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ABSTRACT: This paper deals with the stabilization of the contribution of elliptic elements to the geometric side of the general
twisted trace formula. We extend the results of Langlands, Kottwitz and Kottwitz-Shelstad to all elliptic elements for the general

twisted trace formula.

Introduction

1 — Outline

Langlands has shown, in [Lan], how to stabilize the contribution of regular elliptic elements to the ordinary
trace formula under the transfer assumption, for arbitrary connected reductive groups. This was extended
by Kottwitz to all elliptic elements [Ko4]. Langlands result has been extended in an other direction: in [KS],
Kottwitz and Shelstad stabilize the contribution of strongly regular elliptic elements in the general twisted
trace formula. In [LBC] we have treated the case of all elliptic elements for the twisted trace formula but only
in the base change situation. Here we stabilize the contribution of all elliptic elements for the general twisted
trace formula. As in [Lan],[Ko4] and [KS], the last step of the stabilization uses the transfer assumption.

Together with the cohomological abstract nonsense developped in the first chapter of [LBC] and the results
on Tamagawa measures proved in [Lab], the present paper gives an essentially self-contained proof of the
stabilization of the elliptic trace for the general twisted case, under the transfer assumption.

2 — About the method

Before describing the contents of the paper let us make some technical comments for readers familiar with
the subject. The proof given in [Lan] uses lengthy cocycle computations and permanently appeals to Poitou-
Tate duality. Using the results of [Ko3] some simplifications were brought in by Kottwitz in [Kod4], but in
that paper and again in [KS], the stabilization is somewhat complicated, if not very difficult. The origin of
the complications is easy to track: in these papers the cohomological objects necessary for the stabilization
are often introduced via the dual picture using Poitou-Tate-Nakayama-Langlands duality.

As was shown in [LBC], some new, but elementary, nonabelian cohomological construction leads to quite
simple and direct “geometric” definitions for the objects that show up in the stabilization process of the
geometric side of the trace formula (except that here we do not discuss transfer factors), and to very simple
proofs of their properties making little, if any, use of duality even in the definition of endoscopic groups.
Although it was clear that the framework developped in [LBC] for the geometric stabilization should work
in general, we could not deal with the most general case for a technical reason: the notion of norm used in
[LBC] made sense only for base change. What we provide here is a definition valid in the most general case
together with an existence proof. Using this, we reprove and generalize most of the results of [Lan], [Ko4]
and [KS] (except chapters 4 and 5 of [KS] that deal with transfer factors).

It turns out that, besides a few class field theory arguments and the transfer assumption — which is used
in all quoted papers and only occurs in the last step — the key results needed for the stabilization, are the
theorems of Kneser ([Knl], [Kn2]) and Kneser-Harder-Chernousov ([Kn3], [Harl], [Har2] and [Ch]) on Hasse
principle for simply-connected semisimple groups used here via references to [Lab].
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3 — The contents

The twisted trace formula arises when considering a connected reductive group G over a global field F (we
shall consider here only number fields) and an automorphism # of G. The way G and ¢ occur is better
understood by introducing the category of twisted space. Their definition and basic properties occupy
section I. A twisted space is a pair (G, L) where (G is a group and L is a G-principal homogenous space with
a G-equivariant map from L to the group of automorphisms of (G. There is a left and a right action of G on
L. Any twisted G-space L is isomorphic to some G'xf, but such an isomorphism is not canonical. Then we
introduce the group Int (L) of inner automorphismsi.e. those induced by elements of G acting by conjugacy
and by elements of Z¢, the center of (¢, acting by left translations.

Section II deals with centralizers and endoscopic groups. Consider § € L, let G? be its centralizer and G
the connected component of G°. For the study of endoscopy it is necessary to use a group I in between:

Gs CIs CG°

we call the stable centralizer of . Section II continues with group theoretic results about roots, automor-
phisms and centralizers, mainly due to Steinberg, using the notion of norm N« and the sign €, attached to
the G-orbit of a root . We give in 11.3 a classification of stable centralizers of semisimple elements § € L,
when (' is a simple group, in order to compute the group of outer automorphisms of /5 induced by conju-
gation under an auxilliary subgoup Js C G. In 1.4, we introduce endoscopic groups, but without rational
structure at this stage. Consider a torus 7" in a @-stable Borel pair (B,T) and let T, be the corresponding
maximal torus in the simply connected cover G g¢ of the derived group of G. Denote by Ty the group of
f-coinvariants in 7. Let & be a character of the Z-module X?, of #-invariant cocharacters of Ty.. We define
the endoscopic root system Ry for Tj as dual to the coroot system Ry defined as follows: elements in Ry are
the cocharacters of Ty induced by coroots & for T such that (N &) = €4. The endoscopic group attached to
(T, ) is the reductive group, well defined up to inner automorphisms, with a maximal torus 7 isomorphic
to Tp+, with root system and coroot system isomorphic to Rg and Ry.

Section III deals with rational structures and norms. One defines inner forms of twisted spaces using
classes in H*(F,Int (L)). Any twisted G-space L is an inner form of a quasi-split twisted space L* = G* x0*
where G* is the quasi-split inner form of ¢ and #* is an automorphism that preserves a splitting in G*.
Let ¢ denote the isomorphism over the algebraic closure ¢ : L — L*. The main result of this section is the
existence of special prenorms (called abstract norms in [KS]). Their definition is pretty technical. We say
that 6* € L(F) is a special prenorm of an almost semisimple element § € L(F) if §* is a G*(F)-conjugate of
©(d) such that there is a torus T defined over F in G* that belongs to a 6*-stable Borel pair (B, T) with

§* €T« C L*

and such that the image of §* in T+ is rational, up to some central twist that depends on L; moreover we
ask that the stable centralizer Is+ of 6* is defined over F' and is an inner form of I5. The existence of special
prenorms for strongly regular elements elements is an easy consequence of a theorem of Steinberg, but for
the singular ones the proof is more involved and uses the case by case study of centralizers in I1.2 to show
one can fulfill the inner form condition.

Section IV deals with endoscopy. We first recall the non-abelian hypercohomological objects introduced in
[LBC] that describes stable conjugacy. Then we discuss the Langlands criterion IV.2.2 that allows to test
when an element which is locally everywhere a prenorm is a global prenorm. Then we discuss endoscopic
spaces. Let 6 be an elliptic element in L(F') with special prenorm ¢* and let & be an endoscopic character
i.e. a character of

HY, (Ap /F, I\G) ~ HY, (Ap | F, I;:\G*) .

We introduce the endoscopic group H* over F attached to a pair (T, ). The space H is isomorphic to H* % 1
over I but the rational structure differs by the central twist alluded to above. The conorm map T — Tje
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induces a bijection from T-conjugacy classes in T'x0* to Ty C H*. Given § € L(F) with prenorm 67, the
conorm map yields a y € H(F') we call the norm of §. The section ends with the comparison of ig«(d*), the
number of points in H°(F, Gé*/L;*), and of iz« (7).

The trace formula appears in section V. The twisted trace formula is the renormalized trace of an operator
p(f,w)defined by a smooth compactly supported function f on L(Ap) and a character w of G(Ap) trivial
on G(F). The operator has a kernel

K(z,y) = Z w(z) fHz 6 y)

SEL(F)

and the renormalized trace is obtained from a truncated integration over the diagonal. The contribution
of elliptic elements need not be regularized: it is convergent and will be called the elliptic trace. It will be
denoted T.(f,w). Elementary manipulations show it can be expressed as a linear combination, indexed by
a set of representatives of conjugacy classes, of orbital integrals Og ., (f°):

Te(f,w) = J(L) Y a*(8) Osu(f’) -

Se{L.}

There are three main steps in its stabilization. A first step V.1.3, called pre-stabilization, expresses the
elliptic trace as a linear combination, indexed by representatives of stable elliptic conjugacy classes, of sums
of k-orbital integrals Of(f) where « runs over the group K(Is,G; F) of endoscopic characters for § that
induce the character w:

T.(fw)=7(L) Y ﬁ > 05 (/%) .

sefiryy ' (RERUs, GiF) | [x)=w}

The pre-stabilization is immediate using the results of [Lab]. In a second step V.2.2, using the existence
of special prenorms I11.4.7 and the Langlands criterion 1V.2.2, the elliptic trace is expanded as a linear
combination indexed by equivalence classes of triples (T, 0%, ) of objects for L*, of a variant of the x-orbital
integrals:

N(T, 5%, .
T =Y S on).
(7,60 5) | K=w} @

In the third and last step we write the elliptic trace as a sum of stable elliptic traces for endoscopic spaces.
There we use the transfer assumption V.3.1 to express x-orbital integrals as stable orbital integrals for the
endocopic space H attached to & = (T,k). The assumption is that given f € C°(L(Ar)) there exists
fe € C(H(Ar)) such that, for y € H(F) conorm of §* we have:

05 (fe) = O5.(f) -

We shall take for granted the transfer assumption, without discussing transfer factors and the — still conjec-
tural — Fundamental Lemma. Our main result, Theorem V.3.2, gives the expansion of the elliptic trace as a
linear combination of stable elliptic traces (or rather a slight variant of it) for endoscopic spaces:

T.(fw)= > a(&)STE(fe)
£el(w)

where

1
ia+ (%)

ST (fe) = 7(H)
ST

O, (fe) -

~

Thus we have extended to all elliptic elements the main result of [KS].
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4 — Perspectives

In [LBC] we have been able to prove the transfer assumption in the base change situation, for the main
endoscopic group, for a large class of functions. Unfortunately, we are not able to do anything similar, in
the more general setting treated here, since the twisted fundamental lemma is not known in any generality
besides base change. Hence, as regards applications to transfer of automorphic representations we can but

refer to [LBC].

We have not tried here to reformulate the definition of the transfer factors in a more geometric way. We
hope to return to this in a future paper.

ACKNOWLEDGEMENT: It is my pleasure to thank the Institute for Advanced Study, Princeton (USA) and the Institut
Mathématique de Luminy (France) for their hospitality and support while writing this paper.

I — The setting

I.1 — Basic notation

We shall try to use a set of notation as close as possible from what is used in [KS] and in [LBC]. In particular,
F is a field of characteristic zero, F' an algebraic closure and we denote by

I':=Gal(F/F)
the Galois group. A typical element in T will be denoted o (the letter v being used for elements in endoscopic
groups). If V is an algebraic variety defined over F', we shall often, by abuse of notation, write V for V (F).

Let GG be a group, we denote by Z¢ its center. Let Aut (G) be the group of its automorphisms; we denote
by Int (G) the subgroup of inner automorphisms and by Out (G) the group of outer automorphisms: the
quotient of Aut (G) by Int (G). For § € Aut (G) we denote by G the subgroup of 6-fixed points.

Recall that the exact sequence
1 - Int (G) — Aut (G) — Out (G) — 1.

is split when G is a linear algebraic connected reductive group. A splitting can be defined by the choice
a triple (B, T,{X}) where B is a Borel subgroup, 7" a maximal torus in B and {X,} a collection of root
vectors indexed by simple roots. In fact an inner automorphism that preserves such a triple is trivial while
any two such triples are conjugate. Such a triple is called a splitting for G.

If G is a reductive group, we denote by G its neutral connected component, by G 4., the derived subgroup
of G% by Gsc the simply connected covering of Gg., and by G,q the adjoint quotient of G°. If T is a
torus in G° we shall denote by T}, its preimage in Gsc. We denote by Z,. the center of Gsc. By abuse
of notation we shall often use the same letter to denote an element in Gs¢ and its image in G. If G is a
connected reductive group there is a surjective map

G50XZG—>G.

Assume that G is reductive and let T' be a maximal torus in G°. Let S be the centralizer of T'in G. We
define the Weyl group of (G to be the quotient of the normalizer of S in G, modulo S. It will be denoted
Q(G,T) or (G, S).

For the study of twisted endoscopy we cannot work only with connected reductive groups; we need a slightly
larger category that contains also diagonalizable groups. We say that a reductive group G is quasi-connected
if GG is the kernel of a surjective map

G = ker[G1 — To]
where (1 is a connected reductive group and 77 a torus. Quasi-connected group have been studied in
[LBC] and [Lab]. Let G be a quasi-connected group, Z¢ its center and Gge, the derived group of G°, then
(G = 7 .Gger. Observe that the category of quasi-connected group contains the groups O(2n + 1) but not
the groups O(2n).
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1.2 — Non abelian hyper-cohomology

The notion of crossed sets and the definition of their Galois cohomology have been introduced in [LBC]. We
shall use them freely. When dealing with Galois cohomology of crossed sets we write as usual H*(F, X) for
the inductive limits of cohomology sets over finite Galois extensions F/F":

H*(F,X) = H*(Gal(F/F),X(F)) = limH* (Gal(E/F), X(E))

(in degrees where it is defined). We shall not distinguish between cohomology and hyper-cohomology and,
unless otherwise stated, complexes will be in positive homological degrees:

~~~X2—>X1—>X0.

For the definition and the properties of adelic cohomology we refer the reader to [LBC].

For a diagonalizable group S we denote by X (.S) the finitely generated Z-module Hom(S, Gy, ) of its char-
acters. If T'is a torus we denote by X (7)) the finitely generated free Z-module Hom(G,,,T) of cocharacters
of T

X(T) = Hom(G,,, T) = Hom(X(T),Z) .

For a diagonalizable group X (S) must be defined as an element in the derived category DX of complexes of
finitely generated Z-module, of finite length: X (S) = RHom(X(S),Z) . Let DT be the derived category of
complexes of diagonalizable groups, of finite length. The map S — X (S) defines a contravariant equivalence
between D7 and DAX. We also have an equivalence induced by the derived tensor product

. . L
X=X ® G, .
Consider a connected reductive group . The small complex
[GSC — G] s

with G in degree zero is a “stable crossed module” (cf. [LBC, appendice B]). The abelianized cohomology
in the sense of Borovoi [Bo] can be defined for —1 <7 < 1 as

H!,(F,G):=H(F,Gsc — G) .

There is a functorial map

HZ(Fa G) - Hfzb(Fa G)

fori = 0or 1. Let T be a maximal torus and Ty, its preimage in Gs¢; the complex [Ts. — T is a sub-complex
quasi-isomorphic to [Ggc — G] and hence the natural map

H (F, Ty, = T) = H'(F,Gsc — G)

is an isomorphism. Such considerations easily extend to quasi-connected groups but in this case 7" has to
replaced by the centralizer Tt of a maximal torus 7' of G°. Since T is a diagonalizable group, [Ty, — T%]
defines an object in DT, denoted G4p. It 1s independent of the choice of T'; in fact G4 can also be represented
by [Zsc = Zg] which is a subcomplex quasi isomorphic to [Ty, — TF]. This also shows that if G' is an inner
form of a quasi-connected reductive group G, they define the same object in DT: G, = Ggp . There is a
canonical isomorphism

H (F,Ga) — H (F,Gsc — G)
for —1 < i < 1. But H'(F,Ga) makes sense for all i and this allows to define H?, (F, () for all i by

fzb(Fa G) = HZ(Fa Gab) .
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1.3 — Twisted spaces

A twisted space is a pair (G, L) where G is a group and L is a G-principal homogenous space with a
G-equivariant map from L to the group of automorphisms of G

Adp : L — Aut (G) .

We shall also say that L is a twisted G-space. The action of G on L: G x L — L will be denoted by left
translations (x,d) — 6 . The equivariance of the map Ady is the following compatibility condition: for
z € G and § € L we have

AdL(l‘(S) = Adg(l‘) o AdL((S)

where Adg(x) is the inner automorphism defined by @ € G. One defines right translations by
(9,0) = dy~' = (AdL(d)y™")d

and conjugacy by
(x,0) — xde~! = x(AdL(8)z™1)d .

Observe that since L is homogenous the image of the composed map
L — Aut (G) — Out (G)

is reduced to a single point in Out (). Consider ¢ € Aut () in the image of Adr. For z € Zg the map
2+ 2% is independent of the choice of . We denote by Z; the subgroup of f-fixed points in Zg: this is the
centralizer of L in G

Zp={r€G|Ad(§)x ==z forall §€l}={reCG|xsx =3¢ forall d€L}.

A morphism of twisted spaces (G, L) and (H,M) is a map ¢ : L = M such that there exists a group
homomorphism ¢ : G — H with

p(dy) = (x)e(d)v(y) for del, z€G and yed.

Observe that ¢ is uniquely determined by ¢.

We denote by Aut (L) the group of automorphisms of (G, L). The map ¢ — ¢ yields a homomorphism
Aut (L) — Aut (G). The center Zg acting by left translations on L defines a subgroup of Aut (L), isomorphic
to Zg, called the subgroup of central automorphisms. This is the kernel of the map ¢ — ¥. An other
subgroup is defined by conjugacy by elements of GG. The kernel of the map G — Aut (L) is Zr. The group
of automorphisms generated by the image of Zg acting by translation and of (G acting by conjugacy, will be
called the group of inner automorphisms and will be denoted Int (L). The above discussion shows that

15 Zg—Int(L) - Int(G) -1

is an exact sequence. Consider the map
v ZG — G x ZG

defined by v : 2z + z x 2'~% then
1= Za—Gx Zg —Int (L) =1

is also an exact sequence.
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Assume that G is reductive; let Gs¢ be the simply connected cover of the derived group of G and 7. the
center of Gg¢. Consider the complex
[ZSCL> GSC X Zg]

where, as above, the map from Z;. to Gge X Zgisv:z— (2 x 21—9) and by abuse of notation we use the
same letter for elements in Z;. and their projection in Zg.
I.3.1. Lemma. — If G is reductive, the morphism of complexes

[Zse— Gsc x Zg] — [1 — Int (L)]

1s a quasi-isomorphism.

Proof: 1t suffices to observe that (i is the quotient of Gg¢ x Zg by the image of Z,. via the map z — (z,z71)
and hence the map
[ZSCL> GSC X Zg] — [ZGL>G X Zg]

1s a quasi-isomorphism.

Consider € Aut (G), one has a natural structure of twisted G-space on the subset
G %0 CGxAut(G) .

Now, given a twisted G-space L, consider dy € L and let § = Adp(dg). Since L is a principal homogenous
space, the map  — #dy is a bijection from G onto L and it induces a bijection between G-conjugacy classes
in (G and conjugacy classes in L. The map

Ty = T X0

1s an isomorphism

L—Gx0

of pointed twisted G-space. But this isomorphism is not canonical due to the existence of non trivial central
automorphisms, unless Zg = 1.

Let 7" be an abelian group and # an automorphism. We denote by Ty the group of §-coinvariants in 7'; this
is the quotient of 7' by the subgroup, usually denoted 7'~ of elements of the form ¢6(t)~'. We have an
exact sequence

1T T8 T 5T — 1.

This can be reinterpreted as follows. Consider § = ¢tx6 € T'x0 and denote by [d] the image of ¢ in Ty. The
conorm map
Tt — T9

defined by ¢ + [d] induces a bijection between the set of T-conjugacy classes in T'x6 and the group Tp.

Let Gy be a group and #y an automorphism of it. We shall say that the twisted space L = %8 is induced
from Lo = G0><190 if
G=Gygx---xGy

and
g(gla t agm) = (gZa t 'agmago(gl)) .

1.3.2. Lemma. — Assume that L is induced from Ly. The map

9=, gm) > Ng=g192 - gm
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induces a bijection between (G-conjugacy classes in L and Gy-conjugacy classes in Ly.

Proof: Tt suffices to observe that if ¢ = (91, -, ¢m) and u = (1,91, -+, 9192 - - - gm—1), then
ugf(u)™h = (1,---,1,Ng)

and that if v = (v1,- -, vp), then

N(vgb’(v)_l) =wv;.Nyg. Ho(vl)_l .
O

We shall say that a twisted G-space L 1s simple if G is a simple group. We shall say L is irreducible if G is
a product of m copies of a simple group GGy and any 6 in the image of Ad; permutes transitively the factors.

1.3.3. Lemma. — An irreducible twisted space L is isomorphic to a twisted space G'x8 induced from a
simple twisted space Ly = Ggx8y. Moreover, if ¢ is an automorphism of G that commutes with #, then
there is an integer n(c) and an automorphism oy of Gy, that commutes with 6y such that

U(gl’ o "gm) = gn(g)(ao(gl)’ T Uo(gm)) .

Proof: By assumption L ~ (Gy x - -+ x Gp) x 6 with G simple. Since ¢ permutes transitively the m factors
there are automorphisms 6; of Gy such that

0(g1,- -+ 9m) = (01(g2), -+, 0m(91)) -

The diagonal automorphism of G

a(gl’ e "gm) = (al(gl)’ Ty am(gm))

with a1 = 1, as = 01 and oy, = 01 - -0,,_1 is such that afa~! is of the desired form with 6y = 6, - --0,,.
Now assume L = (%8 is induced and let ¢ be an automorphism of G that commutes with 8. Since Gy is
simple ¢ must also permute the factors and hence there are automorphisms o; of Gy and a permutation s of
{1,---,m} such that

o(g1, gm) = (Ul(gS(l))’ T Um(gS(m))) .

Since 6o = ¢ the permutation s is a power n(c) of the cyclic permutation. Then ¢ = 0*(?) ¢’ where ¢’ fixes
each factor and commute with 0. Tt must be diagonal of the form ¢’ = (oq, - - -, o) where oy commutes with

fo.
a

IT — Centralizers and endoscopic groups

II.1 — Centralizer and stable centralizer

Let G be a connected algebraic group and let L be a twisted G-space. For § € L we denote by G? the group
of fixed points under the automorphism Ady(6). This is the centralizer of §. In particular G° contains 7.
If G is a connected reductive there is a map

Aut (G) — Aut (ch)
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and hence § € L defines an automorphism of Ggc. We denote by ch the subgroup of fixed points.

Assume from now on that G is a connected reductive group. Let B be a Borel subgroup and 7" a maximal
torus in B; we say that the pair (B,T) is a Borel pair. Let L be a twisted G-space. We say that § € L is
almost semisimple if Adg (d) preserves a Borel pair; this is equivalent to say that the automorphism Adyg (4)
is almost semisimple in the terminology of [KS]. In particular Adz(d) defines a semisimple element in the
group of automorphism of Gg... The centralizer of an almost semisimple element is reductive. But the
action on the Lie algebra of the center of G need not be semisimple. We shall say that J is semisimple if
Adpg(9) is semisimple.

I1.1.1. Definition. — Let G be a connected reductive group and L a twisted G-space. We call stable
centralizer of § € L the group denoted Is image in G of G%C x Zr, (i.e. of the centralizer of § in Gg¢ X Za).

Following Jim Arthur’s notation G5 will denote the connected component of G?. In particular
GsC Iy CG°
and I is a normal subgroup of G°.

Remark — The above definition for the stable centralizer is different from the one given in [LBC]. For
semisimple elements in the base change situation, which is the case studied in [LBC], and also in general for
regular semisimple elements; the two definitions yield the same object. Nevertheless they do not coincide
in general. We hope that the present definition will turn out to be the right one, at least for semisimple
elements (see below).

I1.1.2. Lemma. — Let § be an almost semisimple element. Then Is is the group generated by Z; and Gs.

Proof: Observe that if § € L is almost semisimple, it induces a semisimple automorphism of Gg¢. Hence,
the centralizer G%C of § in Gg¢ is connected [St2, Theorem 8.2] and the image in G of G%C X ZE 18 Gis.

I1.1.3. Lemma. — Let § be an almost semisimple element and let (B, T) be a §-stable Borel pair. Then
S =T NGs is a maximal torus in Gg. Conversely, if S is a maximal torus in Gy, its centralizer in G is a
maximal torus I' that belongs to a §-stable Borel pair.

Proof: This is a part of Theorem 1.1.1 of [KS], for the proof of which they simply refer to [St2]. For the
convenience of the reader we sketch an argument. Since § preserves the positive Weyl chamber defined by
B there is a strongly regular semisimple element ¢ € G5 N1 whose centralizer in G is T'. The centralizer
S =TNGs of t in G5 1s a maximal torus in G5. Now since all maximal tori in a connected reductive group
are conjugate we see that conversely, if S is a maximal torus in G, its centralizer in (G is a maximal torus

T that belongs to a d-stable Borel pair.
O

I1.1.4. Lemma. — Let § be an almost semisimple element in L and let (B, T) be a Borel pair fixed by 4.
Then I is a quasi-connected reductive group that contains T°. Moreover there is a group isomorphism

QG T /QI5, T°) =5 GO Is

Proof. Since Zp is diagonalizable and centralizes G5 the group Is5 is quasi-connected. Choose an automor-
phism @ in the image of Ady that preserves a splitting (B, T, {X.}). Let T be the connected component of



10 J.-P. Labesse

T?% and let G' be the connected component of G?. Then, as seen in I1.1.3, the torus T is a maximal torus
in Gt and T! = G' N T?. Since @ preserves a splitting we have G¥ = G'Z;, (see [KS, section 1.1]) but since
Z1, C T we see that Z;, Tt = T?. Now Ad[(d) and @ differ by an inner automorphism that fixes the Borel pair
(B, T) hence we have Adz(§) = Adg(t) o6 for some t € T and hence 7% = T%. This implies T" C G5 C I
and this shows that 7% C I5. Recall that we denote by Q(Gé, Té) the quotient of the normalizer of 79 in G?
by T°. Given g € G° the torus g 7%¢~" is also a conjugate of T° in I5. This shows that the normalizer of
7% in G° maps surjectively on G°/I; and hence

QG T%) /15, TGO 15

d

Let ¢ be an almost semisimple element in L and let (B, T) be a Borel pair fixed by §. We shall denote by
Js the group generated by G and 7T'. It is normalized by §. Moreover, 11.1.3 shows that Js is independent of
the choice of the Borel pair. Clearly Is is contained in the centralizer of 4 in Js; but they may not coincide

(see T1.3.2).

I1.2 — Centralizers and 0-orbits of roots

We shall recall some classical results mainly due to Steinberg [St2] on automorphisms of reductive groups,
in particular on @-orbits of roots (see also [KS, section 1.3]). Let G be a connected reductive group with
a splitting (B, T,{X,}). Let @ be an automorphism of i that preserves the splitting and let L = G'x6.
Denote by G (instead of Gy) the connected component of G¥ and let T! = TN G*.

I1.2.1. Lemma. — The centralizer of T' in G is T. There are canonical isomorphism
QG TH-S QG T (G, 1)
A Weyl group element w € Q(G, T) preserves T? if and only if (w) = w.

Proof. The first assertion holds since  preserves a Borel pair containing 7' (I1.1.3). The second assertion
holds since @ preserves a splitting containing 7' ([KS, section 1.3]). Let n be an element in the normalizer of
T that induces w € Q(G,T). If w preserves 7%, n normalizes 7% and then 6(n)n~! fixes T? pointwise. But

the centralizer of T? is T' and hence §(n)n~! € T. This is equivalent to f(w) = w.
(I

Assume now that (G is adjoint. Then the automorphism @ is of finite order £. We denote by R = R(G,T)
the set of roots of 7' in G. A root a € R defines, by restriction to 7%, the sub-torus of f-invariants, a
restricted root a,.s. Let us denote by Na the sum of the roots in the orbit of o under 6:

lo—1

Na = Z Hi(oz)

the number of roots in the orbit being ¢,. This is a character of T that factors through 7 the torus of
f-coinvariants:
Na: T =Ty — G, .

The composition of maps
T T -1,
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allows to see Na and «,.; as characters of the same torus. We observe that under this identification N«
and «,..; are proportional:
Na="1, tres .

Using the classification of root systems one checks that the map o — a,.s induces a bijection between the
set of #-orbits of roots and the set of restricted roots. The set of restricted roots forms a non-necessarily
reduced root system R, for 7. The set of characters N« defines a reduced root system N R for Tp. Assume
L = G« is simple and # of order £. We have the following cases:

1-1f8=1then R=NR= R,.s.
2 even - If R is of type A, and £ = 2 then N R 1s of type B, and R,.; is non reduced of type BC,.
2 odd - If Ris of type As,_1 with n > 2 and £ = 2 then N R is of type B, and R,.; is of type C,,.
3-1f Ris of type Dy, with n >4 and ¢ =2 then N R is of type C), and R,.; is of type B,.
4 -If Ris of type D4 and £ = 3 then NR and R,.s are of type (5.
5-1If Ris of type Fg and £ = 2 then then NR and R,.s are of type Fy.

One defines a number ¢, € {1} by

0% (X,) = € Xo

where X, is a root vector for a. The roots in R are of three types:
- ais of type 1 if 20,4, %ares ¢ Ryes, € =1
- a1s of type 2 if 2,5 € Rypes, €0 = 1
- « is of type 3 if %ares € Rpes, €0 = —1.

It follows from the classification that, if G is simple, roots of type 2 and 3 occur only when G 1s of type As,
and ¢ = 2.

Let § = tx6 € T« we denote by Ps the set of roots o such that tV® = ¢,. This is equivalent to
Adp(0) X, =X, .

We observe that roots in a f-orbit are linearly independent. This implies that the subgroup Js introduced
at the end of I1.1 is the subgroup of GG generated by 7" and the one parameter subgroups defined by the X,
with & € Ps. The root system of J;s is set of roots in R(G,T') that belong to the Z-linear span of Ps.

The set Ps and the group Js are §-stable. They are also invariant under T-conjugacy: they only depend on
the image of 4 in 7p the group of f-coinvariants in 7'. We emphasize the following obvious remark: consider
s € T then, s* =1 for all « € P; if and only if s belongs to the center of Js. The subgroup Js is of interest
to us because of the next two lemmas.

I1.2.2. Lemma. — Assume that 0 preserves a splitting (B, T,{X,}) in G. Fort € T, let § =t x . The
map o — ayes induces a bijection from the set of f-orbits of roots in Ps onto the set of roots of T? in I5. If
s € Js centralizes I5 then s belongs to the center of Js.

Proof. Let X be a vector in the Lie algebra which is a linear combination of root vectors

X = anxa

Then, X is a fixed vector under Adz(d) = Adg(t) o0, if and only if

tG(a)Cag(Xa) = CG(oc)XG(oc)
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which implies that ¢, can be non zero if and only if tNe — ¢ This shows that the -orbits of roots in Pj
map onto roots of 7% in Is. Now if s centralizes I5 it centralizes 7% and hence it belongs to 7. But an s € T'
that centralizes a linear combination of root vectors

X = anxa

is such that s = 1 whenever ¢, # 1. Hence if s € 7" centralizes I one has s* = 1 for all & € P5 and s is in

the center of Js.
|

I1.2.3. Corollary. — The group Js is the connected centralizer of the center of I;.

Proof. 1t follows from 11.2.2 that the center of I is the subgroup of 77 intersection of the kernels of the
restricted roots a,es with a € Ps. Its connected centralizer is generated by 7' and the one parameter

subgroups defined by the X, with a@ € Ps. We have already seen that this group is Js.
O

I1.2.4. Lemma. — Assume that a € Js normalizes I5. If the automorphism induced by a is inner then
a = cb where ¢ takes its values in I5 and b takes its values in the center of Js.

Proof. Assume that the automorphism induced by a is inner, then a 1s a product a = ¢b where ¢ € Is+
induces this inner automorphism and b € J centralize I5+. It follows from I1.2.2 that b takes its values in the
center of Jjs.

d

I1.3 — Outer automorphisms of stable centralizers

Let § € L. We need to compute the group of outer automorphisms of Is that are induced by elements in Js.
We shall rely on the classification of pairs (Js, I5) modulo the center of Js5. Since the center does not matter
we may assume Z¢ trivial. The classification is immediately reduced to the case where L is irreducible.
Assume now this is the case. Then 1.3.3 shows that L ~ Gx6 is induced from Goxf,. A #-stable torus 7" in
G 1s of the form

T = TO X X TO

where T 1s fp-stable. Lemma 1.3.2, or rather its proof, shows that, up to #-conjugacy, we may take t € T' of
the form
t=1(1,---,1,%0) .
If ¢ € (G centralizes § = tx0 then ¢ = (cg, -+, co) where ¢q centralizes 6y = toxfy in Gy. This shows that
Is ~ I5, embedded diagonally in
Js ~ Jsg X - x s,

Hence we are now reduced to the case GG simple.

Observe that 6 defines an automorphism of the twisted space GG x # and it makes sense to consider 6(4).
Assume that moreover ( is reductive and # preserves a splitting; one can view GG x 8 as a subset of the group
G % Out (G). This allows to consider powers §” of elements § € G x 6.

I1.3.1. Lemma. — Let ¢ be the order of the automorphism of the root system induced by 6. Then §° is
central in Js.

Proof. For 6 € G x 0 we have 6 € G x 1~ G. But §° belongs to T' C Js and centralizes I5; now 11.2.2 shows
that 1t must be central in Js.

d
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Consider § € L; we denote by J,q the adjoint quotient of Js. Since ¢ is central in J; its image in the
adjoint quotient is trivial and Ady(d) induces an automorphism ¢ of order £ of J,4. Now split J4q into its
simple factors and consider a simple factor Jy. Assume G simple, then ¢ < 3. Since £ is prime, either '
preserves Jg and & defines an element in Jyx6" or @ induces the cyclic permutation of ¢ copies of Jy. It
suffices to compute I5 when Js = (G is a simple group. In such a case 11.2.2 shows that I i1s adjoint.

I1.3.2. Proposition. - Consider L = (Gx0 where 0 fixes a splitting (B, T,{Xy}). Assume G is simple.
Let € be the order of the automorphism of the root system of G induced by 8. Consider 6 € T'x8 such that

= (. Then up to conjugacy by some element of T, we may choose § so that §* = 1 and § = (§). A case
by case description is then as follows:

1-¢=1thend=1x1,G=Js=1Is.

2a - the root system is of type As, withn > 1, £ =2 and d = 1x6 then s is of type B,,.

2b - the root system is of type As,—1 with n > 2, £ =2 and § = 1x6 then I is of type C,,.

2¢ - the root system is of type Aap_1 withn > 2, £ =2 and § £ 1x0 then Is is of type Dy,

3 - the root system is of type Dy, withn > 4, and £ = 2 then Is is of type B, U B,_ withny+n_=n—1.
4a - the root system is of type Dy, £ = 3 and § = 1x8 then I is of type G.

4b - the root system is of type Da, £ = 3 and § # 1x0 then Is is of type As.

5 - the root system is of type Es, £ = 2 then I is of type Fu, Cy or Bs U A;.

Proof: We have seen 11.3.1 in that §° is central in J;. But, since J; = G is simple 6 = 1. We have § = tx0
then 6¢ = 1 is equivalent to t4(¢)---6"~1(t) = 1. In particular, if a is a root such that £, = ¢ we have
tV* = 1. A variant of lemma 1.3.2 shows that there exist a € 7" such that

(at@(a)_l)o‘ =1

for each simple root with £, = £ while (at8(a)™1)* = t* (and (t*)! = 1) if £, = 1 i.e. if a is a fixed root.
Hence
O(atf(a)™') = (atb(a)™t) .

This yields the first assertion. To prove the other assertions we shall compute Js when §° = 1 and § = ()
for the various triples (R, A, @) of an irreducible root system, a set of simple roots, and an automorphism.
When the automorphism is non trivial it will be defined via an isometry, again denoted 6, of an euclidean
vector space V with an orthonormal basis {ei}ier such that @ preserve the basis up to signs. The {e; }ier
belong to the lattice of characters of a torus T. The root system generates a subspace V C V. Instead of
lookmg to simple groups it is equivalent, but may be simpler for some computatlons to consider an auxilliary
group G whose adjoint quotient is the simple group G and to prove in G the assertions up to the center. We
now study the various cases.

1 — The automorphism @ is trivial i.e. £ = 1 then Is = G since § = 1.

2 — The root system is of type A,,—1 with m > 3, and £ = 2. Here we take G = GL( ) and T will be
the group of diagonal matrices and % is the i-th entry of the diagonal matrix ¢ € 7. The roots of T in
G can be written (e; — e;) with ¢ # j. The automorphism is defined by 6(e;) = —em41-;. The characters
Bi = (e; — emy1—;) are f-invariant; they are roots unless 2i = m + 1. Let A; = tP:. Since § = tx#@ is such
that 6 = 1 in G it suffices to study the ¢ such that t%# = +1. Let n = [5]; define 7 € T by

=X ifAh=-land 1 <i<n, 7% =1 otherwise .

Observe that for a € T'
(atB(a)™t) =g tomtrmr
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Hence, one can find a € T such that at@(a)™' = 7. Then (r0(r)7')* = —1if \; = —1 and equals 1
otherwise. Let o = e¢; — e; be a root with a non trivial f-orbit i.e. 7 # m + 1 — ¢; then o € Ps if and only if
Ai = A; and we have (70(7)~1)* = 1. Now if « is a 6-fixed root, i.e. o = f3; for some i, and belongs to Ps
then \; = 1% = ¢, = &1 and we have (70(7)~1)* = A? = 1. This shows that 76(7)~! belongs to the center
of Js. Let Sg C {1, -, m} be the subset of indices such that A; = &1 and let us denote by m4 its cardinal.
Observe that m_ is always even. One has

Js ~ GL(my) x GL(m_)
unless m is odd and m_ = 2 where
Js ~ GL(my) x GL(1) x GL(1) .
But since we assume J; = G we must have only one factor; we have three cases:

(a) m=m4 =2n+ 1, = 1x0, then I = SO(2n + 1)
(b) m=my =2n, 6 = 1«0, then Iy = Sp(2n)

-1, 0
b= ( 0 1n)
then Is = SO(2n) while the full centralizer is O(2n).

3 — The root system is of type D,, and ¢ = 2. We take G = SO(2n) and let T be a maximal torus. The
roots can be written £e; &+ ¢; with 1 <¢ < j < n. The automorphism ¢ is induced by e, — —e,. Fort € T
let \; =% forz<n—1and A, = 1. Since 57 is central we have /\Z2 =1 for all i. We take ¢ = \; for all 7.
Clearly 70(7)~! = 1. There is @ € T such that

(c) m=m_ =2n, § = tx0* with

(at@(a)_l)e" =1.

Then for such a choice we have até’(a)_1 = 7. The roots in Ps are of the form oo = te; +e; withe < j <n—1
and A; = Aj or &« = %e; e, with i < n. The stable centralizer of §' =t' x 6 is the product

SO(2n; +1) x SO(2n_ 4+ 1) C SO(2n)

where ny is the cardinal of the A; = +1 and ¢« < n. In particular ny +n_ = n — 1. We have to study the
particular case ny = n_ which implies n = 2m + 1. We may view SO(2n)x < 1,0 > as O(2n). Since n is

odd, we may take
s={ "1 %) copn
“\0, 1, "

and its stable centralizer is SO(2n) N (O(n) x O(n)) embedded diagonally while the element

0, -1,
w= <1n 0, ) € SO(2n)

flips the two copies of O(n) and centralize § up to the center: wdw=! = —J. In the projective group the
centralizer of the image of J is generated by the images of I5 and w.

4 — The root system is of type D4 and ¢ = 3. We shall not use the standard Bourbaki description of the
roots; we shall use instead a basis better adapted to the study of the automorphism of order 3. We consider
a real euclidean vector space V' = V with orthonormal basis {eg, €1, €2, e3}; the roots are of the following
form:

1
+e; and 5[:&60 tepteytes].
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set of simple roots is given by

1
040:—[60—61—62—63], a1 = €1, Qy = €2, Qa3 = €3 .

2

The automorphism @ is induced by the cyclic permutation of {e1, es,e3}. The fixed positive roots are

1
@, ao+a1+az+a3:§[eo+el+ez+es], and 200+ a1 + s+ a3 = e

and the norm N« for non trivial positive orbits are

Naj = a1 + as + as, N(ag+ 1) =3ap+ Nag and N(ag+ a1 +az) =3ap+2Nag .

Let Ag = £ and Ay = tV*1. Observe that

fo

(atf(a)™h)e =t a® %0
r i€ {1,2,3}; this shows that given p; for ¢ € {1,2,3} with pypsps = Ay we may find a such that

(at0(@)™) = i .

We shall always choose a such that g1 = ps = ps, and hence p? = A;. We now discuss subcases.

(i)

The set Ps contains exactly one positive root which is #-fixed then one and only one of these equality
holds:
Ao:l, Ao/\lzl or Ag/\lzl

Then ¢, as well as atf(a)~" for any a, are in the center of J; but Js # G.

The set Ps contains two positive fixed roots; we necessarily have Ay = Ay = 1 this shows and Ps is the
set of all roots and hence Js = . We choose a such that y; = 1 for i € {1,2,3} and for such a choice
r=atl(a)"! =1.

(iii) The set Ps contains only one non trivial positive orbit; then one and only one of these equality holds:

A =1, /\8/\1:1 or /\S’/\%Zl.

We choose the u; as follows: p; = 1if Ay = 1, Aoy = 1 0f /\S’/\l =1 and p; = AgAq if /\S’/\% = 1. Again
with such a choice 7 = at@(a)~! is in the center of Js but Js # G.

(iv) The set Ps contains one fixed root 8y and a non trivial orbit of some root g;. If it contains no other

positive root then 8y and 1 are orthogonal; we may proceed as in case (iii) above. Otherwise, Ag = A\ = 1

and we may proceed as in case (ii).

(v) The set Ps contains two non trivial positive orbits but no fixed root. This implies A3 = A; = 1 with

T

Ag = j # 1 is a primitive 3rd-root of unity. In such a case J; = GG. By choosing a such that the y; =1
we have atf(a)~! = 7 with 72 = 1 and 7 = 0(r).

hen Js = G occurs in case (ii) with ¢; = 1 then the stable centralizer I5 is a group of type G or in case

(v) where the group I is of type As: its root system is generated by the short roots in the G5 root system.

5

— The root system is of type Es and £ = 2. We consider a real euclidean vector space V of dimension 8, with

orthonormal basis {ep,e1,- -, €5, e7}; the roots are in the subspace V' defined by the equations ¢ + 27 = 0
and z1 + -+ x¢ = 0. They are of the following form:

t(ej—ej)for1<i<j<6ori=0and j="7.

+zleo0 —erkeg kea- - eg] with an equal number of + and — signs inside the bracket.

1
2
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A set of simple roots is given by

ap=gleotertertes—ea—es—es—er]  and  app =[epn —e]  for 1<i<5.

The automorphism is induced by f(e;) = —€(7-4); it sends a;41 to ay_; for 1 < ¢ < 5 and fixes a3 and
ay. The reader should be warned that this 1s not the standard Bourbaki notation: we have exchanged the
numbering of the simple roots a7 and «s and used a different orthonormal basis. Here is the correspondence:

Our notation Bourbaki’s notation
oy = %[60‘1‘61‘1‘62‘1‘63_64_65_66_67] — ay = €1t €2
oy =69 — e HOz1:%[61—62—63—64—65—66—€7+€8]
Qip] = €41 — € — ajp1 =6 — €1 for2 <i<b

The correspondence between the orthonormal basis is given by

€1 =1 —€g and €it1 =€ — 17 for 1<2<5

where ] ]
77:1[61‘1‘624‘""1‘68] and 60_67:§[€1+€2+"'+€5_€6_€7+€8]~
The #-fixed roots are
1
Bi = (ei —er—i) and vya=a;— Zﬁi = 5[:&(60 —e7) £ (e1 —es) £ (e2 — e5) £ (e3 — ea)]
icA

where A is any subset of {0,1,2,3}. They can be rewritten

1
:I:ﬁl for 0 S ] S 3 and §[Z|:ﬁ0 + ﬁl + ﬁz + ﬁg]
The roots with non trivial 8-orbits have norms
Na = [£(ei —er—i) £ (e — er—;)] = [£fi £ 5]

with 0 < i < j < 3. We observe that N Es = F,. We consider the torus 7" whose group of characters is the
lattice generated by the e; and o in V and we denote by T the quotient torus whose group of caracters is
the root lattice in V. Let

Ag=t" and N =t" for 0<i<T.

Observe that §% = 1 implies A7 = 1 and A% = 1 for all i and all A; in particular
A% = AgA Az Az =1.
Hence, the set
B={i|0<i<3 \=—-1}
has an even cardinal. Now define 7 € T by 7% = \; for 0 < i < 3. Let 7°* = 1 otherwise. Moreover choose
774 1n order that
PR— AA = 7rAa
for some {1 Then this will hold true for all A. We have 72 = 1. Then 7 = €0(r) where ¢ is in the kernel of
the map T"— T'. Observe that for a € T

(at@(a)_l)e’ = Cigfiter-i
Hence one can find a € ¢ such that
até’(a)_1 =7.

If all \; =1 and Ag = 1 then § = 1x8 and Is is of type Fy. The case where all \; = 1 and Ag = —1 need
not be considered since then J # G. If all A; = —1 then I; is of type C4. If half of the A; = —1 then Is is of

type Bz U Ay (in this case J; may not be equal to G).
(I
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I1.3.3. Corollary. — Assume that Js is simple. The group of outer automorphism of Is induced by
elements of Js is of order 2 in cases (2¢), (3) with ny = n_ and (4b). It is trivial otherwise.

Proof: In fact, in case (2c), we have Js = PGL(2m); the centralizer is the projective image of O(2m) while
the stable centralizer is the image of SO(2m). In case (3) with m = ny = n_ the group is the projective
image of SO(4m+2) while the stable centralizer is the image of SO(2m+1) x SO(2m+1); but the centralizer
also contains an element whose adjoint action flips the two SO(2m + 1) subgroups. In case (4b), G* =
of type Da, £ = 3 and 0" # 1x6* the stable centralizer is of type As. The non trivial outer automorphism
is induced by the symmetry with respect to the @-stable simple root . In all other cases the classification
I1.3.2 shows that 75 has no non trivial outer automorphism.

d

I1.4 — Absolute endoscopic groups

Consider a connected reductive group G and a Borel pair (B, T). A coroot & for T' and G defines a cocharacter
of T' that factors through 75.:
&Gy = Te =T

and the set of simple coroots form a basis of the Z-module X(Tsc) of cocharacters of Ts.. Conversely, if we
are given a torus 7', a based root system R, viewed as a subset of the character group X(7'), and the based
coroot system R, viewed as a subset of the cocharacter group X(T), we recover the group GG and the Borel
pair (B,T) up to an inner isomorphism. The role of roots and coroots is exchanged by considering the dual
torus 7 in the dual group G. The order on the roots defined by B yields an order on the coroots and hence
defines a Borel subgroup B in the dual group. Choose a splitting in G and in G containing the Borel pairs
(B,T) and (B, T). Consider an automorphism @ preserving the splitting in G'. Let @ be the automorphism
preserving the splitting in G and inducing the same permutation of roots systems.

By composition with the conorm map T — Ty, a coroot defines a cocharacter
&g : Gy, — Th

which depends only on the #-orbit of é&. The set of all such cocharacters form a non necessarily reduced root
system in the real vector space X (Tc)p @ R. In fact they can be seen as the system of restricted roots for
the adjoint dual group (()aq equipped with the dual automorphism §. Given a coroot & one defines N& as
the sum over the f-orbit. This is a cocharacter for T}, that factors through 7%, since N belongs to the free
Z-module X(Tsc)€ of #-invariant cocharacters of 7T;.. A root « and its associated coroot & have the same
type, in particular ¢, = €5.

I1.4.1. Lemma. — The coroot of a5 is N& if o is of type 1 or 3 and 2N & if av is of type 2.

Proof: Let 8 = ayes, its coroot is of the form 8 = ¢, N&. We must have < ﬁ|B >= 2 and hence
fo—1
< BB >=< aleaNa >=co Y <alf’(a)>=2.
i=0
A case by case checking shows that the coroots & and #(&) are orthogonal for all i Z 0 modulo £, except
when a is of type 2 and i = £,/2 in which case < a|f(&) >= —1. Hence
fo—1
> <alfi(@) >=< ala >=2
i=0
when « is of type 1 or 3 and then ¢, = 1 while
fo—1

Y <alfi(a) >=<ald >+ <alp“fa>=2-1=1
=0

when « is of type 2 and then ¢, = 2.
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Let & be a character of X(Tsc)e. We shall define four sets of characters and cocharacters. Let Rz be the
set of characters of Ty defined by § = Na if o is of type 1 or 3 or § = 2N o if o is of type 2, and R(N&) = ¢,
in all cases. Let Rz be the set of cocharacters da of Ty defined by coroots & such that R(Nd) = €q.

Let RL be the set of restricted roots a,., where either o is of type 1 or 3 and ®(Nd&) = 1 or « is of type 2
and ®(Nd&) = —1. Let R’E be the set of cocharacters of T? of the form # = Na if ®(Na&) = 1 and « of any
type, or f = 2Na& if &(N&) = —1 and a of type 2 or 3.

I1.4.2. Lemma. — The set Ry is a reduced root system dual to Rg. It is called the endoscopic root
system. The set RL is also a reduced root system dual to R’E The four Weyl groups are isomorphic to a
group Qg called the K-endoscopic Weyl group.

Proof. Consider the dual picture: the torus (7.) is a maximal torus in the adjoint quotient of G. The
character % defines an element in the group of complex points of f-coinvariants of (Tse); it is the image of
some s € T(C) C G(C). As observed in 11.2.2 the set Rz is isomorphic to the set of roots of the connected
centralizer H of s x 8 in G. The root system dual to the coroot system Ry is the set of 3 = eNa with
< B|ﬁ >= 2 where 3 = d&. Now I1.4.1 shows that Ry is the root system dual to Rg. There is a canonical
bijection between Ry and RZ and each root in Ry is proportional to an element in RZ since

Na =1, Upes

but the two sets may not be homothetic. To prove that RL is a root system we assume (' simple and we
use the classification; the general case follows easily. If 4 is trivial then R,.; = N R and all roots are of type
1; hence RL = Rg. Now assume 6 # 1 and that all roots are of type 1; since all roots in R have the same
length R ~ R and it follows that Rz and R’E are isomorphic sub-root systems of NR ~ N R. It remains to
consider the case where G is of type Az, and @ is of order 2; in such a case the bijection 3 — 3’ between
Rz and RL is such that 8 = 24’ and hence RL is an isomorphic root system. We have checked that RL is
a root system; now, that Rlz is its dual coroot system follows from II1.4.1. The roots in RZ and Ry being
proportional their Weyl groups are isomorphic.

d

I1.4.3. Definition. —  The endoscopic group H associated to (T,%) is the connected reductive group
(defined over the algebraic closure) with maximal torus, root and coroot system (T, Ry, RH) isomorphic
to (Ty, Rz, RE) This group is well defined up to inner automorphism induced by elements of Ty. The
quasi-connected reductive group K defined by (T?, RL, R’E) will be called a pre-endoscopic group.

Galois structures will be discussed later on. When # = 1 or more generally when L = G'x# is induced from
Gy % 1 the two groups K and H are isomorphic.

Let X?c be the sublattice in Xfc, generated by the f € Rlz Denote by Tx the associated torus. The image
of the small complex [Tk — T in DT is Ku. We observe that in general there is no homomorphism of K
into GG extending the inclusion T? — T. Nevertheless there is a canonical morphism in P7 from Kap to Gap
and the object

[[(ab — Gab]

can be represented by the bicomplex of diagonalizable groups

TE — Ts c
I 1
7 - T

I1.4.4. Lemma. — Let § € T'x0 and let I = I5 be its stable centralizer. We denote by Isc the simply
connected cover of the derived group of I. Let S;. be the maximal torus in Is¢c that projects into S = T C I
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Assume that the image ofX(Ssc) in X(Tsc)‘g is in the kernel of &. The map Ss. — T?. factors through Tx
and the map I, — Ggp factors in DT through Kgp:

Iab — Arab — Gab .

Let 4 be the image of § in Ty. There is a canonical bijection between the set of roots of Ty in the connected
centralizer I, of v in H and the set of roots of T? in Is. This bijection preserves angles between roots and
induces an isomorphism of Weyl groups: Q(I5, T%) ~ Q(I, Ty).

Proof Let § = tx6. The roots of 7% in I; are the 8 = ay., for roots a such that tV® = ¢,. According to
11.4.1 the coroots 3 are the N if o is of type 1 or 3 or 2N @ if « is of type 2. They form a basis of X(Ssc).
Since the image of X (S;.) is in the kernel of &, then ®(Nd) = 1 if & is of type 1 or 3 and ®(2Na) = 1 if &
1s of type 2. Hence

X(Ss) C XE c X2

Recall that I, can be represented by the small complex [Ss. — S]. This proves the first assertion. Consider
the following correspondence between roots:

(i) For aroot a of type 1 or 2 such that tV® =1 and ®#(N&) = 1, let a; = a.

(ii) For a root « of type 2 such that t¥* = 1 and ®(N&) = —1, take for a; a root of type 3 such that
Na; = Na.

(iii) For a root a of type 3 such that tN® = —1 and ®(Na&) = 1, take for a; a root of type 2 such that
Na; = Na.

Observe that the #-orbit of o depends only on the #-orbit of «, and conversely. For 8 = a,.s a root of 1
consider a root «y that corresponds to a as above and let 81 = Nay if aq 1s of type 1 or 3 and 81 = 2Ny if
a1 is of type 2. We have ) € Ry and t°* = 1. Hence, f3; is a roots of Ty in 1. The correspondence 3+ 3
is the expected bijection between root for /5 and root for I,. Now it remains to observe that 8 and 3; are
proportional to Nao = Naj and hence the Weyl groups defined by those two root systems are isomorphic.

d

11.4.5. Corollary. — There is a natural injective map
HY/L, — G5 .
This is a bijection when k¥ = 1.

Proof. In 11.1.4 we have seen that
GOJ1s ~ Q(G°, T°) /15, T°)
and

HY/L, ~ QHY, Ty) /UL, Ter) -

Moreover, 11.4.4 shows that the Weyl groups for /s and H., are in natural bijection:
Q(Is,T°) ~ Q(IL,, Ty) .

Since § = tx@ preserves the Borel pair (B,T) we know that 7° = 7% and that Q(G?® T%) injects into
Q(G, T)? which in turn is isomorphic to Q(G?,T%) since @ preserves a splitting containing 7. Now consider
w E Q(Gé,Té); it is represented by some n € G° which normalizes T, then ndn~' = § is equivalent to
nt@(n)~! =t. Using the injection

QG T%) = G, 1%)
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4

we see that n = uny with v € T and 8(n1) = ny and hence, nytu'~ nl_1 = t. If we denote by v the class

of t in Ty this is equivalent to w(y) = . Let H; be the endoscopic group attached to the trivial endoscopic
character. Using the isomorphism

Q(H,, Ty) = G, T7)

we get further isomorphisms
QHY, Ty) — QG°,T°) and  HY/I, = G°/I; .

More generally one can view HY/I, as a subgroup of H] /I, and hence of G°/I;.

IIT — Stable conjugacy, inner forms and prenorms

III.1 — Stable conjugacy

Let L be a twisted G-space defined over some field F. Consider two elements § and 5 in L that are conjugate
(over F):
" lor =17

for some z € G(F). If § € L(F) then 7 is also rational if and only if the Galois cocycle o + zo(x)~! takes
its values in the centralizer G°. Stable conjugacy is a slight variant of this using the stable centralizer.

IT1.1.1. Definition. — Two elements § and 1) in L(F) are said to be stably conjugate if there exist x € G(F)
such that
v~ e =1 and zo(x)™t € I for all 0 € Gal(F/F) .

II1.1.2. Lemma. — Let 8(8) be the stable conjugacy class of §. The map x + x~ 18z induces a surjection
from HY(F, I;\G) onto S(J). The fiber of this map above & is HY(F, I;\G®). Consider n € S(6) then I, is

an inner form of Is.

Proof. The first two assertions are clear. Consider the last one. By assumption there is & € G such that
v~z = n with a, = zo(x)™! € I5. Denote by ¢ : I, — I the isomorphism over the algebraic closure
defined by ¢ — xtz~!1. It suffices to observe that 1o (¢))~! is induced by the restriction of Adg(as) to Is

with a, € Is.
|

IT1.1.3. Corollary. — The number i¢(8) of elements in H(F, Is\G?) is constant when & vary in a stable
conjugacy class.

Proof: If 11 is stably conjugate to J, I11.1.2 shows that the G" and [, are inner form of G° and I respectively
and that the twisting cocycle takes its values in Is. Hence there is an F-isomorphism

L\G" = L\G° .
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II1.2 — Inner forms of twisted spaces
Let G be an algebraic group and let L be a twisted G-space over F'. We have seen in 1.3 that the group
Int (L) of inner automorphism of L sits in an exact sequence
1= Z6—"G x Zg —Int (L) — 1
with v : 2+ (2 x 227%) . This shows that the map of complexes
[Z6—+G x Zg] — [1 — Int (L)]
1s a quasi-isomorphism. A class
a € HY(F, Za— G x Zg) ~ H'(F,Int (L))

can be represented by a hyper-cochain (u x z,&) where

§:(07) = &opr

1s a closed 2-cochain on I' = Gal(F/F) with values in Zg, u : 0 — uy is a 1-cochain on I' with values in GG
whose coboundary,

-1

Ot 7 = uso(ur)uz; ,

verifies Ju = ¢ , while z is a 1-cochain with values in Zg such that §z = ¢'=% . When G is reductive, it
follows from 1.3.1 that
H'(F, Z,c— Gsc x Zg) — H'(F,Int (L))

is also an isomorphism. This shows that, in this case, a class « € H(F,Int (L)) can be represented by a

hyper-cochain (u x z,&) where u and ¢ take their value in Gg¢ and Z;. respectively.

A class « € HY(F,Int (L))) defines an inner form of L, as follows. Observe first that the natural map
H'(F,Int (L)) — H'(F,Int (G))

sends a to a class defining an inner form G, of G. We consider an isomorphism of twisted spaces ¢ : Lo, — L
over F' with a companion isomorphism ¢ : G, — G. The Galois action on L, is defined so that the cocycle
o = po(p)!
é € L, we put

is in the class « : if « is represented by a hyper-cocycle (u x z,¢), for ¢ € T', € G, and

Y(o(@) =uoo(P(e)ug’  and  @(0(d)) = 25 uy o(0(d)) uz "

We shall say that L, is a central form of L if « is the class defined by a 1-cocycle o — z, with values in the
center of G acting by translations:

p(0(8)) = 25" a(p(d)) -

Let G be a connected reductive group over F'. We shall say that L i1s quasi-split if L is isomorphic over ¥
to G x 6 where (G is quasi-split and € is an automorphism fixing an F-splitting of G. The following lemma
is due to Kottwitz and Shelstad.

II1.2.1. Lemma. — Let (G be a connected reductive group over F'. Any twisted (G-space L is an inner
form of a quasi-split twisted space L™ = G* x8*.

Proof. Let G* be the quasi-split inner form of the group G. Choose a 1-cochain v on I' with values in G*
whose coboundary Ju = £ takes its values in the center of G*, defining GG as an inner twist of G*. Recall



22 J.-P. Labesse

that this means there is an isomorphism ¢ : G — G* over the algebraic closure and the Galois actions on G
and G are connected by the formula

¥(e(9)) = uo o (¥(9) uz " -

Let 1; s Aut (G) — Aut (G*) be the isomorphism between groups of automorphisms defined by
(0) =poforyt .

Choose an F-splitting (B, T, {Xs}) of G*, then, there is a unique automorphism 6* in the image of {/;o Ady,
that preserves the splitting. In particular * is rational and almost semisimple. Choose g € L such that

60" = (Ady (6p)) -

The element dg is only defined up to translation by the center. Consider the quasi-split twisted space
L* = G"x6*. Consider the isomorphism of twisted spaces over the algebraic closure ¢ : L — L* defined by

p(ady) = (x)=6* .
For any ¢ € T' we have o(6*) = 6* and hence
Adg(us) ™t o (Adz«(p(a(do)) o Adgs (us) = Adr+(p(60))
and this is equivalent to
uz (0 (00))ug = 25 p(d0) = 25" x0”

where z is a 1-cochain with values in the center. This implies that

9z=¢"% with  £=0u.
A change in the choice of the splitting and of §; modifies the isomorphism ¢ but the class of ¢ — po(p)~?

is independent of these choices. The twisted space L is the inner form of L* defined by this class.
O

I11.2.2. Lemma. — Consider § € L, v € G* and §* = zp(8)a~* € L*. Then we have § € L(F) if and
only if

o(6%) = zoa;1 6% a, with a4y = T uso(x)t .

Proof: 1f (8) = § we have p(§) = z; uy o(¢(8)) u; ' and conversely.

I11.3 — Admissible tori and prenorms

Let G* be a quasi-split reductive group and 6* an automorphism that fixes an F-splitting (B*, T, {X,}).
Let G be the connected component of (G*)e*. The simply connected cover of the derived group of G* is
denoted Gk

A maximal torus 7" in G* will be said to be admissible if T" is defined over F' and belongs to a §*-stable
Borel pair (B, T). Let T be a F-torus in G and let S be an F-torus with an isomorphism ¢ : S — T over
F. Then for ¢ in the Galois group w, = ¥o(x)~! is an automorphism of 7T'.
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IT1.3.1. Lemma. — Let T be an admissible torus. Assume that w, = o ()~ belongs to the Weyl group
Q(G*,T) for all o in the Galois group and preserves T . Then, there is an € G' such that U = 2Tz~ is
an admissible torus in G* such that

Ad(z)op: S = U

is an F-isomorphism.

Proof: This is essentially Corollary 2.2 of [Kol]. Since w, preserves T%" lemma I1.2.1 shows that w, belongs
to Q(G', T). Consider T}, the preimage of 7' = TN G! in G} .. Using that

Q(Gl’ Tl) = Q(G}SC’ Tslc)

we get a cocycle with values in Q(GL, 7)) again denoted w,. Let SI, be the torus defined as the fibered
product of S and G above G*:
Sie = S x G
sc Cov SC
Then, since w, belongs to Q(GLs,TL) the torus Si, is defined over F'. The map ¢ lifts to a map again
denoted 1 between SI. and T... Consider s € SI (F) and let ¢ = (s); since w, = Yo (1)~ we have

o(t) = w_l(t) = n;ltng

for some n, € GL,. Hence, the conjugacy class of ¢ is rational in G%,. Steinberg’s theorem on rational
points in semisimple conjugacy classes for semisimple simply connected quasi-split groups [St1], shows that
there exists x € ch such that s; = ztz~! is rational. Then z n, O'(l‘)_l centralize s;. By abuse of notation
we shall use the same letter to denote the image of z in G*. Choose s so that ¢ is strongly regular, then the
centralizer of s1 in G* 1s a torus U defined over F' since s; is rational. Hence we have x n, O'(l‘)_l € U. This
implies that p = Ad(z) o ¢ verifies o(u) = p which means that U is F-isomorphic to S. Since U = zTz~!

with z € G it is admissible.
O

Let L be an inner form of the quasi-split space L* = G x6*. We consider as above an isomorphism
¢ L — L* over the algebraic closure, the twisting of the Galois action being given by a hyper-cochain

(ux z,£).

IT1.3.2. Definition. — We say that a pair (6*,7T) is L-admissible if §* = tx0* € Tx0* where T is an
admissible torus in G* and if there is a 1-cochain o — b, with values in T" such that

o(6”) = 2o b1 5% b, .

In other words, we have
d* € Tx0" C Bx6* C L*

and the T-conjugacy class of ¢* is rational for the natural F-structure on T'x8* twisted by z. We observe
that I is only involved through the cochain z, and that the cochain b is uniquely defined by §* and z, up to
multiplication by a 1-cochain with values in 7%". Observe also that 7¢ = 79"

Since the cochain b takes its values in 7' then, although 6* may not be rational, the group Js is defined

over I'. This can be seen also as follows: we have §* = tx0* and

ta(t)_l = bé_e*zg_l

and hence
(to(t)"HN> =1 or, equivalently tNe = ()N
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for all & € R(G*,T). By definition o € Ps« means that Ve = ¢, and hence we also have O'(t)NO‘ = ¢, for
any element ¢ in the Galois group I'. Recall that ¢, = 1 unless « is of type 3 where ¢, = —1. The Galois

action preserves the type of roots. This shows that Ps« 1s stable under the Galois action and again we see
that Js+ 1s defined over F'.

Consider § € L(F) such that there is # € G* with zp(d)z~! = §* where (§*,T) is L-admissible. By
definition of admissibility there is a 1-cochain b such that

o(6”) = 2o b;l 6* b, .
Now since d is rational a, = ruso(z)~! is such that
o(6%) = 2o a;l o a,

(cf. TI1.2.2) and hence a, = ¢,b, where ¢, centralizes §*. We shall define prenorms using a slightly stricter
condition.

I11.3.3. Definition. — We shall say that an L-admissible pair (6*,T) attached to a I-cochain b is a
prenorm for & € L(F) if there exists x € G* and a torus T'(d) in G defined over F' and that belongs to a
d-stable Borel pair, such that

J:go(é)x_l =46 m/)(T(é))x_l =T and Gy = xuga(x)_l = cysb,

with ¢, € Is+. In particular the cochain a takes its values in Js+. We shall say that it is a strict prenorm if
a, takes its values in 1.

I11.3.4. Proposition. — Any almost semisimple element § € L(F) has a strict prenorm.

Proof: The connected centralizer G5 of § is a reductive group defined over F'. Choose a Borel pair (Bs, T5) in
(5 with Ts defined over F'. The centralizer T'(d) of Ts in G is a maximal torus defined over F' that belongs
to a d-stable Borel pair (B(4),7(d)) in G such that Bs = G5 N B(d). This is due to Steinberg [St2] (see also
[KS, Thm 1.1.A]). The image via ¢ of the Borel pair (B(6),T(d)) is conjugate to the Borel pair (B*,7*) in
G*:

o V((B(O), T(O) 27" = (B, 17) .

Let G be the connected component of (G*)?" and T = T* NG'. Then Ad(x1) o ¢ induces an isomorphism
Wy Ty =T with ro(v)™! = w, € UG, T ~ QG TY)
since * preserves a splitting. Now III.3.1 shows there exists y € G such that y 7" y~! is a torus isomorphic

to Ts over F. Let ¥ = yxq, then Ad(x) o ¢ is an F-isomorphism between T'(§) and T' = yT™y~!. This
implies that the cochain ¢+ a, := zuy,0(x)~! takes its values in T'. Moreover, since y belongs to G*

(B,T) =y (B*,T*)y "
is a 0*-stable Borel pair. Let §* = zp(§)z~! then
o(6”) = 2o a;l6* a, .

This shows that (§*,7) is a strict prenorm.
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Two L-admissible pairs (6*,T) and (n*,.S) associated to cochains b and d will be said to be equivalent if
there 18 y € G* such that
=y '&y  and  ydoo(y)T' =esbs

with e, € Is+. Observe that ¢ € Is+ 1mplies I)UO'(C)I);1 € Is+. Thus b defines a F-structure on Is«. Two
conjugate L-admissible pairs (§*,7) and (n*,S) are equivalent, if and only if the stable centralizers 75« and
I+ with the F-structures defined by & and d are inner forms. We say they are strongly equivalent if moreover
one can choose y so that S =y~ ' Ty.

II1.3.5. Lemma. — FEquivalent pairs are strongly equivalent

Proof: Let (6*,T) and (n*,S) be L-admissible equivalent pairs. Consider y € G* such that
77* :y—l (5*3/ and ydga(y)_l :egbg

with e, € I5+. Since T%" = T9" and 5% = S, the tori y Sy~ N I, and T'NI§, are maximal tori in IJ. and
hence are conjugate by v € I{, C Is+:

v(ySy 'l vt =TI, .
Now let y; = vy. Since T is the centralizer of 7'N IJ, we have ylSyl_1 =T and yln*yl_l = ¢* moreover

yldao-(yl)_l = veabaa(v)_l = V€qo (bao-(v)_lbgl)bg :

To conclude we recall that v and e, belong to Is+ and we observe that since bga(é*)b_l

— *
' = z50* we have

boo(ls+)b;t = Is+ and in particular b,o(v)b; ! belongs to Is-.
O

I11.3.6. Lemma. — Two elements é and n in L(F') are stably conjugate if and only if they have equivalent
prenorms.

Proof: Assume that § and 5 in L(F) have equivalent prenorm (6*,7) and (n*,5). Let 6* = tx6* and
n* = sx6*. Then there is , ' and y in G* with

J:go(é)x_lzé* , y L&ty =n* and n* =2 o(n) (l‘/)_l
the cochains a, = z u,0o(z)~! and a’, = 2'u,o(2')~! being such that
Uy = Coby and al, = cL bl

with b, € T, b/, € S and
Yy I)’UO'(y)_1 = e,b,

1

where ¢, yc, y~! and e, belongs to Is+. Let p =z ~tya’, then

pugo(p)Tlug = x T yago(y) T azte =2 T (y by e T eg e

belongs to
l‘_l(fg*)l‘ = 1/)([5) .
Now if p = #(r) we have n = r=1dr and

Y(ro(r)™h) = puso(p)~lug ' € ¥(ls)
which shows that § and 7 are stably conjugate. Conversely, consider two stably conjugate elements § and 7
in L(F): there is r € G such that n = r=1dr with ro(r)~! € I;. Now II1.3.4 shows that prenorms (§*,7T)

and (n*,S) exist. Reversing the above computation we see that they are equivalent, the equivalence being
induced by

y=azy(r) ().
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I11.4 — Special pairs

Consider a twisted space I = Gxf and an almost semisimple point § € L. Not to overload notation let
J := Js and denote by Z; its center.

II1.4.1. Definition. — We shall say that § € L is special in L, if J is defined over F and if there is a
I-cochain o — {, with values in Zj, such that

o() = b .

I11.4.2. Lemma. — Ifé € L is special, the stable centralizer Is is defined over F'. If moreover there is a
cochain a with values in J and a cochain z with values in Zj such that

(6) = z» a;léag
then a, normalizes Is.

Proof: 1t ¢ € J centralizes § then o(c) centralizes o(d) and since 4 is special
o(c) ¢ do(c™)=¢, 6.

But since ¢ is in the center of J which is defined over F' we see that o(c) centralizes . This shows that the
centralizer of d in Js is defined over F'. Since the connected centralizer G5 is a subgroup of Js it is defined
over I'. Now, since 7 1s defined over I so is I5. Now if

(6) = z» a;lda,

and if ¢ centralizes &, we have

2o a; da, = o(d) = 60(5)6_1 =z, ca; ' daye!

and hence a, normalizes the centralizer and hence also the stable centralizer.

d

Consider an inner form L of L*. We say that an L-admissible pair (6*,7) is special if ¢* is special in L*.

I11.4.3. Lemma. — Let (6*,T) be a L-admisible pair. Consider the properties:
(i) The pair is special.

(ii) The stable centralizer Is« is defined over F.

(iii) There is a cochain (3, with values in Zjy such that o(§*) = 2, 851 6% 3.

The three properties are equivalent.
Proof. Lemma I11.4.2 shows that (i) implies (ii). Since (6*,T) is L-admisible one has
o(6”) = 2o b1 5% b, .

where b, takes its values in T'. Let ¢ € Is+ then I)UO'(C)I);1 centralize §* and hence it belongs to Igs. If Iss
1s defined over I this shows that b, normalize I5« and since b, takes its values in 7' it induces an inner
automorphism of Is-. But then I1.2.4 shows that one may write b = ¢ where 3 takes its values in Z; and ¢

takes its values in I5». This shows that (ii) implies (iii). Clearly (iii) implies (i).
(I
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I11.4.4. Lemma. — Let G* be an absolutely simple quasi-split group over F', and * an automorphism
that preserves a splitting (B,T,...) over F'. Let §* = tx8* € Tx#* such that G* = Js«. Then up to
T-conjugacy we may choose §* such that

o(6*) =4* or o(6%) = 6%
where 0* :=t~'x0%, for any o € Gal(F/F).

Proof: We have proved in lemma I1.3.2 that, up to T-conjugacy, we may assume (6*)* = 1 and §* = §*(5*).
But then 6* = ¢x6* is such that t* = 1 and the ¢t are f-th roots of unity for all a. If * = 1x6*, in particular
if £ =1, the assertion is trivial. Assume now 0* # 1x6*. Assume first that G* is split. Clearly, §* = ¢ %6~
is rational if £ = 2. If £ = 3 and ¢ # 1 the #*-fixed simple root is such that j = ¢* is a primitive 3rd-root
of unity, while we may assume that ¢t® = 1 if 3 is a non fixed simple root. The unique §*-fixed simple root
must be Galois invariant hence

o(t)* = o(t") = a(j)
for all o. This shows that ¢(d*) = §* or §* = ¢t~ x6* since ¢(j) = j*'. The same holds if G* is quasi-split,

but non split, since the twist is by powers of #* and they fixe §*.
O

I11.4.5. Proposition. —  Assume that G* is absolutely simple quasi-split. Any L-admissible pair is
equivalent to a special pair.

Proof: Let (61,71) be an L-admissible pair and put J; = Js,. Let J* x 6% be the quasi-split inner form of
J1x0. Let S be a torus in a §%-stable F-splitting for J*. The isomorphism over the algebraic closure

1/)JZJ*—>J1

can be chosen so that Tf* = 1/)J(S€§). Hence ¢ y0(¢7)~t = Ady, (n,) with n, in the normalizer of Tf* n
J1 C G*. Using I11.3.1 we get y; € G' such that T = 4 T} 3/1_1 is F-isomorphicto S. The group J := y; lel_l
is also defined over F' and is quasi-split since 7' C J is F-isomorphic to S. Now let §* = 414, 3/1_1 we have
0* =tx6" € T'xf*. Let
g ‘= Y1 baU(:lh)_l
then
o(0") = z, a;té* a, .

Since
Adg- (y1o(y1) ™) = Adg- (yin; tyrh)

we see that y;o(y;)~! belongs to the normalizer of T' in J. Now, since
_ -1 -1
aoc = (M boyr ) yro(y1)

we see that a, also belongs to the normalizer of 7" in J. The automorphism 8* stabilizes J and preserves a
Borel pair (By, T) in J. Denote by #; an automorphism of J that differs from 6* restricted to J by an inner
automorphism and fixes a splitting in J containing (By,T):

0* = Adys(ts)oby for some ty €T

It allows to consider d* as an element in the quasi-split twisted space J x #5. Since G* is assumed to be
simple the order of #* and hence of 87 is prime. Consider the quotient of J x 85 by the center Z; of J and
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decompose this quotient into irreducible factors. We have classified the irreducible factors in 11.3.2. Assume
for a while that there is no factors of type (4b); then I11.4.4 shows that

o(67) = (0"
with {, € Z7. This means that §* = ¢x6* defines a special pair (6*,7"). This implies that
zpa; 0% ap = (0" .

Hence, I11.4.2 shows that the group /5« is defined over F' and that a, belongs to the normalizer of I5+ in J.
The cochain ¢ — a, defines an other rational structure on Is- say I. Observe also that an element of J that
induces a trivial automorphism of /5« must belong to the center Z; of J and that Z; C T. Assume first
that s« is an inner form of 7, then I1.2.4 and the preceeding remark show that the pair (6*,7") is admissible
and equivalent to (6*1,77); the assertion is proved in this case. Now consider the case where 5+ is not an
inner form of 7. the cocycle ¢ — a, induces a non trivial outer twist of the Galois action on Is+ induced
by elements in J. According to the classification I1.3.3 a non trivial outer automorphism of s+ induced by
an element of J can occur only for factors of type (2c) or (3) with ny = n_ (recall that (4b) is excluded).
Since G is simple, a case by case inspection shows that at most one such factor can occur and hence it is
defined over F'. The twist involves a quadratic extension and an outer automorphism that can be defined
by a Weyl group element of order 2, that is induced by an element in the centralizer of the image of §* in
the adjoint group of J. In fact, in case (2c), for a factor PG L(2m) the centralizer is the image in PGL(2m)
of O(2m) while the stable centralizer is the image of SO(2m). In case (3) with m = ny = n_ the factor is
the projective image of SO(4m + 2) while the stable centralizer is the image of SO(2m + 1) x SO(2m + 1);
but the centralizer also contains an element whose adjoint action flips the two SO(2m + 1) subgroups. This
shows that in fact a, = n/ () where n/ € J normalizes the torus 7" and centralizes 6* while ¢/ belongs to
Zy. Again using II1.3.1 we see there is y € G such that Ad(y~'o(y)) = Ad(n)) and the conjugate pair
y (6%, T) y~! has the expected properties. We are left to study the case of a factor of type (4b): i.e. a factor
of type Dy, £ = 3 and §* # 1x0*. There is an outer automorphism of the stable centralizer induced by sg
the symmetry with respect to the @-stable simple root ay; in particular t*° = j and so(t)®® = j=1. At worst
0* is rational in J,4 on a quadratic extension E/F. Let ¢ be the non trivial element of the Galois group
of E/F. There are two possibilities: either ¢(j) = j or o(j) = j~'. In the first case §* is rational over F,
and hence a takes its values in the centralizer. But the centralizer of §* in the adjoint group of type Dy is
connected. Hence the twisting induced by a is inner and 11.2.4 shows that the pairs (6%1,731) and (6%, 7)
are equivalent. In the second case §* is rational for the Galois action twisted by sg. Using I11.3.1 we see as

above that there is y € G such that the pair (6*1,7}) is equivalent to the pair y (§*,7) y~*.
(I

Remark — Our construction yields a special point whose stable centralizer /5« is quasi-split.
I11.4.6. Theorem. — Any L-admissible pair (6*,T) is equivalent to a special pair.

Proof. To prove the theorem we only need to study the adjoint actions and hence we may assume that G is
adjoint. This allows us to decompose L* into a product of irreducible spaces. Then the group is a product of
simple groups and we are reduced to consider the case where the Dynkin diagram of G*, over the algebraic
closure, is a single orbit of irreducible Dynkin diagrams under the group generated by § and the Galois group
= Gal(F/F). Lemma 1.3.2 and Shapiro’s lemma reduce us to study the “primitive case” where both 6*
and I' act transitively on the set of irreducible Dynkin diagram. We assume from now on that G* is of this
type with G§ absolutely simple quasi-split. According to 1.3.3 we may assume L* induced from L} = G} x05.
Denote by £y the order of 8 and by m the number of factors; then £ = £ym is the order of §*. Start with an
L-admissible pair (tx6*,T) for L*; since T is admissible we have

T:TOX~~~><T0.
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Then 1.3.2 shows that up to equivalence we may take ¢t = (1,---,1,¢) where (tox6y,To) is an admissible
pair in G5x05. Up to a further equivalence, I11.4.5 shows that we may assume that this pair is special for
G5 x0;. As usual denote by J the group generated by the stable centralizer and the torus; it is of the form

J:JQX'~~><J0.

Denote by ¢, f, ... the image of £, T', ... in the adjoint group J,q of J. Let 8 be the induced automorphism
on T, then 1.3.3 shows that the Galois action on 7T is of the form

ol ) = 0N oo (1), -, 00(Em))

where n : ¢ — n(c) is a homomorphism
n: T = Z/NZ

and 1y — og (tNO) 1s a Galois action on fo that commutes with 6y. Since we have assumed that I' permutes
transitively the irreducible components of the Dynkin diagram of G* the map ¢ — n(s) has an image
generated by {5 € Z where {5 i1s prime to m. Then ¢y = {15, but since £y = 1, 2 or 3, either {5 = ¢y and m
is prime to £g, or £3 = 1. We shall denote by E the fixed field under the kernel of o +— n(c); this is a cyclic
extension of degree f1m of F'. Since we were considering an L-admissible pair that yields a special pair for
G5 x0; we may take { € T C Jaq with:

{: (1a o ',1,t0) ’ {0 == UO(tO) and HO(tO) =1 .

We observe that (1,---,1,%;) is #-conjugate in T to 7 with

(m—1)

T=(og  (m),cr 00(m1), 1)
provided that 7 € fo(E) is such that
rog(n) ol (n) =1 and ol () =1 .
If {5 = £y then m 1s prime to £y and we may take 7 = fg with ¥m = 1mod £;. Since £y = 0'(t~0) and

o = 0 (tNO), the same is true for 7 = 4. This shows that 7 = o(r) when £3 = £y. Assume now that ¢, = 1,
and choose ¢ with n(c) = f2 = 1. Let Ey be the subfield of F fixed by ¢™. The Galois group of E/FEj is
cyclic of order £y = 1, 2 or 3. We know that fé” = 1. This shows that o™ (tNO) =1y and that Ng/E, (tNO) =1.
Hilbert’s theorem 90 tells us that for any 1o € £ with Ng/g,(n0) = 1 there exists n € £ such that

no™(n)” =mno .

Now let 71 = no(n)~! then
mo(m) o™ () = no

and

o (m) = 0" (e ()" =y pe(ng 'n) T =

This shows that one can find & € fo(E) such that & = #(£) and &/0]' () = to. Now we get a solution by
taking
n=Ea(&)7 .

It is enough to prove that 7 = o(r) when n(s) = 2 = 1. But, in this case
7'0'(7')_1 =(1,---,1, 7'190(7'1)_1)
and we are left to observe that by construction 7 = y(7). Then (rx6, T) is the image in J,q of a special

L-admissible pair equivalent to the given one.

d
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I11.4.7. Corollary. — Any 6 € L(F) has a special prenorm (6*,T). The stable centralizer I* of §* is an
inner form of Is.

Proof: That any § € L(F) has a special prenorm (6*,7') is an immediate consequence of I11.3.4, T11.3.5 and
I11.4.6. The groups Is and I are isomorphic over the algebraic closure

z(ls)e™t =17

and the Galois actions differ by a twist given by the cochain a, = zu, o(z)~!. But II1.4.3 shows that
a; = ¢; By with ¢, € I* and 3, belongs to Z; and hence the twist is inner.

d

IV — Endoscopy

IV.1 — Some cohomological results

Let F be a field and L be a twisted space. Let § be an almost semisimple element in L(F') and let I be the
stable centralizer of §. Let Ss. be a maximal torus in Ig¢ the simply connected cover of the derived group
of I. Let S be the centralizer of the image of Ss. in I and let T be the centralizer of S in G. The torus 7T is
a d-stable maximal torus. The crossed set associated to the commutative diagram

Isc — Gsc

! !
I = G

is quasi-isomorphic to the sub-bicomplex of diagonalizable groups

SSC % TSC
! !
S —= T

and hence it defines an element in D7 denoted [l — Gap]. The abelianized cohomology group for I\G
defined by
Zb(Fa I\G) =H" (Fa Iab — Gab)

can be computed using the above bicomplex of abelian groups or better using a quasi-isomorphic complex
of tori.

Let F be a global field. For the definition and the properties of adelic cohomology the reader is refered to
[LBC]. Let us consider
D(I,G; Ap) = coker [H(Ap,G) — H° (Ap, \G)] .

In this non abelian setting the cokernel is defined to be the quotient of the pointed set H? (A, I\G) by the
group G(Ap) = H°(Ap, G) acting by right translations. Observe that one has also

D(I,G; Ap) = ker[H' (Ap, I) — H' (Ap,G)] .

We also need the variants where the ring of adeles Ap is replaced by a global field F' or a finite product of
local fields, and their abelianized avatars

¢(I,G; Ap) = coker [HY, (Ar,G) = HY, (Ap, \G)]
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etc... But, in the case of adele classes we put
E(I,G; Ap [F) = coker [H, (Ap,G) — HY, (Ap/F, I\G)] .
Notice that this is H?, (Ap, G) and not HY, (Ar /F, G) we use here.
IV.1.1. Lemma. — Let F be a global field. The localization map
HG, (F, \G) = Hgy(Feo, 1\G)
has a dense image.

Proof. Choose S and T as above so that S, is a fundamental torus in /s¢. Recall that S is the centralizer
of Syc in I and S = T?" where T is the centralizer of S in G. We have an exact sequence

H{, (Foo, S\G) = Hyy (Foo, I\G) — H?(Fu, Sic)
But H?(F.,, Ssc) is trivial for a fundamental torus Ss. (see the appendix of [Ko3]) and hence the first map
is surjective. Let V = T/S; up to a shift due to different conventions for degrees in hyper-cohomology,
Lemma C.5.A of [KS] shows that the map

H(F,Tse = V) 5 H(Feo, Toe = V)
has dense image. In our notation this says that the map
HG, (F, S\G) = Hgp(Foo, S\G)
has dense image. To conclude it suffices to consider the commutative diagram
H, (FS\G)  —  HG,(F,I\G)

) '
Hgb(FOO’S\G) — Hgb(FOOaI\G) — Hz(FOOaSSC)

IV.1.2. Lemma. — Let A% be the ring of finite adéles of I'. Then we have an exact sequence.

HY (A I\G) = &(I,G; Ap /F) = kerl, (F,I\G) = 1.

Proof: According to [LBC] section 1.8, we have an exact sequence
E(I,G;F) = &(I,G; Ap) — ¢(I,G; Ap | F) — kerhy(F,I\G) — 1

and a surjective morphism

HY(Ap, I\G) — &(I,G; Ap)

It suffices to invoque IV.1.1 and the finiteness of the local groups &(I, G, Fy)
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We say that I is L-elliptic if the quotient I/Z; contains an F-anisotropic maximal torus. We say that
d € L(F) is elliptic if its stable centralizer I is elliptic. Consider the group

D(I,G) = coker [HL,(Ap/F, 1) = H.,(Ar /F,G)] .
This is a finite group; we denote by d(I, ) its order.

IV.1.3. Lemma. — Let I5 be the stable centralizer of an elliptic element § € L(F'). The number d(I5, )
is independent of §. It will be denoted d(L).

Proof. Let ¢ and n be such that Is C I,. Let S be the centralizer in /s of a maximal torus of its neutral
component [; let R be its image in I,,. Let S;. and R,. be the preimage of S and R in the simply connected
cover of the derived groups of the stable centralizers. The map S — R is an isomorphism and hence there

1s an isomorphism

H., (Ap/F, 15 — 1))~ H?*(Ap /F, Ssc — Rye)

Since § is elliptic we may choose S so that Ss. and R, are anisotropic; then
H?(Ap /F, Ssc = Rac)
is trivial. This remark and the exactness of the sequence
H,(Ap /F, Is) = Hyy(Ap /F, 1)) = Hyy(Ap [ F, Is — 1)

shows that the map
H,,(Ap /F, Is) = Hy(Ap [F, 1)

is surjective. As a consequence we get that
d(Is,G) = d(1,,G) .

To finish the proof we shall use the existence of special prenorms (IT11.4.7). The abelianized cohomology is
insensitive to inner twistings and hence we may replace é € L by a special prenorm §* € L* without changing
this number: in fact, although §* may not be rational, its centralizer is defined over F' and is an inner form

of Is and hence

d(I5,G) = d(Is, G") .

It remains to observe that, at least when §* is regular, i.e. when there is an admissible torus 7" such that

Is» = T%" we have

Ise =T C (G = I g

and hence

d(I5e,G*) = d(I1pe, G7) .
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Consider a connected reductive group G* defined over F' and I* the stable centralizer of a special point 6*.
Recall that 7* is defined over F'.

IV.1.4. Lemma. — Let v be place of F' and assume that G, and [, are inner forms of (i, and I}, the

twisting being defined by a cochain with values in I);. There is a natural map
H"(F,, [,\Gy) = Hy, (F,, I'\G*) .
If v is a finite place, this is an isomorphism.

Proof. The map is obtained by composing two maps: the abelianization map
H°(F,, L\Gy) = HY, (Fy, [,\Gy)
and the map defined by the inner twisting
HY, (Fy, [\Gy) — HY, (F,, I'\G") .

Since inner twistings act trivially on the abelianized cohomology this second map is always an isomorphism
while Kneser’s theorem shows that, at finite places, the abelianization map is an isomorphism (cf. [LBC,

Proposition 1.6.7]).
a

IV.2 — The Langlands obstruction

Let F be a global field and let L be an inner form of a quasi-split twisted space L* = G x8* over F associated

to a class in

HY(F, Zse = Gae x Zg)

defined by a cochain (u x z,£) with du = £ and 9z = £1=%" Consider an L-admissible special pair (6%, 7).
Lemma I11.4.3 shows that there is a cochain b, with values in Z; (F) such that

o(6”) = 2o b1 5% b, .

Not to overload notation we shall denote by I* instead of /5« the stable centralizer of §*, and by 1% the
simply connected cover of its derived group. We write J for Js+» and Z; is its center. These groups are
defined over F'.

IV.2.1. Lemma. — If (§*,T) is special prenorm pair for § € L(F) there is a canonical isomorphism

E(Is, G Ap /F) — ¢(I*,G*; Ap /| F) of compact abelian groups.

Proof. Since abelianized cohomology is insensitive to inner twistings, this is an immediate consequence of

I11.4.7.
a
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Recall that to compute adelic cohomology using Galois cohomology or even to get quasi-isomorphisms for
complexes of Ap-points from quasi-isomorphic complexes of algebraic groups over F, it is necessary to use
complexes of connected groups. If Z; is not connected the groups I* may not be connected. In such a case
we shall embed the complex I* — G* as a quasi-isomorphic subcomplex of I — G5 a complex of connected
groups and the twisted space L in a twisted space L, constructed as follows: let Zy be a torus containing
a diagonalizable subgroup isomorphic to 7y and let L; be the quotient of L x Zy by Z acting diagonally,
similarly let G7 and I be the quotient of G* x Zy and I* x Zy by Zp. The embedding

"= G =[] = G7]
1s a quasi-isomorphism and it induces an isomorphism
Hy, (Ap [FIN\G") = Hyy(Ap /[ F, IT\GY) -
Observe that I is the image of G%. x Zy and hence is connected. The complex [I7 — 7] has a better

behaviour when dealing with adelic cohomology.

Assume for a while that 71 is connected. Consider a special L-admissible pair (6*,7) which is a prenorm
of § € L(Ar) locally everywhere. More precisely assume there is & € G(Ap) such that

1

zp(d)x —L— g and o = 2 Us0(2)7" = cobs

where ¢, takes its values in [* (KF) and b takes its values in 7 (F) Hence a takes its values in the group
I* (KF)ZJ (F) and
Oa = Jc 9b = Ju .

The relations

olx)=a;'vru, , Oda=¢ and OQu=¢

mean that the cochain e = (x,u,a,£) defines a 0-cocycle for the crossed set defined by the commutative
diagram . .
Zse(F) = GhelF)
I 1

We have a morphism from the previous crossed set to the crossed set defined by

Iio(Ap) x Zee(F)  — Gio(hp)

which is its abelianized companion. This crossed set i1s quasi-isomorphic to the sub-bi-complex of abelian
groups _ _ —
Ssc(Ar) X Zse(F) — Tie(Ap)

b 4

where S = 7% and Sie 1s the preimage of S in I%.. Since we assume 7 connected, /* is connected and S
is a torus; the cohomology groups HY, (Ar /F, I*\G*) can be computed using the Galois cohomology of the
bicomplex
SSC(KF/F) — TSC(KF/F)
I I
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This shows that the cocycle e defines a class [e] in HY, (Ap /F, I"\G*). The set of all cocycles e = (x,u,a,§)
attached to the pair (6,6*) defines a set of cohomology classes in HY, (Ap /F, I*\G*) we denote Obsy; its
image in

E(I*,G*; Ap | F) := coker [HY, (Ar,G™) — HY, (A /F, I"\G")]

is denoted obss. (These sets may contain more than one element when the stable centralizer differs from the
full centralizer). Return now to the general case where 71 may be disconnected. Using the embedding

[ = G = [T = GY]
and the isomorphisms induced in cohomology the above construction is easily extended to the general case.

IV.2.2. Theorem. — The set obss contains the trivial element if and only if 6 is G(Ap )-conjugate to a
rational element §' € L(F') with prenorm §*.

Proof: This is essentially [LBC, Théoréme 2.6.3]. For the convenience of the reader we recall the main steps
in the proof. Assume for a while that I* is connected. First, it is clear that, if §* is the prenorm of a rational
element, all cochains (#, u, a,&) can be taken with values in groups over T and [e] is trivial. Conversely, to
say that the set obss contains the trivial element means that one can choose ¢ such that [e] has a trivial
image in &(I*,G*; Ap /F). Then, following [LBC, 1.6.12] the sequence of pointed sets

1= ker' (F, ") = HY(F, ") — H (Ap, I") = HL, (Ap /F, I*)
1s exact. This implies that the next sequence of pointed sets 1s also exact
ker' (F, I*) — HY(T, Z,.(F) — I"(F) Z;(F)) —

HY (T, Z,o(F) = I"(Ap) Z;(F)) — HL (Ap /F, T*) .

The natural map

E(I*,G* Ap/F) — HL (Ap/F, T7)

sends the image of [e] to the trivial element in H!, (Ar /F, [*). Hence the image of a in this group is also
trivial. This shows that the class of a in

Hl(r’ [ZSC(F) — I” (KF)ZJ(F)]

is in the image of
H' (1, [Z,o(F) — I*(F) Z5(F)]
and hence we may choose x such that a takes its values in I*(F) C G*(F). Then,

-1
o

-1

QU = uga(x_l)ug

is the image via ¥ of a cochain in kerl(F, (). Recall that, since the group G is connected, the maps
ker' (F,G) — kerl, (F,G) = kerl, (F,G¥)

are bijective and that
ker' (F, I*) — kerl, (F, I*)

is surjective. According to [LBC1.8.4] we have an exact sequence

kery, (F, I*) — kert, (F,G*) — &(I*,G*; Ap /F) — HL (Ap /F, 7).
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This shows that one can again modify the choices so that the image of a,u, ! in kerl(F, () is trivial, which
means that there exists x; € G(F) such that

aguyt = (@1) uoo((xr) " uyt = Y(ero(z) ")

But this implies that # = ¢(#122) with 25 € G(Ar). Recall that we have started with § € L(Ap), 6" € L*(F)
and x € G*(AF) such that x p(6) x ~' = §*. Then

§ = xzéxz_l € L(Ap)
is such that o(z; 8’ #7") = 6* € L*(F) with x; € G(F). This shows that §’ belongs to the intersection

and has 0* as prenorm. This establishes the theorem when I* is connected. Return now to the general case.
We have to replace L by Ly and [I* — G*] by [IT7 — (7] as already explained. Now, observe that I injects

in Ly and is invariant under Gj-conjugacy; the conclusion follows since L(F) = L(Ap) N L1 (F).
O

IV.3 — Endoscopic spaces

If T is an admissible torus in G* we denote by T, its preimage in G%.. We denote by R(T,6*; F) the
Pontyagin dual of the compact abelian group

HO(Ap/F, T x Ty = T) =H (Ap /F, T = G7,) .

Recall that in our conventions T and G7, are in degree 0. The notation &(T,8*; F') is borrowed from [KS,
section 6.4]. In fact this is how they denote the Pontyagin dual of

H' (Ap /F, Tsc = V)
where V = 717" ~ T/Te* is put in degree —1; but the map of complexes, without a shift of degree,
[T%" % Tye = T] = [Tye = V]

1s a quasi-isomorphism.

Geometric endoscopic pairs are pairs (T, ) where T is an admissible torus in G* and & € &(T,60%; F'). We
say that an endoscopic pair is elliptic if 7" is L*-elliptic which means that ch* is F-anisotopic. There is a
natural injective map

H'(Ap /F,T0) = H(Ap /F, T — G%,) .

Observe that 77, is a torus; we denote by X?. the free Z-module of its cocharacters. Let £ be a finite Galois
extension of F' that splits Ts.. We have the Tate-Nakayama isomorphism

IT]:_l(FE/Fa Xfc*) — Hl(AF/F’ Tsec*) .
There is an exact sequence

L

0— ﬁ_l(rE/FaXfc*) — HO(FE/FaXfc*) — HO(FE/FaXfc)
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Assume now that the endoscopic pair is elliptic. This is equivalent to the vanishing of HO(FE/F, Xf:) In
such a case we have a surjective map

*

Xi > H Y (Tgyp, X))
By composition of the maps
X S H Y (Tpyp, X)) = HY (Ap /F,TS) — HO(Ap [F, T — G7,)
and via Pontryagin duality, we get a map

A(T,0%; F) — Hom(X?, ,C*) .

sc

We shall denote by & the image of x by this map. Following the prescriptions of I1.4 we get a triple
(Ty, R, 7).

The endocopic group attached to & = (T, k) is the F-quasi-split group denoted H* (or H*¢ if some con-
fusion may arise) with a maximal torus, a root and a coroot system (T, RH*RH*) that are F-isomorphic
to (Ty+, R, Rz). Similarly we get a quasi-split pre-endoscopic group K* (or K}) using (T‘g*, R, R’E) En-
doscopic spaces are attached to £ and L. The endoscopic space H is a central form of H* x 1 the twist
for the Galois action being defined as follows. Recall that L is an inner form of L* = G*x6* defined by a
hyper-cochain (u x z,&). Then H is the inner form of H* x 1 defined by the hyper-cochain (1 x [z], 1) where
[2] is the 1-cocycle image in Zg+ C Zg+ of the 1-cochain z. If we denote by ¢p the isomorphism over the
algebraic closure ¢p : H — H™ x 1 the Galois structures are related by the equation

e (o(h)) = [zg]_lo-(ng(h)) forhe Handoel .

We have attached to & a torus Tk (see I1.4). Tt is defined over F' and is anisotropic since T is L-elliptic.
We have an exact sequence

H'(Ap/F,Tg) — H (Ap /F,T% = 7)) — B (Ap /P, K — G7) — H2(Ap /F, Tx) .

Since T is anisotropic H?(Ap /F, T%) is trivial and since s induces a trivial character on H! (Ap /F, Tx) we
see that « defines a character of the compact group

HO(Ap /F, K} — G%) .

Consider two endoscopic pairs &€ = (T, k) and F = (S, v). Assume there is an # € G* such that
e T Re)x = (SY, Ry

then the cocycle o — za(z)~! takes its values in the normalizer of T?". If defines a cocycle w, with values in
Q(G*,T)?" (see T1.2.1). We identify Qx the Weyl group of K with a subgroup of Q(G*, T)?". If the cocycle w,
takes its values in Qy , it acts trivially on K5 = K¢ o and Ad(z) induces an F-isomorphism K% ,, — K7 ..

IV.3.1. Definition. - We say that the two endoscopic pairs (T, k) and (S, v) are equivalent if there is an
z € G* such that
2™ (T Rg) « = (S*, Ry)

and such that the image w, of xo(x)~! in the Weyl group of G* belongs to Qz the Weyl group of K}. We
ask moreover that the characters k and v correspond to each other via the isomorphism

HO(AF/Fa Kg,ab — Gyp) ~ HO(AF /F, KF o — Gab) -
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IV.3.2. Lemma. — Fquivalent endoscopic pairs give rise to isomorphic endoscopic groups. All maximal
F-tori in an endoscopic group arise from equivalent endoscopic pairs.

Proof: Consider two equivalent endoscopic pairs £ = (T, k) and F = (S, v). The pair £ = (T, x) defines an
endoscopic group H* together with a maximal torus T+ and an isomorphism

Tg* — TH* .

Recall that the Weyl group of H* can be seen as a subgroup of the Weyl group of G*. If = induces the
equivalence between & and F, denote by w, the cocycle image of zo(x)~! in the Weyl group of H*. It
follows from I11.3.1 that one can find y € H* such that U = y T+ y~' is a maximal torus in H*, isomorphic
over F' to Sy+; the associated root system is F-isomorphic to the endoscopic root system defined by v. This
proves the first assertion. Conversely an F-torus U in H* is of the form y7x+ y~! for some y € H* and
y~lo(y) defines an elements in the Weyl groups of H* which is a subgroup of the Weyl group of G*. Using
again IT1.3.1 we get an « € G* that defines an equivalent endoscopic pair F = (S, v) with U isomorphic over

F to Sg*.
a

Let (6*,7) be a special L-admissible pair. Let I* be the stable centralizer of §*. Assume that T is
L-elliptic. There is a surjection

H(Ap /F, T = G3) — HY (Ap /F, I'\G") .
If we denote by &(I*,G*; F) the Pontryagin dual of HY, (Ap /F, [*\G*) we get an injection
K(I*', G F) = &(T,0", F) .

We denote again by « the image of £ € &(I*, G*; F') by this injection, and we associate to & = (T, ) an
endoscopic space H. Such a « is said to be an endoscopic character for §*. It follows from I11.4.4 that the
surjective map

H(Ap /F, T = G3) — HY(Ap /F, K7, — GLy)
factors through HS, (Ap /F, I*"\G*):

H° (Ap /F, T = G%) — HY, (Ap /F, I'\G*) — B (Ap /F, KX, — G%) .

The image [0*] of §* in T+ ~ Tp» defines a semisimple element v in H(F). We say that v is the conorm of

d*. If 6™ is itself the prenorm of § € L(F) we say that v is a norm for ¢.
The group Aut (£) of automorphisms of an endoscopic pair & = (T, k) is the subgroup of w € Q(G*,T)e*
that stabilizes (T‘g*, Ry) and verifies

-1

wo(w)™ " € Qp and w(k) =K .

We denote by A(E) the group of outer automorphisms of £ which, by definition, is the quotient of Aut (£)
by
Aut (£)N Q% .

Let A(E) be the order of A(E).

Consider v € H(F') semisimple and whose centralizer I, contains Tg.. We denote by Aut (&£,v) the
subgroup of w € Aut (&) such that

w(*‘y) =7 and wo-(w)_l S Q(I'y,TH*) .
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The quotient of Aut(&,+) by the subgroup of inner automorphisms is denoted by A(E,v). We denote by
A(E,~) the order of A(E,~). We have
AE) = M(E,7)A(E,7)

where M (&, ) is the number of stable conjugacy classes in H(F) in the orbit of v under Aut (&).

IV.3.3. Proposition. - Consider an L-admissible pair (6*,T) and let v € H(F') be the conorm of §*.
Let & be an endoscopic character for §* and let H the associated endoscopic space. Let tg«(6™) be the order
of HY(F,G?%" /I5+) and 1g-(y) be the order of H(F, HY/L,). Let N(T,0*, ) be the number of endoscopic
characters v for §* such that F = (T, v) is equivalent to & = (T, k) where the equivalence is induced by an
x that defines an auto-equivalence of (6*,T). Then

1+ (07) = N(T,6", r)A(E,¥)em=(7) -

Proof: Not to overload notation let G°* = (G*)?" and G = (G*)?". Recall that, according to 11.1.4,
GO JIse ~ QG T%) Q15+, T%")

and that H7 /I, can be identified with a subgroup of G® /Is+ (cf. 11.4.5). Observe that if z € G°" induces an
equivalence between F = (T,v) and £ = (T, k) then x normalize T  and hence defines a w € Q(G°", T97).
If moreover z induces an auto-equivalence of (6*,T) then we must have wo(w)~! € Q(Is+,T°"). This is
equivalent to say that « projects on a rational point [w] of the group Gé*/L;*. The subgroup of those
[w] € HO(F, Gé*/L;*) that fix £ is the quotient of Aut (£,~) by

QIy, T ) ~ QI T%) .

Now, inner automorphisms in Aut (£,7) are induced by w € Q(H",Ty+) with [w] € H°(F, H7/I,). This
shows that
1+ (07) = N(T,6", r)A(E,¥)em=(7) -

IV.3.4. Corollary. - Let &= (T,k) be an endoscopic pair and let

1
Ve = 2 ST

where the sum is over representatives p of stable conjugacy classes in H(F') where p is the conorm of n* and
(T,n*, k) is an L-admissible triple equivalent to (T, ¢*, k). Then

1 _ N(T, ", k)

Ve = T - i)

Proof. Observe that ¢ () = ¢+ () if 5* is equivalent to §*. Hence

M(E,v)
AME)em+ () .

Recall that A(&) = M (E,v)A(E,7) . The conclusion now follows from IV.3.3.

VI(E,y) =
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V — Stabilisation of the elliptic trace

V.1 — Pres-stabilization
Let G be a reductive algebraic group defined over a number field F' and let L be a twisted G-space over F.
Assume that L has an almost semisimple rational point §y. Let
0o = Ad(dp) .
There 1s a natural map
L(Ar) = G(F)\G(Ar)

defined as follows. Any & € L(Ap) is of the form § = dg y with y € G(Ar) and we define 7(d) € G(F)\G(Ar)
by
m(6) =7(doy) =¥
where 3 is the image of y in G(F)\G(Ar). The image is independent of the chosen F-rational point dg. The
map 7 defines a natural right action of the set L(Ap) on the quotient G(F)\G(Ar)
GING(Ar) x L(Ap) = G(F)\G(Ar)

by (z,d) — m(xd).

Let Ag be the split component of the center in Resp/gG. This is the maximal (Q-split torus in Resp/gZc.
Let 2g be the Lie algebra of Ag(IR) identified, via the exponential map, with the connected component of
this real Lie group. We denote by 2z the group of #-fixed points in 2, this is the Lie algebra of Ar(IR)°
where Ay is the maximal Q-split torus in Resp;gZL.

Let f be a smooth compactly supported function on L(Ap) we will need its companions

fHx) = flaez)dz and Px) = flzz)dz .

Aa Ar

The function f defines an operator p(f) on the Hilbert space L*(AgG(F)\G(Ar)): given ¢ in the Hilbert
space we define p(f)¢ by

(W(1)6)(x) = /C(AF)¢(ﬂ(x5))f(5)d5== /C(AF)f(x‘15)¢(ﬂ(5))d5== /Q(AF)f(r‘léoy)¢(y)dy

which can be written

S @™ oy) ¢(y) dy -
SEL(F)

@m@@zéGWWM

This shows that the operator p(f) has a kernel on AgG(F)\G(Ar) given by

K(z,y) = Z iz~ tey) .
)

SEL(F

The general twisted trace formula not only involves working with twisted G-spaces but also with characters
of G(Ar) trivial on G(F). Let w be a characters of the compact abelian group

coker [HY, (F,G) — HY, (Ap,G)] = ker[HY, (Ar /F, G) — HL, (F,G)] .
By composition with the natural homomorphism
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we get a character of G(Ap) trivial on G(F) again denoted w. Conversely, any character of G(Ap) trivial
on G(F) can be extended, in a unique way, to a character of H%, (Ag, ) trivial on the image of H, (F, G).
This is a consequence of the following observation: since GG is connected the finite abelian groups

M; = coker [G(F) = HY,(F,G)] and My = coker [G(Ap) — HY, (Ar, G)]

are isomorphic (cf [Lab]). The general operator p(f,w) is the composition of p(f) followed by the multipli-
cation by w:
(P(J.)8)(0) = @) [ olad)f(6)ds
L(hr)
and its kernel is then
K(z,y) = Z w(z)ft (=7 1dy) .
SEL(F)
We denote by L, the set of elliptic elements in L(F"). The elliptic part of the restriction to the diagonal of
the kernel
Ke(z,x) = Z w(z) fHx~ 16 x)
d€L.
once integrated, yields the “elliptic trace” 1.e. the contribution of elliptic conjugacy classes to the geometric
side of the twisted trace formula:

T.(f,w) = Ke(x,z) do .

/ngG(F)\G(AF)

This integral is absolutely convergent. As usual, one can split this expression into a sum over conjugacy
classes.

Remark — In [KS] the notation T, is used with a slightly different meaning: there, the summation that
defines K. is restricted to strongly regular elliptic elements, while here we allow all elliptic elements.

Recall that an almost semisimple element § € L(F) is elliptic if its stable centralizer I5 is L-elliptic, which
means that the maximal F-split torus in the center of Is equals the maximal F-split torus in Z; and hence,
the map

Q[L — Q[[5

is an isomorphism. For § € L. let ¢5(6) be the index of I5(F) in Gé(F) and

al(6) = 1a(8) "t vol (AL ls (F)\Is(Ar)) .
Assume now that all groups are endowed with Tamagawa measures; the definition of Tamagawa measures
for quasi-connected groups is given in [Lab]. As usual the Tamagawa number of a quasi-connected group I

is denoted 7(1):
(1) = vol (/A I(F)\I(AF)) .

Let ¢(I5, L) be the ratio of Haar measures on the isomorphic real vector spaces 2y and Uy, .
V.1.1. Lemma. — The number ¢(ls, L) is independent of § € L..

Proof. We have to show that the Haar measure on the real vector space 2y associated to the Tamagawa
measure on Is via the isomorphism

Q[L — Q[[5

is independent of 6. Let S be the centralizer in I5 of a maximal torus S° in Gs = Ig and let T be the
centralizer of S in G. We know that S = 77, Recall that the measure on 2y, is defined using the Z-module
HY(I', X(Is)) (see [Lab]). Since § is elliptic the natural map

H(T, X(G)g) — H(T, X (I5))

is an isomorphism and hence this Z-module is independent of 4.
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The measure on g, can be chosen so that ¢(I5, L) = 1 as follows from V.1.1. Then, for such a choice,

aL((S) = Lg(é)_lr(fg) .

Let
J(L) = |det (1 —6|2g/2UL)]
and
Os.w(f) :/ w(@) fe™ ox)dr .
Is(Ap )\G(Ap)
V.1.2. Proposition. — Let us denote by {L.} a set of representatives for elliptic conjugacy classes in
L(F). Then
T([
e =a0) Y o ().
1 (9)
de{L.}

Proof. An elementary calculation yields

Te(f,w)=J(L) D a"(8) Osu(f’) -

Se{L.}

It suffices to observe that thanks to V.1.1 we have a*(§) = 7(I5) tc(d)™* .
O

Consider an almost semisimple point § € L(Ap). We denote by I its stable centralizer. This is a
group scheme over Ap, but it may not be defined over F'. We denote by &(Is, G; Ar) the Pontryagin dual
of the locally compact abelian group HS, (Ap, Is\G). This is a group of endoscopic characters. Given
k € R(Is,G; Ap), we denote by [x] the character of HY, (A, G) obtained by composing x with the map

H, (Ap,G) — HY, (Ap, I;\G) .

Let x € G(KF) with zo(z)~! € I5. Such an z defines a class in H(Ap, I5\(). We denote by z +— r(x) the
function defined by the composition of the natural map:

H(Ap, \G) — HY, (Ar [ F, I;\G)

with the character k. Let 8, := 2~ 162 and I, = 2~ s «; let us denote by e(I) the product of local Kottwitz
signs as defined in [Ko2] (see also [LBC, Définition 1.7.1]):

e(ly) = He(xv_lfg Ty) .

v

Now consider § € L.. Then Is is defined over F. Let &(Is,G; F) be the Pontryagin dual of the compact
abelian group HY, (Ap /F, I;\G). This is a discrete subgroup of &(Is,G;Ar). A Tamagawa measure on
D(Is,G; Ap) and on HY(Ap, I5\ () has been defined in [Lab]. This allows to define x-orbital integral by

O5(f) :/ e(Iz)k(x) f(dz)dx :/ 6(Ix)ﬁ(l‘)05zy[n](f0)dl.‘ .
HO(Ap I\G) D(Ls,GiAr )

Let
ic(6) = #H(F I5\G°)  and  j(§) = #ker[HY(F, I;) — HY(F,G%)] .
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Observe that ig(6) = ¢(0)7(d). Finally recall that we have introduced in TV.1.3 an integer d(L) which is
the common value of the d(I5, G). Let
_ JL)7(G)
(L) = i
The notation makes sense since J(G) = d(G) = 1.

V.1.3. Theorem. — Let f be a smooth compactly supported function on L(Ap). Let {{L¢}} be a set of
representatives of stable conjugacy classes in L.. The elliptic trace can be expanded as a sum of k-orbital
integrals:

T(fw)=rl) T —— 3 05 (f°) .

(0
seity 9O featrn Gm | e

Proof.: We know by V.1.2 that

7(1s)

ol e

Te(fiw) = J(L) )

Se{L.}

Grouping together conjugacy classes in the same stable class, this can be rewritten

LU =IO 000,

Se{{Le}} neEDs,GiF)

Observe that, according to IT1.1.3 the number ig(§) = t¢(6)j(6) is constant on stable conjugacy classes.
Hence, we have

=0 S gy 3 0.

de{{L}} n€D(Is,G;F)

Let &(I5, G; )1 be the Pontryagin dual of &(I5, G; Ap /F'). Now theorem 3.9 in [Lab], which is an elaboration
of the Poisson summation formula, shows that

S ) 0n ) = g S 0p)

n€D(Is,G;F) k1 €R(I5,G;F),

where kg is any endoscopic character in K(Is, G; F') such that [k2] = w. Since any character & € &(l5,G; F)
with [k] = w is of the form & = k1x2 with k1 € K(I5, G; F)1 we also have

S )0 = s Y 0iY).

n€D(ls,G;F) {k€R(15,G;F) | [r]=w}

To conclude we recall that d(I5,G) = d(L) (cf. TV.1.3).

V.2 — Stabilization: the second step
Consider an L-admissible special pair (6*,7). Recall that this means that 7" is admissible and that §* €
T(F)x6* verifies

o(6%) = z7bL=0"
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with b, in the center of Js+ (F). As usual denote by I* the stable centralizer of §*. Let A(Ar,d, L) be the
set of classes of z € G*(Ap) modulo I*(Af) such that

-1

ae = T Uy 0(T)" = coby

with ¢, € I*(Af). For such an z it follows from I11.2.2 that there is a d, € L(Ag) such that ¢(d,) = 2716 =
and 0* is locally everywhere a prenorm for d,. We denote by I;(Ap) the stable centralizer in G(Ap) of d,.
Observe that I, is a group scheme over Ap but it need not be defined over F'.

Assume that A(Ap,d8*, L) is non empty. Consider # and z’ representing classes in A(Ap,d*, L). Then
' = xy(y) with
V(yo(y)™t) € a7 " (Ap)x .

This shows that the map y — #¢(y) induces a bijection
H°(Ap, [L\G) — U(Ap, 6%, L) .

This can be used to define a locally compact topology on 2(Ap,d*,L). We have also defined in [Lab]
Tamagawa measures on &(I*, G*; Ap). Since I, (Ar) is locally everywhere an inner form of I*(Ap) there is
an isomorphism

E(Ly, G Ap) — €7, G Ap) .

For the same reason I;(Ap) can be endowed with a canonical measure using the Tamagawa measure on
I*(Ap). This yields a measure on D (I, Gi; Ap ) viewed as a finite covering of an open subset of &(I,,, G; Ap),
using that

DLy, G hp) — €Ly, G; Ap)

is an isomorphism at finite places. Finally recall that there 1s an exact sequence of pointed sets
1 = L(Ap \G(Ap) = H(Ap, L\G) = D(I,,G; Ap) — 1.

Thus we get a canonical measure on H°(Ap, I,\G) and on A(Ap,§*, L) we call the Tamagawa measure. As
already seen in IV.2 there is a natural map

A(Ap,d", L) — €(I", G Ap /F) .

Given a character & of €(I*,G*; Ap /F') we define a new kind of adelic k-orbital integrals:
O5. (f) :/ k(x)e(Iy) f(dz) dx .
A(Ap 6% L)

If A(Ap,d6*, L) is empty Of (f) = 0. If A(Ap,6%, L) is non empty choose an z as above. By abuse of
notation, we denote again by x the function on H°(Ap, I;\G) obtained via the composed map

H° (Ap, I\G) = HY, (Ap, L\G) = HY (Ap, I'\G*) = &(I*,G*; Ap [ F)
(see TV.1.4). Then, for x € G*(Ar) defining a point in 2A(Ap,d*, L) we have

05: () = r(x)e(L:)05, (f) -

The next proposition is the generalization to arbitrary elliptic elements of a result of [KS] for strongly
regular elements; we borrow their proof. A similar statement is given in [LBC, Proposition 2.7.3] but the
proof there is incorrect.
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V.2.1. Proposition. — Consider the sum

S = > 0L (f) .

{k€R(I*,G*;F) | [s]=w}

Then S = 0 unless §* is the prenorm of some 6 € L(F) in which case

S = > 05 (/)

{k€eR(Is,G;F) | [r]=w}

Proof: Assume the sum S does not vanish, then A(Ap,d*, L) is non empty. Consider zq € A(Ap,67, L); it
defines a dy € L(Ap) with prenorm 6* locally everywhere. Recall that we have an exact sequence

H, (Ap, I'\G") = €(I*, G Ap /F) — kerly (F, I'\G*) = 1 .

Let us denote by K(I*, G*; F')g the subgroup of &(I", G™; F') which is the Pontryagin dual of ker(llb(F, I"\G™).
This is a finite group (see [Lab] Lemme 2.5). For each place, the image of the map in IV.1.4 lies in the kernel
of kg € R(I*, G*; F)y. Hence, for kg € &(I*, G*; F)y we have

05" (f) = ko(0)O5. (f) -

Since S does not vanish this implies that the finite sum

Z Ko(l‘o)

Ko €ER(I*,G*;F)o

does not vanish and hence the class of zo in &(I*,G*; Ap/F) lies in the image of H?, (Ar, [*\G*). But
by IV.1.2 we know that this image equals the image of the cohomology group over the finite adeles
HY, (A%, I"\G*). Using that at finite places the maps in IV.1.4 are isomorphisms, we see that up to changing
zg to 21 and replacing 6y by a locally everywhere stably conjugate 6; € L(Arp) we may assume that the class
of 1 in &(I*,G*; Ap /F) is trivial. Tt follows from TV.2.2 that this is possible only if d; is G(Ap )-conjugate
tod = d, € L(F) with € G*(F). In such a case, thanks to the reciprocity law for Kottwitz signs and using
IV.2.1 to identify &(Is, G; Ap /F) with &(I*,G™; Ap /F), we see that :

05-(f) = 05(f) -
O

We say that a triple (7, §*, k) is L-admissible if (6*,7T) is an L-admissible special pair and & is an endoscopic
character for 6* i.e. a character of the compact group H?(Ap /F, I*\G*) where I* is the stable centralizer of
d*. Two admissible triples (T, 0%, k) and (S, 7™, v) are said to be equivalent if there is an # € G* that induces
an equivalence between the special L-admissible pairs (6*,7") and (1", S) and between the endoscopic pairs
(T, k) and (S,v). Let (T,0*, &) be an L-admissible triple and let & = (T, ). We introduced in TV.3.3 the
number N(T,6*, ). This is the number of L-admissible triples (T, 6%, v) equivalent to (T, 6%, &).

V.2.2. Theorem. — The elliptic trace can be expanded as a sum over the equivalence classes of L-
admissible triples (T,0*, &), such that [k] = w:

N(T, 5%, .
T = Y S on).
(7,60 5) | K=w} @

Proof. This is an immediate consequence of V.1.3 and V.2.1.
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This generalizes the theorem 6.4.C in [KS] where they consider only strongly regular elements. Observe
that for a strongly regular element 6* one has

N(T, 6% &) = ig:(6%) = 1.

V.3 — Endoscopic transfer and end of the stabilization

In [KS] the definition of the transfer involves twisted stable orbital integrals on endoscopic groups (see
Lemma 7.3.C). Here we use instead stable orbital integrals on endoscopic spaces; this is equivalent. To state
the transfer assumption in full generality 1t may be necessary to consider central extensions of endoscopic
spaces and to use functions on endoscopic spaces that transform according to a character of the abelian
group involved in the central extension. For the sake of simplicity we shall ignore this difficulty here and we
refer the reader to [KS] for a discussion of this point.

V.3.1. Definition. — Consider f € C¥(L(Ar)) and an endoscopic pair & = (T,k). Let H be the
endoscopic space defined by £. We say that a function f € C°(L(Ar)) satisfies the transfer assumption for
& if there exist fe € C°(H(Ar)), such that

05 (fe) = 05.(f)
whenever v € H(F) is the conorm of §*.

Observe that, by definition of Of. (f), we have O#(fg) = 0 unless « is locally everywhere the norm of a
d € L(Ar).

Remark — A detailed discussion of the transfer assumption would involve the definition of the local transfer
factors and the fundamental lemma. As regards transfer factors we refer the reader to [KS] for their definition
in the case of strongly regular elements. As regards the fundamental lemma this is an open problem in most

cases.

Let H be a central form of H* x 1 where H* is a quasi-split connected reductive group. Given f €
CP(H(Ar)), the elliptic part of the geometric side of the stable trace formula for I is, by definition, the
expression

ST = (1) Y = Ol
veE{{H:}}

If H is an endoscopic space defined by an endoscopic pair £ = (T, k) for a twisted space L we consider a
slight variant of this expression: we introduce

1
i+ ()

ST: (f) = 7(H)
ST

OL(f°) .

where the sum is over a set {{H.}}1 of representatives of stable conjugacy classes of elements v in H, such
that there exists a special L-admissible pair (6*,7T) above v and « is an endoscopic character for §*. Moreover
we attach to & the scalar:

(L

) - ) )
AME)T(H)e(L,H) X&) r(H)e(L,H)d(L)
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where A(E) is the cardinal of the group of outer automorphisms of the endoscopic pair A(€) and (L, H) is
the ratio of Haar measures on the isomorphic vector spaces 2y and 2z, this last isomorphism being induced
by the conorm map ng. In particular, given ¢ € C° () we have

¢(()du¢ = (L, H) N ¢(ne(z))drz

Apr

We may now state and prove the final theorem. Tt generalizes the formula 7.4.4 in [KS]. Recall that our
T. contains the contribution of all elliptic elements while in [KS] only strongly regular elements are taken
into account.

V.3.2. Theorem. — Let £(w) be a set of representatives of equivalence classes of endoscopic pairs £ =
(T, k) such that [k] = w. If f satisfies the transfer assumption V.3.1 the elliptic part of the geometric side of
the trace formula can be written

T (fw)= > a(&)STE(fe)

£e&(w)

Proof. By definition

STL(f)=r(H) Y - 1 0,7

vye{{H:}}L

Then (L) 1
ST a€) ST (fe) = > X&) e(L, H) im+(7)

£ef(w) EeE(w)

05(f2) -
ve{{H}} L
The sum on the right hand side i1s over a set of representatives of equivalence classes of endoscopic pairs
(T, k) such that [k] = w. Since f satisfies the transfer assumption we have

OL(f8) = e(L, H) O, (/°)

where 4 is the conorm of §* and hence

S oa@ ST =) Y, Y mog*uﬂ).

£el(w) £ef(w) ve{{H:}} L

It follows from IV.3.2 that given v € H,, and up to equivalence on the pair & = (T, k), we may assume that
Ty» contains y. But then (7', 6%, k) is an L-admissible triple. Hence we may rewrite the right hand side of
last expression as

1 K 0
(L) {(;)} NG O5.(f")

where the sum is over pairs (£,+) that comes from an L-admissible triple (7, 6*, k) up to equivalence on
endoscopic pairs £ = (T, k) such that [k] = w and up to stable conjugacy for v in H. On the other hand,
according to V.2.2 we have

N(T, 47, 5
T.(f,w) = 7(L) > % 05 (),
(7,60 0) | F=w} @

where the sum is over equivalence classes of L-admissible triples (7,6*, k) such that [«] = w. The theorem
now follows from 1V.3.4.

d
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