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onsin, 480 Lin
oln Dr., Madison WI 53706, USAE-mail: uribe�math.wis
.eduIn this paper we introdu
e the 
on
ept of Deligne 
ohomology of an orbifold. Weprove that the third Deligne 
ohomology group H3(G;Z(3)1D ) of a smooth �etalegroupoid 
lassify gerbes with 
onne
tion over the groupoid. We argue that theB-�eld and the dis
rete torsion in type II superstring theories are spe
ial kinds ofgerbes with 
onne
tion, and �nally, for ea
h one of them, using Deligne 
ohomologywe 
onstru
t a 
at line bundle over the inertia groupoid, namely a Ruan inner lo
alsystem11 in the 
ase of an orbifold.1 Introdu
tionD-brane �elds in type II superstring theory 
an be interpreted as a globalobje
t in K-theory, as has been argued by Witten14. In his work he studiesthe proper quantization 
ondition for the D-brane �elds. He shows that the�elds have a 
harge in integral K-theory in mu
h the same way in whi
hthe ele
tromagneti
 
harge of a U(1)-�eld is the �rst Chern 
lass, namely anelement in integral se
ond 
ohomology.When we in
orporate the Neveu-S
hwarz B-�eld with 3-form �eldstrength H and 
hara
teristi
 
lass [H℄ 2 H3(M;Z), the 
orresponding state-ment is that the re
ipient of the 
harge is a twisted K-theory group K[H℄(M ).Witten has posed the question of generalizing this framework to the orbifold
ase. We have 
onstru
ted the appropriate re
ipient of the 
harge for typesIIA and IIB superstring theories in a previous paper6. In that paper we arguethat the 
orresponding version of K-theory is a twisting via a gerbe of theK-theory of the sta
k asso
iated to the orbifold. We have done this for ageneral orbifold not only for orbifolds known as global quotients, that is to sayorbifolds of the form X = M=G with G a �nite group. In order to do so wehave used extensively the notion of �etale groupoid. This will be explained inmore detail below. The appearan
e of gerbes is natural even in the smooth
ase.Sharpe has argued13 that orbifold string theories 
an dete
t the sta
kyesi1229: submitted to World S
ienti�
 on November 4, 2002 1



nature of the orbifold. This is 
onsistent with the fa
t that the orbifold Euler
hara
teristi
3 is a property of the sta
k asso
iated to the orbifold (a
tuallyof its inertia sta
k7). This point of view also �ts ni
ely with our 
onstru
tionof the orbifold K-theory twisted by a gerbe.In this paper we argue that both dis
rete torsion and the B-�eld 
an beinterpreted as 
lasses in the Deligne 
ohomology group H3(X;Z(3)1D ). Forthis we �rst introdu
e Deligne 
ohomology for orbifolds (in fa
t we do this forfoliations). Then we show that the Deligne 
ohomology group H3(X;Z(3)1D )
lassi�es gerbes with 
onne
tion over the orbifold (we have introdu
ed the
on
ept of gerbe with 
onne
tion over an orbifold in a previous paper6).The basi
 idea of interpreting the B-�eld and the dis
rete torsion asDeligne 
ohomology 
lasses is related to the K-theory twisting in the fol-lowing way. We have showed that every twisting 
an be interpreted as agerbe over the orbifold, and that gerbes are 
lassi�ed by the third integral
ohomology of the 
lassifying spa
e H3(BX;Z). In parti
ular we showed howto produ
e su
h a gerbe for the 
ase of dis
rete torsion. In fa
t in the orb-ifold 
ase the 
ohomology 
lass [H℄ 
orresponding to the one used by Wittenin his twisting is now a 
lass [H℄ 2 H3(BX;Z). But if we want to a
tually
onsider the forms themselves up to isomorphisms, then both the B-�eld andthe dis
rete torsion will then be 
lasses in the enhan
ed 
ohomology groupH3(X;Z(3)1D ). The mathemati
al expression of the exa
t relation betweenthe a
tual B-�eld B 2 H3(X;Z(3)1D ) and its 
lass [H℄ is given by a forgettingmap H3(X;Z(3)1D )! H3(BX;Z).Dixon, Harvey, Vafa and Witten3 have shown that from the point ofview of string theory the right notion of the loop spa
e for the globalquotient orbifold X = M=G should in
lude the twisted se
tors, namelyLX = `(g) LgX=C(g) where the disjoint union runs over all the 
onjuga
y
lasses (g) of elements g 2 G, and C(g) is the 
entralizer of g in G. We havegeneralized this argument to the 
ase of an arbitrary orbifold7 (even one thatis not a global quotient) by means of the 
on
ept of the loop groupoid LX.Even in the 
ase of global quotients the loop groupoid has the virtue thatit is invariant of the representation 
hosen for the orbifold. For example ifX = M1=G1 = M2=G2 as orbifolds then the loop groupoid will be the samefor both representations. We have also shown that the loop groupoid LX hasa 
ir
le a
tion, and that the S1 invariant loops in LX 
orrespond exa
tly withthe twisted se
tors of the orbifold that we will write as ^X (we 
all these theinertia groupoid7 of the orbifold X).In the 
ase of a global quotient X = M=G and a dis
rete torsion � 2H3(G;Z) we 
onstru
ted a gerbe L� over X (
orresponding to the 
ohomologymap H3(G;Z)! H3(BX;Z),) and then from here by using the holonomy ofesi1229: submitted to World S
ienti�
 on November 4, 2002 2



this gerbe we produ
ed a line bundle over ^X (
orresponding to the restri
tionof the holonomy line bundle over LX of the gerbe L� to ^X).In this paper we prove that su
h line bundle admits a natural 
at 
onne
-tion. In fa
t we prove something more interesting and general. For any gerbewith a 
onne
tion over X we will 
onstru
t a 
at line bundle over the twistedse
tors ^X. We will do this using Deligne 
ohomology in the following way.We will prove that H3(X;Z(3)1D ) 
lassi�es gerbes with 
onne
tion over X, thatH2(Y;Z(2)1D ) 
lassi�es line bundles with 
onne
tion over Y, and �nally thatthere exists a natural holonomy mapH3(X;Z(3)1D ) �! H2(^X;Z(2)1D ) (1)whose image lands in the family of 
at line bundles over ^X.To �nish this introdu
tion let us mention that the mathemati
al results ofthis paper 
an be approa
hed from a more general point of view that in
ludesall the Deligne 
ohomology groups (not only the se
ond and the third) andtheir geometri
 interpretations8.2 PreliminariesIn this se
tion we will review the basi
 
on
epts of groupoids, sheaves overgroupoids and the 
ohomologies asso
iated to them. For a more detailed de-s
ription we re
ommend to see Hae
iger4, Craini
 and Moerdijk2 and Luper
ioand Uribe7.2.1 Topologi
al GroupoidsThe groupoids we will 
onsider are small 
ategories G in whi
h every morphismis invertible. By G1 and G0 we will denote the spa
e of morphisms (arrows)and of obje
ts respe
tively, and the stru
ture mapsG1 t�s G1 m // G1 i // G1 s //t // G0 e // G1where s and t are the sour
e and the target maps, m is the 
omposition oftwo arrows, i is the inverse and e gives the identity arrow over every obje
t.The groupoid will be 
alled topologi
al (smooth) if the sets G1 and G0and the stru
ture maps belong to the 
ategory of topologi
al spa
es (smoothmanifolds). In the 
ase of a smooth groupoid we will also require that themaps s and t must be submersions, so that G1 t�s G1 is also a manifold.A topologi
al (smooth) groupoid is 
alled �etale if all the stru
ture mapsare lo
al homeomorphisms (lo
al di�eomorphisms). For an �etale groupoid weesi1229: submitted to World S
ienti�
 on November 4, 2002 3



will mean a topologi
al �etale groupoid. In what follows, sometimes the kindof groupoid will not be spe
i�ed, but it will be 
lear from the 
ontext to whi
hone we are referring to. We will �x notation for the groupoids and they willbe denoted only by letters of the type G;H; S.Orbifolds are an spe
ial kind of �etale groupoids, they have the pe
uliaritythat the map (s; t) : G1 ! G0�G0 is proper, groupoids with this property are
alled proper. Whenever we write orbifold, a proper �etale smooth groupoidwill be understood.A morphism of groupoids 	 : H ! G is a pair of maps 	i : Hi ! Gii = 1; 2 su
h that they 
ommute with the stru
ture maps. The maps 	i willbe 
ontinuous (smooth) depending on whi
h 
ategory we are working on.The morphism 	 is 
alled Morita if the following square is a 
artesiansquare H1 	1 //(s;t)
��

G1(s;t)
��H0 � H0 	0�	0// G0 � G0:If the Morita morphism is between �etale groupoids and the map s�2 : H0 	0�tG1 ! G0 is an �etale surje
tion (lo
al homeomorphism, di�eomorphism) thenthe morphism is 
alled �etale Morita; for orbifolds we will require the Moritamorphisms to be �etale.Two groupoids G and H are Morita equivalent if there exist anothergroupoid K with Morita morphisms G ' K '! H.For an �etale groupoid G, we denote by Gn the spa
e of n-arrowsx0 g1! x1 g2! � � � gn! xnThe spa
es Gn (n � 0) form a simpli
ial spa
e:� � � //////// G2 ////// G1 s //t // G0that together with the fa
e maps di : Gn! Gn�1di(g1; : : : ; gn) = 8<: (g2; : : : ; gn) if i = 0(g1; : : : ; gigi+1; : : : ; gn) if 0 < i < n(g1; : : : ; gn�1) if i = nform what is 
alled the nerve of the groupoid. Its geometri
 realization12 isthe 
lassifying spa
e of G, denoted BG. A Morita equivalen
e H �! G indu
esa weak homotopy equivalen
e BH �! BG.esi1229: submitted to World S
ienti�
 on November 4, 2002 4



2.2 Sheaves and 
ohomologyFrom now on, we will restri
t our attention to the 
ase where G is an �etalegroupoid and smooth when required.A G-sheaf F is a sheaf over G0, namely a topologi
al spa
e with a proje
-tion p : F ! G0 whi
h is a lo
al homeomorphism on whi
h G1 a
ts 
ontinu-ously. This means that for a 2 Fx = p�1(x) and g 2 G1 with s(g) = x, thereis an element ag in Ft(g) depending 
ontinuously on g and a. The a
tion is amap F p�s G1 ! F .All the properties of sheaves and its 
ohomologies of topologi
al spa
es
an be extended for the 
ase of �etale groupoids as is done in Hae
iger4 andCraini
 and Moerdijk2.For F a G-sheaf, a se
tion � : G0 ! F is 
alled invariant if �(x)g = �(y)for any arrow x g! y. �inv(G;F) is the set of invariant se
tions and it will bean abelian group if F is an abelian sheaf.For an abelian G sheaf F , the 
ohomology groups Hn(G;F) are de�nedas the 
ohomology groups of the 
omplex:�inv(G; T 0)! �inv(G; T 1)! � � �where F ! T 0 ! T 1 ! � � � is a resolution of F by inje
tive G-sheaves. Whenthe abelian sheaf F is lo
ally 
onstant (for example F = Z) is a result ofMoerdijk9 that H�(G;F) �= H�(BG;F)where the left hand side is sheaf 
ohomology and the right hand side is sim-pli
ial 
ohomology.There is a basi
 spe
tral sequen
e asso
iated to this 
ohomology. Pullingba
k F along �n : Gn ! G0 (2)�n(g1; : : : ; gn) = t(gn)it indu
es a sheaf ��nF on Gn (where the G a
tion on Gn is the natural one, i.e.(g1; : : : ; gn)h = (g1; : : : ; gnh); Gn be
omes in this way a G-sheaf) su
h that for�xed q the groups Hq(Gp; ��pF) form a 
osimpli
ial abelian group, indu
ing aspe
tral sequen
e: HpHq(G�;F)) Hp+q(G;F)So if 0! F ! F0 ! F1 ! � � � is a resolution of G-sheaves with the propertythat ��pFq is an a
y
li
 sheaf on Gp, then H�(G;F) 
an be 
omputed from thedouble 
omplex �(Gp; ��pFq).esi1229: submitted to World S
ienti�
 on November 4, 2002 5



We 
on
lude this se
tion by introdu
ing the algebrai
 gadget that willallow us to de�ne Deligne 
ohomology. Let F� be a 
o
hain 
omplex ofabelian sheaves, then the hyper
ohomology groups Hn (G;F) are de�ned as the
ohomology groups of the double 
omplex �inv(G; T �) where F� ! T � is aquasi-isomorphism into a 
o
hain 
omplex of inje
tives.3 Deligne CohomologyIn what follows we will de�ne the smooth Deligne 
ohomology of a smooth�etale groupoid; we will extend the results of Brylinski1 to groupoids and willfollow very 
losely the des
ription given in there.We will assume all through out this paper that the set of obje
ts G0 ofour groupoid G has an open 
over by subsets whi
h are ea
h para
ompa
t,Hausdor�, lo
ally 
ompa
t and of bounded 
ohomologi
al dimension depend-ing on G0. If not spe
i�ed expli
itly, when working on a groupoid we willhave always in mind its des
ription given by this 
over; in other words, wewill think of G0 as the disjoint union of this 
over and G1 its respe
tive spa
eof arrows that will keep the groupoid in the same Morita 
lass.Deligne 
ohomology is related to the De Rham 
ohomology. We will
onsider the De Rham 
omplex of sheaves and we will trun
ate it at level p;what interests us is the degree p hyper
ohomology 
lasses of this 
omplex.To be more spe
i�
, let Z(p) := (2�p�1)p �Zbe the 
y
li
 subgroup of C ,Ap(G0)C := Ap(G0)
 C the spa
e of 
omplex-valued p forms on G0 and ApG;Cthe G-sheaf of 
omplex-valued di�erential p-forms; as G is a smooth �etalegroupoid the maps s and t are lo
al di�eomorphisms, then the a
tion of Ginto the sheaf over G0 of 
omplex-valued di�erential p-forms is the naturalone given by the pull ba
k of the 
orresponding di�eo.Let Z(p)G be the 
onstant Z(p)-valued G-sheaf, and i :Z(p)G!A0G;C thein
lusion of 
onstant into smooth fun
tions.De�nition 3.0.1 Let G be a smooth �etale groupoid. The smooth Deligne
omplex Z(p)1D is the 
omplex of G-sheaves:Z(p)G i�! A0G;C d�! A1G;C d�! � � � d�! Ap�1G;CThe hyper
ohomology groups Hq (G;Z(p)1D ) are 
alled the smooth Deligne
ohomology of G.Formally, this des
ription will do the job, but we would like to have a more
on
rete de�nition of this 
ohomology. This is done using a Leray des
riptionof the groupoid and then 
al
ulating the 
ohomology of the respe
tive �Ce
hdouble 
omplex. For a manifold M , a Leray 
over U is one on whi
h allesi1229: submitted to World S
ienti�
 on November 4, 2002 6



the open sets and its interse
tions are 
ontra
tible. With this 
over we 
an
al
ulate the De Rham 
ohomology of M by 
al
ulating the 
ohomology ofthe �Ce
h 
omplex with real 
oeÆ
ients; for the De Rham 
ohomology ofthe open sets in the 
over is trivial. The same idea 
an be applied to thehyper
ohomology of the Deligne 
omplex on a manifold, but in this 
ase weobtain a �Ce
h double 
omplex. This will be explained in more detail in thenext se
tion.De�nition 3.0.2 Let H be a smooth �etale groupoid. A Leray des
ription ofH is an �etale Morita equivalent groupoid G, provided with an �etale Moritamorphism G! H, on whi
h all the sets Gi, for i � 0, are di�eomorphi
 to adisjoint union of 
ontra
tible sets.The existen
e of su
h a groupoid for orbifolds (namely proper �etale smoothgroupoids) 
an be proved using the results of Moerdijk and Pronk 10. In any
ase, this is 
lear for most relevant examples. In order to make the 
al
ulations
learer, where are going to work with a quasi-isomorphi
 
omplex of sheavesto the Deligne one, whi
h is a bit simpler.De�nition 3.0.3 Let C� (p)G be the following 
omplex of sheaves:C�G d log�! A1G;C d�! � � � d�! Ap�1G;CIt's easy to see that there is a quasi-isomorphism between the 
omplexes(2�p�1)�p+1 �Z(p)1D and C� (p)G[�1℄ (this fa
t is explained in Brylinski 1page 216)(2�p�1)�p+1 �Z(p)G // CG d //exp
��

A1G;C d //

��

� � � d // Ap�1G;C
��C�G d log // A1G;C d // � � � d // Ap�1G;Chen
e there is an isomorphism of hyper
ohomologies:Hq�1 (G; C� (p)G) �= (2�p�1)�p+1 � Hq (G;Z(p)1D ) (3)Now let G be su
h Leray des
ription of the groupoid. We are going tode�ne the �Ce
h double 
omplex asso
iated to the G-sheaf 
omplex C� (p)G.Consider the spa
e Ck;l = �C(Gk;AlG;C) := �(Gk; ��kAlG;C)of global se
tions of the sheaf ��kAlG;C over Gk as in (2). The verti
al di�er-ential Ck;l ! Ck;l+1 is given by the maps of the 
omplex C� (p)G and theesi1229: submitted to World S
ienti�
 on November 4, 2002 7



horizontal di�erential Ck;l ! Ck+1;l is obtained by Æ = P(�1)iÆi where for� 2 �(Gk; ��kAlG;C)(Æi�)(g1; : : : ; gk+1) =8<: �(g1; : : : ; gk) � gk+1 for i = k + 1�(g1; : : : ; gigi+1; : : : ; gk+1) for 0 < i < k + 1�(g2; : : : ; gk+1) for i = 0De�nition 3.0.4 For G a Leray des
ription of a smooth �etale groupoid, let'sdenote by �C(G; C� (p)G) the total 
omplex indu
ed by the double 
omplex... ... ... ...�C(G2; C�G )Æ OO d log // �C(G2;A1G;C) d //

Æ OO �C(G2;A2G;C)Æ OO d // � � � d// �C(G2;Ap�1G;C )Æ OO�C(G1; C�G )Æ OO d log // �C(G1;A1G;C) d //

Æ OO �C(G1;A2G;C)Æ OO d // � � � d// �C(G1;Ap�1G;C )Æ OO�C(G0; C�G )Æ OO d log // �C(G0;A1G;C) d //

Æ OO �C(G0;A2G;C)Æ OO d // � � � d// �C(G0;Ap�1G;C )Æ OOThe �Ce
h hyper
ohomology of the 
omplex of sheaves C� (p)G is de�ned as the
ohomology of the �Ce
h 
omplex �C(G; C� (p)G):�H�(G; C� (p)G) := H� �C(G; C� (p)G):Due to all the 
onditions imposed to the Leray des
ription, the previous
ohomology a
tually mat
hes the hyper
ohomology of the 
omplex C� (p)G,so we getLemma 3.0.5 Let H be a smooth �etale groupoid and G a Leray des
riptionof it. Then the 
ohomology of the �Ce
h 
omplex �C(G; C� (p)G) is isomorphi
to the hyper
ohomology of C� (p)H�H�(G; C� (p)G) �=! H� (G; C� (p)G) �= H� (H; C� (p)H)where the se
ond isomorphism is indu
ed by the map G M! H.We will postpone the proof of this result to a forth
oming paper8. This�Ce
h des
ription will be the one that will allow us understand the relationshipbetween the B-�eld and the dis
rete torsion and also gives us an inside viewof what the hyper
ohomology 
al
ulates.esi1229: submitted to World S
ienti�
 on November 4, 2002 8



We 
on
lude this se
tion by observing that with the de�nition of gerbewith 
onne
tion over an orbifold given in our previous work6 we 
an easilyprove the followingProposition 3.0.6 For G a Leray des
ription of a smooth �etale groupoid, agerbe with 
onne
tion is a 2-
o
y
le of the 
omplex �C(G; C� (3)G), that is, atriple (h;A;B) with B 2 �C(G0;A2G;C), A 2 �C(G1;A1G;C) and h 2 �C(G2; C�G )that satis�es ÆB = dA, ÆA = d logh and Æh = 1. Two su
h gerbes with
onne
tion are isomorphi
 if they lie in the same 
ohomology 
lass, hen
ethey are 
lassi�ed by H3 (G;Z(3)1D ).4 B-�eld and Dis
rete Torsion4.1 ManifoldsA B-�eld over a manifoldM (see Hit
hin5) is a 
hoi
e of gerbe with 
onne
tionwhi
h in terms of a Leray 
over fU�g of M is des
ribed by a 
olle
tion of 2-forms B� over ea
h U�, 1-forms A�� over the double interse
tions U�� :=U� \ U� and C� -valued fun
tions h��
 over triple overlaps U��
 satisfyingB� �B� = dA��A�� + A�
 �A�
 = d logh��
h�1��
h���h�1�
�h�
� = 1:If we 
onsider the des
ription as a groupoid of M given by the Leray 
overfU�g: M0 :=G� U� and M1 :=G�� U��and we 
olle
t the information of these fun
tions as se
tions of the sheavesde�ned in the previous se
tion, in other words B 2 �C(M0;A2M;C), A 2�C(M1;A1M;C) and h 2 �C(M2; C�M ), it's easy to see that those equations be-
ome: ÆB = dAÆA = d loghÆh = 1then the triple (h;A;B) determines a 
o
y
le in the �Ce
h 
omplex�C(M; C� (3)M) (see theorem 5.3.115); hen
e, by lemma 3.0.5 we obtainesi1229: submitted to World S
ienti�
 on November 4, 2002 9



Theorem 4.1.1 A 
hoi
e of B-�eld in a manifold M determines a 
o
y
le(h;A;B) of the 
omplex �C(M; C� (3)M) and vi
e versa. Moreover, the isomor-phism 
lasses of 
hoi
es of B-�eld are 
lassi�ed by the 
ohomology 
lass of(h;A;B) in the hyper
ohomology group H2 (M; C�M d log�! A1M;C d�! A2M;C).Then, in view of the isomorphism 3 we 
on
ludeCorollary 4.1.2 The 
hoi
e of B-�eld over a manifold M is 
lassi�ed by thethird Deligne 
ohomology group H3 (M;Z(3)1D ) of the manifold.Here we should point out that we6 have generalized the pi
ture des
ribedby Hit
hin5 to the 
ase of orbifolds, and hen
e the previous statements remaintrue for the orbifold 
ase.4.2 Dis
rete torsionIn what follows we will argue that over an orbifold the dis
rete torsion is justanother 
hoi
e of gerbe with 
onne
tion, as is the B-�eld. In other words, thedis
rete torsion and the B-�eld are both extreme 
ases of the same pi
ture,namely gerbes with 
onne
tion; while the B-�eld only takes into a

ount thedi�erentiable stru
ture of the orbifold, the dis
rete torsion one only 
onsidersthe extra stru
ture added by the a
tion of the groups.In the 
ase of a global quotient M=G with G a �nite group a
ting viadi�eomorphisms over M , we 
an take one �etale groupoid that models it6,i.e. X0 := M and X1 := M � G with the natural sour
e and target maps:s(z; g) = z and t(z; g) = zg; denoting by �G := � � G � � the groupoidasso
iated to G we have a natural morphismX! �G: (4)As �G is formed by a dis
rete set of points we have thatH2(G; C� ) �= H2( �G; C��G d log�! A1�G;C d�! A2�G;C);as there is a natural monomorphism indu
ed by (4)H2 ( �G; C��G d log�! A1�G;C d�! A2�G;C)! H2(X; C�X d log�! A1X;C d�! A2X;C)we get a map H2(G; C� )! H2 (X; C�X d log�! A1X;C d�! A2X;C):Theorem 4.2.1 For the orbifold X = [M=G℄ the homomorphismH2(G; C� )! H2(X; C�X d log�! A1X;C d�! A2X;C)esi1229: submitted to World S
ienti�
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is inje
tive. Therefore the 
hoi
e of dis
rete torsion is a subgroup of the equiv-alen
e 
lasses of gerbes with 
onne
tion over the groupoid, whi
h is 
lassi�edby the third Deligne 
ohomology of the orbifold, namely(2 2 p�1)�2 � H3 (X;Z(3)1D ):Let 
 : G�G! C� be a 2-
o
y
le and �
 :M �G�G! C� , �
(x; g; h) :=
(g; h) its image under the morphism. If (�
; 0; 0) = 0 in H2 (X; C� (3)X) thenthere exist a map f :M �G! C� su
h that Æf = �
 and df = 0. As(Æf)(x; g; h) = f(x; g)f(x; gh)�1f(x; h) = �
(x; g; h) = 
(g; h)we get that the 
o
y
le 
 is also exa
t; take � : G! C� with �(g) := f(x; g)for any �xed x, then Æ� = 
.5 Gerbes with 
onne
tion and the Inertia groupoidIn this se
tion we are going to 
onstru
t the holonomy bundle of a gerbe with
onne
tion, whi
h in the 
ase of a groupoid will be a 
at line bundle over theinertia groupoid. To do this we need to re
all some de�nitions.5.1 Line bundles with 
onne
tionFrom theorem 2.2.12 of Brylinski1 we know that the group of isomorphism
lasses of line bundles with 
onne
tion over a manifoldM is 
anoni
ally iso-morphi
 to its se
ond Deligne 
ohomology, namely(2�p�1)�1 � H2 (M;Z(2)1D ) �= H1(M; C�M d log�! A1M;C):The same result 
an be extended to 
over smooth �etale groupoids, let's explainthe idea. For G a Leray des
ription of a groupoid G, a line bundle with
onne
tion over it is a morphism of groupoids � : G ! C� and a 1-form Aover G0 su
h that s�A� t�A = d log�1:But � is a morphism of groupoids if and only if Æ�1 = 1; 
onsidering �1 alsoas an element of �C(G1; C�G ) (re
all that �1 : G1 ! C� ); i.e.(Æ�1)(g1; g2) = �1(g2)�1(g1g2)�1�1(g1) = 1:Proposition 5.1.1 The line bundle with 
onne
tion (�;A) over G representsa 1-
o
y
le in the 
omplex �C(G; C� (2)G) and its isomorphism 
lass is 
lassi�edby the respe
tive element in H1 (G; C�G d log! A1G).esi1229: submitted to World S
ienti�
 on November 4, 2002 11



5.2 The inertia groupoidThe inertia groupoid ^G is de�ned in the following way:^G0 = fa 2 G1js(a) = t(a)g^G1 = f(a; b) 2 G2ja 2 ^G0gwith s(a; b) = a and t(a; b) = b�1ab. Here we 
onsider the 
ase in whi
h thisgroupoid is smooth. We know (see theorem 6.4.27) that a gerbe over an �etalegroupoid � : G2 ! C� with Æ� = 1 determines a line bundle over the inertiagroupoid � : ^G! C� with�1(a; b) = �(a; b)�(b; b�1ab)(we re
ommend the reader to see our previous paper7 to get a
quainted withthe terminology).Now we want to extend the previous result to de�ne a line bundle with
onne
tion over the inertia groupoid from a gerbe with 
onne
tion.Lemma 5.2.1 Let G be a Leray des
ription of a smooth �etale groupoid and(h;A;B) a 2-
o
y
le of �C(G; C� (3)G) (a gerbe with 
onne
tion). Then thepair (�;r) where�(a; b) := h(a; b)h(b; b�1ab) and r := Aj^G0is a 1-
o
y
le of the indu
ed 
omplex �C(^G; C� (2)^G).We just need to prove that Ær = d log�. We have that in �C(^G; C� (2)^G):(Ær)(a; b) = r(s(a; b)) � b�r(t(a; b)) = r(a) � b�r(b�1ab)and in �C(G; C� (3)G):(ÆA)(a; b) = A(a) � b� A(ab) + A(b) = d logh(a; b)(ÆA)(b; b�1ab) = A(b) �A(ab) +A(b�1ab) = d logh(b; b�1ab):By de�nition r(a) = A(a) and r(b�1ab) = A(b�1ab), so we get(Ær)(a; b) = (ÆA)(a; b)� (ÆA)(b; b�1ab) = d log h(a; b)h(b; b�1ab) = d log�(a; b):� In the same way as before, 1-
o
y
les in �C(G; C� (3)G) indu
e 0-
o
y
lesin �C(^G; C� (2)^G), so we get that there is a morphismH2 �C(G; C� (3)G) �! H1 �C(^G; C� (2)^G) (5)that extends to a morphisms in hyper
ohomology:esi1229: submitted to World S
ienti�
 on November 4, 2002 12



Theorem 5.2.2 Let G be a smooth �etale groupoid, then there exists a holon-omy homomorphismH2(G; C�G d log! A1G;C d!A2G;C) //�=
��

H1 (^G; C �̂G d log! A1̂G;C)�=
��(2�p�1)�2 � H3 (G;Z(3)1D ) holo // (2�p�1)�1 � H2(^G;Z(2)1D )whi
h to every gerbe with 
onne
tion assigns a line bundle with 
onne
tionover the inertia groupoid ^G. Moreover, this line bundle is 
at.Let's assume G is the Leray des
ription of su
h a groupoid, from lemma 3.0.5H2 �C(G; C� (3)G) �= H2 (G; C�G d log! A1G;C d!A2G;C)and in the same manner as proposition 1.3.4 of Brylinski1, there is a 
anoni
alhomomorphismH1 �C(^G; C� (2)^G)! H1(^G; C �̂G d log! A1̂G;C)whi
h together with the morphism (5) implies (5.2.2).Using the notation of lemma 5.2.1 we know that ÆB = dA, or in otherwords, B(s(g)) � B(t(g)) = dA(g) for g 2 G1. Then is 
lear that for a 2 ^G0dA(a) = 0, hen
e dr = 0. The indu
ed line bundle with 
onne
tion over thegroupoid is 
at. �In the 
ase that G is an orbifold, these indu
ed 
at line bundles over theinertia groupoid are pre
isely what Ruan11 denoted by inner lo
al systems(see the last se
tion of our previous paper7), then we 
an 
on
ludeProposition 5.2.3 A gerbe with 
onne
tion over an orbifold G determinesan inner lo
al system11 over the twisted se
tors g�1G.The homomorphismof theorem 5.2.2 
an be generalized to all the Deligne
ohomology groups. So we get the following result whi
h will be proved in aforth
oming paper8Theorem 5.2.4 Let G be an smooth �etale groupoid, then there exist a naturalmorphism of 
omplexes�C(G; C� (p)G)! �C(^G; C� (p � 1)^G)whi
h indu
es for all p > 0 a morphism of 
ohomologiesHq (G; C� (p)G) //�=

��

Hq�1(^G; C� (p � 1)^G)�=
��(2�p�1)�p+1 � Hq+1(G;Z(p)1D ) // (2�p�1)�p+2 � Hq (^G;Z(p� 1)1D ):esi1229: submitted to World S
ienti�
 on November 4, 2002 13



Observe that these fa
ts provide a generalization of the 
on
ept of innerlo
al system for the twisted multise
tors of Ruan. It is reasonable to predi
tthat this will be relevant in the full theory of Gromov-Witten invariants onorbifolds.A
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