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ESTIMATES OF SEMIINVARIANTS FOR THE
ISING MODEL AT LOW TEMPERATURES

R.L. DOBRUSHIN

§1. FORMULATION OF THE RESULT

Let V' C Z% be a finite subset of d-dimensional integer lattice Z¢ and X (V) =
{—1,1}V be the set of configurations x = (2, € V), where z; = 1. The (symmet-
ric ferromagnet) Ising distribution in the volume V with the plus-boundary condition
and a converse temperature 3 > 0 is the probability distribution on the set X (V)
such that the probability

(1.1) pv(z) = (Z(V)™ exp{=pUy(2)}, @€ X(V),
where the partition function
(1.2) Z2(Vy= Y exp{—BUy(x)}
zeX (V)
and the energy

(1.3) Uy(z) = — > roxs + > zere |, we X(V).
{s,t}CV:|s—t|=1 {s,t}:teV,s€Ve |s—t|=1

Let T'C V be a finite set. The generating function of the values of the field on the

set T is defined by the relation

(1.4) Fr(Viz,teT)= Z pv(x)exp {Z tht} \

zeX (V) tel
where z4,t € T, are complex numbers. Let r = (ry,t € T') be a function with integer
values ry > 1, € T, and [r| = >, .7 7¢. The semiinvariant (in other terminologies
cumulant, truncated correlation function) of order r of the values of the field on the
set T is defined as the value of the partial derivate

M InPp(V;z,teT
(15) sy(T,ry = L ErVizt € 1) -
HtET 0z, 20 =0,tET,
We introduce a geometrical characteristic of the set T'
S
(1.6) q(T) = max 151

SCT (diam S)?—1
which we call the concentration coefficient of the set T.! This coefficient do not
exceed T7 and takes values of this order for sets like cubes or spheres but can be

arbitrary small for sets evenly spread on the lattice.
The following estimate is the main result of the paper.

I Here and in the following | A| is the number of elements in a finite set A.

Typeset by ApS-TEX



2 R.L. DOBRUSHIN

Theorem 1.1. For eac@ d > 2 there exist constants B = Bd >0and K = K < o0
such that for oll B > B, all finite sets T C V. C Z¢ where |T| > 1, and all

r=(r,t €T) the following estimates for the semiinvariants hold

(1.7) lsv (T, )| < (K max(q(T), 1) exp{—4(3 — ) diam T}.

Note 1.1. The estimate (1.7) is essentially stronger than the estimates which were
obtained earlier ([Ma], [MM], §6.5). The multiplier in (1.7) which exponentially
depend on diam T seems natural since it estimates the probability that the set T'
lies inside a contour arounding a piece of another phase. Strong treelike estimates of
semiinvariants (see [MM], [DS]) which are natural for the high-temperature case are
not possible in the low-temperature situation. The improvement in the comparison
with the previous estimates is connected with the preexponential multiplier which

is larger than 22" in [Ma], [MM].

Note 1.2. In the derivation of the formulated theorem we use a new variant of the
cluster expansion method and instead of a direct application of these expansions
to contours we apply them to some more complex objects adequate to the consid-
ered problem. It gives an improvement of the estimates. This new variant of the
cluster expansion method is described in §2 of this paper. There are a lot of publi-
cations devoted to development and applications of the powerful cluster expansion
method. (See books and review paper [Br], [GJ], [Ma], [MM], [Se], [Sim] and ref-
erences there). A general model used in §2 is taken from the Kotecky and Preiss
paper [KP] (see also [HKZ], Appendix B, and [MS]). In a difference with the other
approaches we apply elementary facts of the theory of analytical functions instead
of involved combinatorial estimates for terms of cluster expansion and it simplifies
the construction and gives estimates convenient for applications. This approach
was used earlier by the author and his coauthors ([D1], [D2], [DM], [DW]) but for

special situations and in a more complex variant.

Note 1.5. Without essential changes in constructions the main result can be gen-
eralized in some directions. So instead semiinvariants of values of the field it is
possible to obtain similar estimates for semiinvariants of functions of finite collec-
tions of values of the field. Also instead of the ferromagnetic Ising model it is
possible to consider other spin models which can be studied by the contour method
(see [Sin], for example).

§2. CLUSTER EXPANSIONS IN ANIMAL MODELS

Let © be a countable or a finite set. Its elements will be called animals.? Assume
that a structure of an undirected graph without loops and multiple edges with the
set © of its vertices is fixed. We say that the elements 6.6, € © connected by
an edge of the graph are incompatible and will write 67 ~ 65. If the animals
61,0, € O are not connected by an edge, we say that they are compatible and shall

?In the previous papers the elements of this set were called polymers or alternatively contours.
But in the terminology of statistical mechanics these words are attached to some concrete objects,
even in applications (including §4 of this papers) these elements can have various and sometimes
exotic nature. So we propose the term animal and even develop further this animal terminology.
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write €1 ~ 65. A finite subset 7 C © is called a herd, if any two distinct animals
61,0, € 7w are compatible. For any finite A C © the set of all herds = such that
7 C A will be denoted H(A) and will be called the set of all herds in A. (The set
H(A) includes the empty herd which is denoted by §.)

Assume that a complex-valued function w(8),8 € 0O, is given. We call the number
w(80) the weight of the animal 6. Let a finite set A C O. The number

(2.1) Zo(N) = Y JJw)

T€H(A) ben

is called the partition function in A defined by the weights w = w(#). (In the case
m = () the product in (2.1) is interpreted as the number 1. So if A is an empty
set the partition function Z,(A) = 1.) Assume that a positive-valued function

b(6),0 € O, is given. The value b(0) will be called the might of the animal 6.

Theorem 2.1. Assume that a positive weight function wy = we(6) > 0 is fized
such that for any animal 8 € ©

(2.2) 1 — wo(0)exp Z wo(é)b(é) > exp{—wo(0)b(8)}.
0€0:0
In particular, the condition (2.2) implies that
(2.3) wo(B)exp ¢ Y wo(B)b(f) p < 1.
0€0:0-¢0
Let Wy be the set of all weight functions w = w(6) of 6 € © such that
(2.4) |w(8)] < wo(6),6 € O,

and a weight function w € Wy. Then for any finite set A C O the partition function
Zw(A) # 0 and for any finite A' C A

(25) ‘m‘ Zu(d)

Zuw(A")

‘ < > we(B)b(h).

GEA\A

Proof. We shall use an induction in the number of elements |A| in the set A. In the
case |A| =0, i.e. A =10, the statement of the Theorem is evident. So we fix a set A
and suppose that the estimate (2.3) is valid for any sets with numbers of elements
smaller than |A|. We fix also a subset A’ C A and an animal 6, € A\ A’. (The case

of A = A’ is trivial.) Consider also the set A=A\{6}. Then

w(A) Zuw(A)
w(N) Zuw(AT)

Zw(N)
Z

(2.6) W)

7z
Z
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It follows from the induction hypothesis that

Zu(A)

(2.7) 71

In

‘ < ) we(0)b().

HEA\A

So we shall prove the statement of the Theorem, if we show that

Zw(A)
(2.8) In 7.0 < wo(8)b(6o).
Let
(2.9) Ao={0er:0~6).

It is clear from the definition (2.1) that
(2.10) Zuw(A) = Zuw(A) + w0(60) Zuw(A).

Since Ay C A and |A¢| < |A| we find using the induction conjecture and the
definition (2.4) that

w(8o)Zw(Ao)

(2.11) Zw(;ﬁ\)

< wo(fo ) exp Z wo(6)b(6)

G:0€A,020,

Observe now that for any complex z such that |z] < 1 we have 1 — |z| < |14 2| <
1+ |z] and so

(2.12) |In|l + z|] < max(In(1 + |z]), —In(1 — |z])) < —1In(1 — |2]).

It follows from the condition (2.3) that the absolute value of the right part in (2.11)
is smaller than 1. So applying the relations (2.10), (2.11) and (2.12) we find that

(2.13)
< —In (1 — wo(by ) exp { wo(é)b(é)}) :

The estimate (2.13) together with the main condition (2.2) implies the desired
estimate (2.8). O

Note 2.1. Instead of the condition (2.2) which appeared in a natural way in the
proof of Theorem 2.1 it is convenient to use the following a little more strong
condition: for any 6 € ©

(2.14) exp Z wo(B)D(8) + wo(B)b(6) p < b(6).
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Check that the condition (2.2) is really weaker then the condition (2.14). It follows
from (2.14) that

(2.15) wo(8) exp ~Z wo(é)b(é) < wo(0)b(0) exp{—wo(6)b(6)}.

We let @ = wo(0)b(6) and see that the condition (2.2) follows from (2.15) and the

general inequality
(2.16) l1—e*>ze™® forxz>0.

To derive this inequality it is enough to check that for > 0 the function f(x) =
1 — (2 + 1)e™® has an nonnegative derivate for « > 0. The condition (2.14) was
used in the Kotecky and Preiss paper [KP].

Now we want construct a cluster expansion for logarithms of partition functions.
For any finite A C O the set of all pairs p = (p,«) such that p C A is a set and
a=a(f) > 1,0 € p, is an integer-valued function of § € p will be denoted by D(A)
and will be called a group of animals in A. The set p will be called the support
of the group and the value «(f#) will be interpreted as the multiplicity of animals
of the kind € in the group p. We say that a group p = (p,«) is a sum of groups
pPi = (ﬁi,ai),i =1,2,...,k,ifp;, Cp,e=1,2,...  k and

(2.17) a(f) = Y ailf), fenp

i=1,2,... k:0Ep;

A gang of animals in A is an non-empty group of animals p = (p,a) € D(A)
such that for any two animals 6,8' € p there is a sequence § = 61,6,,... ,6, =6
of animals in p such that the animals #; and 6,41 are incompatible for all : =
1,2...,n—1, 1.e. pis a connected subset of the graph ©. The set of all gangs in
A will be denoted by G(A).

Theorem 2.2. Let the conditions of Theorem 2.1 are fulfilled and a finite set
A C O be fized. Consider a polydisk Wo(A) = {w = (w(6),0 € A) : |w(8)] <
wo(0),8 € A} € C* and the set Wit(A) of all inner points of the polydisk Wo(A).
The partition function Z,(A) will be treated as a function of w € C'. For any
w € WI(A) a convergent expansion

(2.18) mZ,A) = 3 qulp= 3 (o) [Jw®)®

pEG(A) pEG(A) 9€p

holds. The coefficients r(p) are real numbers depending on the restriction of the
graph structure on © to p only. For any gang p = (p, «)

w ()
(219)  lqu(p)| = lr(p) [T w(®)* @1 < | D wol8)6(6) H(%%)

€p bep bep
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Proof. For any w € Wy(A) let
(2.20) Fa(w) =1InZ,(N).

It follows from Theorem 2.1 that Z,(A) do not vanish and so the function Fy(w)
is a holomorphic function of w € Wi*(A). The Tailor expansion of this function at
the point w = 0 can be written as

(2.21) Fa(w)y= Y ralp) [Jw(®)*®,
pED(A) fep

For p =(64,6:,...,6,) the coefficients

(2.22)

(b a(f2)+...+a(b,
() = (a0 (@) . a(y))~! — O T e B (w)

10(61)0 02 w(hy) . .. 9*En)w(6,)

For any set p € A and any function w = (w(6),0 € p) € Wy(p) consider its
continuation wp = (wa(6),0 € A) to A such that wp(6) =0 for 8§ € A\ p. It follows
from the definitions (2.1) and (2.20) that

(2.23) Fia(wy) = Fy(w)

w=0

and so we see from the relation (2.22) that

(2.24) ralp) = r(p).

Now letting r(p) = r;(p) we can rewrite the expansion (2.21) as

(2.25) Fa(w)= Y r(p) [ w(®)*®.

pED(A) ocp

The coeflicients r(p) are real, since the function Fj(w) takes real values for real w.

Since Z,,(A) = 1 for w = 0 the coefficient r(p) = 0 for the empty group of animals
p = 0. Let now an non-empty group of animals p € D(A) \ G(A). There exists a
representation p = p; U py, where the sets p1, p; are non-empty, their intersection
p1 N p2 = 0 and for any 6; € p1,6, € p2 the animals 6;, 8, are compatible. Then it
follows from the definitions (2.1) and (2.20) that

(2.26) Fy(w) = Fy, (1) + Fp(w).
Differentiating we obtain from (2.22) and (2.26) that
(227) Kp) = r(p) = 0. i p e D)\ GIA)

and so the expansion (2.25) is reduced to the desired expansion (2.18).
It follows from the relation (2.22) and the Cauchy formula that

s Fs(w)
(2.28) r(p) = (2xi)~ 17! f P
w:|w(8)|=wo(8),0€p Heeﬁ(w(e))a(e)—l—l
The inequality (2.5) applied for A" = () gives a priori estimate
(2.29) Fy(w)] < 3 wo(@)b(8), w € Wo(A),
bep

The desired estimate (2.19) follows from the estimates (2.28) and (2.29). O
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4. CONTOUR REPRESENTATION

The proof of the main theorem will use the well-known contour description of
the Ising ferromagnetic model for law temperatures. Following a tradition of the
literature on application of contour method we restrict its exposition by the simplest
case, when the dimension d = 2. The generalization to the case d > 2 is really direct
and even sometimes discussed in details (for example in [Sim], §V.8 for the case
d=3.)

Let Z? be the two-dimensional integer lattice. Assume that Z? C R?. Let Z**
be the conjugate lattice with vertices (ny +1/2,n2+1/2),n1,n2 € Z. Let [Ebe the
set of edges of the congugate lattice, 1.e. the set of all closed intervals of the length
1 connecting the adjacent points of this lattice. For the each edge e € [E there are
two vertices of the original lattice ZZ? on the distance 1/2 from e. We say that they
are vertices adjacent to the edge e. Let V C Z* be a finite set. The set of edges
e € [Esuch that at least one of two points to which the edge e is adjacent belongs
to V is called the set of edges in the volume V and is denoted by FV).

Return now to the Ising distribution with the plus-boundary condition described
in §1. For each configuration © € X (V') we define its boundary B(x) as the set of
all edges ¢ € (V') of the conjugate lattice such that if #,# are the points of the
original lattice adjacent to e the values x4 # xy. (We assume here that «; = 1 for
t € V¢ =7*\V and it means that we introduce plus-boundary conditions.) The
contour method of a study of the Ising model is founded on a possibility to represent
the boundary B(z) in a unique way as a sum of contours, i.e. non-selfintersecting
closed lines consisting of edges e € E(V), but it is necessary to be careful in the
definition of contours. (What is a unique natural way to divide to contours the
boundary of the configuration x such that x; = (=1)""7"2.t = (#1,t2) € V7 See the
answer at the right part of Fig. 1.)

Figure 1 Contour representation of the boundary of a configuration

So we introduce the following convention. Let e, e; € K be two different edges
containing a general vertex t = (t;,t2) € Z?*. We say that these vertices make a
legitimate turn, if either one of these edges connects the vertex ¢ with the vertex
(t1+1,t2) and the other vertex connects it with the vertex (#1,#3+1) or if one of these
edges connects the vertex ¢ with the vertex (t; —1,¢2) and the other vertex connects
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it with the vertex (#1,f2 — 1). A contour is defined as a sequence ey, ez,... , e of
mutually distinet edges such that the edges e;,e;41,4 =1,2,... ,k (here k+1=1)
have a general vertex and if there is another pair of edges e;/, ;41 of this contour
having the same general vertex the vertices e;, €;,411 make a legitimate turn. In other
words a contour is a closed broken line consisting of mutually different edges such
that a small deformation conserving the legitimate turns transforms it to a non-
selfintersecting closed curve. The set of all contours is denoted by G We say that a
contour ? € Gis a contour in the volume V, if all its edges belong to [{V'). The set
of all such contours is denoted by (V). The number of edges in a contour ? € G
is denoted |?| and is called the length of this contour. The set of all points t € Z?
such that there are no continuous curve in R* which do not intersect a contour ?
and connect the point ¢+ € Z? C R? with "infinity” will be called the interior of
the contour 7 and will be denoted Int 7. We say that the contours 7y and 7, are
compatible if they have no general edges and at any vertex which is contained in
both of contours these contours make legitimate turns.

Let H(V) be the set of all sets 7 C (V') of contours in the volume V such
that any two different contours in = are compatible (H(V') includes the empty
set of contours). It is easy to understand that for any finite volume V and any
configuration @ € X (V') there exists a unique system of contours n(x) € H(V') such
that

(3.1) B(z) = Uren()?-

Further for any system of contours # € H(V') there is a unique configuration z(7) =

(x4(m),t € V) such that
(3.2) m(x(n)) = 7.

Really this configuration can be defined by the following construction. For any
point ¢ € Z? denote by O(t) the set of all contours ? € Gsuch that ¢+ € Int ?. Then

(3.3) zi(m) = (=D)I"OOL e Vir e H(V).
The definition (1.3) implies that the energy

(3.4) Uy(z) =2ln(x)| — Kv, zeX(V),
where we let

(3.5) 7l => 7, 7€ HV),

ren

and where the constant Ky equals the number of terms in the sums in (1.3) and
does not depend on x. So recalling the definition (1.1) we find that

(3.6) pv(e) = py(w(z)), e X(V),
where the contour probability distribution

(3.7) pv(m) = (Z(V)) " exp{=28Ix[}, =€ HV),
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and the contour partition function

(3.8) ZV)y= > exp{—2ﬂ2|?|}.

TE€H(V) en

It is the well-known reduction of the ferromagnetic Ising model to the contour Ising
model used for its study in the case of large 3.

Comparing the definitions (1.4) and the relation (3.6) we find that the generating
function

Zr(Viz,t €V)

(3.9) Fr(Viz,teT)= 70

Y

where the partition function

(3.10) Zr(Vizt €V) = Z exp{—ZﬂZ |?|—|—Zzt:1;t(7r)} .
T€H(V) I'en teT

So we can rewrite the definition (1.5) as

"M Zp(Vizet €T
(3.11) sy(T,r) = 0"lIn T(V’Zﬂ:t €7)
HteTaZt

This contour representation of semiinvariants is the starting point of the following
constructions.

Zt EO,tET,

The following simple statement about contours will be used below. For any set
Vo C 772 we denote by O(Vy) the system of all contours which contain at least one
of points of the set V} inside of them:

(3.12) O(Vo) = Y _ O(t).

tev,

Lemma 3.1. There exists a constant 31 > 0 such that for any finite Vy C Z7?

1
(3.13) > exp{-2p|7]} < 5IVol.

Teo(Vy)

Proof. Let tq = (t,13) € Vo and €4 4,, where a = 0,1,. .., be the edge of the lattice
connecting the vertices (t(l) + a4+ 1/2,t3 +1/2) and (t(l) +a+ 1/2,t3 — 1/2) of the
conjugate lattice. It is clear that any contour 7 € O(ty) contains at least one of the
edges €, ¢, with ¢ < |?|. The number of different contours of a length d containing
a fixed edge do not exceed 3? and so

(3.14) > exp{=28171} <)) exp{—(28 — In3)d}.
TeO(to) a=0d=aqa

The right part of (3.14) tends to 0 as  — oo, and now it follows from the definition
(3.12) that the desired estimate (3.13) holds for large enough ;. O
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§4. ANIMAL MODEL REPRESENTATION

The derivation of the main estimate (1.7) for semiinvariants uses a special rep-
resentation of the partition function (3.10) as the partition function of a special
animal model (see §2). Fixing a finite set T C Z? we describe this animal model.
The set of animals © = O(T') consists of elements of two types. First all contours
G c O(T). Besides it the set of animals O(T') contains some additional elements
which we call amoebas. The amoebas are pairs A = (S, 7g), where S C T are finite
nonempty sets, the elements of which will be called nucle: of the amoeba A, and 7g
are finite systems of pairwise compatible contours such that 75 C O(S) (see (3.12))
and if |S| > 1 there is a contour ? € wg which contains all the set S inside of it:
S C Int 7. The largest (in the sense of the number of |Int 7 ) of contours ? con-
taining S will be called the membrane of the amoebas A and will be denoted M(A)
(In the case |S| = 1 the system wg can be the empty system and the membrane be
absent). (See Fig. 2.) The set of all amoebas will be denoted A(T).

Figure 2 An amoeba with three nuclei and
two (dashed) contours compatible with it.

We need to describe the incompatibility relation (») in ©(7'). Contours 71,74 €
G c O(T) are incompatible, if they are incompatible in the sense described in §3.
A contour ? € Gand an amoeba A = (S, 75) € A(T) are incompatible if either one
of contours ?’ € mg is incompatible with the contour 7 or the contour ? € O(S5).
Two amoebas A; = (Sl,ﬂ's ), Ay = (52,71'%2) € ANT) are incompatible if either
there is a pair of incompatible contours 7! € 7r}§1 and 7% € 7r?g2 or the intersection
S1 NS5 is not empty or at last the set of contours (7rk191 NO(Sz))U (F%2 NO(Sy)) is
not empty.

At last fixing # > 0 and complex numbers z;,t € T we define the weight function
(4.1)

0 { exp{—20417|}, ifg=7cG
! exp{—28|ms|} [[ieslexp{zivdms)} = 1),  if 6 =(S,7s) € AT).

Proposition 4.1. Let A(T, V), where T C V C Z? are finite sets be the set of
animals 6 € O(T) such that either § = 7 € G{ or § = (S,7s) € A(T where
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s € H(V) (see §3). Then (see the definition (2.1)) the partition function
(4.2) Zr(Vize,t € T) = ZW(ANT,V)).
Let

exp{—25(7 [}, ifo="eG

(4'3) wo(e) - { (U(T))|S| exp{—250|77'5|}7 if 0 = (S’ FS) < A(T)7

where (recall (1.6))

" o) = SeEmin((a(T),1)
and
[ ep{21]), 76="cG
(4.5) b(e - { exp {2|7TS| + |S|}7 if 0 = (S, 7TS) € A(T)

Then there exists a value By > 0 such that the main condition (2.2) of Theorem 2.1
18 fulfilled.

Proof. We can rewrite the partition function (3.10) as

Zp(Vizt€V)= Y @m{—QﬂE:ﬁﬂ}Il@mﬂ%xxﬂ}_1+1):
(4.6) r€H(V) ren teT

Z exp {—Zﬂ Z |7 |} H (exp{zia¢(m)} — 1).

SCT,meH(V) Ien tes

Show that for any fixed pair (S,7) where S C T and © € H(V) there exists a
unique representation

S=S5US,U...USs,

4.
( 7) FQO(S):F51U7TS2---U7TS,{,

such that k,1 < k < |9]| is some integer and A; = (S1,7s,), A2 = (52,7s,),
ooy Ar = (Sk, 75, ) are mutually compatible amoebas. Really the partition S =
S1 U Sy U...U S} is uniquely generated by the following construction. We say
that points s;,s82 € S are connected if there is a contour 7 € 7 such that both
points s1,89 € Int 7 are situated inside of this contour. Observe now that if two
compatible contours 71 and 75 and two sets S;, Sy C Z2 are such that S; C Int 74,
Sy C Int 75 and the intersection S; N S5 is not empty, then at least one of these
two contours contains the sum S; U Ss in its interior. So if we choose the sets
Si,e=1,2,... ,k, as maximal components of mutually connected points of 5, we
find that there are contours 7; € 7,7 = 1,2,... , k, such that S; C Int 7,,if | 5;| > 1,
and no contour 7 € 7w can contain in its interior some points of two different sets
75,750 # 7,4, =1,2,... . k. So we obtain the representation (4.7) if we let

(4.8) s, =7 NO(S;), 1=1,2,... k.
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From the other side it is easy to check that the existence the representation (4.7)
implies that the sets S; and mg, can be obtained by the construction described
above. To the each pair (5, 7) we can correspond a herd of animals p(7) = {? €
7\ O(S), A1 = (S1,7s,), A2 = (S2,7sy),--. , Ak = (Sk,7s, )} € H(A(T,V)) and
it will be an one-to-one correspondence between the set of all pairs (S, 7), where

S CTand 7 € H(V), and the set of all herds p € H(A(T,V)). The weights (4.3)

were chosen in such a way that for any pair (S5, )

(4.9) exp {—Qﬂ M1 |} [ (expfzam)} = 1) = ] w(o).

Ten teS o€ p(m)

So the desired identity (4.2) follows from the equality (4.6).

Instead of the condition (2.2) we check a more strong condition (2.14) which
states that for any animal 6 € ©(T)

(4.10) > wo(B)b(6) + wo(6)b(6) < Inb(h).

With this aim we need some estimates of sums of terms wo(A4)b(A) where 4 € A(T).
Let AQ(T) be the set of all amoebas with a fixed set of nucle1 S C T. In the first
place we observe using the definitions (4.3), (4.4) and (4.5) and Lemma 3.1 that
for any finite set S C T and any number a > 0

> wo(A)b(A)

A=(S,75)€hg (T):|ms|>a

= (o(T)"! > exp{=2(fo — 1)lms| + |51}

A=(S,75)€hg (T):|ms|>a

< (@Y exp{=2(80 — 1 = )a} > exp{=2B|rs]}

A=(S,m5)€hAs (T)

10 < (el exp{=2(8y — B — 1)a} ] (1 +expi—=25]21})

reo(s)

< ((T)¥lellexp{—2(8y — B — DaYexp{ > exp{-25[7}
reo(s)
1

|S]
< (5) minamy I, Dexp{-20 - 41 - 1ya}

Observe also using the estimate (4.11) and the definition (1.6) that for any fixed
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contour ?° € G and number a > 0

> wo(A)b(A)

A=(S,75)€As (T):SCInt TO, |75 |>a

Sexp{—2(B— 1 —La} > (2¢(T))7
5:5CInt TONT
< exp{—2(fo — B — D)a}(1 + (2¢(T))~ e I 71

(4.12)
< exp{~2(fo — A1 — L)a + (2q(T))~ [Tnt 7° N T}

< exp {—Q(ﬂo - —1a+ %diam (Int 2% T)}
< exp {20 1~ 1ia+ 7121}

Similarly fixing a point ¢ € Int ?°NT and observing that diam (Int 7°\{t}) < £|79|
we find that
(4.13)

> wo( A)b(A)

A=(S,7s)€hs (T):5CInt T0 €S, |ms|>a

< Smin((g(T) 7 Dexp{=2(0 — A —Da} Y (2g(T)7
S'C(Int TONT)\{t}
1

< 3 min((¢(T))™, 1) exp{—2(B — 51 — 1)a}(1 + (2q(T))_1)|Int renT\{t}]
< %min((q(T))_l, 1)exp {—Q(ﬂo — 1 —la+ %|?0|} .

Fix a point t € Z? and a contour ?° € O(t) and assume that At’FO (T) is the set of
all amoebas A = (S,7s) € AT) such that + € S and the membrane M(A) = ?9.
Since |7(S)| > [7°]| for A = (S, 7s) € & ro(T), it follows from the estimate (4.13)
that for 3y = 20, + %

> wo(A)b(A)
A=(S,ms) €M 1o (T):|ms]|>a
< ginl(o(D) ey {25 — 1 — 1ymas(an[2°) + 112°1
(1D = Samin((o(T) ™ 1) exp {205 — 52 max(a, 7))}

1 1
< exp {200 + Hmax(a 2] + 112"
1

<3 min((¢(T))™", 1) exp{~2(o — B2)a} exp{—20:[?°[}.

Using the estimate (4.11) for S = {t}, the estimate (4.14) and Lemma 3.1 and
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recalling that 3; > 3, + 1 we find that for any fixed point ¢ € Z?
(4.15)

> wo(A)b(A) < > wo( A)b(A)

A=(S,ms)ENT):tES,|ms|>a A=({t},m0,) ) EAT):|myyy [>a

+ ) > wo(A)b(A)

O€0(t) A=(S,7s)EAT):|S|>1,1€S, w5 | >a, M(A)=T"

< 5 min((o(T))™, 1)

x| exp{=2(8 — B — Da} + exp{=2(f — B2)a} > exp{=p|?"]}

Toco(t)

< = min((¢(T))™*, 1) exp{—2(8y — B2)a}.

Now we obtain from (4.15) and (1.6) that for any contour ?¢ € G and 85 = B2 + %
(4.16)

> wo(A)b(A)

A=(S,75)ENT):.TyEns

< > > wo(A)b(A)

te€lnt TONT A=(S,75)EANT):t€S, |75 |>|T0|
< exp{—2(fo — B2)|?°[}a(T)) ' [Int ?° N T
< exp{=2(fo — 42)|?°[}diam (Int ?° N T) < exp{—2(fo — B2)|?°[}|?°]
< exp{—2( — 3)[?°[}-

In a similar way applying (4.15) for @ = 0 we find that for any contour 74 € G
(4.17)
> wo(AB(A) < )Y > wo( A)b(A)
A=(S,ms)ENT),TE0(S) t€lnt TONT A=(S,ns)EMNT):teS
1
<(¢(T))HInt ?2°NT| < diam (Int ?°NT) < §|?0|.

Now we can begin to prove the desired estimate (4.10). In the first place we

assume that § = ? € (& Let R(G) be the set consisting of all contours ? € Gwhich
are incompatible with the contour 7 and the contour ? itself. It follows from the
definition of incompatibility that for § = 7

Y wol8)b(6) + wo()b(8)

(4.18) < > [ we)B(?) + > wo(A)b(A)
T'eRr(I) A=(8,m5)ENT):T €ng
+ > wo( A)b(A).

A=(S,75)ENT):T€O(S)
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It follows from the estimate (4.16) applied for 70 = ?7 that

(4.19) 3 wo(A)b(4) < exp { =208 — 3317}

A:(S,WS)EA(T):f‘ Eng

So recalling also the definitions (4.3) and (4.5) we find that

S [ woPn(7)+ > wo(A)b(A)

(420) FeRr(D) A=(S,75)ENT) T €ng

Z (exp{— 250—1)|7|}—|-6XP{ 2(80 — 53)|5|})

ERrR(T

Since each of contours 7 € R(?) contains a vertex of the conjugate lattice belonging
also to ? and the number of different contours ? of a length d containing a fixed
vertex do not exceed 3¢, it follows from the estimate (4.20) that for some large
enough o >0

(4.21) > [ we)p(?) + > wo(A)b(A) | <7

FeRr(T) A=(S,ms)eENT)T ens

The estimate (4.17) shows that

1
(4.22) Z wo(A)b(A) < 5

A=(S,m5)EAT):T€O(S)
The estimates (4.18), (4.21) and (4.22) implies that for § =7
(4.23) D wo(B)b(6) + wo(6)b(6) < 27|
6€0:6x0

and it is the desired estimate (4.10) for the considered case.
At last we assume that § = 4 = (S,75) € AT). Using the definition of incom-
patibility we find that

(4.24)
D wo(B)b(8) + wo(6)b(6)
6€0:020
<Y [ wolP(?7)+ > wo( A)b(A)
lers TeR(T) A=(5,75)ENT):T €rg
+ Z wo(fi)b(fi) + Z Z wO(A)b(A)
A=(3,75)A(T):SNS20 Pems A=(5,75)ENT):T€O(S)

+ > > wo(A)b(A).

Feo(8) A=(8,75)eNT).T €ns



16 R.L. DOBRUSHIN

We shall estimate the separate terms in the right part of the estimate (4.24). In
the first place we observe using the estimate (4.21) that

(4.25) DY w7+ > wo(A)b(A) | < |rxgl.
lens TeR(T) A=(S,75)ENT):T €xs

Further using the estimate (4.15) for @ = 0 we find that

(4.26) > wo(A)(A) < > wo( A)b(A) < z|5|.

A=(8,75)ENT):SNS#D 1S A=(S5,75)eNT):teS

It follows from the estimate (4.17) that

(4.27) > > wo( A)b(A) < %|7r5|.

Perms A=(8,75)eAT):T'€0(S)

At last using the estimate (4.16) and then Lemma 3.1 and the estimate min|? | > 4
we obtain that for some large enough [y

(4.28)
3 3 wo(A)b(A) < N exp{—2(f — B:)I7 [}
[e0(8) A=(5,75)eNT):T x4 reo(s)
- 1
Sexp{—d(h — B = A} D exp{-Al7]} < 18]
Teo(s)

Gathering the estimates (4.24) — (4.28) and recalling the definition (4.5) we find
that for any § = A = (S, 75) € NT)

(4.29) > wo(B)b(6) + we(0)b(6) < 2|ms| +[S| =1Inb(A).

We have checked the condition (4.10) in all the cases. O

§5. ESTIMATE OF SEMIINVARIANTS

Now using the animal representation constructed in §4 we can prove the main
Theorem 1.1. For it we need the following lemma.

Lemma 5.1. Let G(G) be the set of all gangs of animals consisting of contours
? € G only. There exists a constant 3 > 0 such that for any edge e € [E the sum

(5.1) > exp{ =28 a(?)|7| ¢ < 1.

p€G(:e€ure,I rep
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Proof. Fix an edge ¢ € [ By R(e) we denote the set of all gangs p € G(G) such
that for all 7 € p the edge e € 7. Observe that for any 5 > 0

Y exp{ =28 a?)?lp= ]] <1+Zexp{—2ﬁa|?|})—1

pER(e) Tep reGeer a=1
(5.2) = I (1 +exp{-2617[}(1 —exp{-252[})"") -1
reGeer
< exp { Y exp{=28]7 [} (1 —exp {—25]? I})_l} -1
reGeer

(Really, calculating the product in second part of this relation we obtain sum of
terms corresponding to any subset of the set of all contours containing the edge e.
The term —1 arises since we need to exclude the empty subset.) Since the number
of different contours ? such that |?| = d and e € ? do not exceed 377! the series in
the exponent in the right part of (5.2) converges for 4 > In3 and its sum goes to

~

0, as # — oo. So there exists a value J so large that

(5.3) Y exp{ —(28-2)> a(?)?|p < 1.

pER(e) I'ep

We prove below that for this value of 3 the statement of the Lemma holds.

Consider a finite set C' C [E and an edge ¢ € C. The set of all gangs p € G(G)
such that e € Upeg;?7 C C will be denoted by R(e,C). Instead of (5.1) it is enough
to prove that for any finite C' C [£ and any edge e € C

(5.4) Y exp{ =23 a(?)?]p < L.

pER(e,C) I'ep

We prove this estimate by induction in the number of elements |C|. In the case
|C| = 1 the set of gangs R(e,C') is empty and so the estimate (5.4) is evident. We
use it as the initial step of induction. So we suppose that for any edge € € C,é # e

(5.5) Z exp —252@(?)|?| <1.

pER(E,C\{e}) rep

Any gang of contours p € R(e,C) can be represented (may be in a nonunique way)
as a sum (see the definition of sums of groups of animals in §2)

(56) p = po+ Z Peis

(e1,e9,...,e)

where a gang py € R(e), the gangs p., € R(e;,C \ {e}) and the summation is
taken over all subsets of edges (e1,ez,... ,er) C Upegp,? \ {€} (including the empty
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subset with & = 0). Let R(e,C,pg) be the set of gangs p € R(e,C) which can
be represented in the form (5.6) with a fixed gang pg. Then using the induction
conjecture (5.5) we find that

(5.7)

S epd 283 a0

pER(eaCaPO) FEP

<expd =283 a(?)?|

I'epo
k
< I X ewq-20) e
(e1,€2,...,ex) 1=1 \ pER(e;,C\{e}) I'ep
<exp{ 20 a2l JI [t+ Y ew{-23) a(?)
I'epo €€Ures, I’ pER(E,C\{e} rep

<expl —28 Z a(?)]7] 92 res Il < oxp —(28 —1n2) Z a(?)]7]

I'epo T'Epo

Returning to the representation (5.6) we see that

(5.8) > exp—23) a(?)?[p < Y exp —(26—-1n2) Y a(?)]?|

pER(e,C) I'ep po€R(e) TI'epo

and the desired induction estimate (5.4) follows from the estimate (5.3) proved
above. O

Proof of Theorem 1.1. Proposition 4.1 gives a possibility to apply the cluster expan-
sion (2.18) to the logarithm of partition functions Zp(V;z,t € T) = Z,(A(T,V))
(see (4.2)). So if (see (4.1) and (4.3))

(5.9) ()] < wo(8),8 € O(T),

we have the expansion

(5.10) mZr(Vizt€T)= > qulp)
pEG(AT,Y))

The condition (5.9) is fulfilled if # > fy and the values of variables (z¢,t € T)
belong to the polydisk

(5.11) Pr={(z,t €T): |z <In(1 +o(T))} c C.

So InZp(Viz,t € T) and the terms ¢u(p) of the series (5.10) are functions of
z¢,t € T, holomorphic in this polydisk and continuous in its closure and we can
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differentiate it in z; term wise. Let G7(V') be the set of all gangs p € G(A(T,V))
consisting of animals § € A(T, V') such that the sum of nuclei of amoebas included

in p is equal T. The derivates of ¢, (p) with respect of all the variables z,t € T,
vanish if p ¢ Gp(V). So we obtain from the relations (3.11) and (5.10) that

7
(5.12) sv(T,r) = iz—ﬂ%gié
pEGT (V) HtET “t

The derivates included in (5.12) will be estimated by the Cauchy formula with
integrating over the boundary of the polydisk (5.11). It follows from the estimate
(2.19) and the definitions (4.1) and (4.3) that for |z = In(1 4 (v(¢))),t € T,

Zt EO,tET

lqw(p)] < [ D wo(8)b(6)
(5.13) e

X exp s —2( — fy) Z a()|? |+ Z a(A)|rs] )

rep) A=(S,ms)€Np)

where we denote the set of all contours ? € G such that ? € p by (p) and the set
of all amoebas A € A such that A € p by A(p). It follows from (5.12) and (5.13),
the Cauchy formula and the estimate In(1 + 2) < x for + > 0 that

(5.14)

[sv(T,r)] < (L4 (o))" Y [ Y wel6)b(6)

pEGT(V) \€p

cepd=28-6) | 3 a2+ Y (A

rep) A=(S,ms)eNp)

The definitions (4.3), (4.4), (4.5) implies (if we assume 3y > 1) that for any gang p

515 S w@®) <l <ep! 3 a4 Y a(A)wl
oep rep) A=(S,ms5)€A(p)

So we can rewrite the estimate (5.14) as

(5.16)

sy (T,r)| < (In(1 + (v(t))) 1"

<Y em{-2-mh-1| a0l Y a4l
PEGT(V) relp) A=(8,75)€A(p)
This formula is the starting point for the following estimates.
Fix a gang of animals p € Gp(V). We need to describe the structure of its
support p. It follows from the definition of the set G(V') that the set A(p) is not
empty and

(5.17) U S=T.

A=(S,ms)€A(p)
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Consider the set of contours

(5.18) K(p) = Gip) U s

A=(S,7m5): AEA(p)

Treating K(p) as a subgraph of the graph of all contours G with the vertices con-
necting incompatible contours we consider the system of all connected components
of this subgraph: Ki(p), K2(p),... ,Kn(p), where an integer N = N(K(p)). Ob-
serve that each components K; (7) contains a contour ?; € O(T). Indeed in the
opposite case K;(p) € (p) and there are no path along the incompatible animals
belonging to p Wthh connect K;(p) with the amoebas from A(p) what contra-
dicts to the definition of a gang. Denote by @Q;(p) the set of all ¢+ € T such that
the intersection K;(p) N O(t) # (. Since we assumed that |T'| > 1 the definition
of compatibility of animals and the condition (5.17) exclude the situations when

O(t)N K(p) = for some t € T. So
N

(5.19) J@ip) =
=1

Observe also that if Q;(p)NQ;(p) # 0 then either Q;(p) C Q;(p) or Q;(p) C Qi(p).
Indeedift € Q;(p)NQ;(p) and ?; € K;(p)NO(t) and ? ; € K;(p)NO(t), then either

Int 7; 2 Urer;(pInt 7 or Int 7; 2 Ureg,(pInt 7. At last the situation when there

are two nonempty disjoint sets fl and Ty such that each of the sets Qi(p) either
embedded in Ty or in 75 is also impossible. Indeed in the opposite case there are no
path along the incompatible animals belonging to p which connect amoebas with
the nuclei belonging to T} with amoebas with the nuclei belonging to T, what again
contradicts to the definition of a gang. So the only possibility remains for some ¢

the set Q;,(p) = T. But then
(5.20) opl= ) PPIz2diam T

TeK(p) I'eK;:q(p)

and this estimate is the main conclusion from the previous consideration.

Fix a sufficiently large constant # which will be specified below. Observe using
the estimates (5.16) and (5.20) that
(5.21)

|5y (T,r)| < exp{—4(8 — 5 — B — 1) diam T}(In(1 + (v(1)))”"

<Y expe—48( > a2+ > a(d)|rs]

pEGT (V) rep) A=(S,ms)€A(p)

We need to estimate the sum over p € Gp(V) in (5.21). Let Ap) = (Ap), a) be the
group of animals consisting of all amoebas A 1nc1uded in the gang p with the same
multiplicity a(A) which they have in p. It follows from the description of connected
components of the set I{(p) given above that the gang p can be represented (may
be in a nonunique way) as a sum (see (2.17))

(5.22) p=B8p)+ D> e,

c€E(A(p))
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where E(A(p)) is the set of all edges of the conjugate lattice having nonempty
intersection with contours included in A(p) and p. is either a gang of contours such
that some of its contours contain e or the empty group of contours. Assuming that
3 > B we can estimate the contributions of all possible gangs p, with a fixed e with
a help of Lemma 5.1. So we find that

S el —4g| 3 a2+ Y a(A)rs]

cGr(V el p A=(S,ms)EA(p
(5‘23) P (V) (G(P) ( 5) A(P)

< Z exp { —(43 —1n6) Z a(A)|7rs| )

pEAT A=(S,ms5)Ep

where Ar is the set of all groups of amoebas p = (p,a),p € AT). (The term
In6 in the right part of (5.23) arises in the following way. In the representation
6 = 3(1 + 1) one of 1 originates in the estimate (5.1) , another 1 originates from a
possibility that p. is the empty set and the multiplier 3 originates in the following
evident estimate: the number of edges e having a nonempty intersection with a
contour 7 do not exceed 3|7|.) Let A;,t € T, be the set of all groups of amoebas
p=(p,a) € Ar such that t € S for all A = (5, 7g) € p. It is clear that

Z exp { —(43 —1n6) Z a(A)|rs|

cA A=(S,75)€Ep
.24y Lmees
< H 1+ Z exp{ —(43 —1n6) Z a(A)|rs|
tel pEA, A=(S,ms)€Ep

Further for any t € T

Z exp{ —(43 —1n6) Z a(A)|rs|

pEA, A=(S,ms)€Ep

(5.25) < 11 (1+exp{—(43 — In6)alrs|})

A=(S,75)ENT):tES,a=1,2,...

< exp 3 exp{—(43 — InG)alms]}

A=(S,m5)ENT):tES,0=1,2,...

At last we need the following statement: for a sufficiently large 3 and all T and
teT

(5.26) > exp{—(43 — In6)a|rs|} < In2.
A=(S,75)ENT):tES,a=1,2,...
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Really first we find summing geometrical progressions with ratios exp{—(48 —
In6)|rs|} that for large enough /3

> exp{—(43 — In6)a|rs|}

A=(S,75)ENT):tES,a=1,2,...

<2 > exp{—(48 —In6)|rs|}.

A=(S,ms)ENT):teS

(5.27)

After it we can almost literally repeat the derivation of the relation (4.15) for a = 0
and find that the right part of (5.27) goes to 0, as # — oo. Gathering the estimates
(5.21), (5.23), (5.24), (5.25) and (5.26) we obtain that

(5.28)  |sy(T,R)| < 3Tlexp{—4(8 — 5 — Bo — 1) diam T}(In(1 + (v(¢)))~I".

Observing that

1}2

(5.29) In(l+2)>e——>-z for0<az<1

N | —

2
and that |T'| < |r| we obtain from (5.28) and the definition (4.4) the desired estimate
(1.7). O
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