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Initial Datawith Toroidal Conformal SymmetryR. Beig and S. HusaInstitut f�ur Theoretische Physik, Universit�at Wien, Vienna, Austria(September 27, 1994)AbstractA new class of time-symmetric solutions to the initial value constraints ofvacuum General Relativity is introduced. These data are globally regular,asymptotically 
at (with possibly several asymptotic ends) and in generalhave no isometries, but a U(1) � U(1) group of conformal isometries. Afterdecomposing the Lichnerowicz conformal factor in a double Fourier series onthe group orbits, the solutions are given in terms of a countable family ofuncoupled ODEs on the orbit space.
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If one casts General Relativity in canonical form one �nds that the Einstein equationssplit into two parts. One part, the constraints, has no time derivatives in it: the equationsare conditions on the initial data. The other part, the evolution equations, determine howthis initial data develop in time. The constraints are a highly underdetermined system whichcan be turned into elliptic equations by a judicious choice of the free data.The simplest version of the constraints occurs in the so-called moment-of-time-symmetry(or time-symmetric) problem, where the velocity part of the data, namely the extrinsiccurvature of the initial 3-manifold M 0, is set to zero and the only remaining equation isR[g] = 0, with g a Riemannian metric on the Cauchy slice and R the scalar curvature of g.The standard approach, pioneered by Lichnerowicz, is to select a base metric g andconstruct a solution metric g0 by means of a conformal transformation g0 =  4g. One thengets a linear elliptic PDE, namelyLg := (�4g +18R[g]) = 0;  > 0 (1)for the conformal factor. In the asymptotically 
at case studied here one in addition assumesthat g0 tends to the 
at metric at in�nity. One then requires that  , in addition to obeyingEq. (1), go to one in that limit.Simpli�cation should occur if one imposes some symmetry on g. Completely reducingthis 3 dimensional PDE problem to a one dimensional ODE by imposing a symmetry with2 dimensional orbits does not really work. In the case of spherical symmetry this would, bythe Birkho� theorem, leave us with data for the Schwarzschild solution. In the cylindricallysymmetric case, using the boundary condition, only Minkowski space remains [1]. Thus, inthe standard approach, the simplest solution that has been identi�ed is to assume that thefree data is axially symmetric which reduces Eq. (1) to a two dimensional PDE, and muche�ort, especially by the numerical community, has been devoted to solving it.In this Letter we wish to introduce a new symmetry in the base metric which gives usa large class of non-trivial solutions while at the same time allowing us to bene�t fromthe underlying linearity of the equation. With this symmetry we can reduce the equation2



to a set of uncoupled linear ODEs. This is a remarkable simpli�cation which o�ers majorbene�ts in a whole range of problems. The key idea is to use the freedom in choosing thebase metric g in a conformal equivalence class, particularly one can choose a base metricthat lives on a compact manifold which can be opened up to an asymptotically 
at one byconformal decompacti�cation (analogous to stereographic projection).The physical data we are considering are data de�ned on a 3-dimensional manifold M 0which may have several ends and are asymptotically 
at near each of them. They possess twocommuting, orthogonal conformal Killing vector �elds. Their action extends to a U(1)�U(1)action on the many-point compacti�cation S3 of M 0. After a suitable conformal rescalingof the metric, this action becomes in fact an isometry, and is thus of the \polarized Gowdytype" [2]. In the special case of just one point-at-in�nity, which is a �xed point of oneU(1) factor, these data have this U(1) factor as an isometry and are thus a subclass of Brillwaves. The fact that the group of all conformal symmetries of the physical data extends toan isometry group only after conformal compacti�cation turns out to be a blessing ratherthan a drawback.Even in the absence of symmetry it is useful to replace Eq. (1), on R3 say, together withthe boundary condition  ! 1 at in�nity, by the equationLgG = 4���; G > 0 (2)on the one-point compacti�cation S3 ofM 0 with g now being a Riemannian metric on S3 and�� the Dirac delta function concentrated at some point � 2 S3. It is then easy to see, usingthe known asymptotic behaviour of G near �, that the metric g0ab = G4gab on R3 �= S3n� isasymptotically 
at near � and satis�es R[g0] = 0 on account of Eq. (2). A solution G > 0 isknown to exist, i� �1, the lowest eigenvalue of Lg, is positive [3]. In particular, this existenceis insensitive to the choice of the point � which we will use later when we construct solutionswith many asymptotic ends.To solve Eq. (2) on the compact manifold S3 we subtract from G a quantity Gloc, takento be a suitable approximation to the Hadamard fundamental solution [4] of Lg near �,3



arbitrarily extended to all of S3. By including a su�cient number of terms in Gloc, we canarrange for the r.h.s. in Lg� = Lg(G �Gloc) = �� (3)to be as smooth at � as we please. Solving the regular equation (3) on S3 numerically theusual problems arising from having to use a �nite grid for an in�nite region (R3 in this case)are avoided. Moreover, in the presence of a U(1)�U(1) isometry we can introduce adaptedcoordinates, which will allow us to reduce the PDE (3) to a system of uncoupled ODEs.For the basic setup it is best to start by obtaining the standard metric ogab on S3 by inversestereographic projection from R3 with 
at metric og0ab. Let z; r; ' be standard cylindricalcoordinates on (R3; og0). Taking 
 = 4(1 + 4(r2 + z2)�1, the metric ogab = 
2 og0ab extends tothe standard one on S3. Furthermore �a = ( @@')a extends to a Killing vector on (S3; ogab).With �2 = �a�b ogab we have that �a�a = 0 andoDa o�b = 2��1�[a o�b]; �ab = ��3 o�a o�b � �ogab; (4)where we use the de�nitionsoDc ogab = 0; �a = oDa�; �ab = oDa oDb�:Next de�ne �a = ��1o�abc�b o�c; (5)obeying �a�b ogab = 1� �2 =: �2, �a�a = 0, �a�b ogab = 0, andoDa �b = 2��1�[a�b]: (6)It thus follows from equations (4,5,6) that (�; �) form a pair of commuting, orthogonaland hypersurface-orthogonal Killing vectors of ogab spanning � = �0 = const: where �0 rangesbetween 0 and 1. For �0 6= 0; 1 these are 
at tori of constant mean curvature changing signat the Cli�ord torus for which �0 = 1p2 . The sets � = 0 (� = 1) are closed lines on which4



�a (�a) is zero (the \axes"). In fact, � = 0 (respectively � = 1) are linked great circles onS3, corresponding to the z-axis (respectively the circle z = 0; r = 1=2) after stereographicprojection. Using coordinates (�; �; ') where �a = ( @@�)a and � = const: are orthogonal to�a we �nd that �, like ', has periodicity 2�. The coordinate � can be �xed by requiring�, the point at in�nity under stereographic projection, to be at � = 0, � = 0. The totallygeodesic surfaces � = const: (' = const:) are metric hemispheres intersecting at � = 1(� = 0) with f� = �g [ f� = � + �g (f' = �g [ f' = � + �g) being smoothly embeddedS2's. Under stereographic projection the surfaces � = const: do not change topology exceptfor f� = 0g [ f� = �g which gets decompacti�ed into fz = 0; r � 1=2g [ fz = 0; r � 1=2g,i.e. the equatorial plane z = 0.In the (�; �; ') coordinates the metric ogab takes the formogab = �a�b1� �2 + (1� �2)�a�b + �2'a'b: (7)We now generalize Eq. (7) by settinggab = eAq " �a�b1� �2 + (1� �2)�a�b#+ �2'a'b (8)where A is a constant and q is a smooth function of �2 with qj�=0 = 0. Eq. (8) then de�nesa smooth metric on S3 which, again, has a U(1)�U(1) symmetry with the same propertiesas above, with the exception that the hemispheres � = const: and ' = const: are not nowmetric half-spheres and that maximal tori � = �0 occur wheneverA�(1 � �2)q0 + 1 � 2�2 = 0; where q0 = dqd�:The metrics de�ned by (8) are the free data we wish to consider. The �rst step nowconsists of checking whether �1(g) > 0. This is known to be true for A1 < A < A2 [5],where A1 < 0, A2 > 0 are numbers dependig on q, both �nite provided q 6� 0. In the presentcase �1(A) is determined by an ODE: by virtue of non-degeneracy of ground states, thecorresponding eigenfunction has to share the U(1) � U(1)-symmetry of the problem and isa function merely of �. (In contrast, in Eq. (2), the original symmetry is broken by one's5



choice of �.) It is known that for A su�ciently close to A1 or A2, the constant term in G, i.e.the ADM mass gets arbitrarily large and the physical metric g0 develops trapped surfaces(see Ref. [3]).In the next step we subtract a suitable Gloc from G and try to solve Eq. (3). We cannow expand � and �� in a Fourier series on the square torus (� 2 [0; 2�],' 2 [0; 2�]). SinceLg commutes with @@� and @@' this results in an ODE on � 2 [0; 1] for each Fourier mode,supplemented by boundary conditions at � = 0 and � = 1 needed to ensure regularity of �on the two axes. By uniqueness [6] an isometry of gab carries over to g0ab i� � is a �xed pointof this isometry. Thus, if � is in a general position, g0 has no isometries whatsoever. Onthe other hand, taking � to be at � = 0, � = 0, say, we keep @@' as a Killing vector, and theresulting data are a special case of Brill waves [7]. The vector �eld @@� survives on R3 = S3n�merely as a conformal vector �eld which is incomplete along the axis � = 0. There is howeverthe discrete \mirror" isometry (�; �; ') 7! (�; 2� � �;'), leaving the equator invariant.We can generalize the above to the case where there are several asymptotic ends. Wesimply choose a �nite number of points �i (i = 1; : : : ; N), solve numerically for the corre-sponding Green function Gi and writeg0ab =  NXi=1 ciGi!4 gab; (9)where the \source strengths" ci are arbitrary positive numbers. When A = 0, these aresimply the many-black-hole solutions discussed by Brill and Lindquist [8].Even when A 6= 0 not all of the Gi's have to be computed separately: for any �1, �2 lyingon the same orbit of the isometry group, G2 is given in terms of G1 by the product of suitablerotations in ' and �. Take e.g. N = 2 with �1 at (� = 0; � = 0) and �2 at (� = 0; � = �).In the special case � = �, the physical metric g0ab has the mirror symmetry � 7! 2� � �.When c1 = c2, it has the inversion symmetry f�g [ f� + �g 7! f� � �g [ f� � � + �g,leaving the \throat" f� = �=2g[f�=2+�g invariant. Thus the \throat" is totally geodesicwith respect to g0ab, in particular a minimal embedded 2-sphere (a \horizon"). We remarkthat, when A = 0, the above discrete symmetries are present irrespective of c1, c2 and �.6



Because, then, by combining a homothety with a proper conformal motion coming from theKilling vector @@z on (R3; og0ab), we can always arrange for c01 = c02, �0 = �. The correspondingphysical data is of course nothing but a time-symmetric slice of the Kruskal spacetime withmass m(c1; c2; �) = 2p2c1c2(1 � cos�)�1=2. When A 6= 0 our solutions for c1 6= c2 are notinversion symmetric. Placing sources of equal strength at � = 0, �i = 2�iN , i = 0; 1; : : : ; N�1,we �nd in an analogous manner that on R3nSni=1�i each asymptotic end is surrounded bya throat. Thus, viewing �1 as \in�nity" and the other �i's as \black holes" or \particles"we can in particular say that these objects, viewed from in�nity, are so close together that,in addition to a horizon for each of them individually, there is one surrounding them all.Finally we want to place the solutions found here in a more general context. >From theconformal-compacti�cation viewpoint adopted here, looking for time-symmetric initial datawith symmetries naturally leads to looking for metrics g on a compact 3-manifold M , notnecessarily S3, with a group G of conformal symmetries. Suppose (M;g) is not conformallydi�eomorphic to (S3; og) (in which case the one-point conformal decompacti�cation wouldbe data for Minkowski spacetime. Then, by virtue of a theorem due to Obata [9], G acts byisometries on a metric g1 in the conformal class of g. Thus, calling g1 again g, we are left withisometries of (M;g). When G has 3-dimensional orbits, it has to be one of the Bianchi typesexisting on a compact manifold. Whether they too can be usefully employed as backgroundmetrics for conformal decompacti�cation, we have not investigated. The next case is theone of 2-dimensional orbits which has been fully classi�ed [10]. Taking M to be S3, whichis the topologically trivial case in the present context, G can be SO(3) or U(1)�U(1). The�rst case is again conformally, whence physically, trivial. The second case, provided thetwo Killing vectors can be chosen to be orthogonal, is the polarized Gowdy case, which isconformally di�eomorphic to the one used here.IfM is chosen to be S2�S1 and G = SO(3), (M;g) is conformally equivalent to S2�S(a),the standard S2 times the circle of radius a. This, in physical terms, corresponds to theMisner wormhole [11]. The case G = U(1)�U(1) is a generalization of the Misner wormhole,and is similar to the case studied here. 7



Finally, when M �= T 3, it follows from a fundamental theorem of Schoen and Yau [12]that �1(g) � 0 for all metrics g, so that no positive Green function exists.Let us summarize: We have presented here a class of initial data for General Relativitywhich in general have no symmetries whatsoever and for which the constraints are equivalentto an in�nite system of uncoupled ODEs. In forthcoming work by one of us (S.H.), theprocedure outlined here is carried out for some classes of initial data having the requiredU(1) � U(1) conformal symmetry. This will involve a numerical study of the existencequestion, i.e. the sign of �1(g), and the actual construction of initial data. Also included willbe the location of apparent horizons and tests for the isoperimetric inequality of black holesand the hoop conjecture. Since our method is fundamentally di�erent from the one usuallyemployed in Numerical Relativity based on solving PDEs directly on 2 or 3 dimensionalgrids, we expect our solutions to be useful testbeds for ones obtained by these standardmethods. Clearly our method so far makes decisive use of the linearity of the Lichnerowiczequation (2) in the time-symmetric case. In the future we plan to study the nonlinear case ofmaximal non-time-symmetric initial data having a U(1)�U(1) symmetry of the backgroundmetric and background extrinsic curvature. Whether the lines of thought followed in thepresent work o�er simpli�cations also for the evolution problem is at present unclear.We thank N. �O Murchadha for his encouragement and for help with the presentation.This work was supported by Fonds zur F�orderung der wissenschaftlichen Forschung, ProjectNo. P09376-PHY.
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