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Super-Geometric QuantizationIzu VaismanAugust 1994ABSTRACT. Let K be the complex line bundle where the Kostant-Souriaugeometric quantization operators are de�ned. We discuss possible prolonga-tions of these operators to the linear superspace of the K-valued di�erentialforms, such that the Poisson bracket is represented by the supercommutatorof the corresponding operators. We also discuss the possibility to obtain suchsuper-geometric quantizations by (anti)Hermitian operators on a Hilbert su-perspace. We apply our general considerations to K�ahler manifolds and tocotangent bundles of Riemannian manifolds.1 Recalling Geometric QuantizationIn di�erential geometry, the problem of geometric quantization is a two stageproblem which can be stated in the following terms (e.g., [10], [9]).Stage 1 - Prequantization. Let M be a Poisson manifold with the Poissonbracket(1:1) ff; gg = P (df; dg) (f; g 2 C1(M)):Find linear representations of the Lie algebra (1.1) on the space �(K) ofcross sections of a complex line bundle K overM by di�erential operators oforder one and symbol equal to the Hamiltonian vector �eld XPf .�This work was �nalized during the author's stay at the Erwin Schr�odinger Interna-tional Institute for Mathematical Physics in Vienna, and the author wants to express hereall his gratitude to the Institute, and to Professor Peter Michor, in particular, for theirsupport and hospitality.1991 Mathematics Subject Classi�cation 58 F 06.Key words and phrases: Geometric Quantization, Linear Superspace, Supercommutator.1



Stage 2 - Quantization. Restrict prequantization in such a way as to obtainirreducible anti-Hermitian1 representations of a subalgebra of C1(M) withbracket (1.1) on a Hilbert space derived from �(K).In this paper, we de�ne the problem of super-geometric quantization asthe problem of prolonging the representations mentioned above to linear andHilbert superspaces.Now, let us be more precise. While more general prequantization represen-tations may exist [5], [9], we consider only the fundamental Kostant-Souriaurepresentation. The latter is given by the operators(1:2) f̂� = rXf� + 2�p�1f� (f 2 C1(M); � 2 �(K));where r is a connection on K which preserves a Hermitian metric h of K.The condition that (1.2) is a representation means(1:3) dff; gg = f̂ � ĝ � ĝ � f̂ ;and this condition is equivalent to(1:4) 
(Xf ;Xg) = �2�p�1ff; gg;where 
 is the curvature of r. In particular, (1.4) shows that K, h and rexist i� P de�nes an integral Poisson cohomology class (namely, the imageof the integral �rst Chern class of K) [9], and, then, we say that (M;P )is a quantizable Poisson manifold. In the symplectic case, the integralitycondition is just that the symplectic form represents an integral cohomologyclass [10].Furthermore, let D be the bundle of complex valued halfdensities of M(e.g., [6], [7]). Then (1.2) extends to �(K 
D) by(1:5) f̂ (� 
 �) = (f̂�)
 � + � 
 LXf� (� 2 �(K); � 2 
(D))where L denotes the Lie derivative, and Stokes' theorem shows that theoperators (1.5) are anti-Hermitian on �c(K 
 D) (c means "with compactsupport") endowed with the scalar product(1:6) < �1 
 �1; �2 
 �2 >= ZM h(�1; �2)�1��21The fact that we use anti-Hermitian operators here is just a technicality. If theseoperators are multiplied by a purely imaginary constant they become Hermitian operators.2



(the bar means complex conjugation) i.e., we have(1:7) < f̂�; � > + < �; f̂� >= 0 (�; � 2 �c(K 
D)):Of course, we may complete �c(K
D) to a Hilbert space but, we still remainin the prequantization stage since we do not have irreducibility.Now, the stage of quantization is based on the notion of a polarization,for which we adopt here a new de�nition that includes the classical de�nitionas a particular case. Let F denote the sheaf of Poisson algebras of germs ofcomplex valued C1 functions of M with the bracket (1.1). Then, a polariza-tion P of (M;P ) is a subsheaf P of F whose stalks are abelian subalgebrasof the stalks of F .If P is given, we may look at the linear space(1:8) �0(K) = f� 2 �(K) = rX'� = 0; 8' 2 Pg;and we may apply the operators (1.2) to �0(K) if �0(K) 6= f0g. It iseasy to see that, 8f 2 C1(M) such that f'; fg 2 P whenever ' 2 P,f̂(�0(K)) � �0(K). The set Q(M;P) of such functions f is a Lie subalgebraof (C1(M); f ; g) which includes all the real global sections  of P, and forthese  one has  ̂� = 2�p�1 �; 8� 2 �0(K), as needed for irreducibility[10].Furthermore, if �0(K) has nonzero elements with compact support, itmay be possible to adapt conveniently the scalar product (1.6), and obtaina Hilbert space where (1.7) holds 8f 2 Q(M;P). Otherwise, the idea is toproject the whole con�guration onto a lower dimensional quotient manifoldN , if possible, and get a similar scalar product by integration over N [10],[7], [9].The basic types of polarizations encountered in applications are as follows(e.g., [10]).1) Let (M2n; !) (d! = 0) be a quantizable symplectic manifold, with thePoisson brackets de�ned by !, and assume that M has a real Lagrangianfoliation L. Then, the sheaf P of germs of functions which are constantalong the leaves of L is a polarization called a real Lagrangian polarization.An important particular case is that of a cotangent bundleM = T �N , where! = d�; � := the Liouville 1-form of T �N , and L is the foliation by the �bersof T �N . In this case, if � 2 �0(K), supp � is noncompact (it is a union of3



�bers), and the scalar product will be de�ned by integration over N and notover T �N .2) Let (M2n; !) be a quantizable symplectic manifold which admits com-patible K�ahler metrics. Then, if g is such a metric, the sheaf P of germs ofholomorphic functions with respect to the corresponding complex structureis a polarization called a K�ahler polarization. In this case,K is a holomorphicline bundle (e.g., [7]), andQ(M;P) = ff 2 C1(M) = Xf = X1;0f +X0;1f ; X1;0f holomorphicg;where the upper indices indicate the complex type. Equivalently, if J is thetensor of the complex structure, then LXfJ = 0. We say thatX is an analyticvector �eld, and we distinguish in this paper between the terms analytic andholomorphic for vector �elds i.e., X is analytic and its component X1;0 isholomorphic. Furthermore, we may forget about halfdensities, and make�0c(K) into a Hilbert space by the scalar product(1:9) < �1; �2 >= ZM h(�1; �2)d(vol g) (�1; �2 2 �0c(K));and the property (1.7) follows again from Stokes' theorem.2 Super-Geometric PrequantizationNow, we proceed to the discussion of super-geometric quantization. We startwith a quantizable Poisson manifold (M;P ) and a quantization complex linebundle K. Let us emphasize that we do not intend to discuss geometricquantization of supermanifolds, as in [3]. Neither do we consider any kind ofsupermanifolds [1]. But, we shall use the terminology of superalgebra (e.g.,[4]).With (M;P;K), we can associate a natural complex linear superspace(2:1) S(K) = S+(K) �S�(K):where S+ = �i�0 ^2i (M;K); S� = �i�0 ^2i+1 (M;K);and ^h(M;K) are the spaces of K-valued forms on M , and it is possible toextend the Kostant-Souriau prequantization (1.2), (1.5) to S(K).4



We did this in [8] as follows. Since ^h(M;K) = �((^hT �M) 
 K), onehas the well-known covariant exterior di�erential(2:2) D(� 
 �) = (d�) 
 � + (�1)deg �� ^r�;and the covariant Lie derivative(2:3) LrX(�
 �) = (LX�) 
 � + �
rX�;where � 2 ^hM; � 2 �(K), and X is a vector �eld on M . These operatorshave the same global expressions as d and LX, except for the fact that theaction of X on functions is replaced by the action of rX on sections of K.Notice also the formula(2:4) LrX = Di(X) + i(X)Dwhich follows from (2.2) and (2.3).Now, if (1.2) is extended to S(K) by(2:5) f̂A = LrXfA+ 2�p�1fA (A 2 S(K));it follows from (1.4) that the commutator condition (1.3) is still valid. Indeed[8], using (2.3) we get(2:6) LrXLrY A� LrY LrXA� Lr[X;Y ]A = 
(X;Y )A;where 
 is the curvature ofr, and then, (1.4) is obtained by a straightforwardcomputation.The operators f̂ preserve the degree of a form. Thus, if we want togive a role to the structure (2.1), it is natural to de�ne a super-geometricprequantization of M on K as a prolongation of (2.5) of the form(2:7) ~fA = f̂A+ 2�p�1l(f)(A) (A 2 S(K));where l(f) is an odd endomorphism of S(K), such that the following com-mutation condition holds(2:8) gff; gg = s[ ~f; ~g]:In the right hand side of (2.8), one has the supercommutator [4] of the op-erators ~f; ~g, and we denoted it by the index s. Brackets without this indexwill denote usual commutators. 5



Proposition 2.1. The operation � de�ned by(2:9) f � � = [f̂ ; �] = f̂� � �f̂ ;(f 2 C1(M); � 2 EndS(K)) is a representation of the Lie algebra (C1(M);f ; g) on EndS(K) which leaves End�S(K) invariant, and (2.7) is a super-geometric prequantization i� l is a 1-cocycle with values in End�S(K), andwith respect to the representation (2.9), such that(2:10) l2(f) = 0; 8f 2 C1(M):Proof. The results are rather straightforward since, in view of (1.3), (2.8)is equivalent to(2:11) l(ff; gg) = [f̂ ; l(g)] + [l(f); ĝ]; l(f)l(g) + l(g)l(f) = 0;8f; g 2 C1(M). Q.e.d.Corollary 2.2. 8c 2 End�S(K) such that [f̂ ; c]2 = 0, 8f 2 C1(M), theoperators(2:12) ~fc(A) = LrXA+ 2�p�1fA+ 2�p�1[f̂ ; c](A)(A 2 S(K)) de�ne a super-geometric prequantization.Proof. [f̂ ; c] is the coboundary of c in the Lie algebra cohomology mentionedin Proposition 2.1. Q.e.d.We note some important particular cases inProposition 2.3. Let � be a complex valued 1-form, and V be a complexvector �eld on the Poisson manifold (M;P ). Then, (2.7) is a super-geometricprequantization for each of the following choices of l:(2:13) l1(f) = e(LXf �); l2(f) = i([Xf ; V ]);l3(f) = l1(f) + l2(f):Proof. In (2.13), e means "exterior product by", and i means "interiorproduct by". l1 is obtained by using Corollary (2.2) for c = e(�), and l2 isobtained for c = i(V ). Q.e.d. 6



Remark 2.4. If we take c = D, then, using (2.4) and the well known factthat D2 = e(
), we getl(f) = e(i(Xf )
� 2�p�1df);which is 0 in the symplectic case because of (1.4).Now, as in Section 1, we can relate super-geometric prequantization witha scalar product. Namely, we consider again the complex line bundle D ofhalfdensities overM , and use the bundle K
D instead of K. Then, insteadof (2.1), we have(2:14) ~S(K) := S(K 
D) := ~S+(K)� ~S�(K);which consists of forms with values in K 
D organized as those in (2.1).Furthermore, we put on M a Riemannian metric g, and de�ne a scalarproduct of ^pc(M;K 
D) (i.e., forms with a compact support) by(2:15) < �1 
 �1 
 �1; �2 
 �2 
 �2 >= ZM g(�1; �2)h(�1; �2)�1��2 ;where �i 2 ^p(M); �i 2 �(K); �i 2 �(D) (i = 1; 2). Then, we getProposition 2.5. Assume that (2.7) is a super-geometric prequantizationwhere the odd cocycle l is Hermitian with respect to gh. Then, the extensionof (2.7) de�ned by(2:16) ~f (A
 �) = ( ~fA)
 �+A
 LXf�satis�es the commutator property (2.8), and, if Xf is a Killing vector �eldfor g, ~f is anti-Hermitian with respect to (2.15).Proof. That ~f of (2.16) also satis�es (2.8) follows by a straightforwardcalculation. (Notice that l(f) extends to ~S(K) by l(f)(A
�) = (l(f)A)
�.)Furthermore, by the metric gh we meangh(�1 
 �1; �2 
 �2) = g(�1; �2)h(�1; �2);and l(f) are supposed to be gh-Hermitian. The anti-Hermitian character(1.7) of the present situation follows by using Stokes' theorem under theform (e.g., [6]) ZM LXf (g(�1; �2)h(�1; �2)�1��2) = 0:Q.e.d. 7



3 Super-Geometric QuantizationNow, we combine super-geometric prequantization with a polarization andthis process is super-geometric quantization.Let (M;P ) be a Poisson manifold endowed with the prequantization (2.7),(2.16), and the scalar product (2.15), and let P be a polarization ofM . Then,we shall de�ne the linear superspace(3:1) S0(K) = fA 2 S(K) = LrX'A = 0; i(X')A = 0; 8' 2 Pg:Using (2.5), (2.6) and (1.4), we see easily that 8A 2 S0(K); 8f 2 Q(M;P),one has f̂A 2 S0(K). We recall that (Section 1)Q(M;P) = ff 2 C1(M) = f'; fg 2 P; 8' 2 Pg:Furthermore, in order to deal with the odd part of (2.7), we restrict our-selves to Q0(M;P) � Q(M;P), where we de�ne that f 2 Q0(M;P) if itsatis�es the following supplementary conditions(3:2) [LrX'; l(f)] = 0; s[i(X'); l(f)] = 0; 8' 2 P:Then, we getProposition 3.1. 8f 2 Q0(M;P) and 8A 2 S0(K), we have ~fA 2 S0(K),for ~f de�ned by (2.7). In particular, if the 1-form � and the vector �eld Vof M are such that LX'� = i(X')� = 0; [X'; V ] = 0; 8' 2 P, the prequan-tizations of Proposition 2.3 induce quantization formulas on S0(K); 8f 2Q(M;P).Proof. The �rst assertion follows straightforwardly from the de�nitions. Forthe second assertion, we check that (3.2) holds for the cocycles l1 and l2 of(2.13), and 8B 2 S(K):LrX'((LXf �) ^B)� (LXf �) ^ LrX'B = (LX'LXf �) ^ B == (LXfLX'� + LXf';fg�) ^ B = 0;i(X')((LXf �) ^B) + (LXf �) ^ (i(X')B) = (i(X')LXf �)B == (LXf i(X')� + i(Xf';fg)�)B = 0;LrX'i([Xf ; V ])B � i([Xf ; V ])LrX'B = i([X'; [Xf ; V ]])B =8



= i([Xf';fg; V ])B + i([Xf ; [X'; V ]])B = 0;i(X')i([Xf ; V ])B + i([Xf ; V ])i(X')B = 0:Q.e.d.Furthermore, if we want a good scalar product, we may try to adaptconveniently formula (2.15), but, since we know from Proposition 2.5 thatwe shall need to ask Xf to be a Killing vector �eld for g, it is simpler tolook at the subspace S0c(K) of the elements of S0(K) which have a compactsupport, and put(3:3) < �1 
 �1; �2 
 �2 >= ZM g(�1; �2)h(�1; �2)d(vol g)(while, of course,M is assumed to be oriented). This scalar product vanisheson forms of di�erent degrees. Hence, it makes S0c(K) into a pre-Hilbertsuperspace, which, afterwards, will be completed to a Hilbert superspace.Then, just as for Proposition 2.5, we deduceProposition 3.2. Assume that the cocycle l is Hermitian with respect tothe metric gh, and put(3:4) Q00(M;P) = ff 2 Q0(M;P) = LXf g = 0g:Then, the operator ~f of (2.7), associated with any f 2 Q00(M;P) is anti-Hermitian with respect to the metric (3.3).Proof. Make explicit the Lie derivative in the Stokes' formulaZM LXf (g(�1; �2)h(�1; �2)d(vol g)) = 0:Q.e.d.Corollary 3.3. Assume that, 8' 2 P; LX'g = 0. Assume that there existsa 1-form � onM such that 8' 2 P one has LX'� = 0; i(X')� = 0, and de�neV = ]g�. Then, the cocycle l3 of (2.13) is g-selfadjoint, and 8f 2 Q(M;P)such that Xf is a Killing vector �eld for g the superquantization ~f of (2.7)with l = l3 is de�ned on S0(K), and it is anti-Hermitian with respect to (3.3).Proof. By the de�nition of V , we have g(V;Z) = �(Z) for any vector �eld Zof M , and the hypotheses of Proposition 3.1 are satis�ed. Furthermore, wealso see that ]g(LXf �) = LXfV = [Xf ; V ]. Hence, the g-adjoint of e(LXf�) isi([Xf ; V ]), and the result follows. Q.e.d.9



4 K�ahler and Lagrangian PolarizationsNow, we shall apply the general Propositions of Section 3 to the two basicexamples mentioned in Section 1 i.e., where M is a symplectic manifold andP is either a K�ahler or a real Lagrangian polarization of M .In the case of a K�ahler polarization we getProposition 4.1. Let (M;!) be a quantizable symplectic manifold, and Pa K�ahler polarization ofM , with the corresponding complex structure J andmetric g. Then K is a holomorphic line bundle, S0(K) is the linear super-space of the K-valued holomorphic forms of (M;J), and, 8f 2 Q(M;P), theHamiltonian vector �eld Xf is Killing. Furthermore, if � is a holomorphic1-form on M , (2.7) with l(f) = e(LXf �) is a super-geometric quantizationon S0(K); 8f 2 Q(M;P). Moreover, ifQ0(M;P) := ff 2 Q(M;P) = ]gLXf �� is holomorphicg;then (2.7) with(4:1) l(f) = e(LXf �) + i([Xf ; ]g��])is an anti-Hermitian super-geometric quantization of Q0(M;P) on S0(K)seen as a Hilbert superspace with the scalar product (3.3).Proof. We already recalled in Section 1 that K is holomorphic and that,8f 2 Q(M;P); Xf is analytic (LXfJ = 0). Since, of course, LXf! = 0, wealso have LXf g = 0. The assertion about the super-geometric quantizationwith the odd cocycle e(LXf �) follows from Proposition 3.1.Finally, we claim that, 8f 2 Q0(M;P), the conditions (3.2) are alsosatis�ed for the cocycle l(f) = i([Xf ; ]g��]). Indeed, the second condition(3.2) is well known, and, as shown during the proof of Proposition 3.1, the�rst condition (3.2) is satis�ed if(4:2) [X'; [Xf ; ]g��]] = 0; 8' 2 P:By taking ' equal to the local complex coordinates zi of (M;J), we see thatthe antiholomorphic tangent bundle T0;1M of (M;J) has local bases of theform fX'ig, for some 'i 2 P. Hence, (4.2) means that [Xf ; ]g��] preservesT0;1M . On the other hand, since Xf is Killing, we have(4:3) [Xf ; ]g��] = ]g(LXf ��);10



and this is a vector �eld of the complex type (1; 0). Accordingly, (4.2) holdsi� [Xf ; ]g��] is a holomorphic vector �eld, as claimed.Now, if we use again Proposition 3.1, and the argument of Corollary 3.3,namely, that the adjoint of e(�) is i(��), we obtain the last assertion of Propo-sition 4.1. Q.e.d.We shall also add a few more results about the space Q(M;P) of a K�ahlerpolarization.Proposition 4.2. i) For a K�ahler polarization P, f 2 Q(M;P) i�(4:4) r�i  @f@�zj! = 0;where (zi) are complex coordinates and r is the Riemannian connection ofthe K�ahler manifold (M;g; J). ii) If the K�ahler manifold M is compact,f 2 Q(M;P) i�(4:5) �df � 2]�1r ]gdf = 0;where � is the Laplace operator and r is the Ricci tensor of g.Proof. i) The condition (4.4) follows immediately from the local coordinateexpression of a Hamiltonian vector �eld Xf .ii) In (4.5) the de�nition of ]�1r is similar to that of ]�1g , but ]r may notexist. It is well known that, if M is compact, Xf is analytic i��(]�1g Xf )� 2]�1r Xf = 0(e.g., see Proposition 2.140 in [2]). But, it follows easily that ]�1g Xf = �df�J ,and, using the known properties of � in the K�ahler case, the previous relationbecomes (�df) � J + 2]�1r J]gdf = 0:If this equality is composed by J , and if we remember that r is compatiblewith J , (4.5) follows. Q.e.d.Remark 4.3. 1) If M is a compact connected K�ahler-Einstein manifold,(4.5) becomes(4:6) �f � 2�f = const:;11



where � is the (constant) scalar curvature of g. 2) If the Ricci curvature ofthe compact K�ahler manifoldM is negative de�nite, Q(M;P) = R. Indeed,in this case M has no non zero analytic vector �elds (e.g., Proposition 2.138in [2]).In order to exemplify the case of a Lagrangian polarization, we considerthe basic situation of a cotangent bundleM = T �N with the symplectic form(4:7) ! = �d� + p�F;where � is the Liouville form, p : T �N ! N is the natural projection, and Fis an exact 2-form F = d� of N (the electromagnetic term). Thus, if qi arelocal coordinates on N , and pi are covector coordinates, we have (with theEinstein summation convention)(4:8) � = pidqi; � = �i(q)dqi:Then, K may be taken trivial, theK-valued forms are just complex valuedforms, the connection r can be de�ned by the global, 
at connection form2�p�1(� � �), and the prequantization formula (2.5) becomes(4:9) f̂A = LXfA+ 2�p�1(�(Xf )� �(Xf ) + f)A (A 2 ^M 
C):Furthermore, the polarization P is de�ned as the sheaf of germs of lifts toT �N of functions on N (i.e., functions of the (qi) alone), and(4:10) Q(M;P) = ff 2 C1(M) = f = �(Y ) + 'g;where Y is a tangent vector �eld of N , �(Y ) is its momentum �(Y ) = piY i(Y = Y i(@=@qi)), and ' 2 P (e.g., [10]).We shall use the notions of complete and vertical lift as de�ned, for in-stance, in [11]. Then, it is easy to obtain(4:11) X' = vertical lift of d' = @'@qi @@pi ; 8' 2 P;and, for a vector �eld Y of N(4:12) X�(Y ) = �complete lift of Y � vertical lift of i(Y )F =12



= �Y i @@qi + vertical part(vertical means tangent to the �bers of T �M).>From (4.11) we see easily that S0(K) can be identi�ed with the linearsuperspace of the complex valued di�erential forms of the base manifold N .An odd cocycle l is provided by the Liouville form � and, as we know, itis l(f) = e(LXf �) (f 2 C1(T �N)). In particular, using (4.11) and (4.12), weget for f = �(Y ) + ' 2 Q(M;P)(4:13) l(�(Y ) + ') = e(�i(Y )F + d');which is a 1-form on N . Hence, this cocycle l de�nes a super-geometricquantization of Q(M;P) on S0(K). Moreover, we can proveProposition 4.4. With the notation above, and with respect to a �xedRiemannian metric g on the base manifold N , the formula(4:14) ~fA = �LYA+ 2�p�1('+ �(Y ))A+ 2�p�1(�i(Y )F + d') ^A++2�p�1i(�i(Y )F + d')A (A 2 ^�N 
C)de�nes a super-geometric quantization of the observables f = �(Y ) + ' 2Q(M;P), such that Y is a g-Killing vector �eld of N , on the linear superspace^�cN
C (c means "with compact support") with the odd-even grading. Thisquantization is by anti-Hermitian operators with respect to the scalar productde�ned by g on the forms of N .Proof. In the right hand side of (4.14), the �rst two terms are f̂A (as onecan see by using (4.9), (4.11), (4.12)), and the third term is the odd cocycle(4.13). Moreover, the operator of the fourth term is the g-adjoint of theoperator of the third term. Therefore, we must only check that this fourthterm behaves like a superquantization 1-cocycle i.e., it satis�es the conditions(2.11), 8f = �(Y ) + '; g = �(Z) +  , where Y;Z are g-Killing vector �eldsof N , '; 2 C1(N). The second condition (2.11) is obvious, and, for the�rst, we compute the corresponding expressions for l(f) = i(�i(Y )F + d'),and in the following cases.a) f = '; g =  . Then, with (4.11), ff; gg = 0, and l(ff; gg) = 0.Furthermore, ['̂; l( )] = 0; [l(');  ̂] = 0.13



b) f = '; g = �(Z). Then, ff; gg = Xfg = Zf , and l(ff; gg) = i(dZ').Furthermore, we obtain['̂; l(g)] + [l('); ĝ] = i([Z; ]gd']) = i(]gdZ') = i(dZ'):We used that 8� 2 ^1(M); i(�) := i(]g�), and that Z is Killing i.e., LZ]g =0. c) f = �(Y ); g = �(Z). Then(4:15) ff; gg = X�(Y )�(Z) (4:12)= ��([Y;Z])� F (Y;Z);and, since dF = 0,(4:16) l(ff; gg) = i(i([Y;Z])F � d(F (Y;Z))) == �i(i(Z)LY F � LY i(Z)F + d(F (Y;Z))) == �i(i(Z)di(Y )F � i(Y )di(Z)F + 2d(F (Y;Z))):Furthermore, using again the general relations that exist among LX ; i(X); dfor any vector �eld X, we get(4:17) [f̂ ; l(g)] + [l(f); ĝ] = i([Z; ]gi(Y )F ]��[Y; ]gi(Z)F ]) = i(]gLZi(Y )F � ]gLY i(Z)F )(because Y;Z are Killing vector �elds), and the �nal result will be the sameas in (4.16). Q.e.d.Remark 4.5. If � is used instead of �, the same results as in Proposition4.4, can be proven in the same way for(4:18) ~fA = �LYA+ 2�p�1('+ �(Y ))A��2�p�1(LY �) ^ A� 2�p�1i([Y; ]g�])A:In (4.18), the notation and the hypotheses are the same as in Proposition4.4. 14
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