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INTRODUCTION

Singular cohomology is often used in Algebraic Topology bdain invariants of topo-
logical spaces. In the same spirit, Hochschild and cyclimdlogy often provide interest-
ing invariants of algebras. A possible important applimatdf these algebra invariants is
to the study of spaces with additional structures; theskidtg; for instance, spaces with
singularities or spaces endowed with group actions.

This paper is a rapid survey of Hochschild and cyclic homg|aigsigned for mathe-
maticians and physicists interested in pseudodiffereopiarators and their applications to
index theory, spectral invariants, and asymptotics. Werassonly very little familiarity
with the subject, including homological algebra. Moreowee have also included some
short proofs when we felt that they are particularly helgéuthe reader.

Hochschild homology is usually thought of as a generaliratf the notion of differ-
ential forms and (periodic) cyclic homology as a generéiliraof (de Rham) cohomology,
from smooth compact manifolds to essentially arbitraryehlgs. The main guiding prin-
ciple of this development is the correspondence

“Space” <+« “Algebra of functions on that space”

which is at the heart of non-commutative geometry [5, 20,321,34, 37, 38, 42, 43, 44].
This principle had been used before in Algebraic geometrgratihis becomes the cor-
respondence (contravariant equivalence of categorids)dea affine algebraic varieties

Benameur was partially supported by CNRS grant. Nistor warsiglly supported by NSF Grant DMS-
9971951 and a “collaborative research” grant.
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2 J. BRODZKI, M. BENAMEUR, AND V. NISTOR

over a fieldt and commutative, reduced, finitely generated algebrastouerFunctional
analysis this principle is illustrated by the Gelfand—Narkequivalence between the cat-
egories of compact topological spaces and of commutativiggld* -algebras. One of the
main ideas of non-commutative geometry is that this comrdpnce somehow extends
also to (classes of) non-commutative algebras. The theoQuantum groups [39, 42] is
a truly remarkable example of how this principle works ingtiee. Another remarkable
example is that the singular cohomology of spaces and thgedgact cohomology exact
sequences of pairs of spaces extend to algebras — this isctigidh theorem in periodic
cyclic homology [23].

Our main example of how this principle works in practice Wi centered upon algebras
like C* (M) and®*° (M), whereM is a smooth compact manifold aldd® (1/) denotes
the algebra of classical pseudodifferential operatorsitaigral order onl/. We shall see
that the Hochschild homology @ (A/) can be identified with the space of differential
forms onM, whereas the periodic cyclic homology®® (M) is the same as the de Rham
cohomology ofA/. The results o€ (A/) are interesting not only on their own, but also
because they lead to a calculation of the Hochschild, cyafid periodic cyclic homology
of algebras of pseudodifferential operators.

The contents of the paper are as follows. In Section 1, we @éfionchschild homol-
ogy and give some elementary properties and concrete catigos. In Section 2, we
introduce the cyclic homology and the Connes-Karoubi Clobyaracter. We also recall
the Cuntz-Quillen excision theorem together with an alostrgclic cohomological index
theorem. In Section 3, we extend our homologies and the eamagpldefining them to the
setting of Frechet algebras and discover, in particulat When dealing with topological
algebras, choice of a suitable topological tensor prodecbmes important. Section 4
deals with algebras of complete pseudodifferential sysmlool groupoids with corners.
There, we give the computation of periodic cyclic homologyl &lochschild homology
for such algebras. Finally, Section 5 applies these resuéeme geometric examples in
non-commutative geometry. In particular, it relates Hattilsl homology computations
with local residues. No results in this paper are new.

We have not attempted to provide a comprehensive list ofertes, restricting instead
to the sources most relevant to the results presented hére.nikin sources of general
information on cyclic type homology theories are the bodk<[1, 31, 37], which contain
detailed bibliographic information.

We thank the referee for carefully reading our manuscripltfan making several useful
suggestions.

1. HOCHSCHILD HOMOLOGY

We begin by recalling the definitions of Hochschild homolaggups of an algebra,
which we shall assume to be defined over the field of complexbeusn Later, we shall
treat the case of algebras equipped with topology.

Let A be an algebra, not necessarily with unittraceon A is alinearmap-: A — C
such that

T(apay —ajag) =0
for all ap, a; € A. This definition captures an important property of the usoafrix trace
Tr, defined on the algebrd = M, (C) by Tr([a;;]) = >_ a;i. The space of all traces

on A is denotedH"(A), and is also called theth Hochschild cohomology grougor
reasons that we explain now.
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We shall need two differential complexes associated wigtelgebrad, denotedt (A)
and#’(A). The space of-chains for both will be the: 4 1-fold tensor product ofd by
itself. The two complexes are equipped with differentialandb defined as follows:

n—1

1) V(g @ar @...Qa,)= Z(—l)iao ® ... aa41 Q... ay,
i=0

blag@ a1 @...@an) =b(ag@a1 @ ...®@ ay) + (—1)"anag @ ... @ an_1,
whereaq, a1, . .., a, € A. Thusb andd’ define linear maps
b, b o ABHL  ABT

By definition,Hochschild homology groupsf the algebrad, denoted1H,, (A), are the
homology groups of the complex

) H(A) = (A®"F ).
By contrast, the complex
3) H/(A) = (AT )

is often acyclic. This happens, for example whehas a unit, because
S(a®a1®...0a,) =1RQa®@a1®...Q ay
is a homotopy betweehand the identity:
b's + sb' = 1.

In this case the complei’(A) is a resolution of4 by free A-bimodules. It has been noted
by Wodzicki [60] that nonunital algebras who$£(A) complex is acyclic have useful
properties. Algebras with this property are now calkedinital (homologically unital).

The cohomology groups of the dual complex

H*(A) = (Hom(A®" T C), b*)

are called theHochschild cohomology groupsf A and denotediH"(A). Sincer is a
trace if, and only if,m o b = 0, we obtain thatTH"(A) is indeed the space of traces @n

Clearly the groupdiH,, (A4) arecovariantfunctors in4, in the sense that any algebra
morphismg¢ : A — B induces a morphism

¢. : HH,,(A) — HH,,(B)

for any integem > 0. Similarly, we also obtain a morphisgt : HH" (B) — HH"(A).
In other words, Hochschild cohomology iscantravariantfunctor. It is interesting to
note that ifZ is the center of4, thenHH,, (4) is also aZ-module, where, at the level of
complexes the action is given by

4) Zap@a1® ... Qap) =240 Qa1 ® ... dp.

forall z € Z. As z is in the center of4, this action will commute with the Hochschild
differential®.

When computing the Hochschild homology of an algebrit is often useful to replace
the original complex{ ( A) with an equivalent complex. This can be achieved, for exampl
using the next Proposition, which is a standard result framdlogical algebra (see [40,
41], for instance). Before we can state that propositionneed to recall the following
terminology. AnA-bimoduleis an abelian groupg/ which is at the same time a left- and
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right- A-module. Afree A-bimodule is one of the formi @ V' @ A, whereV/ is a vector
space and

ag (a6 Qv a’l)al = (agap) @ v @ (ajay).
Letf: AV A - A® Vy® A be amorphism of free bimodules, and assume that
flovel)=>"ar ®w: @ a,. We shall denote by © 1 the mapA @ Vi — A® Vj
defined by

(folev) = Zafkaak ® wy,
Let A°P? be A as a vector space but with multiplicatiengiven bya x «’ := a’a. Let
A = A ® A°P. The reader familiar with balanced tensor products willentitat the

above construction amount to taking the tensor products. A of f and the respective
free modules. (Note that a free-bimodule is the same thing as a fraé-module.)

Proposition 1. Let A be a unital algebra and

AcAoVio A Aov,oal

be an exact complex of-bimodules. Then the homology groups of the complex

AoV, €2 Aoy €2

are naturally isomorphic to the groug$H,, (A).
For example, whent is unital! the complex#’(A) is exact, and when we apply to it
the above proposition we obtain the Hochschild compigxt). Another useful corollary

of this proposition is derived when we use the exactnessefdtalization functor. The
following result is due to Brylinski [14].

Proposition 2. Let S be a multiplicative subset of the cent&rof the algebrad. Then
HH,(S71A) = S~ HH,(A).

Let us use now Proposition 1 to determine the Hochschild hogyoof the algebra
o[C*] .= C[X4, ..., X,] of polynomials inn-variables. We first need to recall the alge-
braic de Rham complex. Lét’* be the complex vector space generated by the 1-forms
Xm, R dX,:

W*=0CdX, @...0CdX,

We define the space gfforms onC” to beQ?(C*) = O[C"] @ A?W*. HereC" is of
course regarded as an affine algebraic variety. Then the dmRiifferential

d:QUC") — Qatt(C™)
is defined by
—dX; + ...
ox, T AR,
(We omited theA in the products above.) We can now define Hhechschild-Kostant-
Rosenberg-Connes map (HKRC-map)

x 1 AP Qu(Cn),

A=0[C"] =C[Xy,...,X,], by the formula

( or or

d(Pdx;, ...dxX;,) = 4, )dX;, .. dX;,.

1
(5) x(ap®...®aq) = aaodal...daq.

Lwe assumedt unital in the definition off @1
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Proposition 3. We havey o b = 0 and hencey defines an isomorphisg. : HH,(A4) —
Q(Cm).

The proof of this proposition is a paradigm for the compuwtatdf the Hochschild ho-
mology of the commutative algebras, so we present it in Hetai

Proof. Our main tool will be the Koszul complex, which provides a get recipe for
building resolutions ofA = O[C"”]. We construct it as follows. We fix the sequence
(vi,v2,...,v),v; = X; @1 —1® X; of elements ofd ® A. (This is aregular sequence
see [27] for the definition). LeY’ be the vector space with basis the elementsf this
regular sequence. Also, &, = A ® A’V @ A. The space&’, will form the Koszul
complex relative to the sequengs, . . ., v,). The differentials of the Koszul complex are
given by the following formula

q
Sla@uvi, Ao Avi, @a') ::Z(—l)j_l{aXij®vi1/\.../\@?/\.../\viq®a/
j=1

—a®@uy A AT AL A, @ Xy d!

wherev means that the symbolis to be omitted.

The Koszul compleX provides a resolution oft by free A © A-modules (this follows
from the fact that the sequenee is regular). In other words, the compléx has vanish-
ing homology, except in dimension zero, where its homolagisomorphic toA via the
multiplication map

Ko=A®A3a®d —ad € A.

Letw = v;, A...Av;, € A?V. Definef : K — H'(A) := (A®1T2 V) by

flapwed) = Z sign(c)a ® Vigy © Vigyy ® - BV, @ a,
oES,
where the sum is taken over the symmetric group tetters andign (o) denotes the sign
of the permutatiorr. The mapf is a chain map, which means that it commutes with the
differentials:
fo=vf,
and hence it induces a morphism of complexes (or, in this, g@selutions). The mor-
phism f is the identity onKy = A ® A = #H{(A) and hence it induces the identity on
the homology groups in dimension zero, that is, on the algebr (This is a standard
homological fact that can easily be proved as an exercise.)
Using the remark just before Proposition 1 we see that the map

FOL:K®@ac A—H (A) @ae A=ZH(A)

will also induce an isomorphism in homology.

The result then follows becaugex 1 = 0 andx o f is the identity, if we identifyl’
WHhDV*byvj—%dXQ. O

The same argument can be used to prove the following resdt{29, 38]).
Theorem 1. LetY be a smooth, complex algebraic variety afift"] be the ring of regular
functions ory” and2?(Y") be the space of algebraicforms onY". Then the HKRC map
x induces isomorphisms

x : HH, (O[Y]) — Q4(Y)

forall ¢ > 0.
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Another important class of examples deals with algebrascéted with groups. The
simplest situation is probably the following. LEBtbe a group (we do not assume thatas
topology) and let”[I'] be the group algebra d@f. By definition,C[T'] is the space of finite
linear combination$ __ a7y, v € I', a, € C equipped with the produgizy)(a'y') :=
aa'(yv'). For anyy € T' we denote by

Iy:={g9€l gvy=rg},

the centralizerof 4. Let H,(T'y) be thegth homology group of', with complex coeffi-
cients (itis the homology with complex coefficients of any €dmplex whose fundamen-
tal group isI', and all other homotopy groups vanish). K&} denote the set of conjugacy
classes of" and(~) denote the conjugacy classp& I'. Then [17]:

Theorem 2. LetI be a discrete group. Then

HH,(C[I) ~ @ Hy(T5).

{(v)e(T)

In the above sum, we take exactly onfrom each conjugacy class bf Also, note that
the groupd, (T';,) andH,(T',) arecanonicallyisomorphic ifz andy are conjugate if'.

These results extend to crossed products. See [16, 18]daralculation of the Hoch-
schild, cyclic, and periodic cyclic homology crossed prolgebras of the forrd™ (/) x
I', wherel is a discrete group acting oki by diffeomorphisms. Also, see [3] for some
applications of these results to orbifold cohomology ad a®[24, 51] for results on gen-
eral crossed product$ x I', with A not necessarily commutative. (When [51] was being
written, the paper [24] was not available in Romanian lilmsirwhich explains the overlap
in results between the two papers.)

Hochschild homology is also compatible with completionghe following sense. Let
A be a finitely generated module over its cert@nd let\/ denote the completion of a
t—moduleM with respect to the topology defined by an idéat ¢, then we have [33]

Theorem 3. Denote byHHg"p(A) the homology of the completion of the Hochschild
complex of4 with respect to the natural filtration defined B§.4. Then

HH!? (A) ~ HH,(A).

2. CyCLIC HOMOLOGY

We now define cyclic homology, which, as was the case with idcieid homology,
will appear as the homology of an explicitly defined diffaiahcomplex. The cyclic
complex will be introduced as the total complex of a doubkaptex constructed using the
Hochschild comple®{(A), together with a new differentiads whose definition uses in a
crucial way the action of a cyclic group of a suitable size.

Let us assume first that is a unital algebra. We shall denotetthe (signed) generator
of cyclic permutations:

(6) Hag®a1®...Qap) = (—1)"a, ®ag® ... @ ap_1

Using this operator and the contracting homotepyf the complex#’(A) we construct
the operato3 of degree+1 in two steps. First define

@) Bo(a0®a1®...®an)ZSZtk(ao®a1®...®an)
k=0
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and then put3 = (1 — ) By. ThenB is a differential,B? = 0 and it anticommutes with
the Hochschild differential: [b, B]4 := bB + Bb = 0.

We have thus defined the following double complex, which fillsan octant in the
plane:

B B
A®3 -~ A®2 -~ A

b b
A®? A
b

A

FIGURE 1. The cyclic bicomplex of the algebré

Note that columns in this complex are copies of the Hochdatomplex# (A4). The
cyclic complexC(A) is by definition the total complex of this double complex. $hhe
space of cyclie-chains is defined by

8) C(A)n = P Hn—2(A),

k>0
we see thatC(A), b + B), is a complex, callethe cyclic complexf A, whose homology
is by definition thecyclic homologyf A (see [20, 31, 59]).

There is a canonical operatr : C,(A) — C,_»(A), called theConnes periodicity
operator, which shifts the cyclic complex down by two degrees, andohlis defined by
Swn,wn—2,Wn_4,...) = (Wn_2,wn—4,...), Wherew; € H;(A). This operator induces
the short exact sequence of complexes

0= H(A) 5 C(A) S e(A)[2] = 0,

where the magy is the inclusion of the Hochschild complex as the first coluofirthe
cyclic complex and where on the right the cyclic complex hearbshifted by two degrees.
Applying the homology functor to this sequence we obtainfttlwing exact sequence
of Connes and Tsygan:

9) ...—HH,(A) -5 HC,(A) =5 HC,_o(A) 25 HH, 1 (4) 55 .

whereB is the differential defined above, see [20, 38] for more dietdinticipating a little
bit, this exact sequence exists whether or Ad$ endowed with a topology. Theeriodic
cyclic complexof an algebrad is the complex

per 1
CPer(4) = limC(A),

*

the inverse limit being taken with respect to the periogicitorphismsS. It is aZ/2Z-
graded complex, whose chains are (possibly infinite) sespgeaf Hochschild chains with
degrees of the same parity.
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More generally, cyclic homology groups can be defined forxgdi complexes,” [32].
A mixed complex’, b, B) is aZ—graded complex vector spage= (X, ),>o endowed
with two differentialsb and B, b : X, - X,_1 andB : X, — X, 41, satisfying

b’ = B*=bB+ Bb=0.
Thecyclic complexC(.X'), associated to a mixed compléx’, b, B) is the complex
Cn(X) =4, X, o DA_4...= @Xn—Zk
k

with differential b + B. It is the total complex associated to the bicomplex shown in
Figure 2. The cyclic homology groups of the mixed compkare the homology groups
of the cyclic complex oft,

HC,,(X) = Ha (C(X), b+ B).

b b b
B
Xz I — Xl I — Xo
b b
B
X Xo
b
Ao

FIGURE 2. The bicomplex associated with a mixed complex.

We review below a few necessary results on mixed complexég ifiterested reader
can find more information in [30].

The homology of the compleit’,, b) is called the Hochschild homology of the mixed
complex(X, b, B) and is denote#lH.. (V). If A is an algebra with unit and if we let,, =
A®n+1 with the differential$ and B defined above, then we recover the usual definitions
of the Hochschild and cyclic homology groups4fIf A is an arbitrary algebra, denote by
AT = A+ C the algebra with an adjoined unitand J&t(A) = ker(X,,(AT) — X, (C)).
The cyclic and Hochschild homology groups of the resultirgad complex( X, (A), b, B)
are, by definition, the cyclic and Hochschild homology greapthe not necessarily unital
algebraA. When A is a unital algebra, the two ways of defining Hochschild anclicy
homology groups agree. Cyclic and Hochschild homology akaant functors on the
category of mixed complexes: a morphigm A — B of algebras induces a morphism
of the corresponding mixed complexes and hence it inducephismsf. : HC.(4) —
HC.(B) andf, : HH,(A) — HH.(B).

The cyclic complex of a mixed compleit’, b, B) has a periodicity endomorphism
S : Cp(X) = Chp—2(X) which mapst,, to 0 and is the identity on the other factors, as was
seen in the case of the cyclic comptéi4). This defines a mafC,, (X )— HC,,_2(X),
also denoted by. The homology groupHP;(.t') of the projective limit complex

(10) Cr(X) = hincn+2k(x)
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with respect to the periodicity operatSrare called theeriodic cyclic homologgroups
of X:

(11) HP; () = Hi (€™ (X)) -

Periodic cyclic homology is & /2Z—graded homology theor¥JP; = HP;,-. Standard
homological algebra shows that cyclic and periodic cyctioiology fit into the following
lim! exact sequence

(12) 0 — lim" HCppy1(X) — HP,, (¥) — lim HCyp (X) — 0.
—

We shall writeHP,,, (A) for the periodic cyclic homology of the (mixed complex asated
to the) algebrad. Again, functorial properties of mixed complexes show tiwet periodic
cyclic homology of an algebra is a covariant functor.

Cyclic cohomologwyndperiodic cyclic cohomologgre defined by duality and, in case
there is no topology, they are the duals of the corresponiddmgology groups.

The following standard lemma is useful for many calculagion

Lemmal. Letf: X — X’ be a morphism of mixed complexég.(commuting with
and B) that induces an isomorphism of the Hochschild homologygso Thenf induces
anisomorphism of the cyclic homology, periodic cyclic htmgg, Hochschild cohomology,
cyclic cohomology, and periodic cyclic cohomology groups.

Proof. Considerfiltrations of the cyclic complexes associated and X’ by the columns
of the corresponding double complexes. These filtratiofimeeonvergent spectral se-
guences ang is an isomorphism of these spectral sequences. The staodiamgiarison
theorem for spectral sequences is now enough to prove thigthisms of the cyclic ho-
mology groups ofX and X’. (Alternatively, one can use here the SBI-exact sequence.)
For periodic cyclic homology, use also thien' exact sequence above relating cyclic and
periodic cyclic homologies.

The cohomology groups are dual (in this topology free sgjtinf the corresponding
homology groups. O

Here is an application of this lemma. Consider
Tre: Hy(My(4)) = Ho(4), g€y,

the map defined by 7, (bo @ ... ®by) = Tr(momy ... mg)an@. .. aq, if by = mp@ax €
Mn(C) @ A = Mn(A). Also consider the (unital) inclusion: A — My (A) and, be
the morphism induced on the Hochschild complexes.

Proposition 4. The map!'r, is a morphism of mixed complexes. BottandTr, induce
isomorphisms on Hochschild, cyclic, and periodic cycliertodogies and cohomologies
such that(e.)=! = N='7T'r,.

Proof. An easy calculation shows thdtr, is a morphism of mixed complexes. The
map :. induces an isomorphism in Hochschild homology, by the Kaihrformula for
Hochschild homology [37, 1.0.16, 1.2.4]. Thusinduces an isomorphism of cyclic and
periodic cyclic homology as well. The equati@ir... = N is immediate and gives the
rest of the proposition. O

For commutative algebras, cyclic homology can be calcdlatging the Hochschild
homology and the equationo B = dpr o ¥, relating the de Rham differentidp r and
the differentialB via the HKRC maypy. Let A = O[Y] be the algebra of regular functions
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on a smooth complex algebraic variety, as in the statemeiibhebrem 1. To compute
HC,(A) and the other groups associateddtowe first notice thaj defines a morphism

(A% b B) — (Q4(Y),0,dpr)

of mixed complexes, which is an isomorphism on Hochschilthblogy, by the same
theorem of Loday and Quillen used above. This then givesathawing.

Theorem 4. LetY be a smooth complex algebraic variety ald(Y") be its singular
homology groups with complex coefficientsd & O[Y], then

la/2]
HC,(A) = QUY)/dQI™ (V) & @D Hyoo) (V),
j=1
with the periodicity morphisng$ identifying with the natural projection. In particular,
HPy(A) = @B cp Hy—2 (V).

Let us mention that the result @eriodiccyclic homology of the above theorem extends
to the case whely is not necessarily smooth by a result of [25], but the proahie
difficult. (See [33] for a proof of this result in the spirit dfis paper, using Theorem 3.)

We shall use these calculations to construct Chern chasa®g takingy” to be a point,
we obtain thatC,,(C) ~ C andHC1441(C) ~ 0. We can take these isomorphisms to be
compatible with the periodicity operatdrand such that fog = 0 it reduces to

HC(C) = HHy(C) = C/[C,C] = C.
We shall denote by, € HC,,(C) the unique element such that
S, =1¢€ C=HCy(C).

If e € My (A) is a projection, it willinduce a (non-unital) morphism: C — My (A)
by A — Xe. ThenConnes-Karoubi Chern character efin cyclic homology20, 31] is
defined by

(13) Chy([e]) = Tru (v (ng)) € HCoq(A).

This map can be shown to depend only on the class iof K -theory and to define a
morphism
Chq : [\70 (A) — HCzq(A)

One can define similarly the Chern character in periodicicyjamology and the Chern
character onk; (algebraick -theory). For the Connes-Karoubi Chern characterian
we use instead” = C*, whose algebra of regular functions@Y] ~ C[z,271], the
algebra of Laurent polynomials inandz~! (this algebra, in turn, is isomorphic to the
group algebra of). ThenHC,(O[Y]) ~ C, foranyq > 1. We are interested in the odd
groups, which will be generated by elementsc HCay41(O[Y]), which can be chosen
to satisfyv; = 27! @ z andS*vap 41 = v;.

Then, ifu € My(A) is an invertible element, it defines a morphigm: C[C*] —
My (A). TheConnes-Karoubi Chern character ofin cyclic homologys thus defined by

(14) Chq([u]) = T« (¢+(vg)) € HC2g41(A).

Again, this map can be shown to depend only on the classinfi -theory and to define
a morphism
Chq . [\71 (A) — HCzq+1(A).
Both the Chern character dki; and onk’; are functorial, by construction.
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Cyclic homology behaves to a large extent like Hochschilohblmgy. Periodic cyclic
homology however has a few additional properties that ofikaie it easier to compute.
The most important among them is the excision property, wine state here, although
we shall not need it in this paper. The proof of excision irigaic cyclic homology relies
in a crucial way on the following theorem of Goodwillie. (426]).

Theorem 5. If I C Ais anilpotenttwo-sided ideal, then the quotient morphism A/T
induces an isomorphisttiP. (A4) — HP,(A/I).

A deep and far reaching consequence of Goodwillie’s thepeerd also of Wodzicki's
Excision theorem in Hochschild homology [60], is the ExaisTheorem in periodic cyclic
homology established by Cuntz and Quillen [23].

Theorem 6. Any two-sided ideal of an algebrad over a characteristi® field gives rise
to a periodic six-term exact sequence

6T l(’)
HP,(A/J) =<—— HP(A) =<—— HP(J).
It is interesting to note that this theorem holds in much tgegenerality in periodic
cyclic homology than, for instance, in cyclic homology, wl®ne needs to assume that
the idealJ is an H -unital algebra.

Excision in periodic cyclic homology is compatible with ésion in K -theory, which is
seen from the following result [53].

Theorem 7. Let! C A the a two-sided ideal of a complex algebta Then the diagram

K(I)—— K1 (A)—— K, (A/]) 0 Ko(I) Ko(A)—— Ko(A/I)

R T T |

HP (1) — HPy(A)— HP (A/T) L~ HPy (1) — HPy(A)— HPy(A/1),

in which the vertical arrows are induced by the Chern chagastC'h : K; — HP;, for
¢ =0, 1, commutes.

Itis useful to mention here that periodic cyclic homology & also be defined using a
variant of the cyclic complex, th& -complex, which isobtained as follows. L&A — A
be the canonical surjection defined on the free algebra gestebyA, regarded as a vector
space. Denote by the kernel of this morphism and complete the usual periogitic
complex of I"A with respect to the powers df. Since7'A is free, a theorem of Loday
and Quillen [38] allows us to replace its Hochschild compléth a canonical complex of
length two. This descends to the completion. We obtain ig way a simpler complex
for the periodic cyclic homology oft, which gives the same cohomology, by Goodwillie’s
result 5. See [22, 23, 46].

This result was used in [53, 54] to establish a link with indlegory, which we now
illustrate with the following simple example. L&t be a smooth, compact manifold. We
shall denote by”, the space of bounded linear mapsuch thatl'»(|T|") < o, p > 1.
Also, we shall denote by (M) the space of classical pseudodifferential operators on
M of orderm. Itis known that¥—!(M) C C,, if p > dim M. SinceC, is an ideal
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of the algebral(#) of bounded operators oh?(M) and ¥°(M) consists of bounded
operators, we can define the algelra= ¥°(M) + C,, which will containC,, as a
two-sided ideal. Denote by* M = (T*M ~ 0)/R*, the cosphere bundle df/. Since
Cp,NT° (M) = ¥~ (M) and the principal symbet(®) : ¥°(M) /¥~ (M) — C*°(S* M)
is an isomorphism, we obtain the following exact sequence

R O)
0>C, —E&—C(S"M)—0.

The trace defines a cyclic cocyd®, (ao, . . ., aox41) = ex x Tr(agas .. .asg41) ON
Cp, if 2k + 1 > p, [20]. The connecting maf in K -theory in the above diagram, when
composed witl ', gives the analytic index

Index, = Tr, 00 : K1(C(S™(M)) — Ko(Cp) ~ Z.
The Atiyah-Singer index theorem [1] can then be rephrasétyucheorem 7 to say that
ITr ) = n"Td(M)N[S*M] € @szJrl(S*M) = HP'(C™(S* M),
k

whered : HPY(C®(M x M)) — HP'(A(M)) is the boundary map is periodic coho-
mology, Td(M) is the Todd class oM and[T'r.] is the class ofl'r. in periodic cyclic
cohomology. See also Theorem 8. The reader should be wanagethere exists no proof
of the Atiyah-Singer index theorem based on Theorem 7, agihahis would certainly be
very interesting. This example can be generalized to giveaff the Connes-Moscovici
index theorem for coverings [54].

The last two theorems underscore strong similarities betvgeeriodic cyclic homology
and K -theory. It is worth mentioning however that periodic cgchiomology is much
easier to compute, and hence it is known for many more algetitani’-theory.

3. INTRODUCING TOPOLOGY

In applications one is often interested in algebras witlotogy. Then in the definition
of Hochschild and cyclic (co)homology one has to take thelmgy into account, and this
means to completd®9t! in a suitable sense.

Alocally convex algebra is a locally convex vector spacever C equipped with a sep-
arately continuous multiplication. In many examples thealty convex algebral will be
a Fréchet algebra, in which case the multiplication map lvéljointly continuous. Given
that cyclic type homology theories of an algebra are defirstdguicomplexes constructed
from the tensor algebra of it is clear that topology omt will force one to decide which
topological tensor product to use.

The inductive tensor produgt; solves the universal problem for separately continuous
bilinear maps in the sense that any such nia F — G, whereE | F, G are locally
convex topological vector spaces, extends to a continunear maply ®; F' — G. The
projective tensor produck, solves the same universal problem for jointly continuous
bilinear maps. Wher¥' is a Fréchet space, théh @, F ~ E @, E, as any separately
continuous map is automatically jointly continuous, by [B,30, Corollary 1]. When
' is also anuclear space, a further simplification takes place as then thereuisigue
topological tensor product which is compatible with thesdigaic tensor product.

A basic example of this situation is provided by the algehraf smooth functions on
a compact manifold. As a locally convex vector spadds a complete, nuclear Fréchet
space. In this case, a suitable topological tensor producbhsider is thecompleted
projective tensoproducte [28, Définition 2, p. 32]. In the remainder of this paper we
shall restrict our attention to Fréchet algebras and sotopological tensor product of
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choice will be the completed projective tensor product. &details on the related issues
can be found in [11, 22].
Let us assume that is a Fréchet algebra. We can define then

Hq(A) = ADAG ... OA, (¢+ 1) factors,

where® denotes as before the completed projective tensor progiith is the standard
definition of the Hochschild complex for topological algabr (The differentialé and ¥’
then extend to the projective tensor product because ofdh#nuity of the multiplica-
tion.) We shall denote the homology of the Hochschild comptéA) := (#,(A4),b) by
HH,(A), as before.

The following theorem from [20] generalizes Theorem 1 totiygological case. This
theorem is one of the main reasons why Hochschild homologgarded as a generaliza-
tion of differentiable forms and why periodic cyclic homglpis regarded as a generaliza-
tion of de Rham cohomology.

Note that the HKRC-map extends to the projective tensorystsd

Theorem 8. Let M be a smooth compact manifold and{&t(1/) be the space of smooth
g-forms onM . Then the HKRC map induces isomorphisms

X HIHL(C™ (M) — Q2(M).

ConsequentlfiP,(C*(M)) = ;4 HT2(M). The dual identifications are valid for
the corresponding cohomologies.

Proof. Let A = C*(M). We begin by noticing that [28, Ch. 2, Example 1, p. 80]
(16) Ho(A) = ABITL = oo (Mot

Assume now thafl/ is (diffeomorphic to) a compact ball in a Euclidean spaceerth
the proof of our theorem is exactly as that of Propositiont#, dnly after replacing4®
by C*(M x M). (Itis implicit here that the theory of resolutions and #ed functors
extends to topological algebras. Indeed, recall that thachieved by requiring all maps
to have closed, complemented images.)

Then we need a localization principle that will help us resltive proof to the case of
a closed ball in a Euclidean space. To this end, we shall ataprgument from [16].
Let Fy, be the set of functiong : M9+! — C that vanish on a neighborhood of the set
{(x,2,...,¢,21,...,0q_)} C MY, (k+ 1 repetitions ofr), for anyz, z1, ..., z4—x €
M.

ThenFy, C Fy C ...andbF}, C Fy. Let 'y = 0. We claim that each complex
Fi/ P is acyclic. Indeed, fix a metric ol and choose for any> 0 a smooth function
ge : M? — C such thaty.(z, y) = 0 if the distance between andy is less thare /2 and
ge(z, y) = 1if the distance betweenandy is greater tham. Let

(Lef)(mo, 21, xgqr) = ge(®r—1, 21) f(20, -, The1, Thgl, - o, Zgg1)-

Then(bL, + Leb)f — (—1)*g(2k—1,25)f € Fr—y andg(zg_1,z4)f = ffore >0
small enough. This verifies our claim tha}/ Fj,_; is acyclic.

Let F, = |J Fi.. The spectral sequence associated to the resulting filtrafiF, is a
first quadrant spectral sequence, and heargeis acyclic.

Denote by# (M) := H(M)/F... Then the natural projection

H(M) > H(M)/Foo
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induces an isomorphismin homologye it is a quasi-isomorphism). We can thus replace
H (M) with 7 (M) in our calculation. This has the advantage that

SH(M) = ¢H(B)

if B C M is a closed manifold (possibly with boundary) such thdtas support in the
interior of B. The action ofp was defined in Equation (4). Since the cohomolog#¢B)
is known, determined by the HKRC-mgapandy (¢x) = ¢x(«) for anyx in a Hochschild
complex, a partition of unity argument can be used to corefile proof.

The corresponding result for cohomology follows by obsegvihat the range of in
the Hochschild complex is closed, by the result we have justgnl for homology. This
is enough to conclude that the fact thais an isomorphism in homology implies that the
dual mapy’ is an isomorphism in cohomology. O

The resulting isomorphism helps identify the Chern chataconiy and K'; with the
classical Chern characters (up to normalization factarslining 272), see [12, 52].

Our final remark in this section is that many general resultsgd for cyclic type ho-
mology theories for algebras without topology carry ovettlie topological case. The
most important of these is excision. The method of Cuntz anitl€p has been extended
by Cuntz to the case of topological locally multiplicatiyebnvex algebras [22], and more
recently, to the category of bornological algebras [46].

The periodic cyclic homology of algebras of this type satsfihe excision property
with respect to extensions

0—-J—>A—A/J—0

of algebras from one of the categories mentioned above vihersurjection on the right
has a continuous (or bounded, in the bornological caseadisection. This implies that,
as atopological vector space, the image of the idgalcomplemented inl. This require-
ment can be relaxed at the cost of requiring théte / -unital [10].

4. ALGEBRAS OF PSEUDODIFFERENTIAL OPERATORS

The K —theory of many important algebras is difficult to compute [@lften a good
substitute, especially when one is interested in indexrémas, is provided by periodic
cyclic homology.

If M is a smooth compact manifold, then an interesting algettteeislgebrad (/) of
complete classical symbols di. The computation of the homologies of this algebra was
carried out in [15], and the result for the periodic cyclimmalogy is:

HP,(A(M)) ~ U (S"M x SY), ¢=0,1,
JEL
wherer : S* M — M is the cosphere bundle éf .

Other interesting examples are provided by algebras ofqusdifferential operators on
groupoids [47, 55]. Leg be a longitudinally smooth groupoid with corners with spate
units a manifold with cornerd/. Denote byd,r : G — M the domain and range map
of G. Sog is itself a manifold with corners but we assume that the filofesare smooth
manifolds (without boundary or corners). The algebra

ve(g) = |J v(g)

meZ
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of (scalar) classical uniformly supported pseudodifféis@dmperators org; is then defined,
see [36, 47, 55]. For basic facts about pseudodifferentiatators, see one of the many
monographs available, for example [50], [56], or [57].

The algebra of smoothing operators is by definition

TT(G) = () TG,
meZ
The algebra
A(G) =T (G) /T (G)
of complete symbols ofi is endowed with an inductive limit topology. In order to prd&
a natural framework for a homological study of such algelwas is led to a wider category
of algebras with topology that we shall ctdipologically filtered algebrafb, 6].

The reader not familiar with groupoids can assume that @etaks of pseudodifferen-
tial operators are the algebras of classical pseudodiffedeoperators on a smooth, com-
pact manifold. This corresponds to the cgse M x M.

We shall now study the homology of the algebs&l/), and, more generallyd(G).

A convenient aproach is provided by topologically filterddedoras, which are algebras
A endowed with bifiltrationg’)* A C A satisfying suitable conditions. Before formally
formulating the definiton of a topologically filtered algabtet us just say that in the case
of A = A(M), M compact,F;" A is independent ofn. The second index, or filtration
(with respect tan), is needed in order to treat algebras of compactly suppaadenplete
symbols on a non-compact manifold.

Recall that an algebral with a given topology, is @opologically filtered algebraf
there exists an increasing bifiltratidfj*.A C A,

FAC ,?7’.,4, if n <n'andm < m’,
by closed, complemented subspaces, satisfying the foilppioperties:

(1) A=U, nF'AandF; ' A = 0;
(2) Theuniond,, := U,, F,* A is a closed subspace such that

F'"A = A, 0 (U; FIPA);

(3) Multiplication mapsF;" A @ F' A to FI 0 A;
(4) The maps
EQAJFT A FYAJFD_ A — FIETAJFTET A
induced by multiplication are continuous;
(5) The quotient* A/ F)* ;. A is a nuclear Frechet space in the induced topology;
(6) The natural map

FJA—1im FM A §— o0
.

is a homeomorphism; and
(7) The topology oA is the strict inductive limit of the subspacé¥ . A, asn — o
(recall thatF? A is assumed to be cIosedH;ﬁ’fA).

As the referee has pointed out, we can replace conditiong%4) and (7) with the
condition that4 be a nuclear LF-space with a separately continuous muépdin.

For topologically filtered algebras, the multiplicatiomist necessarily jointly continu-
ous, and the definition of the Hochschild and cyclic homadsgising the projective tensor
product of the algebral with itself, as in the previous section, is not very usefudr this
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reason, we change the definition of the spakeg.A) defining the Hochschild complexes
as follows.
Consider
(17) Fy= lim > B FiA,
kot.. . +kg=p
(projective tensor products) which defines an increasingisece of subspaceise filtra-
tion) of A®9+1. We use this filtration to defin® ,(.4) as a completion. Namely,

(18) FyHg(A) = Fy/F_;and Hy(A) = Up FHy (A)

wherej — oo in the projective limit. The operatoisand B extend to a well defined
maps, still denoted and B, defined ori#{,(.A), for any ¢, which allows us to define the
cyclic complex and the cyclic homology of the algebtas the homology of the complex
(C+(A), b+ B), with C,(A) := &M ,_2x(A), as for topological algebras.

For any topologically filtered algebra, we denote

G?“(.A) = ®Dn An/-An—l

thegraded algebraassociated tol, whereA,, is the unionJ,, 7" A, as before. Its topol-
ogy is that of an inductive limit of Frechet spaces:

Gr(A)= lim @y FPA/FL A,

which makes sense i) in the definition of the topologically filtered algehra
For the algebras liké/r(.A), we need yet a third way of topologizing its iterated tensor
products. For our purposes, the correct definition is then

Hy(Gr(A) = lim (@) FAJFT AT

Note that this is not intended to be a “topological tensodpuat,” but just a vector space,
which happens to suit our purposes. This corrects the definib [5], which is alge-
braically not so convenient as this one, although it does gitopological tensor product.

The Hochschild homology afr(.A) is the homology of the complef.. (Gr(A)),b).
The operatotB again extends to a map : H,(Gr(A)) - Hq+1(Gr(A)) and we can
define the cyclic homology afi»(.4) as above. The operatofs B and / associated to
Hq(Gr(A)) are the graded operators associated with the correspomgiegtors (also
denoteds, B andl) onH,(A).

The Hochschild and cyclic complexes of the algebra.A) decompose naturally as
direct sums of complexes indexed pye Z. For example#,(Gr(A)) is the direct sum
of the subspacel , (Gr(A)),, where

Hy(Gr(A), = Tim @D (BlooF A/, A) |

where ko + k1 + ...+ k;=pand — N < k; <N.

The corresponding subcomplexes of the cyclic complex afieetd similarly. We denote
by HH. (Gr(A)), andHC.(Gr(A)), the homologies of the corresponding complexes
(Hochschild and, respectively, cyclic).

The following two results are consequences of standardtsssuthomological algebra
(for topologically filtered algebras they were proved in)[5]
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Lemma2. Let.4 be a topologically filtered algebra. Then the natural filicats on the
Hochschild and cyclic complexes df define spectral sequencesl;, , and EC}, , such
that

EHllc,h ~ HH;H_h(G?“(.A))k and EC}M ~ HC;H_h(G?“(.A))k.
Moreover, the periodicity morphisisl induces a morphisns’ : ECj , — ECj ,_, of
spectral sequences. Fer = 1, the morphismS’ is the graded map associated to the
periodicity operators : HC, (Gr(A)) — HC,_»(Gr(A)) and the natural filtration of
the groupsC, (Gr(A)).

Let us go back now to the algebra of complete symbols on owrgrialG. We shall
denote by (M) the space of smooth functions on the interioféfthat have only rational
singularities at the boundary faces. If every hyperfdcef M/ has a defining function,
thenO (M) is the ring generated kg (M) andz ;. Let then

Ac(G) = O(M)A(G).

Proposition 5. [5] Assume tha§ and M are as above and thaV/ is o-compact. Then
the quotientsd(G) and.A . (G) are topologically filtered algebras.

The multifiltrations are given by the order of the symbols,eathaustive sequence of
compact subsets and the degree of the rational singukariBee [5, 6] for more precise
constructions.

Let AG be the Lie algebroid off and letS*G be the sphere bundle of*G, that is,
the set of unit vectors in the dual of the Lie aIgebroid;ofDenoteH[cq] = Prez H‘g“’“
the singular cohomology with compact support and coeffisiémC. The de Rham co-
homology of compactly supported differential forms withyrational singularities at the
corners will be denoted bﬁ[cq]ﬁ = ®rez HIY?* and will be callecthe Laurent-de Rham
cohomology 7 7

The periodic cyclic homology of the algebra$G) and.A,(G) can be computed with-
out any further assumption on the groupgigb].

Theorem 9. Assume that the bas¥ is o-compact, then we have:
HP,,, (A(G)) ~ HI"(5°G x SY) and  HP,, (A (G)) = HI(S*G x S1).
This theorem generalizes several earlier calculationsirfaance, let" C 7'M be an
integrable subbundle of the tangent bunfile to A/ and assume for simplicity that is
smooth. Then the algebra of complete symbols along thetifiaefined byF' coincides

with Connes’ algebra [19, 48], except that we require trensy smoothness [55]. We

denote this algebra byt (M, F').

Theorem 10. The periodic cyclic homology of the algeh#d M, F') is given by:
HP,(A(M, F)) ~ HE(5* F x SY).

Finer differential invariants can be captured by computitaghschild homology. Re-
call thatA*G — M, the dual of the Lie algebroid @f, is a Poisson manifold with corners.
We shall then denote the Poisson differential associattuthis structure by, see [13]. If
A*G~.0 denotes the open submanifold4fG which is the complement of the zero section,
then the radial action 6t allows us to considgr-homogeneouk—formsQ* (A*G ~.0);
and Laurent type homogeneous forfifs(A*G ~. 0);. Itis then easy to check that the Pois-
son differential send®” (A*G . 0); (resp. Q% (A*G ~ 0);) to QF~1(A*G ~ 0),_1 (resp.
Q%~1(A*G . 0);_1). We shall denote the resulting homology space#pyA*G ~. 0); and
H) (A*G . 0),.
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Proposition 6. The algebrad,(G) is H-unital. Let
Xt HH (Gr(A))g — Q(A*(G) N 0)4

be the HKRC-isomorphism, and két : EH}, , — EH;_, , be the first differential of the
spectral sequence associated4dy Lemma 2. Theg o d; o Y~ ! = —/—14, and hence
Elec,h = Hi+h(A* (G) ~ 0)k-

Proof. As we have already observed the teEH}c’ ;, Of the above spectral sequence co-
incides with the Hochschild homology spabB# ., (Gr(Az(G)))x. Since the graded
algebraGr(A,(G)) is commutative, we can use the HKRC-map to idenﬂﬂf}cyh with
the space ofk + h)—forms onA*G ~ 0 that arek—homogeneous with respect to the radial
action of R ..

The rest of the proof consists in identifying the differenti

d':EH, , — EH,_,
under the HKRC-map.
Let ¢ be a quantization map: 5™ (A*G) — ¥ (G) (this map is a local inverse for the
principal symbol). Choose an anti-symmetric tensor in #sth-variables
n= ZSigH(O’)fo @ fcr(l) ®...0 fcr(m)a
with f; € S*°(A*G). We denote by

g(m) = sign(0)q(fo) © q(fo(1)) @ - @ ¢(fo(m))
thequantizatiorof 5. Letk = deg fy + ...+ deg f», be the total degree. Because
[g(a),q(b)] = =V =1q({a,b}) + ...,

where the dots represent terms of order at ndegta + deg b — 2, the quantitys o ¢(n) is
of total order at most — 1 and hence, modulo terms of ordet- 2, x o b o ¢(5)) is easily
checked to be exactly(n). O

5. APPLICATIONS AND EXAMPLES

5.1. Manifolds with corners. When the groupoid; is the groupoid describing thie
calculus {.e. the “stretched product}/?, in Melrose’s terminology) calculus on the man-
ifold with cornersi , the spectral sequence associated with Hochschild homshigsfies

Eg,hZO hina

and hence it collapses BH?>. The asymptotic completeness of the algebras of complete
symbols shows that this spectral sequence also convetgess(part of a more general re-
sult on topologically filtered algebras, [6]). Thereforer these algebras, the computation
of Hochschild homology is complete.

It turns out that many algebras of complete symbols on mhtsfaith corners become
isomorphic when introducing Laurent coefficients [6, 45,38]. Because of this, we shall
denote the algebra of complete symbols on the groupficsimply by.A, (M).

Denote byH ! (X) the homology of the comple$O(X)Q2*(X), d) of de Rham differ-
ential forms with Laurent singularities at the boundary.

Theorem 11. Let M be a manifold with corners. We have
HH, (A (M)) ~ H74(S*M x S').
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As an easy consequence of this theorem, we obtain the dioreofsihe space of residue
traces on manifolds with corners.

Corollary 1. The dimension of the space of traces4f(}/) is the number of minimal
faces of}M.

We now turn to the computation of cyclic homology. A direcspection shows that
the operatom3 is trivial in this case. This allows us to deduce also theicywbmology of
Az (M),

Theorem 12. Let M be a smooth, compact manifold with corners. We have

HC,(Ag (M) = @D HH,_ak (Az (M)).

E>0

5.2. Fibrations by manifoldswith corners. Assume now that the groupoigldescribes
the vertical pseudodifferential calculus on a connectedafiibn with cornersr : M —
B over a smooth manifold. Then we shall denote the algebda (G) by A, (M|B),
because these algebras turn out to be isomorphic under setty geeneral conditions.
When the manifoldi/ has no corners an@d = M x g M is the space of pairs of points
with the same projection 0B, we recover the Atiyah-Singer algebra of families of smooth
complete symbols along the fibers of the fibratidn— B, described for example in [2, 5].
Denote byn the dimension ofi/, by p the dimension of the fibres and hythe dimension
of B.
Denote byF’ the local coefficient system ovét defined by

F(b) = HHap (A (7" (b)) = HI o (x5 (b)),

wherer : S7.,..M xS' — Bisthe natural projection angf:_,, M is the vertical cosphere
bundle.

Theorem 13. LetM — B be a fibration of manifolds with corners, wifh smooth, then

HH,,, (Ac(M|B)) ~ € QUB,F*™F).
k+h=m

As an easy consequence and in the case without corners fpliciy) we obtain that
(whenp > 2), residue traces are in one-one correspondence withllisions on the base
manifold B.

5.3. Longitudinal symbols on foliations. Foliations provide several examples in non-
commutative geometry. We shall look hence at the case of liempymbols on the holo-
nomy groupoid of a foliation, that is the case of the algelii@omplete symbols along the
leaves of a foliation.

We first need some definitions and notations. (¥t ') be a smooth manifol& of
dimensionn, equipped with a regular smooth foliatidgh. The transverse bundle to the
foliation (X, F) is the quotient vector bundle= T'X/F. We denote by, the dimension
of F. The codimension will be denoted by so thatng = pg + ¢o.

The space&2* " (X, F') denotes the space of differential forms of bidegregh), i.e. of
smooth sections of the bundi F* @ A"v*. A choice of a supplementary subbundie
to /' in T'X induces the splittings

(19) O :T"X = F*Pr' and QI(X)= P (X, F).
k+h=d
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The splitting (19) endow&* ( X) with a bigrading so that the de Rham differential decom-
poses as a sum of three bihomogeneous components

d=dp+d4+9,

wheredr is the(1, 0) component called the longitudinal differential, is the(0, 1) com-
ponent and is an extra component which can be shown to have biddgrée2) [58].
Fors € {0,---, qo}, we get longitudinal de Rham complexgs** (X, F'), dr)

0 — QU(X, F) 25 Qbs(X, F) 25 25 Qros (X, F) — 0.

Ther'* homology space of this longitudinal de Rham complex will baated byH"™* (X, F').
The de Rham cohomology spaces of the smooth manifoldill be denoted byi* (X),
as itis customary.

Dual to(k, h)-differential forms, we define &, #)-current as a generalized section of
the bundle\Pe—*(F*) @ A% =" (v*) @ C, , whereC, is the orientation line bundle of We
denote the space ¢k, ~)-currents byA; (X, F'). By choosing a transverse distribution
H, we can view anyk, h)-current as a continuous linear form on the space of compactl
supported differentig|k, h)-forms with respect td7. By duality, we define a longitudinal
differential on(k, h)-currents, still denotedr, and get in this way longitudinal complexes
(A n (X, F), dp)o<h<qo:

d d d
0— Apu,h LN Apu—l,h L AO,h — 0.

The homology of this complex is denotdd , (X, F').

Let now (M, F) be a new smooth connected foliated manifold witiw(1/) = » and
dim(F) = p. We assume that the bundféis oriented and we denote pythe codimension
of the foliation, so that: = p 4+ ¢. The above manifold{ will be a total space of some
fibration overM with an induced foliatiort’, as we shall see.

If we denote byl (M, F) the set of (compactly supported) pseudodifferential opera
tors of integer ordex m along the leaves of, then® ~>° (M, F) = Npez ¥ (M, F) is
isomorphic to the smooth convolution algelti (G) of the holonomy groupoid asso-
ciated toF, [55]. We shall denote as usual By° (M, F) = Unez ¥ (M, F) the set of
all classical pseudodifferential operators of integerenr@ong the leaves of. Then we
obtain the usual exact sequence

0CF(G) —m (M, F) — AM,F) =0,
with the quotientd(M, F) being the algebra afomplete symbols along the leavesfof
We endowX = S$*F* x S! with the foliationF whose leaves are the total spaces of

the restriction ofX — M to the leaves of M, F). In particular,(X, F') has the same
codimension asM, F).

Theorem 14. [7] Let (M, F) be a foliated manifold, and I¢EH", d"),>, be the spectral
sequence associated with the Hochschild homology of trebedgd (A, F) of complete
symbols along the leaves &, as before. Then the spectral sequefigél”, d"), > con-
verges to the Hochschild homology.4f7, ) and we have: -

EH; , ~ HP 7R P (5*F x S', F).
The space of residue traces along the leaves/6fF) can then be deduced.

Corollary 2. The spacélH,(A(M, F)) is isomorphic to the spadé*”°(5* F x S*, F).
Moreover when the dimension of the foliatigris > 2,

HHo (A(M, F)) ~ HPO(M, F).
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Thus, the space of residue traces on the foliatith) F) is isomorphic to the space of
(2p, 0)-invariant currents ofS* F x S*, F'). More precisely and whep > 2, we get

HH(A(M, F)) ~ H, o(M, F).
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