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1. Introduction and Main ResultsSpectral averaging techniques play an important role in controlling the singular con-tinuous spectrum of families of self-adjoint operators. Such methods have been used inthe theory of random Schr�odinger operators (cf. [CL])and in some approaches to quan-tum stability of time-dependent models [H2]. In the application to random Schr�odingeroperators, spectral averaging can also be used to derive a Wegner lemma and to prove theLipschitz continuity of the integrated density of states (cf. [KS]). The method of Kotaniand Simon [KS] requires some analyticity of the potential in the random variables. Wepresent here a technique applicable to more general families of potentials depending onlytwice di�erentiably on some parameter. The main tool is the method of di�erential in-equalities. We apply these results to prove exponential localization at low energies forrandom Schr�odinger operators of the formH! = ��+ Xj2ZZd v(�j(!)(x� j)); (1.1)on L2(iRd); d � 1, where v � 0 is a compactly supported single-site potential, speci�edin section 4, and f�j(!)g are independent, identically distributed random variables. Thistype of model, as well as some of the models treated in [CH], have no lattice analogs, andcannot be treated by previously known methods.Our main technical result is the following.Theorem 1.1. Let H�; � 2 � � (�0; �1), be a C2-family of self-adjoint operators suchthat D(H�) = D0 � H 8 � 2 �, and such that R�(z) � (H� � z)�1 is twice stronglydi�erentiable in � 8 z; Im z 6= 0. Assume that 9 �nite positive constants Cj; j = 0; 1,and a positive bounded self-adjoint operator B such that on D0(D1) _H� � dH�d� � C0B2;(D2) j �H�j � �����d2H�d�2 ����� � C1 _H�. 1



Then 8E 2 IR and 8 real, positive g 2 C20(�), there exists a �nite positive constant Cdepending only on jjg(j)jj1; j = 0; 1; 2, s.t. 8 � 2 H,sup�>0 ����Z� g(�)h�;B(H� �E � i�)�1B�i���� � Cjj�jj2: (1.2)Let us present some consequences of Theorem 1.1. The �rst corollary will be used inthe proof of Wegner's lemma for the model (1.1). In the case that � = IR, one can takegt(�) � (1 + t�2)�1 in (1.2) and improve the next corollary to h 2 L1(IR), as in [CH].Corollary 1.2. Under the hypotheses of Theorem 1.1, for any Borel set J � IR and8 h 2 C20(�), ��������Z� h(�)BE�(J)Bd��������� � Cjjhjj1jJ j; (1.3)where E�(�) is the spectral family for H� and jJ j is the Lebesgue measure of J .The next corollary is a version of the so-called \Kotani's trick".Corollary 1.3. In addition to the hypotheses of Theorem 1.1, assume that Ran B iscyclic for H� 8 � 2 � in the sense that ff(H�)B�; f 2 L1(IR); � 2 Hg is dense in H.Then for any Borel set J � IR with jJ j = 0, one has E�(J) = 0 a.e. � 2 �.Remarks 1.4.1. Assumption D1 of Theorem 1.1 can easily be changed to the following more general,but local, assumption:(D1)0 _H� = a(H��E)+D(E), for some constant a > 0 , andD(E) � C0B2,for all E 2 I; I � IR:Then the conclusions of Theorem 1.1 and Corollaries 1.2 - 1.3 still hold locally in I.Using these results and the techniques of [CH], one can recover the results of Klopp2



[Kl] concerning Wegner estimates for negative energies and not necessarily positivepotentials.2. For many of the models for which the above corollaries apply, it can be shown thatsingular continuous spectrum is generic in the topological sense (cf. [RJMS]).This isnot, of course, incompatible with our results but shows that in general one cannotexpect that they hold for every � 2 �.In a related paper [CHST], we use a di�erential inequality to prove results similar tothese applicable to multiplicative perturbations of the Laplacian. We then use these toprove localization for the acoustic wave and Maxwell's equations in random media.We present the proof of Theorem 1.1 and Corollaries 1.2-1.3 in section 2. In section3, we apply corollary 1.3 to obtain a result on perturbation of singular spectrum. Thistheorem is similar to a result of [H1] and of [CH]. It is a continuous version for relativelycompact perturbations of Simon and Wol�'s [SW] development of rank one perturbations.We discuss localization for the breather model(1.1) in section 4. We prove the estimatesnecessary to apply the methods developed in [CH]. In particular, we establish a Wegnerestimate (using Corollary 1.2) and prove the continuity of the integrated density of states.Finally, in section 5, we make some additional remarks. We present a related theoremabout absolutely continuous spectrum and indicate the relation between our work andHowland's positive commutator method [H1].
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2. Proof of Theorem 1.1 and Corollaries 1.2-1.3.Proof of Theorem 1.1. We de�ne for � > 0 and 0 < � < 1,R(�; �; �) � (H� � E + i� + i� _H�)�1; (2.1)and set K(�; �; �) � BR(�; �; �)B: (2.2)We �rst derive an a priori estimate on K. By the Cauchy-Schwarz inequality, one has8 � 2 H; jj�jj = 1, jjK(�; �; �)�jj � �Im h�;K(�; �; �)�i� � c0jjK(�; �; �)�jj2: (2.3)The last inequality follows from assumption (D1) and fact that�Im h�;K(�; �; �)�i = h�;BR(�; �; �)�(� + e _H�)R(�; �; �)B�i:Let g 2 C20 (�) and de�ne F (�; �) � Z� g(�)h�;K(�; �; �)�id�: (2.4)Inequality (2.3) implies the boundjF (�; �)j � (c0�)�1jjgjj1: (2.5)We also need a related result for K(�; �; �)�. Note thatK(�; �; �)� = K(�;��;��);so that in place of (2.3), we havejjK(�; �; �)��jj � Im h�;K(�;��;��)�i� � c0jjK(�; �; �)��jj2: (2.6)4



Under the di�erentiability assumption on H�, one hasidFd� (�; �) = Z g(�)h�;BR(�; �; �) _H�R(�; �; �)B�id�= Z g(�) dd� h�;K(�; �; �)�i � i�Z g(�)h�;BR(�; �; �) �H�R(�; �; �)B�i: (2.7)To handle the second term, we write�H� = j �H�j1=2U j �H�j1=2;where U is a partial isometry commuting with the self-adjoint operator �H�. The secondmatrix element in (2.7) can be written asjh�;BR �H�RB�ij = jhj �H�j1=2R�B�;U j �H�j1=2RB�ij� 12 nh�;BRj �H�jR�B�i+ h�;BR�j �H�jRB�io : (2.8)Let us consider the �rst term on the right in (2.8). In light of condition (D2), we haveh�;BRj �H�jR�B�i � c1h�;BR _H�R�B�i: (2.9)Note that from (2.1)-(2.2) and the fact that � > 0,h�;BR(� _H�)R�B�i = �Im h�;K�i: (2.10)Inequalities (2.9) and (2.10) imply that the �rst term on the right side of (2.8) isbounded above by �(c1=�)Im h�;K�i:Since a similar estimate holds for the second term on the right in (2.8), we obtain by thepositivity of g, Z g(�)jh�;BR �H�RB�ijd� � c1��1jImF (�; �)j: (2.12)5



By this result and integration by parts on the �rst term on the right in (2.7), we obtain�����dFd� (�; �)����� � ����Z� g0(�)h�;K�id����� + c1jImF (�; �)j: (2.13)Estimates (2.3) and (2.5) imply the bound�����dFd� (�; �)����� � ��1(c�10 jjg0jj1 + c1jjgjj1) � c2��1: (2.14)Integrating this di�erential inequality yields an improved estimate for F ,jF (�; �)j � c3j log �j+ jF (1; �)j; (2.15)where c3 is independent of � and jF (1; �)j is uniformly bounded in �. Now, we consider afunction ~F (�; �) de�ned by ~F (�; �) = Z g0(�)h�;K(�; �; �)�id�: (2.16)As in (2.5), ~F satis�es j ~F (�; �)j � (c0�)�1jjg0jj1: (2.17)We repeat the arguments (2.8)-(2.11). Since g0 is not necessary positive, we replace (2.12)by ����Z g0(�)h�;BR �H�RB�i���� � c1��1Z jg0(�)jfjjK��jj+ jjK�jjgd�� jjg0jj1(c1=c0)��2: (2.18)In place of (2.14), we obtain,�����d ~Fd� (�; �)����� � ��1(c1c�10 (c1c�10 jjg0jj1 + c�10 jjg00jj1); (2.19)leading to, j ~F (�; �)j � c4j log �j+ j ~F (1; �)j: (2.20)6



We now return to (2.13) and obtain from (2.15) and (2.20)�����dFd� (�; �)����� � c3j log �j+ c4; (2.21)where c3 is independent of � and depends on jjg(p)jj1; p = 0; 1; 2 and c4 depends on jF (1; �)jand j ~F (1; �)j which are bounded, independent of �, by (2.5) and (2.17). Consequently, weobtain by integrating (2.21), jF (�; �)j � C; (2.22)where C depends on jjg(p)jj1; p = 0; 1; 2 and is independent of � and uniform in �; 0 <� < 1. The proof of the theorem now follows from the fact that R(�; �; �) converges weaklyto R(�; �) as �! 0 provided � > 0, and the dominated convergence theorem since����Z� g(�)h�;BR(�; �; �)B�id����� � Cjjgjj1;by (2.22). 2Proof of Corollary 1.2.If g 2 C20(�), write g = g+ � g�. So the positive functions g� 2 C20(�). Then estimate(1.2) holds for g. As in [CH], Stone's formula gives for any � 2 H,h�;BE�(J)B�i � 1� lim�#0 Im ZJ dEh�;B(H� �E + i�)�1B�i: (2.23)One checks that for � 2 IR and Im z < 0,B(H� � z)�1B = n� lim� # 0 K(�; �; �) (2.24)7



Consequently, it follows from (2.23)-(2.24), Theorem 1.1, and Fubini's Theorem, that����Z� g(�)h�;BE�(J)B�id������ 1� lim�#0 lim�#0 ����ZJ g(�)h�;K(�; �; �)�i����� cjJ j jj�jj2jjgjj1: (2.25)Since Z�g(�)BE�(J)B is self-adjoint, the result follows from (2.25). 2Proof of Corollary 1.3. For any g 2 C10 (�), it follows from Theorem 1.1 and Corollary1.2 that h�;BE�(J)B�i = 0 8 � 2 H and a.e. � 2 �. Since Ran B is assumed to beH-cyclic, we obtain that h ;E�(J) i = 0 8 � 2 � � �andj� j = j�j. Now let f ngbe a complete orthonormal basis for H and set �1 � Tn ��n . Then j�1j = j�j andh ;E�(J) i = 0 8� 2 �1 and on a dense set in H. By standard arguments, this can beextended to all  2 H. Since E� is a projection, this shows E�(J) = 0 a.e. � 2 �. 23. Perturbation of Singular SpectrumTheorem 1.1 allows us to generalize Theorem 3.2 of [CH] to families of potentials V (�)which are not necessarily of the form �V . We consider a family of Schr�odinger operatorsH� � H0 + V (�); � 2 � = (�0; �1), a �nite interval, with a common domain of self-adjointness D(H0) � H, a separable Hilbert space. The potential V (�) is a symmetricoperator, which can be factorized as V (�) = C�D��, for bounded operators D� and C�.Let us assume V (�0) = 0 for exactly one �0 2 �. We assume that the map � 2 � !R�(z) � (H�� z)�1; Im z 6= 0, is continuous. We consider a �xed interval I � IR and thefollowing assumptions(P1) ��(z) � D��R0(z)C� is compact 8 � 2 � and Im z 6= 0.8



(P2) 9 I0 � I; jI0j = jIj, such that 8E 2 I0 8 � 2 �,sup�6=0 jjR0(E + i�)X�jj <1;for X� = C� and D�.Let ~H� denote the restriction of H� to the subspace~H � [f(H�)C��; f 2 L1(IR); � 2 H]cl;where cl denotes closure.Theorem 3.1. Assume (P1)-(P2) and the hypotheses of Theorem 1.1. For a.e. � 2�; �( ~H�) \ I is pure point with �nitely degenerate eigenvalues.Proof. The proof is basically the same as in [CH]. Note that I0 is independent of �. Theanalog of the Aronszajn-Donoghue formula for this case is(1 + ��(z))D��R�(z)C� = ��(z);for Imz 6= 0. As in [CH], one concludes that there is no absolutely continuous spectrum inI and that the singular continuous spectrum of H� for � 6= �0 lies in I n I0, and hence hasLebesgue measure zero. Since the hypotheses of Theorem 1.1 are satis�ed by the familyH�, we conclude by Corollary 1.3 that �sc(H�) \ I = � a.e. � 2 �. Thus, �(H�) \ I ispure point for a.e. � 2 � and the eigenvalues are �nitely degenerate. 24. Localization for the Breather ModelWe apply the methods developed in the last two sections to prove localization for thefamily of random Hamiltonians of the formH! = ��+ Xi2ZZd v(�i(!)(x� i))= ��+ V!; (4.1)9



where the \breather" potential V! is described as follows. The random variables f�i(!)gare independent, identically distributed (iid) random variables with a commondistributionfunction g 2 C20 ([M0;M1]) for 0 < M0 < 1 < M1 < 3. Let �l(x) denote the cube of sidel centered at x 2 IRd. The compactly supported single-site potential v � 0 belongs toC2 with vj�1(0) > E0 > 0 and supp v � �3=2(0). The function v is repulsive in that itsatis�es (A1) � x � rv(x) � 0:We also need to control the second derivatives of v. Let Hess [v] denote the Hessian of vand (�; �) the Euclidean inner product on IRd. We require(A2) 9 c0 > 0 s.t. �����(x;Hess [v]x)x � rv ����� � c0 <1:We note that suitable smooth truncations of functions of the form e�jjxjj2 and (1+ jjxjj2)�ksatisfy these assumptions (A1)-(A2).We need a condition on the distribution function g in order to locate the a.s. �ess(H!).(A3) For some a; 1 < a < M1; 9 �0 > 0 s.t.Z M1a g(�)d� > �0 > 0:Let hvi denote the mean Z v(x) dx.Proposition 4.1. Assume (A1)-(A3). The family H! de�ned in (4.1) is self-adjointon H2(IRd) and ergodic with deterministic spectrum � � [�0;1) and �0 � a�dhvi, fora; 1 < a < M1 as in (A3).Proof. Since H! in (4.1) is ZZd-ergodic and measurable, �(H!) = �ess(H!) is determin-istic (cf. [CL]). We use Persson's formula (cf. [CFKS]) to estimate �0 � inf �, where10



� = �(H!) = �ess(H!) a.s. This formula is�0 = supK�IRdcompact 8>><>>: inf�2C10 (IRdnK)jj�jj=1 h�;H!�i9>>=>>; : (4.2)For any L > 0, and 1 < a < M1 satisfying (A3), de�ne the event An byALn � f! 2 
j 9�L=2 � �nL(0)n�(n�1)L(0) s:t: for i 2 �L=2\ZZd; suppv(�i(!)(x�i)) � �1=a(i)g:The independence of the random variables allows us to computeIP (ALn) � "Z M1a g(�) d�#(L=2)d > 0:The events An are independent and as IP (An) is independent of n; Pn IP (ALn) = 1.By the second Borel Cantelli lemma, ALn occur in�nitely often with probability one. Bychoosing a sequence of non-negative test functions supported in these �L=2-boxes, weobtain from (4.2) �0 � (L2 )�d Z�L=2 V!(x)ddx+ c1L�2;where the L�2-term comes from estimating the gradients. By a simple calculation, theintegral on the right is bounded above by a�dhvi(L2 )d, where hvi = Z v(x) dx. By nowconsidering a sequence of increasing lengths L, we obtain the result. 2Let us consider energies in the interval I0 � [�0; E0], where E0 is de�ned by vj�1(0) �E0. Since �0 < hviad , and hvi � E0, we see that �0 ! E0 as M1 ! 1+. Indeed, ifM1 = 1, the potential is everywhere greater than E0. We will prove a.s. localization forthe breather model (4.1) in the interval [�0; E0] for M1 su�ciently close to 1. In thisway, if �0 � (M1� 1)�1 measures the disorder of the system, large �0 implies decay of theGreen's function at energies in I0. We note that by takingM0 small, we can replace E0 by11



an increasing function E0(M0) and obtain localization in a larger interval [�0; E0(M0)],where limM0!0 E0(M0) � max v(x). (We won't present these details here). We also notethat we are limited to energies in the range [�0;max v(x)] due to the quantum tunnelingestimates.Theorem 4.2. Consider the breather model (4.1) with v � 0 as speci�ed there andsatisfying (A1)-(A3). For all �0 � (M1 � 1)�1 su�ciently large, there exists a non-emptyinterval I0 � [�0; E0], where �0 � inf �(H!) a.s. and vj�1(0) � E0, such that �(H!)\ I0is pure point a.s. with exponentially decaying eigenfunctions.Our proof of Theorem 4.2 follows [CH] so we only point out the necessary modi�cationsof the arguments presented there for the breather model (4.1).We �rst show that model (4.1) satis�es hypothesis (D1)-(D2) of Theorem 1.1. Wede�ne H� by freezing all the variables f�i(!)gi6=0 and settingH� = f��+Xi6=0 v(�i(!)(x� i))g+ v(�x) = H0 + V�(x);where V�(x) = v(�x);and � 2 [M0;M1]. Under the assumptions on v; H� is twice strongly di�erentiable onD(H0). The derivatives are easily computeddH�d� = x � rv(�x);and, d2H�d�2 = (x;Hess [v](�x)x):Condition (A2) implies that j �H�j � (c0=M0) _H�;12



which shows that (D2) is satis�ed with C1 � (c0=M0). As for condition (D1), the repulsivecondition (A1) and the assumptions on the support of the random variables and thesupport of v imply that 9 c0; 0 < c0 <1, s.t.c0�A(1=8;1=4)(x) � �x � rv(�x);where A(1=8;1=4) � �1=4(0) n �1=8(0), and �K is the characteristic function for the setK � IRd. The operator B of hypothesis (D1) can be taken to be �A(1=8;1=4). This showsthat Theorem 1.1 can be applied to the model (4.1) and consequently the Corollaries1.2-1.3 and Theorem 2.1 holds for H�. We note that by Proposition A2.2 of [CH] thesubspace ~H of Theorem 2.1 is the Hilbert space H.To complete the proof of localization, Theorem 4.2, we must verify conditions [H1](
0; l0) and [W] of [CH]. The Wegner lemma necessary for this model follows easily fromTheorem 1.1 and the argument of [CH].Theorem 4.3. Assume (A1)-(A3). Let H! be as in (1.1). For a cube � � IRd, let H�denote H! restricted to � with Dirichlet boundary conditions and the random variablesin IRd n � frozen. For any interval [0; �]; 9 a �nite constant CW > 0 s.t. if � < 1 andI� � [E0 � �; E0 + �] � [0; �], thenIPfdist (�(H�); E0) < �g � CW�jjgjj1j�j;provided j�j is large enough.As for [H1] (
0; l0), we have the following lemma. Let E0 = V j@�1(0) > 0, as above.We will prove that for any � > 0, the resolvent of H�l0 decays exponentially for suitablel0 and disorder, at energies in [�0; E0 � �].Lemma 4.4. Assume that the distribution function g and single-site potential v satisfythe conditions listed after (4.1) and (A.3). Given � > 2d. For any l0 su�ciently large,9M1 > 1, i.e. for su�ciently large disorder �0, such thatIPfV!j�l0 > E0g � 1� l��0 : (4.3)13



Proof. The probability is bounded below by Pl0 � IPf�i(!) � 1 8 i 2 ZZd \ �l0g. Byindependence, Pl0 = "1 � Z M11 g(�)d�#ld0 � �(M1)ld0 :We require that Pl0 � 1� l��0 for suitable M1. This follows from the monotone increasingbehavior Pl0(M1) as M1 ! 1+ (�0 !1); Pl0(1) = 1, and the inequality0 � � log �(M1) � 1ld0 log  l�0l�0 � 1! : 2Recall that �0 < hvia�d and that 1M1 < 1a < 1. This allows a rough estimate on thesize of the energy interval: jI0j � ��d0 = (1 �M1)�d. Condition (4.3) insures that we canuse the quantum tunneling estimates for the resolvent of H� for energies in I0. In exactlythe same way as in section 5 of [CH], we obtain the following estimate. For � > 2d �xed,l0 large, and I0 as determined by Lemma 4.4, if E 2 I0, thenjjW (��l0 )(H�l0 � E � i�)�1��l0=3jj � e��(E0�E)1=2l0;for some 0 < � < 1, with probability larger than 1� l��0 . This veri�es [H1] (
0; l0) for themodel (4.1). The remaining parts of the proof of Theorem 4.2 follow as in [CH].Another corollary of Theorem 4.3 concerns the Lipschitz continuity of the integrateddensity of states (cf. [CL] for a proof of the existence of the IDS).Corollary 4.5. The integrated density of states for the breather model (4.1), under thehypotheses of Theorem 4.3, is Lipschitz continuous.5. RemarksA. Absolutely Continuous Spectrum 14



In certain situations, the family of operators H�; � 2 �, may have absolutely con-tinuous spectrum. In general, this does not follow from the assumptions of Theorem 1.1.Random Schr�odinger operators provide examples of families with an interval of densepure point spectrum. In these cases, however, it follows from Corollaries 1.2-1.3 that thesingular part of the spectral measures for di�erent �'s must be mutually singular. Wenote a situation in which this is not the case.Proposition 5.1. Let H and A be self-adjoint operators such that the family H� �e�iA�HeiA�; � 2 � with 0 2 �, satis�es the hypotheses of Theorem 1.1. Furthermore,assume Ran B (in condition (D1)) is cyclic for H�. Then H (and, consequently H�; � 2�) is purely absolutely continuous.Proof. This proposition is a corollary of Theorem 1.1. By the above remark, the singularparts of the spectrum of H�; � 2 �, must be empty for they are both mutually singularand unitarily equivalent. 2To explain this result more clearly, let us note that the assumptions of Theorem 1.1read here:a) i[H;A] � C0B2b) j[A; [A;H]]j � iC1[H;A],for positive constants C0 and C1.This can be compared to the Kato-Putnam Theorem [RS]. This theorem states thatif there is a bounded self-adjoint operator A such that a) holds and if RanB is cyclic forH, then H is purely absolutely continuous. In our situation, there is no boundednessassumption on A, but instead we require the extra condition b). Notice that this type15



of restriction on the second commutator also appears in Mourre's positive commutatortheorem ( cf. [CFKS] ).B. Howland's Method of Positive CommutatorsHowland [H1] introduced an alternate proof of Kotani's trick based on the Kato-Putnam Theorem ( cf.[RS]) concerning positive commutators. The relationship betweenthis and our Theorem 1.1 is as follows. Let H� be a twice continuously di�erentiablefamily of self-adjoint operators on a Hilbert space H, with � 2 M a �nite measure spacewith measure �. Consider the constant �bre direct sum Hilbert space~H � L2(M;H;�) = Z �M H�d�(�); (5.1)where H� �= H 8 � 2 M. The family fH�g�2M, lifts to a self-adjoint operator IH �R�MH�d�(�), de�ned for suitable � 2 ~H, by(IH�)(�) = H��(�): (5.2)The importance of the absolute continuity of IH is shown in the following theorem ofHowland.Theorem 5.2. [H] Let IH as de�ned in (5.2) be spectrally absolutely continuous. Assume9 a �xed set S � IR; jSj = 0, s.t. S supports the singular continuous part of H� a.e.� 2 M. Then H� has no singular continuous part for � a.e. � 2 M.We note that the hypotheses of Theorem 1.1 and Corollary 1.3 show that IH is ab-solutely continuous. Instead of the di�erential inequalities used here, Howland used thepositive commutator method to prove the absolute continuity of IH.To see how this occurs, we sketch the idea. Let A denote the skew-adjoint operator16



�d=d�, i.e. A acts on suitable  2 ~H by(A )(�) = �d (�)d� : (5.3)The commutator between IH and A can be computed from (5.2)-(5.3) to obtain,[IH;A] = Z �M _H�d�(�): (5.4)Our condition (D1) guarantees the strict positivity of this commutator. We de�ne IB onH by (IB�)(�) = B�(�): (5.5)Then by (D1) and (5.4), [IH;A] � c0IB2: (5.6)Hence, our condition (D1) is a positive commutator condition. If it were possible toreplace A in (5.3) by a bounded operator such that (5.6) still holds, the Kato-PutnamTheorem would guarantee the absolute continuity of IH. Unfortunately, the boundednessof A in the Kato-Putnam Theorem is essential. For linear perturbations of the formH� = H0 + �V;Howland shows how to replace A in (5.3) by a bounded operator on ~H, thus proving theabsolute continuity of IH for certain non-negative V . It is not clear how to replace A bya bounded (or even relatively IH-bounded) operator in general.C. Other CommentsThe strategy developed here has other applications. For example, it is related to theCarey-Pincus Theorem [CP] on the perturbation of operators with singular spectrum.17
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