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SPECTRA OF BERNOULLI CONVOLUTIONS ASMULTIPLIERS IN Lp ON THE CIRCLENIKITA SIDOROV AND BORIS SOLOMYAKAbstra
t. It is shown that the 
losure of the set of Fourier 
o-eÆ
ients of the Bernoulli 
onvolution �� parameterized by a Pisotnumber �, is 
ountable. Combined with results of Salem and Sar-nak, this proves that for every �xed � > 1 the spe
trum of the
onvolution operator f 7! �� � f in Lp(S1) (where S1 is the 
ir
legroup) is 
ountable and is the same for all p 2 (1;1), namely,f
��(n) : n 2Zg. Our result answers the question raised by P. Sar-nak in [8℄. We also 
onsider the sets f
��(rn) : n 2Zg for r > 0whi
h 
orrespond to a linear 
hange of variable for the measure.We show that su
h a set is still 
ountable for all r 2 Q(�) butun
ountable (a non-empty interval) for Lebesgue-a.e. r > 0.1. Introdu
tion and main resultsLet � be a Borel probability measure on S1 = R=Z, and letT� : Lp(S1)! Lp(S1)be the 
onvolution operator, namely, T�f := � � f . PutF� := fb�(n) : n 2 Zg :It is shown by Sarnak [8℄ that if the 
losure F� has 
apa
ity zero, thenthe following identity relation for the spe
tra of T� in di�erent Lp(S1)is satis�ed:(1.1) sp(T� ; Lp) � sp(T�; L2) = F�; 1 < p < +1:The present paper deals with the 
ase when � is a Bernoulli 
onvolu-tion. Re
all that for any � > 1 the Bernoulli 
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2 NIKITA SIDOROV AND BORIS SOLOMYAKby � is de�ned as follows:�� := � 1Yk=0�12 Æ���k + 12 Æ��k�(where Æx denotes the Dira
 Æ-measure at x). Thus,(1.2) b��(t) = 1Yk=0 
os(2���kt):We 
an view �� as a measure on the line, i.e., t 2 R in (1.2). Theindu
ed measure on the 
ir
le has Fourier 
oeÆ
ients f b��(n) : n 2 Zg.As is well known, supp �� � I� = [� ���1 ; ���1 ℄ for any � > 1. More-over, for � > 2 the measure �� is usually 
alled the Cantor-Lebesguemeasure (parameterized by �), and its support is the Cantor set with
onstant disse
tion ratio �. On the other hand, supp�� = I� for� 2 (1; 2℄.In [7, Th II, p. 40℄ it is shown that unless � is a Pisot number (analgebrai
 integer greater than 1 whose 
onjugates are all less than 1in modulus), b��(t) ! 0 as t ! +1 along the reals, when
e F�� is
ountable and thus, (1.1) is satis�ed.Sarnak [8℄ 
onsidered the 
ase of the 
lassi
al Cantor-Lebesgue mea-sure (� = 3), for whi
h he proved that F�� is 
ountable and therefore(1.1) holds. As stated in [8℄, the same approa
h 
an be applied to the
ase of an arbitrary integer � � 3, and the only 
ase left is the irrationalPisot numbers �. The question about the limit points of the Fourier
oeÆ
ients for this 
lass of measures was raised in [8℄.Theorem 1.1. The set of limit points of the sequen
e f b��(n) : n 2Zg,with an irrational Pisot parameter �, is 
ountable, so (1.1) holds for� = ��.Remark 1.2. There is apparently another way to obtain (1.1) for � =��, without getting 
ountability of the spe
trum. It is known that if aBorel probability measure � on S1 is Lp-improving1, then, like in the
ase in question, (1.1) holds, see [5, Th. 4.1℄. Christ [3℄ proved that�� is Lp-improving for all � > 2, and he made a remark that the sameargument works for � 2 (1; 2) as well.Sin
e we are 
onsidering measures on the 
ir
le, one may argue thatit is in fa
t more natural to have the Bernoulli 
onvolution measuresupported on an interval of length 1, rather than on I� (whose length1A measure � is 
alled Lp-improving for some p 2 (1;1), if there exists q =q(p) > p su
h that � � f 2 Lq(S1) for any f 2 Lp(S1). If � improves some Lp, thenit improves all of them for 1 < p < +1, see [5℄.



SPECTRA OF BERNOULLI CONVOLUTIONS AS MULTIPLIERS 3is 2�=(� � 1) > 1). This is a
hieved by a linear 
hange of variable,resulting in the Fourier 
oeÆ
ients fb�(( ��12� )n) : n 2 Zg, and we showthat the analog of Theorem 1.1 is still valid (see below).More generally, one may inquire what happens under an arbitrarys
ale 
hange. It turns out that the situation is rather deli
ate.For r > 0 put F�; r := fb�(rn) : n 2Zg:For a set E � R let E 0 denote the derived set of E, that is, the set ofits limit points.Theorem 1.3. Let � 6= 2 be a Pisot number. Then(i) for any positive r 2 Q(�), the set F 0��;r is 
ountable;(ii) for Lebesgue a.e. r > 0, the set F 0��;r is a non-empty interval.Corollary 1.4. For any � > 2, the spe
trum in Lp(S1); p > 1, ofthe 
onvolution operator 
orresponding to the Cantor-Lebesgue measurewith the 
onstant disse
tion ratio �, 
onstru
ted on [0; 1) ' S1 = R=Z,is 
ountable.This follows from Theorem 1.3 (i), sin
e ��12� 2 Q(�) and translat-ing the measure by 12 results in multiplying the Fourier 
oeÆ
ients by(�1)n.Denote E(1) := E 0; E(n+1) := (E(n))0. For r 2 Q(�), it is natural toask what is the 
ardinality of the se
ond, third, et
., derived sets forF��;r. The following theorem answers this question.Theorem 1.5. For any Pisot � 6= 2 and any positive r 2 Q(�) the setF (n)��;r is 
ountable for ea
h n � 1.2. Proof of 
ountability: the model 
aseThe 
ore of the paper is the proof of Theorem 1.3 (i) (whi
h, of
ourse, implies Theorem 1.1). Our proof is loosely based on the methodused in [8℄ for � = 3. On the other hand, the 
ase of irrational � requiresextra tools more 
ommon for the theory of Pisot numbers (in the spiritof the monograph [2, Chapter VIII℄).The stru
ture of the rest of the paper is as follows: in this and thenext se
tions we are going to show that(2.1) 
ardF 0��;r � �0; r 2 Q(�) \ (0;1):Note that our proof applies to the 
ase � 2 N as well. Combinedwith Theorem 1.5 (proved in Se
tion 4) this yields Theorem 1.3 (i).Theorem 1.3 (ii) is also proved in Se
tion 4.



4 NIKITA SIDOROV AND BORIS SOLOMYAKThe Pisot numbers � 6= 2 are distinguished by the fa
t that b��(t) 6!0, as t! +1 over the reals. This was proved by Erd}os [4℄ (for integers� > 2 this had been known earlier). It is easy to see that also b��(n) 6! 0,as n ! +1 over the integers, see Se
tion 4. If � = 2, then �� isabsolutely 
ontinuous, so there is nothing to prove.For the rest of the paper, we �x a Pisot number � 6= 2 and denoteby �2; : : : ; �m the 
onjugates of � = �1. Sin
e � is Pisot,(2.2) � = maxi�2 j�ij 2 [0; 1)(� = 0 if and only if � 2 N).Let us begin the proof of the inequality (2.1). Denote by h�i, k �k thenearest integer and the distan
e to the nearest integer respe
tively.To simplify notation, denote � := ��. It suÆ
es to prove that thereare at most 
ountable many limit points for the set fjb�(rn)j : n 2 Ng.Fix � > 0 and assume that integers nk ! +1 are su
h that(2.3) jb�(rnk)j ! a; a � �:Similarly to [8℄, our goal is to show that there 
an be only a 
ountableset of su
h a's for any �xed �; this will yield (2.1).There exist Nk 2Zand yk 2 [1; �) su
h that(2.4) yk = 2rnk��Nk :Let(2.5) yk�j = K(k)j + Æ(k)j ; j = 1; : : : ; Nk;where Æ(k)j 2 (�12; 12 ℄ and K(k)j = hyk�ji 2 N. By (1.2) and (2.4),(2.6) jb�(rnk)j = NkYj=�1 j 
os(�yk�j)j = NkYj=�1 
os��Æ(k)j �:Let m be the degree of �, with the minimal polynomial xm� d1xm�1�� � � � dm. For the rest of the paper we �x a Æ whi
h satis�es(2.7) 0 < Æ < (1 + jd1j+ � � �+ jdmj)�1:The reason for the 
hoi
e of Æ is the followingLemma 2.1. Suppose that jÆ(k)j j � Æ for j = Ak +1; : : : ; Ak + b, where0 � Ak � Nk � b and b > m. ThenK(k)j+m = d1K(k)j+m�1 + � � �+ dmK(k)j ;(2.8)for j = Ak + 1; : : : ; Ak + b�m.



SPECTRA OF BERNOULLI CONVOLUTIONS AS MULTIPLIERS 5Proof. By our 
ondition and (2.7), for j � Ak + 1,jK(k)j+m � d1K(k)j+m�1 � � � � � dmK(k)j j � Æ(1 + jd1j+ � � �+ jdmj) < 1:As K(k)j 's and di's are integers, we are done. �We want to estimate the number of Æ(k)j 's that are greater than Æ inmodulus. Let L 2 N be su
h that (
os(�Æ))L � �=2. It follows from(2.3) and (2.6) that for k suÆ
iently large,(2.9) Lk := #�j 2 [1; Nk℄ : ��Æ(k)j �� > Æ	 � L:Sin
e we only 
are about the limit, we 
an assume without loss ofgenerality that (2.9) holds for all k.The rest of the proof is somewhat te
hni
al, so we believe that it ishelpful �rst to present a sket
h in the spe
ial model 
ase Lk = 1 andr = 1. This will be done in the rest of the se
tion.Thus, let us assume for the moment that ��Æ(k)j �� � Æ for all j =1; : : : ; Nk, ex
ept possibly j = Jk. There are three possibilities: (a)sup Jk <1, (b) sup(Nk �Jk) <1, and (
) sup Jk =1 and sup(Nk�Jk) =1. By passing to a subsequen
e, we 
an assume that we a
tuallyhave one of the following 
ases:Case 1: Jk = R (independent of k);Case 2: Jk = Nk �R;Case 3: Jk !1 and Nk � Jk !1.Case 1. By Lemma 2.1, the sequen
e fK(k)j g satis�es the re
urren
erelation (2.8) for j = R + 1; : : : ; Nk �m (for k large enough to satisfyNk > R+m). Then we 
an expressK(k)j in terms of � and its 
onjugates�2; : : : ; �m as follows:(2.10) K(k)j = 
(k)1 �j + mXi=2 
(k)i �ji ; j = R + 1; : : : ; Nk:Observe that the 
oeÆ
ients 
(k)i are 
ompletely determined byK(k)j forj = R+1; : : : ; R+m. These K(k)j 's are integers bounded by �R+m+1+1(as yk � � and K(k)j is the nearest integer to yk�j). Thus, there are�nitely many possibilities for 
(k)i and we 
an assume, passing to asubsequen
e, that 
(k)i = 
i do not depend on k.Let y := 
1; the �rst important point is that y 2 Q(�). This followsfrom the Cramer's Rule, solving the linear system (2.10), with j =R+1; : : : ; R+m, for 
i. Alternatively, note that ky�jk ! 0 as j ! +1



6 NIKITA SIDOROV AND BORIS SOLOMYAKby (2.10), and the fa
t that y 2 Q(�) is a part of the well-known Pisot-Vijayaraghavan theorem (see [2℄).Now 
omes the 
ru
ial point|we have to use that nk is an integer2.We assumed that r = 1, so nk = 12yk�Nk from (2.4). We have 2nk =K(k)Nk , sin
e both sides are integers. Hen
e by (2.5) and (2.10),yk�Nk = K(k)Nk = y�Nk +O(�Nk );where � is given by (2.2) and the implied 
onstant in O is independentof k. Thus, yk = y +O(��Nk�Nk ), and an elementary argument yieldsjb�(nk)j ! 1Yj=�1 j 
os(�y�j)j:(A more general statement is proved below, in Lemma 3.2.) Sin
e theright-hand side depends only on y 2 Q(�), the number of possible limitpoints in this 
ase is at most 
ountable.Case 2. By Lemma 2.1, K(k)j 's satisfy the re
urren
e relation (2.8) forj = 1; : : : ; Nk � R �m � 1, when k is suÆ
iently large. Passing to asubsequen
e, we 
an assume that K(k)j = Kj do not depend on k forj � Nk �R � 1 and(2.11) Kj = y�j + mXi=2 
i�ji ; j = 1; : : : ; Nk �R � 1:Again we have y 2 Q(�). Extend Kj by (2.11) to j = Nk �R; : : : ;Nk;in other words, we extend Kj to satisfy the re
urren
e relation (2.8).We 
annot 
laim that Kj = K(k)j for j = Nk � R; : : : ;Nk; however, itis easy to see from the re
urren
e that��K(k)j �Kj�� � CR; j = Nk �R; : : : ;Nk;where CR does not depend on k. (This is proved below, in Lemma 3.1.)Again, passing to a subsequen
e, we 
an assume that K(k)Nk �KNk = Ais a 
onstant. Using that nk is an integer, we obtainyk�Nk = K(k)Nk = y�NK +A+O(�Nk );where the implied 
onstant in O is independent of k. Thus yk = y +A��Nk +O(��Nk�Nk ), and it is not hard to show thatjb�(nk)j ! 1Yj=�1 j 
os(�y�j)j � 1Yj=0 j 
os(�A��j)j:2Note that the set of limit points of b�(t), as t!1 over the reals, is an interval|see Lemma 4.1 below.



SPECTRA OF BERNOULLI CONVOLUTIONS AS MULTIPLIERS 7(A more general statement will be proved below, in Lemma 3.2.) Sin
ey 2 Q(�) and A 2 Z, the number of possible limit points in this 
aseis again at most 
ountable.Case 3. By Lemma 2.1, �K(k)j 	Jk�m�1j=1 and �K(k)j 	Nk�mj=Jk+1 satisfy there
urren
e relation (2.8). As in Case 2, we 
an assume by passing to asubsequen
e that K(k)j = Kj for j = 1; : : : ; Jk � 1, when
eKj = y�j + mXi=2 
i�ji ; j = 1; : : : ; Jk � 1;for some y 2 Q(�); 
2; : : : ; 
m. Also, as in Case 2, we extend Kj toj � Jk to satisfy the same re
urren
e relation and 
he
k that��K(k)j �Kj�� � CR; j = Jk + 1; : : : ; Jk +m:Let S(k)j = K(k)Jk+j � KJk+j for j = 1; : : : ; Nk � Jk. Hen
e there existb(k)i 2 Q(�i), with i = 1; : : : ;m, su
h thatS(k)j = b(k)1 �j + mXi=2 b(k)i �ji ; j = 1; : : : ;m:Be
ause of the bounds on S(k)j , there are �nitely many possibilities forb(k)i , so we 
an assume that they do not depend on k, passing to asubsequen
e. Let z = b1 = b(k)1 . We have Sj = S(k)j = z�j +O(�j) forj � 1. Now observe thatK(k)j = Kj + Sj�Jk ; j = Jk + 1; : : : ; Nk:Thus, using that nk is an integer, we obtainyk�Nk = K(k)Nk = KNk + SNk�Jk = y�Nk + z�Nk�Jk +O(�Nk�Jk );where the implied 
onstant in O is independent of k. Sin
e Jk ! 1and Nk � Jk !1, is not hard to show thatjb�(nk)j ! 1Yj=�1 j 
os(�y�j)j � 1Yj=�1 j 
os(�z�j)j:(We will prove a more general statement below, in Lemma 3.2.) Asy; z 2 Q(�), the number of possible limit points in this 
ase is at most
ountable.This 
on
ludes the sket
h of the proof of (2.1) in the model 
aseLk = 1 and r = 1. The idea for the general 
ase is as follows: wegather all indi
es j, for whi
h ��Æ(k)j �� > Æ, in groups in su
h a way thatthe distan
e between any two adja
ent groups goes to the in�nity as



8 NIKITA SIDOROV AND BORIS SOLOMYAKk !1. Then we treat ea
h group similarly to one of the three 
ases
onsidered in this se
tion, depending on the position of this group(\beginning", \middle" or \end") and �nally, justify passing to thelimit in the key Lemma 3.2.3. Proof of 
ountability: the general 
aseWe 
ontinue with the proof of the general 
ase where we left it, afterthe de�nition of Lk (2.9). Let 1 � I(k)1 < I(k)2 < : : : < I(k)Lk � Nk beall the indi
es j for whi
h ��Æ(k)j �� > Æ. Sin
e Lk � L, we 
an assumethat Lk = L0 does not depend on k, passing to a subsequen
e. Further,passing to a subsequen
e, we 
an assume that for all i = 1; : : : ; L0 � 1,either I(k)i+1 � I(k)i = Ri (independent of k), or I(k)i+1 � I(k)i ! 1, ask !1. Also, either I(k)1 = R0 or I(k)1 !1 and either Nk � I(k)L0 = RL0or Nk � I(k)L0 !1. LetR = maxfRi : i = 0; : : : ; L0g+ 1:We 
an �nd M 2 f1; : : : ; L0g and integers1 = J (k)0 < J (k)1 < : : : < J (k)M < J (k)M+1 = Nkso that J (k)i+1 � J (k)i !1 for i = 0; : : : ;M , and��Æ(k)j �� � Æ for all j 2 f1; : : : ; Nkg su
h that mini ��j � J (k)i �� � R:By Lemma 2.1, �K(k)j 	 satisfy the re
urren
e relation (2.8) for J (k)i +R � j � J (k)i+1�R�m, with i = 0; : : : ;M (for k large enough to satisfyJ (k)i+1 � J (k)i > 2R + m). In parti
ular, this is true for 1 + R � j �J (k)1 �R �m. Thus we 
an writeK(k)j = 
(k)1 �j + mXi=2 
(k)i �ji ; j = R+ 1; : : : ; J (k)1 �R(for k suÆ
iently large). The 
oeÆ
ients 
(k)i are 
ompletely determinedby K(k)j for j = R + 1; : : : ; R + m, whi
h are integers bounded by�R+m+1 + 1. Thus, there are �nitely many possibilities for 
(k)i ; i =1; : : : ;m. Hen
e we 
an assume, passing to a subsequen
e, that 
(k)i = 
ido not depend on k. Thus, K(k)j = Kj for j � J (k)1 �R. Denote z0 := 
1,so that Kj = z0�j +O(�j):As in Case 1, we have z0 2 Q(�) (z0 is a natural analog of y from theprevious se
tion). Next we repeat the argument from Case 3. Extend



SPECTRA OF BERNOULLI CONVOLUTIONS AS MULTIPLIERS 9the sequen
e fKjg to j > J (k)1 � R so that it satis�es the re
urren
erelation for all j. We need the following lemma.Lemma 3.1. Suppose that K(k)j = Kj for j � Ak and fKjg satis�esthe re
urren
e relation (2.8) for all j. Then for any p 2 N there existsCp = Cp(�) > 0 su
h thatjK(k)j �Kj j � Cp; j = Ak + 1; : : : ; Ak + p:(3.1)Proof. This is proved by indu
tion. Sin
e K(k)j is the nearest integer toyk�j, for any j � 1,jK(k)j+m � d1K(k)j+m�1 � � � � � dmK(k)j j � 12(1 + jd1j+ � � � + jdmj) =: 
:It follows that we 
an take C1 = 
 in (3.1). Suppose (3.1) is veri�edfor some p. Then we have for j = Ak + p+ 1,jK(k)j+1 �Kj+1j = jK(k)j+1 � d1K(k)j � � � � � dmK(k)j�m+1+ d1K(k)j + � � �+ dmK(k)j�m+1 � d1Kj � � � � � dmKj�m+1j� 
 + (jd1j+ � � �+ jdmj)Cp < 
(1 + 2Cp):Thus, we may put Cp+1 = 
(1 + 2Cp), and the lemma is proved. �Let S(k)j = K(k)J(k)1 +j �KJ(k)1 +j ; j = R+ 1; : : : ; R +m:By Lemma 3.1,��S(k)j �� � C2R+m; j = R+ 1; : : : ; R +m:Therefore, we 
an assume (passing to a subsequen
e) that S(k)j 's do notdepend on k for j = R+1; : : : ; R+m. We 
an �nd z1 2 Q(�); 
02; : : : ; 
0mso thatSj = S(k)j = z1�j + mXi=2 
0i�ji ; j = R + 1; : : : ; R+m:(3.2)Extend Sj to j > R +m by the formula (3.2), so that they satisfy there
urren
e relation. Now observe thatK(k)j = Kj + Sj�J(k)1 ; j = J (k)1 +R + 1; : : : ; J (k)2 �R(for k large enough to satisfy J (k)2 �J (k)1 > 2R+m), as both sides agreefor j = J (k)1 +R+1; : : : ; J (k)1 +R+m, and satisfy the same re
urren
erelation of length m. It follows thatK(k)j = z0�j + z1�j�J(k)1 +O��j�J(k)1 �; j = J (k)1 +R + 1; : : : ; J (k)2 �R;



10 NIKITA SIDOROV AND BORIS SOLOMYAKwhere the implied 
onstant in O is independent of k.Next we repeat the same argument and obtain, by indu
tion, thatfor i = 2; : : : ;M ,(3.3) K(k)j =z0�j + z1�j�J(k)1 + � � �+ zi�j�J(k)i +O(�j�J(k)i );j = J (k)i +R; : : : ; J (k)i+1 �R:Indeed, for ea
h i extend K(k)j from j < J (k)i � R to larger j's byre
urren
e; denote them Q(k)j . PutT (k)j := K(k)J(k)i +j �Q(k)J(k)i +j ; j = R + 1; : : : ; R+m:Then ��T (k)j �� � C2R+m for j = R + 1; : : : ; R +m. We 
an write T (k)j asa linear 
ombination of �j and the powers of its 
onjugates. As above,there are �nitely many possibilities for the 
oeÆ
ients (as k varies), sowe 
an assume without loss of generality that they do not depend onk. The 
oeÆ
ient at �j will be denoted by zi, whi
h yields (3.3).For i = M the formula (3.3) be
omes(3.4) K(k)Nk�R+j =z0�Nk�R+j + MXi=1 zi�Nk�J(k)i �R+j +O��Nk�J(k)M �R+j�;j = J (k)M + 2R �Nk; : : : ; 0(re
all that J (k)M � Nk ! �1). As usual, the implied 
onstant inO is independent of k. One last time extend K(k)j by re
urren
e, toj = Nk � R + 1; : : : ; Nk; : : : Denote the resulting integer sequen
e byfL(k)Nk�R+jg1j=1. By Lemma 3.1,(3.5) jK(k)Nk � L(k)Nk j � CR:We have(3.6) 2rnk = yk�Nk = K(k)Nk + Æ(k)Nk :Now it's the time to use the fa
t that nk is an integer; this is slightlymore 
ompli
ated than in Se
tion 2, be
ause the left-hand side of (3.6)need not be an integer. However, as 2r 2 Q(�) n f0g by assumption,we 
an invert it in Q(�), i.e.,(3.7) (2r)�1 = a0 + a1� + � � �+ am�1�m�1;



SPECTRA OF BERNOULLI CONVOLUTIONS AS MULTIPLIERS 11for some ai 2 Q. Thus,(3.8) nk = (2r)�1�K(k)Nk + Æ(k)Nk�= (a0 + a1� + � � �+ am�1�m�1)K(k)Nk + (2r)�1Æ(k)Nk= a0L(k)Nk + a1L(k)Nk+1 + � � �+ am�1L(k)NK+m�1 +Ak:Let us estimate the \error term" Ak. By the de�nition of the integersL(k)Nk�R+j , they satisfy (3.4), with K repla
ed by L, for j = 1; 2; : : : Inparti
ular,(3.9) L(k)Nk+j = z0�Nk+j + MXi=1 zi�Nk�J(k)i +j +O(�Nk�J(k)M +j); j � 0:Hen
e in view of Nk � J (k)M ! +1,limk!1��L(k)Nk+j+1 � �L(k)Nk+j�� = 0; 0 � j � m� 1;when
e �����L(k)Nk m�1Xj=0 aj�j � m�1Xj=0 ajL(k)Nk+j�����! 0; k ! +1:By (3.8), (3.5) and in view of ��Æ(k)Nk �� � 12 , we have jAkj � C 0 for some
onstant C 0 independent of k; namely, one may put for k large enough,C 0 = 1 + (4r)�1(2CR + 1);where CR is as in (3.5).On the other hand, it follows from (3.8) that Ak 2 s�1Z for somes 2 N independent of k, be
ause ai 2 Q and the nk is an integer. Thus,there are �nitely many possibilities for Ak, so, passing to a subsequen
e,we 
an assume that Ak = A is a 
onstant. Now we have by (3.9),yk = 2rnk��Nk = 2r�a0L(k)Nk + � � �+ am�1L(k)NK+m�1���Nk + 2rA��Nk= 2rz0(a0 + a1� + � � � + am�1�m�1)+ 2r MXi=1 zi�a0��J(k)i + � � �+ am�1��J(k)i +m�1�+ 2rA��Nk+O���Nk�Nk�J(k)M �;and �nally, by (3.7),(3.10) yk = z0 + MXi=1 zi��J(k)i + 2rA��Nk +O���Nk�Nk�J(k)M �:



12 NIKITA SIDOROV AND BORIS SOLOMYAKLemma 3.2.jb�(nk)j = NkYj=�1 j 
os(�yk�j)j! MYi=0 1Yj=�1 j 
os(�zi�j)j � 1Yj=0 j 
os(2�rA��j)j; k ! +1:Re
all that by the 
onstru
tion of zi we have for 0 � i �M :(3.11) kzi�jk = O(�j); j !1:It follows that the bi-in�nite produ
ts in the right-hand side 
onverge.This lemma will 
learly imply our theorem, as zi 2 Q(�) and A 2 Q,so there are 
ountable many possible limits.Proof of Lemma 3.2. We 
an �nd integers E(k)i ; i = 0; : : : ;M , so thatJ (k)i < E(k)i < J (k)i+1; limk!1�E(k)i � J (k)i � = limk!1�J (k)i+1 � E(k)i � = +1:We are going to show thatF0(k) := QE(k)0j=�1 j 
os(�yk�j)jQ1j=�1 j 
os(�z0�j)j ! 1; k !1;(3.12)Fi(k) := QE(k)ij=E(k)i�1+1 j 
os(�yk�j)jQ1j=�1 j 
os(�zi�j)j ! 1; k !1; i = 1; : : : ;M ;(3.13)FM+1(k) := QNkj=E(k)M +1 j 
os(�yk�j)jQ1j=0 j 
os(2�rA��j)j ! 1; k !1:(3.14)These statements will imply the lemma.First we verify (3.12). Observe that Q1j=E(k)0 j 
os(�z0�j)j ! 1, sin
eE(k)0 ! 1 and the denominator in F0(k) 
onverges. Thus, it remainsto show that E(k)0Yj=�1 j 
os(�yk�j)jj 
os(�z0�j)j ! 1:Note that yk = z0 + O���J(k)1 � by (3.10). By assumption (2.3),j 
os(�yk�j)j � � for j � Nk. Sin
e jyk�j � z0�jj = O��j�J(k)1 �, we
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os(�y0�j)j � �=2 for y0 between z0 and yk, for all j � E(k)0 , fork suÆ
iently large. Then we 
an take logarithm of ea
h term and usethe mean value theorem to get����log ����
os(�yk�j)
os(�z0�j) �������� � j tan(�y0�j)j � jyk � z0j�j� 2� jyk � z0j�j = O��j�J(k)1 �;where y0 is between z0 and yk. Summing over j � E(k)0 and lettingk !1 yields the desired 
laim, sin
e J (k)1 �E(k)0 ! +1.Now we verify (3.13). Sin
e E(k)i�1 � J (k)i !�1; E(k)i � J (k)i ! +1,and the denominator in Fi(k) 
onverges, it suÆ
es to show that(3.15) E(k)iYj=E(k)i�1+1 j 
os(�yk�j)��
os��zi�j�J(k)i ��� ! 1:In view of (3.10), we 
an writeyk�j = z0�j + i�1X̀=1 z`�j�J(k)` + zi�j�J(k)i +O��j�J(k)i+1�;for j = E(k)i�1+1; : : : ; E(k)i . By (3.11), for j = E(k)i�1+1; : : : ; E(k)i we haveyk�j = O��j�J(k)i�1�+ zi�j�J(k)i +O��j�J(k)i+1� modZ:For k suÆ
iently large, the denominators in (3.15) are bounded awayfrom 0, as above, when we 
he
ked (3.12), and we obtain�����log ����� 
os(�yk�j)
os��zi�j�J(k)i ����������� � 
onst � ��j�J(k)i�1 + �j�J(k)i+1�:Summing over j = E(k)i�1 + 1; : : : ; E(k)i , we obtain that the logarithm ofthe produ
t in (3.15) is bounded in modulus by 
onst � ��E(k)i�1�J(k)i�1 +�E(k)i �J(k)i+1� whi
h tends to 0, as k !1.It remains to 
he
k (3.14). Sin
e E(k)M �Nk ! �1 and the denomi-nator in FM+1(k) 
onverges, it is suÆ
ient to show that(3.16) NkYj=E(k)M +1 j 
os(�yk�j)jj 
os(2�rA�j�Nk)j ! 1:



14 NIKITA SIDOROV AND BORIS SOLOMYAKWe have for j = E(k)M + 1; : : : ; Nk, from (3.10), in view of (3.11):yk�j = 2rA�j�Nk +O��j�J(k)M �+O��j�Nk�Nk�J(k)M � modZ:For k suÆ
iently large, the denominators in (3.16) are bounded awayfrom 0, as above, when we 
he
ked (3.12), and we 
an write����log ���� 
os(�yk�j)
os(2�rA�j�Nk )�������� � 
onst � (�j�J(k)M + �j�Nk�Nk�J(k)M ):Summing over j = E(k)M +1; : : : ; Nk, we obtain that the logarithm of theprodu
t in (3.16) is bounded above in modulus by 
onst � (�E(k)M �J(k)M +�Nk�J(k)M ) whi
h tends to 0, as k ! 1. This 
on
ludes the proof ofLemma 3.2. Inequality (2.1) and thus, Theorem 1.3 and Theorem 1.1are proved as well. �4. Proofs of other results4.1. Proof of Theorem 1.3 (ii). Let J� denote the set of limit pointsof fb��(t) : t > 0g as t!1.Lemma 4.1. J� is a non-empty interval.Proof. By the theorem of Erd}os [4℄, J� 
ontains a non-zero point. Onthe other hand, 0 2 J�, sin
e b��(�n=4) = 0; n � 1. Let a = inf J�; b =sup J�. Then there are sequen
es ui; vi ! 1 su
h that b��(ui) ! aand b��(vi) ! b. Without loss of generality, ui < vi < ui+1 for all i.Sin
e t 7! b��(t) is 
ontinuous, for any " > 0, for all i suÆ
iently large,any value between a+ " and b� " is assumed by b��(t) at least on
e in(ui; vi). Thus, J� = [a; b℄. �Our goal is to prove that for a.e. r > 0, J� is in fa
t the set of limitpoints for the sequen
e fb��(rn) : n 2Zg as well.Let fykgk�1 be a sequen
e dense in J�. By the de�nition of J�, forany k � 1, there is a sequen
e t(k)i ! +1 as i ! 1, su
h thatlimi!1 b���t(k)i � = yk. Re
all the following well-known fa
t.Proposition 4.2. [6, Chap. 1, Se
. 4, Cor 4.3℄ For any unboundedsequen
e fxigi�1, the set f�xigi�1 is dense modulo 1 for Lebesgue-a.e.�.Thus, for a.e. r > 0, the sequen
e �r�1t(k)i 	i�1 is dense modulo 1 forall k � 1. Fix su
h an r. Then for any k � 1, there is a subsequen
et(k)ij su
h that r�1t(k)ij ! 0 mod 1 (of 
ourse, ij may depend on k). Thus,
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h that rnj � t(k)ij ! 0, as j !1. Notethat �� ddt b��(t)�� � C, sin
e �� has 
ompa
t support on R, when
ef b��(an) : n 2 Ng0 = f b��(bn) : n 2 Ng0(4.1)for any an; bn !1, with an � bn ! 0. Therefore,limj!1 b��(rnj) = limj!1 b���t(k)ij � = yk:It follows that for a.e. r > 0, the set of limit points of fb��(rn) : n 2 Ng
ontains all yk, whi
h are dense in J�, and hen
e it 
ontains all ofJ�. �4.2. Proof of Theorem 1.5. In view of Theorem 1.3 (i) and the fa
tthat F (n+1)��;r � F (n)��;r; n � 1, it suÆ
es to show that the n'th derivedset of limit points of F�� ;r is at least 
ountable for r 2 Q(�).Sin
e r 2 Q(�), there exists p 2 Z[x℄ su
h that � = rp(�) 2 Z[�℄.Let q 2Z[�℄ be an arbitrary number. We havelimk!1 b��(rhp(�)q�ki) = limk!1 b��(�q�k) = 1Yj=�1 
os(2��q�j):The �rst equality holds by (4.1), as kh�nk = O(�n) = o(1) for anyh 2Z[�℄. The se
ond equality follows from (1.2). Put'�(q) = 1Yj=�1 
os(2��q�j)and 
� := f'�(q) : q 2Z[�℄g :We just proved that 
� � F 0��;r, so 
(n)� � F (n+1)�� ;r ; n � 1. Our nextgoal is to show �rst that 
0� (and hen
e F 00��;r) is in�nite for every� 2 Z[�℄. Let a; b 2Z[�℄ and put qn(a; b) := a+ b�n. Then'�(qn(a; b)) = [n2 ℄Yj=�1 
os(2��(a+ b�n)��j) � [ 3n2 ℄Y[n2 ℄ 
os(2��(a+ b�n)��j)� 1Yj=[ 3n2 ℄+1 
os(2��(a+ b�n)��j);and similarly to Lemma 3.2, it is easy to see that the �rst produ
ttends to '�(a), the se
ond one tends to '�(b) and �nally, the last onetends to 1. Hen
e(4.2) '�(qn(a; b))! '�(a)'�(b); n! +1:
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all that � 6= 2 (when '�(q) � 0 for any � and q), so there alwaysexists q su
h that 0 < j'�(q)j < 1, when
e 
� is in�nite. Furthermore,sin
e qn(a; b) 2 Z[�℄, (4.2) implies that 
2� � 
0�, where 
2� = f!1!2 :!i 2 
�g. Therefore, 
0� is in�nite as well. Now, 
4� � (
0�)2 �(
2�)0 � 
00�, when
e 
00� is also in�nite, et
. By indu
tion, F (n)��;r is
ountable for ea
h n � 1. �5. Con
luding remarks1. Our �rst remark 
on
erns the proof of Theorem 1.3 (ii) (see thebeginning of the previous se
tion). In fa
t, what we use is the followingLemma 5.1. Assume f 2 C(R+) \ L1(R+), and J is the set of thelimit points of f as t! +1. Then the derived set for ff(rn) : n 2 Ngas n! +1 is equal to J for a.e. r > 0.The proof of this lemma is exa
tly the same as above for f(t) :=b��(t). This 
laim is probably known but we did not �nd it in theliterature.2. Our se
ond remark 
onsists in a simple observation that the expres-sion for the limit points of F��;r in Lemma 3.2 (without the moduli) isin fa
t a general formula for x 2 F 0��;r. More pre
isely, letP� = f� : k��nk ! 0; n! +1g:As is well known,Z[�℄( P� ( Q(�) (see, e.g., [2℄), and P� is obviously agroup under addition. Then our 
laim is that for anyM 2Z+; (zi)Mi=0 2PM+1� and A 2Z,x = MYi=0 1Yj=�1 
os(�zi�j) � 1Yj=0 
os(2�rA��j) 2 F 0��;r:Indeed, putnk = h(2r)�1(z0�(M+1)k + z1�Mk + � � �+ zM�k)i+A:The proof is pra
ti
ally the same as for Lemma 3.2, and we leave it tothe reader.3. Our next remark 
on
erns translations of Bernoulli 
onvolutions.Let 
 2 R; then shifting the origin by 
 results in multiplying b��(rn)by e2�i
n.Proposition 5.2. The 
losure of the set f b��(nr)e2�i
n : n 2 Zg is
ountable for r 2 Q(�) and 
 2 Q(�), but un
ountable for r 2 Q(�)and a.e. 
 2 R.
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 2 Q(�). It follows from theproof of the main theorem that if jb��(rnk)j 6! 0, then the formula (3.10)gives a general expression for nk, with k suÆ
iently large. Now it isenough to note that for any � 2 Q(�), the sequen
e fk��nk : n 2 Ng has�nitely many limit points3 and hen
e the sequen
e fk
nkk : k 2 Nghas �nitely many limit points.On the other hand, given r 2 Q(�), we 
an �x nk so that b��(rnk)!a 6= 0. Using Proposition 4.2 again, we see that for a.e. 
 2 R, thesequen
e f
nk : k 2 Ng is dense modulo 1, and therefore, the setof limit points of the sequen
e fb��(rnk)e2�i
nkg is the 
ir
le of radiusjaj. �4. Denote by ��(r; 
) the measure on the 
ir
le whose Fourier 
oeÆ-
ients are b��(rn)e2�in
 (that is, the translation of a s
aled 
opy of ��).We have shown that for \most" (r; 
) the spe
trum sp(T��(r); L2) 
on-tains a 
ontinuum (an interval or a 
ir
le). In these 
ases we 
annotuse Sarnak's result [8℄ to 
laim that the spe
tra are the same in allLp, for p 2 (1;1). However, the remarks in [3℄ indi
ate that ��(r; 0)is Lp-improving for any r > 1 and � > 1, and any translation of themeasure, obviously, preserves the property. Thus, by [5, Th. 4.1℄ wesee that the 
laim on 
oin
iden
e of spe
tra in all Lp is valid for all��(r; 
).A
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