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ESTIMATES OF SEMIINVARIANTS FOR THEISING MODEL AT LOW TEMPERATURESR.L. Dobrushinx1. Formulation of the resultLet V � Zd be a �nite subset of d-dimensional integer lattice Zd and X(V ) =f�1; 1gV be the set of con�gurations x = (xt; t 2 V ), where xt = �1. The (symmet-ric ferromagnet) Ising distribution in the volume V with the plus-boundary conditionand a converse temperature � > 0 is the probability distribution on the set X(V )such that the probability(1.1) pV (x) = (Z(V ))�1 expf��UV (x)g; x 2 X(V );where the partition function(1.2) Z(V ) = Xx2X(V ) expf��UV (x)gand the energy(1.3) UV (x) = �0@ Xfs;tg�V :js�tj=1xsxt + Xfs;tg:t2V;s2V c;js�tj=1xsxt1A ; x 2 X(V ):Let T � V be a �nite set. The generating function of the values of the �eld on theset T is de�ned by the relation(1.4) FT (V ; zt; t 2 T ) = Xx2X(V ) pV (x) exp(Xt2T ztxt) ;where zt; t 2 T; are complex numbers. Let r = (rt; t 2 T ) be a function with integervalues rt � 1; t 2 T; and jrj =Pt2T rt. The semiinvariant (in other terminologiescumulant, truncated correlation function) of order r of the values of the �eld on theset T is de�ned as the value of the partial derivate(1.5) sV (T; r) = @jrj lnFT (V ; zt; t 2 T )Qt2T @zrtt ����zt�0;t2T; :We introduce a geometrical characteristic of the set T(1.6) q(T ) = maxS�T jSj(diam S)d�1which we call the concentration coe�cient of the set T .1 This coe�cient do notexceed T 1d and takes values of this order for sets like cubes or spheres but can bearbitrary small for sets evenly spread on the lattice.The following estimate is the main result of the paper.1Here and in the following jAj is the number of elements in a �nite set A.Typeset by AMS-TEX1



2 R.L. DOBRUSHINTheorem 1.1. For each d � 2 there exist constants ~� = ~�d > 0 and K = Kd <1such that for all � > ~�, all �nite sets T � V � Zd, where jT j > 1, and allr = (rt; t 2 T ) the following estimates for the semiinvariants hold(1.7) jsV (T; r)j � (Kmax(q(T ); 1))jrj expf�4(� � ~�) diam Tg:Note 1.1. The estimate (1.7) is essentially stronger than the estimates which wereobtained earlier ([Ma], [MM], x6.5). The multiplier in (1.7) which exponentiallydepend on diam T seems natural since it estimates the probability that the set Tlies inside a contour arounding a piece of another phase. Strong treelike estimates ofsemiinvariants (see [MM], [DS]) which are natural for the high-temperature case arenot possible in the low-temperature situation. The improvement in the comparisonwith the previous estimates is connected with the preexponential multiplier whichis larger than 22jrj in [Ma], [MM].Note 1.2. In the derivation of the formulated theorem we use a new variant of thecluster expansion method and instead of a direct application of these expansionsto contours we apply them to some more complex objects adequate to the consid-ered problem. It gives an improvement of the estimates. This new variant of thecluster expansion method is described in x2 of this paper. There are a lot of publi-cations devoted to development and applications of the powerful cluster expansionmethod. (See books and review paper [Br], [GJ], [Ma], [MM], [Se], [Sim] and ref-erences there). A general model used in x2 is taken from the Kotecky and Preisspaper [KP] (see also [HKZ], Appendix B, and [MS]). In a di�erence with the otherapproaches we apply elementary facts of the theory of analytical functions insteadof involved combinatorial estimates for terms of cluster expansion and it simpli�esthe construction and gives estimates convenient for applications. This approachwas used earlier by the author and his coauthors ([D1], [D2], [DM], [DW]) but forspecial situations and in a more complex variant.Note 1.3. Without essential changes in constructions the main result can be gen-eralized in some directions. So instead semiinvariants of values of the �eld it ispossible to obtain similar estimates for semiinvariants of functions of �nite collec-tions of values of the �eld. Also instead of the ferromagnetic Ising model it ispossible to consider other spin models which can be studied by the contour method(see [Sin], for example).x2. Cluster expansions in animal modelsLet � be a countable or a �nite set. Its elements will be called animals.2 Assumethat a structure of an undirected graph without loops and multiple edges with theset � of its vertices is �xed. We say that the elements �1; �2 2 � connected byan edge of the graph are incompatible and will write �1 � �2. If the animals�1; �2 2 � are not connected by an edge, we say that they are compatible and shall2In the previous papers the elements of this set were called polymers or alternatively contours.But in the terminology of statistical mechanics these words are attached to some concrete objects,even in applications (including x4 of this papers) these elements can have various and sometimesexotic nature. So we propose the term animal and even develop further this animal terminology.



ESTIMATES OF SEMIINVARIANTS 3write �1 � �2. A �nite subset � � � is called a herd , if any two distinct animals�1; �2 2 � are compatible. For any �nite � � � the set of all herds � such that� � � will be denoted H(�) and will be called the set of all herds in �. (The setH(�) includes the empty herd which is denoted by ;.)Assume that a complex-valued function w(�); � 2 �; is given. We call the numberw(�) the weight of the animal �. Let a �nite set � � �. The number(2.1) Zw(�) = X�2H(�)Y�2�w(�)is called the partition function in � de�ned by the weights w = w(�). (In the case� = ; the product in (2.1) is interpreted as the number 1. So if � is an emptyset the partition function Zw(�) = 1.) Assume that a positive-valued functionb(�); � 2 �; is given. The value b(�) will be called the might of the animal �.Theorem 2.1. Assume that a positive weight function w0 = w0(�) > 0 is �xedsuch that for any animal � 2 �(2.2) 1� w0(�) exp8<: X~�2�:~���w0(~�)b(~�)9=; � expf�w0(�)b(�)g:In particular, the condition (2.2) implies that(2.3) w0(�) exp8<: X~�2�:~���w0(~�)b(~�)9=; < 1:Let W0 be the set of all weight functions w = w(�) of � 2 � such that(2.4) jw(�)j � w0(�); � 2 �;and a weight function w 2W0. Then for any �nite set � � � the partition functionZw(�) 6= 0 and for any �nite �0 � �(2.5) ����ln ���� Zw(�)Zw(�0) �������� � X�2�n�0 w0(�)b(�):Proof. We shall use an induction in the number of elements j�j in the set �. In thecase j�j = 0, i.e. � = ;; the statement of the Theorem is evident. So we �x a set �and suppose that the estimate (2.3) is valid for any sets with numbers of elementssmaller than j�j. We �x also a subset �0 � � and an animal �0 2 � n�0. (The caseof � = �0 is trivial.) Consider also the set b� = � n f�0g. Then(2.6) Zw(�)Zw(�0) = Zw(�)Zw(b�) Zw(b�)Zw(�0) :



4 R.L. DOBRUSHINIt follows from the induction hypothesis that(2.7) �����ln ����� Zw(b�)Zw(�0) ���������� � X�2b�n�0 w0(�)b(�):So we shall prove the statement of the Theorem, if we show that(2.8) �����ln �����Zw(�)Zw(b�) ���������� � w0(�0)b(�0):Let(2.9) �0 = f� 2 b� : � � �0g:It is clear from the de�nition (2.1) that(2.10) Zw(�) = Zw(b�) + w(�0)Zw(�0):Since �0 � b� and j�0j < j�j we �nd using the induction conjecture and thede�nition (2.4) that(2.11) �����w(�0)Zw(�0)Zw(b�) ����� � w0(�0) exp8<: X~�:~�2�;~���0 w0(~�)b(~�)9=; :Observe now that for any complex z such that jzj < 1 we have 1 � jzj � j1 + zj �1 + jzj and so(2.12) j ln j1 + zjj � max(ln(1 + jzj);� ln(1 � jzj)) � � ln(1 � jzj):It follows from the condition (2.3) that the absolute value of the right part in (2.11)is smaller than 1. So applying the relations (2.10), (2.11) and (2.12) we �nd that(2.13) �����ln �����Zw(�)Zw(b�) ���������� = �����ln �����1 + w(�0)Zw(�0)Zw(b�) ����������� � ln0@1� w0(�0) exp8<: X~�:~�2�:~���0 w0(~�)b(~�)9=;1A :The estimate (2.13) together with the main condition (2.2) implies the desiredestimate (2.8). �Note 2.1. Instead of the condition (2.2) which appeared in a natural way in theproof of Theorem 2.1 it is convenient to use the following a little more strongcondition: for any � 2 �(2.14) exp8<: X~�2�:~���w0(~�)b(~�) + w0(�)b(�)9=; � b(�):



ESTIMATES OF SEMIINVARIANTS 5Check that the condition (2.2) is really weaker then the condition (2.14). It followsfrom (2.14) that(2.15) w0(�) exp8<: X~�2�:~���w0(~�)b(~�)9=; � w0(�)b(�) expf�w0(�)b(�)g:We let x = w0(�)b(�) and see that the condition (2.2) follows from (2.15) and thegeneral inequality(2.16) 1� e�x � xe�x for x � 0:To derive this inequality it is enough to check that for x � 0 the function f(x) =1 � (x + 1)e�x has an nonnegative derivate for x � 0. The condition (2.14) wasused in the Kotecky and Preiss paper [KP].Now we want construct a cluster expansion for logarithms of partition functions.For any �nite � � � the set of all pairs � = (��; �) such that �� � � is a set and� = �(�) � 1; � 2 ��; is an integer-valued function of � 2 �� will be denoted by D(�)and will be called a group of animals in �. The set �� will be called the supportof the group and the value �(�) will be interpreted as the multiplicity of animalsof the kind � in the group �. We say that a group � = (��; �) is a sum of groups�i = (��i; �i); i = 1; 2; : : : ; k, if ��i � ��; i = 1; 2; : : : ; k and(2.17) �(�) = Xi=1;2;::: ;k:�2��i �i(�); � 2 ��:A gang of animals in � is an non-empty group of animals � = (��; �) 2 D(�)such that for any two animals �; �0 2 �� there is a sequence � = �1; �2; : : : ; �n = �0of animals in �� such that the animals �i and �i+1 are incompatible for all i =1; 2 : : : ; n � 1, i.e. �� is a connected subset of the graph �. The set of all gangs in� will be denoted by G(�).Theorem 2.2. Let the conditions of Theorem 2.1 are ful�lled and a �nite set� � � be �xed. Consider a polydisk W0(�) = fw = (w(�); � 2 �) : jw(�)j �w0(�); � 2 �g � C � and the set W in0 (�) of all inner points of the polydisk W0(�).The partition function Zw(�) will be treated as a function of w 2 C � . For anyw 2W in0 (�) a convergent expansion(2.18) lnZw(�) = X�2G(�) qw(�) = X�2G(�) r(�)Y�2��w(�)�(�)holds. The coe�cients r(�) are real numbers depending on the restriction of thegraph structure on � to �� only. For any gang � = (��; �)(2.19) jqw(�)j = jr(�)Y�2��w(�)�(�)j � 0@X�2��w0(�)b(�)1A0@Y�2��� jw(�)jw0(�)��(�)1A :



6 R.L. DOBRUSHINProof. For any w 2W0(�) let(2.20) F�(w) = lnZw(�):It follows from Theorem 2.1 that Zw(�) do not vanish and so the function F�(w)is a holomorphic function of w 2W in0 (�). The Tailor expansion of this function atthe point w = 0 can be written as(2.21) F�(w) = X�2D(�) r�(�)Y�2��w(�)�(�);For �� = (�1; �2; : : : ; �n) the coe�cients(2.22)r�(�) = (�(�1)!�(�2)! : : : �(�n)!)�1 @�(�1)+�(�2)+:::+�(�n)F�(w)@�(�1)w(�1)@�(�2)w(�2) : : : @�(�n)w(�n) ����w=0 :For any set �� � � and any function w = (w(�); � 2 ��) 2 W0(��) consider itscontinuation w� = (w�(�); � 2 �) to � such that w�(�) = 0 for � 2 �n ��. It followsfrom the de�nitions (2.1) and (2.20) that(2.23) F�(w�) = F��(w)and so we see from the relation (2.22) that(2.24) r�(�) = r��(�):Now letting r(�) = r��(�) we can rewrite the expansion (2.21) as(2.25) F�(w) = X�2D(�) r(�)Y�2��w(�)�(�):The coe�cients r(�) are real, since the function F��(w) takes real values for real w.Since Zw(�) = 1 for w = 0 the coe�cient r(�) = 0 for the empty group of animals� = ;. Let now an non-empty group of animals � 2 D(�) n G(�). There exists arepresentation �� = ��1 [ ��2, where the sets ��1; ��2 are non-empty, their intersection��1 \ ��2 = ; and for any �1 2 ��1; �2 2 ��2 the animals �1; �2 are compatible. Then itfollows from the de�nitions (2.1) and (2.20) that(2.26) F��(w) = F��1(w) + F��2(w):Di�erentiating we obtain from (2.22) and (2.26) that(2.27) r(�) = r��(�) = 0; if � 2 D(�) nG(�);and so the expansion (2.25) is reduced to the desired expansion (2.18).It follows from the relation (2.22) and the Cauchy formula that(2.28) r(�) = (2�i)�j��j Iw:jw(�)j=w0(�);�2�� F��(w)Q�2��(w(�))�(�)+1 dw:The inequality (2.5) applied for �0 = ; gives a priori estimate(2.29) jF��(w)j �X�2��w0(�)b(�); w 2W0(�);The desired estimate (2.19) follows from the estimates (2.28) and (2.29). �



ESTIMATES OF SEMIINVARIANTS 7x4. Contour representationThe proof of the main theorem will use the well-known contour description ofthe Ising ferromagnetic model for law temperatures. Following a tradition of theliterature on application of contour method we restrict its exposition by the simplestcase, when the dimension d = 2. The generalization to the case d > 2 is really directand even sometimes discussed in details (for example in [Sim], xV.8 for the cased = 3.)Let Z2 be the two-dimensional integer lattice. Assume that Z2 � R2. Let Z2?be the conjugate lattice with vertices (n1+1=2; n2+1=2); n1; n2 2Z1. Let E be theset of edges of the congugate lattice, i.e. the set of all closed intervals of the length1 connecting the adjacent points of this lattice. For the each edge e 2 E there aretwo vertices of the original lattice Z2 on the distance 1=2 from e. We say that theyare vertices adjacent to the edge e. Let V � Z2 be a �nite set. The set of edgese 2 E such that at least one of two points to which the edge e is adjacent belongsto V is called the set of edges in the volume V and is denoted by E(V ).Return now to the Ising distribution with the plus-boundary condition describedin x1. For each con�guration x 2 X(V ) we de�ne its boundary B(x) as the set ofall edges e 2 E(V ) of the conjugate lattice such that if t; t0 are the points of theoriginal lattice adjacent to e the values xt 6= xt0 . (We assume here that xt = 1 fort 2 V c = Z2 n V and it means that we introduce plus-boundary conditions.) Thecontour method of a study of the Ising model is founded on a possibility to representthe boundary B(x) in a unique way as a sum of contours, i.e. non-sel�ntersectingclosed lines consisting of edges e 2 E(V ), but it is necessary to be careful in thede�nition of contours. (What is a unique natural way to divide to contours theboundary of the con�guration x such that xt = (�1)t1+t2; t = (t1; t2) 2 V ? See theanswer at the right part of Fig. 1.)
Figure 1 Contour representation of the boundary of a con�gurationSo we introduce the following convention. Let e1; e2 2 E be two di�erent edgescontaining a general vertex t = (t1; t2) 2 Z2?. We say that these vertices make alegitimate turn, if either one of these edges connects the vertex t with the vertex(t1+1; t2) and the other vertex connects it with the vertex (t1; t2+1) or if one of theseedges connects the vertex t with the vertex (t1�1; t2) and the other vertex connects



8 R.L. DOBRUSHINit with the vertex (t1; t2 � 1). A contour is de�ned as a sequence e1; e2; : : : ; ek ofmutually distinct edges such that the edges ei; ei+1; i = 1; 2; : : : ; k (here k+1 = 1)have a general vertex and if there is another pair of edges ei0 ; ei0+1 of this contourhaving the same general vertex the vertices ei; ei+1 make a legitimate turn. In otherwords a contour is a closed broken line consisting of mutually di�erent edges suchthat a small deformation conserving the legitimate turns transforms it to a non-sel�ntersecting closed curve. The set of all contours is denoted by G . We say that acontour � 2 G is a contour in the volume V , if all its edges belong to E(V ). The setof all such contours is denoted by G (V ). The number of edges in a contour � 2 Gis denoted j�j and is called the length of this contour. The set of all points t 2 Z2such that there are no continuous curve in R2 which do not intersect a contour �and connect the point t 2 Z2 � R2 with "in�nity" will be called the interior ofthe contour � and will be denoted Int �. We say that the contours �1 and �2 arecompatible if they have no general edges and at any vertex which is contained inboth of contours these contours make legitimate turns.Let H(V ) be the set of all sets � � G (V ) of contours in the volume V suchthat any two di�erent contours in � are compatible (H(V ) includes the emptyset of contours). It is easy to understand that for any �nite volume V and anycon�guration x 2 X(V ) there exists a unique system of contours �(x) 2 H(V ) suchthat(3.1) B(x) = [�2�(x)�:Further for any system of contours � 2 H(V ) there is a unique con�guration x(�) =(xt(�); t 2 V ) such that(3.2) �(x(�)) = �:Really this con�guration can be de�ned by the following construction. For anypoint t 2Z2 denote by O(t) the set of all contours � 2 G such that t 2 Int �. Then(3.3) xt(�) = (�1)j�\O(t)j; t 2 V; � 2 H(V ):The de�nition (1.3) implies that the energy(3.4) UV (x) = 2j�(x)j �KV ; x 2 X(V );where we let(3.5) j�j =X�2� j�j; � 2 H(V );and where the constant KV equals the number of terms in the sums in (1.3) anddoes not depend on x. So recalling the de�nition (1.1) we �nd that(3.6) pV (x) = ~pV (�(x)); x 2 X(V );where the contour probability distribution(3.7) ~pV (�) = ( ~Z(V ))�1 exp f�2�j�jg ; � 2 H(V );



ESTIMATES OF SEMIINVARIANTS 9and the contour partition function(3.8) ~Z(V ) = X�2H(V ) exp(�2�X�2� j�j) :It is the well-known reduction of the ferromagnetic Ising model to the contour Isingmodel used for its study in the case of large �.Comparing the de�nitions (1.4) and the relation (3.6) we �nd that the generatingfunction(3.9) FT (V ; zt; t 2 T ) = ZT (V ; zt; t 2 V )~Z(V ) ;where the partition function(3.10) ZT (V ; zt; t 2 V ) = X�2H(V ) exp(�2�X�2� j�j+Xt2T ztxt(�)) :So we can rewrite the de�nition (1.5) as(3.11) sV (T; r) = @jrj lnZT (V ; zt; t 2 T )Qt2T @zrtt ����zt�0;t2T; :This contour representation of semiinvariants is the starting point of the followingconstructions.The following simple statement about contours will be used below. For any setV0 �Z2 we denote by O(V0) the system of all contours which contain at least oneof points of the set V0 inside of them:(3.12) O(V0) = Xt2V0O(t):Lemma 3.1. There exists a constant �1 > 0 such that for any �nite V0 �Z2(3.13) X�2O(V0) expf�2�1j�jg � 12 jV0j:Proof. Let t0 = (t10; t20) 2 V0 and ea;t0 , where a = 0; 1; : : : , be the edge of the latticeconnecting the vertices (t10 + a + 1=2; t20 + 1=2) and (t01 + a + 1=2; t20 � 1=2) of theconjugate lattice. It is clear that any contour � 2 O(t0) contains at least one of theedges ea;t0 with a � j�j. The number of di�erent contours of a length d containinga �xed edge do not exceed 3d and so(3.14) X�2O(t0) expf�2�j�jg � 1Xa=0 1Xd=a expf�(2� � ln 3)dg:The right part of (3.14) tends to 0 as � !1, and now it follows from the de�nition(3.12) that the desired estimate (3.13) holds for large enough �1. �



10 R.L. DOBRUSHINx4. Animal model representationThe derivation of the main estimate (1.7) for semiinvariants uses a special rep-resentation of the partition function (3.10) as the partition function of a specialanimal model (see x2). Fixing a �nite set T � Z2 we describe this animal model.The set of animals � = �(T ) consists of elements of two types. First all contoursG � �(T ). Besides it the set of animals �(T ) contains some additional elementswhich we call amoebas. The amoebas are pairs A = (S; �S ), where S � T are �nitenonempty sets, the elements of which will be called nuclei of the amoeba A, and �Sare �nite systems of pairwise compatible contours such that �S � O(S) (see (3.12))and if jSj > 1 there is a contour � 2 �S which contains all the set S inside of it:S � Int �. The largest (in the sense of the number of jInt �) of contours � con-taining S will be called the membrane of the amoebas A and will be denotedM(A)(In the case jSj = 1 the system �S can be the empty system and the membrane beabsent). (See Fig. 2.) The set of all amoebas will be denoted A (T ).
* *

*Figure 2 An amoeba with three nuclei andtwo (dashed) contours compatible with it.We need to describe the incompatibility relation (�) in �(T ). Contours �1;�2 2G � �(T ) are incompatible, if they are incompatible in the sense described in x3.A contour � 2 G and an amoeba A = (S; �S) 2 A (T ) are incompatible if either oneof contours �0 2 �S is incompatible with the contour � or the contour � 2 O(S).Two amoebas A1 = (S1; �1S1); A2 = (S2; �2S2 ) 2 A (T ) are incompatible if eitherthere is a pair of incompatible contours �1 2 �1S1 and �2 2 �2S2 or the intersectionS1 \ S2 is not empty or at last the set of contours (�1S1 \O(S2)) [ (�2S2 \O(S1)) isnot empty.At last �xing � > 0 and complex numbers zt; t 2 T we de�ne the weight function(4.1)w(�) = � expf�2�j�jg; if � = � 2 G ;expf�2�j�S jgQt2S(expfztxt(�S )g � 1); if � = (S; �S ) 2 A (T ):Proposition 4.1. Let �(T; V ), where T � V � Z2 are �nite sets, be the set ofanimals � 2 �(T ) such that either � = � 2 G (V ) or � = (S; �S) 2 A (T ), where



ESTIMATES OF SEMIINVARIANTS 11�S 2 H(V ) (see x3). Then (see the de�nition (2.1)) the partition function(4.2) ZT (V ; zt; t 2 T ) = Zw(�(T; V )):Let(4.3) w0(�) = � expf�2�0j�jg; if � = � 2 G ;(v(T ))jSj expf�2�0j�S jg; if � = (S; �S) 2 A (T );where (recall (1.6))(4.4) v(T ) = 12e� 32 min((q(T ))�1; 1)and(4.5) b(�) = � expf2j�jg; if � = � 2 G ;exp f2j�S j+ jSjg ; if � = (S; �S) 2 A (T ):Then there exists a value �0 > 0 such that the main condition (2.2) of Theorem 2.1is ful�lled.Proof. We can rewrite the partition function (3.10) as(4.6) ZT (V ; zt; t 2 V ) = X�2H(V ) exp(�2�X�2� j�j)Yt2T (expfztxt(�)g � 1 + 1) =XS�T;�2H(V ) exp(�2�X�2� j�j)Yt2S (expfztxt(�)g � 1) :Show that for any �xed pair (S; �) where S � T and � 2 H(V ) there exists aunique representation(4.7) S = S1 [ S2 [ : : : [ Sk;� \ O(S) = �S1 [ �S2 : : : [ �Sk ;such that k; 1 � k � jSj is some integer and A1 = (S1; �S1 ); A2 = (S2; �S2 );: : : ; Ak = (Sk; �Sk ) are mutually compatible amoebas. Really the partition S =S1 [ S2 [ : : : [ Sk is uniquely generated by the following construction. We saythat points s1; s2 2 S are connected if there is a contour � 2 � such that bothpoints s1; s2 2 Int � are situated inside of this contour. Observe now that if twocompatible contours �1 and �2 and two sets S1; S2 �Z2 are such that S1 � Int �1,S2 � Int �2 and the intersection S1 \ S2 is not empty, then at least one of thesetwo contours contains the sum S1 [ S2 in its interior. So if we choose the setsSi; i = 1; 2; : : : ; k; as maximal components of mutually connected points of S, we�nd that there are contours �i 2 �; i = 1; 2; : : : ; k; such that Si � Int �i, if jSij > 1,and no contour � 2 � can contain in its interior some points of two di�erent sets�i;�j ; i 6= j; i; j = 1; 2; : : : ; k. So we obtain the representation (4.7) if we let(4.8) �Si = � \ O(Si); i = 1; 2; : : : ; k:



12 R.L. DOBRUSHINFrom the other side it is easy to check that the existence the representation (4.7)implies that the sets Si and �Si can be obtained by the construction describedabove. To the each pair (S; �) we can correspond a herd of animals �(�) = f� 2� n O(S); A1 = (S1; �S1 ); A2 = (S2; �S2 ); : : : ; Ak = (Sk; �Sk )g 2 H(�(T; V )) andit will be an one-to-one correspondence between the set of all pairs (S; �), whereS � T and � 2 H(V ), and the set of all herds � 2 H(�(T; V )). The weights (4.3)were chosen in such a way that for any pair (S; �)(4.9) exp(�2�X�2� j�j)Yt2S (expfztxt(�)g � 1) = Y�2�(�)w(�):So the desired identity (4.2) follows from the equality (4.6).Instead of the condition (2.2) we check a more strong condition (2.14) whichstates that for any animal � 2 �(T )(4.10) X~�2�:~���w0(~�)b(~�) + w0(�)b(�) � ln b(�):With this aim we need some estimates of sums of terms w0(A)b(A) whereA 2 A (T ).Let A S (T ) be the set of all amoebas with a �xed set of nuclei S � T . In the �rstplace we observe using the de�nitions (4.3), (4.4) and (4.5) and Lemma 3.1 thatfor any �nite set S � T and any number a � 0
(4.11) XA=(S;�S)2AS (T ):j�S j�aw0(A)b(A)= (v(T ))jSj XA=(S;�S)2AS (T ):j�S j�a expf�2(�0 � 1)j�S j+ jSjg� (v(T ))jSjejSj expf�2(�0 � �1 � 1)ag XA=(S;�S)2AS (T ) expf�2�1j�S jg� (v(T ))jSjejSj expf�2(�0 � �1 � 1)ag Y�2O(S)(1 + expf�2�1j�jg)� (v(T ))jSjejSj expf�2(�0 � �1 � 1)ag exp8<: X�2O(S) expf�2�1j�jg9=;� �12�jSjmin((q(T ))�jSj ; 1) expf�2(�0 � �1 � 1)ag:Observe also using the estimate (4.11) and the de�nition (1.6) that for any �xed



ESTIMATES OF SEMIINVARIANTS 13contour �0 2 G and number a � 0(4.12) XA=(S;�S)2AS (T ):S�Int �0;j�S j�aw0(A)b(A)� expf�2(�0 � �1 � 1)ag XS:S�Int �0\T(2q(T ))�jSj� expf�2(�0 � �1 � 1)ag(1 + (2q(T ))�1)jInt �0\T j� expf�2(�0 � �1 � 1)a + (2q(T ))�1jInt �0 \ T jg� exp��2(�0 � �1 � 1)a+ 12diam (Int �0 \ T )�� exp��2(�0 � �1 � 1)a+ 14 j�0j� :Similarly �xing a point t 2 Int �0\T and observing that diam (Int �0nftg) � 12 j�0jwe �nd that(4.13) XA=(S;�S)2AS (T ):S�Int �0;t2S;j�S j�aw0(A)b(A)� 12 min((q(T ))�1; 1) expf�2(�0 � �1 � 1)ag XS0�(Int �0\T )nftg(2q(T ))�jS0 j� 12 min((q(T ))�1; 1) expf�2(�0 � �1 � 1)ag(1 + (2q(T ))�1)jInt �0\T jnftgj� 12 min((q(T ))�1; 1) exp��2(�0 � �1 � 1)a + 14 j�0j� :Fix a point t 2 Z2 and a contour �0 2 O(t) and assume that A t;�0 (T ) is the set ofall amoebas A = (S; �S) 2 A (T ) such that t 2 S and the membrane M(A) = �0.Since j�(S)j � j�0j for A = (S; �S) 2 A t;�0 (T ), it follows from the estimate (4.13)that for �2 = 2�1 + 98(4.14) XA=(S;�S)2At;�0 (T ):j�Sj�aw0(A)b(A)� 12 min((q(T ))�1 ; 1) exp��2 (�0 � �1 � 1))max(a; j�0j) + 14 j�0j�= 12 min((q(T ))�1 ; 1) expf�2(�0 � �2)max(a; j�0j)g� exp��2(�1 + 18)max(a; j�0j) + 14 j�0j�� 12 min((q(T ))�1 ; 1) expf�2(�0 � �2)ag expf�2�1j�0jg:Using the estimate (4.11) for S = ftg, the estimate (4.14) and Lemma 3.1 and



14 R.L. DOBRUSHINrecalling that �2 � �1 + 1 we �nd that for any �xed point t 2Z2(4.15) XA=(S;�S)2A(T ):t2S;j�S j�aw0(A)b(A) � XA=(ftg;�ftg)2A(T ):j�ftg j�aw0(A)b(A)+ X�02O(t) XA=(S;�S)2A(T ):jSj>1;t2S;j�S j�a;M(A)=�0w0(A)b(A)� 12 min((q(T ))�1; 1)�0@expf�2(�0 � �1 � 1)ag + expf�2(�0 � �2)ag X�02O(t) expf��1j�0jg1A� 34 min((q(T ))�1; 1) expf�2(�0 � �2)ag:Now we obtain from (4.15) and (1.6) that for any contour �0 2 G and �3 = �2 + 12(4.16) XA=(S;�S)2A(T ):�02�S w0(A)b(A)� Xt2Int �0\T XA=(S;�S)2A(T ):t2S;j�S j�j�0jw0(A)b(A)� expf�2(�0 � �2)j�0jg(q(T ))�1jInt �0 \ T j� expf�2(�0 � �2)j�0jgdiam (Int �0 \ T ) � expf�2(�0 � �2)j�0jgj�0j� expf�2(�0 � �3)j�0jg:In a similar way applying (4.15) for a = 0 we �nd that for any contour �0 2 G(4.17) XA=(S;�S)2A(T );�02O(S)w0(A)b(A) � Xt2Int �0\T XA=(S;�S)2A(T ):t2S w0(A)b(A)� (q(T ))�1jInt �0 \ T j � diam (Int �0 \ T ) � 12 j�0j:Now we can begin to prove the desired estimate (4.10). In the �rst place weassume that � = � 2 G . Let R(G) be the set consisting of all contours ~� 2 G whichare incompatible with the contour � and the contour � itself. It follows from thede�nition of incompatibility that for � = �(4.18) X~�2�:~���w0(~�)b(~�) +w0(�)b(�)� X~�2R(�)0@w0(~�)b(~�) + XA=(S;�S)2A(T ):~�2�S w0(A)b(A)1A+ XA=(S;�S)2A(T ):�2O(S)w0(A)b(A):



ESTIMATES OF SEMIINVARIANTS 15It follows from the estimate (4.16) applied for �0 = ~� that(4.19) XA=(S;�S)2A(T ):~�2�S w0(A)b(A) � expn�2(�0 � �3)j~�jo :So recalling also the de�nitions (4.3) and (4.5) we �nd that(4.20) X~�2R(�)0@w0(~�)b(~�) + XA=(S;�S)2A(T ):~�2�S w0(A)b(A)1A� X~�2R(�)(expf�2(�0 � 1)j~�jg+ expf�2(�0 � �3)j~�jg):Since each of contours ~� 2 R(�) contains a vertex of the conjugate lattice belongingalso to � and the number of di�erent contours ~� of a length d containing a �xedvertex do not exceed 3d, it follows from the estimate (4.20) that for some largeenough �0 > 0(4.21) X~�2R(�)0@w0(~�)b(~�) + XA=(S;�S)2A(T ):~�2�S w0(A)b(A)1A � j�j:The estimate (4.17) shows that(4.22) XA=(S;�S)2A(T ):�2O(S)w0(A)b(A) � 12 j�j:The estimates (4.18), (4.21) and (4.22) implies that for � = �(4.23) X~�2�:~���w0(~�)b(~�) + w0(�)b(�) � 2j�jand it is the desired estimate (4.10) for the considered case.At last we assume that � = A = (S; �S) 2 A (T ). Using the de�nition of incom-patibility we �nd that(4.24)X~�2�:~���w0(~�)b(~�) + w0(�)b(�)� X�2�S X~�2R(�)0@w0(~�)b(~�) + X~A=(~S;~�~S)2A(T ):~�2~�~S w0( ~A)b( ~A)1A+ X~A=(~S;~�~S)2A(T ): ~S\S 6=;w0( ~A)b( ~A) + X�2�S X~A=(~S;~�~S )2A(T ):�2O( ~S)w0( ~A)b( ~A)+ X��2O(S) X~A=(~S;~�~S)2A(T ):��2~�~S w0( ~A)b( ~A):



16 R.L. DOBRUSHINWe shall estimate the separate terms in the right part of the estimate (4.24). Inthe �rst place we observe using the estimate (4.21) that(4.25) X�2�S X~�2R(�)0@w0(~�)b(~�) + X~A=(~S;~�~S )2A(T ):~�2~�~S w0( ~A)b( ~A)1A � j�S j:Further using the estimate (4.15) for a = 0 we �nd that(4.26) X~A=(~S;~�~S )2A(T ): ~S\S 6=;w0( ~A)b( ~A) �Xt2S X~A=(~S;~�~S)2A(T ):t2 ~S w0( ~A)b( ~A) � 34 jSj:It follows from the estimate (4.17) that(4.27) X�2�S X~A=(~S;~�~S)2A(T ):�2O( ~S)w0( ~A)b( ~A) � 12 j�S j:At last using the estimate (4.16) and then Lemma 3.1 and the estimate min j��j � 4we obtain that for some large enough �0(4.28)X��2O(S) X~A=(~S;~�~S)2A(T ):��2~�~Sw0( ~A)b( ~A) � X��2O(S) expf�2(�0 � �3)j��jg� expf�4(�0 � �3 � �1)g X��2O(S) expf��1j��jg � 14 jSj:Gathering the estimates (4.24) { (4.28) and recalling the de�nition (4.5) we �ndthat for any � = A = (S; �S ) 2 A (T )(4.29) X~�2�:~���w0(~�)b(~�) +w0(�)b(�) � 2j�S j+ jSj = ln b(A):We have checked the condition (4.10) in all the cases. �x5. Estimate of semiinvariantsNow using the animal representation constructed in x4 we can prove the mainTheorem 1.1. For it we need the following lemma.Lemma 5.1. Let G(G ) be the set of all gangs of animals consisting of contours� 2 G only. There exists a constant �̂ > 0 such that for any edge e 2 E the sum(5.1) X�2G(G ):e2[�2��� exp8<:�2�̂X�2���(�)j�j9=; � 1:



ESTIMATES OF SEMIINVARIANTS 17Proof. Fix an edge e 2 E . By R(e) we denote the set of all gangs � 2 G(G ) suchthat for all � 2 �� the edge e 2 �. Observe that for any � > 0(5.2) X�2R(e) exp8<:�2�X�2���(�)j�j9=; = Y�2G :e2� 1 + 1Xa=1 expf�2�aj�jg!� 1= Y�2G :e2� �1 + expf�2�j�jg(1� expf�2�j�jg)�1�� 1� exp( X�2G :e2� expf�2�j�jg (1� exp f�2�j�jg)�1)� 1:(Really, calculating the product in second part of this relation we obtain sum ofterms corresponding to any subset of the set of all contours containing the edge e.The term �1 arises since we need to exclude the empty subset.) Since the numberof di�erent contours � such that j�j = d and e 2 � do not exceed 3d�1 the series inthe exponent in the right part of (5.2) converges for � > ln 3 and its sum goes to0, as � !1. So there exists a value �̂ so large that(5.3) X�2R(e) exp8<:�(2�̂ � ln 2)X�2���(�)j�j9=; � 1:We prove below that for this value of �� the statement of the Lemma holds.Consider a �nite set C � E and an edge e 2 C. The set of all gangs � 2 G(G )such that e 2 [�2��� � C will be denoted by R(e;C). Instead of (5.1) it is enoughto prove that for any �nite C � E and any edge e 2 C(5.4) X�2R(e;C) exp8<:�2�̂X�2���(�)j�j9=; � 1:We prove this estimate by induction in the number of elements jCj. In the casejCj = 1 the set of gangs R(e;C) is empty and so the estimate (5.4) is evident. Weuse it as the initial step of induction. So we suppose that for any edge ~e 2 C; ~e 6= e(5.5) X�2R(~e;Cnfeg) exp8<:�2�̂X�2���(�)j�j9=; � 1:Any gang of contours � 2 R(e;C) can be represented (may be in a nonunique way)as a sum (see the de�nition of sums of groups of animals in x2)(5.6) � = �0 + X(e1;e2;::: ;ek) �ei ;where a gang �0 2 R(e), the gangs �ei 2 R(ei; C n feg) and the summation istaken over all subsets of edges (e1; e2; : : : ; ek) � [�2��0� n feg (including the empty



18 R.L. DOBRUSHINsubset with k = 0). Let R(e;C; �0) be the set of gangs � 2 R(e;C) which canbe represented in the form (5.6) with a �xed gang �0. Then using the inductionconjecture (5.5) we �nd that(5.7)X�2R(e;C;�0) exp8<:�2�̂X�2���(�)j�j9=;� exp8<:�2�̂ X�2��0�(�)j�j9=;�0@ X(e1;e2;::: ;ek) kYi=10@ X�2R(ei;Cnfeg) exp8<:�2�̂X�2���(�)j�j9=;1A1A� exp8<:�2�̂ X�2��0�(�)j�j9=; Y~e2[�2��0�0@1 + X�2R(~e;Cnfeg exp8<:�2�̂X�2���(�)j�j9=;1A� exp8<:�2�̂ X�2��0�(�)j�j9=; 2P�2��0 j�j � exp8<:�(2�̂ � ln 2) X�2��0 �(�)j�j9=; :Returning to the representation (5.6) we see that(5.8) X�2R(e;C) exp8<:�2�̂X�2���(�)j�j9=; � X�02R(e) exp8<:�(2�̂ � ln 2) X�2��0 �(�)j�j9=;and the desired induction estimate (5.4) follows from the estimate (5.3) provedabove. �Proof of Theorem 1.1. Proposition 4.1 gives a possibility to apply the cluster expan-sion (2.18) to the logarithm of partition functions ZT (V ; zt; t 2 T ) = Zw(�(T; V ))(see (4.2)). So if (see (4.1) and (4.3))(5.9) jw(�)j < w0(�); � 2 �(T );we have the expansion(5.10) lnZT (V ; zt; t 2 T ) = X�2G(�(T;V )) qw(�):The condition (5.9) is ful�lled if � > �0 and the values of variables (zt; t 2 T )belong to the polydisk(5.11) PT = f(zt; t 2 T ) : jztj < ln(1 + v(T ))g � C T :So lnZT (V ; zt; t 2 T ) and the terms qw(�) of the series (5.10) are functions ofzt; t 2 T; holomorphic in this polydisk and continuous in its closure and we can



ESTIMATES OF SEMIINVARIANTS 19di�erentiate it in zt term wise. Let GT (V ) be the set of all gangs � 2 G(�(T; V ))consisting of animals � 2 �(T; V ) such that the sum of nuclei of amoebas includedin � is equal T . The derivates of qw(�) with respect of all the variables zt; t 2 T;vanish if � =2 GT (V ). So we obtain from the relations (3.11) and (5.10) that(5.12) sV (T; r) = X�2GT (V ) @jrjqw(�)Qt2T @zrtt ����zt�0;t2T :The derivates included in (5.12) will be estimated by the Cauchy formula withintegrating over the boundary of the polydisk (5.11). It follows from the estimate(2.19) and the de�nitions (4.1) and (4.3) that for jztj = ln(1 + (v(t))); t 2 T;(5.13) jqw(�)j �0@X�2��w0(�)b(�)1A� exp8<:�2(� � �0)0@ X�2G (��)�(�)j�j+ XA=(S;�S)2A(��)�(A)j�S j1A9=; ;where we denote the set of all contours � 2 G such that � 2 �� by G (��) and the setof all amoebas A 2 A such that A 2 �� by A (��). It follows from (5.12) and (5.13),the Cauchy formula and the estimate ln(1 + x) � x for x � 0 that(5.14)jsV (T; r)j � (ln(1 + (v(t)))�jrj X�2GT (V )0@X�2��w0(�)b(�)1A� exp8<:�2(� � �0)0@ X�2G (��)�(�)j�j+ XA=(S;�S)2A(��)�(A)j�S j1A9=; :The de�nitions (4.3), (4.4), (4.5) implies (if we assume �0 > 1) that for any gang �(5.15) X�2��w0(�)b(�) � j��j � exp8<: X�2G (��)�(�)j�j + XA=(S;�S)2A(��)�(A)j�S j9=; :So we can rewrite the estimate (5.14) as(5.16)jsV (T; r)j � (ln(1 + (v(t)))�jrj� X�2GT (V ) exp8<:�2(� � �0 � 1)0@ X�2G (��)�(�)j�j + XA=(S;�S)2A(��)�(A)j�S j1A9=; :This formula is the starting point for the following estimates.Fix a gang of animals � 2 GT (V ). We need to describe the structure of itssupport ��. It follows from the de�nition of the set GT (V ) that the set A (��) is notempty and(5.17) [A=(S;�S)2A(��)S = T:



20 R.L. DOBRUSHINConsider the set of contours(5.18) K(��) = G (��) [A=(S;�S):A2A(��)�S :Treating K(��) as a subgraph of the graph of all contours G with the vertices con-necting incompatible contours we consider the system of all connected componentsof this subgraph: K1(��);K2(��); : : : ;KN (��), where an integer N = N(K(��)). Ob-serve that each components Ki(��) contains a contour �i 2 O(T ). Indeed in theopposite case Ki(��) � G (��) and there are no path along the incompatible animalsbelonging to �� which connect Ki(��) with the amoebas from A (��) what contra-dicts to the de�nition of a gang. Denote by Qi(��) the set of all t 2 T such thatthe intersection Ki(��) \ O(t) 6= ;. Since we assumed that jT j > 1 the de�nitionof compatibility of animals and the condition (5.17) exclude the situations whenO(t) \K(��) = ; for some t 2 T . So(5.19) N[i=1Qi(��) = T:Observe also that if Qi(��)\Qj (��) 6= ; then either Qi(��) � Qj(��) or Qj(��) � Qi(��).Indeed if t 2 Qi(��)\Qj(��) and �i 2 Ki(��)\O(t) and �j 2 Kj (��)\O(t), then eitherInt �i � [�2Kj(��)Int � or Int �j � [�2Ki(��)Int �. At last the situation when thereare two nonempty disjoint sets bT1 and bT2 such that each of the sets Qi(��) eitherembedded in bT1 or in bT2 is also impossible. Indeed in the opposite case there are nopath along the incompatible animals belonging to �� which connect amoebas withthe nuclei belonging to bT1 with amoebas with the nuclei belonging to bT2 what againcontradicts to the de�nition of a gang. So the only possibility remains for some i0the set Qi0(��) = T . But then(5.20) X�2K(��) j�j � X�2Ki0 (��) j�j � 2 diam Tand this estimate is the main conclusion from the previous consideration.Fix a su�ciently large constant �� which will be speci�ed below. Observe usingthe estimates (5.16) and (5.20) that(5.21)jsV (T; r)j � expf�4(� � �� � �0 � 1) diam Tg(ln(1 + (v(t)))�jrj� X�2GT (V ) exp8<:�4��0@ X�2G (��)�(�)j�j + XA=(S;�S)2A(��)�(A)j�S j1A9=; :We need to estimate the sum over � 2 GT (V ) in (5.21). Let A (�) = (A (��); �) be thegroup of animals consisting of all amoebas A included in the gang � with the samemultiplicity �(A) which they have in �. It follows from the description of connectedcomponents of the set K(��) given above that the gang � can be represented (maybe in a nonunique way) as a sum (see (2.17))(5.22) � = A (�) + Xe2E(A(��)) �e;



ESTIMATES OF SEMIINVARIANTS 21where E(A (�)) is the set of all edges of the conjugate lattice having nonemptyintersection with contours included in A (��) and �e is either a gang of contours suchthat some of its contours contain e or the empty group of contours. Assuming that�� � �̂ we can estimate the contributions of all possible gangs �e with a �xed e witha help of Lemma 5.1. So we �nd that(5.23) X�2GT (V ) exp8<:�4��0@ X�2G (��)�(�)j�j + XA=(S;�S)2A(��)�(A)j�S j1A9=;� X�2AT exp8<:�(4�� � ln 6)0@ XA=(S;�S)2���(A)j�S j1A9=; ;where AT is the set of all groups of amoebas � = (��; �); �� 2 A (T ). (The termln 6 in the right part of (5.23) arises in the following way. In the representation6 = 3(1 + 1) one of 1 originates in the estimate (5.1) , another 1 originates from apossibility that �e is the empty set and the multiplier 3 originates in the followingevident estimate: the number of edges e having a nonempty intersection with acontour � do not exceed 3j�j.) Let At; t 2 T; be the set of all groups of amoebas� = (��; �) 2 AT such that t 2 S for all A = (S; �S) 2 ��. It is clear that(5.24) X�2AT exp8<:�(4�� � ln 6)0@ XA=(S;�S)2���(A)j�S j1A9=;�Yt2T0@1 + X�2At exp8<:�(4�� � ln 6)0@ XA=(S;�S)2���(A)j�S j1A9=;1A :Further for any t 2 T(5.25) X�2At exp8<:�(4�� � ln 6)0@ XA=(S;�S)2���(A)j�S j1A9=;� YA=(S;�S)2A(T ):t2S;�=1;2;::: �1 + expf�(4�� � ln 6)�j�S jg�� exp8<: XA=(S;�S)2A(T ):t2S;�=1;2;::: expf�(4�� � ln 6)�j�S jg9=; :At last we need the following statement: for a su�ciently large �� and all T andt 2 T(5.26) XA=(S;�S)2A(T ):t2S;�=1;2;::: expf�(4�� � ln 6)�j�S jg � ln 2:
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