I−1M1

(C)
+

−

M3

M3

(E)

Bypass

R

R

Figure 10. The 
ase II�1 , 
ontinued. Con�guration �1.tb(�(Æ2 � I)) = �2, and there are two possibilities for �Æ2�I . We may rule out one of thepossibilities, sin
e it yields a �-parallel dividing 
urve whi
h allows us to redu
e to Ik.



20 KO HONDA, WILLIAM H. KAZEZ, AND GORDANA MATI�CFinally, we have a solid torus M3 = M2 n (Æ2 � I), and ��M3 
onsists of 2 parallel lon-gitudinal dividing 
urves. (Figures 10(C,D,E) represent ��M3 before and after su

essiveedge-roundings.) This implies, by [12℄, that M3 is a standard neighborhood of a Legendrian
urve. Let us identify �M3 = R2=Z2 by letting the meridian have slope 0 and ��M3 haveslope 1.We 
laim that there exists a bypass along A+ from the interior of M1, whi
h 
hanges II�1to I�1. We look for the 
orresponding bypass along A+ on M3. To see this exists, let D be a
onvex meridional disk for M3 with Legendrian boundary �D whi
h is eÆ
ient with respe
tto ��M3 and is disjoint from the bypass ar
 of atta
hment. Then tb(�D) = �1, and thereis a unique way, up to isotopy, to 
ut this solid torus into a 3-ball B3. Finally, the bypassalong �B3 is a trivial bypass, whi
h must therefore exist by Right-to-Life. �4.3. Type Ik.Lemma 4.8. Ik, k > 0, 
an be redu
ed to I0.Proof. The de
omposition pro
edure is given in Figure 11. Figure 11(A) gives M nA; notethat in this �gure �(�n
)�f0g does not equal �(�n
)�f1g and rather is as in Figure 7(B).Figure 11(B) is the same as Figure 11(A), ex
ept that the extra Dehn twist is in
orporatedin A� so that �(�n
)�f0g = �(�n
)�f1g. Figure 11(C) depi
ts �M1, where M1 is M n A withthe edges rounded.Let Æ � � n 
 be the same as in Lemma 4.4. As before, 
onsider the 
ompressing diskÆ�I, whi
h we take to be 
onvex with eÆ
ient Legendrian boundary. Æ�I is 
hosen so that�(Æ � I) interse
ts ��M1 in 2k � 1 points along A+ (labeled 1 through 2k � 1 in order from
losest to Æ�f1g to farthest) and 2k+3 points along A� (labeled 2k through 4k+2 in orderfrom 
losest to Æ � f1g to farthest). If there are �-parallel 
omponents of �Æ�I along any of2k + 1; : : : ; 4k + 1, then the 
orresponding bypasses would give rise to the state transitionfrom Ik to Ik�1. Now, there are 2k+2 endpoints of �Æ�I \�(Æ� I) between Positions 2k and4k+2. If there are 
onne
tions (dividing ar
s) amongst the 2k+2 endpoints, then 
learly, thiswould give rise to a �-parallel ar
 straddling one of the \redu
ing" positions. However, thismust happen sin
e the total number of endpoints is 4k+2, i.e., #(�Æ�I \ �(Æ� I)) = 4k+2,and 4k + 2 < 2(2k + 2). �Lemma 4.9. Ik, k < �1, 
an be redu
ed to I�1.The apparent la
k of symmetry between Lemmas 4.8 and 4.9 is due to the fa
t that the�rst 
ut along A is not symmetri
 with respe
t to �0.Proof. The argument is almost identi
al to that of Lemma 4.8. The only di�eren
e is thatthe 
omputations are mirror images of those of Lemma 4.8. Refer to Figure 12 for the stepsof the 
omputation. �
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6Figure 11. The 
ase Ik, k > 0.Lemmas 4.8 and 4.9 together indi
ate that all the Ik's 
an be redu
ed to either I0 or I�1.The following Lemma 
omputes (an upper bound for) the tight 
onta
t stru
tures where�A = I0, and relates them to I�1.Lemma 4.10. There are at most two tight 
onta
t stru
tures on � � I in the Base Casefor whi
h �A = I0. The same also holds for �A = I�1. There exist state transitions along Awhi
h allow us to swit
h between I0 and I�1.Proof. Let us take the 
ase �A = I0. Figure 13(A) gives the dividing set of M n A, beforeedge-rounding but after the extra Dehn twist from the bottom fa
e (�n
)�f0g is in
luded.(Therefore, �(�n
)�f0g = �(�n
)�f1g.) Figure 13(B) is the same after edge-rounding. Now,if we 
ut along Æ � I, de�ned as in Lemma 4.8, there are two possibilities for �Æ�I , sin
etb(�(Æ�I)) = �2. (These are shown in Figures 13(C,D).) Figures 13(E,F) depi
t the dividingset of M2 = M1 n (Æ � I), after edge-rounding. In both 
ases, ��M2 
onsists of exa
tly onedividing 
urve parallel to �(� n (
 [ Æ)). Finally, using Lemma 4.2, we �nd that for ea
hof the two possibilities of �Æ�I there is a unique universally tight 
onta
t stru
ture on M2.Theorem 4.3 is also suÆ
ient to glue ba
k along Æ � I to give two universally tight 
onta
tstru
tures on M1 with the boundary 
ondition given by Figure 13(A). Making the �nalgluing and proving the resulting 
onta
t stru
ture is universally tight is a more 
ompli
ated



22 KO HONDA, WILLIAM H. KAZEZ, AND GORDANA MATI�C
(A)

(D)

+

−

(B)

+

−

(C)

+

−

δ

1

2

3

4

5

6

δ × {1}

δ × {0}Figure 12. The 
ase Ik, k < �1.state-transition operation, so we will 
ontent ourselves for the time being with the knowledgethat there are at most two tight 
onta
t stru
tures on �� I in the Base Case with �A = I0.A similar 
omputation also holds for �A = I�1.We now prove that we may swit
h from I0 to I�1. The reverse pro
edure is identi
al.Above, we found that #(��M1 \ �(Æ � I)) = 4, and one interse
tion was on A+ (labeled 1)and 3 on A� (labeled 2; 3; 4 in su

ession from 
losest to Æ � f1g to farthest). A �-paralleldividing 
urve of Æ�I straddling Position 3 
learly allows us to transition from I0 to I�1. Onthe other hand, a �-parallel dividing 
urve straddling Position 4 gives rise to a 
orrespondingbypass whi
h 
an be slid so that all three of the interse
tions with ��M1 lie on A�. Therefore,for both 
hoi
es of �Æ�I , we may transition from I0 to I�1. �4.4. Completion of Theorem 4.1. Summarizing what we have proved so far:� #�0(T ight(M;F)) � 4:� Type II+0 : there exists one.� Type II�0 : there exists one.� Type I0: there are at most 2.� The other possibilities for �A redu
e to one of II�0 or I0.
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Figure 13. Classi�
ation for I0.� The tight 
onta
t stru
tures of type II�0 are universally tight by Lemma 4.5.



24 KO HONDA, WILLIAM H. KAZEZ, AND GORDANA MATI�C� The tight 
onta
t stru
tures of type II+0 and II�0 are distin
t and are also distin
tfrom those of type I0 by the relative Euler 
lass ~e evaluated on A.The proof of Theorem 4.1 is 
omplete, on
e we show Lemmas 4.11 and 4.13 below.Lemma 4.11. There are exa
tly two tight 
onta
t stru
tures of type I0. They are univer-sally tight, are obtained by adding a single bypass onto �0, and have relative Euler 
lassPD(~e(�)) = �(
1 � 
0).Proof. We show the existen
e of the (universally) tight 
onta
t stru
tures by embeddingthem inside a suitable (universally) tight 
onta
t stru
ture of type II�0 . Let A = 
 � I bethe �rst 
ut that was used to de
ompose � � I. If �A = II+0 , then there is a �-paralleldividing 
urve along 
 � f0g whi
h 
uts o� a positive region of A. There is a 
orrespondingdegenerate bypass whose Legendrian ar
 of atta
hment is all of 
 �f0g. (Degenerate meansthat the two ends of the Legendrian ar
 of atta
hment are identi
al.) If we immediatelyatta
h this degenerate bypass onto �0, we obtain an isotopi
 
onvex surfa
e whi
h we 
all�01=2 and whi
h satis�es ��01=2 = 2
. However, if we separate the endpoints by bypass slidingin one parti
ular dire
tion along ��0 , we obtain a more 
onvenient 
onvex surfa
e �1=2 with��1=2 = 2
1, after the bypass atta
hment. There are two possible bypasses (of oppositesign) we 
an atta
h to �0, arising from II+0 and II�0 . They are 
learly universally tight by
onstru
tion.We now 
ompute their relative Euler 
lass. It will then be 
lear that the two tight 
onta
tstru
tures are distin
t and of type I0. We �x some notation. The tight 
onta
t stru
ture �obtained in the previous paragraph by atta
hing a bypass has ambient manifold � � [0; 1℄,��i = 2
i, i = 0; 1, and � is [0; 1℄-invariant ex
ept for A � [0; 1℄, where A � �0 is a 
onvexannulus with Legendrian boundary whose 
ore 
urve is isotopi
 to 
, and the bypass wasatta
hed to �0 along A.First suppose � � � is a 
losed nonseparating 
urve whi
h interse
ts neither 
0 nor 
1.Then the 
orresponding 
onvex annulus � � I will only 
onsist of 
losed 
urves parallel tothe 
ore 
urve. Hen
e h~e(�); � � Ii = 0. Thus we may 
hoose a basis of H1(�;Z) su
h that,of the 2g generators, 2g � 2 of them evaluate to zero in this manner. Next let � �f0g � �0be a 
losed Legendrian 
urve parallel to 
 but disjoint from A. Then, sin
e � is I-invariantaway from A � I, � � I must 
onsist of 2 parallel verti
al nonseparating ar
s, that is,h~e(�); � � Ii = 0. Finally, let � � f0g � �0 be a 
losed eÆ
ient Legendrian 
urve whi
h isparallel to 
1 but does not interse
t the ar
 of atta
hment of the bypass, whi
h we take to benondegenerate. Then � � fig, i = 0; 1, interse
ts ��i twi
e, and ���I 
onsists of 2 parallelverti
al nonseparating ar
s. However, now � � f1g is not eÆ
ient with respe
t to ��i , andresolving the extra interse
tion to produ
e an eÆ
ient interse
tion gives h~e(�); (��I)�i = �1.(Here, (�)� refers to the annulus with eÆ
ient Legendrian boundary.) See Figure 14. Havingevaluated ~e(�) on all the basis elements, we �nd that PD(~e(�)) = �
 = �(
1 � 
0). �
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Figure 14. O
arinian Riemann surfa
esDe�nition 4.12. A tight 
onta
t stru
ture on ��I whi
h is 
onta
t di�eomorphi
 to one ofthe tight 
onta
t stru
tures of type I0 is said to be a basi
 sli
e. Thus, in a basi
 sli
e, ���f0gand ���f1g ea
h 
onsist of two parallel 
urves 2
0 and 2
1 with j
0 \ 
1j = 1. The basi
 sli
eis obtained by atta
hing a single bypass B onto � � f0g and thi
kening (�� f0g) [B.Lemma 4.13. The tight 
onta
t stru
ture of type II�0 has relative Euler 
lass PD(~e(�)) =�(
1 + 
0).Proof. We will restri
t our attention to II+0 . As in the proof of Lemma 4.11, if � � � is a
losed nonseparating 
urve whi
h does not interse
t 
0 or 
1, then h~e(�); � � Ii = 0. Fromthe de�nition of II+0 we have: h~e(�); (
1 � 
0)� Ii = 2:
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e 
0 � I with eÆ
ient Legendrian boundary interse
ts ��0 0 times and ��1 twi
e,h~e(�); 
0 � Ii = �1;where the exa
t sign will be determined in a moment. Similarly,h~e(�); 
1 � Ii = �1:For the three equations to agree, we must have h~e(�); 
0 � Ii = �1 and h~e(�); 
1 � Ii = 1.This implies that PD(~e(�)) = �(
1 + 
0). �5. Classifi
ation of tight 
onta
t stru
tures on �� IIn this se
tion we prove Theorem 0.1 as well as the following theorem:Theorem 5.1 (Gluing Theorem). Let � be an oriented 
losed surfa
e of genus g � 2,M = � � [0; 2℄, and � a 
onta
t stru
ture whi
h is tight on M n �1. Suppose �i, i = 0; 1; 2,are 
onvex and ��i = 2
i, where 
i are nonseparating oriented 
urves. Also assume that the
i are not mutually homologous. If PD(~e(�j��[0;1℄)) = 
1 � 
0 (here 
0 and 
1 have beenoriented so the relative Euler 
lass has this form), then PD(~e(�j��[1;2℄)) = 
2� 
1 (for someorientation of 
2) if and only if � is tight on M .The 
ondition of the 
i being mutually nonhomologous is a te
hni
al 
ondition, whi
h
an be removed if we reformlate the Gluing Theorem without referen
e to the relative Euler
lass. The reader is en
ouraged to do so, after examining the proof of Theorem 0.1 and theGluing Theorem. As we will see, the only 
onta
t topology 
al
ulations needed to proveTheorem 0.1 are the one done in Se
tion 4 as well as a similar 
al
ulation in Proposition 5.3.The rest is largely a \proof by pure thought", relying on the relative Euler 
lass 
onsisten
y
he
k, Proposition 5.2, and 
urve 
omplex fa
ts.5.1. Freedom of 
hoi
e. The proof of Theorem 0.1 is founded on the following ratherremarkable proposition.Proposition 5.2 (Freedom of 
hoi
e). Let (M = � � I; �) be a basi
 sli
e with ��i = 2
i,i = 0; 1 and h
1; 
0i = +1, where h�i represents the interse
tion form on �, a surfa
e ofgenus at least 2. Let 
 be any nonseparating 
urve on �. Then there exists a 
onvex surfa
eisotopi
 to �0 (or, equivalently, to �1), whi
h we 
all �1=2 and whi
h has ��1=2 = 2
.The strategy of the proof is to start with ��0 = 2
0 and ��1 = 2
1 and su

essively �ndsubsli
es � � [a; b℄ � � � [0; 1℄ with 
onvex boundary and dividing sets ��a , ��b whi
h
onsist of two parallel 
urves ea
h and represent 
urves whi
h are \
loser" to 
 inside the
urve 
omplex. To prevent our notation from be
oming to 
umbersome, we will renamethe old � � [a; b℄ to be the new � � [0; 1℄ after ea
h step of the indu
tion. We also write[�0; �1;PD(~e(�))℄ to mean some tight 
onta
t stru
ture on �� [0; 1℄ with ��i = 2�i, i = 0; 1and relative Euler 
lass PD(~e(�)). If we do not spe
ify the relative Euler 
lass (or it isunderstood), we simply write [�0; �1℄. Moreover, if we want to indi
ate a basi
 sli
e, wewrite [[�0; �1℄℄.We �rst des
ribe the operation whi
h will be used repeatedly in the proof.



TIGHT CONTACT STRUCTURES ON FIBERED HYPERBOLIC 3-MANIFOLDS 27Operation. Consider [�0; �1℄, where j�0 \ �1j = 1. Let � be a 
losed (ne
essarily nonsep-arating) 
urve whi
h satis�es j�0 \ �j = 0 and j�1 \ �j = 1. Then there exists a 
onvexsurfa
e �1=2 with ��1=2 = 2�.Proof of Operation. On �0, use LeRP to realize ��f0g as a Legendrian 
urve with #(��0 \�) = 0. Similarly, Legendrian realize ��f1g with #(��1 \�) = 2. Take the 
onvex annulus� � I. By the Imbalan
e Prin
iple of [12℄, there must be a �-parallel dividing 
urve along� � f1g and hen
e a degenerate bypass. Atta
hing the degenerate bypass gives an isotopi

onvex surfa
e with � = 2�. �Proof of Proposition 5.2. We start with [[
0; 
1℄℄. Using Proposition 2.5, we obtain a se-quen
e: 
0 = �0; 
1 = �1; �2; : : : ; 
 = �k;where �i, i = 0; : : : ; k, are nonseparating, j�i�1 \�ij = 1, i = 1; : : : ; k, and j�i�1 \�i+1j = 0,i = 1; : : : ; k � 1. (Note that the statement of the proposition does not quite give what wewant, but the proof 
learly does.) Now, using the Operation, we su

essively �nd:[[�0; �1℄℄ � [[�2; �1℄℄ � [[�2; �3℄℄ � � � � � [[�k�1; �k℄℄:This 
ompletes the proof of the proposition. �5.2. Proof of Part 3 of Theorem 0.1. We will now give the 
lassi�
ation result for[
0; 
1 = 
0℄, where 
0 is an oriented nonseparating 
urve. If the tight 
onta
t stru
ture � isI-invariant, then PD(~e(�)) = 0.Proposition 5.3. Let [
0; 
0℄ be a tight 
onta
t stru
ture on M = � � [0; 1℄ whi
h is notI-invariant. Then �� [0; 1℄ 
ontains some basi
 sli
e � � [a; b℄.Proof. The proof is a 
al
ulation along the lines of Se
tion 4. Let 
 � � be an oriented
urve so that h
; 
0i = +1. Let A = 
 � I be a 
onvex annulus with eÆ
ient Legendrianboundary. �A has the possibilities as in Figure 6, denoted types Ik and II�n . Types II�n allhave �-parallel dividing 
urves, whi
h give rise to bypasses whi
h, in turn, yield basi
 sli
es.Therefore, it suÆ
es to 
onsider Ik.If �A = I0, then there exists a sequen
e of 
onvex meridional disks Di whi
h de
omposeM1 = M n A into the 3-ball, and for whi
h tb(�Di) = �1. Hen
e, there must be a uniquetight 
onta
t stru
ture with �A = I0. This implies that �A = I0 represents the I-invariant
ase.Suppose �A = Ik with k > 0. Let M1 = M nA. Figure 15(A) gives M1 and Figure 15(B)the same with the edges of A� rounded. (Note that Figure 15 depi
ts the 
ase �A = I1.)They are presented in almost identi
al fashion as in Se
tion 4 with one ex
eption: now�(�n
)�f1g = �(�n
)�f0g: Our notation will be identi
al to that of Lemma 4.7. Take Æ1 � Ito be 
onvex with Legendrian boundary so �(Æ1 � I) is eÆ
ient with respe
t to ��M1nA+.Write �Æ1 = p1 � p0. Then j�(Æ1 � I) \ ��M1j = 4k + 2, and 2k + 1 of the interse
tions wemay assume are on p0� I (labeled 1; : : : ; 2k+1 from 
losest to Æ1�f1g to farthest) and the
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6Figure 15. Transition from Ik to II�n .other 2k + 1 on p1 � I (labeled 2k + 2; : : : ; 4k + 2 from farthest from Æ1 � f1g to 
losest). Ifthere is a �-parallel dividing ar
 on Æ1�I straddling Positions 2; : : : ; 2k or 2k+3; : : : ; 4k+1,then the 
orresponding bypass state transitions us into Ik�1. If we 
an 
ontinue this, weeventually get to I0, whi
h is already taken 
are of. (A
tually, it is unlikely su
h a statetransition exists; we probably have an overtwisted 
onta
t stru
ture here.) Otherwise, wehave two possibilities: �1 and �2.The 
ase of �1 o

upies Figures 16(A,B) and the 
ase of �2 o

upies Figure 16(C). Wewill explain �2 �rst. After rounding the edges, ��M2nA+ has one �-parallel ar
 along ea
hboundary 
omponent of A+. This implies that there exists a Legendrian divide �1 on �M2 nA+ parallel to either boundary 
omponent of A+ (after possibly perturbing �M2 n A+ asin LeRP). Let �2 be an eÆ
ient Legendrian 
urve on A+, isotopi
 to the 
ore 
urve andsatisfying j�2 \ �A+ j = 2. If we take an annulus spanning �1 to �2, by the Imbalan
ePrin
iple we will obtain a degenerate bypass along �2. Atta
hing the degenerate bypass willgive the transition to some II�n .On the other hand, �1 does not immediately give rise to a �-parallel ar
 along �A+.Therefore, we 
ut again, this time along Æ2 � I, whi
h is 
onvex with eÆ
ient Legendrianboundary, to obtain M3. Write �Æ2 = q1� q0. Now, j�(Æ2� I) \ ��M2j = 2k + 2, and 2k + 1
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Figure 16. Transition from Ik to II�n , 
ontinued.of the interse
tions are on q0 � I, whereas 1 interse
tion is on q1 � I. If k > 1, then therewill always be a bypass along q0� I, whi
h transitions us to Ik�1. On the other hand, thereis one extra 
ase when k = 1 | after the edges are rounded (Figure 16(B)), there exists a�-parallel ar
 along �A+ on �M3 nA+. Therefore, we will always have a state transition tosome II�n , provided Ik does not represent an I-invariant tight 
onta
t stru
ture. �We 
laim that PD(~e([
0; 
0℄)) = �2
0 or 0. To see this, �rst note that if � is any 
urvewith j
0 \ �j = 0, then h~e([
0; 
0℄); � � Ii = 0, sin
e ���I 
onsists solely of 
losed 
urvesparallel to the 
ore 
urve. This takes 
are of 2g � 1 generators of H1(�;Z). Next, if �satis�es j
0 \ �j = 1, then h~e([
0; 
0℄); � � Ii is �2, 0, or 2, depending on the 
on�gurationof �-parallel dividing 
urves on � � I. This proves the 
laim.Suppose now that [
0; 
0℄ is not I-invariant. Let 
 � � be a 
losed oriented 
urve satisfyingh
0; 
i = +1. By Proposition 5.3, [
0; 
0℄ 
ontains a basi
 sli
e, and, by the freedom of
hoi
e, there exists a fa
torization into [
0; 
℄[ [[
; 
0;�(
0�
)℄℄. (Notation: when we write[a1; a2℄[ [a2; a3℄[ � � � [ [ak�1; ak℄, the 
onta
t stru
ture is layered in order.) We initially havethe possibilities PD(~e([
0; 
℄)) = �
0 � 
 from Theorem 4.1. However, by the 
laim in theprevious paragraph, if PD(~e([[
; 
0℄℄)) = 
0 � 
, then PD(~e([
0; 
℄)) = �
0 + 
. Therefore,
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0; 
0℄ = [
0; 
;�
0 + 
℄ [ [[
; 
0; 
0 � 
℄℄;or [
0; 
0℄ = [
0; 
;�
0 � 
℄ [ [[
; 
0;�(
0 � 
)℄℄:Lemma 5.4. All four 
onta
t stru
tures are tight, distin
t, and 
an be embedded in a basi
sli
e.Proof. Let 
0, 
1 be nonseparating 
urves satisfying h
1; 
0i = +1. We 
laim that [[
0; 
1; 
1�
0℄℄ 
an be fa
tored into [
0; 
0℄ [ [[
0; 
1℄℄, where the �rst fa
tor is not I-invariant. This isa 
onsequen
e of Proposition 5.2 as follows. First we layer [
0; 
1℄ = [
0; 
℄ [ [
; 
1℄, wherej
 \ 
ij = 1, i = 0; 1, using Proposition 5.2. Now, applying Proposition 5.2 to [
; 
1℄, weexpand: [
0; 
1℄ = [
0; 
℄ [ [
; 
0℄ [ [[
0; 
1℄℄:The union of the �rst and se
ond sli
es on the right-hand side of the equality 
annot beI-invariant by the semi-lo
al Thurston-Bennequin inequality (see [10℄). Therefore, we haveobtained a fa
torization [[
0; 
1; 
1 � 
0℄℄ = [
0; 
0℄ [ [[
0; 
1℄℄:It remains to 
ompute PD(~e) of the se
ond fa
tor. If we re
on
ile PD = �2
0 or 0 for the�rst fa
tor with PD = �(
1 � 
0) for the se
ond fa
tor, we easily see that:[[
0; 
1; 
1 � 
0℄℄ = [
0; 
0; 0℄ [ [[
0; 
1; 
1 � 
0℄℄:We therefore have realized at least one tight 
onta
t stru
ture [
0; 
0; 0℄ whi
h is not I-invariant. We also obtain another non-I-invariant tight 
onta
t stru
ture [
0; 
0; 0℄ by start-ing from [[
0; 
1; 
0 � 
1℄℄ instead.Our next 
laim is that the two non-I-invariant [
0; 
0; 0℄ are distin
t. Suppose we furtherfa
tor: [[
0; 
1; 
1 � 
0℄℄ = [
0; 
1℄ [ [[
1; 
0℄℄ [ [[
0; 
1; 
1 � 
0℄℄:The relative Euler 
lasses on the right-hand side of the equation, in order, are �
0 � 
1,�(
0+
1), 
1�
0. (The reason we have �(
0+
1) for the se
ond term is due to the relativeorientations of 
0 and 
1.) For the union of the se
ond and third layers to be tight, these
ond layer must have relative Euler 
lass 
0 + 
1 in order to 
an
el the 
0's (and the �rstlayers must be �(
0 + 
1)). Therefore,[[
0; 
1; 
1 � 
0℄℄ = [
0; 
1;�(
0 + 
1)℄ [ [[
1; 
0; 
0 + 
1℄℄ [ [[
0; 
1; 
1 � 
0℄℄:Applying the same 
al
ulation to [[
0; 
1; 
0� 
1℄℄, we see that the two non-I-invariant tight
onta
t stru
tures [
0; 
0; 0℄ 
an be distinguished by the fa
torization into [
0; 
1℄[ [[
1; 
0℄℄.It remains to dig further to obtain the remaining two tight 
onta
t stru
tures [
0; 
0℄ withPD(~e) = �
0. It suÆ
es to fa
tor [[
0; 
1; 
1 � 
0℄℄ into[
0; 
0;�2
0℄ [ [[
0; 
1; 
0 � 
1℄℄ [ [[
1; 
0; 
0 + 
1℄℄ [ [[
0; 
1; 
1 � 
0℄℄:
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0; 
0; 2
0℄. �5.3. Proof of Parts 1 and 2 of Theorem 0.1 and of Theorem 5.1. We �rst need thefollowing lemma:Lemma 5.5. If 
0 6= 
1, then [
0; 
1℄ 
ontains a basi
 sli
e.Proof. First suppose that j
0\
1j 6= 0. Then we 
an realize 
1�f0; 1g on �0[�1 by eÆ
ientLegendrian 
urves, apply the Imbalan
e Prin
iple to the 
onvex annulus with boundary
1 � f0; 1g, and �nd a bypass along 
1 � f0g � �0 from the interior of � � I. Let � bethe Legendrian ar
 of atta
hment for the bypass. There are two possibilities for �: (i) �starts on a dividing 
urve 
10 (one of the two 
urves parallel to 
0 on �0), passes throughthe other 
urve 
20 , and ends on 
10 ; (ii) � starts on 
10, passes through 
20, and ends on 
20after going through a nontrivial loop. (i) is 
learly an atta
hment whi
h gives rise to a basi
sli
e. For (ii), let P � �0 be a pair-of-pants neighborhood of the union of � and the annulusbounded by 
10 and 
20. One of the boundary 
omponents is a 
urve 
 parallel to 
i0, these
ond boundary 
omponent is B(
), parallel to the dividing 
urves on �1=2 obtained byisotoping �0 through the bypass atta
hed along � and the third 
urve denoted Æ may bethought of as the nontrivial loop � goes arround (see Figure 19).We 
laim that 
 = 
0 and B(
) = 
 12 are not isotopi
. If they were, then they would
obound an annulus B, and B [ P would be a on
e-pun
tured torus. In a on
e-pun
turedtorus, an eÆ
ient, nontrivial ar
 or 
losed 
urve will interse
t another only in positive in-terse
tions or only in negative interse
tions. This 
ontradi
ts the eÆ
ien
y of the original
urve 
1 � f0g.Therefore, we may shrink �� [0; 1℄ and assume that 
0 6= 
1 are disjoint and non-isotopi
.In su
h a situation, let � denote a 
urve that is eÆ
ient, interse
ts 
0 and does not interse
t
1. By using the Imbalan
e Prin
iple as above, we 
an again �nd a bypass of either type (i),in whi
h 
ase we have found a basi
 sli
e, or a bypass of type (ii). In the latter 
ase we 
anshrink again and have � � [0; 1℄ with ��0 parallel to 
 and ��1 parallel to B(
), where 
,B(
) and Æ form a boundary of a pair of pants P � �0 and 
 and B(
) are not isotopi
.Assume Æ is non-separating. If 
 and Æ lie in the same 
onne
ted 
omponent of �0 nP let�1 be an ar
 in P 
onne
ting 
 and Æ and let �2 be an ar
 in �0 n P 
onne
ting the samepoints on 
 and Æ as �1. Let � = �1[�2 (see Figure 20, 
ase C1). Sin
e � does not interse
tB(
), the Imbalan
e Prin
iple applied to it produ
es a bypass of type (i), and hen
e a basi
sli
e.If B(
) and Æ lie in the same 
onne
ted 
omponent of �0 n P an analogous argumentprodu
es � that interse
ts B(
) on
e and does not interse
t 
, and another appli
ation ofthe Imbalan
e Prin
iple produ
es a basi
 sli
e. (see Figure 20, 
ase C2).If Æ is separating denote the 
omponent of �0 n P it bounds by S1. Let �1 be a non-separating ar
 in S1 starting and ending on Æ and let �2 be a non-separating ar
 in the other
omponent starting and ending on 
. Let � be a 
losed non-separating 
urve obtained byjoining those ar
s by ar
s in P (See Figure 20, 
ase C3 and C4). Note that nonseparating�2 exists and � 
an be 
hosen eÆ
ient and Legendrian in both �i be
ouse 
 and B(
) are
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. Applying the Imbalan
e Prin
iple to this � produ
es a bypass of type (ii) withnon-separating Æ. This in turn, we have shown, 
ontains a basi
 sli
e. �Now that we know that [
0; 
1℄ 
ontains a basi
 sli
e, we may apply Proposition 2.5, togetherwith Proposition 5.2, to fa
tor:[
0; 
1℄ = [[�0 = 
0; �1;�1 � �0℄℄ [ [[�1; �2℄℄ [ : : :� � � [ [[�k�2; �k�1℄℄ [ [�k�1; �k = 
1℄;subje
t to the following:(1) �i, i = 1; : : : ; k, are oriented nonseparating 
urves.(2) j�i \ �i+1j = 1 (i = 0; : : : ; k � 1) and j�i \ �i+2j = 0 (i = 0; : : : ; k � 2).(3) h�i+1; �ii = 1, i = 0; : : : ; k � 1.(4) All the sli
es ex
ept for the last are basi
 sli
es.(5) Without loss of generality, PD(~e) of the �rst fa
tor is �1 � �0.We will indu
tively prove that the rest of the PD(~e)'s must be, in order, �2 � �1; �3 ��2; :::; �k�1 � �k�2;��k � �k�1.Lemma 5.6. Suppose [�i�1; �i+1℄ is the union [[�i�1; �i℄℄ [ [[�i; �i+1℄℄ of two basi
 sli
eswith h�i; �i�1i = h�i+1; �ii = +1, j�i�1 \ �i+1j = 0, and PD(~e([[�i�1; �i℄℄)) = �i � �i�1. If[�i�1; �i+1℄ is tight, then PD(~e([[�i; �i+1℄℄)) = �i+1 � �i.Proof. Sin
e [[�i; �i+1℄℄ is a basi
 sli
e, we know that PD(~e([[�i; �i+1℄℄)) = �(�i+1 � �i). IfPD(~e([[�i; �i+1℄℄)) = ��i+1 + �i, then(3) PD(~e([�i�1; �i+1℄)) = ��i�1 + 2�i � �i+1:To obtain a 
ontradi
tion, we use the fa
t that j�i�1\�i+1j = 0 and 
al
ulate the possiblePD(~e([�i�1; �i+1℄)) using a di�erent method. If 
 is any 
losed 
urve with j
 \ �i�1j = j
 \�i+1j = 0, then h~e([�i�1; �i+1℄); 
 � Ii = 0. There are now two possibilities: either �i�1 and�i+1 are homologous or they are not. If they are homologous, then there are 2g�1 generators
 for H1(�;Z) satisfying j
 \ �i�1j = j
 \ �i+1j = 0 and whi
h therefore evaluate to zero. If
 is a 
losed 
urve satisfying j
 \�i�1j = j
 \�i+1j = 1, then h~e([�i�1; �i+1℄); 
� Ii = �2 or0, depending on the signs of the �-parallel 
omponents. Hen
e,(4) PD(~e([�i�1; �i+1℄)) = ��i�1 � �i+1 = �2�i�1 or 0:Next, if �i�1 and �i+1 are not homologous, then there are 2g � 2 generators 
 for H1(�;Z)satisfying j
\�i�1j = j
\�i+1j = 0 and whi
h therefore evaluate to zero. There are two otherbasis elements 
, 
 0 of H1(�;Z) whi
h satisfy j
\�i�1j = 0, j
\�i+1j = 1, and j
 0\�i�1j = 1,j
0 \ �i+1j = 0. We evaluate h~e([�i�1; �i+1℄); 
 � Ii = �1 and h~e([�i�1; �i+1℄); 
 0 � Ii = �1,whi
h give(5) PD(~e([�i�1; �i+1℄)) = ��i�1 � �i+1:
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es to note that Equation 3 is in 
ontradi
tion with Equations 4 or 5 | simplyinterse
t with �i�1. Therefore, we are left with PD(~e([[�i; �i+1℄℄)) = �i+1 � �i. �Thus, by Lemma 5.6, we �nd that the PD(~e)'s of the basi
 sli
es are �2 � �1; �3 ��2; :::; �k�1 � �k�2: Finally, although the last sli
e is not a basi
 sli
e, an argument almostidenti
al to that of Lemma 5.6 proves that the relative Euler 
lass is ��k��k�1. Therefore,we see that the initial basi
 sli
e [[�0; �1℄℄ uniquely determines all the subsequen
e basi
 sli
esand redu
es the possibilities for the last sli
e to two. Thus, there are at most 4 possibilitiesfor [
0; 
1℄, up to isotopy rel boundary. Adding up the relative Euler 
lasses of the sli
es, weobtain PD(~e([
0; 
1℄)) = �
0 � 
1. The relative Euler 
lasses distinguish the 4 possibilities,provided 
0 and 
1 are not homologous.We now have the following proposition:Proposition 5.7. Suppose [�;�0℄ is a tight 
onta
t stru
ture, where � and �0 are nonsep-arating. Then PD(~e([�;�0℄)) = �� � �0. Moreover, if [�;�0℄ admits a fa
torization [[�0 =�;�1℄℄[[[�1; �2℄℄[� � �[[[�k�1; �k = �0℄℄ with h�i+1; �ii = +1, then PD(~e([�;�0℄)) = �(�0��):Proof. This was largely proved in the above paragraphs, with the di�eren
e that we requiredthat j�i \ �i+2j = 0. This extra 
ondition is not required in Proposition 5.7, sin
e therealways exists a subdivision whi
h satis�es this extra property. �Theorem 5.1 immediately follows from Proposition 5.7. The following two lemmas 
om-plete the proof of Theorem 0.1.Lemma 5.8. All four [
0; 
1℄ are �� I layers inside some basi
 sli
e [[
0; 
℄℄ with h
; 
0i =+1.Proof. We will start with [[
0; 
; 
 � 
0℄℄ and �nd two of the four possibilities; the other two
an be found inside [[
0; 
;�
 + 
0℄℄. Using Proposition 5.2, we �nd a fa
torization:[[
0; 
; 
 � 
0℄℄ = [[�0 = 
0; �1℄℄ [ [[�1; �2℄℄ [ � � � [ [[�k�1; �k = 
1℄℄ [ [�k; 
℄:The tight 
onta
t stru
ture [
0; 
1℄ � [
0; 
℄, obtained by layering [[�0; �1℄℄; : : : ; [[�k�1; �k℄℄,must have PD(~e) = 
1 � 
0 by Proposition 5.7. Now, by Theorem 5.1, if PD(~e([
0; 
℄)) =
�
0, then PD(~e([
0; 
1℄)) must be 
1�
0. To obtain �(
0+
1), we start with [[
0; 
; 
�
0℄℄and fa
tor:[[
0; 
; 
�
0℄℄ = [[�0 = 
0; �1℄℄[ [[�1; �2℄℄[� � �[ [[�k�1; �k = 
1℄℄[ [[�k; 
℄℄[ [[
; �k℄℄[ [�k; 
℄;with all but the last layer basi
. Throwing away the last layer on the right-hand side, weobtain [
0; 
1℄ with PD(~e) = �(
0 + 
1). �Lemma 5.9 (Unique fa
torization). The 4 tight 
onta
t stru
tures on [
0; 
1℄ are distin
t.Proof. If 
0 and 
1 are not homologous, then the four tight 
onta
t stru
tures are distin-guished by the relative Euler 
lass. If 
0 6= 
1 are homologous, then the relative Euler 
lass
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annot distinguish between 
1 � 
0 and 
0 � 
1. We already showed that one of the [
0; 
1℄admits a fa
torization:[
0; 
1; 
1�
0℄ = [[�0 = 
0; �1;�1��0℄℄[ [[�1; �2;�2��1℄℄[� � �[ [[�k�1; �k = 
1;�k��k�1℄℄;with h�i+1; �ii = +1. We 
laim that given any other fa
torization:[
0; 
1; 
1 � 
0℄ = [[�0 = 
0; �1℄℄ [ [[�1; �2℄℄ [ � � � [ [[�k�1; �k = 
1℄℄;ea
h [[�i; �i+1℄℄ has relative Euler 
lass �i+1��i. From the dis
ussion in Lemma 5.6, we seethat it suÆ
es to prove that the relative Euler 
lass of [[�k�1; �k℄℄ is �k ��k�1. But now, byLemma 5.8, we see that if �k+1 satis�es h�k+1; �ki = 1, then [
0; 
1℄ [ [[�k; �k+1;�k+1 � �k℄℄is tight. Now, applying Lemma 5.6, we see that [[�k�1; �k℄℄ must have relative Euler 
lass�k � �k�1. �6. Classifi
ation of tight 
onta
t stru
tures on hyperboli
 3-manifoldswhi
h fiber over the 
ir
leIn this se
tion we provide the proof of Theorem 0.2. LetM be a 
losed, oriented 3-manifoldwhi
h �bers over the 
ir
le with �bers (oriented surfa
es �) of genus g � 2 and pseudo-Anosov monodromy f : �! �. In other words, M = �� [0; 1℄= �, where (x; 0) � (f(x); 1).Re
all that the pseudo-Anosov 
ondition is equivalent to saying that for every multi
urve� � �, f(�) 6= �. The assumption that e(�) is extremal guarantees that the dividingset on any 
onvex �ber � is a union of pairs of parallel 
urves bounding annuli. To proveTheorem 0.2, we �rst show that there exists a 
onvex �ber � for whi
h �� 
onsists of exa
tlytwo nonseparating 
urves. This is a

omplished by starting with an arbitrary 
onvex �ber� and indu
tively redu
ing the number of 
urves in �� by two, by isotoping � throughan appropriate bypass. The following proposition will be used to show the existen
e of anappropriate bypass.Proposition 6.1. Let � be a tight 
onta
t stru
ture on �� [0; 1℄ with 
onvex boundary, andsuppose ��0 6= ��1 . Then there is a 
losed eÆ
ient 
urve 
, possibly separating, su
h thatj
 \ ��0 j 6= j
 \ ��1 j.Proof. Suppose the dividing set ��0 is the disjoint union, over i = 1; : : : ; k, of mi 
urvesisotopi
 to Æi. We will then identify the dividing set ��0 with the point fmiÆigki=1 in theweighted 
urve 
omplex on �0. After an isotopy, wemay assume that all Æi and f(Æj) interse
ttransversely and eÆ
iently (realize the geometri
 interse
tion number). If Æi \ f(Æj) 6= ; forsome i and j, then letting 
 = Æi satis�es the 
on
lusion of the proposition.We may now assume that Æi \ f(Æj) = ; for all pairs i; j = 1; : : : ; k. Thus fÆig [ ff(Æi)gmay be 
ompleted to a pair-of-pants de
omposition of �. It is not hard to show dire
tly thatweights on the 
u�s of a pair-of-pants de
omposition are determined by their interse
tionnumber with transverse embedded 
urves; thus the required 
urve 
 exists. (For more details,see [13℄.) �The following grew out of dis
ussions with John Etnyre:
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onta
t stru
ture on M with he(�);�i = �(2g� 2). Thenthere exists a 
onvex surfa
e isotopi
 to the �ber whose dividing set 
onsists of two parallelnonseparating 
urves.Proof. Let �0 be a 
onvex surfa
e isotopi
 to a �ber. Cut M along �0 and denote the
ut-open manifold �� I and the 
onta
t stru
ture �j��I by �. Then ��1 = f(��0 ).By Proposition 6.1, we may 
hoose 
 to be an eÆ
ient 
urve su
h that there is an imbalan
ein the number of interse
tions of �(
 � I) with ��0 and ��1 . (Note that if 
 is separating,then we may need to use the stronger form of LeRP: Lemma 1.4, or its proof.) There is abypass � � � I atta
hed along either �0 or �1. We 
an assume without loss of generalitythat the bypass is along �0. Sin
e 
 is 
hosen to be eÆ
ient, the bypass 
an be neithertrivial nor in
rease the number of dividing 
urves on �0.Denote the atta
hing ar
 of the bypass by �. We will dis
uss the possible types of bypassatta
hments, and in ea
h 
ase show that the number of dividing 
urves 
an eventually bede
reased by two.Type A. The atta
hing ar
 � interse
ts three di�erent dividing 
urves.In this 
ase, there exists a 
onse
utive parallel pair of dividing 
urves whi
h interse
t �. Byisotoping ��0 through the bypass, we will therefore redu
e the number of dividing 
urves bytwo. See Figure 17.
Σ0

Σ1/2

αFigure 17. Type A atta
hing ar
Type B. The atta
hing ar
 � starts on a dividing 
urve 
1, passes through a parallel dividing
urve 
2, and ends on 
1.Isotop �0 through this bypass to obtain �1=2. Let N � �0 be a pun
tured torus regularneighborhood of the union of � and the annulus bounded by 
1 and 
2. Identify the regionbetween �0 and �1=2 with �� [0; 12 ℄ in su
h a way that the 
onta
t stru
ture is I-invarianton (� nN)� [0; 12℄ and is a basi
 sli
e on N � [0; 12℄. See Figure 18(A).
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Σ0

Σ1/2

α

β

(A) (B)

(C)

β1 β2

N

β × [0, 1/2]

β × [0, 1/2]

γ1 γ2 Figure 18. Type B atta
hing ar
Sin
e there are more than two dividing 
urves on �0, there are dividing 
urves 
ontainedin �0 nN . Choose � � � to be a 
losed 
urve formed out of an an ar
 �1 � N and an ar
�2 � �0 n N , where the ar
s have the following properties: (i) �1 � f0g interse
ts ea
h of
0 and 
1 on
e, (ii) �1 � f12g interse
ts no dividing 
urves, (iii) �2 � f0g interse
ts dividing
urves in �nN , and (iv) ��f0g is eÆ
ient with respe
t to ��0 . We may 
hoose �� [0; 12 ℄ tobe 
onvex. Sin
e the 
onta
t stru
ture is I-invariant on (� nN)� [0; 12 ℄, the dividing 
urvesalong �2 are verti
al. Thus there are only two possible dividing 
urve 
on�gurations, bothof whi
h are shown in Figure 18(B,C), and either of these for
es the existen
e of a bypass ofType A along a subar
 of � � f0g.Type C. The atta
hing ar
 � starts on a dividing 
urve 
1, passes through a parallel dividing
urve 
2, and ends on 
2 after going around a nontrivial loop.Let P � �0 be a pair-of-pants regular neighborhood of the union of � and the annulusbounded by 
1 and 
2. One of the boundary 
omponents of P is a 
urve 
 parallel to 
1 and
2, the se
ond boundary 
omponent is a 
urve B(
) parallel to the two new dividing 
urvesobtained from 
1 and 
2 after isotoping through the bypass along �, and the third 
urve Æmay be thought of as the nontrivial loop � goes around. See Figure 19.Isotop �0 through this bypass to obtain �1=2. Identify the region between �0 and �1=2with �� [0; 12 ℄ in su
h a way that the 
onta
t stru
ture is I-invariant on (� n P )� [0; 12℄.The proof now pro
eeds roughly as in the Type B 
ase, that is, a 
urve � to whi
h theImbalan
e Prin
iple 
an be applied will be produ
ed. To do this, we must 
onsider thepossible ways that P 
an sit in �. See Figure 20.Type C1. Æ is nonseparating and there is an ar
 �2 � � n P 
onne
ting 
 and Æ.Let �1 � P be an ar
 
onne
ting the same points of 
 and Æ and let � = �1 [ �2. The ar
smay be 
hosen so that � is eÆ
ient. If �2 interse
ts any dividing 
urves, then the Imbalan
ePrin
iple applied to � (or more pre
isely to ��[0; 12 ℄ produ
es a bypass of Type A. Otherwise,
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P

P0

P1/2

∼=

∼=

B(γ)
B(γ)

B(γ)

α

γ1

γ2

γ

γ

γ
δ

δ

δFigure 19. Type C atta
hing ar
sin
e � is nonseparating, ��f12g is nonisolating and 
an be made a Legendrian divide. Againthe Imbalan
e Prin
iple applied to � � [0; 12 ℄ produ
es a bypass, this time a degenerate onewhi
h 
an be perturbed to a bypass of Type B.Type C2. Æ is nonseparating and there is an ar
 �2 � � n P 
onne
ting B(
) and Æ.Let �1 � P be an ar
 
onne
ting the same points of B(
) and Æ and let � = �1 [ �2. Justas in Type C1, the Imbalan
e Prin
iple applied to � produ
es a bypass of Type A or B.Type C3. Æ is separating and there is an ar
 
ontained in � n P 
onne
ting B(
) and 
.We may assume that neither Type C1 or C2 applies, whi
h is equivalent to assuming that Æis a separating 
urve. Let S1 be the 
omponent of � n P bounded by Æ, and let S2 be the
omponent with whi
h 
ontains 
. The genus of S1 is greater than 0 be
ause Æ was assumedto be nontrivial. Re
all � is a subar
 of an eÆ
ient 
urve obtained by Proposition 6.1. IfS2 was an annulus, then the subsurfa
e S2 [ P is a on
e-pun
tured torus and � 
annot be asubar
 of an eÆ
ient ar
 on S2 [ P . Therefore, S2 must have genus greater than 0 also.Sin
e there are more than two dividing 
urves on �0, there must be dividing 
urves
ontained in S1 [ S2. Let �1 � S1 be a nonseparating ar
 starting and ending on Æ, let
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Figure 20. Type C 
ases�2 � S2 be a nonseparating ar
 starting and ending on 
, and 
hoose the ar
s so that atleast one of them has nontrivial, essential interse
tion with the dividing 
urve set. Pi
k twodisjoint ar
s in P 
onne
ting the endpoints of �1 to the endpoints of �2 and let � be theunion of all four ar
s. The Imbalan
e Prin
iple produ
es either a bypass of Type A or, sin
ethe �i were 
hosen to be nonseparating, a bypass of Type C1 or C2.Type C4. All three 
urves Æ, 
, and B(
) are separating.Let S1; S2 and S3 be, in order, the 
omponents of � n P these 
urves bound. Sin
e ea
h Simust have genus greater than 0, the proof is the same as in Type C3, with one possible extra
ase. If all of the dividing 
urves of �nP are in S3, then, to for
e ��f12g to be isolating, thedesired � must be produ
ed in S3 [P [S1, and the resulting bypass will lead to a redu
tionin the number of dividing 
urves on �1=2 instead of �0.
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ases, and in ea
h one, we have shown that a bypass (or asequen
e of bypasses) 
an be found that will redu
e the number of dividing 
urves by two.Hen
e, we 
an assume ��0 
onsists of two parallel 
urves. Moreover, we 
an assume they arenonseparating. If they are not, we 
an �nd a nonseparating 
urve interse
ting ��0 and notinterse
ting ��1 and use the inbalan
e prin
iple to �nd a bypass that transforms ��0 into apair of nonseparating 
urves. �Proof of Theorem 0.2. Fix a nonseparating 
urve 
 on �. Sin
e f is pseudo-Anosov, 
 andf(
) are not isotopi
, and we orient these 
urves so that f preserves their orientations.Let � be the universally tight 
onta
t stru
ture on ��[0; 1℄ with PD(~e(�)) = f(
)�
. We
laim that the 
onta
t stru
ture obtained by gluing ��f0g with ��f1g via f is universallytight. It is immediate, by the Gluing Theorem 5.1, that 2n 
opies of � � [0; 1℄ sta
kedand glued together via f will produ
e a universally tight 
onta
t stru
ture on � � [�n; n℄.It follows that the glued-up 
onta
t stru
ture on M is universally tight, for any potentialovertwisted disk in M would lift to the ��R 
over of M and therefore would be 
ontainedin some �� [�n; n℄.To prove uniqueness, use Proposition 6.2 to 
hoose a 
onvex �ber �0 su
h that ��0 = 2
 0,where 
 0 is some nonseparating 
urve, and split M along �0 to obtain �0 � I. Sin
e f ispseudo-Anosov, ��0�f0g 6= ��0�f1g, and therefore �0� I 
ontains a basi
 sli
e by Lemma 5.5.It follows from Proposition 5.2 that a new 
onvex �ber �00 may be 
hosen su
h that ��00 = 2
.Let us assume for simpli
ity that 
 and f(
) are not homologous. (The general 
ase is noharder, but requires the use of Lemma 5.9, and is harder to state.) By Theorem 0.1, thereare four possibilities for ��00�I with distin
t relative Euler 
lasses �f(
)� 
. If the relativeEuler 
lass is �f(
) + 
, then �00� [0; 1℄ 
ontains a sli
e �00� [0; 12 ℄ where ��00�f 12g = 2
 andthe sli
e has relative Euler 
lass 2
. By peeling this sli
e and reatta
hing using f , we obtain�00� [12; 1℄ [ f(�00� [0; 12℄). It follows that for any given tight 
onta
t stru
ture on M , therealways exists a 
onvex �ber � su
h that the restri
tion of � to � � I (obtained by 
uttingalong �) has relative Euler 
lass �f(
)� 
.It is 
lear, from the lo
ation of bypasses on the �f(
)� 
 
onta
t stru
ture on �� I (orby Proposition 5.6), that gluing by f produ
es an overtwisted 
onta
t stru
ture on M . Thus� on M 
an always be split to have relative Euler number f(
) � 
 and the uniqueness onM follows from Theorem 0.1.It remains to dis
uss weak �llability. First note that there exists a C0-small perturba-tion of the �bration into a universally tight 
onta
t stru
ture �, by a result of Eliashbergand Thurston [5℄. Sin
e the Euler 
lass evaluated on the �ber is un
hanged under the per-turbation, we have, say, he(�);�i = �(2g � 2). By the uniqueness whi
h we just proved,the unique extremal tight 
onta
t stru
ture on M with he;�i = �(2g � 2) is isotopi
 to �.Now, to prove weak symple
ti
 �llability, we 
onstru
t a symple
ti
 4-manifold (X;!) with�X =M for whi
h !jT� > 0 (for all �bers �). Sin
e � is 
lose to the �bration, we would thenbe done. The 
onstru
tion of X is relatively straightforward from the Lefs
hetz �brationperspe
tive, on
e we observe that any element f : � ! � of the mapping 
lass group of
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losed surfa
e � 
an be written as a produ
t of positive Dehn twists. (For more detailson symple
ti
 Lefs
hetz �brations, see, for example [11℄.) We take a symple
ti
 Lefs
hetz�bration X ! D2 with generi
 �ber � and a singular �ber for ea
h positive Dehn twist inthe produ
t expression. We then see that �X = M has the desired monodromy and ea
h�ber � is a symple
ti
 submanifold. �A
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