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A lecture on Poisson-Nijenhuis StructuresIzu VaismanAugust 1994ABSTRACT. This is an expository paper. In it, the Poisson-Nijenhuis struc-tures are motivated and de�ned in the general algebraic framework of Gel'fandand Dorfman. Then, in the particular case of Lie algebroids and di�erentiablemanifolds, the Poisson-Nijenhuis structures are related to the notion of a com-plementary 2-form, introduced and studied by the author in [10], and severalexamples of complementary forms and Poisson-Nijenhuis manifolds are given.1 MotivationIt was established by several authors, and, in particular, by Magri (1978),Gel'fand-Dorfman (1979), Rat�iu (1980), etc., that two Poisson structures(i.e., brackets which are "like" the classical Poisson brackets of mechanics),which are well correlated, lead to functions in involution, and these func-tions may provide the complete integrability of some important Hamiltoniansystems, particularly, in�nite-dimensional ones.The basics beyond this procedure consists of the following general alge-braic scheme of Gel'fand and Dorfman [1], where we recognize the funda-mental ideas of Hamiltonian dynamics.�This lecture was prepared during the author's stay at the Erwin Schr�odinger Institutefor Mathematical Physics in Vienna, and the author wants to express here all his grati-tude to the Institute, and to Professor Peter Michor, in particular, for their support andhospitality.1991 Mathematics Subject Classi�cation 58 F 05, 55 C 15.Key words and phrases: Poisson-Nijenhuis Structure, Complementary 2-Form.1



Let � be a real Lie algebra (not necessarily �nite-dimensional) andC = ( 1Xk=0 
k ; d : 
k ! 
k+1 ; d2 = 0)(1)a cochain complex of real linear spaces. A representation of � on C is amapping X 7! i(X) 2 LR(
k;
k�1)de�ned for all X 2 � and k = 0; 1; 2; :::, such that, 8X;Y 2 � one hasi(X)i(Y ) + i(Y )i(X) = 0 ; i([X;Y ]) = LXi(Y )� i(Y )LX;(2)where LX := di(X) + i(X)d :(3)If such a representation is de�ned, we say that (� ; C) is a Gel'fand-Dorfmancomplex. Of course, i(X)f := 0 for f 2 
0. On the other hand, if we de�neXf := i(X)df , we get a usual representation of the Lie algebra � on 
0. Weshould also notice that (2) and (3) imply the usual formulai(Xk):::i(X0)d� = kXi=0(�1)iLXi((i(Xk)::: di(Xi):::i(X0)�)+(4) +Xi<j(�1)(i+j)i(Xk)::: di(Xj)::: di(Xi):::i(X0)i([Xi;Xj])� (� 2 
k):The usual calculus of di�erential forms gives the basic example and thenames for the operators. Another simple case is provided by any linear spaceF where � has a representation, if we take 
k := LRalt(�� ::: � �| {z }k times ;R), andthe usual formulas for d and i(X).Now, a Hamiltonian structure on (�; C) is an elementH 2 LR(
1; �) suchthat, if we de�ne Xf := H(df) (f 2 
0);(5)Xf behaves like a "Hamiltonian vector �eld". What we mean by this is thatff; gg :=< Hdf; dg >:= i(Hdf)(dg)(6) 2



is a Lie bracket called the Poisson bracket. The skew-symmetry of (6) isensured if we ask< �;H� >= � < H�; � > (�; � 2 
1);(7)and a computation shows that the Jacobi identity holds i�[H;H] = 0;(8)where this Gel'fand-Dorfman bracket is the operation de�ned for all H;Ksatisfying (7) by[H;K](�; �; 
) = XCycl(�;�;
)f< KLH��; 
 > + < HLK��; 
 >g(9)(�; �; 
) 2 
1.Thus, a Hamiltonian structure is H which satis�es (7) and (8), and if theelements of � represent a "time-evolution", the equationdudt = Xf(10)is a Hamiltonian system, with the Hamiltonian f .Obviously, the scheme is applicable to time evolutions on �nite dimen-sional or Banach manifolds, and it is also applicable in a formal variationalcalculus due to Gel'fand and Dikii [2]. This calculus is a general algebraicsetting useful in the study of many partial di�erential equations.The point is that, if a general Hamiltonian system (10) has �rst integralsin involution with f , and among themselves, these �rst integrals are helpfulin the integration of (10), up to a possible complete integration �a la Liouville,just as in classical mechanics. The "practical" conclusion is that one shouldlook for methods of getting as many as possible elements of 
0 in involution.It turns out that this is possible if the Hamiltonian complex (�; C;H) alsopossesses a second Hamiltonian structure K which is compatible with H, inthe sense that (see (9)) [H;K] = 0:(11)Accordingly, we call (�; C;H;K) a bi-Hamiltonian complex. In particular,we may also speak of bi-Hamiltonian di�erentiable manifolds. (Of course, aHamiltonian manifold is just a Poisson manifold.)Now, one way to obtain elements of 
0 ("functions") in involution is basedon [1]: 3



Lemma 1 In a bi-Hamiltonian complex, if for some '; ; � 2 
1 one hasK = H', and K� = H , then 8�; � 2 
1 one hasi(K�)i(K�)d� = i(H�)i(K�)d + i(K�)i(H�)d � i(H�)i(H�)d':(12)The proof is by computations based on (7) (8), (9) and (11).This lemma allows for an inductive proof ofProposition 1 With the notation above, assume that C is such thati(K�)i(K�)d� = 0 implies � = dh (h 2 
0), and assume that �i 2 
1 (i =0; 1; 2; :::) are such that K�i+1 = H�i, and �0; �1 2 d
0. Then, all �i =dmi (mi 2 
0), and 8i; j � 0, fmi;mjgH = 0, fmi;mjgK = 0.Another possibility is used in more recent papers by Magri and collabo-rators [3]. Namely, let 
0f�g be the space of formal power series in �, over
0. Then, the Poisson brackets associated with Hamiltonian structures on
0 extend to 
0f�g, and it is easy to see that (H;K) is a bi-Hamiltonianstructure i� H � �K := H� yields a Lie bracket on 
0f�g. Furthermore,let us agree to call any h 2 
0 such that 8f 2 
0, ff; hg = 0 a Casimirof H, and let h(�) = Pk�0 hk�k (hk 2 
0) be a Casimir of H�. Then, itstraightforwardly follows that we havefhk; fgK = fhk+1; fgH (8f 2 
0);(13)and, after several steps of this kind we getfhk; hk+jgK = fhk; hk+jgH = 0:(14)Indeed fhk; hk+1gK = fhk+1; hk+1gH = 0;and then fhk; hk+jgK = fhk+1; hk+jgH = �fhk+j ; hk+1gH == �fhk+j�1; hk+1gK = fhk+1; hk+j�1gK = ::: = 0;since we get either equal indices or indices which di�er by 1, at the end.Therefore, Casimirs of H� yield systems of functions in involution. The KdVequation can be studied well by this method [3].4



2 The De�nitionThus, if we have a Hamiltonian complex, it is of great interest to look forsecondary, compatible, Hamiltonian structures of the complex. The theoryof Poisson-Nijenhuis structures yields interesting pairs of compatible Hamil-tonian structures, which are well suited for the application of the previ-ous Proposition 1, since there exists a recursive construction of sequencesf�ig 2 
1 as needed in this proposition, associated to a Poisson-Nijenhuisstructure.We shall give the de�nition of the Poisson-Nijenhuis structures following[4]. This de�nition is based on some general algebraic properties of Hamil-tonian complexes.Lemma 2 Let � be a Lie algebra represented on a complex C, and H 2LR(
1; �) be a skew- symmetric element (it satis�es (7)). 8�; � 2 
1, de�nef�; �g = LH�� � LH�� � d < H�; � > :(15)Then, 8
 2 
1;8X 2 � one has< 
;Hf�; �g >=< 
; [H�;H�] > +12[H;H](�; �; 
);(16) XCycl(�;�;
) < ff�; �g; 
g;X >= [H;LXH](�; �; 
)+(17) +12 XCycl(�;�;
)[H;H](�; �; d < 
;X >):In these formulas, we used the notation < 
;X >:=< X; 
 >:= i(X)
,and the "Lie derivative" is extended from "forms" to "tensors" as in thecase of di�erentiable manifolds. The computations needed to prove theseformulas are long, and we do not give them here. For (16) they are mainlytechnical, but for (17) they pass by the utilization of a "contravariant exteriordi�erential" given by(d�X)(�; �) := (H�) < X;� > �(H�) < X;� > � < X; f�; �g > :(18)Then (17) follows by equating the results of two evaluations of d2�X. (See[10].)It follows from Lemma 2 that we have5



Theorem 1 i) Suppose that (�; C) is such that < X; 
 >= 0 for all 
 impliesX = 0. Then, [H;H] = 0 i�Hf�; �g = [H�;H�]:(19)ii) Suppose also that (�; C) is such that < X; 
 >= 0 for all X implies 
 = 0.Then, if [H;H] = 0, the bracket (15) is a Lie bracket on 
1, and(� 2 
1; f 2 
0) 7�! (H�)f := i(H�)dfis a representation of this Lie algebra 
1 on 
0.i) follows from (16). ii) follows from (17), if we notice that [H;H] = 0implies LX [H;H] = 2[H;LXH] = 0. A converse of ii) can be establishedunder special hypotheses only [10].Thus, under the mild supplementary hypotheses of Theorem 1, the space
1 of a Hamiltonian complex is a Lie algebra with the bracket (15), which,hereafter, we call the dual bracket. Furthermore, if 8
 < X; 
 >= 0 impliesX = 0, and 8X < X; 
 >= 0 implies 
 = 0, we say that the Gel'fand-Dorfman complex (�; C) is regular. (Sometimes, the second condition of thisregularity is dropped [1].)Now, with regard to the sequence (�i) of Proposition 1 which satis�esK�i+1 = H�i, it is natural to look for situations where such a sequence canbe constructed by a recurrence formula �i+1 = A�i; A 2 LR(
1;
1), suchthat KA = H. Such a situation might be obtained as the "dual" of thecase where K = BH for B 2 LR(�;�). (The skew-symmetry of H and Kis essential.) It was discovered by Magri and Kosmann that the followingde�nition leads to the situation desired. (As a matter of fact, we give here amore general de�nition following [9].)De�nition 1 Let (�; C;H) be a regular Hamiltonian complex. A generalizedPoisson-Nijenhuis structure of this complex is a triple ([ ; ]0; d0 : 
k �!
k+1 (8k); B 2 LR(�;�)), where [ ; ]0 is a Lie algebra structure of �,B : (�; [ : ]0) �! (�; [ ; ]) is a homomorphism of Lie algebras, and d0 is acoboundary on C (d02 = 0), such that:a) the composition by B leaves 
1 invariant, and H1 = BH is skew-symmetric;b)i(X) is a representation of (�; [ ; ]0) on (C; d0), and 8f 2 
0 one hasi(X)d0f = i(BX)df ; 6



c) the dual brackets of ((�; [ ; ]); C; d;H1) and ((�; [ ; ]0); C; d0;H) areequal;d) if 8X;Y 2 � we de�neS(X;Y ) := [X;Y ]0 � [X;Y ]B;(20)where [X;Y ]B := [BX;Y ] + [X;BY ]�B[X;Y ];then, 8
 2 
1; 8Y 2 � S(H
; Y ) = 0.Furthermore, if we de�ne the Nijenhuis torsion of B byNB(X;Y ) := [BX;BY ]�B[X;Y ]B;(21)a Poisson-Nijenhuis structure of (�; C;H) is an element B 2 LR(�;�) withNB = 0 (a "Nijenhuis tensor") such that the conditions a), b), c) above aresatis�ed for [ ; ]0 = [ ; ]B, and for some operator d0. (NB = 0 implies that[ ; ]B is a Lie bracket, and B is a homomorphism of Lie algebras. Conditiond) holds, since S = 0.)Remarks 1 1) In the cases where a formula of the type (4) de�nes d�the coboundary d0 is uniquely determined by ([ ; ]; B). This happens if
k = LRalt(�� : : :� �| {z }k times ;R), and, in particular, for the di�erential formsof a Banach manifold.2) The regularity of the complex ensures that 
1 may be seen as a subspaceof LR(�;R), and B leaves this subspace invariant.In the nongeneralized case, the following result is due to Magri [7].Theorem 2 Let (�; C;H) be a regular Hamiltonian complex, [ ; ]0 a secondLie algebra structure of �, d0 a second coboundary of C, and B : (�; [ ; ]0) �!(�; [ ; ]) a homomorphism of Lie algebras such that H1 = BH is skew-symmetric, i(X)d0f = i(BX)df;8f 2 
0, B leaves 
1 invariant, and condi-tion d) of 1 is satis�ed. Then ([ ; ]0; d0; B) is a generalized Poisson-Nijenhuisstructure i� 8�; � 2 
1 and 8X 2 � one hasC(H;B)(�;X; �) := i((LH�B)X)� � i((LH�B)X)�+(22) +i(BX)d(i(H�)�)� i(X)d(i(BH�)�) = 0:7



This result is a straightforward consequence of the equality of the corre-sponding dual brackets evaluated on X 2 �. But, it is important since C(H;B)is expressed only by means of (�; C;H;B). Moreover, it takes the same formfor the generalized and the usual Poisson-Nijenhuis structures. For historicalreasons we may call C(H;B) the Schouten invariant [7]. If we are not inter-ested in the generalized case we may de�ne a Poisson- Nijenhuis structureon (�; C;H) to be a Nijenhuis "tensor" B such that HB is skew-symmetricand C(H;B) = 0 [7].3 The Poisson HierarchyThe main property of a generalized Poisson-Nijenhuis structure is that itadmits a whole bunch of Poisson (i.e., Hamiltonian) structures. Namely, letf(�; [ ; ]); (C; d);H; [ ; ]0; d0; Bg be a regular Hamiltonian complex with ageneralized Poisson-Nijenhuis structure called �0. If in �0 we replace H byHk := Bk �H (k = 0; 1; 2; : : :), we obtain a hierarchy of structures �k, andthe fundamental result of Magri [7], [4] isTheorem 3 All �k (k = 0; 1; 2; : : :) are generalized Poisson-Nijenhuis struc-tures and all the corresponding Hamiltonian structures Hk are pairwise com-patible.Proof. (Sketch). If we assume that all Hi (i < k) are skew-symmetric,we easily get < Hk�; � >=< Hk�2(� � B); � � B >, and we see that theskew{symmetry of H0 = H;H1 = BH implies the skew-symmetry of all theHk.Furthermore, if pertinent computations are made, one discovers the fol-lowing formulas [7][H1;H1](�; �; 
) = [H;H](� �B;�; 
 �B)�(23) �C(H;B)(�;H�; 
 �B)+ < 
;NB(H�;H�) >;C(H1;B)(�;X; �) = C(H;B)(�;X; � �B)� < �;NB(H�;X) > :(24)With (20) and (21), we have NB(X;Y ) = BS(X;Y ) and, then, using d) ofDe�nition 1, we see from (23) and (24) that H1 is Hamiltonian and �1 is ageneralized Poisson-Nijenhuis structure.Recursively, the same result holds for all �k.8



We still have to justify compatibility. This follows from one more bracketcomputation. Namely, if Q 2  LR(
1; �) is skew-symmetric, the followingformula holds [7]2[BH;Q](�; �; 
) = 2[H;Q](�; �; 
 �B)� C(Q;B)(�;H�; 
)+(25) +C(Q;B)(�;H�; 
) + C(H;B)(�;Q
; �):Thus, the bracket [Hi+p;Hi] = [BpHi;Hi] can be calculated by using (25)p times. At every step the right-hand side of the formula vanishes. Hence,we get [Hi+p;Hi] = 0. Q.e.d.Now, it is clear that, under the "simply-connectedness" condition of Propo-sition 1, it is possible to obtain sequences of "�rst integrals in involution" asindicated by Proposition 1, for any regular Hamiltonian complex which hasa Poisson-Nijenhuis structure.Remark 3 In the case of a true Poisson-Nijenhuis structure we have NB =0, and it easily follows that one also has NBp = 0 (p = 0; 1; 2; : : :). Since,one also has [9], C(H;Bp+1)(�;X; �) = C(H;Bp)(�;BX; �)+(26) +C(H;B)(� �Bp;X; �)� p�1Xh=0 < NB(BhH�;X); � >;we inductively get that all the structures �p;q := (Hp; Bq) are compatiblePoisson-Nijenhuis structures. (In the generalized case �p;q are not de�nedfor q 6= 1.) In fact, the same is true for any structures ~� := ((P1i=0 aiBi) �H;P1j=0 bjBj), where the series involved are convergent power series withconstant coe�cients [9].4 The Di�erential-Geometric AspectThe usefulness of Poisson-Nijenhuis structures in the theory of dynamicalHamiltonian systems leads to the question of also studying these structuresas objects of Di�erential Geometry. For this purpose, we will conveniently re-strict our framework, and consider the Poisson-Nijenhuis structures of �nitedimensional Lie algebroids only, and, in particular, of di�erentiable mani-folds. All the manifolds and bundles are �nite dimensional in what follows.9



A Lie algebroid is a vector bundle � : E ! M with a Lie bracket [ ; ]Eon the space �E of the global cross-sections of E and with a vector bundlemorphism (anchor) A : E ! TM which is Lie bracket preserving and satis�es[s1; fs2]E = ((As1)f)s2 + f [s1; s2]E (s1;2 2 �E):(27)For instance, this happens for E = TM;A = Id. Generally, if we useE;E�;^E�;^E as TM;T �M;^T �M;^TM are classically used, we obtaina di�erential calculus with operators such as dE (exterior derivative), LEs(Lie derivative), i(s) (s 2 �E), and these operators have all the usual prop-erties. Indeed, since the linear spaces used now are re
exive, if we putLEs f := (As)f (s 2 �E; f 2 C1(M)), and take the usual algebraic i(s),(4) de�nes dE and LEs := dEi(s) + i(s)dE de�nes the Lie derivative. dEalso acts on f 2 ^0E� := C1(M) by (dEf)(s) = (As)f . We also have aSchouten-Nijenhuis bracket de�ned by the usual extension of the formula[s1 ^ : : : ^ sk; s01 ^ : : : ^ s0h]E =(28)= (�1)k+1 kXi=1 hXj=1(�1)i+j [si; s0j ]^ s1^ : : :^ ŝi ^ : : :^ sk ^ s01 ^ : : :^ ŝ0j ^ : : :^ s0h:A complete study of these operations can be found in [4], [6]. We will usethe names E-tensors, E- forms, etc. for the analogs of tensors, forms, etc. ofa di�erentiable manifold M .Any Lie algebroid (E; [ ; ]; A) has an associated cochain complex (C; d) :=(Prh=0 ^hE�; dE) (r = rankE; ^0E� := C1(M)), and it easily follows thati(s) is a representation of � := �(E) on C. We may de�ne a Poisson structureof E to be a Hamiltonian structure of (�; C), and, because of re
exivity,we may see H as an element P 2 � ^2 E, called the Poisson E- bivector.Namely, for the bivector P we get H := ]P by < ]P�; � >= P (�; �) (�; � 2�E�). The condition [H;H] = 0 becomes [P;P ]E = 0, where the bracketis the Schouten-Nijenhuis bracket. For the particular case of (TM; Id) weregain the usual de�nition of a Poisson manifold. Similarly, the compatibilitycondition of two Poisson structures becomes [P1; P2]E = 0.Furthermore, if (E;P ) is a Poisson-Lie algebroid (i.e., a Lie algebroid witha Poisson structure on it), we obtain the dual Lie bracket f�; �g (�; � 2 �E�)of Lemma 2. Together with the anchor map A � ]P , this bracket makes E�into the dual Lie algebroid, and f�; �g is the dual bracket. Moreover, since10



the Gel'fand-Dorfman complex (�E; C(E)) is obviously regular, the results ofTheorem 1 hold for any H associated to a bivector. (Notice that the Jacobiidentity for f�; �g is not enough to ensure [H;H] = 0.) On the other hand,the dual Lie algebroid E� also has the usual di�erential calculus including aSchouten-Nijenhuis bracket f�; �gE� for �; � 2 �^E�, and Theorem 1 holdsagain. In particular, we have]P f�; �gE� = []P�; ]P�]E;(29)where ]P is extended from 1-forms to k-forms.Now, if we look at the de�nition of a generalized Poisson-Nijenhuis struc-ture, we see that it makes sense to introduce some restrictions again. Namely,we will still ask for a second Lie algebra structure [ ; ]0 of �E, but we willuse B 2 Hom(E;E) rather than just B 2 LR(�E;�E), and A � B willbe a second anchor such that (E; [ ; ]0; A � B) is a Lie algebroid structure.Then, we shall use the exterior di�erential of this Lie algebroid structure asd0, and this is compatible with the general de�nition of generalized Poisson-Nijenhuis structures. If the conditions of this latter de�nition are satis�ed(i.e., ]P1 := B � ]P is skew-symmetric; the dual brackets of ([ ; ]E; P1) and([ ; ]0E; P ) are equal; i(]P
)SB = 0), ([ ; ]0; B) is called a generalized Poisson-Nijenhuis structure of (E;P ). Furthermore, if B is a "Nijenhuis tensor" (i.e.,NB = 0), and [ ; ]0 = [ ; ]B, (P;B) is a Poisson-Nijenhuis structure of E,and (E;P;B) is a Poisson-Nijenhuis Lie algebroid. As a particular case, ifE = TM , we shall speak of a Poisson-Nijenhuis manifold M .Because of regularity, the Poisson-Nijenhuis algebroids and manifolds arecharacterized by the vanishing of the Schouten invariant (22), and they havea Poisson hierarchy.Now, we will discuss a new notion which is useful in the geometry ofPoisson-Nijenhuis algebroids.De�nition 2 Let (E; [ ; ]E; A;P ) be a Poisson-Lie algebroid, and ! 2� ^2 E� a 2 � E-form. Then ! is called a complementary 2-form, and(E;P; !) is a complemented Lie-Poisson algebroid (complemented Poissonmanifold) if f!; !gE� = 0;(30)where the operation is the dual Schouten-Nijenhuis bracket of [ ; ]E, whichsatis�es (29). 11



The usefulness of complementary forms is due toTheorem 4 Let ! be a complementary 2-form of (E;A;P ), and put B =]P � [! ([! 2 Hom(E;E�); [!s := i(s)!). Then, the bracket[s1; s2]0E = [s1; s2]B + ]P i(s1)i(s2)dE!(31)provides E with a Lie algebroid structure of anchor A �B.Proof. (Sketch). If we look at ! as a skew-symmetric bivector of the complex(�; C) = ((�E�; f ; gE�); (�^E; dE�)) of the dual Lie algebroid E� of (E;P ),Lemma 2 provides �E = 
1 of our case with the bracket (15), now equal to[s1; s2]� := LE�[!s1s2 � LE�[!s2s1 � dE�(!(s1; s2)):(32)In view of Theorem 1, condition (30) ensures that (32) is a Lie bracket, and[![s1; s2]� = f[!s1; [!s2gE�:(33)Using also (29), we see that [ ; ]� is a structure of a Lie algebroid with anchorA �B on E.The theorem is proven if we show that the brackets (31) and (32) areequal. This implies some lengthy calculations which, among other things,use the formulas dE�s = �[P; s]E = �LEs P;(34)(e.g., [4]). We skip over these calculations; they are given in our paper [10].Now, the relations with Poisson-Nijenhuis structures are as follows:Theorem 5 With the notation of Theorem 4, ifi(]P�)i(]P�)dE! = 0; 8�; � 2 �E�;(35)([ ; ]0; B) of (31) is a generalized Poisson-Nijenhuis structure. If the strongercondition i(]P�)dE! = 0; 8� 2 �E�(36)holds (in particular, if dE! = 0), and if the anchor A of E is injective, (P;B)is a Poisson-Nijenhuis structure of E.12



Proof. (Sketch). The "tensor" S of condition d) of the de�nition of a gen-eralized Poisson-Nijenhuis structure is now ]P i(s1)i(s2)dE!; and (35) impliesi(]P
)S = 0 (
 2 �E�); as we needed it to be. And we have S = 0 if (36)holds. In the latter case we have[ABs1; ABs2] = AB[s1; s2]0E = AB[s1; s2]B == A([Bs1; Bs2]E �NB(s1; s2)) = [ABs1; ABs2]�ANB(s1; s2);which implies NB = 0, if A is injective.The rest of the proof consists in checking that the Schouten invariantvanishes. Again, the computation is too long to be given here, and we referto [10] for this computation.5 Poisson-Nijenhuis ManifoldsNow, we will use Theorem 4 and Theorem 5 in order to obtain several exam-ples of Poisson-Nijenhuis manifolds.Let M be a di�erentiable manifold endowed with a symplectic form �.Let B be a (1; 1)-tensor �eld of M . Then, the 2-form ! de�ned by[! = [� �B(37)will be called the associated form of (�;B), and we haveTheorem 6 If (M;�;B) is a Poisson-Nijenhuis manifold, the associated 2-form ! is a closed complementary form of �. Conversely, if ! is a closedcomplementary 2-form of (M;�), and B := ]� � [!, then (M;�;B) is aPoisson-Nijenhuis manifold.Proof. The second assertion is directly implied by Theorems 4 and 5. Forthe �rst assertion, f!; !g� = 0 is equivalent to []�!; ]�!] = 0 i.e., ]�! = P1is a Poisson bivector. But, if (M;�;B) is Poisson-Nijenhuis, P1 belongsto the Poisson hierarchy, and it must be Poisson, indeed. Thus, ! is acomplementary 2-form. It is also closed, since one may check that f!; !g� =d!:Corollary 1 Let M be a compact Hermitian symmetric space, with metricg and K�ahler form �. Then, any harmonic 2-form ! of M is associated witha Poisson-Nijenhuis structure (M;�;B = ]� � [!).13



Proof. Since d! = 0, we must only check that f!; !g� = 0. By a formulaof Koszul [5], we can get [8]f!; !g� = 2(�!) ^ ! � �(! ^ !);(38)where � is the symplectic codi�erential with respect to �. In the K�ahlercase, � = C�gC where �g is the Riemannian codi�erential and C is thetransformation of the arguments of a form by the complex structure of M .Since ! is harmonic, �! = 0. But, on a compact Hermitian symmetric space! ^! is harmonic as well, and �(! ^ !) = 0. Therefore, f!; !g� = 0, and weare done.Corollary 2 Let (M;�) be a symplectic manifold, and F be a foliation ofM such that: i) the leaves of F are symplectic submanifolds; ii) for any pairof F-projectable vector �elds X;Y which are �-orthogonal to F , �(X;Y ) isconstant along the leaves. Let B be the projection of TM onto TF accordingto TM = NF � TF , where NF is the �-orthogonal bundle of TF . Then(M;�;B) is a Poisson-Nijenhuis manifold.Proof. In the given con�guration, � decomposes as � = �TF + �NF , andcondition ii) ensures that �TF is closed. On the other hand, ]��TF is justthe Poisson structure provided by the Poisson brackets along the symplecticleaves of F (see condition i)). (This is a so-called Dirac bracket, and theinterest in Dirac brackets explains our interest in Corollary 2.) Therefore,]��TF is a Poisson bivector, hence �TF is a complementary form, and theresult follows.Another example is given byProposition 2 Let (M;P ) be a regular Poisson manifold, and ! be a 2-form of M . If there exists a Poisson connection r (i.e., rP = 0, and r istorsionless) such that r! = 0, ! is a complementary 2-form which provides(M;P ) with a Poisson-Nijenhuis structure.Proof. The Koszul formula (38) extends to Poisson manifolds if we take� := i(P )d�di(P ). The corresponding local coordinate expression of f!; !gPcontains only terms with rP and r!. Hence, ! is a closed complementary2-form. This proves Proposition 2.Corollary 3 A Riemannian manifold (M;g), which has a parallel 2-form !,has a natural Poisson-Nijenhuis structure.14



Proof. The Poisson bivector will be P := ]g!, and ! is complementary toP . The number of examples can be increased. We give only one more exam-ple:Proposition 3 Any solution of the classical Yang-Baxter equation [r; r] = 0of a �nite dimensional Lie algebra G may be seen as a closed complementary2-form of the Lie-Poisson structure P of the dual space G�.Proof. The bracket [r; r] is de�ned as the extension of the Lie bracket of Gto a Schouten-Nijenhuis bracket, and r may be seen as a "constant" 2-formon G. An inspection of the de�nition of P immediately shows that f ; gPand [ ; ] are equal on constant forms. This implies the assertion made byProposition 3.Let us �nish by the following results:Proposition 4 Let ' : (M1; P1) �! (M2; P2) be a Poisson mapping, and let!2 be a complementary 2-form of P2. Then, !1 := '�!2 is a complementary2-form of P1. Furthermore, if !2 de�nes a (generalized) Poisson-Nijenhuisstructure of (M2; P2), and if '�(im]P1) = im]P2(39)(e.g., if (M2; P2) is symplectic), then !1 also de�nes a (generalized) Poisson-Nijenhuis structure of (M1; P1).Corollary 4 1) The symplectic realizations of complemented Poisson man-ifolds are complemented symplectic manifolds. 2) If (M;P; !) is a comple-mented Poisson manifold, the pullback of ! to either a symplectic leaf S ofP or the local transversal germ N at x0 2 S is a complementary 2-form ofS or N , respectively.Proposition 4 easily follows from the fact that, if ' is Poisson, '� is com-patible with the bracket f ; g of forms. Then, using Theorem 5, Corollary 4follows from Proposition 4 since the inclusions of S and N in M are Poissonmappings.References[1] I. M. Gel'fand and I. Ya. Dorfman, The Schouten bracket and Hamilto-nian operators. Funkt. Anal. Prilozhen. 14(3) (1980), 71-74.15
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