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Stable twisted tra
e formula: ellipti
 termsJ.-P. LabesseInstitut Math�ematique de Jussieu, UMR 7586Abstra
t: This paper deals with the stabilization of the 
ontribution of ellipti
 elements to the geometri
 side of the generaltwisted tra
e formula. We extend the results of Langlands, Kottwitz and Kottwitz-Shelstad to all ellipti
 elements for the generaltwisted tra
e formula. Introdu
tion1 { OutlineLanglands has shown, in [Lan℄, how to stabilize the 
ontribution of regular ellipti
 elements to the ordinarytra
e formula under the transfer assumption, for arbitrary 
onne
ted redu
tive groups. This was extendedby Kottwitz to all ellipti
 elements [Ko4℄. Langlands result has been extended in an other dire
tion: in [KS℄,Kottwitz and Shelstad stabilize the 
ontribution of strongly regular ellipti
 elements in the general twistedtra
e formula. In [LBC℄ we have treated the 
ase of all ellipti
 elements for the twisted tra
e formula but onlyin the base 
hange situation. Here we stabilize the 
ontribution of all ellipti
 elements for the general twistedtra
e formula. As in [Lan℄,[Ko4℄ and [KS℄, the last step of the stabilization uses the transfer assumption.Together with the 
ohomologi
al abstra
t nonsense developped in the �rst 
hapter of [LBC℄ and the resultson Tamagawa measures proved in [Lab℄, the present paper gives an essentially self-
ontained proof of thestabilization of the ellipti
 tra
e for the general twisted 
ase, under the transfer assumption.2 { About the methodBefore des
ribing the 
ontents of the paper let us make some te
hni
al 
omments for readers familiar withthe subje
t. The proof given in [Lan℄ uses lengthy 
o
y
le 
omputations and permanently appeals to Poitou-Tate duality. Using the results of [Ko3℄ some simpli�
ations were brought in by Kottwitz in [Ko4℄, but inthat paper and again in [KS℄, the stabilization is somewhat 
ompli
ated, if not very diÆ
ult. The origin ofthe 
ompli
ations is easy to tra
k: in these papers the 
ohomologi
al obje
ts ne
essary for the stabilizationare often introdu
ed via the dual pi
ture using Poitou-Tate-Nakayama-Langlands duality.As was shown in [LBC℄, some new, but elementary, nonabelian 
ohomologi
al 
onstru
tion leads to quitesimple and dire
t \geometri
" de�nitions for the obje
ts that show up in the stabilization pro
ess of thegeometri
 side of the tra
e formula (ex
ept that here we do not dis
uss transfer fa
tors), and to very simpleproofs of their properties making little, if any, use of duality even in the de�nition of endos
opi
 groups.Although it was 
lear that the framework developped in [LBC℄ for the geometri
 stabilization should workin general, we 
ould not deal with the most general 
ase for a te
hni
al reason: the notion of norm used in[LBC℄ made sense only for base 
hange. What we provide here is a de�nition valid in the most general 
asetogether with an existen
e proof. Using this, we reprove and generalize most of the results of [Lan℄, [Ko4℄and [KS℄ (ex
ept 
hapters 4 and 5 of [KS℄ that deal with transfer fa
tors).It turns out that, besides a few 
lass �eld theory arguments and the transfer assumption { whi
h is usedin all quoted papers and only o

urs in the last step { the key results needed for the stabilization, are thetheorems of Kneser ([Kn1℄, [Kn2℄) and Kneser-Harder-Chernousov ([Kn3℄, [Har1℄, [Har2℄ and [Ch℄) on Hasseprin
iple for simply-
onne
ted semisimple groups used here via referen
es to [Lab℄. 
ompilation le 2-1-2003



2 J.-P. Labesse3 { The 
ontentsThe twisted tra
e formula arises when 
onsidering a 
onne
ted redu
tive group G over a global �eld F (weshall 
onsider here only number �elds) and an automorphism � of G. The way G and � o

ur is betterunderstood by introdu
ing the 
ategory of twisted spa
e. Their de�nition and basi
 properties o

upyse
tion I. A twisted spa
e is a pair (G;L) where G is a group and L is a G-prin
ipal homogenous spa
e witha G-equivariant map from L to the group of automorphisms of G. There is a left and a right a
tion of G onL. Any twisted G-spa
e L is isomorphi
 to some Go�, but su
h an isomorphism is not 
anoni
al. Then weintrodu
e the group Int (L) of inner automorphisms i.e. those indu
ed by elements of G a
ting by 
onjuga
yand by elements of ZG, the 
enter of G, a
ting by left translations.Se
tion II deals with 
entralizers and endos
opi
 groups. Consider Æ 2 L, let GÆ be its 
entralizer and GÆthe 
onne
ted 
omponent of GÆ. For the study of endos
opy it is ne
essary to use a group IÆ in between:GÆ � IÆ � GÆwe 
all the stable 
entralizer of Æ. Se
tion II 
ontinues with group theoreti
 results about roots, automor-phisms and 
entralizers, mainly due to Steinberg, using the notion of norm N� and the sign �� atta
hed tothe �-orbit of a root �. We give in II.3 a 
lassi�
ation of stable 
entralizers of semisimple elements Æ 2 L,when G is a simple group, in order to 
ompute the group of outer automorphisms of IÆ indu
ed by 
onju-gation under an auxilliary subgoup JÆ � G. In II.4, we introdu
e endos
opi
 groups, but without rationalstru
ture at this stage. Consider a torus T in a �-stable Borel pair (B; T ) and let Ts
 be the 
orrespondingmaximal torus in the simply 
onne
ted 
over GSC of the derived group of G. Denote by T� the group of�-
oinvariants in T . Let � be a 
hara
ter of the Z-module �X�s
 of �-invariant 
o
hara
ters of Ts
. We de�nethe endos
opi
 root system R� for T� as dual to the 
oroot system �R� de�ned as follows: elements in �R� arethe 
o
hara
ters of T� indu
ed by 
oroots �� for T su
h that �(N ��) = ��. The endos
opi
 group atta
hed to(T; �) is the redu
tive group, well de�ned up to inner automorphisms, with a maximal torus TH isomorphi
to T�� , with root system and 
oroot system isomorphi
 to R� and �R�.Se
tion III deals with rational stru
tures and norms. One de�nes inner forms of twisted spa
es using
lasses in H1(F; Int (L)). Any twisted G-spa
e L is an inner form of a quasi-split twisted spa
e L� = G�o��where G� is the quasi-split inner form of G and �� is an automorphism that preserves a splitting in G�.Let ' denote the isomorphism over the algebrai
 
losure ' : L! L�. The main result of this se
tion is theexisten
e of spe
ial prenorms (
alled abstra
t norms in [KS℄). Their de�nition is pretty te
hni
al. We saythat Æ� 2 L(F ) is a spe
ial prenorm of an almost semisimple element Æ 2 L(F ) if Æ� is a G�(F )-
onjugate of'(Æ) su
h that there is a torus T de�ned over F in G� that belongs to a ��-stable Borel pair (B; T ) withÆ� 2 To�� � L�and su
h that the image of Æ� in T�� is rational, up to some 
entral twist that depends on L; moreover weask that the stable 
entralizer IÆ� of Æ� is de�ned over F and is an inner form of IÆ. The existen
e of spe
ialprenorms for strongly regular elements elements is an easy 
onsequen
e of a theorem of Steinberg, but forthe singular ones the proof is more involved and uses the 
ase by 
ase study of 
entralizers in II.2 to showone 
an ful�ll the inner form 
ondition.Se
tion IV deals with endos
opy. We �rst re
all the non-abelian hyper
ohomologi
al obje
ts introdu
ed in[LBC℄ that des
ribes stable 
onjuga
y. Then we dis
uss the Langlands 
riterion IV.2.2 that allows to testwhen an element whi
h is lo
ally everywhere a prenorm is a global prenorm. Then we dis
uss endos
opi
spa
es. Let Æ be an ellipti
 element in L(F ) with spe
ial prenorm Æ� and let � be an endos
opi
 
hara
teri.e. a 
hara
ter of H0ab(A F =F; IÆnG) ' H0ab(A F =F; IÆ�nG�) :We introdu
e the endos
opi
 group H� over F atta
hed to a pair (T; �). The spa
e H is isomorphi
 to H�o1over F but the rational stru
ture di�ers by the 
entral twist alluded to above. The 
onorm map T ! T��



Stable twisted Tra
e Formula 3indu
es a bije
tion from T -
onjuga
y 
lasses in To�� to T�� � H�. Given Æ 2 L(F ) with prenorm Æ�, the
onorm map yields a 
 2 H(F ) we 
all the norm of Æ. The se
tion ends with the 
omparison of ~�G�(Æ�), thenumber of points in H0(F;GÆ�=IÆ� ), and of ~�H� (
).The tra
e formula appears in se
tion V. The twisted tra
e formula is the renormalized tra
e of an operator�(f; !)de�ned by a smooth 
ompa
tly supported fun
tion f on L(A F ) and a 
hara
ter ! of G(A F ) trivialon G(F ). The operator has a kernel K(x; y) = XÆ2L(F )!(x) f1(x�1Æ y)and the renormalized tra
e is obtained from a trun
ated integration over the diagonal. The 
ontributionof ellipti
 elements need not be regularized: it is 
onvergent and will be 
alled the ellipti
 tra
e. It will bedenoted Te(f; !). Elementary manipulations show it 
an be expressed as a linear 
ombination, indexed bya set of representatives of 
onjuga
y 
lasses, of orbital integrals OÆ;!(f0):Te(f; !) = J(L) XÆ2fLeg aL(Æ) OÆ;!(f0) :There are three main steps in its stabilization. A �rst step V.1.3, 
alled pre-stabilization, expresses theellipti
 tra
e as a linear 
ombination, indexed by representatives of stable ellipti
 
onjuga
y 
lasses, of sumsof �-orbital integrals O�Æ (f) where � runs over the group K(IÆ; G;F ) of endos
opi
 
hara
ters for Æ thatindu
e the 
hara
ter !:Te(f; !) = � (L) XÆ2ffLegg 1~�G(Æ) Xf�2K(IÆ ;G;F ) j [�℄=!gO�Æ (f0) :The pre-stabilization is immediate using the results of [Lab℄. In a se
ond step V.2.2, using the existen
eof spe
ial prenorms III.4.7 and the Langlands 
riterion IV.2.2, the ellipti
 tra
e is expanded as a linear
ombination indexed by equivalen
e 
lasses of triples (T; Æ�; �) of obje
ts for L�, of a variant of the �-orbitalintegrals: Te(f; !) = � (L) Xf(T;Æ�;�) j [�℄=!g N (T; Æ�; �)~�G�(Æ�) O�Æ� (f0) :In the third and last step we write the ellipti
 tra
e as a sum of stable ellipti
 tra
es for endos
opi
 spa
es.There we use the transfer assumption V.3.1 to express �-orbital integrals as stable orbital integrals for theendo
opi
 spa
e H atta
hed to E = (T; �). The assumption is that given f 2 C1
 (L(A F )) there existsfE 2 C1
 (H(A F )) su
h that, for 
 2 H(F ) 
onorm of Æ� we have:O1
(fE ) = O�Æ� (f) :We shall take for granted the transfer assumption, without dis
ussing transfer fa
tors and the { still 
onje
-tural { Fundamental Lemma. Our main result, Theorem V.3.2, gives the expansion of the ellipti
 tra
e as alinear 
ombination of stable ellipti
 tra
es (or rather a slight variant of it) for endos
opi
 spa
es:Te(f; !) = XE2E(!) a(E) STEe (fE )where STEe (fE ) = � (H) X
2ffHeggL 1~�H� (
) O1
 (f0E ) :Thus we have extended to all ellipti
 elements the main result of [KS℄.



4 J.-P. Labesse4 { Perspe
tivesIn [LBC℄ we have been able to prove the transfer assumption in the base 
hange situation, for the mainendos
opi
 group, for a large 
lass of fun
tions. Unfortunately, we are not able to do anything similar, inthe more general setting treated here, sin
e the twisted fundamental lemma is not known in any generalitybesides base 
hange. Hen
e, as regards appli
ations to transfer of automorphi
 representations we 
an butrefer to [LBC℄.We have not tried here to reformulate the de�nition of the transfer fa
tors in a more geometri
 way. Wehope to return to this in a future paper.A
knowledgement: It is my pleasure to thank the Institute for Advan
ed Study, Prin
eton (USA) and the InstitutMath�ematique de Luminy (Fran
e) for their hospitality and support while writing this paper.I { The settingI.1 { Basi
 notationWe shall try to use a set of notation as 
lose as possible from what is used in [KS℄ and in [LBC℄. In parti
ular,F is a �eld of 
hara
teristi
 zero, F an algebrai
 
losure and we denote by� := Gal(F=F )the Galois group. A typi
al element in � will be denoted � (the letter 
 being used for elements in endos
opi
groups). If V is an algebrai
 variety de�ned over F , we shall often, by abuse of notation, write V for V (F ).Let G be a group, we denote by ZG its 
enter. Let Aut (G) be the group of its automorphisms; we denoteby Int (G) the subgroup of inner automorphisms and by Out (G) the group of outer automorphisms: thequotient of Aut (G) by Int (G). For � 2 Aut (G) we denote by G� the subgroup of �-�xed points.Re
all that the exa
t sequen
e 1! Int (G)! Aut (G)! Out (G)! 1 :is split when G is a linear algebrai
 
onne
ted redu
tive group. A splitting 
an be de�ned by the 
hoi
ea triple (B; T; fX�g) where B is a Borel subgroup, T a maximal torus in B and fX�g a 
olle
tion of rootve
tors indexed by simple roots. In fa
t an inner automorphism that preserves su
h a triple is trivial whileany two su
h triples are 
onjugate. Su
h a triple is 
alled a splitting for G.If G is a redu
tive group, we denote by G0 its neutral 
onne
ted 
omponent, by Gder the derived subgroupof G0, by GSC the simply 
onne
ted 
overing of Gder and by Gad the adjoint quotient of G0. If T is atorus in G0 we shall denote by Ts
 its preimage in GSC . We denote by Zs
 the 
enter of GSC . By abuseof notation we shall often use the same letter to denote an element in GSC and its image in G. If G is a
onne
ted redu
tive group there is a surje
tive mapGSC � ZG ! G :Assume that G is redu
tive and let T be a maximal torus in G0. Let S be the 
entralizer of T in G. Wede�ne the Weyl group of G to be the quotient of the normalizer of S in G, modulo S. It will be denoted
(G; T ) or 
(G;S).For the study of twisted endos
opy we 
annot work only with 
onne
ted redu
tive groups; we need a slightlylarger 
ategory that 
ontains also diagonalizable groups. We say that a redu
tive group G is quasi-
onne
tedif G is the kernel of a surje
tive map G = ker[G1! T0℄where G1 is a 
onne
ted redu
tive group and T1 a torus. Quasi-
onne
ted group have been studied in[LBC℄ and [Lab℄. Let G be a quasi-
onne
ted group, ZG its 
enter and Gder the derived group of G0, thenG = ZG:Gder. Observe that the 
ategory of quasi-
onne
ted group 
ontains the groups O(2n+ 1) but notthe groups O(2n).



Stable twisted Tra
e Formula 5I.2 { Non abelian hyper-
ohomologyThe notion of 
rossed sets and the de�nition of their Galois 
ohomology have been introdu
ed in [LBC℄. Weshall use them freely. When dealing with Galois 
ohomology of 
rossed sets we write as usual H�(F;X) forthe indu
tive limits of 
ohomology sets over �nite Galois extensions E=F :H�(F;X) = H�(Gal(F=F );X(F)) = lim! H�(Gal(E=F );X(E))(in degrees where it is de�ned). We shall not distinguish between 
ohomology and hyper-
ohomology and,unless otherwise stated, 
omplexes will be in positive homologi
al degrees:� � � X2 ! X1 ! X0 :For the de�nition and the properties of adeli
 
ohomology we refer the reader to [LBC℄.For a diagonalizable group S we denote by X(S) the �nitely generated Z-module Hom(S;Gm ) of its 
har-a
ters. If T is a torus we denote by �X(T ) the �nitely generated free Z-module Hom(Gm ; T ) of 
o
hara
tersof T : �X(T ) = Hom(Gm ; T ) = Hom(X(T );Z) :For a diagonalizable group �X(S) must be de�ned as an element in the derived 
ategory DX of 
omplexes of�nitely generated Z-module, of �nite length: �X(S) = RHom(X(S);Z) : Let DT be the derived 
ategory of
omplexes of diagonalizable groups, of �nite length. The map S 7! X(S) de�nes a 
ontravariant equivalen
ebetween DT and DX . We also have an equivalen
e indu
ed by the derived tensor produ
t�X 7! �X L
 Gm :Consider a 
onne
ted redu
tive group G. The small 
omplex[GSC ! G℄ ;with G in degree zero is a \stable 
rossed module" (
f. [LBC, appendi
e B℄). The abelianized 
ohomologyin the sense of Borovoi [Bo℄ 
an be de�ned for �1 � i � 1 asHiab(F;G) := Hi(F;GSC ! G) :There is a fun
torial map Hi(F;G)!Hiab(F;G)for i = 0 or 1. Let T be a maximal torus and Ts
 its preimage in GSC; the 
omplex [Ts
 ! T ℄ is a sub-
omplexquasi-isomorphi
 to [GSC ! G℄ and hen
e the natural mapHi(F; Ts
! T )!Hi(F;GSC ! G)is an isomorphism. Su
h 
onsiderations easily extend to quasi-
onne
ted groups but in this 
ase T has torepla
ed by the 
entralizer T+ of a maximal torus T of G0. Sin
e T+ is a diagonalizable group, [Ts
 ! T+℄de�nes an obje
t in DT , denoted Gab. It is independent of the 
hoi
e of T ; in fa
t Gab 
an also be representedby [Zs
 ! ZG℄ whi
h is a sub
omplex quasi isomorphi
 to [Ts
 ! T+℄. This also shows that if G0 is an innerform of a quasi-
onne
ted redu
tive group G, they de�ne the same obje
t in DT : G0ab = Gab : There is a
anoni
al isomorphism Hi(F;Gab)!Hi(F;GSC ! G)for �1 � i � 1. But Hi(F;Gab) makes sense for all i and this allows to de�ne Hiab(F;G) for all i byHiab(F;G) := Hi(F;Gab) :



6 J.-P. LabesseI.3 { Twisted spa
esA twisted spa
e is a pair (G;L) where G is a group and L is a G-prin
ipal homogenous spa
e with aG-equivariant map from L to the group of automorphisms of G:AdL : L! Aut (G) :We shall also say that L is a twisted G-spa
e. The a
tion of G on L: G � L ! L will be denoted by lefttranslations (x; Æ) 7! xÆ : The equivarian
e of the map AdL is the following 
ompatibility 
ondition: forx 2 G and Æ 2 L we have AdL(xÆ) = AdG(x) Æ AdL(Æ)where AdG(x) is the inner automorphism de�ned by x 2 G. One de�nes right translations by(y; Æ) 7! Æy�1 := (AdL(Æ)y�1) Æand 
onjuga
y by (x; Æ) 7! xÆx�1 := x(AdL(Æ)x�1) Æ :Observe that sin
e L is homogenous the image of the 
omposed mapL! Aut (G)! Out (G)is redu
ed to a single point in Out (G). Consider � 2 Aut (G) in the image of AdL. For z 2 ZG the mapz 7! z� is independent of the 
hoi
e of �. We denote by ZL the subgroup of �-�xed points in ZG: this is the
entralizer of L in G:ZL = fx 2 G j AdL(Æ)x = x for all Æ 2 Lg = fx 2 G j xÆ x�1 = Æ for all Æ 2 Lg :A morphism of twisted spa
es (G;L) and (H;M ) is a map ' : L ! M su
h that there exists a grouphomomorphism  : G! H with'(xÆy) =  (x)'(Æ) (y) for Æ 2 L ; x 2 G and y 2 G :Observe that  is uniquely determined by '.We denote by Aut (L) the group of automorphisms of (G;L). The map ' 7!  yields a homomorphismAut (L)! Aut (G). The 
enter ZG a
ting by left translations on L de�nes a subgroup of Aut (L), isomorphi
to ZG, 
alled the subgroup of 
entral automorphisms. This is the kernel of the map ' 7!  . An othersubgroup is de�ned by 
onjuga
y by elements of G. The kernel of the map G! Aut (L) is ZL. The groupof automorphisms generated by the image of ZG a
ting by translation and of G a
ting by 
onjuga
y, will be
alled the group of inner automorphisms and will be denoted Int (L). The above dis
ussion shows that1! ZG ! Int (L)! Int (G)! 1is an exa
t sequen
e. Consider the map � : ZG ! G� ZGde�ned by � : z 7! z � z1�� then 1! ZG ��!G� ZG ! Int (L)! 1is also an exa
t sequen
e.



Stable twisted Tra
e Formula 7Assume that G is redu
tive; let GSC be the simply 
onne
ted 
over of the derived group of G and Zs
 the
enter of GSC. Consider the 
omplex [Zs
 ��!GSC � ZG℄where, as above, the map from Zs
 to GSC � ZG is � : z 7! (z � z1��) and by abuse of notation we use thesame letter for elements in Zs
 and their proje
tion in ZG.I.3.1. Lemma. { If G is redu
tive, the morphism of 
omplexes[Zs
 ��!GSC � ZG℄! [1! Int (L)℄is a quasi-isomorphism.Proof: It suÆ
es to observe that G is the quotient of GSC�ZG by the image of Zs
 via the map z 7! (z; z�1)and hen
e the map [Zs
 ��!GSC � ZG℄! [ZG ��!G� ZG℄is a quasi-isomorphism. �Consider � 2 Aut (G), one has a natural stru
ture of twisted G-spa
e on the subsetGo � � Go Aut (G) :Now, given a twisted G-spa
e L, 
onsider Æ0 2 L and let � = AdL(Æ0). Sin
e L is a prin
ipal homogenousspa
e, the map x 7! xÆ0 is a bije
tion from G onto L and it indu
es a bije
tion between �-
onjuga
y 
lassesin G and 
onjuga
y 
lasses in L. The map xÆ0 7! xo �is an isomorphism L! Go �of pointed twisted G-spa
e. But this isomorphism is not 
anoni
al due to the existen
e of non trivial 
entralautomorphisms, unless ZG = 1.Let T be an abelian group and � an automorphism. We denote by T� the group of �-
oinvariants in T ; thisis the quotient of T by the subgroup, usually denoted T 1��, of elements of the form t�(t)�1. We have anexa
t sequen
e 1! T � ! T 1���!T ! T� ! 1 :This 
an be reinterpreted as follows. Consider Æ = to� 2 To� and denote by [Æ℄ the image of t in T�. The
onorm map To� ! T�de�ned by Æ 7! [Æ℄ indu
es a bije
tion between the set of T -
onjuga
y 
lasses in To� and the group T�.Let G0 be a group and �0 an automorphism of it. We shall say that the twisted spa
e L = Go� is indu
edfrom L0 = G0o�0 if G = G0 � � � � � G0and �(g1; � � � ; gm) = (g2; � � � ; gm; �0(g1)) :I.3.2. Lemma. { Assume that L is indu
ed from L0. The mapg = (g1; � � � ; gm) 7! Ng = g1g2 � � �gm



8 J.-P. Labesseindu
es a bije
tion between G-
onjuga
y 
lasses in L and G0-
onjuga
y 
lasses in L0.Proof: It suÆ
es to observe that if g = (g1; � � � ; gm) and u = (1; g1; � � � ; g1g2 � � �gm�1), thenu g �(u)�1 = (1; � � � ; 1; Ng)and that if v = (v1; � � � ; vm), then N (vg�(v)�1) = v1 : Ng : �0(v1)�1 : �We shall say that a twisted G-spa
e L is simple if G is a simple group. We shall say L is irredu
ible if G isa produ
t of m 
opies of a simple group G0 and any � in the image of AdL permutes transitively the fa
tors.I.3.3. Lemma. { An irredu
ible twisted spa
e L is isomorphi
 to a twisted spa
e Go� indu
ed from asimple twisted spa
e L0 = G0o�0. Moreover, if � is an automorphism of G that 
ommutes with �, thenthere is an integer n(�) and an automorphism �0 of G0, that 
ommutes with �0 su
h that�(g1; � � � ; gm) = �n(�)(�0(g1); � � � ; �0(gm)) :Proof: By assumption L ' (G0 � � � � �G0)o � with G0 simple. Sin
e � permutes transitively the m fa
torsthere are automorphisms �i of G0 su
h that�(g1; � � � ; gm) = (�1(g2); � � � ; �m(g1)) :The diagonal automorphism of G: �(g1; � � � ; gm) := (�1(g1); � � � ; �m(gm))with �1 = 1, �2 = �1 and �m = �1 � � ��m�1 is su
h that ����1 is of the desired form with �0 = �1 � � ��m.Now assume L = Go� is indu
ed and let � be an automorphism of G that 
ommutes with �. Sin
e G0 issimple � must also permute the fa
tors and hen
e there are automorphisms �i of G0 and a permutation s off1; � � � ;mg su
h that �(g1; � � � ; gm) = (�1(gs(1)); � � � ; �m(gs(m))) :Sin
e �� = �� the permutation s is a power n(�) of the 
y
li
 permutation. Then � = �n(�)�0 where �0 �xesea
h fa
tor and 
ommute with �. It must be diagonal of the form �0 = (�0; � � � ; �0) where �0 
ommutes with�0. �II { Centralizers and endos
opi
 groupsII.1 { Centralizer and stable 
entralizerLet G be a 
onne
ted algebrai
 group and let L be a twisted G-spa
e. For Æ 2 L we denote by GÆ the groupof �xed points under the automorphism AdL(Æ). This is the 
entralizer of Æ. In parti
ular GÆ 
ontains ZL.If G is a 
onne
ted redu
tive there is a mapAut (G)! Aut (GSC)



Stable twisted Tra
e Formula 9and hen
e Æ 2 L de�nes an automorphism of GSC. We denote by GÆSC the subgroup of �xed points.Assume from now on that G is a 
onne
ted redu
tive group. Let B be a Borel subgroup and T a maximaltorus in B; we say that the pair (B; T ) is a Borel pair. Let L be a twisted G-spa
e. We say that Æ 2 L isalmost semisimple if AdL(Æ) preserves a Borel pair; this is equivalent to say that the automorphism AdL(Æ)is almost semisimple in the terminology of [KS℄. In parti
ular AdL(Æ) de�nes a semisimple element in thegroup of automorphism of Gder. The 
entralizer of an almost semisimple element is redu
tive. But thea
tion on the Lie algebra of the 
enter of G need not be semisimple. We shall say that Æ is semisimple ifAdL(Æ) is semisimple.II.1.1. De�nition. { Let G be a 
onne
ted redu
tive group and L a twisted G-spa
e. We 
all stable
entralizer of Æ 2 L the group denoted IÆ image in G of GÆSC �ZL (i.e. of the 
entralizer of Æ in GSC �ZG).Following Jim Arthur's notation GÆ will denote the 
onne
ted 
omponent of GÆ. In parti
ularGÆ � IÆ � GÆand IÆ is a normal subgroup of GÆ.Remark { The above de�nition for the stable 
entralizer is di�erent from the one given in [LBC℄. Forsemisimple elements in the base 
hange situation, whi
h is the 
ase studied in [LBC℄, and also in general forregular semisimple elements, the two de�nitions yield the same obje
t. Nevertheless they do not 
oin
idein general. We hope that the present de�nition will turn out to be the right one, at least for semisimpleelements (see below).II.1.2. Lemma. { Let Æ be an almost semisimple element. Then IÆ is the group generated by ZL and GÆ.Proof: Observe that if Æ 2 L is almost semisimple, it indu
es a semisimple automorphism of GSC . Hen
e,the 
entralizer GÆSC of Æ in GSC is 
onne
ted [St2, Theorem 8.2℄ and the image in G of GÆSC � Z0L is GÆ. �II.1.3. Lemma. { Let Æ be an almost semisimple element and let (B; T ) be a Æ-stable Borel pair. ThenS = T \ GÆ is a maximal torus in GÆ. Conversely, if S is a maximal torus in GÆ, its 
entralizer in G is amaximal torus T that belongs to a Æ-stable Borel pair.Proof: This is a part of Theorem 1.1.1 of [KS℄, for the proof of whi
h they simply refer to [St2℄. For the
onvenien
e of the reader we sket
h an argument. Sin
e Æ preserves the positive Weyl 
hamber de�ned byB there is a strongly regular semisimple element t 2 GÆ \ T whose 
entralizer in G is T . The 
entralizerS = T \GÆ of t in GÆ is a maximal torus in GÆ. Now sin
e all maximal tori in a 
onne
ted redu
tive groupare 
onjugate we see that 
onversely, if S is a maximal torus in GÆ, its 
entralizer in G is a maximal torusT that belongs to a Æ-stable Borel pair. �II.1.4. Lemma. { Let Æ be an almost semisimple element in L and let (B; T ) be a Borel pair �xed by Æ.Then IÆ is a quasi-
onne
ted redu
tive group that 
ontains T Æ. Moreover there is a group isomorphism
(GÆ; T Æ)=
(IÆ ; T Æ) ��!GÆ=IÆ :Proof: Sin
e ZL is diagonalizable and 
entralizes GÆ the group IÆ is quasi-
onne
ted. Choose an automor-phism � in the image of AdL that preserves a splitting (B; T; fX�g). Let T 1 be the 
onne
ted 
omponent of



10 J.-P. LabesseT � and let G1 be the 
onne
ted 
omponent of G�. Then, as seen in II.1.3, the torus T 1 is a maximal torusin G1 and T 1 = G1 \ T �. Sin
e � preserves a splitting we have G� = G1ZL (see [KS, se
tion 1.1℄) but sin
eZL � T we see that ZLT 1 = T �. Now AdL(Æ) and � di�er by an inner automorphism that �xes the Borel pair(B; T ) hen
e we have AdL(Æ) = AdG(t) Æ � for some t 2 T and hen
e T Æ = T �. This implies T 1 � GÆ � IÆand this shows that T Æ � IÆ. Re
all that we denote by 
(GÆ; T Æ) the quotient of the normalizer of T Æ in GÆby T Æ. Given g 2 GÆ the torus g T Æg�1 is also a 
onjugate of T Æ in IÆ . This shows that the normalizer ofT Æ in GÆ maps surje
tively on GÆ=IÆ and hen
e
(GÆ; T Æ)=
(IÆ ; T Æ) ��!GÆ=IÆ : �Let Æ be an almost semisimple element in L and let (B; T ) be a Borel pair �xed by Æ. We shall denote byJÆ the group generated by GÆ and T . It is normalized by Æ. Moreover, II.1.3 shows that JÆ is independent ofthe 
hoi
e of the Borel pair. Clearly IÆ is 
ontained in the 
entralizer of Æ in JÆ; but they may not 
oin
ide(see II.3.2).II.2 { Centralizers and �-orbits of rootsWe shall re
all some 
lassi
al results mainly due to Steinberg [St2℄ on automorphisms of redu
tive groups,in parti
ular on �-orbits of roots (see also [KS, se
tion 1.3℄). Let G be a 
onne
ted redu
tive group witha splitting (B; T; fX�g). Let � be an automorphism of G that preserves the splitting and let L = Go�.Denote by G1 (instead of G�) the 
onne
ted 
omponent of G� and let T 1 = T \G1.II.2.1. Lemma. { The 
entralizer of T 1 in G is T . There are 
anoni
al isomorphism
(G1; T 1) ��!
(G�; T �) ��!
(G; T )� :A Weyl group element w 2 
(G; T ) preserves T � if and only if �(w) = w.Proof: The �rst assertion holds sin
e � preserves a Borel pair 
ontaining T (II.1.3). The se
ond assertionholds sin
e � preserves a splitting 
ontaining T ([KS, se
tion 1.3℄). Let n be an element in the normalizer ofT that indu
es w 2 
(G; T ). If w preserves T �, n normalizes T � and then �(n)n�1 �xes T � pointwise. Butthe 
entralizer of T � is T and hen
e �(n)n�1 2 T . This is equivalent to �(w) = w. �Assume now that G is adjoint. Then the automorphism � is of �nite order `. We denote by R = R(G; T )the set of roots of T in G. A root � 2 R de�nes, by restri
tion to T �, the sub-torus of �-invariants, arestri
ted root �res. Let us denote by N� the sum of the roots in the orbit of � under �:N� = `��1Xi=0 �i(�)the number of roots in the orbit being `�. This is a 
hara
ter of T that fa
tors through T� the torus of�-
oinvariants: N� : T ! T� ! Gm :The 
omposition of maps T � ! T ! T�



Stable twisted Tra
e Formula 11allows to see N� and �res as 
hara
ters of the same torus. We observe that under this identi�
ation N�and �res are proportional: N� = `� �res :Using the 
lassi�
ation of root systems one 
he
ks that the map � 7! �res indu
es a bije
tion between theset of �-orbits of roots and the set of restri
ted roots. The set of restri
ted roots forms a non-ne
essarilyredu
ed root system Rres for T �. The set of 
hara
ters N� de�nes a redu
ed root system NR for T�. AssumeL = Go� is simple and � of order `. We have the following 
ases:1 - If � = 1 then R = NR = Rres.2 even - If R is of type A2n and ` = 2 then NR is of type Bn and Rres is non redu
ed of type BCn.2 odd - If R is of type A2n�1 with n � 2 and ` = 2 then NR is of type Bn and Rres is of type Cn.3 - If R is of type Dn with n � 4 and ` = 2 then NR is of type Cn and Rres is of type Bn.4 - If R is of type D4 and ` = 3 then NR and Rres are of type G2.5 - If R is of type E6 and ` = 2 then then NR and Rres are of type F4.One de�nes a number �� 2 f�1g by �`� (X�) = ��X�where X� is a root ve
tor for �. The roots in R are of three types:- � is of type 1 if 2�res; 12�res =2 Rres, �� = 1- � is of type 2 if 2�res 2 Rres, �� = 1- � is of type 3 if 12�res 2 Rres, �� = �1.It follows from the 
lassi�
ation that, if G is simple, roots of type 2 and 3 o

ur only when G is of type A2nand ` = 2.Let Æ = to� 2 To� we denote by PÆ the set of roots � su
h that tN� = ��. This is equivalent toAdL(Æ)`�X� = X� :We observe that roots in a �-orbit are linearly independent. This implies that the subgroup JÆ introdu
edat the end of II.1 is the subgroup of G generated by T and the one parameter subgroups de�ned by the X�with � 2 PÆ. The root system of JÆ is set of roots in R(G; T ) that belong to the Z-linear span of PÆ.The set PÆ and the group JÆ are �-stable. They are also invariant under T -
onjuga
y: they only depend onthe image of Æ in T� the group of �-
oinvariants in T . We emphasize the following obvious remark: 
onsiders 2 T then, s� = 1 for all � 2 PÆ if and only if s belongs to the 
enter of JÆ. The subgroup JÆ is of interestto us be
ause of the next two lemmas.II.2.2. Lemma. { Assume that � preserves a splitting (B; T; fX�g) in G. For t 2 T , let Æ = t o �. Themap � 7! �res indu
es a bije
tion from the set of �-orbits of roots in PÆ onto the set of roots of T � in IÆ. Ifs 2 JÆ 
entralizes IÆ then s belongs to the 
enter of JÆ.Proof: Let X be a ve
tor in the Lie algebra whi
h is a linear 
ombination of root ve
torsX =X 
�X� :Then, X is a �xed ve
tor under AdL(Æ) = AdG(t) Æ �, if and only ift�(�)
��(X�) = 
�(�)X�(�)



12 J.-P. Labessewhi
h implies that 
� 
an be non zero if and only if tN� = ��. This shows that the �-orbits of roots in PÆmap onto roots of T � in IÆ. Now if s 
entralizes IÆ it 
entralizes T � and hen
e it belongs to T . But an s 2 Tthat 
entralizes a linear 
ombination of root ve
torsX =X 
�X�is su
h that s� = 1 whenever 
� 6= 1. Hen
e if s 2 T 
entralizes IÆ one has s� = 1 for all � 2 PÆ and s is inthe 
enter of JÆ. �II.2.3. Corollary. { The group JÆ is the 
onne
ted 
entralizer of the 
enter of IÆ.Proof: It follows from II.2.2 that the 
enter of IÆ is the subgroup of T � interse
tion of the kernels of therestri
ted roots �res with � 2 PÆ. Its 
onne
ted 
entralizer is generated by T and the one parametersubgroups de�ned by the X� with � 2 PÆ. We have already seen that this group is JÆ. �II.2.4. Lemma. { Assume that a 2 JÆ normalizes IÆ . If the automorphism indu
ed by a is inner thena = 
b where 
 takes its values in IÆ and b takes its values in the 
enter of JÆ.Proof: Assume that the automorphism indu
ed by a is inner, then a is a produ
t a = 
b where 
 2 IÆ�indu
es this inner automorphism and b 2 J 
entralize IÆ� . It follows from II.2.2 that b takes its values in the
enter of JÆ. �II.3 { Outer automorphisms of stable 
entralizersLet Æ 2 L. We need to 
ompute the group of outer automorphisms of IÆ that are indu
ed by elements in JÆ.We shall rely on the 
lassi�
ation of pairs (JÆ; IÆ) modulo the 
enter of JÆ. Sin
e the 
enter does not matterwe may assume ZG trivial. The 
lassi�
ation is immediately redu
ed to the 
ase where L is irredu
ible.Assume now this is the 
ase. Then I.3.3 shows that L ' Go� is indu
ed from G0o�0. A �-stable torus T inG is of the form T = T0 � � � � � T0where T0 is �0-stable. Lemma I.3.2, or rather its proof, shows that, up to �-
onjuga
y, we may take t 2 T ofthe form t = (1; � � � ; 1; t0) :If 
 2 G 
entralizes Æ = to� then 
 = (
0; � � � ; 
0) where 
0 
entralizes Æ0 = t0o�0 in G0. This shows thatIÆ ' IÆ0 embedded diagonally in JÆ ' JÆ0 � � � � � JÆ0 :Hen
e we are now redu
ed to the 
ase G simple.Observe that � de�nes an automorphism of the twisted spa
e G o � and it makes sense to 
onsider �(Æ).Assume that moreover G is redu
tive and � preserves a splitting; one 
an view Go� as a subset of the groupGoOut (G). This allows to 
onsider powers Æn of elements Æ 2 Go �.II.3.1. Lemma. { Let ` be the order of the automorphism of the root system indu
ed by �. Then Æ` is
entral in JÆ.Proof: For Æ 2 Go � we have Æ` 2 Go 1 ' G. But Æ` belongs to T � JÆ and 
entralizes IÆ; now II.2.2 showsthat it must be 
entral in JÆ. �



Stable twisted Tra
e Formula 13Consider Æ 2 L; we denote by Jad the adjoint quotient of JÆ. Sin
e Æ` is 
entral in JÆ its image in theadjoint quotient is trivial and AdL(Æ) indu
es an automorphism �0 of order ` of Jad. Now split Jad into itssimple fa
tors and 
onsider a simple fa
tor J0. Assume G simple, then ` � 3. Sin
e ` is prime, either �0preserves J0 and Æ de�nes an element in J0o�0 or �0 indu
es the 
y
li
 permutation of ` 
opies of J0. ItsuÆ
es to 
ompute IÆ when JÆ = G is a simple group. In su
h a 
ase II.2.2 shows that IÆ is adjoint.II.3.2. Proposition. { Consider L = Go� where � �xes a splitting (B; T; fX�g). Assume G is simple.Let ` be the order of the automorphism of the root system of G indu
ed by �. Consider Æ 2 To� su
h thatJÆ = G. Then up to 
onjuga
y by some element of T , we may 
hoose Æ so that Æ` = 1 and Æ = �(Æ). A 
aseby 
ase des
ription is then as follows:1 - ` = 1 then Æ = 1o 1, G = JÆ = IÆ .2a - the root system is of type A2n with n � 1, ` = 2 and Æ = 1o� then IÆ is of type Bn.2b - the root system is of type A2n�1 with n � 2, ` = 2 and Æ = 1o� then IÆ is of type Cn.2
 - the root system is of type A2n�1 with n � 2, ` = 2 and Æ 6= 1o� then IÆ is of type Dn.3 - the root system is of type Dn with n � 4, and ` = 2 then IÆ is of type Bn+ [Bn� with n++n� = n� 1.4a - the root system is of type D4, ` = 3 and Æ = 1o� then IÆ is of type G2.4b - the root system is of type D4, ` = 3 and Æ 6= 1o� then IÆ is of type A2.5 - the root system is of type E6, ` = 2 then IÆ is of type F4, C4 or B3 [A1.Proof: We have seen II.3.1 in that Æ` is 
entral in JÆ. But, sin
e JÆ = G is simple Æ` = 1. We have Æ = to�then Æ` = 1 is equivalent to t�(t) � � � �r�1(t) = 1. In parti
ular, if � is a root su
h that `� = ` we havetN� = 1. A variant of lemma I.3.2 shows that there exist a 2 T su
h that(a t �(a)�1)� = 1for ea
h simple root with `� = ` while (a t �(a)�1)� = t� (and (t�)` = 1) if `� = 1 i.e. if � is a �xed root.Hen
e �(a t �(a)�1) = (a t �(a)�1) :This yields the �rst assertion. To prove the other assertions we shall 
ompute JÆ when Æ` = 1 and Æ = �(Æ)for the various triples (R;�; �) of an irredu
ible root system, a set of simple roots, and an automorphism.When the automorphism is non trivial it will be de�ned via an isometry, again denoted �, of an eu
lideanve
tor spa
e ~V with an orthonormal basis feigi2I su
h that � preserve the basis up to signs. The feigi2Ibelong to the latti
e of 
hara
ters of a torus ~T . The root system generates a subspa
e V � ~V . Instead oflooking to simple groups it is equivalent, but may be simpler for some 
omputations, to 
onsider an auxilliarygroup ~G whose adjoint quotient is the simple group G and to prove in ~G the assertions up to the 
enter. Wenow study the various 
ases.1 { The automorphism � is trivial i.e. ` = 1 then IÆ = G sin
e Æ = 1.2 { The root system is of type Am�1 with m � 3, and ` = 2. Here we take ~G = GL(m) and ~T will bethe group of diagonal matri
es and tei is the i-th entry of the diagonal matrix t 2 ~T . The roots of ~T in~G 
an be written (ei � ej) with i 6= j. The automorphism is de�ned by �(ei) = �em+1�i. The 
hara
ters�i = (ei � em+1�i) are �-invariant; they are roots unless 2i = m + 1. Let �i = t�i . Sin
e Æ = to� is su
hthat Æ2 = 1 in G it suÆ
es to study the t su
h that t�i = �1. Let n = [m2 ℄; de�ne � 2 ~T by� ei = �i if �i = �1 and 1 � i � n, � ei = 1 otherwise :Observe that for a 2 ~T (a t �(a)�1)ei = teiaei+em+1�i :
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e, one 
an �nd a 2 ~T su
h that a t �(a)�1 = � . Then (��(� )�1)ei = �1 if �i = �1 and equals 1otherwise. Let � = ei � ej be a root with a non trivial �-orbit i.e. j 6= m + 1� i; then � 2 PÆ if and only if�i = �j and we have (��(� )�1)� = 1. Now if � is a �-�xed root, i.e. � = �i for some i, and belongs to PÆthen �i = t� = �� = �1 and we have (��(� )�1)� = �2i = 1. This shows that ��(� )�1 belongs to the 
enterof JÆ . Let S� � f1; � � � ;mg be the subset of indi
es su
h that �i = �1 and let us denote by m� its 
ardinal.Observe that m� is always even. One hasJÆ ' GL(m+)�GL(m�)unless m is odd and m� = 2 where JÆ ' GL(m+) �GL(1)� GL(1) :But sin
e we assume JÆ = ~G we must have only one fa
tor; we have three 
ases:(a) m = m+ = 2n+ 1, Æ = 1o�, then IÆ = SO(2n + 1)(b) m = m+ = 2n, Æ = 1o�, then IÆ = Sp(2n)(
) m = m� = 2n, Æ = to�� with t = ��1n 00 1n�then IÆ = SO(2n) while the full 
entralizer is O(2n).3 { The root system is of type Dn, and ` = 2. We take ~G = SO(2n) and let ~T be a maximal torus. Theroots 
an be written �ei � ej with 1 � i < j � n. The automorphism � is indu
ed by en 7! �en. For t 2 ~Tlet �i = tei for i � n� 1 and �n = 1. Sin
e Æ2 is 
entral we have �2i = 1 for all i. We take � ei = �i for all i.Clearly ��(� )�1 = 1. There is a 2 ~T su
h that(a t �(a)�1)en = 1 :Then for su
h a 
hoi
e we have a t �(a)�1 = � . The roots in PÆ are of the form � = �ei�ej with i < j � n�1and �i = �j or � = �ei � en with i < n. The stable 
entralizer of Æ0 = t0 o � is the produ
tSO(2n+ + 1)� SO(2n� + 1) � SO(2n)where n� is the 
ardinal of the �i = �1 and i < n. In parti
ular n+ + n� = n � 1. We have to study theparti
ular 
ase n+ = n� whi
h implies n = 2m + 1. We may view SO(2n)o < 1; � > as O(2n). Sin
e n isodd, we may take Æ = ��1n 0n0n 1n� 2 O(2n)and its stable 
entralizer is SO(2n) \ (O(n) �O(n)) embedded diagonally while the elementw = �0n �1n1n 0n � 2 SO(2n)
ips the two 
opies of O(n) and 
entralize Æ up to the 
enter: wÆw�1 = �Æ. In the proje
tive group the
entralizer of the image of Æ is generated by the images of IÆ and w.4 { The root system is of type D4 and ` = 3. We shall not use the standard Bourbaki des
ription of theroots; we shall use instead a basis better adapted to the study of the automorphism of order 3. We 
onsidera real eu
lidean ve
tor spa
e V = ~V with orthonormal basis fe0; e1; e2; e3g; the roots are of the followingform: �ei and 12[�e0 � e1 � e2 � e3℄ :



Stable twisted Tra
e Formula 15A set of simple roots is given by�0 = 12[e0 � e1 � e2 � e3℄; �1 = e1; �2 = e2; �3 = e3 :The automorphism � is indu
ed by the 
y
li
 permutation of fe1; e2; e3g. The �xed positive roots are�0; �0 + �1 + �2 + �3 = 12[e0 + e1 + e2 + e3℄; and 2�0 + �1 + �2 + �3 = e0and the norm N� for non trivial positive orbits areN�1 = �1 + �2 + �3; N (�0 + �1) = 3�0 +N�1 and N (�0 + �1 + �2) = 3�0 + 2N�1 :Let �0 = t�0 and �1 = tN�1 . Observe that(a t �(a)�1)ei = teiaei�e�(i)for i 2 f1; 2; 3g; this shows that given �i for i 2 f1; 2; 3g with �1�2�3 = �1 we may �nd a su
h that(a t �(a)�1)ei = �i :We shall always 
hoose a su
h that �1 = �2 = �3, and hen
e �3i = �1. We now dis
uss sub
ases.(i) The set PÆ 
ontains exa
tly one positive root whi
h is �-�xed then one and only one of these equalityholds: �0 = 1 ; �0�1 = 1 or �20�1 = 1 :Then t, as well as a t �(a)�1 for any a, are in the 
enter of JÆ but JÆ 6= G.(ii) The set PÆ 
ontains two positive �xed roots; we ne
essarily have �0 = �1 = 1 this shows and PÆ is theset of all roots and hen
e JÆ = G. We 
hoose a su
h that �i = 1 for i 2 f1; 2; 3g and for su
h a 
hoi
e� = a t �(a)�1 = 1.(iii) The set PÆ 
ontains only one non trivial positive orbit; then one and only one of these equality holds:�1 = 1 ; �30�1 = 1 or �30�21 = 1 :We 
hoose the �i as follows: �i = 1 if �1 = 1, �0�i = 1 if �30�1 = 1 and �i = �0�1 if �30�21 = 1. Againwith su
h a 
hoi
e � = a t �(a)�1 is in the 
enter of JÆ but JÆ 6= G.(iv) The set PÆ 
ontains one �xed root �0 and a non trivial orbit of some root �1. If it 
ontains no otherpositive root then �0 and �1 are orthogonal; we may pro
eed as in 
ase (iii) above. Otherwise, �0 = �1 = 1and we may pro
eed as in 
ase (ii).(v) The set PÆ 
ontains two non trivial positive orbits but no �xed root. This implies �30 = �1 = 1 with�0 = j 6= 1 is a primitive 3rd-root of unity. In su
h a 
ase JÆ = G. By 
hoosing a su
h that the �i = 1we have a t �(a)�1 = � with �3 = 1 and � = �(� ).Then JÆ = G o

urs in 
ase (ii) with t1 = 1 then the stable 
entralizer IÆ is a group of type G2 or in 
ase(v) where the group IÆ is of type A2: its root system is generated by the short roots in the G2 root system.5 { The root system is of type E6 and ` = 2. We 
onsider a real eu
lidean ve
tor spa
e ~V of dimension 8, withorthonormal basis fe0; e1; � � � ; e6; e7g; the roots are in the subspa
e V de�ned by the equations x0 + x7 = 0and x1 + � � �+ x6 = 0. They are of the following form:�(ei � ej) for 1 � i < j � 6 or i = 0 and j = 7.�12 [e0 � e7 � e1 � e2 � � � � e6℄ with an equal number of + and � signs inside the bra
ket.



16 J.-P. LabesseA set of simple roots is given by�1 = 12[e0 + e1 + e2 + e3 � e4 � e5 � e6 � e7℄ and �i+1 = [ei+1 � ei℄ for 1 � i � 5 :The automorphism is indu
ed by �(ei) = �e(7�i); it sends �i+1 to �7�i for 1 � i � 5 and �xes �1 and�4. The reader should be warned that this is not the standard Bourbaki notation: we have ex
hanged thenumbering of the simple roots �1 and �2 and used a di�erent orthonormal basis. Here is the 
orresponden
e:Our notation Bourbaki's notation�1 = 12 [e0 + e1 + e2 + e3 � e4 � e5 � e6 � e7℄  ! �2 = �1 + �2�2 = e2 � e1  ! �1 = 12 [�1 � �2 � �3 � �4 � �5 � �6 � �7 + �8℄�i+1 = ei+1 � ei  ! �i+1 = �i � �i�1 for 2 � i � 5The 
orresponden
e between the orthonormal basis is given bye1 = � � �8 and ei+1 = �i � � for 1 � i � 5where � = 14[�1 + �2 + � � �+ �8℄ and e0 � e7 = 12[�1 + �2 + � � �+ �5 � �6 � �7 + �8℄ :The �-�xed roots are�i = (ei � e7�i) and 
A = �1 �Xi2A �i = 12[�(e0 � e7) � (e1 � e6)� (e2 � e5) � (e3 � e4)℄where A is any subset of f0; 1; 2; 3g. They 
an be rewritten��i for 0 � i � 3 and 12[��0 � �1 � �2 � �3℄The roots with non trivial �-orbits have normsN� = [�(ei � e7�i)� (ej � e7�j)℄ = [��i � �j ℄with 0 � i < j � 3. We observe that NE6 = F4. We 
onsider the torus ~T whose group of 
hara
ters is thelatti
e generated by the ei and �1 in ~V and we denote by T the quotient torus whose group of 
ara
ters isthe root latti
e in V . Let �A = t
A and �i = t�i for 0 � i � 7 :Observe that Æ2 = 1 implies �2i = 1 and �2A = 1 for all i and all A; in parti
ular�2; = �0�1�2�3 = 1 :Hen
e, the set B = fi j 0 � i � 3 ; �i = �1ghas an even 
ardinal. Now de�ne � 2 ~T by � ei = �i for 0 � i � 3. Let � ei = 1 otherwise. Moreover 
hoose�
A in order that t
A = �A = �
Afor some A. Then this will hold true for all A. We have �2 = 1. Then � = "�(� ) where " is in the kernel ofthe map ~T ! T . Observe that for a 2 T(a t �(a)�1)ei = teiaei+e7�i :Hen
e one 
an �nd a 2 t su
h that a t �(a)�1 = � :If all �i = 1 and �; = 1 then Æ = 1o� and IÆ is of type F4. The 
ase where all �i = 1 and �; = �1 neednot be 
onsidered sin
e then J 6= G. If all �i = �1 then IÆ is of type C4. If half of the �i = �1 then IÆ is oftype B3 [A1 (in this 
ase JÆ may not be equal to G). �



Stable twisted Tra
e Formula 17II.3.3. Corollary. { Assume that JÆ is simple. The group of outer automorphism of IÆ indu
ed byelements of JÆ is of order 2 in 
ases (2
), (3) with n+ = n� and (4b). It is trivial otherwise.Proof: In fa
t, in 
ase (2
), we have JÆ = PGL(2m); the 
entralizer is the proje
tive image of O(2m) whilethe stable 
entralizer is the image of SO(2m). In 
ase (3) with m = n+ = n� the group is the proje
tiveimage of SO(4m+2) while the stable 
entralizer is the image of SO(2m+1)�SO(2m+1); but the 
entralizeralso 
ontains an element whose adjoint a
tion 
ips the two SO(2m + 1) subgroups. In 
ase (4b), G� = Jof type D4, ` = 3 and Æ� 6= 1o�� the stable 
entralizer is of type A2. The non trivial outer automorphismis indu
ed by the symmetry with respe
t to the �-stable simple root �0. In all other 
ases the 
lassi�
ationII.3.2 shows that IÆ has no non trivial outer automorphism. �II.4 { Absolute endos
opi
 groupsConsider a 
onne
ted redu
tive group G and a Borel pair (B; T ). A 
oroot �� for T and G de�nes a 
o
hara
terof T that fa
tors through Ts
: �� : Gm ! Ts
 ! Tand the set of simple 
oroots form a basis of the Z-module �X(Ts
) of 
o
hara
ters of Ts
. Conversely, if weare given a torus T , a based root system R, viewed as a subset of the 
hara
ter group X(T ), and the based
oroot system �R, viewed as a subset of the 
o
hara
ter group �X(T ), we re
over the group G and the Borelpair (B; T ) up to an inner isomorphism. The role of roots and 
oroots is ex
hanged by 
onsidering the dualtorus �T in the dual group �G. The order on the roots de�ned by B yields an order on the 
oroots and hen
ede�nes a Borel subgroup �B in the dual group. Choose a splitting in G and in �G 
ontaining the Borel pairs(B; T ) and ( �B; �T ). Consider an automorphism � preserving the splitting in G. Let �� be the automorphismpreserving the splitting in �G and indu
ing the same permutation of roots systems.By 
omposition with the 
onorm map T ! T�, a 
oroot de�nes a 
o
hara
ter��� : Gm ! T�whi
h depends only on the �-orbit of ��. The set of all su
h 
o
hara
ters form a non ne
essarily redu
ed rootsystem in the real ve
tor spa
e �X(Ts
)� 
 R. In fa
t they 
an be seen as the system of restri
ted roots forthe adjoint dual group ( �G)ad equipped with the dual automorphism ��. Given a 
oroot �� one de�nes N �� asthe sum over the �-orbit. This is a 
o
hara
ter for Ts
 that fa
tors through T �s
 sin
e N �� belongs to the freeZ-module �X(Ts
)� of �-invariant 
o
hara
ters of Ts
. A root � and its asso
iated 
oroot �� have the sametype, in parti
ular �� = ���.II.4.1. Lemma. { The 
oroot of �res is N �� if � is of type 1 or 3 and 2N �� if � is of type 2.Proof: Let � = �res, its 
oroot is of the form �� = 
�N ��. We must have < �j�� >= 2 and hen
e< �j�� >=< �j
�N �� >= 
� `��1Xi=0 < �j�i(��) >= 2 :A 
ase by 
ase 
he
king shows that the 
oroots �� and �i(��) are orthogonal for all i 6� 0 modulo `� ex
eptwhen � is of type 2 and i = `�=2 in whi
h 
ase < �j�i(��) >= �1. Hen
e`��1Xi=0 < �j�i(��) >=< �j�� >= 2when � is of type 1 or 3 and then 
� = 1 while`��1Xi=0 < �j�i(��) >=< �j�� > + < �j�`�=2�� >= 2� 1 = 1when � is of type 2 and then 
� = 2. �



18 J.-P. LabesseLet � be a 
hara
ter of �X(Ts
)�. We shall de�ne four sets of 
hara
ters and 
o
hara
ters. Let R� be theset of 
hara
ters of T� de�ned by � = N� if � is of type 1 or 3 or � = 2N� if � is of type 2, and �(N ��) = ��in all 
ases. Let �R� be the set of 
o
hara
ters ��� of T� de�ned by 
oroots �� su
h that �(N ��) = ��.Let R0� be the set of restri
ted roots �res where either � is of type 1 or 3 and �(N ��) = 1 or � is of type 2and �(N ��) = �1. Let �R0� be the set of 
o
hara
ters of T � of the form �� = N �� if �(N ��) = 1 and � of anytype, or �� = 2N �� if �(N ��) = �1 and � of type 2 or 3.II.4.2. Lemma. { The set R� is a redu
ed root system dual to �R�. It is 
alled the endos
opi
 rootsystem. The set R0� is also a redu
ed root system dual to �R0�. The four Weyl groups are isomorphi
 to agroup 
� 
alled the �-endos
opi
 Weyl group.Proof: Consider the dual pi
ture: the torus (Ts
)� is a maximal torus in the adjoint quotient of �G. The
hara
ter � de�nes an element in the group of 
omplex points of ��-
oinvariants of (Ts
)�; it is the image ofsome s 2 �T (C ) � �G(C ). As observed in II.2.2 the set �R� is isomorphi
 to the set of roots of the 
onne
ted
entralizer �H of s o �� in �G. The root system dual to the 
oroot system �R� is the set of � = 
N� with< ��j� >= 2 where �� = ���. Now II.4.1 shows that R� is the root system dual to �R�. There is a 
anoni
albije
tion between R� and R0� and ea
h root in R� is proportional to an element in R0� sin
eN� = `� �res ;but the two sets may not be homotheti
. To prove that R0� is a root system we assume G simple and weuse the 
lassi�
ation; the general 
ase follows easily. If � is trivial then Rres = NR and all roots are of type1; hen
e R0� = R�. Now assume � 6= 1 and that all roots are of type 1; sin
e all roots in R have the samelength R ' �R and it follows that R� and �R0� are isomorphi
 sub-root systems of NR ' N �R. It remains to
onsider the 
ase where G is of type A2n and � is of order 2; in su
h a 
ase the bije
tion � 7! �0 betweenR� and R0� is su
h that � = 2�0 and hen
e R0� is an isomorphi
 root system. We have 
he
ked that R0� isa root system; now, that �R0� is its dual 
oroot system follows from II.4.1. The roots in R0� and R� beingproportional their Weyl groups are isomorphi
. �II.4.3. De�nition. { The endos
opi
 group H asso
iated to (T; �) is the 
onne
ted redu
tive group(de�ned over the algebrai
 
losure) with maximal torus, root and 
oroot system (TH ; RH ; �RH) isomorphi
to (T�; R�; �R�). This group is well de�ned up to inner automorphism indu
ed by elements of T�. Thequasi-
onne
ted redu
tive group K de�ned by (T �; R0�; �R0�) will be 
alled a pre-endos
opi
 group.Galois stru
tures will be dis
ussed later on. When � = 1 or more generally when L = Go� is indu
ed fromG0 o 1 the two groups K and H are isomorphi
.Let �X�s
 be the sublatti
e in �X�s
, generated by the �� 2 �R0�. Denote by T� the asso
iated torus. The imageof the small 
omplex [T� ! T ��℄ in DT is Kab. We observe that in general there is no homomorphism of Kinto G extending the in
lusion T � ! T . Nevertheless there is a 
anoni
al morphism in DT from Kab to Gaband the obje
t [Kab ! Gab℄
an be represented by the bi
omplex of diagonalizable groups24 T� ! Ts
# #T � ! T 35 :II.4.4. Lemma. { Let Æ 2 To� and let I = IÆ be its stable 
entralizer. We denote by ISC the simply
onne
ted 
over of the derived group of I. Let Ss
 be the maximal torus in ISC that proje
ts into S = T � � I.



Stable twisted Tra
e Formula 19Assume that the image of �X(Ss
) in �X(Ts
)� is in the kernel of �. The map Ss
 ! T �s
 fa
tors through T�and the map Iab ! Gab fa
tors in DT through Kab:Iab ! Kab ! Gab :Let 
 be the image of Æ in T�. There is a 
anoni
al bije
tion between the set of roots of T� in the 
onne
ted
entralizer I
 of 
 in H and the set of roots of T � in IÆ. This bije
tion preserves angles between roots andindu
es an isomorphism of Weyl groups: 
(IÆ; T �) ' 
(I
 ; T�).Proof: Let Æ = to�. The roots of T � in IÆ are the � = �res for roots � su
h that tN� = ��. A

ording toII.4.1 the 
oroots �� are the N �� if � is of type 1 or 3 or 2N �� if � is of type 2. They form a basis of �X(Ss
).Sin
e the image of �X(Ss
) is in the kernel of �, then �(N ��) = 1 if �� is of type 1 or 3 and �(2N ��) = 1 if ��is of type 2. Hen
e �X(Ss
) � �X�s
 � �X��s
 :Re
all that Iab 
an be represented by the small 
omplex [Ss
 ! S℄. This proves the �rst assertion. Considerthe following 
orresponden
e between roots:(i) For a root � of type 1 or 2 su
h that tN� = 1 and �(N ��) = 1, let �1 = �.(ii) For a root � of type 2 su
h that tN� = 1 and �(N ��) = �1, take for �1 a root of type 3 su
h thatN ��1 = N ��.(iii) For a root � of type 3 su
h that tN� = �1 and �(N ��) = 1, take for �1 a root of type 2 su
h thatN�1 = N�.Observe that the �-orbit of �1 depends only on the �-orbit of �, and 
onversely. For � = �res a root of I
onsider a root �1 that 
orresponds to � as above and let �1 = N�1 if �1 is of type 1 or 3 and �1 = 2N�1 if�1 is of type 2. We have �1 2 R� and t�1 = 1. Hen
e, �1 is a roots of T� in I
 . The 
orresponden
e � 7! �1is the expe
ted bije
tion between root for IÆ and root for I
 . Now it remains to observe that � and �1 areproportional to N� = N�1 and hen
e the Weyl groups de�ned by those two root systems are isomorphi
.�II.4.5. Corollary. { There is a natural inje
tive mapH
=I
 ! GÆ=IÆ :This is a bije
tion when � = 1.Proof: In II.1.4 we have seen that GÆ=IÆ ' 
(GÆ; T Æ)=
(IÆ ; T Æ)and H
=I
 ' 
(H
 ; TH)=
(I
 ; TH) :Moreover, II.4.4 shows that the Weyl groups for IÆ and H
 are in natural bije
tion:
(IÆ ; T Æ) ' 
(I
 ; TH ) :Sin
e Æ = to� preserves the Borel pair (B; T ) we know that T Æ = T � and that 
(GÆ; T Æ) inje
ts into
(G; T )� whi
h in turn is isomorphi
 to 
(G�; T �) sin
e � preserves a splitting 
ontaining T . Now 
onsiderw 2 
(GÆ; T Æ); it is represented by some n 2 GÆ whi
h normalizes T , then nÆ n�1 = Æ is equivalent ton t �(n)�1 = t. Using the inje
tion 
(GÆ; T Æ)! 
(G�; T �)



20 J.-P. Labessewe see that n = un1 with u 2 T and �(n1) = n1 and hen
e, n1 t u1�� n�11 = t. If we denote by 
 the 
lassof t in T� this is equivalent to w(
) = 
. Let H1 be the endos
opi
 group atta
hed to the trivial endos
opi

hara
ter. Using the isomorphism 
(H1; T�)! 
(G�; T �)we get further isomorphisms
(H
1 ; T�)! 
(GÆ; T Æ) and H
1 =I
 ! GÆ=IÆ :More generally one 
an view H
=I
 as a subgroup of H
1 =I
 and hen
e of GÆ=IÆ. �III { Stable 
onjuga
y, inner forms and prenormsIII.1 { Stable 
onjuga
yLet L be a twisted G-spa
e de�ned over some �eld F . Consider two elements Æ and � in L that are 
onjugate(over F ): x�1Æx = �for some x 2 G(F ). If Æ 2 L(F ) then � is also rational if and only if the Galois 
o
y
le � 7! x�(x)�1 takesits values in the 
entralizer GÆ. Stable 
onjuga
y is a slight variant of this using the stable 
entralizer.III.1.1. De�nition. { Two elements Æ and � in L(F ) are said to be stably 
onjugate if there exist x 2 G(F )su
h that x�1Æx = � and x�(x)�1 2 IÆ for all � 2 Gal(F=F ) :III.1.2. Lemma. { Let S(Æ) be the stable 
onjuga
y 
lass of Æ. The map x 7! x�1Æx indu
es a surje
tionfrom H0(F; IÆnG) onto S(Æ). The �ber of this map above Æ is H0(F; IÆnGÆ). Consider � 2 S(Æ) then I� isan inner form of IÆ .Proof: The �rst two assertions are 
lear. Consider the last one. By assumption there is x 2 G su
h thatx�1Æx = � with a� = x�(x)�1 2 IÆ. Denote by  : I� ! IÆ the isomorphism over the algebrai
 
losurede�ned by t 7! xtx�1. It suÆ
es to observe that  �( )�1 is indu
ed by the restri
tion of AdG(a�) to IÆwith a� 2 IÆ. �III.1.3. Corollary. { The number ~�G(Æ) of elements in H0(F; IÆnGÆ) is 
onstant when Æ vary in a stable
onjuga
y 
lass.Proof: If � is stably 
onjugate to Æ, III.1.2 shows that the G� and I� are inner form of GÆ and IÆ respe
tivelyand that the twisting 
o
y
le takes its values in IÆ. Hen
e there is an F -isomorphismI�nG� ! IÆnGÆ : �



Stable twisted Tra
e Formula 21III.2 { Inner forms of twisted spa
esLet G be an algebrai
 group and let L be a twisted G-spa
e over F . We have seen in I.3 that the groupInt (L) of inner automorphism of L sits in an exa
t sequen
e1! ZG ��!G� ZG ! Int (L)! 1with � : z 7! (z � z1��) : This shows that the map of 
omplexes[ZG ��!G� ZG℄! [1! Int (L)℄is a quasi-isomorphism. A 
lass� 2H1(F;ZG ��!G� ZG) ' H1(F; Int (L))
an be represented by a hyper-
o
hain (u� z; �) where� : (�; � ) 7! ��;�is a 
losed 2-
o
hain on � = Gal(F=F ) with values in ZG, u : � 7! u� is a 1-
o
hain on � with values in Gwhose 
oboundary, �u�;� := u��(u� )u�1�� ;veri�es �u = � ; while z is a 1-
o
hain with values in ZG su
h that �z = �1�� : When G is redu
tive, itfollows from I.3.1 that H1(F;Zs
 ��!GSC � ZG)!H1(F; Int (L))is also an isomorphism. This shows that, in this 
ase, a 
lass � 2 H1(F; Int (L)) 
an be represented by ahyper-
o
hain (u � z; �) where u and � take their value in GSC and Zs
 respe
tively.A 
lass � 2H1(F; Int (L))) de�nes an inner form of L, as follows. Observe �rst that the natural mapH1(F; Int (L))!H1(F; Int (G))sends � to a 
lass de�ning an inner formG� of G. We 
onsider an isomorphism of twisted spa
es ' : L� ! Lover F with a 
ompanion isomorphism  : G� ! G. The Galois a
tion on L� is de�ned so that the 
o
y
le� 7! '�(')�1 is in the 
lass � : if � is represented by a hyper-
o
y
le (u � z; �), for � 2 �, x 2 G� andÆ 2 L� we put  (�(x)) = u� �( (x))u�1� and '(�(Æ)) = z�1� u� �('(Æ))u�1� :We shall say that L� is a 
entral form of L if � is the 
lass de�ned by a 1-
o
y
le � 7! z� with values in the
enter of G a
ting by translations: '(�(Æ)) = z�1� �('(Æ)) :Let G be a 
onne
ted redu
tive group over F . We shall say that L is quasi-split if L is isomorphi
 over Fto Go � where G is quasi-split and � is an automorphism �xing an F -splitting of G. The following lemmais due to Kottwitz and Shelstad.III.2.1. Lemma. { Let G be a 
onne
ted redu
tive group over F . Any twisted G-spa
e L is an innerform of a quasi-split twisted spa
e L� = G�o��.Proof: Let G� be the quasi-split inner form of the group G. Choose a 1-
o
hain u on � with values in G�whose 
oboundary �u = � takes its values in the 
enter of G�, de�ning G as an inner twist of G�. Re
all



22 J.-P. Labessethat this means there is an isomorphism  : G! G� over the algebrai
 
losure and the Galois a
tions on Gand G� are 
onne
ted by the formula  (�(g)) = u� �( (g))u�1� :Let e : Aut (G)! Aut (G�) be the isomorphism between groups of automorphisms de�ned bye (�) =  Æ � Æ  �1 :Choose an F -splitting (B; T; fX�g) of G�, then, there is a unique automorphism �� in the image of e ÆAdL,that preserves the splitting. In parti
ular �� is rational and almost semisimple. Choose Æ0 2 L su
h that�� = e (AdL(Æ0)) :The element Æ0 is only de�ned up to translation by the 
enter. Consider the quasi-split twisted spa
eL� = G�o��. Consider the isomorphism of twisted spa
es over the algebrai
 
losure ' : L! L� de�ned by'(xÆ0) =  (x)o�� :For any � 2 � we have �(��) = �� and hen
eAdG�(u�)�1 Æ (AdL�('(�(Æ0)) ÆAdG�(u�) = AdL�('(Æ0))and this is equivalent to u�1� '(�(Æ0))u� = z�1� '(Æ0) = z�1� o��where z is a 1-
o
hain with values in the 
enter. This implies that�z = �1��� with � = �u :A 
hange in the 
hoi
e of the splitting and of Æ0 modi�es the isomorphism ' but the 
lass of � 7! '�(')�1is independent of these 
hoi
es. The twisted spa
e L is the inner form of L� de�ned by this 
lass. �III.2.2. Lemma. { Consider Æ 2 L, x 2 G� and Æ� = x'(Æ)x�1 2 L�. Then we have Æ 2 L(F ) if andonly if �(Æ�) = z�a�1� Æ� a� with a� = xu��(x)�1 :Proof: If �(Æ) = Æ we have '(Æ) = z�1� u� �('(Æ))u�1� and 
onversely. �III.3 { Admissible tori and prenormsLet G� be a quasi-split redu
tive group and �� an automorphism that �xes an F -splitting (B�; T �; fX�g).Let G1 be the 
onne
ted 
omponent of (G�)�� . The simply 
onne
ted 
over of the derived group of G1 isdenoted G1SC.A maximal torus T in G� will be said to be admissible if T is de�ned over F and belongs to a ��-stableBorel pair (B; T ). Let T be a F -torus in G� and let S be an F -torus with an isomorphism  : S ! T overF . Then for � in the Galois group w� =  �( )�1 is an automorphism of T .
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e Formula 23III.3.1. Lemma. { Let T be an admissible torus. Assume that w� =  �( )�1 belongs to the Weyl group
(G�; T ) for all � in the Galois group and preserves T �� . Then, there is an x 2 G1 su
h that U = xTx�1 isan admissible torus in G� su
h that Ad(x) Æ  : S ! Uis an F -isomorphism.Proof: This is essentially Corollary 2.2 of [Ko1℄. Sin
e w� preserves T �� lemma II.2.1 shows that w� belongsto 
(G1; T 1). Consider T 1s
 the preimage of T 1 = T \G1 in G1SC . Using that
(G1; T 1) ' 
(G1SC ; T 1s
)we get a 
o
y
le with values in 
(G1SC ; T 1s
) again denoted w�. Let S1s
 be the torus de�ned as the �beredprodu
t of S and G1SC above G�: S1s
 = S�G�G1SCThen, sin
e w� belongs to 
(G1SC ; T 1s
) the torus S1s
 is de�ned over F . The map  lifts to a map againdenoted  between S1s
 and T 1s
. Consider s 2 S1s
(F ) and let t =  (s); sin
e w� =  �( )�1 we have�(t) = w�1� (t) = n�1� t n�for some n� 2 G1SC . Hen
e, the 
onjuga
y 
lass of t is rational in G1SC. Steinberg's theorem on rationalpoints in semisimple 
onjuga
y 
lasses for semisimple simply 
onne
ted quasi-split groups [St1℄, shows thatthere exists x 2 G1SC su
h that s1 = xtx�1 is rational. Then xn� �(x)�1 
entralize s1. By abuse of notationwe shall use the same letter to denote the image of x in G1. Choose s so that t is strongly regular, then the
entralizer of s1 in G� is a torus U de�ned over F sin
e s1 is rational. Hen
e we have xn� �(x)�1 2 U . Thisimplies that � = Ad(x) Æ  veri�es �(�) = � whi
h means that U is F -isomorphi
 to S. Sin
e U = xTx�1with x 2 G1 it is admissible. �Let L be an inner form of the quasi-split spa
e L� = G�o��. We 
onsider as above an isomorphism' : L ! L� over the algebrai
 
losure, the twisting of the Galois a
tion being given by a hyper-
o
hain(u� z; �).III.3.2. De�nition. { We say that a pair (Æ�; T ) is L-admissible if Æ� = to�� 2 To�� where T is anadmissible torus in G� and if there is a 1-
o
hain � 7! b� with values in T su
h that�(Æ�) = z� b�1� Æ� b� :In other words, we have Æ� 2 To�� � Bo�� � L�and the T -
onjuga
y 
lass of Æ� is rational for the natural F -stru
ture on To�� twisted by z. We observethat L is only involved through the 
o
hain z, and that the 
o
hain b is uniquely de�ned by Æ� and z, up tomultipli
ation by a 1-
o
hain with values in T ��. Observe also that T ��= T Æ� .Sin
e the 
o
hain b takes its values in T then, although Æ� may not be rational, the group JÆ� is de�nedover F . This 
an be seen also as follows: we have Æ� = to�� andt�(t)�1 = b1���� z�1�and hen
e (t�(t)�1)N� = 1 or, equivalently tN� = �(t)N�



24 J.-P. Labessefor all � 2 R(G�; T ). By de�nition � 2 PÆ� means that tN� = �� and hen
e we also have �(t)N� = �� forany element � in the Galois group �. Re
all that �� = 1 unless � is of type 3 where �� = �1. The Galoisa
tion preserves the type of roots. This shows that PÆ� is stable under the Galois a
tion and again we seethat JÆ� is de�ned over F .Consider Æ 2 L(F ) su
h that there is x 2 G� with x'(Æ)x�1 = Æ� where (Æ�; T ) is L-admissible. Byde�nition of admissibility there is a 1-
o
hain b su
h that�(Æ�) = z� b�1� Æ� b� :Now sin
e Æ is rational a� = xu��(x)�1 is su
h that�(Æ�) = z� a�1� Æ� a�(
f. III.2.2) and hen
e a� = 
�b� where 
� 
entralizes Æ�. We shall de�ne prenorms using a slightly stri
ter
ondition.III.3.3. De�nition. { We shall say that an L-admissible pair (Æ�; T ) atta
hed to a 1-
o
hain b is aprenorm for Æ 2 L(F ) if there exists x 2 G� and a torus T (Æ) in G de�ned over F and that belongs to aÆ-stable Borel pair, su
h thatx'(Æ)x�1 = Æ� x (T (Æ))x�1 = T and a� = xu��(x)�1 = 
�b�with 
� 2 IÆ� . In parti
ular the 
o
hain a takes its values in JÆ� . We shall say that it is a stri
t prenorm ifa� takes its values in T .III.3.4. Proposition. { Any almost semisimple element Æ 2 L(F ) has a stri
t prenorm.Proof: The 
onne
ted 
entralizer GÆ of Æ is a redu
tive group de�ned over F . Choose a Borel pair (BÆ ; TÆ) inGÆ with TÆ de�ned over F . The 
entralizer T (Æ) of TÆ in G is a maximal torus de�ned over F that belongsto a Æ-stable Borel pair (B(Æ); T (Æ)) in G su
h that BÆ = GÆ \B(Æ). This is due to Steinberg [St2℄ (see also[KS, Thm 1.1.A℄). The image via  of the Borel pair (B(Æ); T (Æ)) is 
onjugate to the Borel pair (B�; T �) inG�: x1  ((B(Æ); T (Æ)))x�11 = (B�; T �) :Let G1 be the 
onne
ted 
omponent of (G�)�� and T 1 = T � \G1. Then Ad(x1) Æ indu
es an isomorphism 1 : TÆ ! T 1 with  1�( 1)�1 = w� 2 
(G�; T �)��' 
(G1; T 1)sin
e �� preserves a splitting. Now III.3.1 shows there exists y 2 G1 su
h that y T 1 y�1 is a torus isomorphi
to TÆ over F . Let x = yx1, then Ad(x) Æ  is an F -isomorphism between T (Æ) and T = y T �y�1. Thisimplies that the 
o
hain � 7! a� := xu��(x)�1 takes its values in T . Moreover, sin
e y belongs to G1(B; T ) := y (B�; T �) y�1is a ��-stable Borel pair. Let Æ� = x'(Æ)x�1 then�(Æ�) = z� a�1� Æ� a� :This shows that (Æ�; T ) is a stri
t prenorm. �



Stable twisted Tra
e Formula 25Two L-admissible pairs (Æ�; T ) and (��; S) asso
iated to 
o
hains b and d will be said to be equivalent ifthere is y 2 G� su
h that �� = y�1 Æ� y and y d��(y)�1 = e�b�with e� 2 IÆ� . Observe that 
 2 IÆ� implies b��(
)b�1� 2 IÆ� . Thus b de�nes a F -stru
ture on IÆ� . Two
onjugate L-admissible pairs (Æ�; T ) and (��; S) are equivalent, if and only if the stable 
entralizers IÆ� andI�� with the F -stru
tures de�ned by b and d are inner forms. We say they are strongly equivalent if moreoverone 
an 
hoose y so that S = y�1 T y.III.3.5. Lemma. { Equivalent pairs are strongly equivalentProof: Let (Æ�; T ) and (��; S) be L-admissible equivalent pairs. Consider y 2 G� su
h that�� = y�1 Æ� y and y d��(y)�1 = e�b�with e� 2 IÆ� . Sin
e T ��= T Æ� and S�� = S�� , the tori y S y�1 \ I0Æ� and T \ I0Æ� are maximal tori in I0Æ� andhen
e are 
onjugate by v 2 I0Æ� � IÆ� : v(y S y�1 \ I0Æ� )v�1 = T \ I0Æ� :Now let y1 = vy. Sin
e T is the 
entralizer of T \ I0Æ� we have y1Sy�11 = T and y1��y�11 = Æ� moreovery1d��(y1)�1 = ve�b��(v)�1 = ve� (b��(v)�1b�1� )b� :To 
on
lude we re
all that v and e� belong to IÆ� and we observe that sin
e b��(Æ�)b�1� = z�Æ� we haveb��(IÆ� )b�1� = IÆ� and in parti
ular b��(v)b�1� belongs to IÆ� . �III.3.6. Lemma. { Two elements Æ and � in L(F ) are stably 
onjugate if and only if they have equivalentprenorms.Proof: Assume that Æ and � in L(F ) have equivalent prenorm (Æ�; T ) and (��; S). Let Æ� = to�� and�� = so��. Then there is x , x0 and y in G� withx'(Æ)x�1 = Æ� ; y�1 Æ� y = �� and �� = x0 '(�) (x0)�1the 
o
hains a� = xu��(x )�1 and a0� = x0u��(x0)�1 being su
h thata� = 
�b� and a0� = 
0�b0�with b� 2 T , b0� 2 S and y b0��(y)�1 = e�b�where 
�, y 
0�y�1 and e� belongs to IÆ� . Let p = x�1y x0, thenp u��(p)�1u�1� = x�1(y a0��(y)�1) a�1� x = x�1[(y 
0� y�1)e�1� 
�1� ℄xbelongs to x�1(IÆ� )x =  (IÆ) :Now if p =  (r) we have � = r�1Ær and (r�(r)�1) = p u��(p)�1u�1� 2  (IÆ)whi
h shows that Æ and � are stably 
onjugate. Conversely, 
onsider two stably 
onjugate elements Æ and �in L(F ): there is r 2 G su
h that � = r�1Ær with r�(r)�1 2 IÆ. Now III.3.4 shows that prenorms (Æ�; T )and (��; S) exist. Reversing the above 
omputation we see that they are equivalent, the equivalen
e beingindu
ed by y = x (r) (x0)�1 : �



26 J.-P. LabesseIII.4 { Spe
ial pairsConsider a twisted spa
e L = Go� and an almost semisimple point Æ 2 L. Not to overload notation letJ := JÆ and denote by ZJ its 
enter.III.4.1. De�nition. { We shall say that Æ 2 L is spe
ial in L, if J is de�ned over F and if there is a1-
o
hain � 7! �� with values in ZJ , su
h that �(Æ) = �� Æ :III.4.2. Lemma. { If Æ 2 L is spe
ial, the stable 
entralizer IÆ is de�ned over F . If moreover there is a
o
hain a with values in J and a 
o
hain z with values in ZJ su
h that�(Æ) = z� a�1� Æa�then a� normalizes IÆ .Proof: If 
 2 J 
entralizes Æ then �(
) 
entralizes �(Æ) and sin
e Æ is spe
ial�(
) �� Æ�(
�1) = �� Æ :But sin
e � is in the 
enter of J whi
h is de�ned over F we see that �(
) 
entralizes Æ. This shows that the
entralizer of Æ in JÆ is de�ned over F . Sin
e the 
onne
ted 
entralizer GÆ is a subgroup of JÆ it is de�nedover F . Now, sin
e ZL is de�ned over F so is IÆ. Now if�(Æ) = z� a�1� Æa�and if 
 
entralizes Æ, we have z� a�1� Æa� = �(Æ) = 
�(Æ)
�1 = z� 
 a�1� Æa�
�1and hen
e a� normalizes the 
entralizer and hen
e also the stable 
entralizer. �Consider an inner form L of L�. We say that an L-admissible pair (Æ�; T ) is spe
ial if Æ� is spe
ial in L�.III.4.3. Lemma. { Let (Æ�; T ) be a L-admisible pair. Consider the properties:(i) The pair is spe
ial.(ii) The stable 
entralizer IÆ� is de�ned over F .(iii) There is a 
o
hain �� with values in ZJ su
h that �(Æ�) = z� ��1� Æ� �� .The three properties are equivalent.Proof: Lemma III.4.2 shows that (i) implies (ii). Sin
e (Æ�; T ) is L-admisible one has�(Æ�) = z� b�1� Æ� b� :where b� takes its values in T . Let 
 2 IÆ� then b��(
)b�1� 
entralize Æ� and hen
e it belongs to IÆ� . If IÆ�is de�ned over F this shows that b� normalize IÆ� and sin
e b� takes its values in T it indu
es an innerautomorphism of IÆ� . But then II.2.4 shows that one may write b = 
� where � takes its values in ZJ and 
takes its values in IÆ� . This shows that (ii) implies (iii). Clearly (iii) implies (i). �



Stable twisted Tra
e Formula 27III.4.4. Lemma. { Let G� be an absolutely simple quasi-split group over F , and �� an automorphismthat preserves a splitting (B; T; :::) over F . Let Æ� = to�� 2 To�� su
h that G� = JÆ� . Then up toT -
onjuga
y we may 
hoose Æ� su
h that�(Æ�) = Æ� or �(Æ�) = Æ�where Æ� := t�1o��, for any � 2 Gal(F=F ).Proof: We have proved in lemma II.3.2 that, up to T -
onjuga
y, we may assume (Æ�)` = 1 and Æ� = ��(Æ�).But then Æ� = to�� is su
h that t` = 1 and the t� are `-th roots of unity for all �. If Æ� = 1o��, in parti
ularif ` = 1, the assertion is trivial. Assume now Æ� 6= 1o��. Assume �rst that G� is split. Clearly, Æ� = to��is rational if ` = 2. If ` = 3 and t 6= 1 the ��-�xed simple root is su
h that j = t� is a primitive 3rd-rootof unity, while we may assume that t� = 1 if � is a non �xed simple root. The unique ��-�xed simple rootmust be Galois invariant hen
e �(t)� = �(t�) = �(j)for all �. This shows that �(Æ�) = Æ� or Æ� = t�1o�� sin
e �(j) = j�1. The same holds if G� is quasi-split,but non split, sin
e the twist is by powers of �� and they �xe Æ�. �III.4.5. Proposition. { Assume that G� is absolutely simple quasi-split. Any L-admissible pair isequivalent to a spe
ial pair.Proof: Let (Æ1; T1) be an L-admissible pair and put J1 = JÆ1 . Let J� o ��J be the quasi-split inner form ofJ1o��. Let S be a torus in a ��J -stable F -splitting for J�. The isomorphism over the algebrai
 
losure J : J� ! J1
an be 
hosen so that T ��1 =  J (S��J ). Hen
e  J�( J )�1 = AdJ1 (n�) with n� in the normalizer of T ��1 inJ1 � G�. Using III.3.1 we get y1 2 G1 su
h that T = y1 T1 y�11 is F -isomorphi
 to S. The group J := y1J1y�11is also de�ned over F and is quasi-split sin
e T � J is F -isomorphi
 to S. Now let Æ� = y1Æ1 y�11 we haveÆ� = to�� 2 To��. Let a� := y1 b��(y1)�1then �(Æ�) = z� a�1� Æ� a� :Sin
e AdG� (y1�(y1)�1) = AdG� (y1n�1� y�11 )we see that y1�(y1)�1 belongs to the normalizer of T in J . Now, sin
ea� = (y1 b� y�11 ) y1�(y1)�1we see that a� also belongs to the normalizer of T in J . The automorphism �� stabilizes J and preserves aBorel pair (BJ ; T ) in J . Denote by �J an automorphism of J that di�ers from �� restri
ted to J by an innerautomorphism and �xes a splitting in J 
ontaining (BJ ; T ):�� = AdJ (tJ ) Æ �J for some tJ 2 T .It allows to 
onsider Æ� as an element in the quasi-split twisted spa
e J o �J . Sin
e G� is assumed to besimple the order of �� and hen
e of �J is prime. Consider the quotient of J o �J by the 
enter ZJ of J and
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ompose this quotient into irredu
ible fa
tors. We have 
lassi�ed the irredu
ible fa
tors in II.3.2. Assumefor a while that there is no fa
tors of type (4b); then III.4.4 shows that�(Æ�) = ��Æ�with �� 2 ZJ . This means that Æ� = to�� de�nes a spe
ial pair (Æ�; T ). This implies thatz� a�1� Æ� a� = ��Æ� :Hen
e, III.4.2 shows that the group IÆ� is de�ned over F and that a� belongs to the normalizer of IÆ� in J .The 
o
hain � 7! a� de�nes an other rational stru
ture on IÆ� say I. Observe also that an element of J thatindu
es a trivial automorphism of IÆ� must belong to the 
enter ZJ of J and that ZJ � T . Assume �rstthat IÆ� is an inner form of I, then II.2.4 and the pre
eeding remark show that the pair (Æ�; T ) is admissibleand equivalent to (Æ�1; T1); the assertion is proved in this 
ase. Now 
onsider the 
ase where IÆ� is not aninner form of I: the 
o
y
le � 7! a� indu
es a non trivial outer twist of the Galois a
tion on IÆ� indu
edby elements in J . A

ording to the 
lassi�
ation II.3.3 a non trivial outer automorphism of IÆ� indu
ed byan element of J 
an o

ur only for fa
tors of type (2
) or (3) with n+ = n� (re
all that (4b) is ex
luded).Sin
e G is simple, a 
ase by 
ase inspe
tion shows that at most one su
h fa
tor 
an o

ur and hen
e it isde�ned over F . The twist involves a quadrati
 extension and an outer automorphism that 
an be de�nedby a Weyl group element of order 2, that is indu
ed by an element in the 
entralizer of the image of Æ� inthe adjoint group of J . In fa
t, in 
ase (2
), for a fa
tor PGL(2m) the 
entralizer is the image in PGL(2m)of O(2m) while the stable 
entralizer is the image of SO(2m). In 
ase (3) with m = n+ = n� the fa
tor isthe proje
tive image of SO(4m + 2) while the stable 
entralizer is the image of SO(2m + 1)� SO(2m + 1);but the 
entralizer also 
ontains an element whose adjoint a
tion 
ips the two SO(2m+ 1) subgroups. Thisshows that in fa
t a� = n0��0� where n0� 2 J normalizes the torus T and 
entralizes Æ� while � 0� belongs toZJ . Again using III.3.1 we see there is y 2 G1 su
h that Ad(y�1�(y)) = Ad(n0�) and the 
onjugate pairy (Æ�; T ) y�1 has the expe
ted properties. We are left to study the 
ase of a fa
tor of type (4b): i.e. a fa
torof type D4, ` = 3 and Æ� 6= 1o��. There is an outer automorphism of the stable 
entralizer indu
ed by s0the symmetry with respe
t to the �-stable simple root �0; in parti
ular t�0 = j and s0(t)�0 = j�1. At worstÆ� is rational in Jad on a quadrati
 extension E=F . Let � be the non trivial element of the Galois groupof E=F . There are two possibilities: either �(j) = j or �(j) = j�1. In the �rst 
ase Æ� is rational over F ,and hen
e a takes its values in the 
entralizer. But the 
entralizer of Æ� in the adjoint group of type D4 is
onne
ted. Hen
e the twisting indu
ed by a is inner and II.2.4 shows that the pairs (Æ�1; T1) and (Æ�; T )are equivalent. In the se
ond 
ase Æ� is rational for the Galois a
tion twisted by s0. Using III.3.1 we see asabove that there is y 2 G1 su
h that the pair (Æ�1; T1) is equivalent to the pair y (Æ�; T ) y�1. �Remark { Our 
onstru
tion yields a spe
ial point whose stable 
entralizer IÆ� is quasi-split.III.4.6. Theorem. { Any L-admissible pair (Æ�; T ) is equivalent to a spe
ial pair.Proof: To prove the theorem we only need to study the adjoint a
tions and hen
e we may assume that G isadjoint. This allows us to de
ompose L� into a produ
t of irredu
ible spa
es. Then the group is a produ
t ofsimple groups and we are redu
ed to 
onsider the 
ase where the Dynkin diagram of G�, over the algebrai

losure, is a single orbit of irredu
ible Dynkin diagrams under the group generated by � and the Galois group� = Gal(F=F ). Lemma I.3.2 and Shapiro's lemma redu
e us to study the \primitive 
ase" where both ��and � a
t transitively on the set of irredu
ible Dynkin diagram. We assume from now on that G� is of thistype with G�0 absolutely simple quasi-split. A

ording to I.3.3 we may assume L� indu
ed from L�0 = G�0o��0.Denote by `0 the order of ��0 and by m the number of fa
tors; then ` = `0m is the order of ��. Start with anL-admissible pair (to��; T ) for L�; sin
e T is admissible we haveT = T0 � � � � � T0 :



Stable twisted Tra
e Formula 29Then I.3.2 shows that up to equivalen
e we may take t = (1; � � � ; 1; t0) where (t0o��0; T0) is an admissiblepair in G�0o��0. Up to a further equivalen
e, III.4.5 shows that we may assume that this pair is spe
ial forG�0o��0. As usual denote by J the group generated by the stable 
entralizer and the torus; it is of the formJ = J0 � � � � � J0 :Denote by ~t, ~T , ... the image of t, T , ... in the adjoint group Jad of J . Let � be the indu
ed automorphismon ~T , then I.3.3 shows that the Galois a
tion on ~T is of the form� : (~t1; � � � ; ~tm) 7! �n(�)(�0(~t1); � � � ; �0(~tm))where n : � 7! n(�) is a homomorphism n : �!Z=`Zand ~t0 7! �0(~t0) is a Galois a
tion on ~T0 that 
ommutes with �0. Sin
e we have assumed that � permutestransitively the irredu
ible 
omponents of the Dynkin diagram of G� the map � 7! n(�) has an imagegenerated by `2 2Zwhere `2 is prime to m. Then `0 = `1`2, but sin
e `0 = 1, 2 or 3, either `2 = `0 and mis prime to `0, or `2 = 1. We shall denote by E the �xed �eld under the kernel of � 7! n(�); this is a 
y
li
extension of degree `1m of F . Sin
e we were 
onsidering an L-admissible pair that yields a spe
ial pair forG�0o��0 we may take ~t 2 ~T � Jad with:~t = (1; � � � ; 1;~t0) ; ~t0 = �0(~t0) and �0(~t0) = ~t0 :We observe that (1; � � � ; 1;~t0) is �-
onjugate in ~T to � with� = (�(m�1)0 (�1); � � � ; �0(�1); �1)provided that �1 2 ~T0(E) is su
h that�1 �0(�1) � � ��m�10 (�1) = ~t0 and �m0 (�1) = �1 :If `2 = `0 then m is prime to `0 and we may take �1 = ~tv0 with vm � 1mod `0. Sin
e ~t0 = �(~t0) and~t0 = ��0(~t0), the same is true for �1 = ~tv0. This shows that � = �(� ) when `2 = `0. Assume now that `2 = 1,and 
hoose � with n(�) = `2 = 1. Let E0 be the sub�eld of E �xed by �m. The Galois group of E=E0 is
y
li
 of order `0 = 1, 2 or 3. We know that ~t`00 = 1. This shows that �m(~t0) = ~t0 and that NE=E0 (~t0) = 1.Hilbert's theorem 90 tells us that for any �0 2 E with NE=E0 (�0) = 1 there exists � 2 E su
h that��m(�)�1 = �0 :Now let �1 = ��(�)�1 then �1�(�1) � � ��m�1(�1) = �0and �m(�1) = �m(�)�m+1(�)�1 = ��10 ��(��10 �)�1 = �1 :This shows that one 
an �nd � 2 ~T0(E) su
h that � = �(�) and �=�m0 (�) = ~t0. Now we get a solution bytaking �1 = � �0(�)�1 :It is enough to prove that � = �(� ) when n(�) = `2 = 1. But, in this 
ase��(� )�1 = (1; � � � ; 1; �1�0(�1)�1)and we are left to observe that by 
onstru
tion �1 = �0(�1). Then (�o�; ~T ) is the image in Jad of a spe
ialL-admissible pair equivalent to the given one. �



30 J.-P. LabesseIII.4.7. Corollary. { Any Æ 2 L(F ) has a spe
ial prenorm (Æ�; T ). The stable 
entralizer I� of Æ� is aninner form of IÆ.Proof: That any Æ 2 L(F ) has a spe
ial prenorm (Æ�; T ) is an immediate 
onsequen
e of III.3.4, III.3.5 andIII.4.6. The groups IÆ and I� are isomorphi
 over the algebrai
 
losurex (IÆ)x�1 = I�and the Galois a
tions di�er by a twist given by the 
o
hain a� = xu� �(x)�1. But III.4.3 shows thata� = 
��� with 
� 2 I� and �� belongs to ZJ and hen
e the twist is inner. �IV { Endos
opyIV.1 { Some 
ohomologi
al resultsLet F be a �eld and L be a twisted spa
e. Let Æ be an almost semisimple element in L(F ) and let I be thestable 
entralizer of Æ. Let Ss
 be a maximal torus in ISC the simply 
onne
ted 
over of the derived groupof I. Let S be the 
entralizer of the image of Ss
 in I and let T be the 
entralizer of S in G. The torus T isa Æ-stable maximal torus. The 
rossed set asso
iated to the 
ommutative diagram24 ISC ! GSC# #I ! G 35is quasi-isomorphi
 to the sub-bi
omplex of diagonalizable groups24Ss
 ! Ts
# #S ! T 35and hen
e it de�nes an element in DT denoted [Iab ! Gab℄. The abelianized 
ohomology group for InGde�ned by H�ab(F; InG) :=H�(F; Iab ! Gab)
an be 
omputed using the above bi
omplex of abelian groups or better using a quasi-isomorphi
 
omplexof tori.Let F be a global �eld. For the de�nition and the properties of adeli
 
ohomology the reader is refered to[LBC℄. Let us 
onsider D(I;G; A F ) = 
oker [H0(A F ; G)!H0(A F ; InG)℄ :In this non abelian setting the 
okernel is de�ned to be the quotient of the pointed set H0(A F ; InG) by thegroup G(A F ) = H0(A F ; G) a
ting by right translations. Observe that one has alsoD(I;G; A F ) = ker[H1(A F ; I)!H1(A F ; G)℄ :We also need the variants where the ring of adeles A F is repla
ed by a global �eld F or a �nite produ
t oflo
al �elds, and their abelianized avatarsE(I;G; A F ) = 
oker [H0ab(A F ; G)!H0ab(A F ; InG)℄
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e Formula 31et
... But, in the 
ase of adele 
lasses we putE(I;G; AF =F ) := 
oker [H0ab(A F ; G)!H0ab(A F =F; InG)℄ :Noti
e that this is H0ab(A F ; G) and not H0ab(A F =F;G) we use here.IV.1.1. Lemma. { Let F be a global �eld. The lo
alization mapH0ab(F; InG)!H0ab(F1; InG)has a dense image.Proof: Choose S and T as above so that Ss
 is a fundamental torus in ISC . Re
all that S is the 
entralizerof Ss
 in I and S = T �� where T is the 
entralizer of S in G. We have an exa
t sequen
eH0ab(F1; SnG)!H0ab(F1; InG)!H2(F1; Ss
) :But H2(F1; Ss
) is trivial for a fundamental torus Ss
 (see the appendix of [Ko3℄) and hen
e the �rst mapis surje
tive. Let V = T=S; up to a shift due to di�erent 
onventions for degrees in hyper-
ohomology,Lemma C.5.A of [KS℄ shows that the mapH0(F; Ts
 ! V )!H0(F1; Ts
 ! V )has dense image. In our notation this says that the mapH0ab(F; SnG)!H0ab(F1; SnG)has dense image. To 
on
lude it suÆ
es to 
onsider the 
ommutative diagramH0ab(F; SnG) ! H0ab(F; InG)# #H0ab(F1; SnG) ! H0ab(F1; InG) ! H2(F1; Ss
) �IV.1.2. Lemma. { Let A1F be the ring of �nite ad�eles of F . Then we have an exa
t sequen
e.H0(A1F ; InG)! E(I;G; A F =F )! ker1ab(F; InG)! 1 :Proof: A

ording to [LBC℄ se
tion 1.8, we have an exa
t sequen
eE(I;G;F )! E(I;G; A F )! E(I;G; A F =F )! ker1ab(F; InG)! 1and a surje
tive morphism H0(A F ; InG)! E(I;G; AF )It suÆ
es to invoque IV.1.1 and the �niteness of the lo
al groups E(I;G;Fv) �



32 J.-P. LabesseWe say that I is L-ellipti
 if the quotient I=ZL 
ontains an F -anisotropi
 maximal torus. We say thatÆ 2 L(F ) is ellipti
 if its stable 
entralizer I is ellipti
. Consider the groupD(I;G) = 
oker [H1ab(A F =F; I)!H1ab(A F =F;G)℄ :This is a �nite group; we denote by d(I;G) its order.IV.1.3. Lemma. { Let IÆ be the stable 
entralizer of an ellipti
 element Æ 2 L(F ). The number d(IÆ; G)is independent of Æ. It will be denoted d(L).Proof: Let Æ and � be su
h that IÆ � I�. Let S be the 
entralizer in IÆ of a maximal torus of its neutral
omponent I0Æ ; let R be its image in I� . Let Ss
 and Rs
 be the preimage of S and R in the simply 
onne
ted
over of the derived groups of the stable 
entralizers. The map S ! R is an isomorphism and hen
e thereis an isomorphism H1ab(A F =F; IÆ ! I�) ��!H2(A F =F; Ss
 ! Rs
) :Sin
e Æ is ellipti
 we may 
hoose S so that Ss
 and Rs
 are anisotropi
; thenH2(A F =F; Ss
 ! Rs
)is trivial. This remark and the exa
tness of the sequen
eH1ab(A F =F; IÆ)!H1ab(A F =F; I�)!H1ab(A F =F; IÆ ! I�)shows that the map H1ab(A F =F; IÆ)!H1ab(A F =F; I�)is surje
tive. As a 
onsequen
e we get that d(IÆ; G) = d(I�; G) :To �nish the proof we shall use the existen
e of spe
ial prenorms (III.4.7). The abelianized 
ohomology isinsensitive to inner twistings and hen
e we may repla
e Æ 2 L by a spe
ial prenorm Æ� 2 L� without 
hangingthis number: in fa
t, although Æ� may not be rational, its 
entralizer is de�ned over F and is an inner formof IÆ and hen
e d(IÆ; G) = d(IÆ� ; G�) :It remains to observe that, at least when Æ� is regular, i.e. when there is an admissible torus T su
h thatIÆ� = T ��, we have IÆ� = T ��� (G�)��= I1o��and hen
e d(IÆ� ; G�) = d(I1o�� ; G�) : �
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e Formula 33Consider a 
onne
ted redu
tive group G� de�ned over F and I� the stable 
entralizer of a spe
ial point Æ�.Re
all that I� is de�ned over F .IV.1.4. Lemma. { Let v be pla
e of F and assume that Gv and Iv are inner forms of G�v and I�v , thetwisting being de�ned by a 
o
hain with values in I�v . There is a natural mapH0(Fv; IvnGv)!H0ab(Fv; I�nG�) :If v is a �nite pla
e, this is an isomorphism.Proof: The map is obtained by 
omposing two maps: the abelianization mapH0(Fv; IvnGv)!H0ab(Fv; IvnGv)and the map de�ned by the inner twistingH0ab(Fv; IvnGv)!H0ab(Fv; I�nG�) :Sin
e inner twistings a
t trivially on the abelianized 
ohomology this se
ond map is always an isomorphismwhile Kneser's theorem shows that, at �nite pla
es, the abelianization map is an isomorphism (
f. [LBC,Proposition 1.6.7℄). �IV.2 { The Langlands obstru
tionLet F be a global �eld and let L be an inner form of a quasi-split twisted spa
e L� = G�o�� over F asso
iatedto a 
lass in H1(F;Zs
 ! G�SC � ZG)de�ned by a 
o
hain (u� z; �) with �u = � and �z = �1���. Consider an L-admissible spe
ial pair (Æ�; T ).Lemma III.4.3 shows that there is a 
o
hain b� with values in ZJ (F ) su
h that�(Æ�) = z� b�1� Æ� b� :Not to overload notation we shall denote by I� instead of IÆ� the stable 
entralizer of Æ�, and by I�SC thesimply 
onne
ted 
over of its derived group. We write J for JÆ� and ZJ is its 
enter. These groups arede�ned over F .IV.2.1. Lemma. { If (Æ�; T ) is spe
ial prenorm pair for Æ 2 L(F ) there is a 
anoni
al isomorphismE(IÆ; G; A F =F )! E(I�; G�; A F =F ) of 
ompa
t abelian groups.Proof: Sin
e abelianized 
ohomology is insensitive to inner twistings, this is an immediate 
onsequen
e ofIII.4.7. �



34 J.-P. LabesseRe
all that to 
ompute adeli
 
ohomology using Galois 
ohomology or even to get quasi-isomorphisms for
omplexes of A F -points from quasi-isomorphi
 
omplexes of algebrai
 groups over F , it is ne
essary to use
omplexes of 
onne
ted groups. If ZL is not 
onne
ted the groups I� may not be 
onne
ted. In su
h a 
asewe shall embed the 
omplex I� ! G� as a quasi-isomorphi
 sub
omplex of I�1 ! G�1 a 
omplex of 
onne
tedgroups and the twisted spa
e L in a twisted spa
e L1, 
onstru
ted as follows: let Z0 be a torus 
ontaininga diagonalizable subgroup isomorphi
 to ZL and let L1 be the quotient of L � Z0 by ZL a
ting diagonally,similarly let G�1 and I�1 be the quotient of G� � Z0 and I� � Z0 by ZL. The embedding[I� ! G�℄! [I�1 ! G�1℄is a quasi-isomorphism and it indu
es an isomorphismHiab(A F =F; I�nG�)!Hiab(A F =F; I�1nG�1) :Observe that I�1 is the image of G�Æ� � Z0 and hen
e is 
onne
ted. The 
omplex [I�1 ! G�1℄ has a betterbehaviour when dealing with adeli
 
ohomology.Assume for a while that ZL is 
onne
ted. Consider a spe
ial L-admissible pair (Æ�; T ) whi
h is a prenormof Æ 2 L(A F ) lo
ally everywhere. More pre
isely assume there is x 2 G(A F ) su
h thatx'(Æ)x�1 = Æ� and a� := xu��(x)�1 = 
�b�where 
� takes its values in I�(A F ) and b takes its values in ZJ (F ). Hen
e a takes its values in the groupI�(A F )ZJ (F ) and �a = �
 �b = �u :The relations �(x) = a�1� xu� ; �a = � and �u = �mean that the 
o
hain e = (x ; u; a; �) de�nes a 0-
o
y
le for the 
rossed set de�ned by the 
ommutativediagram Zs
(F ) ! G�SC(F )# #I�(A F )ZJ (F ) �! G�(A F )We have a morphism from the previous 
rossed set to the 
rossed set de�ned byI�SC(A F )� Zs
(F ) �! G�SC(A F )# #I�(A F )ZJ (F ) �! G�(A F )whi
h is its abelianized 
ompanion. This 
rossed set is quasi-isomorphi
 to the sub-bi-
omplex of abeliangroups Ss
(A F ) � Zs
(F ) �! Ts
(A F )# #S(A F )ZJ (F ) �! T (A F )where S = T �� and Ss
 is the preimage of S in I�SC . Sin
e we assume ZL 
onne
ted, I� is 
onne
ted and Sis a torus; the 
ohomology groups H0ab(A F =F; I�nG�) 
an be 
omputed using the Galois 
ohomology of thebi
omplex Ss
(A F =F ) ! Ts
(A F=F )# #S(A F =F ) ! T (A F =F )
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e Formula 35This shows that the 
o
y
le e de�nes a 
lass [e℄ in H0ab(A F =F; I�nG�). The set of all 
o
y
les e = (x ; u; a; �)atta
hed to the pair (Æ; Æ�) de�nes a set of 
ohomology 
lasses in H0ab(A F =F; I�nG�) we denote ObsÆ; itsimage in E(I�; G�; A F =F ) := 
oker [H0ab(A F ; G�)!H0ab(A F =F; I�nG�)℄is denoted obsÆ. (These sets may 
ontain more than one element when the stable 
entralizer di�ers from thefull 
entralizer). Return now to the general 
ase where ZL may be dis
onne
ted. Using the embedding[I� ! G�℄! [I�1 ! G�1℄and the isomorphisms indu
ed in 
ohomology the above 
onstru
tion is easily extended to the general 
ase.IV.2.2. Theorem. { The set obsÆ 
ontains the trivial element if and only if Æ is G(A F )-
onjugate to arational element Æ0 2 L(F ) with prenorm Æ�.Proof: This is essentially [LBC, Th�eor�eme 2.6.3℄. For the 
onvenien
e of the reader we re
all the main stepsin the proof. Assume for a while that I� is 
onne
ted. First, it is 
lear that, if Æ� is the prenorm of a rationalelement, all 
o
hains (x; u; a; �) 
an be taken with values in groups over F and [e℄ is trivial. Conversely, tosay that the set obsÆ 
ontains the trivial element means that one 
an 
hoose x su
h that [e℄ has a trivialimage in E(I�; G�; A F =F ). Then, following [LBC, 1.6.12℄ the sequen
e of pointed sets1! ker1(F; I�)!H1(F; I�)!H1(A F ; I�)!H1ab(A F =F; I�)is exa
t. This implies that the next sequen
e of pointed sets is also exa
tker1(F; I�)!H1(�; Zs
(F )! I�(F )ZJ (F ))!H1(�; Zs
(F )! I�(A F )ZJ (F ))!H1ab(A F =F; I�) :The natural map E(I�; G�; A F =F )!H1ab(A F =F; I�)sends the image of [e℄ to the trivial element in H1ab(A F =F; I�). Hen
e the image of a in this group is alsotrivial. This shows that the 
lass of a inH1(�; [Zs
(F )! I�(A F )ZJ (F )℄is in the image of H1(�; [Zs
(F )! I�(F )ZJ (F )℄and hen
e we may 
hoose x su
h that a takes its values in I�(F ) � G�(F ). Then,a�u�1� = x u��(x�1)u�1�is the image via  of a 
o
hain in ker1(F;G). Re
all that, sin
e the group G is 
onne
ted, the mapsker1(F;G)! ker1ab(F;G)! ker1ab(F;G�)are bije
tive and that ker1(F; I�)! ker1ab(F; I�)is surje
tive. A

ording to [LBC1.8.4℄ we have an exa
t sequen
eker1ab(F; I�)! ker1ab(F;G�)! E(I�; G�; A F =F )!H1ab(A F =F; I�) :



36 J.-P. LabesseThis shows that one 
an again modify the 
hoi
es so that the image of a�u�1� in ker1(F;G) is trivial, whi
hmeans that there exists x1 2 G(F ) su
h thata�u�1� =  (x1) u��( (x1)�1)u�1� =  (x1�(x1)�1) :But this implies that x =  (x1x2) with x2 2 G(A F ). Re
all that we have started with Æ 2 L(A F ), Æ� 2 L�(F )and x 2 G�(A F ) su
h that x'(Æ)x�1 = Æ�. ThenÆ0 = x2Æx�12 2 L(A F )is su
h that '(x1 Æ0 x�11 ) = Æ� 2 L�(F ) with x1 2 G(F ). This shows that Æ0 belongs to the interse
tionL(A F ) \L(F ) = L(F )and has Æ� as prenorm. This establishes the theorem when I� is 
onne
ted. Return now to the general 
ase.We have to repla
e L by L1 and [I� ! G�℄ by [I�1 ! G�1℄ as already explained. Now, observe that L inje
tsin L1 and is invariant under G1-
onjuga
y; the 
on
lusion follows sin
e L(F ) = L(A F ) \ L1(F ). �IV.3 { Endos
opi
 spa
esIf T is an admissible torus in G� we denote by Ts
 its preimage in G�SC. We denote by K(T; ��;F ) thePontyagin dual of the 
ompa
t abelian groupH0(A F =F; T ��� Ts
 ! T ) = H0(A F =F; T ��! G�ab) :Re
all that in our 
onventions T and G�ab are in degree 0. The notation K(T; ��;F ) is borrowed from [KS,se
tion 6.4℄. In fa
t this is how they denote the Pontyagin dual ofH1(A F =F; Ts
! V )where V = T 1��� ' T=T �� is put in degree �1; but the map of 
omplexes, without a shift of degree,[T ��� Ts
 ! T ℄! [Ts
! V ℄is a quasi-isomorphism.Geometri
 endos
opi
 pairs are pairs (T; �) where T is an admissible torus in G� and � 2 K(T; ��;F ). Wesay that an endos
opi
 pair is ellipti
 if T is L�-ellipti
 whi
h means that T ��s
 is F -anisotopi
. There is anatural inje
tive map H1(A F =F; T ��s
)!H0(A F =F; T ��! G�ab) :Observe that T ��s
 is a torus; we denote by �X��s
 the freeZ-module of its 
o
hara
ters. Let E be a �nite Galoisextension of F that splits Ts
. We have the Tate-Nakayama isomorphismbH�1(�E=F ; �X��s
)!H1(A F =F; T ��s
) :There is an exa
t sequen
e0! bH�1(�E=F ; �X��s
)!H0(�E=F ; �X��s
)!H0(�E=F ; �X��s
)



Stable twisted Tra
e Formula 37Assume now that the endos
opi
 pair is ellipti
. This is equivalent to the vanishing of H0(�E=F ; �X��s
). Insu
h a 
ase we have a surje
tive map �X��s
 ! bH�1(�E=F ; �X��s
) :By 
omposition of the maps�X��s
 ! bH�1(�E=F ; �X��s
)!H1(A F =F; T ��s
)!H0(A F =F; T ��! G�ab)and via Pontryagin duality, we get a mapK(T; ��;F )! Hom( �X��s
 ; C� ) :We shall denote by � the image of � by this map. Following the pres
riptions of II.4 we get a triple(T�; R�; �R�).The endo
opi
 group atta
hed to E = (T; �) is the F -quasi-split group denoted H� (or H�E if some 
on-fusion may arise) with a maximal torus, a root and a 
oroot system (TH� ; RH� �RH�) that are F -isomorphi
to (T�� ; R�; �R�). Similarly we get a quasi-split pre-endos
opi
 group K� (or K�E ) using (T ��; R0�; �R0�). En-dos
opi
 spa
es are atta
hed to E and L. The endos
opi
 spa
e H is a 
entral form of H� o 1 the twistfor the Galois a
tion being de�ned as follows. Re
all that L is an inner form of L� = G�o�� de�ned by ahyper-
o
hain (u� z; �). Then H is the inner form of H�o 1 de�ned by the hyper-
o
hain (1� [z℄; 1) where[z℄ is the 1-
o
y
le image in Z�� � ZH� of the 1-
o
hain z. If we denote by 'H the isomorphism over thealgebrai
 
losure 'H : H ! H� o 1 the Galois stru
tures are related by the equation'H (�(h)) = [z�℄�1�('H (h)) for h 2 H and � 2 � :We have atta
hed to � a torus T� (see II.4). It is de�ned over F and is anisotropi
 sin
e T �� is L-ellipti
.We have an exa
t sequen
eH1(A F =F; T�)!H0(A F =F; T ��! G�ab)!H0(A F =F;K�ab! G�ab)!H2(A F =F; T�) :Sin
e T� is anisotropi
 H2(A F =F; T�) is trivial and sin
e � indu
es a trivial 
hara
ter on H1(A F =F; T�) wesee that � de�nes a 
hara
ter of the 
ompa
t groupH0(A F =F;K�ab! G�ab) :Consider two endos
opi
 pairs E = (T; �) and F = (S; �). Assume there is an x 2 G� su
h thatx�1(T ��; R�)x = (S��; R�)then the 
o
y
le � 7! x�(x)�1 takes its values in the normalizer of T ��. If de�nes a 
o
y
le w� with values in
(G�; T )�� (see II.2.1). We identify 
� the Weyl group ofK with a subgroup of 
(G�; T )��. If the 
o
y
le w�takes its values in 
� , it a
ts trivially on Kab = KE;ab and Ad(x) indu
es an F -isomorphismK�F;ab ! K�E;ab.IV.3.1. De�nition. { We say that the two endos
opi
 pairs (T; �) and (S; �) are equivalent if there is anx 2 G� su
h that x�1(T ��; R�) x = (S��; R�)and su
h that the image w� of x�(x)�1 in the Weyl group of G� belongs to 
� the Weyl group of K�E . Weask moreover that the 
hara
ters � and � 
orrespond to ea
h other via the isomorphismH0(A F =F;K�E;ab ! G�ab) ' H0(A F =F;K�F;ab! G�ab) :



38 J.-P. LabesseIV.3.2. Lemma. { Equivalent endos
opi
 pairs give rise to isomorphi
 endos
opi
 groups. All maximalF -tori in an endos
opi
 group arise from equivalent endos
opi
 pairs.Proof: Consider two equivalent endos
opi
 pairs E = (T; �) and F = (S; �). The pair E = (T; �) de�nes anendos
opi
 group H� together with a maximal torus TH� and an isomorphismT�� ! TH� :Re
all that the Weyl group of H� 
an be seen as a subgroup of the Weyl group of G�. If x indu
es theequivalen
e between E and F , denote by w� the 
o
y
le image of x�(x)�1 in the Weyl group of H�. Itfollows from III.3.1 that one 
an �nd y 2 H� su
h that U = y TH� y�1 is a maximal torus in H�, isomorphi
over F to S�� ; the asso
iated root system is F -isomorphi
 to the endos
opi
 root system de�ned by �. Thisproves the �rst assertion. Conversely an F -torus U in H� is of the form y TH� y�1 for some y 2 H� andy�1�(y) de�nes an elements in the Weyl groups of H� whi
h is a subgroup of the Weyl group of G�. Usingagain III.3.1 we get an x 2 G� that de�nes an equivalent endos
opi
 pair F = (S; �) with U isomorphi
 overF to S�� . �Let (Æ�; T ) be a spe
ial L-admissible pair. Let I� be the stable 
entralizer of Æ�. Assume that T �� isL-ellipti
. There is a surje
tionH0(A F =F; T ��! G�ab)!H0ab(A F =F; I�nG�) :If we denote by K(I�; G�;F ) the Pontryagin dual of H0ab(A F =F; I�nG�) we get an inje
tionK(I�; G�;F )! K(T; ��;F ) :We denote again by � the image of � 2 K(I�; G�;F ) by this inje
tion, and we asso
iate to E = (T; �) anendos
opi
 spa
e H. Su
h a � is said to be an endos
opi
 
hara
ter for Æ�. It follows from II.4.4 that thesurje
tive map H0(A F =F; T ��! G�ab)!H0(A F =F;K�ab! G�ab)fa
tors through H0ab(A F =F; I�nG�):H0(A F =F; T ��! G�ab)!H0ab(A F =F; I�nG�)!H0(A F =F;K�ab ! G�ab) :The image [Æ�℄ of Æ� in TH� ' T�� de�nes a semisimple element 
 in H(F ). We say that 
 is the 
onorm ofÆ�. If Æ� is itself the prenorm of Æ 2 L(F ) we say that 
 is a norm for Æ.The group Aut (E) of automorphisms of an endos
opi
 pair E = (T; �) is the subgroup of w 2 
(G�; T )��that stabilizes (T ��; R�) and veri�esw�(w)�1 2 
� and w(�) = � :We denote by �(E) the group of outer automorphisms of E whi
h, by de�nition, is the quotient of Aut (E)by Aut (E) \
� :Let �(E) be the order of �(E).Consider 
 2 H(F ) semisimple and whose 
entralizer I
 
ontains TH� . We denote by Aut (E ; 
) thesubgroup of w 2 Aut (E) su
h thatw(
) = 
 and w�(w)�1 2 
(I
 ; TH� ) :
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e Formula 39The quotient of Aut (E ; 
) by the subgroup of inner automorphisms is denoted by �(E ; 
). We denote by�(E ; 
) the order of �(E ; 
). We have �(E) =M (E ; 
)�(E ; 
)where M (E ; 
) is the number of stable 
onjuga
y 
lasses in H(F ) in the orbit of 
 under Aut (E).IV.3.3. Proposition. { Consider an L-admissible pair (Æ�; T ) and let 
 2 H(F ) be the 
onorm of Æ�.Let � be an endos
opi
 
hara
ter for Æ� and let H the asso
iated endos
opi
 spa
e. Let �G�(Æ�) be the orderof H0(F;GÆ�=IÆ� ) and �H� (
) be the order of H0(F;H
=I
). Let N (T; Æ�; �) be the number of endos
opi

hara
ters � for Æ� su
h that F = (T; �) is equivalent to E = (T; �) where the equivalen
e is indu
ed by anx that de�nes an auto-equivalen
e of (Æ�; T ). Then�G�(Æ�) = N (T; Æ�; �)�(E ; 
)�H�(
) :Proof: Not to overload notation let GÆ� = (G�)Æ� and G��= (G�)��. Re
all that, a

ording to II.1.4,GÆ�=IÆ� ' 
(GÆ� ; T Æ�)=
(IÆ� ; T Æ�)and that H
=I
 
an be identi�ed with a subgroup of GÆ�=IÆ� (
f. II.4.5). Observe that if x 2 GÆ� indu
es anequivalen
e between F = (T; �) and E = (T; �) then x normalize T �� and hen
e de�nes a w 2 
(GÆ� ; T Æ�).If moreover x indu
es an auto-equivalen
e of (Æ�; T ) then we must have w�(w)�1 2 
(IÆ� ; T Æ�). This isequivalent to say that x proje
ts on a rational point [w℄ of the group GÆ�=IÆ� . The subgroup of those[w℄ 2 H0(F;GÆ�=IÆ� ) that �x E is the quotient of Aut (E ; 
) by
(I
 ; TH�) ' 
(IÆ� ; T Æ�) :Now, inner automorphisms in Aut (E ; 
) are indu
ed by w 2 
(H
 ; TH� ) with [w℄ 2 H0(F;H
=I
). Thisshows that �G�(Æ�) = N (T; Æ�; �)�(E ; 
)�H�(
) : �IV.3.4. Corollary. { Let E = (T; �) be an endos
opi
 pair and letV (E ; 
) =Xf�g 1�(E)�H� (�)where the sum is over representatives � of stable 
onjuga
y 
lasses in H(F ) where � is the 
onorm of �� and(T; ��; �) is an L-admissible triple equivalent to (T; Æ�; �). ThenV (E ; 
) = 1�(E ; 
)�H� (
) = N (T; Æ�; �)~�G�(Æ�) :Proof: Observe that �H� (�) = �H� (
) if �� is equivalent to Æ�. Hen
eV (E ; 
) = M (E ; 
)�(E)�H� (
) :Re
all that �(E) =M (E ; 
)�(E ; 
) : The 
on
lusion now follows from IV.3.3. �



40 J.-P. LabesseV { Stabilisation of the ellipti
 tra
eV.1 { Pres-stabilizationLet G be a redu
tive algebrai
 group de�ned over a number �eld F and let L be a twisted G-spa
e over F .Assume that L has an almost semisimple rational point Æ0. Let�0 = AdL(Æ0) :There is a natural map � : L(A F )! G(F )nG(A F )de�ned as follows. Any Æ 2 L(A F ) is of the form Æ = Æ0 y with y 2 G(A F ) and we de�ne �(Æ) 2 G(F )nG(A F )by �(Æ) = �(Æ0 y) = _ywhere _y is the image of y in G(F )nG(A F ). The image is independent of the 
hosen F -rational point Æ0. Themap � de�nes a natural right a
tion of the set L(A F ) on the quotient G(F )nG(A F )G(F )nG(A F ) � L(A F )! G(F )nG(A F )by (x; Æ) 7! �(xÆ).Let AG be the split 
omponent of the 
enter in ResF=QG. This is the maximalQ-split torus in ResF=QZG.Let AG be the Lie algebra of AG(R) identi�ed, via the exponential map, with the 
onne
ted 
omponent ofthis real Lie group. We denote by AL the group of �-�xed points in AG, this is the Lie algebra of AL(R)0where AL is the maximal Q-split torus in ResF=QZL.Let f be a smooth 
ompa
tly supported fun
tion on L(A F ) we will need its 
ompanionsf1(x) = ZAG f(xz)dz and f0(x) = ZAL f(xz)dz :The fun
tion f de�nes an operator �(f) on the Hilbert spa
e L2(AGG(F )nG(A F )): given � in the Hilbertspa
e we de�ne �(f)� by(�(f)�)(x) = ZL(AF ) �(�(xÆ))f(Æ)dÆ = ZL(AF ) f(x�1Æ)�(�(Æ))dÆ = ZG(AF ) f(x�1Æ0y)�(y)dywhi
h 
an be written (�(f)�)(x) = ZAGG(F )nG(AF ) XÆ2L(F ) f1(x�1Æy)�(y) dy :This shows that the operator �(f) has a kernel on AGG(F )nG(AF ) given byK(x; y) = XÆ2L(F ) f1(x�1Æy) :The general twisted tra
e formula not only involves working with twisted G-spa
es but also with 
hara
tersof G(A F ) trivial on G(F ). Let ! be a 
hara
ters of the 
ompa
t abelian group
oker [H0ab(F;G)!H0ab(A F ; G)℄ = ker[H0ab(A F =F;G)!H1ab(F;G)℄ :By 
omposition with the natural homomorphismG(A F )!H0ab(A F ; G)



Stable twisted Tra
e Formula 41we get a 
hara
ter of G(A F ) trivial on G(F ) again denoted !. Conversely, any 
hara
ter of G(A F ) trivialon G(F ) 
an be extended, in a unique way, to a 
hara
ter of H0ab(A F ; G) trivial on the image of H0ab(F;G).This is a 
onsequen
e of the following observation: sin
e G is 
onne
ted the �nite abelian groupsM1 = 
oker [G(F )!H0ab(F;G)℄ and M2 = 
oker [G(A F )!H0ab(A F ; G)℄are isomorphi
 (
f [Lab℄). The general operator �(f; !) is the 
omposition of �(f) followed by the multipli-
ation by !: (�(f; !)�)(x) = !(x) ZL(AF ) �(xÆ)f(Æ)dÆand its kernel is then K(x; y) = XÆ2L(F )!(x)f1(x�1Æy) :We denote by Le the set of ellipti
 elements in L(F ). The ellipti
 part of the restri
tion to the diagonal ofthe kernel Ke(x; x) = XÆ2Le !(x) f1(x�1Æ x)on
e integrated, yields the \ellipti
 tra
e" i.e. the 
ontribution of ellipti
 
onjuga
y 
lasses to the geometri
side of the twisted tra
e formula: Te(f; !) = ZAGG(F )nG(AF )Ke(x; x) dx :This integral is absolutely 
onvergent. As usual, one 
an split this expression into a sum over 
onjuga
y
lasses.Remark { In [KS℄ the notation Te is used with a slightly di�erent meaning: there, the summation thatde�nes Ke is restri
ted to strongly regular ellipti
 elements, while here we allow all ellipti
 elements.Re
all that an almost semisimple element Æ 2 L(F ) is ellipti
 if its stable 
entralizer IÆ is L-ellipti
, whi
hmeans that the maximal F -split torus in the 
enter of IÆ equals the maximal F -split torus in ZL and hen
e,the map AL ! AIÆis an isomorphism. For Æ 2 Le let �G(Æ) be the index of IÆ(F ) in GÆ(F ) andaL(Æ) = �G(Æ)�1 vol (ALIÆ(F )nIÆ(A F )) :Assume now that all groups are endowed with Tamagawa measures; the de�nition of Tamagawa measuresfor quasi-
onne
ted groups is given in [Lab℄. As usual the Tamagawa number of a quasi-
onne
ted group Iis denoted � (I): � (I) = vol (AII(F )nI(A F )) :Let 
(IÆ ; L) be the ratio of Haar measures on the isomorphi
 real ve
tor spa
es AL and AIÆ .V.1.1. Lemma. { The number 
(IÆ; L) is independent of Æ 2 Le.Proof: We have to show that the Haar measure on the real ve
tor spa
e AL asso
iated to the Tamagawameasure on IÆ via the isomorphism AL ! AIÆis independent of Æ. Let S be the 
entralizer in IÆ of a maximal torus S0 in GÆ = I0Æ and let T be the
entralizer of S in G. We know that S = T Æ. Re
all that the measure on AIÆ is de�ned using the Z-moduleH0(�; X(IÆ)) (see [Lab℄). Sin
e Æ is ellipti
 the natural mapH0(�; X(G)�)!H0(�; X(IÆ))is an isomorphism and hen
e this Z-module is independent of Æ. �



42 J.-P. LabesseThe measure on AL 
an be 
hosen so that 
(IÆ; L) � 1 as follows from V.1.1. Then, for su
h a 
hoi
e,aL(Æ) = �G(Æ)�1� (IÆ) :Let J(L) = j det (1� � jAG=AL)jand OÆ;!(f) = ZIÆ(AF )nG(AF ) !(x)f(x�1Æx)dx :V.1.2. Proposition. { Let us denote by fLeg a set of representatives for ellipti
 
onjuga
y 
lasses inL(F ). Then Te(f; !) = J(L) XÆ2fLeg � (IÆ)�G(Æ)OÆ;!(f0) :Proof: An elementary 
al
ulation yieldsTe(f; !) = J(L) XÆ2fLeg aL(Æ) OÆ;!(f0) :It suÆ
es to observe that thanks to V.1.1 we have aL(Æ) = � (IÆ) �G(Æ)�1 : �Consider an almost semisimple point Æ 2 L(A F ). We denote by IÆ its stable 
entralizer. This is agroup s
heme over A F , but it may not be de�ned over F . We denote by K(IÆ ; G; AF ) the Pontryagin dualof the lo
ally 
ompa
t abelian group H0ab(A F ; IÆnG). This is a group of endos
opi
 
hara
ters. Given� 2 K(IÆ; G; A F ), we denote by [�℄ the 
hara
ter of H0ab(A F ; G) obtained by 
omposing � with the mapH0ab(A F ; G)!H0ab(A F ; IÆnG) :Let x 2 G(A F ) with x�(x)�1 2 IÆ . Su
h an x de�nes a 
lass in H0(A F ; IÆnG). We denote by x 7! �(x) thefun
tion de�ned by the 
omposition of the natural map:H0(A F ; IÆnG)!H0ab(A F =F; IÆnG)with the 
hara
ter �. Let Æx := x�1Æx and Ix = x�1IÆ x; let us denote by e(Ix) the produ
t of lo
al Kottwitzsigns as de�ned in [Ko2℄ (see also [LBC, D�e�nition I.7.1℄):e(Ix) =Yv e(x�1v IÆ xv) :Now 
onsider Æ 2 Le. Then IÆ is de�ned over F . Let K(IÆ ; G;F ) be the Pontryagin dual of the 
ompa
tabelian group H0ab(A F =F; IÆnG). This is a dis
rete subgroup of K(IÆ; G; A F ). A Tamagawa measure onD(IÆ; G; A F ) and on H0(A F ; IÆnG) has been de�ned in [Lab℄. This allows to de�ne �-orbital integral byO�Æ (f) = ZH0(AF ;IÆnG) e(Ix)�(x)f(Æx)dx = ZD(IÆ;G;AF ) e(Ix)�(x)OÆx ;[�℄(f0)d _x :Let ~�G(Æ) = #H0(F; IÆnGÆ) and j(Æ) = #ker[H1(F; IÆ)!H1(F;GÆ)℄ :



Stable twisted Tra
e Formula 43Observe that ~�G(Æ) = �G(Æ)j(Æ). Finally re
all that we have introdu
ed in IV.1.3 an integer d(L) whi
h isthe 
ommon value of the d(IÆ; G). Let � (L) = J(L) � (G)d(L) :The notation makes sense sin
e J(G) = d(G) = 1.V.1.3. Theorem. { Let f be a smooth 
ompa
tly supported fun
tion on L(A F ). Let ffLegg be a set ofrepresentatives of stable 
onjuga
y 
lasses in Le. The ellipti
 tra
e 
an be expanded as a sum of �-orbitalintegrals: Te(f; !) = � (L) XÆ2ffLegg 1~�G(Æ) Xf�2K(IÆ ;G;F ) j [�℄=!gO�Æ (f0) :Proof: We know by V.1.2 that Te(f; !) = J(L) XÆ2fLeg � (IÆ)�G(Æ) OÆ;!(f0) :Grouping together 
onjuga
y 
lasses in the same stable 
lass, this 
an be rewrittenTe(f; !) = J(L) XÆ2ffLegg X�2D(IÆ;G;F ) � (IÆ� )j(Æ�)�G(Æ�)OÆ� ;!(f0) :Observe that, a

ording to III.1.3 the number ~�G(Æ) = �G(Æ)j(Æ) is 
onstant on stable 
onjuga
y 
lasses.Hen
e, we have Te(f; !) = J(L) XÆ2ffLegg 1~�G(Æ) X�2D(IÆ;G;F ) � (IÆ� )OÆ� ;!(f0) :Let K(IÆ; G;F )1 be the Pontryagin dual of E(IÆ; G; AF =F ). Now theorem 3.9 in [Lab℄, whi
h is an elaborationof the Poisson summation formula, shows thatX�2D(IÆ;G;F ) � (IÆ� )OÆ� ;!(f0) = � (G)d(IÆ; G) X�12K(IÆ;G;F )1 O�1�2Æ (f0)where �2 is any endos
opi
 
hara
ter in K(IÆ ; G;F ) su
h that [�2℄ = !. Sin
e any 
hara
ter � 2 K(IÆ; G;F )with [�℄ = ! is of the form � = �1�2 with �1 2 K(IÆ; G;F )1 we also haveX�2D(IÆ ;G;F ) � (IÆ� )OÆ�;!(f0) = � (G)d(IÆ ; G) Xf�2K(IÆ;G;F ) j [�℄=!gO�Æ (f0) :To 
on
lude we re
all that d(IÆ; G) = d(L) (
f. IV.1.3). �V.2 { Stabilization: the se
ond stepConsider an L-admissible spe
ial pair (Æ�; T ). Re
all that this means that T is admissible and that Æ� 2T (F )o�� veri�es �(Æ�) = z�1� b1���� Æ�



44 J.-P. Labessewith b� in the 
enter of JÆ�(F ). As usual denote by I� the stable 
entralizer of Æ�. Let A(A F ; Æ�; L) be theset of 
lasses of x 2 G�(A F ) modulo I�(A F ) su
h thata� = xu� �(x)�1 = 
�b�with 
� 2 I�(A F ). For su
h an x it follows from III.2.2 that there is a Æx 2 L(A F ) su
h that '(Æx) = x�1Æ� xand Æ� is lo
ally everywhere a prenorm for Æx. We denote by Ix(A F ) the stable 
entralizer in G(A F ) of Æx.Observe that Ix is a group s
heme over A F but it need not be de�ned over F .Assume that A(A F ; Æ�; L) is non empty. Consider x and x0 representing 
lasses in A(A F ; Æ�; L). Thenx0 = x (y) with  (y�(y)�1 ) 2 x�1I�(A F )x :This shows that the map y 7! x (y) indu
es a bije
tionH0(A F ; IxnG)! A(A F ; Æ�; L) :This 
an be used to de�ne a lo
ally 
ompa
t topology on A(A F ; Æ�; L). We have also de�ned in [Lab℄Tamagawa measures on E(I�; G�; A F ). Sin
e Ix(A F ) is lo
ally everywhere an inner form of I�(A F ) there isan isomorphism E(Ix; G; AF )! E(I�; G�; A F ) :For the same reason Ix(A F ) 
an be endowed with a 
anoni
al measure using the Tamagawa measure onI�(A F ). This yields a measure on D(Ix; G; AF ) viewed as a �nite 
overing of an open subset of E(Ix; G; A F ),using that D(Ix; G; AF )! E(Ix; G; AF )is an isomorphism at �nite pla
es. Finally re
all that there is an exa
t sequen
e of pointed sets1! Ix(A F )nG(A F )!H0(A F ; IxnG)! D(Ix; G; AF )! 1 :Thus we get a 
anoni
al measure on H0(A F ; IxnG) and on A(A F ; Æ�; L) we 
all the Tamagawa measure. Asalready seen in IV.2 there is a natural mapA(A F ; Æ�; L)! E(I�; G�; A F =F ) :Given a 
hara
ter � of E(I�; G�; A F =F ) we de�ne a new kind of adeli
 �-orbital integrals:O�Æ� (f) = ZA(AF ;Æ�;L) �(x)e(Ix)f(Æx) dx :If A(A F ; Æ�; L) is empty O�Æ� (f) = 0. If A(A F ; Æ�; L) is non empty 
hoose an x as above. By abuse ofnotation, we denote again by � the fun
tion on H0(A F ; IxnG) obtained via the 
omposed mapH0(A F ; IxnG)!H0ab(A F ; IxnG)!H0ab(A F ; I�nG�)! E(I�; G�; A F =F )(see IV.1.4). Then, for x 2 G�(A F ) de�ning a point in A(A F ; Æ�; L) we haveO�Æ� (f) = �(x)e(Ix)O�Æx (f) :The next proposition is the generalization to arbitrary ellipti
 elements of a result of [KS℄ for stronglyregular elements; we borrow their proof. A similar statement is given in [LBC, Proposition 2.7.3℄ but theproof there is in
orre
t.



Stable twisted Tra
e Formula 45V.2.1. Proposition. { Consider the sumS = Xf�2K(I�;G�;F ) j [�℄=!g O�Æ� (f) :Then S = 0 unless Æ� is the prenorm of some Æ 2 L(F ) in whi
h 
aseS = Xf�2K(IÆ;G;F ) j [�℄=!g O�Æ (f)Proof: Assume the sum S does not vanish, then A(A F ; Æ�; L) is non empty. Consider x0 2 A(A F ; Æ�; L); itde�nes a Æ0 2 L(A F ) with prenorm Æ� lo
ally everywhere. Re
all that we have an exa
t sequen
eH0ab(A F ; I�nG�)! E(I�; G�; A F =F )! ker1ab(F; I�nG�)! 1 :Let us denote by K(I�; G�;F )0 the subgroup of K(I�; G�;F ) whi
h is the Pontryagin dual of ker1ab(F; I�nG�).This is a �nite group (see [Lab℄ Lemme 2.5). For ea
h pla
e, the image of the map in IV.1.4 lies in the kernelof �0 2 K(I�; G�;F )0. Hen
e, for �0 2 K(I�; G�;F )0 we haveO�0�Æ� (f) = �0(x0)O�Æ� (f) :Sin
e S does not vanish this implies that the �nite sumX�02K(I�;G�;F )0 �0(x0)does not vanish and hen
e the 
lass of x0 in E(I�; G�; A F =F ) lies in the image of H0ab(A F ; I�nG�). Butby IV.1.2 we know that this image equals the image of the 
ohomology group over the �nite adelesH0ab(A1F ; I�nG�). Using that at �nite pla
es the maps in IV.1.4 are isomorphisms, we see that up to 
hangingx0 to x1 and repla
ing Æ0 by a lo
ally everywhere stably 
onjugate Æ1 2 L(A F ) we may assume that the 
lassof x1 in E(I�; G�; A F =F ) is trivial. It follows from IV.2.2 that this is possible only if Æ1 is G(A F )-
onjugateto Æ = Æx 2 L(F ) with x 2 G�(F ). In su
h a 
ase, thanks to the re
ipro
ity law for Kottwitz signs and usingIV.2.1 to identify E(IÆ; G; A F =F ) with E(I�; G�; A F =F ), we see that :O�Æ� (f) = O�Æ (f) : �We say that a triple (T; Æ�; �) is L-admissible if (Æ�; T ) is an L-admissible spe
ial pair and � is an endos
opi

hara
ter for Æ� i.e. a 
hara
ter of the 
ompa
t group H0(A F =F; I�nG�) where I� is the stable 
entralizer ofÆ�. Two admissible triples (T; Æ�; �) and (S; ��; �) are said to be equivalent if there is an x 2 G� that indu
esan equivalen
e between the spe
ial L-admissible pairs (Æ�; T ) and (��; S) and between the endos
opi
 pairs(T; �) and (S; �). Let (T; Æ�; �) be an L-admissible triple and let E = (T; �). We introdu
ed in IV.3.3 thenumber N (T; Æ�; �). This is the number of L-admissible triples (T; Æ�; �) equivalent to (T; Æ�; �).V.2.2. Theorem. { The ellipti
 tra
e 
an be expanded as a sum over the equivalen
e 
lasses of L-admissible triples (T; Æ�; �), su
h that [�℄ = !:Te(f; !) = � (L) Xf(T;Æ�;�) j [�℄=!g N (T; Æ�; �)~�G�(Æ�) O�Æ� (f0) :Proof: This is an immediate 
onsequen
e of V.1.3 and V.2.1. �



46 J.-P. LabesseThis generalizes the theorem 6.4.C in [KS℄ where they 
onsider only strongly regular elements. Observethat for a strongly regular element Æ� one hasN (T; Æ�; �) = ~�G�(Æ�) = 1 :V.3 { Endos
opi
 transfer and end of the stabilizationIn [KS℄ the de�nition of the transfer involves twisted stable orbital integrals on endos
opi
 groups (seeLemma 7.3.C). Here we use instead stable orbital integrals on endos
opi
 spa
es; this is equivalent. To statethe transfer assumption in full generality it may be ne
essary to 
onsider 
entral extensions of endos
opi
spa
es and to use fun
tions on endos
opi
 spa
es that transform a

ording to a 
hara
ter of the abeliangroup involved in the 
entral extension. For the sake of simpli
ity we shall ignore this diÆ
ulty here and werefer the reader to [KS℄ for a dis
ussion of this point.V.3.1. De�nition. { Consider f 2 C1
 (L(A F )) and an endos
opi
 pair E = (T; �). Let H be theendos
opi
 spa
e de�ned by E . We say that a fun
tion f 2 C1
 (L(A F )) satis�es the transfer assumption forE if there exist fE 2 C1
 (H(A F )), su
h that O1
(fE ) = O�Æ�(f)whenever 
 2 H(F ) is the 
onorm of Æ�.Observe that, by de�nition of O�Æ� (f), we have O1
 (fE) = 0 unless 
 is lo
ally everywhere the norm of aÆ 2 L(A F ).Remark { A detailed dis
ussion of the transfer assumption would involve the de�nition of the lo
al transferfa
tors and the fundamental lemma. As regards transfer fa
tors we refer the reader to [KS℄ for their de�nitionin the 
ase of strongly regular elements. As regards the fundamental lemma this is an open problem in most
ases.Let H be a 
entral form of H� o 1 where H� is a quasi-split 
onne
ted redu
tive group. Given f 2C1
 (H(A F )), the ellipti
 part of the geometri
 side of the stable tra
e formula for H is, by de�nition, theexpression STHe (f) = � (H) X
2ffHegg 1~�H�(
) O1
 (f0) :If H is an endos
opi
 spa
e de�ned by an endos
opi
 pair E = (T; �) for a twisted spa
e L we 
onsider aslight variant of this expression: we introdu
eSTEe (f) = � (H) X
2ffHeggL 1~�H� (
) O1
 (f0) :where the sum is over a set ffHeggL of representatives of stable 
onjuga
y 
lasses of elements 
 in He su
hthat there exists a spe
ial L-admissible pair (Æ�; T ) above 
 and � is an endos
opi
 
hara
ter for Æ�. Moreoverwe atta
h to E the s
alar: a(E) = � (L)�(E) � (H) 
(L;H) = J(L) � (G)�(E) � (H) 
(L;H) d(L)
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e Formula 47where �(E) is the 
ardinal of the group of outer automorphisms of the endos
opi
 pair �(E) and 
(L;H) isthe ratio of Haar measures on the isomorphi
 ve
tor spa
es AL and AH , this last isomorphism being indu
edby the 
onorm map n�. In parti
ular, given � 2 C1
 (AH ) we haveZAH �(�)dH� = 
(L;H) ZAL �(n�(z))dLzWe may now state and prove the �nal theorem. It generalizes the formula 7.4.4 in [KS℄. Re
all that ourTe 
ontains the 
ontribution of all ellipti
 elements while in [KS℄ only strongly regular elements are takeninto a

ount.V.3.2. Theorem. { Let E(!) be a set of representatives of equivalen
e 
lasses of endos
opi
 pairs E =(T; �) su
h that [�℄ = !. If f satis�es the transfer assumption V.3.1 the ellipti
 part of the geometri
 side ofthe tra
e formula 
an be written Te(f; !) = XE2E(!) a(E) STEe (fE )Proof: By de�nition STEe (f) = � (H) X
2ffHeggL 1~�H� (
) O1
 (f0) :Then XE2E(!) a(E) STEe (fE ) = XE2E(!) � (L)�(E) 
(L;H) X
2ffHeggL 1~�H�(
) O1
 (f0E ) :The sum on the right hand side is over a set of representatives of equivalen
e 
lasses of endos
opi
 pairs(T; �) su
h that [�℄ = !. Sin
e f satis�es the transfer assumption we haveO1
(f0E ) = 
(L;H) O�Æ� (f0)where 
 is the 
onorm of Æ� and hen
eXE2E(!) a(E) STEe (fE ) = � (L) XE2E(!) X
2ffHeggL 1�(E) ~�H� (
) O�Æ� (f0) :It follows from IV.3.2 that given 
 2 He, and up to equivalen
e on the pair E = (T; �), we may assume thatTH� 
ontains 
. But then (T; Æ�; �) is an L-admissible triple. Hen
e we may rewrite the right hand side oflast expression as � (L) Xf(E;
)g 1�(E) ~�H� (
) O�Æ�(f0)where the sum is over pairs (E ; 
) that 
omes from an L-admissible triple (T; Æ�; �) up to equivalen
e onendos
opi
 pairs E = (T; �) su
h that [�℄ = ! and up to stable 
onjuga
y for 
 in H. On the other hand,a

ording to V.2.2 we haveTe(f; !) = � (L) Xf(T;Æ�;�) j [�℄=!g N (T; Æ�; �)~�G�(Æ�) O�Æ� (f0) ;where the sum is over equivalen
e 
lasses of L-admissible triples (T; Æ�; �) su
h that [�℄ = !. The theoremnow follows from IV.3.4. �
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