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tIn this paper, we arrive from di�erent starting points at the 
on-
lusion that the symmetry given by an a
tion of the Grothendie
k-Tei
hm�uller group GT on the so 
alled extended moduli spa
e of stringtheory 
an not be physi
al - in the sense that it does not survive thein
lusion of general nonperturbative va
ua given by boundary 
ondi-tion on the level of two dimensional 
onformal �eld theory - but hasto be extended to a quantum symmetry given by a self-dual, non-
ommutative, and non
o
ommutative Hopf algebra HGT . First, weshow that a 
lass of two dimensional boundary 
onformal �eld theo-ries always uniquely de�nes a trialgebra and �nd HGT as the universalsymmetry of su
h trialgebras (in analogy to the de�nition of GT asthe universal symmetry of quasi-triangular quasi-Hopf algebras). Se
-ond, we argue in a more heuristi
 approa
h that the HGT symmetry
an also be found in a more geometri
 pi
ture using the language ofgerbes. Finally, we will see that the fa
t that the GT symmetry 
annot be physi
al in the above sense 
an also be seen by trying to under-stand why the a
tion of GT on the Du
o-Kirillov isomorphism whi
his 
onsidered in [Kon 1999℄ trivializes.1



1 Introdu
tionFor the 
ase of perturbative va
ua in string theory, i.e. two dimensionalsuper
onformal �eld theory, there is a large body of results on 
ertain sym-metry stru
tures whi
h are linked to these. First of all, there are a numberof re
onstru
tion theorems (see [CP℄, [FK℄) whi
h allow to view the fusionstru
ture of these super
onformal theories as given by the representation 
at-egory of a quasitriangular quasi-Hopf algebra. Beyond this, one 
an �nd auniversal symmetry of all quasitriangular quasi-Hopf algebras in the formof the so 
alled Grothendie
k-Tei
hm�uller group GT (see [Dri℄). The basi
idea is the following: Ask for the possibility to transform the R-matrix andthe Drinfeld asso
iator � of a quasi-triangular quasi-Hopf algebra H whilekeeping the rest of the stru
ture of H 
ompletely �xed. In order to de�ne anontrivial group from these transformations, one has to take a 
ertain 
losureby in
luding formal deformations of R and � in the sense of a 
lass of formalpower series. Doing this, one arrives at GT (for the full te
hni
al detailsof the de�nition of GT we refer the reader to [Dri℄, for a 
onvenient shortdes
ription see also [CP℄). As a 
onsequen
e of these two levels of symmetrystru
ture - the Hopf algebra stru
tures of two dimensional super
onformal�eld theory and the universal symmetry of GT - there exists an a
tion ofGT on the so 
alled extended moduli spa
e of two dimensional super
on-formal �eld theories (see [Kon 1994℄, [Wit 1991℄ for the introdu
tion andgeneral stru
ture of this spa
e and [Kon 1999℄, [KoSo℄ for the GT -a
tion onit). Mathemati
ally, this spa
e is expe
ted to be des
ribable as the modulispa
e of a triangulated version of A1-
ategories (see [Kon 1994℄). On theone hand, this extended moduli spa
e has been related to D-branes, i.e. toboundary 
onditions for open strings (see e.g. [GZ℄, [Laz℄). On the otherhand, even this extended moduli spa
e (it is extended in 
omparison to theusual moduli spa
e of a two dimensional super
onformal �eld theory whi
h islo
ally generated by the truely marginal operators) is restri
ted to see �nitelymany degrees of freedom, only (see [Kon 1994℄, [Wit 1991℄), i.e. it basi
allydes
ribes a topologi
al string theory.An understanding of the stru
ture of the relevant moduli spa
e of va
uafor string theory is 
onsidered to be of outermost relevan
e for the long termgoal of a full 
edged nonperturbative and ba
kground independent formu-lation of the theory. Finding a symmetry like the GT a
tion on extendedmoduli spa
e is of deep prin
ipal interest. The de
isive question is, then, ifthis symmetry is of physi
al relevan
e. If it would be, one 
ould hope that2



it tells an important lesson about the ultimate nature of a 
omplete formu-lation of string theory. After all, we know from nearly all of the examplesof theories in physi
s that these are to a high degree determined by knowingthe fundamental symmetry prin
iple. The examples range from the Galileiinvarian
e of 
lassi
al me
hani
s and the Lorentz invarian
e of the Maxwellequations up to the gauge symmetries in elementary parti
le physi
s and thedi�eomorphism invarian
e of general relativity.A �rst step toward the question of a physi
al relevan
e of theGT -symmetryis taken by asking the following more 
on
rete question, instead: Does theGT -a
tion extend to a physi
ally relevant full moduli spa
e of open stringtheory, i.e. to general boundary 
onditions in the non-topologi
al setting(formulated more 
on
isely: to a general moduli spa
e of two dimensionalboundary 
onformal �eld theories)? We will sometimes 
all this spa
e sim-ply the full moduli spa
e, in the sequel.We will in this paper show that the GT -symmetry 
an not extend to thefull moduli spa
e, i.e. in this sense the GT -symmetry 
an not be physi
allyrelevant (one 
an not take the GT -invarian
e as a 
andidate for a physi
alprin
iple in full non-topologi
al string theory). But we �nd that there is aself-dual, non
ommutative, and non
o
ommutative Hopf algebra HGT whi
hextends the GT -symmetry to the full moduli spa
e. In more physi
al terms,we 
an view this as saying that the GT -symmetry does not survive the in
lu-sion of general nonperturbative va
ua but that in the full setting a quantumanalog of this 
lassi
al symmetry is seen.We will �rst arrive at this result by starting from the question of whattakes the role of the Hopf algebra symmetries behind two dimensional super-
onformal �eld theories if we pass to the setting of boundary 
onformal �eldtheories. We then ask for the universal symmetry of these algebrai
 stru
-tures, repla
ing the GT -symmetry of quasi-triangular quasi-Hopf algebras.This will be the 
ontent of se
tion 2.In se
tion 3, we approa
h the same problem from a more geometri
al per-spe
tive: Boundary 
onditions in the two dimensional 
onformal �eld theoriesgeometri
ally are linked to the appearan
e of a 2-form �eld B with 3-form�eld strength H. Compared to 
losed 2-forms (whi
h de�ne 
onne
tions onve
tor bundles), 
losed 3-forms - likeH - are linked to 
onne
tions on gerbeswhi
h, roughly speaking, 
an be seen as prin
ipal bundles with 
ategories astheir �bers. Paralleling the way in whi
h ve
tor bundles de�ne by Serre dual-ity �nite-dimensional proje
tive modules over the algebra C1 (M) of smoothfun
tions on the base manifold M , a 
lass of gerbes indu
es C1 (M)-linear3



ring 
ategories. We will see in a simple but instru
tive example of su
h a
ategory C that the analog of the Ho
hs
hild 
ohomology of a proje
tivemodule for C is, again, related to an a
tion of the Hopf algebra HGT . So,we 
an argue that the more geometri
al pi
ture of gerbes leads to the same
on
lusion 
on
erning a universal HGT -symmetry.Se
tion 4 is devoted to the Du
o-Kirillov isomorphism. In [Kon 1999℄ theDu
o-Kirillov isomorphism is approa
hed with the aim of showing an a
tionof GT on it as a 
on
rete rami�
ation of the GT -a
tion on the moduli spa
eof deformation quantizations (whi
h is 
losely related to moduli spa
es in
onformal �eld theory by the results of [CaFe℄). But it turns out, �nally,that the transformations whi
h satisfy 
onditions, ne
essary for the GT -a
tion, all vanish. We will present an argument whi
h leads to the view thatthe fa
t that the GT -a
tion on the Du
o-Kirillov isomorphism is trivial hasto be attributed to quantization, i.e. the GT -symmetry does not survive thepro
ess of quantization. This is 
ompletely in a

ordan
e with the results ofthe two foregoing se
tions whi
h also show that the GT -symmetry 
an notsurvive the in
lusion of general nonperturbative va
ua. Finally, we dis
uss inthis se
tion the 
onje
ture that the HGT -symmetry should not only be stableagainst quantization but that in this 
ase the 
lassi
al and the quantumdes
ription should even be equivalent.Se
tion 5 
ontains some 
on
luding remarks.2 Trialgebras and boundary 
onformal �eldtheoryTwo well known results are the starting point for the 
onsiderations in thisse
tion: First, starting from a three dimensional topologi
al quantum �eldtheory, one 
an get a two dimensional 
onformal �eld theory as living onthe boundary of the 3-manifold ([FFFS℄, [Wit 1989℄). By the fa
t that theboundary of a boundary is empty, one 
an get only 
onformal �eld theorieswithout boundary in this way. Se
ond, three dimensional topologi
al �eldtheories 
an be formulated in a purely algebrai
 way as ve
tor spa
e valuedfun
tors on the 
ategory of three dimensional 
obordisms ([Ati℄) and thesefun
tors 
an in turn be shown to be 
onstru
tible from modular 
ategories(see [Tur℄). So, two dimensional 
onformal �eld theories 
an be 
onstru
tedstarting from 
ertain modular 
ategories (see [Seg℄ for a di�erent approa
h4



leading to this result). In [KL℄ an algebrai
 framework is presented in order toextend this approa
h to the 
ase of two dimensional boundary 
onformal �eldtheories. The algebrai
 notion of topologi
al quantum �eld theory of [Ati℄is extended (algebrai
ally by using double fun
tors, i.e. morphisms betweendouble 
ategories) to in
lude 3-manifolds whi
h do not only have boundariesbut where also 
orners on the boundaries are allowed. This introdu
es thene
essary freedom for two dimensional boundary 
onformal �eld theories toappear on the boundary of the 3-manifold (see [KL℄ for the details). The
entral result of [KL℄ is the following:The extended topologi
al quantum �eld theories in the above sense arein one to one 
orresponden
e with C -linear, bounded (i.e. equivalent toa 
ategory of �nite dimensional modules over a �nite dimensional algebra),balan
ed, abelian, rigid, braided, monoidal 
ategories C together with a Hopfalgebra obje
t H in them (see, again, [KL℄ for the detailed de�nitions).So, the algebrai
 framework introdu
ed in [KL℄ leads to the 
on
lusionthat at least a 
lass of two dimensional boundary 
onformal �eld theories
an be de�ned starting from su
h 
ategories C together with a Hopf algebraobje
t H. It is shown in [KL℄ that the input data of [Tur℄ give a spe
ial 
aseof the data (C;H). This means that the data, given by the introdu
tion ofa Hopf algebra obje
t H, are dire
tly linked to boundary 
onditions for the
onformal �eld theory.In order to pro
eed, we now introdu
e a new algebrai
 
on
ept, 
alled atrialgebra:De�nition 1 A trialgebra (A; �;�; �) with � and � asso
iative produ
ts on ave
tor spa
e A (where � may be partially de�ned, only) and � a 
oasso
iative
oprodu
t on A is given if both (A; �;�) and (A; �;�) are bialgebras and thefollowing 
ompatibility 
ondition between the produ
ts is satis�ed for arbitraryelements a; b; 
; d 2 A: (a � b) � (
 � d) = (a � 
) � (b � d)whenever both sides are de�ned.Trialgebras were �rst suggested in [CF℄ as an algebrai
 means for the 
on-stru
tion of four dimensional topologi
al quantum �eld theories. It was ob-served there that the representation 
ategories of trialgebras have the stru
-ture of so 
alled Hopf algebra 
ategories (see [CF℄) and it was later shown5



expli
itly in [CKS℄ that from the data of a Hopf 
ategory one 
an, indeed,
onstru
t a four dimensional topologi
al quantum �eld theory. The �rst ex-pli
it examples of trialgebras were 
onstru
ted in [GS 2000a℄ and [GS 2000b℄by applying deformation theory, on
e again, to the fun
tion algebra on theManin plane and some of the 
lassi
al examples of quantum algebras andfun
tion algebras on quantum groups. In [GS2001℄ it was shown that oneof the trialgebras 
onstru
ted in this way appears as a symmetry of a twodimensional spin system. Besides this, the same trialgebra 
an also be foundas a symmetry of a 
ertain system of in�nitely many 
oupled q-deformedharmoni
 os
illators.We then have the following lemma:Lemma 1 The data (C;H) of [KL℄ de�ne for ea
h 
hoi
e of C and H atrialgebra.Proof. By de�nition of C, C is equivalent to a 
ategory of representations ofan algebra A (see [KL℄). So, on ea
h obje
t of C there is a representation � ofthe produ
t of A. Now, the Hopf algebra obje
t H is an obje
t in C togetherwith a produ
t � and a 
oprodu
t �. So, we have two asso
iative produ
tsand a 
oasso
iative 
oprodu
t given. It remains to 
he
k 
ompatibilities. The
ompatibility of � and � is given by the de�nition of a Hopf algebra obje
t.The 
ompatibility of � with � follows from the fa
t that � is a morphismin C. Finally, the 
ompatibility of � and � follows also from the fa
t that �is a morphism in C together with the 
anoni
al extension of � to the tensorprodu
t of a representation of A with itself.Remark 1 It was already observed in [CF℄ that trialgebras de�ne 
ertainmonoidal bi
ategories. While two dimensional 
onformal �eld theories with-out boundary arise from modular 
ategories, the above lemma shows thatthe two dimensional boundary 
onformal �eld theories whi
h 
an be de�nedthrough the 
onstru
tion of [KL℄ 
orrespond to a spe
ial 
lass of monoidalbi
ategories.Remark 2 One might ask whi
h physi
ally interesting 
onformal �eld theo-ries 
an arise from the [KL℄ approa
h. Sin
e the data of [Tur℄ give a spe
ial
ase, it is 
lear that at least the type of 
onformal �eld theory indu
ed byChern-Simons theory is 
ontained in this 
lass, i.e. the WZW model.6



As the next step, we 
an - in analogy to [Dri℄ - ask for the universal sym-metry of (quasi-) trialgebras (where we allow for the 
oprodu
t and one ofthe produ
ts to be quasi-asso
iative, only) whi
h are quasi-triangular (respe
-tively, 
oquasi-triangular) with respe
t to � and one of the produ
ts. Thisquestion was 
onsidered in [S
h℄ and it was found that instead of GT we geta Hopf algebra HGT whi
h was shown to be self-dual, non
ommutative, andnon
o
ommutative. In addition, HGT 
an be shown to be a sub-Hopf algebraof the Drinfeld double of GT .Together with the above lemma, this shows that the a
tion of the 
lassi
algroup GT is too restri
tive to hold for general two dimensional boundary
onformal �eld theories. Instead, we have a quantum symmetry in the formof an a
tion of the Hopf algebra HGT , here. In this sense, the GT -symmetryon extended moduli spa
e 
an not be physi
al sin
e it does not extend togeneral nonperturbative va
ua. The GT -symmetry is extended in this 
aseto a quantum symmetry HGT .Remark 3 Sin
e the asso
iator 
an be seen to basi
ally determine the stru
-ture of GT already (see [Dri℄, [Kon 1999℄), the assumption of quasi-triangularityand 
oquasi-triangularity for the trialgebra whi
h we made above is not a de-
isive restri
tion.We 
on
lude this se
tion by a remark on some additional stru
tural prop-erties of trialgebras: Though examples of trialgebras 
an be 
onstru
ted byfurther deformation quantization of quantum groups and the 
on
ept 
arriessome analogy to Hopf algebras (e.g dual pairings of trialgebras 
an be in-trodu
ed and a system of 
oupled matrix equations 
an be given, repla
ingthe RTT -relations in the trialgebrai
 
ase, see [GS 2000b℄), trialgebras arein several respe
ts quite di�erent obje
ts.To give a simple example of this kind, we mention that nontrivial trial-gebras are never unital. By a unital trialgebra one would mean one with aunit element 1 whi
h is 
ompatible with both produ
ts where the algebrai
notion of 
ompatibility, usually used in the 
ase of two produ
ts, is the re-quirement that one and the same element 1 should a
t as the unit for bothprodu
ts. Su
h unital trialgebras are always trivial in the sense that theyare 
ommutative bialgebras, i.e. the two produ
ts ne
essarily agree and theprodu
t is 
ommutative. The proof 
onsists of a simple E
kmann-Hilton type7



argument, for if su
h an element 1 would exist, we would havea � b = (a � 1) � (1 � b)= (a � 1) � (1 � b)= a � b= (1 � a) � (b � 1)= b � aA mu
h more involved result, showing that trialgebras are obje
ts with newand interesting algebrai
 properties, is given by the fa
t that - loosely speak-ing - trialgebras 
an not be further deformed to algebrai
 stru
tures withe.g. two ass
o
iative produ
ts and two 
oasso
iative 
oprodu
ts, all linkedin a 
ompatible way (see [S
h℄). In this sense, trialgebras are the end of thestory in the deformation pro
ess leading from groups to Hopf algebras totrialgebras. We 
all this property of trialgebras ultrarigidity.3 Cohomology of gerbesGeometri
ally, the introdu
tion of boundary 
onditions in two dimensional
onformal �eld theory is related to the appearan
e of a 2-form �eld B with a
losed 3-formH as its �eld strength. While 
losed 2-forms lead to 
onne
tionson ve
tor bundles, 
losed 3-forms are interpreted as a kind of 
onne
tion ona gerbe (i.e. a kind of prin
ipal bundle with 
ategories as �bers). In [BM℄ adetailed development of the ne
essary geometri
al theory of gerbes is started.We will in this se
tion be rather brief. Our aim is not to introdu
e theheavy ma
hinery of gerbes but mainly to show that the results, whi
h havebeen given in a 
ompletely rigorous way from an algebrai
 approa
h in theforegoing se
tion, 
an also be seen in this more geometri
al pi
ture.Following [BM℄, we 
onsider a gerbe P over a base manifoldM with 
over(Ui)i2I . Denote by PUi the �ber 
ategories of P and letUij = Ui \ UjThen se
tions of P 
an be written as pairs of data (xi; �ij) with xi an obje
tin PUi and �ij : xjjUij ! xijUij8



a morphism in PUij .Let us now assume that P is a gerbe with gauge group (see [BM℄ forthis 
on
ept) GL (n; C ) (or U (n) for the unitary 
ase). Then we have thefollowing result:Lemma 2 For P a gerbe with gauge group GL (n; C ) (or U (n)) over asmooth base manifold M , the se
tions of P de�ne the stru
ture of a C1 (M)-linear ring 
ategory.Proof. P leads to a ve
tor bundle analog eP of a gerbe with se
tions �exi; e�ij�where the pointwise restri
tions of xi and �ij lead to ve
tor spa
es and linearmaps, respe
tively. For a ring 
ategory we need a tensor produ
t 
 and adire
t sum � with the obvious properties. But these are indu
ed from �and 
 of the 
ategory of C -ve
tor spa
es. So, the 
ategory S of se
tions is aring 
ategory. C -linearity of S follows from the fa
t that pointwise we haveC -ve
tor spa
es and C -linear maps. The stronger result of C1 (M)-linearityof S is a 
onsequen
e of the fa
t that we have smooth data over M .Remark 4 This result is the analog of the fa
t that - by Serre duality - ve
torbundles indu
e �nite dimensional proje
tive modules over C1 (M).Sin
e there is a highly developed theory of Ho
hs
hild 
ohomology ofproje
tive modules (see [GeS
h℄), we 
an now ask for the analog of Ho
hs
hild
ohomology for su
h C1 (M)-linear ring 
ategories S. We will restri
t to asimple but instru
tive example, here (and make a remark about the moregeneral 
ase, below). Namely, 
onsider the 
ase of su
h a 
ategory, 
onsistingonly of one obje
t. Sin
e the morphism 
lasses of S are C -linear, espe
ially,it is immediately 
lear that S 
an be reinterpreted as a C -algebra A wherethe produ
t � of A is just the 
omposition of S. The tensor produ
t gives ase
ond produ
t � on A and, using well known 
oheren
e theorems, we 
anassume without loss of generality that � is asso
iative, too. We will 
allsu
h a stru
ture (A; �; �) a double algebra, in the sequel. Observe that the
ompatibility of � and � is, on
e again,(a � b) � (
 � d) = (a � 
) � (b � d) (1)for a; b; 
; d 2 A. 9



Remark 5 Sin
e our aim is to 
onsider deformation theory, in the sequel,we forget about the additional sum � for the moment be
ause the additivestru
tures remain �xed, anyway.Let us now 
ome to the question of the 
ohomology of su
h a doublealgebra. It is 
lear that (A; �; �) de�nes two Ho
hs
hild 
omplexes - one forea
h produ
t - but these are not independent but linked by 
ompatibility
onditions for the 
ohomology groups indu
ed from 
ondition (1). E.g. forthe se
ond 
ohomology of (A; �; �) we do not have arbitrary pairs (B1; B2)where B1 is a Ho
hs
hild 2-
o
y
le for � and B2 a Ho
hs
hild 2-
o
y
le for �but only pairs where B1and B2 satisfy the 
onstraint(a � b) �B1 (
; d) +B1 (a; b) � (
 � d)�B1 (a � 
; b � d)= (a � 
) �B2 (b; d) +B2 (a; 
) � (b � d)�B2 (a � b; 
 � d)
al
ulated from the �rst order perturbation theory of 
ondition (1).Remark 6 A
tually, the stru
ture of S indu
es for A even the stru
ture ofa double algebra over C1 (M) (instead of simply a C -linear double algebra).One 
ould therefore suppose at �rst sight that one 
an a
tually introdu
e, inaddition, deformations of the produ
t in C1 (M) and that therefore three dif-ferent Ho
hs
hild 
omplexes are involved. But observe that in the undeformed
ase - by the 
omposition of the linear maps e�ij - the 
omposition in S andthe produ
t on C1 (M) are not independent but the produ
t of C1 (M) 
anbe seen as indu
ed from the 
omposition whi
h we would have for the 
ase of1 � 1 matri
es. In this sense, we do not 
onsider the produ
t on C1 (M) asanother possibility for deformations and therefore restri
t in the 
ohomologytheory to 
ohomology of a C -linear double algebra.Next, remember that on Ho
hs
hild 
ohomology of asso
iative algebrasthere is - by the Deligne 
onje
ture - a hidden a
tion of the Grothendie
k-Tei
hm�uller group GT (see [Kon 1999℄ where a proof of the Deligne 
onje
-ture is announ
ed). Basi
ally, the a
tion of GT 
an be imagined as derivingfrom the possibility to weaken the asso
iative produ
t to a quasi-asso
iativeone and from the transformation possibilities for su
h an asso
iator. We 
antherefore give the following heuristi
 argument for the 
ase of two asso
iative10



produ
ts � and �: Here, we have the possibility to introdu
e two di�erentasso
iators �; � and the 
ompatibility 
ondition for � and � is[�; �℄ = 0 (2)(observe that � and � operate on the same spa
e, i.e. we 
an introdu
e a
ommutator for the su

essive appli
ation of the two maps). The 
onstraintresulting from 
ondition (2) for transformations of � and � was 
al
ulatedin [S
h℄ and it was derived there that, again, instead of GT the Hopf algebraHGT is the 
orre
t algebrai
 obje
t to des
ribe the 
ommon transformationsof � and � respe
ting 
ondition (2).Our heuristi
 argument therefore leads to the view that on the total
ohomology of a C -linear double algebra (A; �; �) we have to expe
t a hiddena
tion of the Hopf algebra HGT .Remark 7 We expe
t that the HGT -a
tion should also hold for the 
ase ofa general 
ategory with the stru
ture of S be
ause in the 
ase of the GT -a
tion this is also not a�e
ted by the passage from asso
iative algebras toA1-
ategories.The main 
on
lusion of this se
tion is therefore that also in the moregeometri
al pi
ture of gerbes we �nd an argument that theGT -symmetry 
annot be physi
al in the sense that it does not hold for general nonperturbativeba
kgrounds but that it has to be extended to the quantum symmetry HGTin this 
ase. The arguments of this se
tion are of a more heuristi
 nature butone should keep in mind that we have given a 
ompletely rigorous approa
hin the algebrai
 framework in the previous se
tion. The aim of this one wasmainly to 
onvey the general view whi
h presents itself from the geometri
alside, in this question.4 The Du
o-Kirillov isomorphismIn this se
tion, we will see from a quite di�erent perspe
tive - than theone taken in the two previous ones where we started basi
ally from twodimensional boundary 
onformal �eld theory - that the GT -symmetry 
an11



not be physi
al. To be more pre
ise, we will see that it is unstable againstquantization (whi
h is, of 
ourse, a similar statement as found in the form ofan instability against the in
lusion of general nonperturbative ba
kgrounds)but this time our starting point will be the 
onsideration of the Du
o-Kirillovisomorphism (see [Kir℄) for �nite-dimensional Lie algebras.In [Kon 1999℄ the Du
o-Kirillov isomorphism is 
onsidered with the aimof showing an a
tion of the Grothendie
k-Tei
hm�uller group GT on it. Butit turns out that the requirements an a
tion of GT has to satisfy lead totrivial data, only (at least in the 
ategory of ve
tor spa
es). We will try tounderstand the reason why the GT -a
tion trivializes on the Du
o-Kirillovisomorphism, now.There are basi
ally two possibilities: As is well known (see [Dri℄) GTis 
losely linked to the Ihara algebra Ih (Ih is 
losely related to the Liealgebra of GT , see [Dri℄, [Iha 1987℄, [Iha 1989℄ for the te
hni
al de�nitionof the Ihara algebra), i.e. on Ih there has to be a kind of adjoint a
tion ofGT . On the other hand, evaluation of Ih on �nite-dimensional metrized Liealgebras g (i.e. endowed with an invariant inner produ
t) leads to an algebraof 
omplex valued fun
tions on g� g and the Lie bra
ket of Ih turns into theKirillov bra
ket on this algebra of fun
tions. Let us 
all this algebra Fg. Thea
tion of GT on Ih 
anoni
ally indu
es an a
tion of GT on Fg, then. Now,the �rst possibility to explain the fa
t that there is no visible a
tion of GTon the Du
o-Kirillov isomorphism is that the a
tion of GT on Fg is alwaystrivial. This would mean that the GT a
tion is an e�e
t whi
h we 
an not seeupon evaluation of Ih on �nite-dimensional Lie algebras (i.e. an e�e
t whi
h
an only be seen \globally"). In this 
ase, the fa
t that the Du
o-Kirillovexample does not work in [Kon 1999℄ would simply tell us this nature of theGT -a
tion and would beyond this not be too interesting.To understand the se
ond possibility, re
all that 
anoni
al quantization ofthe fun
tion algebra on the dual g� of g (endowed with the Kirillov bra
ket)leads to the universal enveloping algebra U (g) of g (see e.g. [Kon 1997℄).The Du
o-Kirillov isomorphism is then an isomorphism between the 
enterof U (g) and the algebra Sym (g)g of g-invariant polynomials on g�, i.e. theDu
o-Kirillov isomorphism appears only after quantization of the Kirillovbra
ket. The se
ond possibility is, then, that the GT -a
tion does not survivethe quantization pro
ess. In this 
ase, the fa
t that we do not see the GT -a
tion on the Du
o-Kirillov isomorphismwould 
arry an instru
tive lesson foran understanding of the physi
al relevan
e of the GT -a
tion on the extendedmoduli spa
e in string theory. 12



We therefore give an argument, now, whi
h de
ides between the two pos-sibilities. In fa
t, we will �nd that the - more interesting - se
ond possibilityis the 
orre
t one.Let w 2 GT; ' 2 Ih; ad (:) the representation of GT on Ih dis
ussedabove, adg (:) the indu
ed representation on Fg, i.e.adg (w) :'g = (ad (w) :')gwhere 'g denotes the evaluation of ' at g.Sin
e ad (:) is basi
ally the adjoint representation of GT , we havead (w) 6= 0 (3)for an appropriate 
hoi
e of w and, 
onsequently,ad (w) :' 6= 0 (4)for an appropriate 
hoi
e of '. Let w; ' be 
hosen in a

ordan
e with (3)and (4).Sin
e for ' 6= 0 there exists always a �nite-dimensional Lie algebra g with'g 6= 0 (see [Dri℄), there exists a �nite-dimensional Lie algebra g with(ad (w) :')g 6= 0i.e. we have adg (w) 6= 0But this means we have a non-trivial a
tion of GT on Fg for this g.In 
on
lusion, on the 
lassi
al level (i.e. before the quantization of theKirillov bra
ket) we 
an not trivialize the GT -a
tion simply by evaluation at�nite-dimensional Lie algebras g.Next, 
onsider the question of quantization of Ih. Denote by �g the Kont-sevi
h produ
t for Fg using the Kirillov bra
ket as the Poisson bra
ket. For'; 2 Ih we have 'g �g  g = �gand by the universality of the Kirillov bra
ket together with the fa
t thatthe Kontsevi
h formula is universal, only depending in turn on the data ofthe Poisson bra
ket, � is independent of g. Hen
e, we 
an de�ne ' �  by(' �  )g = 'g �g  g13



and � gives a non
ommutative deformation of the Ihara algebra.Here, we use, in addition, the fa
t that the S3 a
tion, involved in thede�nition of Ih, goes over to the quantized 
ase be
ause it is de�ned there in
omplete analogy to the 
lassi
al 
ase.Now, suppose the GT -a
tion would also hold after deformation quanti-zation, i.e. on the deformed Ihara algebra we would also have a non-triviala
tion 
ad (:). Choose, again, w; ' with
ad (w) :' 6= 0De�ne 
adg (w) :'g = �
ad (w) :'�gWe have by the above result of Drinfeld, again, that there exists g with
adg (w) :'g 6= 0So, 
adg gives a non-trivial representation of GT on U (g).Let
ad
g be the indu
ed representation on the 
enter of U (g). Sin
e
adg (w)is an automorphism of U (g), espe
ially, it has trivial kernel,
ad
g is also a non-trivial representation of GT . But 
ad
g indu
es a non-trivial a
tion of GT onisomorphisms Center (U (g))! Sym (g)gIn 
on
lusion, the argument that the triviality of the GT a
tion on the Du
o-Kirillov isomorphism 
an not derive from evaluation on �nite-dimensional Liealgebras g does also hold in the quantized setting. Consequently, the trivialityof the GT -a
tion on the Du
o-Kirillov isomorphism 
an only mean that theGT -a
tion on Ih does not survive the quantization pro
ess.Let us formulate this result in more physi
al terms: That theGT -symmetrydoes not hold after quantization means that this symmetry does not survivethe in
lusion of o� shell states. But this is basi
ally the same 
on
lusion wearrived at when noting in the previous se
tions that upon extension of themoduli spa
e to general nonperturbative va
ua the GT -symmetry does notsurvive but has to be extended to a quantum symmetry given by the Hopfalgebra HGT .Let us therefore 
on
lude this se
tion by passing to the question if theHGT -symmetry is stable against quantization. In this part, we 
an only give14



a heuristi
 argument at this time. We will argue that for the HGT -symmetrywe should not only have stability against quantization but that in this 
asethe quantum and the 
lassi
al des
ription should even be equivalent.Observe, �rst, that the 
anoni
al quantization of the Kirillov bra
ket 
anbe des
ribed as a deformation quantization given by the Kontsevi
h formula(see [Kon 1997℄). We suppose that a further deformation quantization ofHGTis not possible as a 
onsequen
e of ultrarigidity and that in this sense in thepresen
e of theHGT -symmetry the 
lassi
al and the quantum des
riptions arealready equivalent, i.e. there is no analog of the quantization of the Kirillovbra
ket upon evaluation of the elements of HGT on �nite-dimensional Liealgebras but the involved bra
kets remain 
lassi
al.If there would exist a further deformation quantization of HGT , we wouldhave a 
lass of deformations of representations of HGT . But by the 
onsid-erations in the previous se
tion, this would mean that there exists a furtherdeformation of the 
ohomology of double algebras whi
h we have brie
y men-tioned, there. But this should be ex
luded by the same line of argument usedin [S
h℄ to establish ultrarigidity be
ause on su
h a deformation a trialgebrawould have to a
t instead of HGT but this trialgebra would ne
essarily triv-ialize (see [S
h℄).In 
on
lusion, there should be no analog of the Du
o-Kirillov isomorphismfor the HGT -symmetry 
ase and we expe
t the HGT -symmetry to be stablewhi
h gives a �rst hint at the possibility that it might be a symmetry ofphysi
al relevan
e.5 Con
lusionWe have in this paper given arguments from three di�erent perspe
tives -the algebrai
 formulation of boundary 
onformal �eld theories of [KL℄, the
ohomology of gerbes, and the Du
o-Kirillov isomorphism - that the GT -symmetry on extended moduli spa
e 
an not represent a physi
ally relevantsymmetry but that upon in
lusion of general nonperturbative va
ua it hasto be extended to a quantum symmetry represented by a self-dual, non
om-mutative, and non
o
ommutative Hopf algebra HGT .A more detailed investigation of the impli
ations of a universal HGT -symmetry in open string theory will follow in subsequent work.15
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