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Spin Foam Models for Quantum GravityAlejandro PerezCenter for Gravitational Physi
s and Geometry,The Pennsylvania State UniversityUniversity Park, PA 16802, USAandErwin S
hroedinger InternationalInstitute for Mathemati
al Physi
sBoltzmanngasse 9,A-1090, Wien, AustriaSeptember 20, 2002Abstra
tIn this arti
le we review the present status of the spin foam formulation of non-perturbative (ba
kground independent) quantum gravity. The arti
le is divided intwo parts. In the �rst part we present a general introdu
tion to the main ideasemphasizing their motivation from various perspe
tives. Riemannian 3-dimensionalgravity is used as a simple example to illustrate 
on
eptual issues and main goalsof the approa
h. The main features of the various existing models for 4-dimensionalgravity are also presented here. We 
on
lude with a dis
ussion of important questionsto be addressed in four dimensions (gauge invarian
e, dis
retization independen
e,et
.).In the se
ond part we 
on
entrate on the de�nition of the Barrett-Crane model.We present the main results obtained in this framework from a 
riti
al perspe
tive.Finally we review the 
ombinatorial formulation of spin foam models based on thedual group �eld theory te
hnology. We present the Barrett-Crane model in thisframework and review the �niteness results obtained for both its Riemannian as wellas its Lorentzian variants.
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1 Introdu
tionQuantum Gravity, the fundamental theory expe
ted to re
on
ile the prin
iples of quantumme
hani
s and general relativity remains a major 
hallenge (for a review of the historyof quantum gravity see [1℄). The fully dynami
al nature of spa
etime geometry in gen-eral relativity 
laims for a ba
kground independent formulation of quantum gravity. Thisamounts to a de�nition of a quantum �eld theory without an underlying �xed metri
 stru
-ture. The ne
essity of su
h formulation is by now generally re
ognized; there is howeverdebate about the way it should be realized.The di�eren
e between the main viewpoints 
an be tra
ed ba
k to the interpretation ofthe non-renormalizability of perturbative quantum gravity. A

ording to the (ba
kgrounddependent) view from standard QFT[2℄, non-renomalizability signals the in
onsisten
y ofthe theory at high energies that has to be 
orre
ted by a more fundamental theory in the UVregime. A 
lassi
al example of this is Fermi's four fermions theory as an e�e
tive des
riptionof the weak intera
tion. A

ording to this view di�erent approa
hes to quantum gravityhave been de�ned in terms of modi�
ations of general relativity based on supersymmetry,higher dimensions, strings, et
. The �niteness properties of the perturbative expansions(whi
h are ba
kground dependent from the onset) are improved in these theories; however,the question of how a ba
kground independent formulation 
an be obtained from theseremains mysterious.The approa
h of non-perturbative quantum gravity is based on a di�erent interpre-tation of the in�nities in perturbative quantum gravity: it is pre
isely the perturbative(ba
kground dependent) te
hniques whi
h are in
onsistent with the fundamental natureof gravity. This view is strongly suggested by the predi
tion of dis
reteness of spa
e atPlan
k s
ale by the ba
kground independent formulation of loop quantum gravity. Loopquantum gravity (LQG) is a non-perturbative formulation of quantum gravity based on the
onne
tion formulation of general relativity (for an reviews on the subje
t see [3, 4, 5, 6℄).From the ba
kground independent perspe
tive it is the assumption of a non-dynami
alba
kground whi
h is smooth at all s
ales what fails near the Plan
k s
ale in perturbativequantum general relativity. In addition, LQG su

essfully in
orporates intera
tion betweenquantum geometry and quantum matter in a way that is 
ompletely free of divergen
ies [7℄(the quantum nature of spa
e appears as a physi
al regulator for the other intera
tions).There are however te
hni
al diÆ
ulties in addressing dynami
s in LQG. These diÆ
ul-ties are expe
ted to be partly due to the breaking of manifest 4-di�eomorphism invarian
eintrodu
ed by the 3+1 splitting of the 
anoni
al formulation. Consequently, there has beengrowing interest in trying to de�ne dynami
s in the theory from a 4-dimensional 
ovariantperspe
tive. This has given rise to the so-
alled spin foam approa
h to quantum gravity.The fundamental idea behind the spin foam approa
h is the sear
h of a rigorous de�nitionof the path integral for gravity using the deep insights we have gained about quantumgeometry from LQG.The underlying dis
reteness dis
overed in LQG is 
ru
ial: in spin foam models theformal Misner-Hawking fun
tional integral for gravity is repla
ed by a sum over 
ombina-torial obje
ts (
olored 2-
omplexes 
alled spin foams). States of the theory {
orresponding4



to boundary data in the path integral{ are given by the 3-geometry states of LQG (spinnetwork states). General 
ovarian
e implies the absen
e of a meaningful notion of timeand transition amplitudes are to be interpreted as de�ning the physi
al s
alar produ
t.While the 
onstru
tion 
an be expli
itly 
arried out in three dimensions there are ad-ditional te
hni
al diÆ
ulties in four dimensions. Various models have been proposed. Oneof the questions is whether the in�nite sums over geometries de�ning transition amplitudeswould 
onverge. In fa
t, there is no UV problem due to the fundamental dis
reteness andpotential divergen
ies are asso
iated to the IR regime. There are re
ent results in the
ontext of the Barrett-Crane model showing that amplitudes are well de�ned when thetopology of the histories is restri
ted in a 
ertain way.The aim of this arti
le is to provide a 
omprehensive review of the progress that hasbeen a
hieved in the spin foam approa
h over the last few years. The arti
le is divided intotwo fundamental parts. In the �rst part we present a general introdu
tion to the subje
tin
luding a brief summary of LQG in Se
tion 2. We introdu
e the spin foam formulationfrom di�erent perspe
tives in Se
tion 3. In Se
tion 4 we present a simple example ofspin foam model: Riemannian 3-dimensional gravity. We use this example as the basi
tool to introdu
e the main ideas and to illustrate various 
on
eptual issues. We reviewthe di�erent proposed models for 4-dimensional quantum gravity in Se
tion 5. Finally, inSe
tion 6 we 
on
lude the �rst part by analyzing the various 
on
eptual issues that arisein the approa
h. The �rst part is thought as a general introdu
tion to the formalism, it isself 
ontained and 
ould be read independently.One of the simplest and most studied spin foam model for 4-dimensional gravity is theBarrett-Crane model[8, 9℄. The main purpose of the se
ond part is to present a 
riti
alsurvey of the di�erent results that have been obtained in this framework and its 
ombina-torial generalizations[10, 11, 12℄ based on the dual group �eld theory (GFT) formulation.In Se
tion 7.1 we present the spin foam quantization of 4-dimensional Spin(4) BF theorywhi
h is of relevan
e for the later analysis and interpretation of the Barrett-Crane model.In Se
tion 7 we present the derivation[13, 14℄ of the Barrett-Crane model (some auxiliarymaterial is in
luded in the �rst two subse
tion whi
h is useful for the analysis of the model).Spin foams 
an be thought of as Feynman diagrams. In fa
t a wide 
lass of spin foam mod-els 
an be derived from the perturbative (Feynman) expansion of 
ertain dual group �eldtheories (GFT)[15, 16℄. A brief review of the main ideas involved is presented in Se
tion 8.We 
on
lude the se
ond part by studying the GFT formulation of the Barrett-Crane modelfor both Riemannian and Lorentzian geometry. The general arguments that establish thisduality are reviewed in Se
tion 8. The de�nition of the a
tual models and the sket
h ofthe 
orresponding �niteness proofs[17, 18, 19℄ are given in Se
tion 9.2 Loop Quantum Gravity and Quantum GeometryLoop quantum gravity is a rigorous realization of the quantization program establishedin the 60's by Dira
, Wheeler, De-Witt, among others (for resent reviews see [3, 4, 20℄).The te
hni
al diÆ
ulties of Wheeler's `geometrodynami
s' are 
ir
umvent by the use of5




onne
tion variables instead of metri
s[21, 22, 23℄. At the 
inemati
al level, the formulationis similar to that of standard gauge theories. The fundamental di�eren
e is however theabsen
e of any non-dynami
al ba
kground �eld in the theory.The 
on�guration variable is an SU(2)-
onne
tion Aia on a 3-manifold � representingspa
e. The 
anoni
al momenta are given by the densitized triad Eai . The latter en
odethe (fully dynami
al) Riemannian geometry of � and are the analog of the `ele
tri
 �elds'of Yang-Mills theory.In addition to di�eomorphisms there is the lo
al freedom of SU(2)-rotating the triadand gauge transforming the 
onne
tion respe
tively. A

ording to Dira
, gauge freedomsresult in 
onstraints among the phase spa
e variables whi
h 
onversely are the generatingfun
tionals of in�nitesimal gauge transformations. In terms of 
onne
tion variables the
onstraints areGi = DaEai = 0; Ca = EbkF kba = 0; S = �ijkEai EbjFab k + � � � = 0; (1)where Da is the 
ovariant derivative and Fba is the 
urvature of Aia. Gi is the familiarGauss 
onstraint {analogous to the Gauss law of ele
tromagnetism{ generating in�nitesimalSU(2) gauge transformations, Ca is the ve
tor 
onstraint generating spa
ial di�eomorphism,and S is the s
alar 
onstraint generating `time' reparameterization.Loop quantum gravity is de�ned using Dira
 quantization. One �rst represents (1) asoperators in an auxiliary Hilbert spa
e H and then solves the 
onstraint equationsĜi	 = 0; Ĉa	 = 0; Ŝ	 = 0: (2)The Hilbert spa
e of solutions is the so-
alled physi
al Hilbert spa
e Hphys. In a generally
ovariant system quantum dynami
s is fully governed by 
onstraint equations. In the 
aseof loop quantum gravity they represent quantum Einstein's equations.States in the auxiliary Hilbert spa
e are represented by wave fun
tionals of the 
onne
-tion 	(A) whi
h are square integrable with respe
t to a natural di�eomorphism invariantmeasure, the Ashtekar-Lewandowski measure [24℄ (we denote it L2[A℄ where A is the spa
eof (generalized) 
onne
tions). This spa
e 
an be de
omposed into a dire
t sum of orthog-onal subspa
es H =L
H
 labelled by a graph 
 in �. The fundamental ex
itations aregiven by the holonomy h`(A) 2 SU(2) along a path ` in �:h`(A) = P exp Z`A: (3)Elements of H
 are given by fun
tions	f;
(A) = f(h`1(A); h`2(A); : : : ; h`n(A)); (4)where h` is the holonomy along the links ` 2 
 and f : SU(2)n ! C is (Haar measure)square integrable. They are 
alled 
ylindri
al fun
tions and represent a dense set in Hdenoted Cyl. 6



Gauge transformations generated by the Gauss 
onstraint a
t non-trivially at the end-points of the holonomy, i.e., at nodes of graphs. The Gauss 
onstraint (in (1)) is solved bylooking at SU(2) gauge invariant fun
tionals of the 
onne
tion (L2[A℄=G). The fundamen-tal gauge invariant quantity is given by the holonomy around 
losed loops. An orthonormalbasis of the kernel of the Gauss 
onstraint is de�ned by the so 
alled spin network states[25, 26, 27℄ 	
;fj`g;f�ng(A). Spin-networks are de�ned by a graph 
 in �, a 
olle
tion ofspins fj`g {unitary irredu
ible representations of SU(2){ asso
iated with links ` 2 
 anda 
olle
tion of SU(2) intertwiners f�ng asso
iated to nodes n 2 
 (see Figure 1). The spin-network gauge invariant wave fun
tional 	
;fj`g;f�ng(A) is 
onstru
ted by �rst asso
iatingan SU(2) matrix in the j`-representation to the holonomies h`(A) 
orresponding to thelink `, and then 
ontra
ting the representation matri
es at nodes with the 
orrespondingintertwiners �n, namely 	
;fj`g;f�ng(A) =Yn2
 �n Ỳ2
 j`[h`(A)℄; (5)where j`[h`(A)℄ denotes the 
orresponding j`-representation matrix evaluated at 
orre-sponding link holonomy and the matrix index 
ontra
tion is left impli
it.
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2Figure 1: Spin-network state: At 3-valent nodes the intertwiner is uniquely spe
i�ed by the
orresponding spins. At 4 or higher valent nodes an intertwiner has to be spe
i�ed. Choos-ing an intertwiner 
orresponds to de
ompose the n-valent node in terms of 3-valent onesadding new virtual links (dashed lines) and their 
orresponding spins. This is illustratedexpli
itly in the �gure for the two 4-valent nodes.The solution of the ve
tor 
onstraint is more subtle[24℄. One uses group averagingte
hniques and the existen
e of the di�eomorphism invariant measure. The fa
t thatzero lies in the 
ontinuous spe
trum of the di�eomorphism 
onstraint implies solutions to
orrespond to generalized states. These are not in H but 
orrespond to elements of thetopologi
al dual Cyl�1. Intuitively, they represent equivalen
e 
lasses of spin-network statesup to di�eomorphism. This 
an be interpreted as an indi
ation suggesting the existen
eof a more 
ombinatorial pi
ture (a formulation of the 
anoni
al theory based on pie
ewiselinear manifolds has been de�ned in [28℄). This motivates the use of algebrai
 topologi
alstru
tures in spin foams.1Re
all the triple 
ontention Cyl � H � Cyl�. 7



Quantum geometryThe generalized states des
ribed above solve all the 
onstraints (1) but the s
alar 
onstraintand are regarded as quantum states of the Riemannian geometry on �. They de�ne the
inemati
al se
tor of the theory known as quantum geometry.Geometri
 operators a
ting in this 
inemati
al Hilbert spa
e 
an be de�ned in terms ofthe fundamental triad Êai operators. The simplest of su
h operators is the area of a surfa
eS 
lassi
ally given by AS(E) = ZS dx2pTr[nanbEaEb℄ (6)where n is a 
onormal. The geometri
 operator ÂS(E) 
an be rigourously represented inthe kinemati
al Hilbert [29, 30℄. The area operator gives a 
lear geometri
al interpretationto spin-network states: the fundamental 1-dimensional ex
itations de�ning a spin-networkstate 
an be thought of as quantized `
ux lines' of area. More pre
isely, if the surfa
eS � � is pun
tured by a spin-network link 
arrying a spin j, this state is an eigenstate ofÂS(E) with eigenvalue 8��`2Ppj(j + 1)2. In the generi
 se
tor {where no nodes lie on thesurfa
e{ the spe
trum takes the simple formaS(fjg) = 8��`2P Xi pji(ji + 1); (7)where i labels pun
tures. aS(fjg) is the sum of single pun
ture 
ontributions. The generalform of the spe
trum in
luding the 
ases where nodes lie on S has been 
omputed in 
losedform[30℄.The spe
trum of the volume operator is also dis
rete [29, 33, 34℄. If we de�ne thevolume operator V̂�(E) of a 3-dimensional region � � � then non vanishing eigenstates aregiven by spin-networks 
ontaining n-valent nodes in � for n > 3. Volume is 
on
entratedin nodes.Quantum dynami
sIn 
ontrast to the Gauss and ve
tor 
onstraints the s
alar 
onstraint does not have asimple geometri
al meaning. This makes its quantization more involved. Regularization
hoi
es has to be made and the result is not unique. After Theimann's �rst rigorousquantization[35℄ other well de�ned possibilities have been found [36, 37, 38℄. This ambiguitya�e
ts dynami
s governed by Ŝ	 = 0: (8)The diÆ
ulty in dealing with the s
alar 
onstraint is not surprising. The ve
tor 
on-straint {generating spa
e di�eomorphism{ and the s
alar 
onstraint { generating timereparameterizations{ arise from the underlying 4-di�eomorphism invarian
e of gravity. In2The quantity � is a free parameter in the theory known as the Imirzi parameter [31℄. This ambiguityis purely quantum me
hani
al (it disappears in the 
lassi
al limit). Ithas to be �xed in terms of physi
alpredi
tions. The 
omputation of BH entropy in LQG �xes the value of � (see [32℄).8



the 
anoni
al formulation the 3+ 1 splitting breaks the manifest 4-dimensional symmetry.The prize paid is the 
omplexity of the time re-parameterization 
onstraint S. The sit-uation is somewhat reminis
ent of that in standard quantum �eld theory where manifestLorentz invarian
e is lost in the Hamiltonian formulation 3.From this perspe
tive, there has been growing interest in approa
hing the problem ofdynami
s de�ning a 
ovariant formulation of quantum gravity. The idea is that (as in theQFT 
ase) one 
an keep manifest 4-dimensional 
ovarian
e in the path integral formulation.Spin foam approa
h is an attempt to de�ne the path integral quantization of gravity usingwhat we have learn from LQG.In standard quantum me
hani
s path integrals provide the solution of dynami
s asa devi
e to 
ompute the time evolution operator. Similarly, in the generally 
ovariant
ontext it provides a tool to �nd solutions to the 
onstraint equations (this has beenemphasized formally in various pla
es: in the 
ase of gravity see for example [39℄, for adetailed dis
ussion of this in the 
ontext of quantum me
hani
s see [40℄) We will 
ome ba
kto this issue later.Lets �nish by stating som properties of Ŝ that do not depend on the ambiguitiesmentioned above. One is the dis
overy that smooth loop states naturally solve the s
alar
onstraint operator[41, 42℄. This set of states is 
learly to small to represent the physi
alHilbert spa
e (e.g., they span a zero volume se
tor). However, this implies that Ŝ a
ts onlyon spin network nodes. Its a
tion modi�es spin networks at nodes by 
reating new linksa

ording Figure 2 4. This is 
ru
ial in the 
onstru
tion of the spin foam approa
h of thenext se
tion.
j

i

k ! j

i

k

lFigure 2: A typi
al transition generated by the a
tion of the s
alar 
onstraint3 Spin Foams and the path integral for gravityThe possibility of de�ning quantum gravity using Feynman's Path integral approa
h hasbeen 
onsidered long ago by Misner and later extensively studied by Hawking, Hartle andothers. Given a 4-manifoldM with boundaries �1 and �2, and denoting by G the spa
e of3There is however an additional 
ompli
ation here: the 
anoni
al 
onstraint algebra does not reprodu
ethe 4-di�eomorphism Lie algebra. This 
ompli
ates the geometri
al meaning of S.4This is not the 
ase in all the available de�nitions of the s
alar 
onstraints as for example the onede�ned in [37, 38℄. 9



metri
s on M, the transition amplitude between j[qab℄i on �1 and j[q0ab℄i on �2 is formallyh[qab℄ j[ q0ab ℄i = Z[g℄ D[g℄ eiS([g℄); (9)where the integration on the right is performed over all spa
etimemetri
s up to 4-di�eomorphisms[g℄ 2 G=Diff(M) with �xed boundary values up to 3-di�eomorphisms [qab℄, [q0ab℄, respe
tively.There are various diÆ
ulties asso
iated with (9). Te
hni
ally there is the problem ofde�ning the fun
tional integration over [g℄ on the RHS. This is partially be
ause of thediÆ
ulties in de�ning in�nite dimensional fun
tional integration beyond the perturbativeframework. In addition, there is the issue of having to deal with the spa
e G=Diff(M), i.e.,how to 
hara
terize the di�eomorphism invariant information in the metri
. This gaugeproblem (3-di�eomorphisms) is also present in the de�nition of the boundary data: thereis no well de�ned notion of 
inemati
al state j[qab℄i standard metri
 variables.We 
an be more optimisti
 in the framework of loop quantum gravity. The notion ofquantum state of 3-geometry is rigorously de�ned in terms of spin-network states. They
arry the di�-invariant information of the Riemannian stru
ture of �. In addition, andvery importantly, these states are intrinsi
ally dis
rete (
olored graphs on �) suggestinga possible solution to the fun
tional measure problem, i.e., the possibility of 
onstru
tinga notion of Feynman `path integral' in a 
ombinatorial manner involving sums over spinnetwork worldsheets amplitudes. Heuristi
ally, `4-geometries' are to be represented by`histories' of quantum states of 3-geometries or spin network states. These `histories'involve a series of transitions between spin network states (Figure 3), and de�ne a foam-likestru
ture (a `2-graph' or 2-
omplex) where its 
omponents inherit the spin representationsfrom the underlying spin networks. These spin network worldsheets are the so-
alled spinfoams.The pre
ise de�nition of spin foams was introdu
ed by Baez in [13℄ emphasizing theirrole as morphisms in the 
ategory de�ned by spin networks. A spin foam F : s ! s0 {representing a transition from the spin-network s = (
; fj`g; f�ng) into s0 = (
 0; fj`0g; f�n0g){is de�ned by a 2-
omplex 5 J bordered by the graphs of 
 and 
 0 respe
tively, a 
olle
tionof spins fjfg asso
iated with fa
es f 2 J and a 
olle
tion of intertwiners f�eg asso
iated toedges e 2 J . Both spins and intertwiners of exterior fa
es and edges mat
h the boundaryvalues de�ned by the spin networks s and s0 respe
tively. Spin foams F : s ! s0 andF 0 : s0 ! s00 
an be 
omposed into FF 0 : s ! s00 by gluing together the two 
orrespond-ing 2-
omplexes at s0. A spin foam model is an assignment of amplitudes A[F ℄ whi
h is
onsistent with this 
omposition rule in the sense thatA[FF 0℄ = A[F ℄A[F 0℄: (10)Transition amplitudes between spin network states are de�ned byhs; s0iphys = XF:s!s0 A[F ℄; (11)5In most of the paper we use the 
on
ept of pie
ewise linear 2-
omplexes as in [13℄ in Se
tion 8 we shallstudy a formulation of spin foam in terms of 
ertain 
ombinatorial 2-
omplexes.10



where the notation anti
ipates the interpretation of su
h amplitudes as de�ning the physi
als
alar produ
t. The domain of the previous sum is left unspe
i�ed at this stage. We shalldis
uss this question further in Se
tion 6. This last equation is the spin foam 
ounterpartof equation (9). This de�nition remains formal until we spe
ify what the set of allow spinfoams in the sum are and de�ne the 
orresponding amplitudes.
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sFigure 3: A typi
al path in a path integral version of loop quantum gravity is givenby a series of transitions through di�erent spin-network states representing a state of 3-geometries. Nodes and links in the spin network evolve into 1-dimensional edges and fa
es.New links are 
reated and spins are reassigned at verti
es (emphasized on the right). The`topologi
al' stru
ture is provided by the underlying 2-
omplex while the geometri
 degreesof freedom are en
oded in the labelling of its elements with irredu
ible representations andintertwiners.In standard quantum me
hani
s the path integral is used to 
ompute the matrix ele-ments of the evolution operator U(t). It provides in this way the solution for dynami
ssin
e for any 
inemati
al state 	 the state U(t)	 is a solution to S
hroedinger's equa-tion. Analogously, in a generally 
ovariant theory the path integral provides a devi
e for
onstru
ting solutions to the quantum 
onstraints. Transition amplitudes represent thematrix elements of the so-
alled generalized `proje
tion' operator P (Se
tions 3.1 and 6.3)su
h that P	 is a physi
al state for any kinemati
al state 	. As in the 
ase of the ve
tor
onstraint the solutions of the s
alar 
onstraint 
orrespond to distributional states (zerois in the 
ontinuum part of its spe
trum). Therefore, Hphys is not a proper subspa
e of Hand the operator P is not a proje
tor (P 2 is ill de�ned)6. In Se
tion 4 we expli
itly showan expli
it example of this 
onstru
tion.The non-perturbative 
hara
ter of spin foam is manifest. The 2-
omplex 
an be thoughtof as representing `spa
etime' while the boundary graphs as representing `spa
e'. They donot 
arry any geometri
al information in 
ontrast with the standard 
on
ept of a latti
e.Geometry is en
oded in the spin labelling whi
h represent the degrees of freedom of thegravitational �eld.6In the notation of the previous se
tion they 
orrespond to elements of Cyl�.11



3.1 Spin foams and the proje
tion operator into HphysSpin foams naturally arise in the formal de�nition of the exponentiation of the s
alar
onstraint as studied by Reisenberger and Rovelli in [43℄ and Rovelli [44℄. The basi
 idea
onsists of 
onstru
ting the `proje
tion' operator P providing a de�nition of the formalexpression P = Yx2� Æ(Ŝ(x)) = Z D[N ℄ eiŜ[N ℄; (12)where Ŝ[N ℄ = R dx3N(x)Ŝ(x), N(x) is a lapse fun
tion. P de�nes the physi
al s
alarprodu
t a

ording to hs; s0iphys = hsP; s0i ; (13)where the RHS is de�ned using the kinemati
al s
alar produ
t. Reisenberger and Rovellimake progress toward a de�nition of (12) by 
onstru
ting a trun
ated version P� (where �
an be regarded as an infrared 
uto�). One of the main ingredients is Rovelli's de�nitionof a di�eomorphism invariant measure D[N ℄ generalizing te
hniques of [45℄.The starting point is the expansion of the exponential in (12) in powershsP�; s0i = ZjN(x)j�� D[N ℄*s 1Xn=0 inn! (S[N ℄)n; s0+ : (14)The 
onstru
tion works for a generi
 form of quantum s
alar 
onstraint as long as it a
tslo
ally on spin network nodes both 
reating and destroying links (this lo
al a
tion generatesa vertex of the type emphasized in Figure 2). The a
tion of Ŝ[N ℄ depends on the valueof the lapse at nodes. Integration over the lapse 
an be performed and the �nal result isgiven by a power series in the 
uto� �, namelyhsP�; s0i = 1Xn=0 in�nn! XFn :s!s0A[Fn℄= 1Xn=0 in�nn! XFn :s!s0Yv Av(�v; �v); (15)where Fn : s! s0 are spin foams generated by n a
tions of the s
alar 
onstraint, i.e., spinfoams with n verti
es. The spin foam amplitude A[Fn℄ fa
torizes in a produ
t of vertex
ontributions Av(�v; �v) depending of the spins jv and �v neighboring fa
es and edges. Thespin foam shown in Figure 3 
orresponds in this 
ontext to two a
tions of S and would
ontribute to the amplitude in the order �2.Physi
al observables 
an be 
onstru
ted out of 
inemati
al operators using P . If Okinrepresents an operator 
ommuting with all but the s
alar 
onstraint then Ophys = POkinPde�nes a physi
al observable. Its expe
tation value ishOphysi = hsPOkinP; sihsP; si := lim�!1 hsP�OkinP�; sihsP�; si ; (16)12



where the limit of the ratio of trun
ated quantities is expe
ted to 
onverge for suitableoperators Okin. Issues of 
onvergen
e have not been studied and they would be 
learlyregularization dependent.3.2 Spin foams from latti
e gravitySpin foam models naturally arise in latti
e-dis
retizations of the path integral of gravityand generally 
ovariant gauge theories. This was originally studied by Reisenberger[25℄.The spa
etimemanifold is repla
ed by a latti
e given by a 
ellular 
omplex. The dis
retiza-tion allows for the de�nition of the fun
tional measure redu
ing the number of degrees offreedom to �nitely many. The formulation is similar to that of standard latti
e gaugetheory. However, the nature of this trun
ation is fundamentally di�erent: ba
kgroundindependen
e implies that it 
an not be simply interpreted as a UV regulator (we will bemore expli
it in the sequel).We present a brief outline of the formulation for details see [25, 46, 47℄. Start from thea
tion of gravity in some �rst order formulation (S(e;A)) the formal path integral takesthe form Z = Z D[e℄ D[A℄ eiS(e;A) = Z D[A℄ eiSe�(A); (17)where in the se
ond line we have formally integrated over the tetrad e obtaining an e�e
tivea
tion Se�7. From this point on the derivation is analogous to that of generally 
ovariantgauge theory. The next step is to de�ne the previous equation on a `latti
e'.As for Wilson's a
tion for standard latti
e gauge theory the relevant stru
ture for thedis
retization is a 2-
omplex J . We assume the 2-
omplex to be de�ned in terms of thedual 2-skeleton J� of a simplitial 
omplex �. Denoting the edges e 2 J� and the plaquetteor fa
es f 2 J� one dis
retizes the 
onne
tion by assigning a group element ge to edgesA! fgeg:The Haar measure on the group is used to represent the 
onne
tion integration:D[A℄! Ye2J� dge:The a
tion of gravity depends on the 
onne
tion A only through the 
urvature F (A) sothat upon dis
retization the a
tion is expressed as a fun
tion of the holonomy around fa
esgf 
orresponding to the produ
t of the ge's whi
h we denote gf = g(1)e � � � g(n)e :F (A)! fgfg:7This is a simplifying assumption in the derivation. One 
ould put the full a
tion in the latti
e[46℄ andthen integrate over the dis
rete e to obtain the dis
retized version of the quantity on the right of (17).This is what we will do in Se
tion 4. 13



In this way, Se�(A)! Se�(fgfg). So that the latti
e path integral be
omesZ = Z Ye2J� dge exp [iSe�(fgfg)℄ : (18)Reisenberger assumes that Se�(fgfg) is lo
al in the sense that the amplitude of any pie
eof the 2-
omplex obtained as its interse
tion with a ball depends only on the boundaryvalue of the 
onne
tion. Degrees of freedom 
ommuni
ate through the latti
e 
onne
tion onthe boundary. One 
an 
ompute amplitudes of pie
es of J� (at �xed boundary data) andthen obtain the full J� amplitude by gluing the pie
es together integrating out the mutualboundary 
onne
tions along 
ommon boundaries. The boundary of a portion of J� is agraph. The boundary value is an assignment of group elements to its links. The amplitudeis a fun
tion of the boundary 
onne
tion, i.e., an element of Cyl. In the 
ase of a 
ellular2-
omplex there is a maximal splitting 
orresponding to 
utting out a neighborhood aroundea
h vertex. If the dis
retization is based on the dual of a triangulation these elementarybuilding blo
ks are all alike and denoted atoms. Su
h an atom in four dimensions isrepresented in Figure 4.
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0Figure 4: A fundamental atom is de�ned by the interse
tion of a dual vertex in J� (
orre-sponding to a 4-simplex in �) with a 3-sphere. The thi
k lines represent the internal edgeswhile the thin lines the interse
tions of the internal fa
es with the boundary. They de�nethe boundary graph denoted 
5 below. One of the fa
es has been emphasized.The atom amplitude depends on the boundary data given by the value of the holonomieson the ten links of the pentagonal boundary graph 
5 shown in the �gure. This amplitude
an be represented by a fun
tionV (�ij) for �ij 2 G and i 6= j = 1; : : : ; 5 (19)where �ij represents the boundary latti
e 
onne
tion along the link ij in Figure 4. Gaugeinvarian
e (V (�ij) = V (gi�ijg�1j )) implies that the fun
tion 
an be spanned in terms ofspin networks fun
tions 	
5;f�ijg;f�ig(�ij) based on the pentagonal graph 
5, namelyV (�ij) =X�ij X�i ~V (f�ijg; f�ig) 	
5;f�ijg;f�ig(�ij) (20)14



where ~V (f�ijg; f�ig) is the atom amplitude in `momentum' spa
e depending on ten spins�ij labelling the fa
es and �ve intertwiners �i labelling the edges. Gluing the atoms togetherthe integral over 
ommon boundaries is repla
ed by the sum over 
ommon values of spinlabels and intertwiners8. The total amplitude be
omesZ[J�℄ = XCf :ffg!f�fg XCe:feg!f�eg Yf2J�Af(�f ; �f ) Yv2J� ~V (�v; �v); (21)where Ce : feg ! f�eg denotes the assignment of intertwiners to edges, Cf : f�fg ! ffgde assignment of spins �f to fa
es, and Af(�f ; �f ) is the fa
e amplitude arising in theintegration over the latti
e 
onne
tion. The latti
e de�nition of the path integral forgravity and 
ovariant gauge theories be
omes a dis
rete sum of spin foam amplitudes!3.3 Spin foams for gravity from BF theoryThe integration over the tetrad we formally performed in (17) is not always possible inpra
ti
e. There is however a type of generally 
ovariant theory for whi
h the analogintegration is trivial. This is the 
ase of a 
lass of theories 
alled BF theory. Generalrelativity in three dimensions is of this type. Consequently, BF theory 
an be quantizedalong the lines of the previous se
tion. BF spin foam amplitudes are simply given by
ertain invariants in the representation theory of the gauge group. We shall study in somedetail the 
ase of 3-dimensional Riemannian quantum gravity in the next se
tion.The relevan
e of BF theory is its 
lose relation to general relativity in four dimensions.In fa
t, general relativity 
an be des
ribed by 
ertain BF theory a
tion plus Lagrangemultiplier terms imposing 
ertain algebrai
 
onstraints on the �elds[48℄. This is the startingpoint for the de�nition of various of the models we will present in this arti
le: a spin foammodel for gravity 
an be de�ned by imposing restri
tion on the spin foams that enter inthe partition fun
tion of the BF theory. These restri
tions are essentially the translationinto representation theory of the 
onstraints that redu
e BF theory to general relativity.3.4 Spin foams as Feynman diagramsAs already pointed out in [13℄ spin foams 
an be interpreted in 
lose analogy to Feynmandiagrams. Standard Feynman graphs are generalized to 2-
omplexes and the labelling ofpropagators by momenta to the assignment of spins to fa
es. Finally, momentum 
onser-vation at verti
es in standard feynmanology is now represented by spin-
onservation atedges, ensured by the assignment of the 
orresponding intertwiners. In spin foam modelsthe non-trivial 
ontent of amplitudes is 
ontained in the vertex amplitude as pointed out8 This is a 
onsequen
e of the basi
 orthogonality of unitary representations, namelyZ j�[g℄��k[g℄
�dg = 12j + 1Æ�
Æ��:15



in Se
tions 3.1 and 3.2 whi
h in the language of Feynman diagrams 
an be interpreted asan intera
tion. We shall see that this analogy is indeed realized in the formulation of spinfoam models in terms of a group �eld theory (GFT) [15, 16℄.4 Spin foams for 3-dimensional gravityThree dimensional gravity is an example of BF theory to whi
h the spin foam approa
h
an be implemented in a rather simple way. Despite its simpli
ity the theory allows for thestudy of many of the 
on
eptual issues to be addressed in four dimensions. In addition,as we mentioned in Se
tion 3.3, spin foams for BF theory are the basi
 building blo
k of4-dimensional gravity models. For a beautiful presentation of BF theory and its relationto spin foams see [49℄).4.1 The 
lassi
al theoryEu
lidean gravity in 3 dimensions is a theory with no lo
al degrees of freedom, i.e., nogravitons. Its a
tion is given byS(e;A) = ZM Tr(e ^ F (A)); (22)where the �eld A is an SU(2)-
onne
tion and the triad e is a Lie algebra valued 1-form.The lo
al symmetries of the a
tion are SU(2) gauge transformationsÆe = [e; !℄ ; ÆA = dA!; (23)where ! a su(2)-valued 0-form, and `topologi
al' gauge transformationÆe = dA�; ÆA = 0; (24)where dA denotes the 
ovariant exterior derivative and � is a su(2)-valued 0-form. The �rstinvarian
e is manifest from the form of the a
tion, while the se
ond is a 
onsequen
e of theBian
hi identity, dAF = 0. The gauge freedom is so big that the theory has only globaldegrees of freedom. This 
an be 
he
ked dire
tly by writing the equations of motionF (A) = dAA = 0; dAB = 0: (25)The �rst implies that the 
onne
tion is 
at whi
h in turn means that it is lo
ally gauge(A = dA!). The solutions of the se
ond equation are also lo
ally gauge as any 
losed formis lo
ally exa
t (B = dA�). 9 . This very simple theory 
an be quantized in a dire
tmanner.9One 
an easily 
he
k that the in�nitesimal di�eomorphism gauge a
tion Æe = Lve, and ÆA = LvA,where Lv is the Lie derivative in the v dire
tion, is a 
ombination of (23) and (24) for ! = vaAa and�b = vaeab, respe
tively, a
ting on the spa
e of solutions, i.e. when (25) holds.16



4.2 Canoni
al quantizationAssuming M = �� R where � is a Riemann surfa
e representing spa
e, the phase spa
eof the theory is parameterized by the spa
ial 
onne
tion A and its 
onjugate momentumE. The 
onstraints that result from the gauge freedoms (23) and (24) areDaEai = 0; F (A) = 0: (26)The �rst is the familiar Gauss 
onstraint; the se
ond we 
all 
urvature 
onstraint. Thereare 6 independent 
onstraints for the 6 
omponents of the 
onne
tion, i.e., no lo
al degreesof freedom. The kinemati
al setting is analogous to that of 4-dimensional gravity andthe quantum theory is de�ned along similar lines. The kinemati
al Hilbert spa
e (quan-tum geometry) is spanned by SU(2) spin-network states on � whi
h automati
ally solvethe Gauss 
onstraint. \Dynami
s" is governed by the 
urvature 
onstraint. The physi
alHilbert spa
e is obtained by restri
ting the 
onne
tion to be 
at and the physi
al s
alarprodu
t is de�ned by a natural measure in the spa
e of 
at 
onne
tions[49℄. The distri-butional 
hara
ter of the solutions of the 
urvature 
onstraint is manifest here. Di�erentspin network states are physi
ally equivalent when they di�er by a null state (states withvanishing physi
al s
alar produ
t with all spin network states). This happens when thespin networks are related by 
ertain skein relations. One 
an re
onstru
t Hphys dire
tlyfrom the skein relations whi
h in turn 
an be found by studying the 
ovariant spin foamformulation of the theory.4.3 Spin foam quantization of 3d gravityHere we apply the general framework of Se
tion 3.2. This has been studied by Iwasaki in[50, 51℄. The partition fun
tion, Z, is formally given byZ = Z D[e℄D[A℄ ei RM Tr[e^F (A)℄; (27)where for the moment we assumeM to be a 
ompa
t and orientable. Integrating over thee �eld in (27) we obtain Z = Z D[A℄ Æ (F (A)) : (28)The partition fun
tion Z 
orresponds to the `volume' of the spa
e of 
at 
onne
tions onM.In order to give a meaning to the formal expressions above, we repla
e the 3-dimensionalmanifold M with an arbitrary 
ellular de
omposition �. We also need the notion of theasso
iated dual 2-
omplex of � denoted by J�. The dual 2-
omplex J� is a 
ombinatorialobje
t de�ned by a set of verti
es v 2 J� dual 3-
ells in �, edges e 2 J� dual 2-
ells in �,and fa
es f 2 J� dual to 1-
ells in �.The �elds e and A have support on these dis
rete stru
tures. The su(2)-valued 1-form�eld e is represented by the assignment of a e 2 su(2) to ea
h 1-
ell in �. The 
onne
tion�eld A is represented by the assignment of group elements ge 2 SU(2) to ea
h edge in J�.17



The partition fun
tion is de�ned byZ(�) = Z Yf2J� def Ye2J� dge eiTr[efUf ℄; (29)where def is the regular Lebesgue measure on su(2) = R3, dge is the Haar measure onSU(2), and Uf denotes the holonomy around fa
es, i.e., Uf = g1e : : : gNe for N being thenumber of edges bounding the 
orresponding fa
e. An arbitrary orientation is assigned tofa
es when 
omputing Uf . We use the fa
t that fa
es in J� are in one-to-one 
orresponden
ewith 1-
ells in � and label ef with a fa
e subindex.Integrating over ef , we obtainZ(�) = Z Ye2J� dge Yf2J� Æ(g1e : : : gNe ); (30)where Æ 
orresponds to the delta distribution de�ned on L2(SU(2)). Noti
e that theprevious equation 
orresponds to the dis
rete version of equation (28).The integration over the dis
rete 
onne
tion (Qe dge) 
an be performed expanding �rstthe delta fun
tion in the previous equation using the Peter-Weyl de
ompositionÆ(g) = Xj2irrep(SU(2))�j Tr [j(g)℄ ; (31)where �j = 2j + 1 denotes the dimension of the unitary representation j, and j(g) isthe 
orresponding representation matrix. Using equation (31), the partition fun
tion (30)be
omes Z(�) = XC:fjg!ffgZ Ye2J� dge Yf2J��jf Tr �jf (g1e : : : gNe )� ; (32)where the sum is over 
oloring of fa
es in the notation of (21).Going from equation (29) to (32) we have repla
ed the 
ontinuous integration over thee's by the sum over representations of SU(2). Roughly speaking, the degrees of freedomof e are now en
oded in the representation being summed over in (32).Now it remains to integrate over the latti
e 
onne
tion fgeg. If an edge e 2 J� boundsn fa
es there are n tra
es of the form Tr[jf (� � � ge � � � )℄ in (32) 
ontaining ge in the argument.The relevant formula isZ dg j1(g)
 j2(g) 
 � � � 
 jn(g) =X� C �j1j2���jn C��j1j2���jn; (33)i.e., the proje
tor onto Inv[j1
 j2
 � � � 
 jn℄. On the RHS we have 
hosen an orthonormalbasis of invariant ve
tors (intertwiners) to express the proje
tor. Noti
e that the assignmentof intertwiners to edges is a 
onsequen
e of the integration over the 
onne
tion. This is not18



a parti
ularity of this example but rather a general property of lo
al spin foams as pointedout in Se
tion 3.2. Finally (30) 
an be written as a sum over spin foam amplitudesZ(�) = XC:fjg!ffg XC:f�g!feg Yf2J��jf Yv2J�Av(�v; jv); (34)where Av(�v; jv) is given by the appropriate tra
e of the intertwiners �v 
orrespondingto the edges bounded by the vertex and jv are the 
orresponding representations. Thisamplitude is given in general by an SU(2) 3Nj-symbols 
orresponding to the 
at evaluationof the spin network de�ned by the interse
tion of the 
orresponding vertex with a 2-sphere.When � is a simplitial 
omplex all the edges in J� are 3-valent and verti
es are 4-valent(one su
h vertex is emphasized in Figure 3, the interse
tion with the surrounding S2 isshown in dotted lines). Consequently, the vertex amplitude is given by the 
ontra
tion ofthe 
orresponding four 3-valent intertwiners, i.e., a 6j-symbol. In that 
ase the partitionfun
tion takes the familiar Ponzano-Regge[52℄ formZ(�) = XC:fjg!ffg Yf2J��jf Yv2J� j

j

j

j

j
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j

; (35)were the sum over intertwiners disappears sin
e dim(Inv[j1 
 j2 
 j3℄) = 1 for SU(2) andthere is only one term in (33). Ponzano and Regge originally de�ned the amplitude (35)from the study of the asymptoti
 properties od the 6j-symbol.4.3.1 Dis
retization independen
eA 
ru
ial property of the partition fun
tion (and transition amplitudes in general) is thatit does not depend on the dis
retization �. Given two di�erent 
ellular de
ompositions �and �0 (not ne
essarily simplitial)��n0Z(�) = ��n00Z(�0); (36)where n0 is the number of 0-simplexes in � (hen
e the number of bubbles in J�), and� = Pj 2j + 1 is 
learly divergent whi
h makes dis
retization independen
e a formalstatement without a suitable regularization.The sum over spins in (35) is typi
ally divergent, as indi
ated by the previous equa-tion. Divergen
es o

ur due to in�nite volume fa
tors 
orresponding to the topologi
algauge freedom (24)10. The fa
tor � in (36) represents su
h volume fa
tor. It 
an also beinterpreted as a Æ(0) 
oming from the existen
e of redundant delta fun
tion in (30). One10 For simpli
ity we 
on
entrate on the Abelian 
ase G = U (1). The analysis 
an be extended to the19




an partially gauge �x this freedom at the level of the dis
retization. This has the e�e
tof eliminating bubbles from the 2-
omplex.In the 
ase of simply 
onne
ted � the gauge �xing is 
omplete. One 
an eliminatebubbles and 
ompute �nite transition amplitudes. The result is equivalent to the physi
als
alar produ
t de�ned in the 
anoni
al pi
ture in terms of the delta measure11.In the 
ase of gravity with 
osmologi
al 
onstant the state-sum generalizes to theTuraev-Viro model[54℄ de�ned in terms of SUq(2) with qn = 1 where the representations a�nitely many. Heuristi
ally, the presen
e of the 
osmologi
al 
onstant introdu
es a physi
alinfrared 
uto�. Equation (36) has been proven in this 
ase for the 
ase of simplitial de
om-positions in [54℄, see also [55, 56℄. The generalization for arbitrary 
ellular de
ompositionwas obtained in [57℄.4.3.2 Transition amplitudesTransition amplitudes 
an be de�ned along similar lines using a manifold with boundaries.Given �, then J� de�nes graphs on the boundaries. Consequently, spin foams indu
espin networks on the boundaries. The amplitudes have to be modi�ed 
on
erning theboundaries to have the 
orre
t 
omposition property (10). This is a
hieved by 
hangingthe fa
e amplitude from (�jf ) to (�j`)1=2 on external fa
es.non-Abelian 
ase. Writing g 2 U (1) as g = ei� the analog of the gravity simplitial a
tion isS(�; fefg; f�eg) = Xf2J� efFf (f�eg); (37)where Ff (f�eg) = Pe2f �e. Gauge transformations 
orresponding to (23) a
t at the end points of edgese 2 J� by the a
tion of group elements f�g in the following wayBf ! Bf ;�e ! �e + �s � �t; (38)where the sub-index s (respe
tively t) labels the sour
e vertex (respe
tively target vertex) a

ording to theorientation of the edge. The gauge invarian
e of the simplitial a
tion is manifest. The gauge transformation
orresponding to (24) a
t on verti
es of the triangulation � and is given byBf ! Bf + �s � �t;�e ! �e: (39)A

ording to the dis
rete analog of Stokes theoremXf2BubbleFf (f�eg) = 0;whi
h implies the invarian
e of the a
tion under the transformation above. The divergen
e of the 
orre-sponding spin foam amplitudes is due to this last freedom. Alternatively, one 
an understand it from thefa
t that Stokes theorem implies a redundant delta fun
tion in (30) per bubble in J� [53℄.11If M = S2 � [0; 1℄ one 
an 
onstru
t a 
ellular de
omposition interpolating any two graphs on theboundaries without having internal bubbles and hen
e no divergen
es.20



The 
ru
ial property of this spin foam model is that the amplitudes are independent ofthe 
hosen 
ellular de
omposition [55, 57℄. This allows for 
omputing transition amplitudesbetween any spin network states s = (
; fjg; f�g) and s0 = (
; fj 0g; f�0g) a

ording to thefollowing rules12:� Given M = � � [0; 1℄ (pie
ewise linear) and spin network states s = (
; fjg; f�g)and s0 = (
; fj 0g; f�0g) on the boundaries {for 
 and 
 0 pie
ewise linear graphs in �{
hoose any 
ellular de
omposition � su
h that the dual 2-
omplex J� is borderedby the 
orresponding graphs 
 and 
 0 respe
tively (existen
e 
an be shown easily).� Compute the transition amplitude between s and s0 by summing over all spin foamamplitudes (res
aled as in (36)) for the spin foams F : s ! s0 de�ned on the 2-
omplex J�.4.3.3 The generalized proje
torWe 
an 
ompute the transition amplitudes between any element of the kinemati
al Hilbertspa
e H13. Transition amplitudes de�ne the physi
al s
alar produ
t by reprodu
ing theskein relations of the 
anoni
al analysis. We 
an 
onstru
t the physi
al Hilbert spa
e by
onsidering equivalen
e 
lasses under states with zero transition amplitude with all theelements of H, i.e., null states.
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sFigure 5: Elementary spin foams used to prove skein relations.Here we expli
itly 
onstru
t a few examples of null states. For any 
ontra
tible Wilsonloop in the j representation the state = 2j + 1 s� j 
 s =phys 0; (40)for any spin network state s, has vanishing transition amplitude with any element of H.This 
an be easily 
he
ked by using the rules stated above and the portion of spin foam12Here we are ignoring various te
hni
al issues in order to emphasize the relevant ideas. The mostdeli
ate is that of the divergen
ies due to gauge fa
tors mentioned above. For a more rigorous treatmentsee [58℄.13The sense in whi
h this is a
hieved should be apparent from our previous de�nition of transitionamplitudes. For a rigorous statement see [58℄. 21



illustrated in Figure 5 to show that the two terms in the previous equation have the sametransition amplitude (with opposite sign) to any spin-network state inH. Using the se
ondelementary spin foam in Figure 5 one 
an similarly show that
s

j

i l

k
� s

j k

li =phys 0; (41)or the re-
oupling identity using the elementary spin foam on the right of Figure 5
s

j k

li �Xe p2s+ 1p2e+ 1� i j sk l e � e
k

l

j

i =phys 0; (42)where the quantity in bra
kets represents an SU(2) 6j-symbol. All skein relations 
anbe found in this way. The transition amplitudes imply the skein relations that de�ne thephysi
al Hilbert spa
e! The spin foam quantization is equivalent to the 
anoni
al one.4.3.4 The 
ontinuum limitRe
ently Zapata [58℄ formalized the idea of a 
ontinuum spin foam des
ription of 3-dimensional gravity using proje
tive te
hniques inspired by those utilized in the 
anoni
alpi
ture [24℄. The heuristi
 idea is that due to the dis
retization invarian
e one 
an de�nethe model in an `in�nitely' re�ned 
ellular de
omposition that 
ontains any possible spinnetwork state on the boundary (this intuition is impli
it in our rules for 
omputing transi-tion amplitudes above). Zapata 
on
entrates on the 
ase with non-vanishing 
osmologi
al
onstant and 
onstru
ts the 
ontinuum extension of the Turaev-Viro model.4.4 Con
lusionsWe have illustrated the general notion of the spin foam quantization in the simple 
ase of3 dimensional Riemannian gravity (for the generalization to the Lorentzian 
ase see [59℄).The main goal of the approa
h is to provide a de�nition of the physi
al Hilbert spa
e. Theexample of this se
tion sets the guiding prin
iples of what one would like to realize in fourdimensions. However, as it should be expe
ted there are various new issues that make thetask by far more involved.5 Spin foams for 4-dimensional quantum gravityIn this se
tion we brie
y des
ribe the various spin foam models for quantum gravity in theliterature. 22



5.1 The Reisenberger modelA

ording to Plebanski [48℄ a
tion of self dual Riemannian gravity 
an be written as a
onstrained SU(2) BF theoryS(B;A) = Z Tr [B ^ F (A)℄�  ij �Bi ^ Bj � 13ÆijBk ^ Bk� ; (43)where the symmetri
 Lagrange multiplier  ij imposes the 
onstraints
ij = Bi ^Bj � 13ÆijBk ^Bk = 0: (44)when B is non degenerate the 
onstraints are satis�ed if and only ifBi = �(e0^ei+ 12�i jkej^ek) whi
h redu
es the previous a
tion to that self-dual general relativity. Reisenbergerstudied the simplitial dis
retization of this a
tion in [46℄ as a preliminary step toward thede�nition of the 
orresponding spin foam model. The 
onsisten
y of the simplitial a
tionis argued by showing that the simplitial theory 
onverges to the 
ontinuum formulationwhen the triangulation is re�ned: both the a
tion and its variations (equations of motion)
onverge to those of the 
ontinuum theory.In referen
e [47℄ Reisenberger 
onstru
ts a spin foam model for this simplitial theoryby imposing the 
onstraints 
ij dire
tly on the SU(2) BF amplitudes. The spin foampath integral for BF theory is obtained as in Se
tion 4. The 
onstraints are imposed bypromoting the Bi to operators J i (
ombinations of left/right invariant ve
tor �elds) a
tingon the dis
rete 
onne
tion 14. The model is de�ned asZGR = Z Ye2J� dge| {z }R D[A℄ R D[ ℄ ei ij
ijz }| {Æ(
̂ij) XC:fjg!ffg Yf2J��jf Tr �jf (g1e : : : gNe )�| {z }R D[B℄ ei R Tr[B^F (A)℄ ; (46)where 
̂ = J i ^ J j � 13ÆijJ k ^ Jk and we have emphasized the 
orresponden
e of thedi�erent terms with the 
ontinuum formulation. The previous equation is rather formalfor the rigorous implementation see [47℄. Reisenberger uses lo
ality so that 
onstraints areimplemented on a single 4-simplex amplitude. He de�nes a one parameter family of modelsby inserting the operator e� 12z2 
̂2 (47)instead of the delta fun
tion above. In the limit z ! 1 the 
onstraints are sharplyimposed. The properties of the kernel of 
̂ has not been studied in detail.14Noti
e that (for example) the right invariant ve
tor �eld J i(U ) = �i AB UBC�=�UAC has a well de�neda
tion at the level of equation (32) and a
ts as a B operator at the level of (29) sin
e�iJ i(U ) heiTr[BU ℄i jU�1 = Tr[�iUB℄eiTr[BU ℄jU�1 � BieiTr[BU ℄; (45)where �i are Pauli matri
es. 23



5.2 The Freidel-Krasnov pres
riptionIn referen
e [60℄ Freidel and Krasnov de�ne a general framework to 
onstru
t spin foammodels 
orresponding to theories whose a
tion has the general formS(B;A) = Z Tr [B ^ F (A)℄ + �(B); (48)where the �rst term is the BF a
tion while �(B) is 
ertain polynomial fun
tion of the B�eld. The formulation is 
onstru
ted for 
ompa
t internal groups. The de�nition based onthe formal equationZ D[B℄D[A℄ ei R Tr[B^F (A)℄+�(B) := eiR �( ÆÆJ )Z[J ℄���J=0 ; (49)where the generating fun
tional Z[J ℄ is de�ned asZ[J ℄ := Z D[B℄D[A℄ eiR Tr[B^F (A)℄+Tr[B^J℄; (50)where J is an algebra valued 2-form �eld. They provide a rigorous de�nition of the gener-ating fun
tional by introdu
ing a dis
retization of M in the same spirit of the other spinfoam models dis
ussed here. Their formulation 
an be used to des
ribe various theories ofinterest su
h as BF theories with 
osmologi
al terms, Yang-Mills theories (in 2 dimensions)and Riemannian self-dual gravity. In the 
ase of self dual gravity B and A are valued insu(2), while �(B) = Z  ij �Bi ^Bj � 13ÆijBk ^Bk� (51)a

ording to equation 43. The model obtained in this way is very similar to Reisenberger'sone. There are however some te
hni
al di�eren
es. One of the more obvious one is thatthe non-
ommutative invariant ve
tor �elds J i representing Bi are repla
ed here by the
ommutative fun
tional derivatives Æ=ÆJ i. The expli
it properties of these models havenot been studied further.5.3 The Iwasaki modelIwasaki de�nes a spin foam model of self dual Riemannian gravity 15 by a dire
t latti
edis
retization of the 
ontinuous Ashtekar formulation of general relativity. This model
onstitutes an example of the general pres
ription of Se
tion 3.2. The a
tionS(e;A) = Z dx4 ����� �2 e0[�e�℄i + �0ijkej�ek�� �2 �[�Ai�℄ + �0ilmAl�Am� � ; (52)15Iwasaki de�nes another model involvingmultiple 
ellular 
omplexes to provide a simpler representationof wedge produ
ts in the 
ontinuum a
tion. A more detail presentation of this model would require theintrodu
tion of various te
hni
alities at this stage so we refer the reader to [61℄.24



where Aia is an SU(2) 
onne
tion. The fundamental observation of [62℄ is that one 
an writethe dis
rete a
tion in a very 
ompa
t form if we en
ode part of the degrees of freedom ofthe tetrad in an SU(2) group element. More pre
isely, if we take g�� = ei�ej�Æij = 1 we 
ande�ne e� := e0� + i�iei� 2 SU(2) where �i are the Pauli matri
es. In this parameterizationof the `angular' 
omponents of the tetrad and using a hyper
ubi
 latti
e the dis
rete a
tionbe
omes S� = ��Xv2� �����r�r� Tr �ey�e�U��� ; (53)where r� := (�1=2`p)�1�pg��, U�� is the holonomy around the ��-plaquette, � the latti
e
onstant and � is a 
uto� for r� used as a regulator (r� � �1=2`p��1). The latti
e pathintegral is de�ned by using the Haar measure both for the 
onne
tion and the `spheri
al'part of the tetrad e's and the radial part dr� := dr�r3�. The key formula to obtain anexpression involving spin foams iseixTr[U ℄ =Xj (2j + 1)J2j+1(2x)x �j(U) (54)Iwasaki writes down an expression for the spin foam amplitudes in whi
h the integrationover the 
onne
tion and the e's 
an be 
omputed expli
itly. Unfortunately, the integrationover the radial variables r involves produ
ts of Bessel fun
tions and its behavior is not ana-lyzed in detailed. In 3 dimensions the radial integration 
an be done and the 
orrespondingamplitudes 
oin
ide the results of Se
tion (4.3).5.4 The Barrett-Crane modelThe appealing feature of the previous models is the 
lear 
onne
tion to the 
ontinuumtheory. Moreover, sin
e they 
orrespond to self dual gravity they are well suited for studyingthe relationship with loop quantum gravity (boundary states are SU(2)-spin networks).The drawba
k is the la
k of 
losed simple expressions for the amplitudes whi
h 
ompli
atestheir analysis. There is however a simple model de�ned in a spirit whi
h shares somesimilarities with the quantization of SO(4) Plebanski's a
tion (see next subse
tion). Thismodel was introdu
ed by Barrett and Crane in [8℄ and further motivated by Baez in[13℄. The basi
 idea behind the de�nition is that of the quantum tetrahedron introdu
edby Barbieri in [63℄ and generalized to 4d in [14℄. The beauty of the model resides in itsremarkable simpli
ity. This has stimulated a great deal of explorations and produ
ed manyinteresting results. We will review most of these in Se
tion 7.5.5 Markopoulou-Smolin 
ausal spin networksUsing the kinemati
al setting of LQG with the assumption of the existen
e of a mi
ro-lo
al(in the sense of Plan
k s
ale) 
ausal stru
ture Markopoulou and Smolin de�ne a general
lass of (
ausal) spin foam models for gravity [64, 65℄ (see also [66℄). The elementarytransition amplitude AsI!sI+1 from an initial spin network sI to sI+1 is de�ned by a set of25



simple 
ombinatorial rules based on a de�nition of 
ausal propagation of the informationat nodes. The rules and amplitudes have to satisfy 
ertain 
ausal restri
tion (motivatedby the standard 
on
epts in 
lassi
al Lorentzian physi
s). These rules generate surfa
e-likeex
itations of the same kind we en
ounter in the more standard spin foam model but endowthe foam with a notion of 
ausality. Spin foams FNsi!sf are labelled by the number of timesthis elementary transitions take pla
e. Transition amplitudes are de�ned ashsi; sfi =XN N�1YI=0 AsI!sI+1 : (55)The models are not related to any 
ontinuum a
tion. The only guiding prin
iples arethe restri
tions imposed by 
ausality, simpli
ity and the requirement of the existen
e of anon-trivial 
riti
al behavior that would reprodu
e general relativity at large s
ales. Someindire
t eviden
e of a possible non trivial 
ontinuum limit has been obtained in someversions of the model in 1 + 1 dimensions.5.6 Gambini-Pullin modelIn referen
e [67℄ Gambini and Pullin introdu
ed a very simple model obtained by modi�-
ation of the BF theory skein relations. As we argued in Se
tion 4 skein relations de�ningthe physi
al Hilbert spa
e of BF theory are implied by the spin foam transition amplitudes.These relations redu
e the big 
inemati
al Hilbert spa
e of BF theory (analogous to thatof quantum gravity) to a physi
al Hilbert spa
e 
orresponding to the quantization of a �-nite number of degrees of freedom. Gambini and Pullin de�ne a model by modifying theseamplitudes so that some of the skein relations are now forbidden. This simple modi�
ationof frees lo
al ex
itations of a �eld theory. A remarkable feature is that the 
orrespondingphysi
al states are (in a 
ertain sense) solutions to various regularizations of the s
alar 
on-straint for (Riemannian) LQG. The fa
t that physi
al states of BF theory solve the s
alar
onstraint is well known [68℄, sin
e roughly F (A) = 0 implies EEF (A) = 0. The situationhere is of a similar nature, and {as the authors argue{ one should interpret this result as anindi
ation that some `degenerate' se
tor of quantum gravity might be represented by thismodel. The de�nition of this spin foam model is not expli
it sin
e the theory is dire
tlyde�ned by the physi
al skein relations.5.7 Capovilla-Dell-Ja
obson theory on the latti
eThe main te
hni
al diÆ
ulty that we gain in going from 3-dimensional general relativ-ity to the 4-dimensional one is that the integration over the e's be
omes intri
ate. Inthe Capovilla-Dell-Ja
obson[69, 70℄ formulation of general relativity this `integration' ispartially performed at the 
ontinuum level. The a
tionS(�;A) = Z �Tr [� � F (A) ^ F (A)� � F (A)^ F (A)℄ ; (56)26



where � � F ^ F := �ab
dFabF
d. Integration over � 
an be formally performed in the pathintegral and we obtainZ = Z Yx Æ (Tr [� � F (A) ^ F (A)� � F (A) ^ F (A)℄) ; (57)This last expression is of the form (17) and 
an be easily dis
retized along the lines ofSe
tion 3.2. The �nal expression (after integrating over the latti
e 
onne
tion) involves asum over spin 
on�gurations with no impli
it integrations.6 Some 
on
eptual issues6.1 Anomalies and gauge �xingAs we mentioned in previous se
tion and illustrated with the example of Se
tion 4, spinfoam path integral is meant to provide a devi
e to re
onstru
t the physi
al Hilbert spa
e.Spin foam transition amplitudes are not interpreted as de�ning propagation in time butrather as de�ning the physi
al s
alar produ
t. This interpretation of spin foam modelsappears as the only 
onsistent one with di�eomorphism invarian
e and what we knowabout generally 
ovariant systems from the 
anoni
al viewpoint. The formal argumentsthat motivates this interpretation rely on the gauge invarian
e of the path integral measureand that of the a
tion. In turn this implies divergen
es due to the 
ontributions of gaugeequivalent 
on�gurations if no appropriate gauge �xing 
ondition is provided. In thisse
tion we analyze these issues in the 
ontext of the spin foam approa
h.Let us �rst address the question of the internal gauge. If this gauge group is 
ompa
tthen one 
an avoid gauge �xing by using appropriate variables and normalized measures.This is the 
ase for the models of Riemannian gravity 
onsidered in this paper (internalgauge group SO(4) or SU(2)) or in standard latti
e gauge theory where one representsthe 
onne
tions in terms of group elements (holonomies) and uses the (normalized) Haarmeasure in the integration. In the Lorentzian se
tor (internal gauge group SL(2; C ))the internal gauge orbits have in�nite volume and the latti
e path integral would divergewithout an appropriate gauge �xing 
ondition. These gauge �xing 
onditions generallyexist for the 
onne
tion in spin foam models: it amounts to set to the identity redundantlatti
e 
onne
tions. We will study an example in Se
tion 9 (for a general treatment see[71℄).The remaining gauge freedom is di�eomorphisms. We 
on
entrate on the 
ase of amodel de�ned a

ording to Se
tion 3.2, i.e., on a �xed dis
retization. In this 
ase 4-di�eomorphism 
ovarian
e is repla
ed by its dis
rete 
ounterpart: �nite group of symme-tries of the dis
rete 
on�gurations. The path integral is de�ned on a �xed dis
retization� whi
h repla
es the notion of the manifold in the 
ontinuum. We 
an imagine � asembedded in a smooth manifold with some smooth �eld 
on�guration. On the latti
eone 
an represent su
h smooth 
on�guration in an approximate manner (e.g., assumingfor simpli
ity that we are dealing with a 
ovariant gauge theory S(A) by assigning the27




orresponding holonomies). The dis
retization 
aptures in this way the imprint of the 
on-tinuum 
on�guration (see the s
hemati
 representation on the left of Figure 6). Clearly,the dis
rete a
tion will fail to be di�eomorphism invariant in a 
ontinuum sense16. Theremanent of di�eomorphisms in the dis
retization are dis
rete symmetries. We require thedis
rete a
tion to be invariant under this notion of dis
rete symmetries. An a
tive di�eo-morphism on a 
ontinuum 
on�guration is repla
ed by a dis
rete symmetry represented onthe right of Figure 6. This symmetry is to be in
orporated in the de�nition of the spin foammodel of a ba
kground independent theory. Clearly, in a ba
kground dependent theory(su
h as standard latti
e gauge theory) the two 
on�gurations on the right of Figure 6 aredi�erent physi
al 
on�gurations for the latti
e 
ontains information about a ba
kgroundgeometry (latti
e s
ale). The spin foam model is to be de�ned as a sum over equivalen
e
lasses of spin foams17 or equivalently one should sum over all 
on�gurations and divideby the 
orresponding symmetry fa
tors. The latter are �nite for any �nite dis
retization.A

ording to this one expe
ts spin foam models for gravity not to diverge on the groundof `di�eomorphism volume' fa
tors. No di�eomorphism gauge �xing is ne
essary sin
e onehas 
ontrol on the dis
rete symmetries in a 
ombinatorial way. The point of view is thatthis 
ombinatorial equivalen
e among spin foams represent the fundamental symmetry thatreprodu
ing di�eomorphism invarian
e as the dis
retization dependen
e is removed in asuitable way (see next se
tion).! !Figure 6: Di�eomorphisms are repla
ed by dis
rete symmetries in spin foams. In thissimpli�ed pi
ture there are two possible 
olorings of 0 or 1, the latter represented by thedarkening of the 
orresponding latti
e element. The two 
on�gurations on the right asregarded as physi
ally equivalent.Gambini and Pullin[72, 73℄ are studying the 
anoni
al formulation of theories that liveon a latti
e from the onset. This provides a way to analyze the meaning of gauge symme-tries dire
tly �a la Dira
. Their results indi
ate that di�-invarian
e is indeed broken by thedis
retization in the sense that there is no in�nitesimal generator of di�eomorphism. Thisis 
onsistent with our 
ovariant pi
ture of dis
rete symmetries above. In their formulationthe 
anoni
al equations of motion �x the value of what where Lagrange multipliers in the
ontinuum (e.g. lapse and shift). This is interpreted as a breaking of di�eomorphism in-varian
e; however, the solutions of the multiplier equations are not unique. The ambiguity16We 
ould a
t with a di�eo that shrinks the smooth 
on�guration shown in Figure 6 so that no edgeon the latti
e is ex
ited 
hanging in this way the value of the latti
e a
tion.17In [13℄ this arises naturally as a requirement if one is to interpret spin foams as morphisms in the
ategory whose obje
ts are given by spin networks.28



in sele
ting a parti
ular solution 
orresponds to the remanent di�eomorphism invarian
eof the dis
rete theory.Finally let us brie
y re
all the situation in 3-dimensional gravity. In three dimensionsthe dis
rete a
tion is invariant under transformations that are in 
orresponden
e with the
ontinuum gauge freedoms (23) and (24). As we mentioned in Se
tion 4.3.1 spin foamamplitudes diverge due to (24). This is in no 
ontradi
tion to our previous argument sin
e(refgauge2) involves more than just di�eomorphisms in 3d.Some of the spin foam models in Se
tion 5 are de�ned from BF theory by implementing
onstraints that restore the graviton ex
itations of general relativity. Gauge divergen
iesof the BF amplitudes are expe
ted to disappear in the 
onstrained models sin
e the im-plementation of 
onstraints breaks the topologi
al symmetry (24).6.2 Dis
retization dependen
eThe spin foam models we have introdu
ed so far are de�ned on a �xed 
ellular de
om-position of M. This is to be interpreted as an intermediate step toward the de�nitionof the theory. The dis
retization redu
es the in�nite dimensional fun
tional integral to amultiple integration over a �nite number of variables. This 
uto� is re
e
ted by the fa
tthat only a restri
tive set of spin foams (spin network histories) is allowed in the pathintegral: those that 
an be obtained by all possible 
oloring of the underlying 2-
omplex.In addition it restri
ts the number of possible 3-geometry states (spin network states) onthe boundary by �xing a �nite underlying boundary graph. This represents a trun
ationin the allowed 
u
tuations and the set of states of the theory that 
an be interpretedas a regulator. However, the nature of this regulator is fundamentally di�erent from thestandard 
on
ept in the ba
kground independent framework: sin
e geometry is en
oded inthe 
oloring (that 
an take any spin values) the 
on�gurations involve 
u
tuations all theway to Plank s
ale18. This s
enario is di�erent in latti
e gauge theories where the latti
eintrodu
es an e�e
tive UV 
uto� given by the latti
e spa
ing. Transition amplitudes arehowever dis
retization dependent now. A 
onsistent de�nition of the path integral usingspin foams should in
lude a pres
ription to eliminate this dis
retization dependen
e.A spe
ial 
ase is that of topologi
al theories su
h as gravity in 3 dimensions. In this
ase, one 
an de�ne the sum over spin foams with the aid of a �xed 
ellular de
omposition� of the manifold. Sin
e the theory has no lo
al ex
itations (no gravitons), the result isindependent of the 
hosen 
ellular de
omposition. A single dis
retization suÆ
es to 
apturethe degrees of freedom of the topologi
al theory.In latti
e gauge theory the solution to the problem is implemented through the so-
alled 
ontinuum limit. In this 
ase the existen
e of a ba
kground geometry is 
ru
ial,sin
e it allows to de�ne the limit when the latti
e 
onstant (length of links) goes to zero.In addition the possibility of working in the Eu
lidean regime allows the implementationof statisti
al me
hani
al methods.18Changing the label of a fa
e from j to j + 1 amounts to 
hanging an area eigenvalue by an amount ofthe order of Plan
k length squared a

ording to (7).29



Non of these stru
tures are available in the ba
kground independent 
ontext. Thelatti
e (triangulation) 
ontains only topologi
al information and there is no geometri
almeaning asso
iated to its 
omponents. As we mentioned above this has the novel 
on-sequen
e that the trun
ation 
an not be regarded as an UV 
uto� as in the ba
kgrounddependent 
ontext. This in turn represents a 
on
eptual obsta
le to the implementationof standard te
hniques. Moreover, no Eu
lidean formulation seem meaningful in a ba
k-ground independent s
enario. New means to eliminate the trun
ation introdu
ed by thelatti
e have to be developed.This is a mayor issue where 
on
rete results have not been obtained so far beyond thetopologi
al 
ase. Here we explain the two main approa
hes to re
over general 
ovarian
e
orresponding to the realization of the notion of `suming over dis
retizations' of [44℄.� Re�nement of the dis
retization:A

ording to this idea topology is �xed by the simplitial de
omposition. The trun-
ation in the number of degrees of freedom should be removed by 
onsidering tri-angulations of in
reasing number of simplexes for that �xed topology. The 
ow inthe spa
e of possible triangulations is 
ontrolled by the Pa
hner moves. The formalidea is to take a limit in whi
h the number of four simplexes goes to in�nity togetherwith the number of tetrahedra on the boundary. Given a 2-
omplex J2 whi
h is are�nement of a 2-
omplex J1 then the set of all possible spin foams de�ned on J1is naturally 
ontained in those de�ned on J2 (taking into a

ount the equivalen
erelations for spin foams mentioned in the previous se
tion). The re�nement pro
essshould also enlarge the spa
e of possible 3-geometry states (spin networks) on theboundary re
overing the full kinemati
al se
tor in the limit of in�nite re�nements.An example where this pro
edure is well de�ned 
orresponds to Zapata's treatmentof the Turaev-Viro model [58℄. The key point in this 
ase is that amplitudes areindependent of the dis
retization (due to the topologi
al 
hara
ter of the theory) sothat the re�nement limit is trivial. In the general 
ase here is a great deal of ambi-guity involved in the de�nition of re�nement 19. The hope is that the nature of thetransition amplitudes would be su
h that these ambiguities will not a�e
t the �nalresult. The Turaev-Viro model is example of where this pres
ription works[58℄.If the re�nement limit is well de�ned one would expe
t that working with a `suÆ-
iently re�ned' but �xed dis
retization would serve as an approximation that 
ould19It is not diÆ
ult to de�ne the re�nement in the 
ase of a hyper
ubi
 latti
e. In the 
ase of a simplitial
omplex a tentative de�nition 
an be attempted using Pa
hner moves. For example: given an initialtriangulation of a manifold with boundary �1 de�ne �01 by implementing a 1 � 5 Pa
hner move toea
h 4-simplex in �1. �01 is a homogeneous re�nement of �1; however, the boundary triangulationremain un
hanged so that they will support the same spa
e of boundary data or spin networks. Asmentioned above, in the re�nement pro
ess one also wants to re�ne the boundary triangulation so thatthe 
orresponding dual graph will get re�ned and the spa
e of possible boundary data will be
ome bigger(all of Cyl in the limit). In order to a
hieve this we de�ne �2 by erasing from �01 all 4-simplexes sharinga tetrahedron with the boundary. This amounts to 
arrying out a 1 � 4 Pa
hner move on the boundary.This 
ompletes the re�nement �1 ! �2. One would need to proof that spin foam amplitudes 
onverge asthe dis
retization is re�ned and that the limit is independent of the 
hoi
e of initial triangulation.30



be used to extra
t physi
al information within some quanti�able pre
ision.� Spin foams as Feynman diagrams:This idea has been motivated by the generalized matrix models of Boulatov andOoguri [74, 75℄. The fundamental observation is that spin foams admit a dual for-mulation in terms of a �eld theory over a group manifold [10, 15, 16℄. The dualityholds in the sense that spin foam amplitudes 
orrespond to Feynman diagram ampli-tudes of the GFT. The perturbative Feynman expansion of the GFT (expansion in a�du
ial 
oupling 
onstant �) provides a de�nition of sum over dis
retizations whi
his fully 
ombinatorial and hen
e independent of any manifold stru
ture20. The latteris most appealing feature of this approa
h. However, the 
onvergen
e issues be
ome
learly more involved. In addition it is not 
lear how the notion of di�eomorphismwould be addressed in this framework. Di�eomorphism equivalent 
on�gurations (inthe dis
rete sense des
ribed above) appear at all orders in the perturbation series.21. It is not 
lear how these ideas are to be implemented in the 
ontext of the GFTformulation. The GFT formulation has been however very useful in the de�nition ofsimple normalization of the Barret-Crane model and has simpli�ed its generalizationsto the Lorentzian se
tor. We will study this formulation in detail in Se
tion 8.6.3 Physi
al s
alar produ
t revisitedIn this subse
tion we study the properties of the generalized proje
tion operator P intro-du
ed before. The generalized proje
tion operator is a linear map from the kinemati
alHilbert spa
e into the physi
al Hilbert spa
e (states annihilated by the S
alar 
onstraint).These states are not 
ontained in the kinemati
al Hilbert spa
e but are rather elements ofthe dual spa
e Cyl�. For this reason the operator P 2 is not well de�ned. We have brie
ymentioned the 
onstru
tion of the generalized proje
tion operator in the parti
ular 
ontextof Rovelli's model of Se
tion (3.1). After the above dis
ussion of gauge and dis
retizationdependen
e we revisit the 
onstru
tion of the P operator. We 
onsider the 
ase in whi
hdis
retization independen
e is obtained by a re�nement pro
edure.The number of 4-simplexes N in the triangulation plays the role of 
uto�. The matrixelements of the P operator is expe
ted to be de�ned by the re�nement limit of �xeddis
retization transition amplitudes (hsPN ; s0i), namelyhs; s0iphys = hsP; s0i = limN!1 hsPN ; s0i : (58)If we have a well de�ned operator P (formally 
orresponding to Æ[Ŝ℄) the re
onstru
tionof the physi
al Hilbert spa
e goes along the lines of the GNS 
onstru
tion[78℄ where the20This is more than a `sum over topologies' as many of the 2-
omplex appearing in the perturbativeexpansion 
annot be asso
iated to any manifold [76℄.21The GFT formulation is 
learly non trivial already in the 
ase of topologi
al theories. There has beenattempts to make sense of the GFT formulation dual to BF theories in lower dimensions [77℄.31



algebra is given by Cyl and the state !(	) for 	 2 Cyl is de�ned by P as!(	) = h0P;	ih0P; 0i ;In the spin foam language this 
orresponds to the transition amplitude from the state 	to nothing. The representation of this algebra implied by the GNS 
onstru
tion has beenused in [79℄ to de�ne observables in the theory.In Se
tion 3.1 we mentioned another way to obtain observables a

ording to the de�-nition hsOphys; s0i = hsPOkinP; s0i; (59)where Okin is a kinemati
al observable. This 
onstru
tion is expe
ted to be well de�nedonly for some suitable kinemati
al operators Okin (e.g., the previous equation is 
learlydivergent for the kinemati
al identity). There kinemati
al operators whi
h 
an be used as

32



regulators. They 
orresponds to Rovelli's `suÆ
iently lo
alized in time' operators [44℄ 22.In [80℄ it is argued on physi
al grounds that when posing a physi
al questions one is leadto 
onditioning the path integral and in this way improving the 
onvergen
e properties.Conditioning is represented here by the regulator operators (see previous footnote).6.4 Conta
t with the low energy worldA basi
 test to any theory of quantum gravity is the existen
e of a well de�ned 
lassi
allimit 
orresponding to general relativity. In the 
ase of the spin foam approa
h this shouldbe a

omplished simultaneously with a limiting pro
edure that bridges the fundamentaldis
rete theory with the smooth des
ription of 
lassi
al physi
s. That operation is some-times referred to as the 
ontinuum limit but it should not be 
onfused with the issues22 Consider the following simple example. Take the torus S1 � S1 represented by [0; 2�℄� [0; 2�℄ 2 R2with periodi
 boundary 
onditions. An orthonormal basis of states is given by the (`spin network') wavefun
tions hxy; nmi = 12� einxeimy n;m 2 Z. Take the s
alar 
onstraint to be given by X̂ so that thegeneralized proje
tion P simply be
omes Dnm; P̂ ��� =X� h�mj :The RHS is no longer in Hkin sin
e is not a normalizable: it is meaningful as a distributional state. Thephysi
al s
alar produ
t is de�ned as in (58), namelyhnm; n0m0iphys = hnmP; n0m0i =X� h�m;n0m0i = Æmm0 :Therefore we have that jnmi =phys jkmi 8k. We 
an de�ne physi
al observables by means of the formulaDm; Ôph��� m0i = Dnm; P̂ÔP̂ ��� n0m0i ;for suitable kinemati
 observables O. If for example we take O = 1 the previous equation would involveP̂ 2 whi
h is not de�ned. However, take the following family of kinemati
al observablesjOk; nmi = Æn;k jkmithen Dm; Ôph��� m0i = Æm;m0 , i.e., Ôph is just the physi
al identity operator for any value of k. The wholefamily of kinemati
 operators de�ne a single physi
al operator. The key of the 
onvergen
e of the previousde�nition is the fa
t that is a proje
tion operator into an eigenstate of the operator P̂x 
anoni
ally 
onjugateto the 
onstraint X̂ . This illustrates what kind of operators will be suitable for the above de�nition towork. In parti
ular any operator that de
ays suÆ
iently fast along going to �1 in the spe
trum of p̂xwill be. For example the Gaussian Ôk jnmi = e�(k�n)2� jnmi whi
h also proje
ts down to a multiple ofthe physi
al identity. Moreover, availability of su
h a kinemati
al operator 
an serve as a regulator ofnon-suitable operators, namely Dm; Ôph��� m0i = Dnm; P̂ÔkÔÔkP̂ ��� n0m0i ;will 
onverge even for Ô = 1. The operator Ôk 
an be regarded as a quantum gauge �xing: it sele
ts apoint along the gauge orbit generated by the 
onstraint.33



analyzed in the previous subse
tion.The general strategy (whi
h is in fa
t motivated by our experien
e in ba
kgroundphysi
s) is to setup a renormalization (�a la Wilson) s
heme where mi
ros
opi
 degreesof freedom are summed out to obtain a 
oarse grained e�e
tive des
ription. There areinteresting suggestions on how to implement su
h a program whi
h in
lude the use ofnovel mathemati
al te
hniques [81, 82℄. There is little work done in trying to implementthese ideas to 
on
rete models. In addition, the whole 
on
eptual framework has yet to be
lari�ed. This is a major issue in the approa
h.7 SO(4) Plebanski's a
tion, the quantum tetrahedronand the Barrett-Crane modelThe Barrett-Crane model is one of the most extensively studied spin foam models forquantum gravity (for a spe
i�
 review see [83℄). We 
on
entrate on its de�nition in thefollowing presenting the results obtained in the 
ontext of its Riemannian version and itsgeneralization to the Lorentzian se
tor.The Barrett-Crane model is usually viewed as a spin foam quantization of SO(4) Ple-banski's formulation of general relativity. The general idea being analogous to the oneimplemented in the model des
ribed in Se
tion 5.1. In order to analyze the sense in whi
hsu
h a viewpoint is appli
able we start this se
tion by reviewing the spin foam quantiza-tion of SO(4) 4-dimensional BF theory and by giving a brief des
ription of Plebanski'stheory. In subse
tion (7.10), we analyze the 
onne
tion between the Barrett-Crane modeland Plebanski's formulation.7.1 Quantum SO(4) BF theoryClassi
al (Spin(4)) BF theory is de�ned by the a
tionS[B;A℄ = Z Tr [B ^ F (A)℄ ; (60)whereBIJab is a Spin(4) Lie-algebra valued 2-form,AIJa is a 
onne
tion on a Spin(4) prin
ipalbundle overM. The theory has no lo
al ex
itations. Its properties are very mu
h analogousto the 
ase of 3-dimensional gravity studied in Se
tion 4.A dis
retization of M 
an be introdu
ed along the same lines presented in Se
tion 4.Upon integration over the B's [84℄ the path integral be
omesZ(�) = Z Ye2�� dge Yf2�� Æ(ge1 � � � gen); (61)whi
h is the analog of (30). Using Peter-Weyl's theorem one 
an integrate over the 
on-ne
tion. When the dis
retization is de�ned in terms of a triangulation the �nal result34
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; (62)where the pentagonal diagram representing the vertex amplitude denotes the tra
e of theprodu
t of �ve intertwiners C ��1�2�3�4. As in the model for 3-dimensional gravity, the vertexamplitude 
orresponds to the 
at evaluation of the spin network state de�ned by the pen-tagonal diagram in (62), a 15j-symbol. Verti
es v 2 �� are in one-to-one 
orresponden
eto 4-simplexes in the triangulation �. In addition we have Ce : feg ! f�eg representing theassignment of intertwiners to edges (this arises in the group integration as a 
onsequen
eo the analog of equation (33)). The sum over the 
oloring of edges, Ce, 
omes from (33).The state sum (62) is generi
ally divergent (due to the gauge freedom analogous to(24)). A regularized version de�ned in terms of SUq(2)�SUq(2) was introdu
ed by Crane-Yetter [85, 86℄. As in three dimensions (62) is topologi
al invariant and the spin foam pathintegral is dis
retization independent.7.2 Classi
al SO(4) Plebanski a
tionPlebanski's Riemannian a
tion depends on an so(4) 
onne
tion A, a Lie-algebra-valued 2-form B and Lagrange multiplier �elds � and �. Writing expli
itly the Lie-algebra indi
es,the a
tion is given byS[B;A; �℄ = Z �BIJ ^ FIJ(A) + �IJKL BIJ ^BKL + ��IJKL�IJKL� ; (63)where � is a 4-form and �IJKL = ��JLKL = ��IJLK = �KLIJ is tensor in the internalspa
e. Variation with respe
t to � imposes the 
onstraint �IJKL�IJKL = 0 on �IJKL. �IJKLhas then 20 independent 
omponents. Variation with respe
t to � imposes 20 algebrai
equations on the 36 
omponents of B. Solving for � they are�����BIJ��BKL�� = e�IJKL (64)whi
h is equivalent to �IJKLBIJ��BKL�� = e�����; (65)for e 6= 0 where e = 14!�OPQRBOP�� BQR�� �����[87℄. The solutions to these equations areB = ��(e ^ e); and B = �e ^ e; (66)in terms of the 16 remaining degrees of freedom of the tetrad �eld eIa. If one substitutes the�rst solution into the original a
tion one obtains Palatini's formulation of general relativityS[e;A℄ = Z Tr [e ^ e ^ �F (A)℄ : (67)35



7.3 Dis
retized Plebanski's 
onstraintsIn the previous se
tion we have derived the spin foam model for Spin(4) BF theory. Wehave seen that the sum over B-
on�gurations 
orresponding spin foam model is en
oded inthe sum over unitary irredu
ible representations of Spin(4). Can we restri
t the spin foam
on�gurations to those that satisfy Plebanski's 
onstraints of the previous subse
tion? Toanswer this one �rst needs to translate the 
onstraints of Plebanski's formulation into thesimplitial framework. There are to ways in whi
h we 
an approa
h the problem. One is bylooking at the 
onstraints in the form (63) the other is by using (65). We need to de�nea dis
rete notion of B �eld. The idea is to asso
iate the algebra valued 2-forms BIJ�� toan algebra valued BIJt assigned to triangles t 2 �. One interprets BIJt as the smearing ofthe 2-form on the 2-dimensional triangles [87℄. The rule is then to repla
e the spa
e-timeindi
es of the 2-form by a triangle:�� ! t = triangle (68)The �rst version of the 
onstraints is of the type of 
onstraints 
ij (re
all equation 44)that appears in Plebanski's self dual version, i.e., it has free algebra indi
es. A modelimplementing these 
onstraints 
ould be de�ned along similar lines of the models presentedin Se
tions 5.1 and 5.2. This possibility has not been explored and it would be interestingto see wether this proposal 
an provide a simple model.The other possibility is to dis
retize (65). We will see that these 
onstraints havethe fun
tional form of the ones implemented in the Barrett-Crane model. However, in thelatter 
ase the 
onstraints are not implemented on BF 
on�guration but using the auxiliaryde�nition of the so-
alled quantum tetrahedron.To translate these 
onstraints to the simplitial framework it suÆ
es to 
on
entrate ona single 4-simplex. Using the rule (65) be
omes�IJKLBIJt BKLt0 = 0; (69)whenever t = t0 or the triangles t and t0 share an edge, i.e., whenever the two trianglesbelong to the same tetrahedron T , (t; t0 2 T ). The other 
ase 
orresponds to the situationwhen t and t0 do not lie on the same tetrahedron (hen
e they span a 4-dimensional region).If we label verti
es in the 4-simplex 0 � � � 4 we 
an label the six triangles 
ontaining thevertex 0 simply as jk (j; k = 1 � � � 4). Only these are needed to express the independent
onstraints Tr [B12 ^B�34℄ = Tr [B13 ^B�42℄ = Tr [B14 ^ B�23℄ ; (70)where B�IJ := �IJKLBKL.7.4 The quantum tetrahedron in 4d and the Barrett-Crane in-tertwinerThe basi
 
on
ept in the de�nition of the Barrett-Crane model is the quantum tetrahedron.Its de�nition is independent of the arguments presented in the previous subse
tions. It is36
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Figure 7: The quantum tetrahedron.
onstru
ted applying geometri
 quantization to the 
lassi
al notion of a tetrahedron: bi-ve
tors asso
iated to triangles are promoted to `angular momentum' operators. A rigorousa

ount of the mathemati
s involved 
an be found in [14℄. The basi
 idea is to asso
iate toea
h triangle in the tetrahedron T a Hilbert spa
e Ht :=L�H�, where H� de�ned by theSO(4)-irredu
ible representation �. The Hilbert spa
e of the quantum tetrahedron HT isde�ned as HT = Ht1 
Ht2 
Ht3 
Ht4: (71)The bi-ve
tor BIJt is asso
iated with the in�nitesimal generator of SO(4) rotations J IJta
ting on the 
orresponding fa
e-Hilbert spa
e:BIJt ! J IJt : (72)The 
lassi
al 
ondition that the sum of the oriented bive
tors de�ned by the trianglesshould vanish for a tetrahedron (B1+B2 +B3 +B4 = 0) translates (a

ording to the rule(72)) into the restri
tion of the states of the quantum tetrahedron to rotationally invariantones, i.e. those in M�1�2�3�4 Inv [H�1 
H�2 
H�3 
H�4℄ : (73)We 
an 
hoose a basis of invariant orthonormal ve
tors in ea
h 
omponent C ��1�2�3�4 2Inv [H�1 
H�2 
H�3 
H�4℄. These are pre
isely the intertwiners 
orresponding to 4-valent spin network nodes! Tetrahedra are assigned with intertwiners in a similar wayas it happens in the quantization of BF theory (this is illustrated in Figure 7).Irredu
ible representations � of Spin(4) are labelled by two half-integers (j`; jr). Whent = t0 the 
onstraints (69) be
ome the SO(4)-CasimirTr[JtĴ�t ℄ = j`(j` + 1)� jr(jr + 1) = 0 (74)37



whose solutions are j` = jr or j` = j�r 23. The representations satisfying the previous
onstraint a 
alled simple or spheri
al representations.When triangles are di�erent the quantum 
onstraint be
omesTr[JtJ�t0℄ = 12Tr[(Jt + Jt0)(J�t + J�t0)℄ = 0; (75)where the se
ond equality is obtained assuming that (74) is solved. For triangles 1 and 2 inFig. 7 the previous 
onstraint 
orresponds to the Casimir operator (74) evaluated on therepresentation �. The 
onstraint is satis�ed if � is also simple, i.e., if � = (�; ��). However,the same 
onstraint must also hold if we take triangles 1 and 3 or any other 
ombination oftriangles in T . There is a unique solution (up to proportionality) whi
h 
an be de
omposedin terms of only simple intertwiners in any de
omposition [88℄. This state was proposed byBarrett and Crane in [8℄ as the building blo
k for a state-sum model for quantum gravity.It is expli
itly given by	BC =X� j

j

j j

j
j

j
j

ι

1

1

2
2

3

3

44

ι

*

*

*

*

* ; (76)where we represent the SO(4)-intertwiner of Figure 7 in terms of the 
orresponding (left/right)SU(2)-intertwiners. 	BC de�nes the so-
alled Barrett-Crane intertwiner.Constraints that involve di�erent tetrahedra in a given 4-simplex {
orresponding to the
lassi
al equation (70){ are automati
ally satis�ed as operator equations on the Barrett-Crane solutions.There is a natural de�nition of the 4-simplex amplitude (i.e., the vertex amplitudeABCv )de�ned by the natural tra
e of the �ve tetrahedron wave fun
tions 	BC. Graphi
ally, using23In [14℄ the se
ond solution is 
hosen in order to resolve the ambiguity in (66). This 
an be regardedas the dis
rete analogy of the a
tion of the � operation on the 
urvature F (A) in (67). This restri
tion(imposed by the so-
alled 
hirality 
onstraint, Se
tion 7.7) implies that the `fake tetrahedron' 
on�gurations{
orresponding to solutions of the 
onstraints on the right of equation (66){ are dropped from the statesum. 38



(76): ABCv = X�1����5 2
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23 : (77)This amplitude depend on the ten representations labelling the ten fa
es in a 4-simplexand it is referred to as 10j-symbol. The Barrett-Crane state sum on a �xed triangulationis de�ned as ZBC(J�) = XCf :ffg!jf Yf2J�Af Ye2J�Ae Yv2J�ABCv ; (78)where Af and Ae denote a possible edge and fa
e amplitudes whi
h are not determined bythe Barrett-Crane 
onstru
tion.7.5 An integral expression for the 10j-symbolIn Se
tion 9 we present a dis
retization independent formulation of the Barrett-Cranemodel based on a GFT. The realization by Barrett [89℄ that the vertex amplitude (77) admitan integral representation is important in that 
onstru
tion and also in the 
omputation ofasymptoti
s of the next subse
tion. The key observation in the 
onstru
tion of an integralexpression for (77) is that equation (76) has pre
isely the form of (33) where the SU(2)intertwiners C �j1j2j3j4 have been graphi
ally represented. Therefore,	BC = ZSU(2) du j1(u)
 j2(u)
 j3(u)
 j4(u); (79)where j(u) denote SU(2) representation matri
es in the representation j. In this way ea
hone of the 5 pairs of intertwiners in (77) 
an be obtained as an integral over SU(2). Itis easy to verify that ea
h of the 10 representation matri
es jik (i 6= k = 1 � � � 5) appearsin two integrals. Contra
ting the matrix indi
es a

ording to (77) these two representa-tion matri
es 
ombine into a tra
e Tr �jik(uiu�1k )�. Parameterizing SU(2) with spheri
al
oordinates on the 3-sphere S3 it 
an be shown thatTr �jik(uiu�1k )� = sin(2jik + 1)�iksin(�ik) := (2jik + 1)K�(yi; yk); (80)where �ik is the azimuthal angle between the points yi; yk on the sphere 
orresponding toui and uk respe
tively. On the RHS of the previous equation we introdu
e the de�nition39



of the kernel K�(yi; yk) in terms of whi
h the Barret-Crane vertex amplitude (77) be
omesAv(jik) = Z(S3)5 5Yi=1 dyi Yi<k(2jik + 1)Kjik (yi; yk): (81)Ea
h of the �ve integration variables in S3 
an be regarded as a unit ve
tors in R4. They
an be interpreted as the unit normal ve
tor to the 3-dimensional hyperplane spannedby the 
orresponding �ve tetrahedron. The angles �ik is de�ned by 
os �ik = yi � ykand 
orresponds to the exterior angle between two hyperplanes (analogous to the dihedralangles of Regge 
al
ulus). These normals determine a 4-simplex in R4 up to translationsand s
aling[89℄.7.6 The asymptoti
s for the vertex amplitudeThe large spin behavior of the spin foam amplitudes provides information about the low`energy' world and 
onsequently the 
lassi
al limit of the model 24. Eviden
e showing a
onne
tion between the asymptoti
s of the Barrett-Crane vertex and the a
tion of generalrelativity was found by Crane and Yetter in [91℄.A 
omplete 
omputation of the asymptoti
 (large j) expression of the Barrett-Cranevertex amplitude for non-degenerate 
on�gurations was obtained by Barrett and Williamsin [92℄. They 
omputed Av(jik) for large jik by looking at the stationary phase approxi-mation of the os
illatory integral (81). The large spin behavior of the vertex amplitude isgiven by Av(jik) �X� P (�) 
os hSRegge(�) + ��4 i+D (82)where there is a sum over geometri
 4-simplexes � whose fa
e areas are �xed by thespins. The a
tion in the argument of the 
osine 
orresponds to Regge a
tion whi
h infour dimensions is de�ned by SRegge(�) = Pi<k Aik �ik(�) where Aik is the area of theik-triangle. P (�) is a normalization fa
tor whi
h does not os
illate with the spins. D isthe 
ontribution of degenerate 
on�gurations, i.e. those for whi
h some of the hyperplanenormals de�ned above 
oin
ide. However, in a re
ent paper [93℄ Baez, Christensen andEgan show that the term D is in fa
t dominant in the previous equation, i.e. the leadingorder terms are 
ontained in the set of degenerate 
on�gurations!7.7 Area and Volume in the Barrett-Crane modelThe other Casimir operator of Spin(4) 
orresponds toTr[ĴtĴt℄ = jL(jL + 1) + jR(jR + 1): (83)It is easy to 
he
k that this operator 
ommutes with all the 
onstraints and therefore iswell de�ned on the Hilbert spa
e of the quantum tetrahedron. Its geometri
al meaning is24See [90℄. 40




lear if we re
all that at the 
lassi
al level Jt represent the bive
tor asso
iate to the trianglet 2 T . Namely, it is proportional to the area squared of 
orresponding triangle. On theHilbert spa
e of the quantum tetrahedron jR = jL = j and the area of the triangles havedis
rete eigenvalues aj given by aj /pj(j + 1) (84)in agreement with the result of quantum geometry (7)25.Can we de�ne the analog of volume operator of quantum geometry? The 
andidate forthe square of su
h operator areU�(J1; J2; J3) = �ijk �J iR1J jR2JkR3 � J iL1J jL2JkL3� ; (85)where J1; J2, and J3 are the bive
tor operators 
orresponding to three di�erent trianglesin the tetrahedron. The operator U+ vanishes identi
ally on the solutions of the quantum
onstraints. In fa
t it 
an be expressed as the 
ommutator of the 
onstraints of the type(75). This is the 
hirality 
onstraint of [14℄.One would like to de�ne the volume operator as the square root of U�; however, U�is not a well de�ned operator on the Hilbert spa
e of the quantum tetrahedron sin
e itdoes not 
ommute with the simpli
ity 
onstraints. In other words the a
tion of the volumeoperators map states out of the solution of the 
onstraints. Only when the dimensionof Inv [j1 
 j2 
 j3 
 j4℄ is one the 
ommutator vanishes (this is in fa
t a ne
essary andsuÆ
ient 
ondition). The volume operator is well de�ned in this subspa
e but it vanishes.This degenerate subspa
e arises naturally in the pres
ription we des
ribe in Se
tion 7.10.There is no well de�ne volume operator in the Barrett-Crane model.7.8 Lorentzian generalizationA Lorentzian generalization of the Riemannian Barrett-Crane vertex amplitude was pro-posed in [9℄. Using the spin foammodel GFT duality of Se
tion 8 a generalization of the fullmodel (in
luding fa
e and edge amplitudes) was found in [12℄. The relevant representationsof the Lorentz group are the unitary ones. Unitary irredu
ible representations of SL(2; C )are in�nite dimensional and labelled by n 2 N and �R+. The simpli
ity 
onstraints sele
tthe representations for whi
h n = 0. The triangle area spe
trum is given bya� /p�2 + 1: (86)There is still a minimum eigenvalue but the spe
trum is 
ontinuous. We will study thismodel in Se
tion 9.3 were we show that the Lorentzian extension is not unique. In fa
t anew Lorentzian model 
an be de�ned following Barrett-Crane pres
ription [94℄.25Given a triangulation � of M and the indu
ed triangulation �� of a sli
e � � M any spin foamde�ned on J� indu
es a spin network state on a graph 
� dual to ��. Links of 
� are dual to trianglesin ��. These triangles play the role of the surfa
e S in the de�nition of the area operator (7).41



7.9 Positivity of spin foam amplitudesIn referen
e [95℄ Baez and Christensen it is shown that spin foam amplitudes of the (Rie-mannian) Barrett-Crane model are positive for any 
losed 2-
omplex. For open spin foamsthey are real and (if not zero) its sign is given by (�1)2J where J is the sum of the spinlabels of the edges of the boundary spin networks. This is a rather puzzling propertysin
e (as the authors point out) this seems to imply the absen
e of quantum interferen
e.Positivity of the Lorentzian model seems to hold a

ording to numeri
al evaluations of thevertex amplitude.7.10 Does Barrett-Crane's model 
orrespond to a spin foam quan-tization of Plebanski's formulation?The SO(4) Plebanski a
tion of Se
tion 7.2 
orresponds to the SO(4) BF a
tion plus 
er-tain Lagrange multiplier terms imposing 
onstraints on the B �eld. Therefore, one 
anformally quantize the theory restri
ting the BF-path-integral to paths that satisfy the B-�eld 
onstraints. This is the main idea behind the models presented in Se
tions 5.1 and5.2.In the literature, there is an impli
it assumption that the Barrett-Crane model 
or-responds to a realization of this idea. In other words, the de�nition of the quantumtetrahedron in 4d (giving rise to the BC model) is sometimes regarded as an alternativeway to impose the required restri
tions on the B-
on�gurations in the dis
retization. Inthis se
tion we argue on general grounds that this is not the 
ase. A systemati
 analysisof this issue is studied in [96℄. Here we shall quote the results.The �rst observation is that the Barrett-Crane model does not 
orrespond, in a stri
tsense, to the general stru
ture of spin foam model presented in Se
tion 3.2. More pre
isely,if an edge e 
onne
ts two verti
es v1 and v2 (in the dual pi
ture: a tetrahedron is shared by4-simplexes) there are two independent sums over intertwiners 
orresponding to the twovertex amplitudes Av1 and Av2 respe
tively (see (77)). There is no one-to-one 
orrespon-den
e between intertwiners and edges in the Barrett-Crane model while this the 
ase inBF theory. The Barrett-Crane 
on�gurations are not 
ontained in the BF state sum (62)!There is however an non-empty interse
tion between the set of BF spin foams and theBarrett-Crane model. These are 
on�gurations for whi
hDim(Inv [�1 
 �2 
 �3 
 �4℄) = 1 (87)at every tetrahedron. A new model based in
orporating (87) 
orresponds to the imple-mentation of (65) {a slight variation of Plebanski's 
onstraints (63){ on SO(4) BF theoryand 
ould be regarded as a quantization of Plebanski's a
tion. However, (87) implies thatall tetrahedron have zero volume. The 
orresponding quantum states of spa
e 
orrespondto degenerate geometries [96℄. This represents a serious obstru
tion for the re
onstru
tionof the 
lassi
al limit of the model.There is no way to interpret the Barrett-Crane model as a systemati
 quantization ofPlebanski's formulation! 42



8 The GFT ansatzIn this se
tion we present the motivation and main results of [15, 16℄ where the dualityrelation between spin foam models and group �eld theories is established. This is theformulation we referred to in Se
tion 6.2 as one of the possible dis
retization independentde�nitions of spin foam models. The result is based on the generalization of matrix modelsintrodu
ed by Boulatov[74℄ and Ooguri[75℄ dual to BF theory in three and four dimensionsrespe
tively. This formulation was �rst proposed for the Riemannian Barrett-Crane modelin [10℄ and then generalized to a wide 
lass of spin foam models [15, 16℄.Given a spin foam model de�ned on a �xed 2-
omplex J (dual to a triangulation �){thus the partition fun
tion Z[J ℄ is of the form (21){ there exist a GFT su
h that theperturbative expansion of the �eld theory partition fun
tion generalizes (21) to a sum over2-
omplexes represented by the Feynman diagrams of the �eld theory. These diagramslook `lo
ally' as dual to triangulations (verti
es are 5-valent, edges are 4-valent) but theyare no longer tight to any manifold stru
ture[76℄.We now motivate the duality using what we know of the model de�ned on a �xedsimplitial de
omposition. The a
tion of the GFT is of the formI[�℄ = I0[�℄ + �5!V[�℄; (88)where I0[�℄ is the `kineti
' term quadrati
 in the �eld and V[�℄ denotes the intera
tionterm. The �eld � is de�ned below. The expansion in � of the partition fun
tion takes theform Z = Z D[�℄e�I[�℄ =XJN �NSym[J ℄Z[JN℄; (89)where JN is a Feynman diagram (2-
omplex) with N verti
es and Z[JN ℄ is the one givenby (21). In fa
t, the intera
tion term V[�℄ is �xed uniquely by the 4-simplex amplitude ofthe simplitial model while the kineti
 term I0[�℄ is trivial as we argue below.Expression (89) is taken as the dis
retization (and manifold) independent de�nition ofthe model. Transition amplitudes between spin network states on boundary graphs 
1 and
2 are shown to be given by the 
orrelation fun
tionsZ D[�℄� � � � �| {z }
1 � � � � �| {z }
2 e�I[�℄; (90)where boundary graphs are determined by the arrangement of �elds in the produ
t. The�eld 
an be de�ned as operators 
reating four valent nodes of spin networks [97, 79℄. In[79℄ 
orrelation fun
tions h� � � � �i are interpreted as a 
omplete family of gauge invariantobservables for quantum gravity. They en
ode (in prin
iple) the physi
al 
ontent of thetheory and 
an be used to re
onstru
t the physi
al Hilbert spa
e in a way that mimi
sWightman's pro
edure for standard QFT [98, 99℄.How do we 
onstru
t the GFT out of the spin foam model on a �xed 2-
omplex? In(89) the 
ombinatori
 of diagrams is 
ompletely �xed by the form of the a
tion (88). To43




onstru
t the a
tion of the GFT one starts from the spin foam model de�ned on a 2-
omplex J� dual to a simplitial 
omplex �. The sum over 2-
omplexes in (90) 
ontainsonly those 2-
omplexes that lo
ally look like the dual of a simplitial de
omposition.Spin foams on su
h 2-
omplex have edges e with whi
h is asso
iated tensor produ
t of4 representations �1 
 �2
 �3 
 �4 . If we want to think of the edge e as asso
iated to thepropagator of a �eld theory then su
h propagator should be a mapP : �1 
 �2 
 �3 
 �4 ! �1 
 �2 
 �3 
 �4: (91)A

ording to Peter-Weyl theorem, elements of �1 
 � � � 
 �4 naturally appear in the modeexpansion of a fun
tion �(g1; � � � ; g4) for gi 2 G. Spin labels arise as `momentum' variablesin the �eld theory. Intertwiners assigned to edges in spin foams impose 
ompatibility 
on-ditions on the representations. In the 
ontext of the GFT this is interpreted as `momentum
onservation' whi
h is guaranteed by the requirement that�(g1; g2; g3; g4) = �(g1g; g2g; g3g; g4g) 8 g 2 G: (92)One also requires � to be invariant under permutations of its arguments. One 
an equiva-lently take the �eld � to be arbitrary and impose translation invarian
e by a
ting with Pde�ned as P�(g1; g2; g3; g4) = Z dg �(g1g; g2g; g3g; g4g): (93)All the information of lo
al spin foams is in the vertex amplitude. The kineti
 termI0[�℄ is simply given by I0[�℄ = 12 Z d4g [P�(g1; g2; g3; g4)℄2 ; (94)Sin
e verti
es are 5-valent in our dis
retization the intera
tion term should 
ontain theprodu
t of �ve �eld operators. This is a fun
tion of 20 group elements. If we use the
ompa
t notation �(gi) := �(g1; � � � ; g4). The general `translation invariant' form isV[�℄ = Z d20g V (gij[gji ℄�1) P�(g1i )P�(g2i )P�(g3i )P�(g4i )P�(g5i ); (95)where V is a fun
tion of 10 variables evaluated on the `translation invariant' 
ombinations�ij := gij [gji ℄�1. For lo
al spin foams the fun
tion V (�ij) is in one-to-one 
orresponden
ewith the fundamental 4-simplex (atom) amplitude (19) determined by the duality (90).The pre
ise way in whi
h 2-
omplexes are generated as Feynman diagrams of the GFT willbe illustrated in the following se
tion.9 The Barrett-Crane model and its dual GFT-formulationIn addition to providing a dis
retization independent formulation of the Barrett-Cranemodel the GFT formulation provides a natural 
ompletion of the de�nition of the model.44



In Se
tion 7 (equation (78) ) we noti
ed that the model on a �xed dis
retization is de�nedup to lower dimensional simplex amplitudes su
h as that for fa
es f (dual to triangles) andedges e (dual to tetrahedra). The GFT formulation presented here resolves this ambiguityin a natural way. This normalization of the Barrett-Crane model was also obtained in [100℄using similar te
hniques but on a �xed triangulation.9.1 The general GFTIn this se
tion we introdu
e the general GFT a
tion that 
an be spe
ialized to de�ne thevarious spin foam models des
ribed in the rest of the paper.Consider the Lie group G 
orresponding to either Spin(4) or SL(2; C ) { for the GFTdual to Riemannian or Lorentzian Barrett-Crane model respe
tively. The �eld �(g1; g2; g3; g4)is denoted �(gl) where l = 1 : : : 4, and gl 2 G symmetri
 under permutation of its ar-guments, i.e., �(g1; g2; g3; g4) = �(g�(1); g�(2); g�(3); g�(4)), for � any permutation of fourelements. De�ne the proje
tors P and R asP�(gl) � ZG dg�(glg) (96)and R�(gl) � ZU4 dul�(glul); (97)where U � G is a �xed subgroup, and dg and du are the 
orresponding invariant measures.The proje
tor P imposes the translation invarian
e property (92).Di�erent 
hoi
es of the subgroup yields di�erent interesting GFT. When U = f1g(R = 1) the GFT is dual to BF theory[75℄. The GFT is dual to the Riemannian BCmodel for U = SU(2) � Spin(4). Similarly for the GFT dual to the Lorentzian modelsthe subgroups U � SL(2; C ) are U = SU(2) (leaving invariant time-like dire
tion) orU = SU(1; 1) (for an invariant spa
e-like dire
tion); they result in two di�erent models.The GFT a
tion isS[�℄ = ZG4 dgl [P�(gl)℄2 + �5! ZG10 dgij 5Yi=1 PRP�(gij); (98)where i; j = 1 : : : 5, i 6= j. For example, �(g1j) denotes �(g12; g13; g14; g15).Stri
tly speaking the operators P and R are proje
tors only when the 
orrespondinggroups are 
ompa
t. Formally we haveP 2 = (G� volume)� P; and R2 = (U � volume)�R; (99)where G � volume, and U � volume denotes the volume of G and U , respe
tively. Thesevolume fa
tors 
an be taken to be one when the G and/or U are 
ompa
t by using Haar45



measures. When G and/or U are non
ompa
t the fa
tors are in�nite. This is a rather sim-ple te
hni
al problem with whi
h we shall deal later. Essentially one must drop redundantproje
tors in the fun
tional integral.The partition fun
tion 
an be 
omputed as a perturbative expansion in Feynman dia-grams J , namely Z = Z D�e�S[�℄ =XJ �n0sym(J)A(J); (100)where N is the number of verti
es in J and sym(J) is the symmetry fa
tor.If we write the a
tion asS[�℄ = 12 Z dgi d~gi �(gi)K(gi; ~gi)�(~gi)+ �5! Z dgij V(gij) �(g1j) �(g2j) �(g3j) �(g4j) �(g5j); (101)where i 6= j. The kineti
 operator K(gi; ~gi) 
an be written asK(gi; ~gi) =X� ZG2 dĝd~g 4Yi=1 Æ(gi~gĝ�1~g�1�(i))=X� ZG2 dĝdg 4Yi=1 Æ(gig~g�1�(i))= (G� volume)�X� ZG dg 4Yi=1 Æ(gig~g�1�(i)); (102)where the ~g and ĝ integrations 
orrespond to the a
tion of the proje
tors P in (98). Re-de�ning the integration variables g = ~gĝ�1 we obtain the se
ond line in the previousequation. The G-volume fa
tor 
omes from (99). We regularize the kineti
 operator bysimply dropping one of the G-integrations in the previous expression, namelyK(gi; ~gi) �X� ZG dg 4Yi=1 Æ(gig~g�1�(i)): (103)P a
ts by proje
ting the �eld � into its `translation invariant' part P�(gl). The a
tion (98)depends only on the gauge invariant part of the �eld, namely S[�℄ = S[P�℄ (re
all (92)).The inverse of K (in the subspa
e of right invariant �elds) 
orresponds to itself; thereforethe propagator of the theory is simplyP(gi; ~gi) = K(gi; ~gi): (104)The propagator is de�ned by 4 delta fun
tions (plus the symmetrization and the integrationover the group) and it 
an be represented as shown on the right diagram of Fig. 8.The potential term 
an be written as 46



Figure 8: The stru
ture of the propagator and the intera
tion vertex. Ea
h line representsa delta fun
tion given by equation (103) in the 
ase of the propagator and by (106) in the
ase of the vertex. For simpli
ity we represent one of the terms in the sum over permutationthat de�ne the propagator. All other permutations � in (103) are obtained by diagramsin
luding 
rossings.V(gij) = 15! Z dgidĝiduij Yi<j Æ(g�1ji ĝiuijg�1i gjujiĝ�1j gij); (105)where the uij 2 U 
orrespond to the a
tion of R in (98) and gi; ĝi 2 G to the a
tion ofthe 
orresponding P 's, respe
tively. It is easy to 
he
k that in the evaluation of a 
losedFeynman diagram the ĝi's 
an be absorbed by rede�ning the gi's in the 
orrespondingadja
ent propagators. In this pro
ess, the ĝi's drop out of the integrand and ea
h integralover ĝi gives a G-volume fa
tor. The se
ond P proje
tor in (98) is redundant in the
omputation of (100). The regularization is analogous to the one implemented in equation(103): we drop redundant P 's. The regularized vertex amplitude (for a vertex in the bulkof a diagram) is then de�ned asV(gij) = 15! Z dgiduij Yi<j Æ(g�1ji uijg�1i gjujigij): (106)In the 
ase of open diagrams ĝ's remain at external legs.There is still a redundant gi integration in (106) whi
h introdu
es an in�nite G-volumefa
tor in the vertex amplitude. Noti
e that the (106) depends on the `translational invari-ant' 
ombinations g�1i gj so that one of the integrations is redundant. The regularizationnow 
onsists of removing an arbitrary gi from the expression of the vertex amplitude. Thisresults in the regularization s
heme proposed by Barrett and Crane in [9℄. The regulariza-tion presented here 
an be applied to any non-
ompa
t group model on a latti
e and 
anbe regarded as a gauge �xing 
ondition for the internal gauge invarian
e (re
all Se
tion6.1). For notational simpli
ity we do not implement the regularization expli
itly in (106).The stru
ture of the vertex is represented on the left diagram in Fig. 8.The Feynman diagrams of the theory are obtained by 
onne
ting the 5-valent verti
eswith propagators (see Fig. 8). At the open ends of propagators and verti
es there are the47



four group variables 
orresponding to the arguments of the �eld. For a �xed permutation �in ea
h propagator, one 
an follow the sequen
e of delta fun
tions with 
ommon argumentsa
ross verti
es and propagators. On a 
losed graph, ea
h su
h sequen
e must 
lose. Byasso
iating a surfa
e to ea
h su
h sequen
e of propagators, we 
onstru
t a 2-
omplex J [10℄.Thus, by expanding in Feynman diagrams and in the sum over permutations in (102), weobtain a sum over 2-
omplexes. Ea
h 2-
omplex is given by a 
ertain verti
es-propagatorstopology plus a �xed 
hoi
e of a permutation on ea
h propagator.9.1.1 Evaluation in 
on�guration spa
eCombining (104) and (106) and integrating over internal 
on�gurations gij the sequen
eof delta fun
tions asso
iated to a fa
e f 2 J redu
es to a single delta fun
tion. Denotingv1 : : : vN the ordered set of N verti
es bounding f , and eij the edge 
onne
ting vi with vj,the delta fun
tion 
orresponding to the fa
e f be
omesÆ �[ûv1g�1v1 ĝv1uv1℄ge12 [ûv2g�1v2 ĝv2uv2℄ge23 � � � geN�1N [ûvNg�1vN ĝvNuvN ℄geN1� ; (107)where the g0s 2 G and the u0s 2 U . The produ
t of group elements between bra
kets
orrespond to the vertex 
ontribution to the fa
e (see (106)) while the geij 
omes from the
orresponding propagators (104), also we have that geij = g�1eji . Using (107) the amplitudeA(J) of an arbitrary 
losed 2-
omplex be
omes a multiple integral of the formA(J) = Z Ye dgeYv dgvdĝvduvdûvYf Æ �[ûv1g�1v1 ĝv1uv1℄ge12 [ûv2g�1v2 ĝv2uv2℄ge23 � � � geN�1N [ûvNg�1vN ĝvNuvN ℄geN1� : (108)9.1.2 The spin foam representationThe spin foam representation for the amplitude 
an be obtained by expanding the deltafun
tions in terms of irredu
ible unitary representations of G, namelyÆ(g) =X� �� Tr [�(g)℄ ; (109)where � is labels unitary irredu
ible representations and the rest of the notation is that of(31) when G is 
ompa
t. In the non
ompa
t 
ase representations are in�nite-dimensionalso a formally equivalent expression holds where �� 
orrespond to the so-
alled Pan
harelmeasure[94℄.Using (109) in (107) we obtainX� �� Tr ��(ûv1) � �(g�1v1 ĝv1) � �(uv1) � �(ge12) � �(ûv2) � �(g�1v2 ĝv2)��(uv2) � �(ge23 ) � � � �(ûvN) � �(g�1vN ĝvN ) � �(uvN) � �(geN1)� : (110)48



The u's appear just on
e per fa
e so we 
an perform the u-integrations independently ofother fa
es. Noti
e that R du�(u) is the proje
tion onto the invariant subspa
e under thea
tion of U in the Hilbert spa
e H�. When U = f1g the proje
tor is the identity. In theother 
ases the subspa
e turns out to be 1-dimensional. Consequently the proje
tor 
anbe written as ZU du �(u) = jw�i hw�j ; (111)where jw�i is the 
orresponding invariant ve
tor. Equation (110) be
omesX� �� hw�j �(g�1v1 ĝv1) w�i hw�j �(ge12) w�i hw�j �(g�1v2 ĝv2) w�i �hw�j �(uv2) w�i hw�j �(ge23 ) w�i � � � hw�j �(g�1vN ĝvN ) w�i hw�j �(geN1) w�i : (112)The group element ge asso
iated to a an edge e 2 J appears four times as there are fourdelta fun
tions in the propagator (104). Integrals over su
h g's have the general formAe(�1e; : : : ; �4e) = ZG hw�1j �1(g) w�1i hw�2j �2(g) w�2i hw�3j �3(g) w�3i hw�4 j �4(g) w�4i ;(113)and de�ne the edge amplitude. If we de�ne the kernel K�(g) asK�(g) � hw�j �(g) w�i ; (114)then using the subgroup invarian
e of the jw�i's the previous equation be
omesAe(�1; : : : ; �4) = (U� volume) ZG=U dy K�1(g)K�2(y)K�3(y)K�4(y); (115)where the integration is over the homogeneous spa
e G=U . Integration over the groupelements asso
iated to verti
es are of the general formAv(�ik) = (U� volume)4 Z(G=U)4 5Yi=1 dyi Yi<k K�ik(yi; yk);and 
orrespond to the vertex amplitude. When U is non-
ompa
t the previous expressionshave to be regularized as above. The amplitude of a 2-
omplex J is then given byA(J) = XCf :ffg!f�gYf2J��f Ye2J Ae(�1; : : : ; �4)Yv2J Av(�1; : : : ; �10) (116)As we shall see in the following the presen
e of R in (98) 
an be interpreted as imposingthe Barrett-Crane 
onstraints on the GFT dual to BF theory.49



9.1.3 boundariesThe amplitude of an open diagram, that is, a diagram with a boundary, is a fun
tion ofthe variables on the boundary, as for 
onventional QFT Feynman diagrams. The boundaryof a 2-
omplex is given by a graph. To start with, the amplitude of the open diagram isa fun
tion of 4 group arguments per ea
h external leg. However, 
onsider a surfa
e of anopen 2-
omplex and the link ab of the boundary graph that bounds it. Let a and b be thenodes on the boundary graph that bounds ab. The surfa
e determines a sequen
e of deltafun
tions that starts with one of the group elements in a, say ga, and ends with one of thegroup elements in b, say gb. By integrating internal variables, all these delta fun
tions 
anbe 
ontra
ted to a single one of the form Æ(ga � � � g�1b ) = Æ(g�1b ga � � � ). We 
an thus de�nethe group variable �ab = g�1b ga, naturally asso
iated to the link ab, and 
on
lude that theamplitude of an open 2-
omplex is a fun
tion A(�ab) of one group element per ea
h link ofits boundary graph. A(�ab) is gauge invariant as it 
an be easily 
he
ked.In \momentum spa
e", boundary degrees of freedom are en
oded in spin-network states.That is, if s is a spin network given by a 
oloring of the boundary graph, thenA(s) = Z d�ab � s(�ab) A(�ab); (117)where  s(�ab) is the spin network fun
tion [26, 27℄. The formula 
an be invertedA(�ab) =Xs A(s) s(�ab); (118)where the sum is performed over all spin network states de�ned on the given boundarygraph.9.2 GFT dual to the Riemannian Barret-Crane modelThe representation theory of Spin(4) is parti
ularly simple due to the fa
t that Spin(4) =SU(2)�SU(2). Unitary irredu
ible representations of � of Spin(4) are labelled by two half-integers jl and jr, and are given by the tensor produ
t of unitary irredu
ible representationsof SU(2), namely �jljr = jl 
 jr: (119)In terms of representation matri
es we haveRjljr(g)mm0qq0 = Djlmm0(gr)Djrqq0(gl); (120)where g = (gl; gr) 2 Spin(4), and Djlmm0 are SU(2)-representation matri
es. The subgroupU of previous se
tion is taken as U = SU(2) � Spin(4) de�ned by the diagonal a
tion onSpin(4) as follows gu � (glu; gru) for u 2 U: (121)50



The proje
tor (111) be
omesZU du �jljr(u) = Z du Djlmm0(u)Djrqq0(u) = Æjlj�r2jl + 1ÆmqÆm0q0 = ��wjl� 
wjl�� ; (122)where we have used the orthonormality of SU(2) representation matri
es (Footnote 8).The previous equation 
on�rms that the invariant subspa
e for ea
h �jljr is 1-dimensionalas anti
ipated above. An immediate 
onsequen
e of (122) is that the kernel K� in (114)be
omes Kj(g) = hwjj �j0j�(g) wji = Æj0j2j + 1Tr �Dj(glgr)� : (123)The fa
tor Æj0j restri
ts the representation to the simple representations jl = jr = j (theproje
tor R in (98) imposes the Barrett-Crane 
onstraints!). Balan
ed representations ap-pear in the harmoni
 analysis of fun
tions on the 3-sphere, S3. The fa
t that we en
ounterthem here is not surprising sin
e S3 is the homogeneous spa
e S3 = Spin(4)=SU(2) underthe SU(2) diagonal insertion (121). The presen
e of R in (98) proje
ts out those modesthat are not spheri
al. Indeed, hwjj �j0j�(g) wji 
an be thought of as a fun
tion on S3:hwjj �j0j�(g) wji depends on the produ
t glgr 2 SU(2) whi
h is isomorphi
 to S3.Finally, the invariant measure on SU(2) 
an be written as a measure on S3 indu
edby the isomorphism SU(2) ! S3. We 
an parameterize h 2 SU(2) as h = y�(h)�� where�k = i�k for k = 1; 2; 3, f�kg is the set of Pauli matri
es, and �0 = 1. h 2 SU(2) impliesy�(h)y(h)� = 1 (indexes are lowered and raised with Æ�� ), i.e., y 2 S3. In this parameterizationthe SU(2) Haar measure be
omesdh! dy = 1�2dy4Æ(y�y� � 1); (124)We 
an simplify the measure using spheri
al 
oordinates for whi
h an arbitrary point y 2 S3is written y = (
os( ); sin( )sin(�)
os(�); sin( )sin(�)sin(�); sin( )
os(�)) ; (125)where 0 �  � �, 0 � � � �, and 0 � � � 2�. The Haar measure be
omesdy = 12�2 sin2( ) sin(�) d d� d�: (126)Using the known formula for the tra
e of SU(2) representation matri
es it is easy to 
he
kthat (123) be
omes Kj( h) = Æj0j2j + 1 sin((2j + 1) h)sin( h) ; (127)where  h is the value of the 
oordinate  in (125) 
orresponding to h 2 SU(2). Noti
ethat we have redis
overed the kernel (80).A

ordingly, the general edge and vertex amplitudes ((115) and (116)) redu
e to multi-ple integrals over S3. These 
an be interpreted as the evaluation of Feynman diagrams on51



the sphere with propagator (127). Ae(j1; : : : ; j4) 
an be 
omputed using (123) and (33), itfollows that Ae(j1; : : : ; j4) = dim [Inv(j1 
 j2 
 j3 
 j4)℄dim[j1 
 j2 
 j3 
 j4℄ ; (128)where dim [Inv(j1 
 j2 
 j3 
 j4)℄ denotes the dimension of the trivial 
omponent of Hj1 
Hj2 
Hj3 
Hj4 and dim [j1 
 j2 
 j3 
 j4℄ the dimension of the full spa
e. 26 So �nally,A(J) = XCf :ffg!fjgYf2J(2jf + 1)2Ye2J Ae(j1; : : : ; j4)Yv2J Av(j1; : : : ; j10); (129)where the vertex amplitude is given by (116) using (127). This is the Barrett-Crane model(78) where the values of Ae and Af have been �xed by the GFT formulation.9.2.1 FinitenessLemma 9.1 ([17℄). For any subset of � elements j1 : : : j� out of the 
orresponding fourrepresentations appearing in Ae(j1; : : : ; j4), the following bounds hold:jAe(j1; : : : ; j4)j � 1� �Qi=1 2ji + 1��� ; where �� = � 1 for � � 334 for k = 4 :The inequality for � � 3 is sharp.Lemma 9.2 ([17℄). For any 4 spins j1 : : : j4 labelling links 
onverging at the same nodein the relativisti
 spin-network 
orresponding to Av(j1; : : : ; j10) the following bounds hold:jAv(j1; : : : ; j10)j � 1(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1) ;from whi
h follows jAv(j1; : : : ; j10)j � 1((2j1 + 1) : : : (2j10 + 1))2=5 :De�nition 9.1. A 2-
omplex J is said to be degenerate if it 
ontains some fa
es boundedby only one or two edges.Theorem 9.1 ([17℄). The state sum A(J), (??), 
onverges for any nondegenerate 2-
omplex J .26There was a mistake in the 
omputation of the edge amplitude in [11℄ due to the propagation of atypo in [10℄. The erroneous expression of the edge amplitude 
ontained dim[j1 
 j2 
 j3 
 j4℄2 in thedenominator. 52



Proof. The amplitude (??) 
an be bounded in the following way:jA(J)j �Yf2JXjf ((2jf + 1))2� 34nf� 410nf = Yf2JXjf ((2jf + 1))2� 2320nf ; (130)where nf denotes the number of edges of the 
orresponding fa
e, and we have used the fa
tthe number of edges equals the number of verti
es in a fa
e of J . The term (2j+1)2 in (130)
omes from the fa
e amplitude, (2j + 1)� 34nf from Lemma 9.1 (� = 4), and (2j + 1)� 410nffrom Lemma (9.2) � = 10. Noti
e that if the 2-
omplex 
ontains fa
es with more thantwo edges the previous bound for the amplitude is �nite, sin
e the sum on the RHS of theprevious equation 
onverges for nf > 2.9.3 Lorentzian modelsUnitary irredu
ible representations of SL(2; C ) appearing in the general expression (109)are the ones in the so-
alled prin
ipal series. They are labelled by a natural number nand a positive real number �. Unitary irredu
ible representations of SL(2; C ) are in�nitedimensional. Those in the prin
ipal series are de�ned by their a
tion on the linear spa
eDn� of homogeneous fun
tions of degree (n+i�2 � 1; �n+i�2 � 1) of two 
omplex variables z1and z2. Due to the homogeneity properties of the elements Dn� they 
an be 
hara
terizedby means of giving the value of fun
tions on the sphere jz1j2+ jz2j2 = 1 whi
h is isomorphi
to SU(2). The so 
alled 
anoni
al basis is de�ned in terms of fun
tions on SU(2) and is wellsuited for studying the following model. The relevant fa
ts about SL(2; C ) representationtheory and the notation used in this se
tion 
an be found in the appendix of referen
e [94℄(for all about SL(2; C ) representation theory see [101℄).9.3.1 GFT dual to the Lorentzian Barrett-Crane modelEquation (111) be
omes, in this 
ase,ZU du �n�(u) = ZSU(2) duDn�`m`0m0(u) = Æn0Æ`0Æ`00 = jwn�i hwn�j ; (131)in terms of the 
anoni
al basis (see appendix in [94℄). The SU(2) invariant ve
tors jwn�iare given by hz1; z2 jwn�i = Æn0(jz1j2 + jz2j2) i2 ��1 whi
h is indeed a homogeneous fun
tionof degree ( i�2 � 1; i�2 � 1).An immediate 
onsequen
e of (131) is that the kernel K� in (114) be
omesKn�(g) = hwn�j �n�(g) wn�i = Æn0Dn�0000(u): (132)The kernel hw0�j �0�(g) w0�i 
an be thought of as a fun
tion on H+ = SL(2; C )=SU(2)(the upper sheet of 2-sheeted hyperboloid in Minkowski spa
e). An arbitrary point y 2 H+
an be written in hyperboli
 
oordinates asy = (
osh(�); sinh(�)sin(�)
os(�); sinh(�)sin(�)sin(�); sinh(�)
os(�)) ; (133)53



where 0 � � � 1, 0 � � � �, and 0 � � � 2�. The invariant measure in these 
oordinatesis dy = 12�2 sinh2(�) sin(�) d� d� d�: (134)In these 
oordinates, (132) be
omesK�(�y) = 2� sin(�2�y)sinh(�y) ; (135)where �y is the value of the 
oordinate � 
orresponding to y 2 H+ (this the generalization of(refkernito) proposed in [9℄). Finally, the amplitude of an arbitrary diagram (116) be
omesA(J) = ZCf :ffg!f�g Yf2J �2fd�fYe2J Ae(f�eg)Yv2JAv(f�vg); (136)where the formal sum in the general expression (116) be
omes a multiple integral over the
oloring Cf : ffg ! f�g of fa
es, and the weight �� now is given by the Pan
herel measure,�2d�, of SL(2; C ). The vertex amplitude was proposed in [9℄ the previous normalizationwas obtained in [12℄.9.3.2 FinitenessThe amplitude of nondegenerate 2-
omplex turns out to be �nite as in the Eu
lidean 
ase.We state and prove the main result. Some of the following lemmas are stated withoutproof; the reader interested in the details is referred to the referen
es.Lemma 9.3 ([18, 19℄). For any subset of � elements �1 : : : �� out of the 
orrespondingfour representations appearing in Ae(�1; : : : ; �4), the following bounds hold:jAe(�1; : : : ; �4)j � C�� �Qi=1 �i��� ; where �� = � 1 for � � 334 for k = 4 :for some positive 
onstant C�.Lemma 9.4. [[102℄℄ Ae(�1; : : : ; �4) and Av(�1; : : : ; �10) are bounded by a 
onstant indepen-dent of the �'s.Lemma 9.5 ([18, 19℄). For any subset of � elements �1 : : : �� out of the 
orrespondingten representations appearing in Av(�1; : : : ; �10) the following bounds hold:jAv(�1; : : : ; �10)j � K�� �Qi=1 �i� 310for some positive 
onstant K�. 54



Theorem 9.2 ([18, 19℄). Given a non singular triangulation, the state sum partitionfun
tion Z is well de�ned, i.e., the multiple integral in (??) 
onverges.Proof. We divide ea
h integration region R+ into the intervals [0; 1), and [1;1) so thatthe multiple integral de
omposes into a �nite sum of integrations of the following types:i. All the integrations are in the range [0; 1). We denote this term T (F; 0), where Fis the number of 2-simplexes in the triangulation. This term in the sum is �nite byLemma 9.4.ii. All the integrations are in the range [1;1). This term T (0; F ) is also �nite sin
e,using Lemmas 9.3 and 9.5 for � = 4, and � = 10 respe
tively, we haveT (0; F ) �Yf 1Z�f=1 d�f �2� 34ne� 310nvf � 0B� 1Z�f=1 d�f �� 4640f 1CAF <1:iii. m integrations in [0; 1), and F�m in [1;1). In this 
ase T (m;F�m) 
an be boundedusing Lemmas (9.3) and (9.5) as before. The idea is to 
hoose the appropriatesubset of representations in the bounds (and the 
orresponding values of �) so thatonly the m � F representations integrated over [1;1) appear in the 
orrespondingdenominators. Sin
e this is 
learly possible, the T (m;F ) terms are all �nite.We have bounded Z by a �nite sum of �nite terms whi
h 
on
ludes the proof.9.3.3 A new Lorentzian modelIn the Eu
lidean 
ase there was only one way of sele
ting the subgroup U of group elementsleaving invariant a �xed dire
tion in Eu
lidean spa
etime. In the Lorentzian 
ase there aretwo possibilities. The 
ase in whi
h that dire
tion is spa
e-like was treated in the previousse
tion. When the dire
tion is time-like the relevant subgroup is U = SU(1; 1) �Z2.This 
ase is more 
ompli
ated due to the non-
ompa
tness of U . Consequently, one hasto deal with additional in�nite volume fa
tors of the form U -volume in (99). Another 
on-sequen
e is that the invariant ve
tors de�ned in (111) are now distributional and thereforeno longer normalizable. All this makes more diÆ
ult the 
onvergen
e analysis performedin the previous models and the issue of �niteness remains open.On the other hand, the model is very attra
tive as its state sum representation 
ontainssimple representations in both the 
ontinuous and dis
rete series. As pointed out in [9℄ anddis
ussed in the following se
tion one would expe
t both types of simple representationsto appear in a model of Lorentzian quantum gravity.The diÆ
ulties introdu
ed by the non-
ompa
tness of U make the 
al
ulation of therelevant kernels (114) more involved. No expli
it formulas are known and they are de�nedby integral expressions. We will not derive these expressions here. A 
omplete derivation
an be found in [94℄. The idea is to use harmoni
 analysis on the homogeneous spa
e55



SL(2; C )=SU(1; 1)�Z2 whi
h 
an be realized as the one-sheeted hyperboloid y�y���� = �1where y and �y are identi�ed (imaginary Loba
hevskian spa
e, from now on denoted H�).The kernels 
orrespond to eigenfun
tions of the massless wave equation on that spa
e.The 
orresponding kernels are given by the following expression:K�;n(x; y) = ZC+ d!(Æn;0 jy��� ji �2�1 jx��� j�i �2�1+ Æ(�)Æn;4k 32�e�2ik[�(x;y)℄k Æ(x���)Æ(y���)); (137)where x; y 2 H� and � 2 C+ is a normalized future pointing null ve
tor in Minkowskispa
etime. The integration is performed on the unit sphere de�ned by these ve
tors withthe standard invariant measure d!.As in the previous 
ases the expression for the edge and vertex amplitudes (equations(115) and (116)) redu
e to integrals on the hyperboloid H�. The expression for the am-plitude (116) of an arbitrary diagram is [94℄A(J) =Xnf Z�f d�f Yf (�2f + n2f ) Ye Ae(fneg; f�eg) Yv Av(fnvg; f�vg);where now there is a summation over the dis
rete representations n and an multiple integralover the 
ontinuous representations �. For the dis
rete representations the triangle areaspe
trum takes the form (84) if we de�ne k = j+1=2. The �niteness properties of this modelhave not been studied so far. There is a relative minus sign between the 
ontinuous anddis
rete eigenvalues of the area squared operators that has been interpreted as providing anotion of mi
ro 
ausality in [94℄. It would be interesting to study this in 
onne
tion withthe models of Se
tion 5.5.10 Dis
ussionLet's 
on
lude is review with some remarks and a dis
ussion of resent results and futureperspe
tives in the subje
t.1. NormalizationIt is important to point out that the way in whi
h the normalization (129) of theBarrett-Crane model is de�ned has its natural 
hara
ter in the 
ontext of the GFTformulation or using similar arguments[100, 103℄. One would like to be able to derivedit dire
tly from the 
ontinuous a
tion (SO(4) Plebanski's theory?). However, as weemphasized in Se
tion 7.10, 
ontrary to the general belief, there is no relation betweenthe Barrett-Crane model and SO(4) Plebanski's theory. This fa
t opens the questionof whether our `natural' normalization of the model has any spe
ial 
hara
ter. Thisambiguity seems to be present in the other models obtained from BF theory. A56



possible answer to the issue of the normalization {or how to �x the ambiguities in Afand Ae{ 
ould 
ome in these models from a systemati
 analysis of the 
orresponding
ontinuum a
tion. Investigation in this dire
tion is underway [104℄. A very attra
tiveproperty the normalization (129) is however the �niteness of transition amplitudeson a �xed dis
retization. This opens possibilities of 
on
rete 
omputations, e.g.numeri
al 
al
ulations or the study of the re�nement limit of Se
tion 6.3.2. Numeri
al resultsAn important step in this is the development of eÆ
ient algorithms for the 
ompu-tation of the 10j-symbols [105℄. In [80℄ Baez and Christensen study using numeri
al
al
ulations di�erent versions of the Riemannian Barrett-Crane model. They showthat the sum over spin foams in the �nite version of the Barrett-Crane model 
on-verges very fast so that amplitudes are dominated by spin foams where most of thefa
es are labelled by zero spin. The leading 
ontribution 
omes from spin foams madeup from isolated `bubbles of geometry'. They propose modi�
ations of the normal-ization whi
h are �nite but avoid this puzzling feature. This problem is however notpresent the Lorentzian version (136).3. The 
onne
tion with the 
anoni
al pi
tureCan we establish a rigorous 
onne
tion between the spin foam models presented hereand LQG? In all the models (for Riemannian gravity) introdu
ed in Se
tion 5 withthe ex
eption of the Barrett-Crane model this 
onne
tion is naively manifest sin
ethe boundary states are given by SU(2)-spin networks. This kinemati
 
onne
tionexists by 
onstru
tion in these 
ases.The Riemannian BC model is de�ned in terms of Spin(4) so naturally one 
ouldexpe
t the boundary data to be given by Spin(4) spin networks (labelled by twohalf-integers (j`; jr)). The simpli
ity 
onstraints impose j` = jr = j whi
h 
ould beinterpreted as the existen
e of an underlying SU(2) 
onne
tion. However, it 
an beshown that the boundary data of the model 
an not be interpreted as given by any
onne
tion (this 
an be seen from the fa
t that the BC model is not of the generalform derived in Se
tion 3.2).In the Lorentzian Barrett-Crane model boundary states 
ould be naively related toSL(2; C ) spin networks; however similar 
onsiderations as in the Riemannian se
torshow that the simpli
ity 
onstraints (applied �a la Barrett-Crane) redu
e the bound-ary states in a way that 
annot be interpreted as a boundary 
onne
tion. AnotherdiÆ
ulty in making 
onta
t with LQG is the fa
t that operators asso
iated to triangle-areas have 
ontinuous spe
trum in 
ontrast with the 
anoni
al result (7). From thisperspe
tive one is 
ompelled to study the model we have des
ribed in Se
tion 9.3.3for whi
h part of the area spe
trum 
oin
ides with (7).In the 
anoni
al framework the 
ompa
t SU(2) formulation is a
hieved by means ofthe introdu
tion of the Imirzi parameter � whi
h de�nes a one parameter family oftheories whose geometri
 operators are modulated by � (see (7) for example). Can57



the spin foam approa
h say something about �? There is no 
on
lusive answer to thisquestion so far. The spin foam quantization of generalizations of Plebanski's a
tionin
luding the � ambiguity[106℄ are analyzed in [107, 108℄.One of the main questions motivating the spin foam formulation of quantum gravitywas the attempt to 
ir
umvent the diÆ
ulties asso
iated to the regularization ambi-guities appearing in the 
anoni
al pi
ture. An open question is whether one 
an sele
ta preferred regularization of the s
alar 
onstraint using the spin foam approa
h. Anexpli
it analysis of the relation between the 
ovariant (spin foam) and 
anoni
al for-mulation of BF theory is presented in [109℄. The re
onstru
tion of the 
orrespondings
alar 
onstraint operator is studied and 
arried out expli
itly in simple models.4. Dis
retization dependen
eIn Se
tion 4 we have seen that the dis
retization dependen
e is trivial in three di-mensions. In parti
ular this has been ni
ely formalized in the de�nition of 
ontinuumspin foams by Zapata [58℄. The re�nement limit dis
ussed in Se
tion 6.2 should beinvestigated for the models with lo
al ex
itations.5. The GFT theoryThe GFT formulation is very attra
tive sin
e it provides a dis
retization indepen-dent formulation of spin foam from the outset. Also it has been very useful for thede�nition of the Lorentzian models of Se
tions 9.2 and 9.3 as a devi
e for formalmanipulations. However, the mathemati
al 
onsisten
y of this de�nition depends onwhether one 
an make sense of the expansion in � of equation (89). Suggestionson how the series 
ould be summable by 
omplexi�
ation of the 
oupling � 
an befound in [15℄. The anomaly question seems however very diÆ
ult in this 
ontext. Aswe mentioned in Se
tion 6.2 the notion of di�eomorphisms (equivalent spin foams)appear entangled in a 
ompli
ated way with the perturbative series. This looks verymu
h as a di�eomorphism anomaly as equivalent spin foams (in the sense of Se
tion6.1) have di�erent 
ontributions. Su
h anomaly would be a serious in
onsisten
yfrom the point of view of Se
tion 6.3.6. Coupling with matterIn a re
ent paper Oriti and Pfei�er[110℄ proposed a model whi
h 
ouples the Rie-mannian Barrett-Crane model with Yang-Mills theory. Their 
onstru
tion is likelyto be generalizable to other models.In the 
ontext of the GFT formulation of spin foam models Mikovi
 proposes a wayto in
lude matter by adding the appropriate �elds into the GFT-a
tion. In [111, 112℄the author generalizes the GFT 
onstru
tion des
ribed in Se
tion 8 allowing for thein
lusion of spinnor �elds in �nite dimensional representations of SO(2) and SO(3)representing matter 
orresponding to fermions and gauge �elds. States in the theoryare given by spin networks with open links whi
h is 
onsistent with results obtainedin the 
anoni
al approa
h [113, 114, 115, 7℄.58



More radi
al and very appealing possibilities are suggested by Crane. In [116℄ theauthor proposes a topologi
al QFT of the type of BF theory as fundamental the-ory. The gravitational degrees of freedom are represented by subset of (
onstrained)representations while those of matter are en
oded in the remaining ones. The fullspin foam model is topologi
al (no lo
al degrees of freedom). In order to re
over thelow energy world (with lo
al ex
itations) the author appeals to 
ertain \symmetrybreaking" of topologi
al invarian
e. Crane's other proposal 
onsists of interpretingtopologi
al (
oni
al) singularities naturally arising in the stru
ture of the Feynmandiagrams of the GFT theory as representing matter degrees of freedom [117℄.7. Alternatives to the Barrett-Crane modelThe fa
t that degenerate 
on�gurations dominate the Barrett-Crane amplitudes[93℄or that the modi�
ations of the model in 
omplian
e with the prin
iples of Pleban-ski's formulation 
ontain only degenerate 
on�gurations[96℄ pose serious diÆ
ultiesin interpreting the Barrett-Crane model as physi
ally 
orre
t. It would be interestingto understand whether this feature is inherent to the way in whi
h the 
onstraintsare implemented and 
an be 
orre
ted (e.g., implementing (64) instead of (65)). Itis also important to understand what the situation is in the 
ase of other proposals.For example, one would like to study in detail the kernel of Reisenberger's 
onstraintoperator 
ij de�ned in (44) and evaluate the geometri
 properties of the solutions.The suggestion that quantum gravity should be des
ribed in terms of dis
rete 
ombi-natorial stru
tures 
an be tra
ed all the way ba
k to Einstein [118℄. Spin foam modelsappears as a beautiful realization of this idea. There are many diÆ
ult open questions butwe hope that new ideas and hard work will 
ontinue to 
ontribute to their resolution inthe near future.11 A
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