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CYCLIC HOMOLOGY AND PSEUDODIFFERENTIAL OPERATORS, A
SURVEY

JACEK BRODZKI, MOULAY-TAHAR BENAMEUR, AND VICTOR NISTOR

ABSTRACT. We present a brief introduction to Hochschild and cyclic homology designed
for researchers interested in pseudodifferential operators and their applications to index
theory, spectral invariants, and asymptotics.
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INTRODUCTION

Singular cohomology is often used in Algebraic Topology to obtain invariants of topo-
logical spaces. In the same spirit, Hochschild and cyclic homology often provide interest-
ing invariants of algebras. A possible important application of these algebra invariants is
to the study of spaces with additional structures; these include, for instance, spaces with
singularities or spaces endowed with group actions.

This paper is a rapid survey of Hochschild and cyclic homology, designed for mathe-
maticians and physicists interested in pseudodifferential operators and their applications to
index theory, spectral invariants, and asymptotics. We assume only very little familiarity
with the subject, including homological algebra. Moreover, we have also included some
short proofs when we felt that they are particularly helpfulto the reader.

Hochschild homology is usually thought of as a generalization of the notion of differ-
ential forms and (periodic) cyclic homology as a generalization of (de Rham) cohomology,
from smooth compact manifolds to essentially arbitrary algebras. The main guiding prin-
ciple of this development is the correspondence

“Space” $ “Algebra of functions on that space”;
which is at the heart of non-commutative geometry [5, 20, 21,31, 34, 37, 38, 42, 43, 44].
This principle had been used before in Algebraic geometry where this becomes the cor-
respondence (contravariant equivalence of categories) between affine algebraic varieties

Benameur was partially supported by CNRS grant. Nistor was partially supported by NSF Grant DMS-
9971951 and a “collaborative research” grant.
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2 J. BRODZKI, M. BENAMEUR, AND V. NISTOR

over a fieldk and commutative, reduced, finitely generated algebras overk. In Functional
analysis this principle is illustrated by the Gelfand–Naimark equivalence between the cat-
egories of compact topological spaces and of commutative, unitalC�-algebras. One of the
main ideas of non-commutative geometry is that this correspondence somehow extends
also to (classes of) non-commutative algebras. The theory of Quantum groups [39, 42] is
a truly remarkable example of how this principle works in practice. Another remarkable
example is that the singular cohomology of spaces and the long exact cohomology exact
sequences of pairs of spaces extend to algebras – this is the Excision theorem in periodic
cyclic homology [23].

Our main example of how this principle works in practice willbe centered upon algebras
like C1(M ) and	1(M ), whereM is a smooth compact manifold and	1(M ) denotes
the algebra of classical pseudodifferential operators of integral order onM . We shall see
that the Hochschild homology ofC1(M ) can be identified with the space of differential
forms onM , whereas the periodic cyclic homology ofC1(M ) is the same as the de Rham
cohomology ofM . The results onC1(M ) are interesting not only on their own, but also
because they lead to a calculation of the Hochschild, cyclic, and periodic cyclic homology
of algebras of pseudodifferential operators.

The contents of the paper are as follows. In Section 1, we define Hochschild homol-
ogy and give some elementary properties and concrete computations. In Section 2, we
introduce the cyclic homology and the Connes-Karoubi Cherncharacter. We also recall
the Cuntz-Quillen excision theorem together with an abstract cyclic cohomological index
theorem. In Section 3, we extend our homologies and the complexes defining them to the
setting of Frechet algebras and discover, in particular, that when dealing with topological
algebras, choice of a suitable topological tensor product becomes important. Section 4
deals with algebras of complete pseudodifferential symbols on groupoids with corners.
There, we give the computation of periodic cyclic homology and Hochschild homology
for such algebras. Finally, Section 5 applies these resultsto some geometric examples in
non-commutative geometry. In particular, it relates Hochschild homology computations
with local residues. No results in this paper are new.

We have not attempted to provide a comprehensive list of references, restricting instead
to the sources most relevant to the results presented here. The main sources of general
information on cyclic type homology theories are the books [9, 21, 31, 37], which contain
detailed bibliographic information.

We thank the referee for carefully reading our manuscript and for making several useful
suggestions.

1. HOCHSCHILD HOMOLOGY

We begin by recalling the definitions of Hochschild homologygroups of an algebraA,
which we shall assume to be defined over the field of complex numbers. Later, we shall
treat the case of algebras equipped with topology.

LetA be an algebra, not necessarily with unit. AtraceonA is a linear map� : A! C
such that � (a0a1 � a1a0) = 0
for all a0; a1 2 A. This definition captures an important property of the usualmatrix traceTr, defined on the algebraA = Mn(C ) by Tr([aij℄) = P aii. The space of all traces
on A is denotedHH0(A), and is also called the0th Hochschild cohomology group, for
reasons that we explain now.
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We shall need two differential complexes associated with the algebraA, denotedH(A)
andH0(A). The space ofn-chains for both will be then + 1-fold tensor product ofA by
itself. The two complexes are equipped with differentialsb0 andb defined as follows:

(1)
b0(a0 
 a1 
 : : :
 an) = n�1Xi=0(�1)ia0 
 : : :
 aiai+1 
 : : :
 an;b(a0 
 a1 
 : : :
 an) = b0(a0 
 a1 
 : : :
 an) + (�1)nana0 
 : : :
 an�1;

wherea0; a1; : : : ; an 2 A. Thusb andb0 define linear mapsb; b0 : A
n+1 ! A
n:
By definition,Hochschild homology groupsof the algebraA, denotedHHn(A), are the

homology groups of the complex

(2) H(A) := (A
n+1; b):
By contrast, the complex

(3) H0(A) := (A
n+1; b0)
is often acyclic. This happens, for example whenA has a unit, becauses(a0 
 a1 
 : : :
 an) = 1
 a0 
 a1 
 : : :
 an
is a homotopy between0 and the identity:b0s + sb0 = 1:
In this case the complexH0(A) is a resolution ofA by freeA-bimodules. It has been noted
by Wodzicki [60] that nonunital algebras whoseH0(A) complex is acyclic have useful
properties. Algebras with this property are now calledH-unital (homologically unital).

The cohomology groups of the dual complexH�(A) := (Hom(A
n+1; C ); b� )
are called theHochschild cohomology groupsof A and denotedHHn(A). Since� is a
trace if, and only if,� Æ b = 0, we obtain thatHH0(A) is indeed the space of traces onA.

Clearly the groupsHHn(A) arecovariantfunctors inA, in the sense that any algebra
morphism� : A! B induces a morphism�� : HHn(A)! HHn(B)
for any integern � 0. Similarly, we also obtain a morphism�� : HHn(B) ! HHn(A).
In other words, Hochschild cohomology is acontravariantfunctor. It is interesting to
note that ifZ is the center ofA, thenHHn(A) is also aZ-module, where, at the level of
complexes the action is given by

(4) z(a0 
 a1 
 : : :
 an) = za0 
 a1 
 : : :
 an:
for all z 2 Z. As z is in the center ofA, this action will commute with the Hochschild
differentialb.

When computing the Hochschild homology of an algebraA, it is often useful to replace
the original complexH(A) with an equivalent complex. This can be achieved, for example,
using the next Proposition, which is a standard result from homological algebra (see [40,
41], for instance). Before we can state that proposition, weneed to recall the following
terminology. AnA-bimoduleis an abelian groupM which is at the same time a left- and
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right-A-module. AfreeA-bimodule is one of the formA 
 V 
 A, whereV is a vector
space and a0�a00 
 v 
 a01�a1 = (a0a00)
 v 
 (a01a1):
Let f : A 
 V1 
 A ! A 
 V0 
 A be a morphism of free bimodules, and assume thatf(1 
 v 
 1) =P ak 
 wk 
 a0k. We shall denote byf 
 1 the mapA 
 V1 ! A
 V0
defined by (f 
 1)(a
 v) =X a0kaak 
wk
Let Aopp beA as a vector space but with multiplication? given bya ? a0 := a0a. LetAe := A 
 Aopp. The reader familiar with balanced tensor products will note that the
above construction amount to taking the tensor product� 
Ae A of f and the respective
free modules. (Note that a freeA-bimodule is the same thing as a freeAe-module.)

Proposition 1. LetA be a unital algebra andA A 
 V0 
 A d1 A
 V1 
A d2 : : :
be an exact complex ofA-bimodules. Then the homology groups of the complexA
 V0 d1
1 � A
 V1 d2
1 � : : :
are naturally isomorphic to the groupsHHn(A).

For example, whenA is unital,1 the complexH0(A) is exact, and when we apply to it
the above proposition we obtain the Hochschild complexH(A). Another useful corollary
of this proposition is derived when we use the exactness of the localization functor. The
following result is due to Brylinski [14].

Proposition 2. Let S be a multiplicative subset of the centerZ of the algebraA. ThenHH�(S�1A) �= S�1 HH�(A).
Let us use now Proposition 1 to determine the Hochschild homology of the algebraO[Cn ℄ := C [X1 ; : : : ; Xn℄ of polynomials inn-variables. We first need to recall the alge-

braic de Rham complex. LetW � be the complex vector space generated by the 1-formsdX1; : : : ; dXn: W � = CdX1 � : : :� CdXn
We define the space ofq-forms onCn to be
q(Cn ) = O[Cn ℄ 
 �qW �. HereCn is of
course regarded as an affine algebraic variety. Then the de Rham differentiald : 
q(Cn )! 
q+1(Cn)
is defined byd�PdXi1 : : : dXiq� = � �P�X1 dX1 + : : :+ �P�Xn dXn�dXi1 : : : dXiq :
(We omited thê in the products above.) We can now define theHochschild-Kostant-
Rosenberg-Connes map (HKRC-map)� : A
q+1 ! 
q(Cn );A = O[Cn ℄ = C [X1 ; : : : ; Xn℄, by the formula

(5) �(a0 
 : : :
 aq) = 1q!a0da1 : : : daq:
1we assumedA unital in the definition off 
 1



CYCLIC HOMOLOGY 5

Proposition 3. We have� Æ b = 0 and hence� defines an isomorphism�� : HHq(A) !
q(Cn ).
The proof of this proposition is a paradigm for the computation of the Hochschild ho-

mology of the commutative algebras, so we present it in detail.

Proof. Our main tool will be the Koszul complex, which provides a general recipe for
building resolutions ofA = O[Cn ℄. We construct it as follows. We fix the sequence(v1; v2; : : : ; vn), vj = Xj 
1�1
Xj of elements ofA
A. (This is aregular sequence,
see [27] for the definition). LetV be the vector space with basis the elementsvj of this
regular sequence. Also, letKq = A 
 �qV 
 A. The spacesKq will form the Koszul
complex relative to the sequence(v1; : : : ; vn). The differentials of the Koszul complex are
given by the following formulaÆ(a 
 vi1 ^ : : :^ viq 
 a0) := qXj=1(�1)j�1haXij 
 vi1 ^ : : :^ 
vij ^ : : :^ viq 
 a0� a
 vi1 ^ : : :^
vij ^ : : :^ viq 
Xija0i
wherebv means that the symbolv is to be omitted.

The Koszul complexK provides a resolution ofA by freeA
A-modules (this follows
from the fact that the sequencevj is regular). In other words, the complexK has vanish-
ing homology, except in dimension zero, where its homology is isomorphic toA via the
multiplication map K0 = A
A 3 a
 a0 ! aa0 2 A :

Letw = vi1 ^ : : :^ viq 2 �qV . Definef : K ! H0(A) := (A
q+2; b0) byf(a 
 w 
 a0) := X�2Sq sign(�)a 
 vi�(1) 
 vi�(2) 
 : : :
 vi�(q) 
 a0;
where the sum is taken over the symmetric group onq letters andsign(�) denotes the sign
of the permutation�. The mapf is a chain map, which means that it commutes with the
differentials: fÆ = b0f;
and hence it induces a morphism of complexes (or, in this case, resolutions). The mor-
phismf is the identity onK0 = A 
 A = H00(A) and hence it induces the identity on
the homology groups in dimension zero, that is, on the algebra A. (This is a standard
homological fact that can easily be proved as an exercise.)

Using the remark just before Proposition 1 we see that the mapf 
 1 : K
Ae A!H0(A)
Ae A �= H(A)
will also induce an isomorphism in homology.

The result then follows becauseÆ 
 1 = 0 and� Æ f is the identity, if we identifyV
withW � by vj ! dXj . �

The same argument can be used to prove the following result (see [29, 38]).

Theorem 1. LetY be a smooth, complex algebraic variety andO[Y ℄ be the ring of regular
functions onY and
q(Y ) be the space of algebraicq-forms onY . Then the HKRC map� induces isomorphisms � : HHq(O[Y ℄)! 
q(Y )
for all q � 0.
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Another important class of examples deals with algebras associated with groups. The
simplest situation is probably the following. Let� be a group (we do not assume that� has
topology) and letC [�℄ be the group algebra of�. By definition,C [�℄ is the space of finite
linear combinations

P
 a

, 
 2 �, a
 2 C equipped with the product(a
)(a0
0) :=aa0(

0). For any
 2 � we denote by�
 := fg 2 �; g
 = 
gg;
thecentralizerof 
. Let Hq(�
 ) be theqth homology group of�
 with complex coeffi-
cients (it is the homology with complex coefficients of any CW-complex whose fundamen-
tal group is�
 and all other homotopy groups vanish). Leth�i denote the set of conjugacy
classes of� andh
i denote the conjugacy class of
 2 �. Then [17]:

Theorem 2. Let� be a discrete group. ThenHHq(C [�℄) ' Mh
i2h�iHq(�
 ):
In the above sum, we take exactly one
 from each conjugacy class of�. Also, note that

the groupsHq(�x) andHq(�y) arecanonicallyisomorphic ifx andy are conjugate in�.
These results extend to crossed products. See [16, 18] for the calculation of the Hoch-

schild, cyclic, and periodic cyclic homology crossed product algebras of the formC1(M )o�, where� is a discrete group acting onX by diffeomorphisms. Also, see [3] for some
applications of these results to orbifold cohomology as well as [24, 51] for results on gen-
eral crossed productsA o �, withA not necessarily commutative. (When [51] was being
written, the paper [24] was not available in Romanian libraries, which explains the overlap
in results between the two papers.)

Hochschild homology is also compatible with completions, in the following sense. LetA be a finitely generated module over its centerk and letM̂ denote the completion of ak–moduleM with respect to the topology defined by an idealI � k, then we have [33]

Theorem 3. Denote byHHtopq (Â) the homology of the completion of the Hochschild
complex ofA with respect to the natural filtration defined byIkA. ThenHHtopq (Â) 'dHHq(A):

2. CYCLIC HOMOLOGY

We now define cyclic homology, which, as was the case with Hochschild homology,
will appear as the homology of an explicitly defined differential complex. The cyclic
complex will be introduced as the total complex of a double complex constructed using the
Hochschild complexH(A), together with a new differentialB whose definition uses in a
crucial way the action of a cyclic group of a suitable size.

Let us assume first thatA is a unital algebra. We shall denote byt the (signed) generator
of cyclic permutations:

(6) t(a0 
 a1 
 : : :
 an) = (�1)nan 
 a0 
 : : :
 an�1
Using this operator and the contracting homotopys of the complexH0(A) we construct
the operatorB of degree+1 in two steps. First define

(7) B0(a0 
 a1 
 : : :
 an) = s nXk=0 tk(a0 
 a1 
 : : :
 an)
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and then putB = (1 � t)B0. ThenB is a differential,B2 = 0 and it anticommutes with
the Hochschild differentialb: [b; B℄+ := bB + Bb = 0.

We have thus defined the following double complex, which fillsup an octant in the
plane: ? ? ?b b bA
3 � A
2 � AB B? ?b bA
2 � AB?b A

FIGURE 1. The cyclic bicomplex of the algebraA.

Note that columns in this complex are copies of the Hochschild complexH(A). The
cyclic complexC(A) is by definition the total complex of this double complex. Thus the
space of cyclicn-chains is defined by

(8) C(A)n =Mk�0Hn�2k(A);
we see that(C(A); b+B); is a complex, calledthe cyclic complexof A, whose homology
is by definition thecyclic homologyof A (see [20, 31, 59]).

There is a canonical operatorS : Cn(A) ! Cn�2(A), called theConnes periodicity
operator, which shifts the cyclic complex down by two degrees, and which is defined byS(!n; !n�2; !n�4; : : : ) 7! (!n�2; !n�4; : : : ), where!i 2 Hi(A). This operator induces
the short exact sequence of complexes0!H(A) I�! C(A) S�! C(A)[2℄! 0;
where the mapI is the inclusion of the Hochschild complex as the first columnof the
cyclic complex and where on the right the cyclic complex has been shifted by two degrees.
Applying the homology functor to this sequence we obtain thefollowing exact sequence
of Connes and Tsygan:

(9) : : :! HHn(A) I�! HCn(A) S�! HCn�2(A) B�! HHn�1(A) I�! : : : ;
whereB is the differential defined above, see [20, 38] for more details. Anticipating a little
bit, this exact sequence exists whether or notA is endowed with a topology. Theperiodic
cyclic complexof an algebraA is the complexCper(A) := lim C(A);
the inverse limit being taken with respect to the periodicity morphismS. It is aZ=2Z-
graded complex, whose chains are (possibly infinite) sequences of Hochschild chains with
degrees of the same parity.
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More generally, cyclic homology groups can be defined for “mixed complexes,” [32].
A mixed complex(X ; b; B) is aZ+–graded complex vector spaceX = (Xn)n�0 endowed
with two differentialsb andB, b : Xn ! Xn�1 andB : Xn! Xn+1, satisfyingb2 = B2 = bB +Bb = 0:
Thecyclic complex, C(X ), associated to a mixed complex(X ; b; B) is the complexCn(X ) = Xn � Xn�2 �Xn�4 : : : =Mk Xn�2k
with differential b + B. It is the total complex associated to the bicomplex shown in
Figure 2. The cyclic homology groups of the mixed complexX are the homology groups
of the cyclic complex ofX , HCn(X ) = Hn(C(X ); b+B):? ? ?b b bX2 � X1 � X0B B? ?b bX1 � X0B?bX0

FIGURE 2. The bicomplex associated with a mixed complex.

We review below a few necessary results on mixed complexes. The interested reader
can find more information in [30].

The homology of the complex(Xn; b) is called the Hochschild homology of the mixed
complex(X ; b; B) and is denotedHH�(X ). If A is an algebra with unit and if we letXn =A
n+1, with the differentialsb andB defined above, then we recover the usual definitions
of the Hochschild and cyclic homology groups ofA. If A is an arbitrary algebra, denote byA+ = A+ C the algebra with an adjoined unit and letXn(A) = ker(Xn(A+)! Xn(C )).
The cyclic and Hochschild homology groups of the resulting mixed complex(Xn(A); b; B)
are, by definition, the cyclic and Hochschild homology groups of the not necessarily unital
algebraA. WhenA is a unital algebra, the two ways of defining Hochschild and cyclic
homology groups agree. Cyclic and Hochschild homology are covariant functors on the
category of mixed complexes: a morphismf : A ! B of algebras induces a morphism
of the corresponding mixed complexes and hence it induces morphismsf� : HC�(A) !HC�(B) andf� : HH�(A)! HH�(B).

The cyclic complex of a mixed complex(X ; b; B) has a periodicity endomorphismS : Cn(X )! Cn�2(X ) which mapsXn to 0 and is the identity on the other factors, as was
seen in the case of the cyclic complexC(A). This defines a mapHCn(X )�!HCn�2(X ),
also denoted byS. The homology groupsHPi(X ) of the projective limit complex

(10) Cpern (X ) = lim Cn+2k(X )
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with respect to the periodicity operatorS are called theperiodic cyclic homologygroups
of X :

(11) HPi(X ) = Hi(Cpern (X )) :
Periodic cyclic homology is aZ=2Z–graded homology theory,HPi = HPi+2. Standard
homological algebra shows that cyclic and periodic cyclic homology fit into the followinglim1 exact sequence

(12) 0 �! lim 1 HCm+1(X ) �! HPm(X ) �! lim HCm(X ) �! 0:
We shall writeHPm(A) for the periodic cyclic homology of the (mixed complex associated
to the) algebraA. Again, functorial properties of mixed complexes show thatthe periodic
cyclic homology of an algebra is a covariant functor.

Cyclic cohomologyandperiodic cyclic cohomologyare defined by duality and, in case
there is no topology, they are the duals of the correspondinghomology groups.

The following standard lemma is useful for many calculations.

Lemma 1. Let f : X ! X 0 be a morphism of mixed complexes (i.e. commuting withb
andB) that induces an isomorphism of the Hochschild homology groups. Thenf induces
an isomorphism of the cyclic homology, periodic cyclic homology, Hochschild cohomology,
cyclic cohomology, and periodic cyclic cohomology groups.

Proof. Consider filtrations of the cyclic complexes associated toX andX 0 by the columns
of the corresponding double complexes. These filtrations define convergent spectral se-
quences andf is an isomorphism of these spectral sequences. The standardcomparison
theorem for spectral sequences is now enough to prove the isomorphisms of the cyclic ho-
mology groups ofX andX 0. (Alternatively, one can use here the SBI-exact sequence.)
For periodic cyclic homology, use also thelim1 exact sequence above relating cyclic and
periodic cyclic homologies.

The cohomology groups are dual (in this topology free setting) of the corresponding
homology groups. �

Here is an application of this lemma. ConsiderTr� : Hq(MN (A))!Hq(A); q 2Z+;
the map defined byTr�(b0
 : : :
bq) = Tr(m0m1 : : :mq)a0
 : : : aq, if bk = mk
ak 2MN (C ) 
 A = MN (A). Also consider the (unital) inclusion� : A ! MN (A) and�� be
the morphism induced on the Hochschild complexes.

Proposition 4. The mapTr� is a morphism of mixed complexes. Both�� andTr� induce
isomorphisms on Hochschild, cyclic, and periodic cyclic homologies and cohomologies
such that(��)�1 = N�1Tr�.
Proof. An easy calculation shows thatTr� is a morphism of mixed complexes. The
map �� induces an isomorphism in Hochschild homology, by the Künneth formula for
Hochschild homology [37, 1.0.16, 1.2.4]. Thus�� induces an isomorphism of cyclic and
periodic cyclic homology as well. The equationTr��� = N is immediate and gives the
rest of the proposition. �

For commutative algebras, cyclic homology can be calculated using the Hochschild
homology and the equation� ÆB = dDR Æ �, relating the de Rham differentialdDR and
the differentialB via the HKRC map�. LetA = O[Y ℄ be the algebra of regular functions
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on a smooth complex algebraic variety, as in the statement ofTheorem 1. To computeHCq(A) and the other groups associated toA, we first notice that� defines a morphism(A
q+1; b; B)! (
q(Y ); 0; dDR)
of mixed complexes, which is an isomorphism on Hochschild homology, by the same
theorem of Loday and Quillen used above. This then gives the following.

Theorem 4. Let Y be a smooth complex algebraic variety andHq(Y ) be its singular
homology groups with complex coefficients. IfA = O[Y ℄, thenHCq(A) ' 
q(Y )=d
q�1(Y )� [q=2℄Mj=1 Hq�2j(Y );
with the periodicity morphismS identifying with the natural projection. In particular,HPq(A) 'Lj2ZHq�2j(Y ).

Let us mention that the result onperiodiccyclic homology of the above theorem extends
to the case whenY is not necessarily smooth by a result of [25], but the proof ismore
difficult. (See [33] for a proof of this result in the spirit ofthis paper, using Theorem 3.)

We shall use these calculations to construct Chern characters. By takingY to be a point,
we obtain thatHC2q(C ) ' C andHC2q+1(C ) ' 0. We can take these isomorphisms to be
compatible with the periodicity operatorS and such that forq = 0 it reduces toHC0(C ) = HH0(C ) = C=[C ; C ℄ = C :
We shall denote by�q 2 HC2q(C ) the unique element such thatSq�q = 1 2 C = HC0(C ):

If e 2MN (A) is a projection, it will induce a (non-unital) morphism : C !MN (A)
by � 7! �e. ThenConnes-Karoubi Chern character ofe in cyclic homology[20, 31] is
defined by

(13) Chq([e℄) = Tr�( �(�q)) 2 HC2q(A):
This map can be shown to depend only on the class ofe in K-theory and to define a
morphism Chq : K0(A)! HC2q(A):

One can define similarly the Chern character in periodic cyclic homology and the Chern
character onK1 (algebraicK-theory). For the Connes-Karoubi Chern character onK1,
we use insteadY = C � , whose algebra of regular functions isO[Y ℄ ' C [z; z�1 ℄, the
algebra of Laurent polynomials inz andz�1 (this algebra, in turn, is isomorphic to the
group algebra ofZ). ThenHCq(O[Y ℄) ' C , for anyq � 1. We are interested in the odd
groups, which will be generated by elementsvk 2 HC2k+1(O[Y ℄), which can be chosen
to satisfyv1 = z�1 
 z andSkv2k+1 = v1.

Then, if u 2 MN (A) is an invertible element, it defines a morphism : C [C � ℄ !MN (A). TheConnes-Karoubi Chern character ofu in cyclic homologyis thus defined by

(14) Chq([u℄) = Tr�( �(vq)) 2 HC2q+1(A):
Again, this map can be shown to depend only on the class ofu in K-theory and to define
a morphism Chq : K1(A)! HC2q+1(A):

Both the Chern character onK0 and onK1 are functorial, by construction.
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Cyclic homology behaves to a large extent like Hochschild homology. Periodic cyclic
homology however has a few additional properties that oftenmake it easier to compute.
The most important among them is the excision property, which we state here, although
we shall not need it in this paper. The proof of excision in periodic cyclic homology relies
in a crucial way on the following theorem of Goodwillie. (see[26]).

Theorem 5. If I � A is a nilpotent two-sided ideal, then the quotient morphismA! A=I
induces an isomorphismHP�(A)! HP�(A=I).

A deep and far reaching consequence of Goodwillie’s theorem, and also of Wodzicki’s
Excision theorem in Hochschild homology [60], is the Excision Theorem in periodic cyclic
homology established by Cuntz and Quillen [23].

Theorem 6. Any two-sided idealJ of an algebraA over a characteristic0 field gives rise
to a periodic six-term exact sequence

(15) HP0(J) // HP0(A) // HP0(A=J)�
��HP1(A=J)� OO HP1(A)oo HP1(J):oo

It is interesting to note that this theorem holds in much greater generality in periodic
cyclic homology than, for instance, in cyclic homology, where one needs to assume that
the idealJ is anH-unital algebra.

Excision in periodic cyclic homology is compatible with excision inK-theory, which is
seen from the following result [53].

Theorem 7. Let I � A the a two-sided ideal of a complex algebraA. Then the diagramK1(I)
��

// K1(A)
��

// K1(A=I)
��

� // K0(I)
��

// K0(A)
��

// K0(A=I)
��HP1(I) // HP1(A) // HP1(A=I) � // HP0(I) // HP0(A) // HP0(A=I);

in which the vertical arrows are induced by the Chern charactersCh : Ki ! HPi, fori = 0; 1, commutes.

It is useful to mention here that periodic cyclic homology can be also be defined using a
variant of the cyclic complex, theX-complex, which isobtained as follows. LetTA! A
be the canonical surjection defined on the free algebra generated byA, regarded as a vector
space. Denote byI the kernel of this morphism and complete the usual periodic cyclic
complex ofTA with respect to the powers ofI. SinceTA is free, a theorem of Loday
and Quillen [38] allows us to replace its Hochschild complexwith a canonical complex of
length two. This descends to the completion. We obtain in this way a simpler complex
for the periodic cyclic homology ofA, which gives the same cohomology, by Goodwillie’s
result 5. See [22, 23, 46].

This result was used in [53, 54] to establish a link with indextheory, which we now
illustrate with the following simple example. LetM be a smooth, compact manifold. We
shall denote byCp the space of bounded linear mapsT such thatTr(jT jp) < 1, p � 1.
Also, we shall denote by	m(M ) the space of classical pseudodifferential operators onM of orderm. It is known that	�1(M ) � Cp, if p > dimM . SinceCp is an ideal
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of the algebraL(H) of bounded operators onL2(M ) and	0(M ) consists of bounded
operators, we can define the algebraE := 	0(M ) + Cp, which will containCp as a
two-sided ideal. Denote byS�M = (T �M r 0)=R�+, the cosphere bundle ofM . SinceCp\	0(M ) = 	�1(M ) and the principal symbol�(0) : 	0(M )=	�1(M )! C1(S�M )
is an isomorphism, we obtain the following exact sequence0! Cp �! E �(0)��! C(S�M )! 0:

The trace defines a cyclic cocycleTr�(a0; : : : ; a2k+1) = 
k � Tr(a0a1 : : : a2k+1) onCp, if 2k + 1 � p, [20]. The connecting map� in K-theory in the above diagram, when
composed withTr� gives the analytic index

Indexa = Tr� Æ � : K1(C(S�(M )) �! K0(Cp) 'Z:
The Atiyah-Singer index theorem [1] can then be rephrased using Theorem 7 to say that�[Tr�℄ ' �� Td(M ) \ [S�M ℄ 2Mk H2k+1(S�M ) = HP1(C1(S�M ));
where� : HP0(C1(M �M )) ! HP1(A(M )) is the boundary map is periodic coho-
mology,Td(M ) is the Todd class ofM and [Tr�℄ is the class ofTr� in periodic cyclic
cohomology. See also Theorem 8. The reader should be warned that there exists no proof
of the Atiyah-Singer index theorem based on Theorem 7, although this would certainly be
very interesting. This example can be generalized to give a proof of the Connes-Moscovici
index theorem for coverings [54].

The last two theorems underscore strong similarities between periodic cyclic homology
andK-theory. It is worth mentioning however that periodic cyclic homology is much
easier to compute, and hence it is known for many more algebras, thanK-theory.

3. INTRODUCING TOPOLOGY

In applications one is often interested in algebras with topology. Then in the definition
of Hochschild and cyclic (co)homology one has to take the topology into account, and this
means to completeA
q+1 in a suitable sense.

A locally convex algebra is a locally convex vector spaceA overC equipped with a sep-
arately continuous multiplication. In many examples the locally convex algebraA will be
a Fréchet algebra, in which case the multiplication map will be jointly continuous. Given
that cyclic type homology theories of an algebra are defined using complexes constructed
from the tensor algebra ofA it is clear that topology onA will force one to decide which
topological tensor product to use.

The inductive tensor product
i solves the universal problem for separately continuous
bilinear maps in the sense that any such mapE � F ! G, whereE;F;G are locally
convex topological vector spaces, extends to a continuous linear mapE 
i F ! G. The
projective tensor product
� solves the same universal problem for jointly continuous
bilinear maps. WhenE is a Fréchet space, thenE 
� E ' E 
� E, as any separately
continuous map is automatically jointly continuous, by [8,III.30, Corollary 1]. WhenE is also anuclear space, a further simplification takes place as then there is aunique
topological tensor product which is compatible with the algebraic tensor product.

A basic example of this situation is provided by the algebraA of smooth functions on
a compact manifold. As a locally convex vector space,A is a complete, nuclear Fréchet
space. In this case, a suitable topological tensor product to consider is thecompleted
projective tensorproduct
̂ [28, Définition 2, p. 32]. In the remainder of this paper we
shall restrict our attention to Fréchet algebras and so ourtopological tensor product of
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choice will be the completed projective tensor product. More details on the related issues
can be found in [11, 22].

Let us assume thatA is a Fréchet algebra. We can define thenHq(A) := A
̂A
̂ : : : 
̂A; (q + 1) factors;
where
̂ denotes as before the completed projective tensor product,which is the standard
definition of the Hochschild complex for topological algebras. (The differentialsb andb0
then extend to the projective tensor product because of the continuity of the multiplica-
tion.) We shall denote the homology of the Hochschild complex H(A) := (Hq(A); b) byHHq(A), as before.

The following theorem from [20] generalizes Theorem 1 to thetopological case. This
theorem is one of the main reasons why Hochschild homology isregarded as a generaliza-
tion of differentiable forms and why periodic cyclic homology is regarded as a generaliza-
tion of de Rham cohomology.

Note that the HKRC-map extends to the projective tensor products.

Theorem 8. LetM be a smooth compact manifold and let
q(M ) be the space of smoothq-forms onM . Then the HKRC map induces isomorphisms� : HHq(C1(M ))! 
q(M ):
Consequently,HPq(C1(M )) ' Lj2ZHq+2j(M ). The dual identifications are valid for
the corresponding cohomologies.

Proof. LetA = C1(M ). We begin by noticing that [28, Ch. 2, Example 1, p. 80]

(16) Hq(A) := A
̂q+1 = C1(M q+1):
Assume now thatM is (diffeomorphic to) a compact ball in a Euclidean space. Then

the proof of our theorem is exactly as that of Proposition 3, but only after replacingAe
by C1(M �M ). (It is implicit here that the theory of resolutions and derived functors
extends to topological algebras. Indeed, recall that this is achieved by requiring all maps
to have closed, complemented images.)

Then we need a localization principle that will help us reduce the proof to the case of
a closed ball in a Euclidean space. To this end, we shall adaptan argument from [16].
Let Fk be the set of functionsf : M q+1 ! C that vanish on a neighborhood of the setf(x; x; : : :; x; x1; : : : ; xq�k)g �M q+1, (k+1 repetitions ofx), for anyx; x1; : : : ; xq�k 2M .

ThenF0 � F1 � : : : andbFk � Fk. Let F�1 = 0. We claim that each complexFk=Fk�1 is acyclic. Indeed, fix a metric onM and choose for any� > 0 a smooth functiong� : M2 ! C such thatg�(x; y) = 0 if the distance betweenx andy is less than�=2 andg�(x; y) = 1 if the distance betweenx andy is greater than�. Let(L�f)(x0; x1; : : : ; xq+1) := g�(xk�1; xk)f(x0; : : : ; xk�1; xk+1; : : : ; xq+1):
Then(bL� + L�b)f � (�1)kg(xk�1; xk)f 2 Fk�1 andg(xk�1; xk)f = f for � > 0

small enough. This verifies our claim thatFk=Fk�1 is acyclic.
LetF1 = SFn. The spectral sequence associated to the resulting filtration ofF1 is a

first quadrant spectral sequence, and henceF1 is acyclic.
Denote byeH(M ) := H(M )=F1. Then the natural projectionH(M )!H(M )=F1
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induces an isomorphism in homology (i.e. it is a quasi-isomorphism). We can thus replaceH(M ) with eH(M ) in our calculation. This has the advantage that� eH(M ) ' � eH(B)
if B � M is a closed manifold (possibly with boundary) such that� has support in the
interior ofB. The action of� was defined in Equation (4). Since the cohomology ofeH(B)
is known, determined by the HKRC-map� and�(�x) = ��(x) for anyx in a Hochschild
complex, a partition of unity argument can be used to complete the proof.

The corresponding result for cohomology follows by observing that the range ofb in
the Hochschild complex is closed, by the result we have just proved for homology. This
is enough to conclude that the fact that� is an isomorphism in homology implies that the
dual map�0 is an isomorphism in cohomology. �

The resulting isomorphism helps identify the Chern characters onK0 andK1 with the
classical Chern characters (up to normalization factors involving2�{), see [12, 52].

Our final remark in this section is that many general results proved for cyclic type ho-
mology theories for algebras without topology carry over tothe topological case. The
most important of these is excision. The method of Cuntz and Quillen has been extended
by Cuntz to the case of topological locally multiplicatively convex algebras [22], and more
recently, to the category of bornological algebras [46].

The periodic cyclic homology of algebras of this type satisfies the excision property
with respect to extensions 0! J ! A! A=J ! 0
of algebras from one of the categories mentioned above wherethe surjection on the right
has a continuous (or bounded, in the bornological case) linear section. This implies that,
as a topological vector space, the image of the idealJ is complemented inA. This require-
ment can be relaxed at the cost of requiring thatJ beH-unital [10].

4. ALGEBRAS OF PSEUDODIFFERENTIAL OPERATORS

TheK�theory of many important algebras is difficult to compute [4]. Often a good
substitute, especially when one is interested in index theorems, is provided by periodic
cyclic homology.

If M is a smooth compact manifold, then an interesting algebra isthe algebraA(M ) of
complete classical symbols onM . The computation of the homologies of this algebra was
carried out in [15], and the result for the periodic cyclic homology is:HPq(A(M )) 'Mj2ZHq+2j(S�M � S1); q = 0; 1;
where� : S�M !M is the cosphere bundle ofM .

Other interesting examples are provided by algebras of pseudodifferential operators on
groupoids [47, 55]. LetG be a longitudinally smooth groupoid with corners with spaceof
units a manifold with cornersM . Denote byd; r : G ! M the domain and range map
of G. SoG is itself a manifold with corners but we assume that the fibresof d are smooth
manifolds (without boundary or corners). The algebra	1(G) = [m2Z	m(G)
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of (scalar) classical uniformly supported pseudodifferential operators onG is then defined,
see [36, 47, 55]. For basic facts about pseudodifferential operators, see one of the many
monographs available, for example [50], [56], or [57].

The algebra of smoothing operators is by definition	�1(G) := \m2Z	m(G):
The algebra A(G) := 	1(G)=	�1(G)
of complete symbols onG is endowed with an inductive limit topology. In order to provide
a natural framework for a homological study of such algebras, one is led to a wider category
of algebras with topology that we shall calltopologically filtered algebras[5, 6].

The reader not familiar with groupoids can assume that our algebras of pseudodifferen-
tial operators are the algebras of classical pseudodifferential operators on a smooth, com-
pact manifold. This corresponds to the caseG =M �M .

We shall now study the homology of the algebrasA(M ), and, more generally,A(G).
A convenient aproach is provided by topologically filtered algebras, which are algebrasA endowed with bifiltrationsFmn A � A satisfying suitable conditions. Before formally
formulating the definiton of a topologically filtered algebra, let us just say that in the case
of A = A(M ), M compact,Fmn A is independent ofm. The second index, or filtration
(with respect tom), is needed in order to treat algebras of compactly supported complete
symbols on a non-compact manifold.

Recall that an algebraA with a given topology, is atopologically filtered algebraif
there exists an increasing bifiltrationFmn A � A,Fmn A � Fm0n0 A; if n � n0 andm � m0;
by closed, complemented subspaces, satisfying the following properties:

(1) A = [n;mFmn A andF�1n A = 0;
(2) The unionAn := [mFmn A is a closed subspace such thatFmn A = An \ � [j Fmj A�;
(3) Multiplication mapsFmn A
 Fm0n0 A toFm+mn+n0 A;
(4) The mapsFmn A=Fm0n�jA
 Fm0n0 A=Fm0n0�jA �! Fm+m0n+n0 A=Fm+m0n+n0�jA

induced by multiplication are continuous;
(5) The quotientFmn A=Fmn�jA is a nuclear Frechet space in the induced topology;
(6) The natural mapFmn A �! lim Fmn =Fmn�jA; j !1

is a homeomorphism; and
(7) The topology onA is the strict inductive limit of the subspacesFnnA, asn!1

(recall thatFnnA is assumed to be closed inFn+1n+1A).

As the referee has pointed out, we can replace conditions (4), (5), and (7) with the
condition thatA be a nuclear LF-space with a separately continuous multiplication.

For topologically filtered algebras, the multiplication isnot necessarily jointly continu-
ous, and the definition of the Hochschild and cyclic homologies using the projective tensor
product of the algebraA with itself, as in the previous section, is not very useful. For this
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reason, we change the definition of the spacesHm(A) defining the Hochschild complexes
as follows.

Consider

(17) F 0p = limm!1 Xk0+:::+kq=p b
qj=0FmkjA ;
(projective tensor products) which defines an increasing sequence of subspaces (i.e. filtra-
tion) ofAb
q+1. We use this filtration to defineHq(A) as a completion. Namely,

(18) FpHq(A) := lim F 0p=F 0p�j and Hq(A) := [pFpHq(A)
wherej ! 1 in the projective limit. The operatorsb andB extend to a well defined
maps, still denotedb andB, defined onHq(A), for anyq, which allows us to define the
cyclic complex and the cyclic homology of the algebraA as the homology of the complex(C�(A); b+B), with Cq(A) := �Hq�2k(A), as for topological algebras.

For any topologically filtered algebra, we denoteGr(A) := �nAn=An�1
thegraded algebraassociated toA, whereAn is the union[mFmn A, as before. Its topol-
ogy is that of an inductive limit of Frechet spaces:Gr(A) ' limN;m!1 �Nn=�N Fmn A=Fmn�1A;
which makes sense by(2) in the definition of the topologically filtered algebraA.

For the algebras likeGr(A), we need yet a third way of topologizing its iterated tensor
products. For our purposes, the correct definition is thenHq(Gr(A)) := limN;m!1� �Nn=�N Fmn A=Fmn�1A�b
q+1:
Note that this is not intended to be a “topological tensor product,” but just a vector space,
which happens to suit our purposes. This corrects the definition in [5], which is alge-
braically not so convenient as this one, although it does give a topological tensor product.

The Hochschild homology ofGr(A) is the homology of the complex(H�(Gr(A)),b).
The operatorB again extends to a mapB : Hq(Gr(A)) ! Hq+1(Gr(A)) and we can
define the cyclic homology ofGr(A) as above. The operatorsS;B andI associated toHq(Gr(A)) are the graded operators associated with the correspondingoperators (also
denotedS;B andI) onHq(A).

The Hochschild and cyclic complexes of the algebraGr(A) decompose naturally as
direct sums of complexes indexed byp 2 Z. For example,Hq(Gr(A)) is the direct sum
of the subspacesHq(Gr(A))p, whereHq(Gr(A))p = limm;N!1Mkj �b
qj=0FmkjA=Fmkj�1A� ;

where k0 + k1 + : : :+ kq = p and � N � kj � N:
The corresponding subcomplexes of the cyclic complex are defined similarly. We denote
by HH�(Gr(A))p andHC�(Gr(A))p the homologies of the corresponding complexes
(Hochschild and, respectively, cyclic).

The following two results are consequences of standard results in homological algebra
(for topologically filtered algebras they were proved in [5]).
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Lemma 2. LetA be a topologically filtered algebra. Then the natural filtrations on the
Hochschild and cyclic complexes ofA define spectral sequencesEHrk;h andECrk;h such
that EH1k;h ' HHk+h(Gr(A))k and EC1k;h ' HCk+h(Gr(A))k:
Moreover, the periodicity morphismS induces a morphismS0 : ECrk;h ! ECrk;h�2 of
spectral sequences. Forr = 1, the morphismS0 is the graded map associated to the
periodicity operatorS : HCn(Gr(A)) ! HCn�2(Gr(A)) and the natural filtration of
the groupsHCn(Gr(A)).

Let us go back now to the algebra of complete symbols on our groupoidG. We shall
denote byO(M ) the space of smooth functions on the interior ofM that have only rational
singularities at the boundary faces. If every hyperfaceH ofM has a defining functionxH ,
thenO(M ) is the ring generated byC1(M ) andx�1H . Let thenAL(G) := O(M )A(G):
Proposition 5. [5] Assume thatG andM are as above and thatM is �-compact. Then
the quotientsA(G) andAL(G) are topologically filtered algebras.

The multifiltrations are given by the order of the symbols, anexhaustive sequence of
compact subsets and the degree of the rational singularities. See [5, 6] for more precise
constructions.

Let AG be the Lie algebroid ofG and letS�G be the sphere bundle ofA�G, that is,
the set of unit vectors in the dual of the Lie algebroid ofG. DenoteH[q℄
 = �k2ZHq+2k

the singular cohomology with compact support and coefficients in C . The de Rham co-
homology of compactly supported differential forms with only rational singularities at the
corners will be denoted byH[q℄
;L = �k2ZHq+2k
;L and will be calledthe Laurent-de Rham
cohomology.

The periodic cyclic homology of the algebrasA(G) andAL(G) can be computed with-
out any further assumption on the groupoidG [5].

Theorem 9. Assume that the baseM is �-compact, then we have:HPm(A(G)) ' H[m℄
 (S�G � S1) and HPm(AL(G)) ' H[m℄
;L(S�G � S1):
This theorem generalizes several earlier calculations. For instance, letF � TM be an

integrable subbundle of the tangent bundleTM toM and assume for simplicity thatM is
smooth. Then the algebra of complete symbols along the foliation defined byF coincides
with Connes’ algebra [19, 48], except that we require transverse smoothness [55]. We
denote this algebra byA(M;F ).
Theorem 10. The periodic cyclic homology of the algebraA(M;F ) is given by:HPq(A(M;F )) ' H[q℄
 (S�F � S1):

Finer differential invariants can be captured by computingHochschild homology. Re-
call thatA�G !M , the dual of the Lie algebroid ofG, is a Poisson manifold with corners.
We shall then denote the Poisson differential associated with this structure byÆ, see [13]. IfA�Gr0 denotes the open submanifold ofA�G which is the complement of the zero section,
then the radial action ofR�+ allows us to considerl�homogeneousk�forms
k(A�Gr0)l
and Laurent type homogeneous forms
kL(A�Gr0)l. It is then easy to check that the Pois-
son differential sends
k(A�G r 0)l (resp.
kL(A�G r 0)l) to 
k�1(A�G r 0)l�1 (resp.
k�1L (A�Gr0)l�1). We shall denote the resulting homology spaces byHÆk(A�Gr0)l andHÆk;L(A�G r 0)l.



18 J. BRODZKI, M. BENAMEUR, AND V. NISTOR

Proposition 6. The algebraAL(G) isH-unital. Let� : HHl(Gr(A))d ! 
l(A�(G) r 0)d
be the HKRC-isomorphism, and letd1 : EH1k;h ! EH1k�1;h be the first differential of the
spectral sequence associated toA by Lemma 2. Then� Æ d1 Æ ��1 = �p�1Æ, and henceEH2k;h ' HÆk+h(A�(G) r 0)k.

Proof. As we have already observed the termEH1k;h of the above spectral sequence co-
incides with the Hochschild homology spaceHHk+h(Gr(AL(G)))k. Since the graded
algebraGr(AL(G)) is commutative, we can use the HKRC-map to identifyEH1k;h with
the space of(k+h)�forms onA�Gr0 that arek�homogeneous with respect to the radial
action ofR�+.

The rest of the proof consists in identifying the differentiald1 : EH1k;h �! EH1k�1;h
under the HKRC–map.

Let q be a quantization mapq : Sm(A�G)! 	m(G) (this map is a local inverse for the
principal symbol). Choose an anti-symmetric tensor in the lastm-variables� =X sign(�)f0 
 f�(1) 
 : : :
 f�(m);
with fj 2 S1(A�G). We denote byq(�) =X sign(�)q(f0) 
 q(f�(1)) 
 : : :
 q(f�(m))
thequantizationof �. Let k = deg f0 + : : :+ deg fm be the total degree. Because[q(a); q(b)℄ = �p�1q(fa; bg) + : : : ;
where the dots represent terms of order at mostdeg a+ deg b� 2, the quantityb Æ q(�) is
of total order at mostk� 1 and hence, modulo terms of orderk� 2, � Æ b Æ q(�)) is easily
checked to be exactlyÆ(�). �

5. APPLICATIONS AND EXAMPLES

5.1. Manifolds with corners. When the groupoidG is the groupoid describing theb-
calculus (i.e. the “stretched product,”M2b , in Melrose’s terminology) calculus on the man-
ifold with cornersM , the spectral sequence associated with Hochschild homology satisfiesE2k;h = 0 h 6= n;
and hence it collapses atEH2. The asymptotic completeness of the algebras of complete
symbols shows that this spectral sequence also converges (this is part of a more general re-
sult on topologically filtered algebras, [6]). Therefore, for these algebras, the computation
of Hochschild homology is complete.

It turns out that many algebras of complete symbols on manifolds with corners become
isomorphic when introducing Laurent coefficients [6, 45, 49, 35]. Because of this, we shall
denote the algebra of complete symbols on the groupoidM2b simply byAL(M ).

Denote byHqL(X) the homology of the complex(O(X)
�(X); d) of de Rham differ-
ential forms with Laurent singularities at the boundary.

Theorem 11. LetM be a manifold with corners. We haveHHq(AL(M )) ' H2n�q
;L (S�M � S1):
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As an easy consequence of this theorem, we obtain the dimension of the space of residue
traces on manifolds with corners.

Corollary 1. The dimension of the space of traces ofAL(M ) is the number of minimal
faces ofM .

We now turn to the computation of cyclic homology. A direct inspection shows that
the operatorB is trivial in this case. This allows us to deduce also the cyclic homology ofAL(M ).
Theorem 12. LetM be a smooth, compact manifold with corners. We haveHCq(AL(M )) 'Mk�0HHq�2k(AL(M )):
5.2. Fibrations by manifolds with corners. Assume now that the groupoidG describes
the vertical pseudodifferential calculus on a connected fibration with corners� : M !B over a smooth manifoldB. Then we shall denote the algebraAL(G) by AL(M jB),
because these algebras turn out to be isomorphic under some pretty general conditions.

When the manifoldM has no corners andG =M �BM is the space of pairs of points
with the same projection onB, we recover the Atiyah-Singer algebra of families of smooth
complete symbols along the fibers of the fibrationM ! B, described for example in [2, 5].
Denote byn the dimension ofM , by p the dimension of the fibres and byq the dimension
of B.

Denote byFj the local coefficient system overB defined byFj(b) := HH2p�j(AL(��1(b))) ' Hj
;L(��10 (b));
where�0 : S�vertM�S1 ! B is the natural projection andS�vertM is the vertical cosphere
bundle.

Theorem 13. LetM ! B be a fibration of manifolds with corners, withB smooth, thenHHm(AL(M jB)) ' Mk+h=m
h
 (B;F2p�k):
As an easy consequence and in the case without corners for simplicity, we obtain that

(whenp � 2), residue traces are in one-one correspondence with distributions on the base
manifoldB.

5.3. Longitudinal symbols on foliations. Foliations provide several examples in non-
commutative geometry. We shall look hence at the case of complete symbols on the holo-
nomy groupoid of a foliation, that is the case of the algebra of complete symbols along the
leaves of a foliation.

We first need some definitions and notations. Let(X;F ) be a smooth manifoldX of
dimensionn0 equipped with a regular smooth foliationF . The transverse bundle to the
foliation (X;F ) is the quotient vector bundle� = TX=F . We denote byp0 the dimension
of F . The codimension will be denoted byq0 so thatn0 = p0 + q0.

The space
k;h(X;F ) denotes the space of differential forms of bidegree(k; h), i.e. of
smooth sections of the bundle�kF � 
 �h��. A choice of a supplementary subbundleH
toF in TX induces the splittings

(19) �H : T �X �= F �M �� and 
d(X) �= Mk+h=d
k;h(X;F ):
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The splitting (19) endows
�(X) with a bigrading so that the de Rham differential decom-
poses as a sum of three bihomogeneous componentsd = dF + da + �;
wheredF is the(1; 0) component called the longitudinal differential,da is the(0; 1) com-
ponent and� is an extra component which can be shown to have bidegree(�1; 2) [58].

Fors 2 f0; � � � ; q0g, we get longitudinal de Rham complexes(
�;s(X;F ); dF )0! 
0;s(X;F ) dF�! 
1;s(X;F ) dF�! : : : dF�! 
p0;s(X;F )! 0:
Therth homology space of this longitudinalde Rham complex will be denoted byHr;s(X;F ).
The de Rham cohomology spaces of the smooth manifoldX will be denoted byHk(X),
as it is customary.

Dual to(k; h)-differential forms, we define a(k; h)-current as a generalized section of
the bundle�p0�k(F �)
�q0�h(��)
C � , whereC � is the orientation line bundle of�. We
denote the space of(k; h)-currents byAk;h(X;F ): By choosing a transverse distributionH, we can view any(k; h)-current as a continuous linear form on the space of compactly
supported differential(k; h)-forms with respect toH. By duality, we define a longitudinal
differential on(k; h)-currents, still denoteddF , and get in this way longitudinal complexes(A�;h(X;F ); dF )0�h�q0 :0! Ap0;h dF�! Ap0�1;h dF�! : : : dF�! A0;h ! 0:
The homology of this complex is denotedH�;h(X;F ).

Let now(M;F) be a new smooth connected foliated manifold withdim(M ) = n anddim(F) = p. We assume that the bundleF is oriented and we denote byq the codimension
of the foliation, so thatn = p + q. The above manifoldX will be a total space of some
fibration overM with an induced foliationF , as we shall see.

If we denote by	m(M;F) the set of (compactly supported) pseudodifferential opera-
tors of integer order� m along the leaves ofF , then	�1(M;F) = \m2Z	m(M;F) is
isomorphic to the smooth convolution algebraC1
 (G) of the holonomy groupoidG asso-
ciated toF , [55]. We shall denote as usual by	1(M;F) = [m2Z	m(M;F) the set of
all classical pseudodifferential operators of integer order along the leaves ofF . Then we
obtain the usual exact sequence0! C1
 (G) �! 	1(M;F) �! A(M;F)! 0;
with the quotientA(M;F) being the algebra ofcomplete symbols along the leaves ofF .

We endowX = S�F� � S1 with the foliationF whose leaves are the total spaces of
the restriction ofX ! M to the leaves of(M;F). In particular,(X;F ) has the same
codimension as(M;F).
Theorem 14. [7] Let (M;F) be a foliated manifold, and let(EHr; dr)r�1 be the spectral
sequence associated with the Hochschild homology of the algebraA(M;F) of complete
symbols along the leaves ofF , as before. Then the spectral sequence(EHr; dr)r�1 con-
verges to the Hochschild homology ofA(M;F) and we have:EH2k;h ' Hp�k;h�p(S�F � S1; F ):

The space of residue traces along the leaves of(M;F) can then be deduced.

Corollary 2. The spaceHH0(A(M;F)) is isomorphic to the spaceH2p;0(S�F�S1; F ):
Moreover when the dimension of the foliationF is� 2,HH0(A(M;F)) ' Hp;0(M;F):
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Thus, the space of residue traces on the foliation(M;F) is isomorphic to the space of(2p; 0)-invariant currents on(S�F � S1; F ). More precisely and whenp � 2, we getHH0(A(M;F)) ' Hp;0(M;F):
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1996–1999, 85–108, Birkhäuser Boston, Boston, Ma, 2000.



22 J. BRODZKI, M. BENAMEUR, AND V. NISTOR

[35] R. Lauter and S. Moroianu,Homology of pseudo-differential operators on manifolds with fibered bound-
aries, Mainz University preprint 2000.

[36] R. Lauter and V. Nistor, Analysis of geometric operators on open manifolds: a groupoid approach, In
Quantization of Singular Symplectic Quotients, N.P. Landsman, M. Pflaum, and M. Schlichenmaier, ed.,
Progress in Mathematics198, pages 181–229. Birkhäuser, Basel - Boston - Berlin, 2001.
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MA, 1993, xii+341.
[40] S. Mac Lane,Homology, Springer-Verlag, Berlin-Heidelberg-New York, 1995.
[41] S. Mac Lane and I. Moerdijk,Sheaves in geometry and logic. A first introduction to topos theory, Universi-

text, Springer-Verlag, Berlin-Heidelberg-New York, 1994.
[42] Yu. Manin, Topics in noncommutative geometry, M. B. Porter Lectures, Princeton University Press, Prince-

ton, NJ, 1991, viii+164pp.
[43] Yu. Manin,Real multiplication and non-commutative geometry, Lectures at M.P.I, May 2001.
[44] Yu. Manin and M. Marcolli,Continued fractions, modular symbols, and noncommutativegeometry, Selecta

Math. New Ser.,8 (2002), 475–521.
[45] R. Melrose and V. Nistor,Homology of pseudodifferential operators I.Manifolds with boundary, preprint.
[46] R. Meyer,Analytic Cyclic Homology, Ph. D. Thesis, Münster University, 1999, preprint math.KT/9906205.
[47] B. Monthubert,Pseudodifferential calculus on manifolds with corners andgroupoids, Proc. Amer. Math.

Soc.12 (1999), 2871–2881.
[48] C.C Moore and C. Schochet,Global analysis on Foliated spaces, Springer-Verlag 1988.
[49] S. Moroianu,Residue functionals on the algebra of adiabatic pseudo-differential operators, MIT thesis,

1999.
[50] V. E. Nazaikinskii, V. E. Shatalov, and B. Yu. Sternin,Methods of Noncommutative Analysis, de Gruyter

Studies in Mathematics 22, 1996.
[51] V. Nistor, Group cohomology and the cyclic cohomology of crossed products, Invent. Math.99 (1990),

411–424.
[52] V. Nistor,A bivariant Chern–Connes character, Ann. Math.138 (1993), 555–590.
[53] V. Nistor,Higher index theorems and the boundary map in cyclic homology, Documenta2 (1997), 263–295.
[54] V. Nistor,An index theorem for foliated bundles, J. Funct.Anal.141 (1996), 421–434.
[55] V. Nistor and A. Weinstein, and Ping Xu,Pseudodifferential operators on groupoids, Pacific J. Math.189

(1999), 117–152.
[56] M. A. Shubin, Pseudodifferential operators and spectral theory, Springer Verlag, Berlin-Heidelberg-New

York, 1987.
[57] M.E. Taylor, Partial differential equations, AppliedMathematical Sciences, vol. I–III, Springer-Verlag, New

York, (1995-1997).
[58] P. Tondeur, Geometry of foliations, Monographs in Mathematics, Birkhauser, (1997).
[59] B. L. Tsygan,Homology of matrix Lie algebrasover rings and Hochschildhomology, Uspekhi Math. Nauk.,

38 (1983), 217–218.
[60] M. Wodzicki, Excision in cyclic homology and in rational algebraic K-theory, Annals of Mathematics129

(1989), 591–640.

UNIVERSITY OF SOUTHAMPTON, U. K.
E-mail address: j.brodzki@maths.soton.ac.uk

PENNSYLVANIA STATE UNIVERSITY AND INST. DESARGUES, UNIV. LYON 1, FRANCE

E-mail address: benameur@igd.univ-lyon1.fr

INST. DESARGUES ANDPENNSYLVANIA STATE UNIVERSITY, UNIVERSITY PARK , PA 16802
E-mail address: nistor@math.psu.edu


