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Nonequilibrium thermodynami
s ?G. GallavottiRutgers Hill Center, I.N.F.N. Roma1, Fisi
a Roma1, I.H.E.S.(Dated: 20 November 2002)Twentyseven 
omments (�) on the Se
ond Law and nonequilibrium systemsPACS numbers: 47.52, 05.45, 47.70, 05.70.L, 05.20, 03.20I. DEFINITIONS.The purpose, in the present dis
ussion, is investigat-ing the possibility of an extension of Thermodynami
s tosystems whi
h are in a stationary state but are subje
t tothe a
tion of 
onservative and non
onservative positionalfor
es f pos and (therefore) also to the a
tion of the for
es# ne
essary to take away the heat thus generated.We �rst 
onsider systems for whi
h a �nite mi
ros
opi
me
hani
al model exists and are, therefore, des
ribed byequations of the formm �x = f pos(x ) + # (x ; _x ) def= F (x ; _x )and x is a point in an appropriate �nite dimensionalphase spa
e (typi
ally of very large dimension). If thefor
e f pos is 
onservative then no thermostat is neededand we suppose # = 0 (for simpli
ity). In general we
all the for
e law # a me
hani
al thermostat.(�) A key notion will be the phase spa
e 
ontra
tion rate�( _x ; x ) whi
h is de�ned as minus the divergen
e of theequations of motion:�( _x ; x ) = � 3NX�=1 � _x�F�( _x ; x )(�) An equilibrium state will be a stationary probabilitydistribution given by a density (one says a stationary\absolutely 
ontinuous" distribution) on the phase spa
eof a system whi
h is subje
t only to 
onservative for
es.We also identify the distribution with any point whi
h istypi
al with respe
t to it: by typi
al we mean that thetime averages of observables evaluated on the traje
toryof the point are the same as the averages with respe
t tothe distribution.(�) We suppose (ergodi
ity) that the time averages of ob-servables (just of the few physi
ally relevant for ma
ro-s
opi
 Physi
s) are 
omputable from any of the (equiva-lent) statisti
al ensembles: like the mi
ro
anoni
al en-semble. Hen
e an equilibrium state is identi�ed witha probability distribution on phase spa
e. A \typi
al"mi
ros
opi
 
on�guration, i.e. an initial datum in phasespa
e whi
h is not in a set of \unlu
ky 
ases" whi
h, how-ever, form a zero volume set and are therefore (believed

to be)1 unobservable, will evolve in time so that the timeaverages of the observables (at least the few relevant forma
ros
opi
 Physi
s) are 
omputable by the equilibriumstate whi
h has the 
orre
t values of the ma
ros
opi
 pa-rameters: e.g. in the mi
ro
anoni
al 
ase the energy Uand the 
ontainer volume V . When we speak of prop-erties of a single (typi
al) point in phase spa
e, like ofits \entropy", we always mean the same property of theequilibrium state for whi
h the datum is a typi
al one.Remarks: This already might be 
ontroversial: in fa
t theabove (admittedly un
onventional) de�nition of entropyhas the following impli
ations. A rare�ed gas whi
h ini-tially happens to have all mole
ules lo
ated in the lefthalf of a 
ontainer, be
ause a separation wall has justbeen removed, setting the gas in ma
ros
opi
 motion andout of the previous equilibrium state, will be an initialdatum in phase spa
e whose entropy is that of the samegas o

upying the entire 
ontainer and at the same tem-perature2 (the di�eren
e residing only in the di�erentdynami
s that follows the removal the wall in the mid-dle of the 
ontainer). Sin
e a physi
ist would apply theBoltzmann equation to des
ribe the evolution, the ques-tion arises about whi
h is the pla
e here of Boltzmann'sH fun
tion, whi
h is di�erent if evaluated for the initialdatum or for a datum into whi
h the initial one evolvesafter a moderately large time (and in both 
ases it equalsthe 
lassi
al thermodynami
 entropy of the initial and �-nal equilibria).(�) In trying to study nonequilibrium 
ases a 
on
eptualdiÆ
ulty must be met: if a system is subje
t to externalnon 
onservative for
es then the thermostatting for
eswill have a non zero divergen
e and volume in phase spa
ewill not be preserved. The key idea (due to Ruelle)[1℄ isthat in this 
ase (as well as in the previous 
ase) thenonequilibrium states will be the stationary states whi
hare generated by time averaging of initial states that havea density or more satisfa
torily, perhaps, by time aver-aging on the evolution of initial data that are typi
al1 This is not to be taken for granted, even though it is very often
onsidered so: here I do not enter into dis
ussing this mysteriousassumption (as I have nothing to say).2 Assuming the gas to be ideal: we think here of Joule's experi-ment. In the following the temperature will have the dimensionof energy, i.e. we 
all temperature T what is usually 
alled kBTwith kB being Boltzmann's 
onstant



2for probability distributions given by some (arbitrary)density. The latter states are 
alled SRB distributions(Sinai,Ruelle,Bowen)[1{4℄. Their appearan
e is naturalsin
e there will be no state (i.e. no probability distri-bution) whi
h is stationary and at the same time is alsogiven by a density. As in the equilibriumstate we shall at-tribute to ea
h individual point in phase spa
e the ma
ro-s
opi
 properties of the stationary state whi
h allows usto 
ompute the averages of ma
ros
opi
 observables onthe motion of the given point.Remark: Systems that are 
haoti
 in a mathemati
alsense (hyperboli
 systems) 
an be shown, on rather gen-eral grounds, to have the property that there is only oneSRB distribution (with the 
orre
t values of the ma
ro-s
opi
 parameters).[1,2,4℄ Therefore su
h systems, theonly ones for whi
h the above de�nition has a stri
tmathemati
al sharpness, verify an extension of the er-godi
 hypothesis: adopting the latter de�nition meansbelieving that the system is 
haoti
 enough so that typ-i
al initial data generate a unique stationary distribu-tion with several features of the SRB distributions forhyperboli
 systems: the assumption has been 
alled
haoti
 hypothesis[5℄ and it represents (in our analysis)the nonequilibrium analogue of the 
lassi
al ergodi
 hy-pothesis.(�) Given an initial state (a typi
al point or a distri-bution on phase spa
e) it might be possible to de�ne afun
tion of it that will monotoni
ally in
rease to a limitvalue whi
h is the same for almost all data sampled witha distribution with a density on phase spa
e (i.e. ab-solutely 
ontinuous). Sin
e Boltzmann's H fun
tion isan example of su
h a fun
tion we shall 
all H-fun
tionsall su
h fun
tions. We re
all that Boltzmann's H fun
-tion is de�ned by a 
oarse graining of phase spa
e into\ma
rostates" determined by the o

upation numbersf(p; q)d3pd3q of phase spa
e 
ells d3pd3q around p; q andby de�ning H = � R f(p; q) log f(p; q) d3pd3q. Clearlyhere the 
ells size a�e
ts by an additive 
onstant thea
tual value of H, whi
h therefore should have no sig-ni�
an
e (at least in the 
lassi
al me
hani
s 
ontext inwhi
h we are working) and only the variations of H 
anbe meaningful. In a rare�ed gas the Boltzmann equa-tion is believed to apply:[3℄ so that in the latter 
asesthe fun
tion just de�ned is a nontrivial example of anH{fun
tion.(�) Here we propose that even in the 
ase of rare�ed gasesit is neither ne
essary nor useful that the H fun
tion isidenti�ed with the entropy: we want to 
onsider it as aLyapunov fun
tion whose role is to indi
ate whi
h will bethe �nal equilibrium state of an initial datum in phasespa
e. This does not 
hange, nor it a�e
ts, the impor-tan
e of Boltzmann's dis
overy that, in rare�ed gases,the H fun
tion 
an be identi�ed with the physi
al en-tropy whenever the latter is de�ned (i.e. in equilibria).Suppose that the initial state is 
hosen randomly withrespe
t to a Gibbs distribution whi
h is not the one that

pertains to the given parameters that des
ribe the system(e.g. volume V and energy U ) but to other values: forinstan
e it is 
hosen randomly with a Gibbs distribution�U;V=2 that has the same energy but o

upies half of thevolume as in Joule's experiment. Then the inital and �-nal values of the H fun
tion happen to 
oin
ide with thephysi
al entropies of the Gibbs states �U;V and �U;V=2(at least in a rare�ed gas) whi
h are given by the Gibbs'entropy.3(�) The latter property 
ould possibly be used to attempta de�nition of entropy for states whi
h are neither equi-libriumnor stationary states:[6℄ however su
h a de�nitionwould be useful only in the spe
ial situations in whi
h anH-theorem 
ould be proved. That seems e�e
tively toredu
e the 
ases in whi
h the notion would be useful tothe ones in whi
h an initial equilibrium state identi�edby some parameters (like U; V ) evolves towards a �nalone identi�ed by other values of the parameters. Andeven in su
h 
ases it is severely restri
ted to the rare�edgases evolutions in whi
h the H-theorem 
an be proved:a statement that a model indpendent, universal, exten-sion of the above H-fun
tion, would have to be provedto have a monotoni
ity property, at least at a heuristi
level, to avoid that its monotoni
ity be
omes an a priorilaw of nature.(�) In general I would think that there will always be aLyapunov fun
tion whi
h des
ribes the evolution of aninitial state and is maximal on the stationary state thatits evolution will eventually rea
h: however su
h a Lya-punov fun
tion may not have a universal form (unlikethe H fun
tion in the rare�ed gases 
ases) and it maydepend on the parti
ular way the system is driven by theexternal for
es. After all the SRB distribution veri�esa variational prin
iple (Ruelle)[1,2,4℄ whi
h remarkablyhas the same form both in equilibrium and nonequilir-ium systems and one may imagine that in general it willbe possible to de�ne (on a 
ase by 
ase basis, I am afraid)a quantity that will tend to a maximum rea
hed on theeventual stationary state. This pi
ture seems to me sim-pler than trying to guess a (possibly nonexistent) general3 One should note that in the whole Boltzmann's work he has beenreally 
on
erned with the approa
h to equilibrium: in our termi-nology he has been 
on
erned with the problem of determiningthe stationary equilibrium distribution to whi
h a given initialdatum gives rise at large time: restri
ting 
onsideration only tosu
h 
ases one 
ould well 
all the Boltzmann's H-fun
tion the\entropy" of the state as it evolves towards equilibrium. And,whatever namewe give it, remains true thatH is a measureof thedisorder in the system. Our analysis here is intended to say thatsu
h an interpretation is not tenable when the system evolvestowards a stationary nonequilibrium state. It must also to besaid that even the H-theorem is not general be
ause it appliesonly to rare�ed gases, and even there it is an approximation: togeneralize it to general situations, even when one only deals withapproa
h to equilibrium, is a profound statement whi
h shouldbe substantiated by appropriate arguments.



3de�nition of a quantity that would play the role of Boltz-mann's H. II. ENTROPY CREATION.The se
ond law of Thermodynami
s, in 
lassi
al Ther-modynami
 treatises, states:It is impossible to 
onstru
t a devi
e that, operating ina 
y
le, will produ
e no e�e
t other than the transfer ofheat from a 
ooler to a hotter bodyOf 
ourse this will be assumed to be a law of nature(Clausius)[7℄.(�) The law implies that one 
an de�ne an entropy fun
-tion S on all equilibrium states of a given system (
hara
-terized in simple bodies by energy U and available volumeV ) and if an equilibrium state 1 
an be transformed intoanother equilibrium state 2 thenS2 � S1 � Z 21 6dQTusing notations familiar from Thermodynami
s: here theintegral is over the transformation followed by the sys-tem in going from 1 to 2 and the 6 dQ is the heat thatthe system absorbs at temperature T from the outsidereservoirs with whi
h it happens to be in 
onta
t. Theequality sign holds if the path followed is a reversible one.(�) One should note that the prin
iple really says thatthe R 21 6dQT does not depend on the path followed, if thepath is a reversible sequen
e of equilibrium states; and itsmaximumvalue is rea
hed along su
h paths. Existen
e ofa path 
onne
ting 1 with 2 with S2 � S1 < R 21 6dQT wouldlead to a violation of the se
ond law.(�) Is there an extension of the S2 � S1 � R 21 6dQT rela-tion to nonequilibrium Thermodynami
s?4 Sin
e thereseems to be no agreement on the de�nition of entropyof a system whi
h is in a stationary nonequilibrium andsin
e there seems to be no ne
essity in Physi
s of su
h anotion, at least I see none, I shall not de�ne entropy ofstationary nonequilibrium systems (in fa
t the analysisthat follows indi
ates that if one really insisted in de�n-ing it then its natural value 
ould, perhaps, be �1!).(�) In Thermodynami
s one interprets � R 21 6dQT as theentropy 
reation in the pro
ess leading from 1 to 2, beit reversible or not or through intermediate stationarystates or not. The name is 
hosen be
ause it is thoughtas the entropy in
rease of the heat reservoirs with whi
h4 Whi
h in a sense is tantamount of asking \is there a nonequilib-rium Thermodynami
s?"

the system is in 
onta
t and whi
h are supposed to besystems in thermal equilibrium: so that their entropyvariations are, in prin
iple, well de�ned be
ause they fallin the domain of equilibrium thermodynami
s. In a gen-eral transformation from a state 1 to a state 2, both ofwhi
h are stationary (non)equilibrium states, followinga path of (non)equilibrium stationary states �(t) and in
onta
t with purely me
hani
al thermostats one 
ould
onsider the 
ontribution to the entropy 
reation due toirreversibility in the pro
ess leading from 1 to 2 during atime interval [0;�℄ to be� = 
 Z �0 h�(x ; _x )i�(t)dt = 
 Z �0 �t dtwhere �t def= h�(x ; _x )i�(t) is the average phase spa
e 
on-tra
tion 
omputed in the state �(t). This follows a re-
ently proposed identi�
ation of �(x ; _x ) as proportionalto the entropy 
reation rate (here 
 is a proportional-ity 
onstant)[8℄. The quantity � is for me
hani
al ther-mostats the analogue of � R 21 6dQT for the generi
 phe-nomenologi
al thermostats 
hara
terized by a tempera-ture T .(�) In 
onsidering ma
ros
opi
 systems one may imag-ine situations in whi
h a system is partially thermostat-ted by me
hani
al for
es for whi
h a model 
onsideredphysi
ally reasonable is available5 and partially by phe-nomenologi
ally de�ned \heat reservoirs" 
hara
terizedby a temperature T and able to 
ede to the system quan-tities 6dQ of heat (6dQ 
an have either sign or vanish).In su
h more general settings a system in 
onta
t withseveral thermostats of whi
h a few are modeled by me-
hani
al equations and a few others are unspe
i�ed andare just assumed to ex
hange quantities of heat 6dQ attemperature T the se
ond prin
iple will be extended as��+ Z 21 6dQT � 0assuming that the path leading from 1 to 2 
onsists en-tirely of nonequilibrium stationary states and that it lastsa time interval [0;�℄. Regarding the external thermostatsas thermodynami
 equilibrium systems � 6dQT is the en-tropy in
rease of the reservoirs at temperature T and� = 
 R h�it is interpreted as the entropy in
rease of theme
hani
al reservoir: if this interpretaton is a

epted theabove relation be
omes the ordinary se
ond law for theexternal reservoirs and 
ould be read as \the entropy5 Typi
ally these are models of fri
tion, as in the Navier Stokesequation 
ase in whi
h the vis
osity plays the role of a thermo-stat. Or in granular matter where the restitution 
oeÆ
ient inthe 
ollisions produ
es energy dissipation. Another well knownexample is in Drude's theory of ele
tri
al 
ondu
tion.



4of the rest of the universe does not de
rease" (be
ause�� R 21 6dQT � 0), where \universe" is not the astronomi-
al Universe but rather the 
olle
tion of physi
al systemswhose intera
tion with the system under study 
annotbe negle
ted.If a system is a in a stationary state in whi
h �t =h�i > 0 (t{independent) this essentially for
es us to saythat its entropy, if one insisted in de�ning it at the timet0 of observation, 
ould only be � R t0�1h�i dt = �1 ashinted above.6(�) Sin
e the quantity �t is � 0 (Ruelle)[2℄ under verygeneral 
onditions (in fa
t always if the 
haoti
 hypoth-esis is assumed to hold true) � � 0 and the proposedestension is 
ompatible with the main 
onsequen
es ofthe se
ond law. The 
onstant 
 will be taken 1 be
ausethe fa
tor 1 
an be 
omputed by studying the expressionof �(x ; _x ) in spe
ial models: at the moment, however,I see no immediate physi
al impli
ations of the \univer-sality" of this 
hoi
e of 
 and for the purposes of whatfollows 
 
ould be any 
onstant, even non universal.(�) The above implies again that we shall not be able tode�ne an entropy fun
tion unless �t � 0. The latter isthe 
ondition under whi
h equilibrium Thermodynami
sis set up: so that if one studies only transformationsfrom equilibrium states to other equilibrium states it ispossible to de�ne not only the 
reation of entropy butthe entropy itself (up to an additive 
onstant).(�) A number of 
ompatibility questions arise: supposethat the system evolves between 1 and 2 under the a
-tion of a thermostat whi
h is modeled by for
es that a
ton the system. For instan
e we 
an imagine a 
ontainerwith periodi
 bounday 
onditions, we 
all it a wire, 
on-taining a latti
e of obsta
les, whi
h we 
all a 
rystal, andN parti
les, whi
h we 
all ele
trons, intera
ting betweenea
h other and with the latti
e via hard 
ore intera
tions(say) and subje
t also to a 
onstant for
e, whi
h we 
allele
tromotive for
e, of intensity E; furthermore the par-ti
les will be subje
t to a thermostat for
e of Gaussiantype7 (as it is essentially the 
ase in Drude's theory as de-s
ribed in 
lassi
al ele
tromagnetism treatises[9℄) whi
hfor
es the parti
les to have an energy U = u(E) whi
his an assigned fun
tion of E. Suppose that the value ofE 
hanges in time (very slowly 
ompared to the mi
ro-s
opi
 time s
ales) following a pro�le E(t) as drawn inFig.16 If we imagine possible to repla
e a me
hani
al thermostat witha phenomenologi
al thermostat at temperature T then the lefthand side of the relation above remains un
hanged but a part of�� be
omes a 
ontribution to the se
ond addend.7 This is not the appropriate pla
e to remind the Gauss' least
onstraint prin
iple: it 
an be easily found in the literature[3℄.

E(t) �Fig.1In this 
ase the wire performs a 
y
le whi
h is irreversibleand the integral R 21 6dQT is 0 be
ause the system is adiabat-i
ally isolated (the thermostat being only of me
hani
alnature). The entropy variation of the system is de�nedbe
ause the initial and �nal state are equilibria and, sin
ethey are the same, it is 0: but there has been entropy 
re-ation � > 0.(�) It is (perhaps) natural to de�ne the \temperature" ofa me
hani
al thermostat by remarking that in the mod-els studied in the literature it turns out that �t is pro-portional to the work per unit time that the me
hani
alfor
es perform, the porportionality 
onstant being in gen-eral a fun
tion of the point in phase spa
e. Therefore we
an 
all T�10 the time average of the proportionality 
on-stant between � and the work W per unit time that theme
hani
al thermostatting for
es perform: in this way�t = WT0 and R�0 �t dt = R 6dQ0T0 where 6dQ0 is the to-tal work performed by the me
hani
al for
es whi
h we
an (naturally) 
all the heat absorbed by the me
hani
alreservoir.(�) If one imagines that the above 
ondu
ting wire modelat the same time ex
hanges heat with two sour
es, ab-sorbing Q2 at temperature T2 and 
eding Q1 at temper-ature T1 via some unspe
i�ed me
hanism, and assumingthat the pro�le of E(t) is as in Fig.2E(t)E0 �Fig.2where the value of E0 
orresponds to a temperature T0in the above sense. The inequality �� + R 21 6dQT � 0be
omes� Z �0 �t dt + Q2T2 � Q1T1 � �Q0T0 + Q2T2 � Q1T1 � 0For instan
e, we see that if T1 = T2 = T0 we have realizeda 
y
le whi
h is irreversible. In it a quantity of heat Q2�Q1 � L, with L = Q0 = T0� = T0 R �0 �t dt is absorbedat a single temperature T = T0 and is transformed intothe amount Q2�Q1�L of work: however the inequalityforbids this to be positive, as expe
ted.III. MECHANICAL AND STOCHASTICMODELS.A de�nition in Physi
s is interesting (only) if it is use-ful to de
ribe properties of the systems in whi
h we areinterested. Therefore having set the above de�nitions oneshould expe
t to be asked why all the work was made.



5In this 
ase the whole matter was originated by ef-forts to interpret results that started to appear in thelate 1970's 
on
erning numeri
al experiments in mole
u-lar dynami
s[8℄.(�) It is obvious that in numeri
al experiments one needsto deal with a �nite system (and even not too large):hen
e various models of thermostats were devised for thepurpose of obtaining equations that 
ould be transformedinto numeri
al 
odes and studied on ele
troni
 ma
hines.This was a theoreti
al innovationwith respe
t to previousmodels whi
h either relied on sto
hasti
 boundary 
on-ditions or, in the more sophisti
ated 
ases, with (poorlyunderstood) systems with in�nitely many parti
les. Andit opened the way to import the knowledge in the theoryof dynami
al systems that had been being developed inthe two pre
eding de
ades or so.The novelty with respe
t to sto
hasti
 thermostats wasmore 
on
eptual than numeri
al. Given the number ofparti
les a sto
hasti
 
ode is often only mildlymore 
om-plex (and it 
ould even be simpler) at least in the 
ases inwhi
h the noise is un
orrelated in time and a
ts on oneparti
le at a time. This means that the resulting 
odedoes not require a longer running time than a determin-isti
 one: a fa
t that 
an also be seen by noting that asto
hasti
 system 
an be regarded as a deterministi
 sys-tem with more degrees of freedom (i.e. the ones neededto des
ribe the random numbers generators that one hasto use and whi
h, as it is well known, are simply suitably
haoti
 dynami
al systems themselves).From the point of view of 
ode writing this amountsat adding a few more parti
les to the system.8(�) It is by no means 
lear that by using me
hani
al ther-mostats one 
an obtain physi
ally realisti
 models nor,assuming that the sto
hasti
 dynami
 models are morerealisti
, models behaving in as 
omplex a way as thesto
hasti
 ones (typi
ally 
onsisting in boundary 
olli-sion laws in whi
h the parti
les emerge with a maxwellianvelo
ity distribution with suitable varian
e, i.e. suitabletemperature). Understandably the matter is 
ontrover-sial but quite a few resear
hers think that this has beenpositively demonstrated by large amounts of work donein the last thirty years.Sin
e sto
hasti
 models are just models with more de-grees of freedom it is tautologi
al that there is equivalen
ebetween all possible sto
hasti
 models and all determinis-ti
 ones. The real question is whether the rather simpledeterministi
 thermostats models that have been usedare able to simulate a

urately the sto
hasti
 models be-8 For instan
e if the sto
hasti
 thermostat is de�ned by requiringthat upon 
ollision with the boundary a parti
le rebounds witha maxwellian velo
ity distribution with dispersion (temperature)depending only on the boundary point hit then one needs threeGaussian random number generators, i.e. essentially three moredegrees of freedom.

lieved to be more realisti
.(�) In my view it is likely that vast 
lasses of thermostats,deterministi
 and sto
hasti
 as well, are equivalent inthe sense that they produ
e motions whi
h althoughvery di�erent when 
ompared at equal initial 
onditionsand at ea
h time have, nevertheless, the same statisti
alproperties[3,4℄. And in my opinion there is already evi-den
e that it is indeed possible to simulate the same sys-tem with simple deterministi
 thermostats or with some
orresponding sto
hasti
 ones.Here the equivalen
e is intended in a sense that is fa-miliar in the theory of equilibrium ensembles: if one �xessuitably 
ertain parameters then ensembles (i.e. time in-variant probability distributions in phase spa
e) that areapparently very di�erent (e.g. mi
ro
anoni
al and 
anon-i
al) give, nevertheless, the same statisti
al properties tovast (not all) 
lasses of observables. If one �xes the en-ergy U and the volume V in a mi
ro
anoni
al ensembleor the inverse temperature � and the volume V in the
anoni
al ensemble then one obtains that lo
al observ-ables have the same statisti
al distribution in the two
ases provided the value of � is 
hosen su
h that the av-erage 
anoni
al energy is pre
isely U .One among the most striking examples of su
h equiva-len
e (She,Ja
kson)[10℄ is the equivalen
e between thedissipative Navier Stokes 
uid and the Euler 
uid inwhi
h the energy 
ontent of ea
h shell of wave numbersis �xed (via Gauss' least 
onstraint prin
iple) to be equalto the value that Kolmogorov's theory predi
ts to be theenergy 
ontent of ea
h shell at a given (large) Reynoldsnumber. Here one 
ompares two very di�erent me
hani-
al thermostats. A more general view on the equivalen
ebetween di�erent thermostats has been developed sin
e.In fa
t many instan
es in whi
h Physi
ists say that \anapproximation is reasonable" really 
orrespond to equiv-alen
e statements about 
ertain properties of di�erenttheories (and in the best 
ases the statements 
an betranslated into proper mathemati
al 
onje
tures).(�) Coming therefore to 
onsider more 
losely me
han-i
al thermostat models the phase spa
e 
ontra
tion hasturned out in many 
ases to be an interesting quantityoften intepretable as the ratio between the work doneby the thermostats on the systems and some kineti
 en-ergy average: this led sin
e the beginning to identify thephase spa
e 
ontra
tion rate with the entropy 
reationrate. The above \philosophi
al" 
onsiderations have beendeveloped to give some ba
kground interpretation to thevast phenomenology generated by the new ele
troni
 ma-
hines used as tools to investigate 
omplex systems evo-lutions.A 
ollision between the previously held views, egre-giously summarized by the book of De Groot-Mazur[11℄,based on 
ontinuum me
hani
s and the new approa
hesbased on transistors, 
hips and dynami
al systems theoryensued: often showing that the two 
ommunities give theimpression of not really meditating on ea
h other argu-ments.



6(�) Setting aside 
ontroversies it is interesting that theme
hani
al thermostats approa
h has nevertheless led toa new perspe
tive and to a few new results. Here I men-tion the 
u
tuation relation: the phase spa
e 
ontra
-tion �(x(t); _x(t)) whi
h in various models has interestingphysi
al meaning (like being related to 
ondu
tivity orvis
osity) is a 
u
tuating quantity as time goes on. Itsaverage value in a time interval of size � divided by itsin�nite time average in the future h�i is a quantity p thatstill 
u
tuates. Of 
ourse it 
u
tuates less and less thelarger is � and its probability distribution (easily ana-lyzable by observing it for a long time and by dividingthe time into intervals of size � and forming a histogramof the values thus observed) is expe
ted on rather gen-eral grounds to be proportional to e��(p) for � large with�(p) being a fun
tion with a maximum at p = 1 (i.e. atthe average, hen
e most probable, value of p) providedh�i > 0, i.e. provided there is dissipation in the systemand the system is, therefore, out of equilibrium.If the dynami
al equations are reversible, i.e. if thereis an isometry I of phase spa
e whi
h anti
ommutes withthe time evolution (x; _x)! St(x; _x) � (x(t); _x(t)) in thesense that ISt = S�tI and furthermore I2 = 1 then,provided the system motion is \very 
haoti
", it followsthat �(�p) = �(p)� ph�iThis is a parameter free symmetry relation that wasdis
overed in a numeri
al experiment (Evans, Cohen,Morriss)[12℄ and whi
h has been 
he
ked in many 
ases.By very 
haoti
 one means that the motion of the system
an be assimilated to that of a suitable Anosov 
ow whosetraje
tories �ll densely phase spa
e (transitive Anosov
ow).(�) Indeed for transitive reversible Anosov systems theabove relation holds as a theorem[5℄. Sin
e models ofphysi
al systems are not Anosov systems from a stri
tmathemati
al point of view the above relation 
annot beapplied, not even to 
ases in whi
h the model is reversibleand the traje
tories are dense on the allowed phase spa
e:the 
haoti
 hypothesis says that the fa
t that the systemis not mathemati
ally an Anosov system is not relevantfor physi
al observations, in most 
ases. This is similarto the statement that in equilibrium systems the la
kof ergodi
ity of motions is irrelevant in most 
ases andaverages 
an be 
omputed by assuming ergodi
ity (i.e.by using the mi
ro
anoni
al distribution).If this is 
orre
t the above relation should hold: a nontrivial fa
t to 
he
k due to the diÆ
ulty of observing su
hlarge 
u
tuations and to the la
k of free parameters to�t the data, on
e they have been laboriously obtained.(�) When the for
ing of the system is let to 0 the above

relation degenerates: not only h�i ! 0 but also p itselfbe
omes ill de�ned as its de�nition involves division byh�i. Nevertheless by extra
ting the leading behavior ofboth sides the 
u
tuation relation leads to relations be-tween average values of derivatives of dynami
al quanti-ties with respe
t to the intensity of the for
ing, evaluatedat zero for
ing, and su
h relations 
an be intepreted asOnsager re
ipro
ity relations and Green{Kubo expres-sions for suitably de�ned transport 
oeÆ
ients[4℄.(�) Clearly a reversibility assumption on thermostats isa strong assumption and so is the 
haoti
 hypothesis.Nevertheless the results are interesting and they seem tobe among the few that 
an be obtained in a �eld whi
his well known for its imperviousness. The philosophi
alframework developed in Se
tions 1,2 helps keeping a uni-�ed view on a subje
t that is being developed although,stri
tly speaking, one 
ould dispense with the philosoph-i
al view and 
on
entrate on obtaining results that 
anbe drily stated without appealing to entropy, entropy 
re-ation, thermostats et
.(�) And one 
an go beyond various assumptions via theuse of equivalen
e 
onje
tures between di�erent ther-motats: for instan
e Drude's thermostat model whi
hstri
tly speaking is not reversible is 
onje
tured tobe equivalent to a Gaussian thermostat whi
h is re-versible. The Navier Stokes equation for in
ompressible
uids, 
learly irreversible, is 
onje
tured to be equiv-alent to a similar reversible equation[4℄ as the quotedexperiment[10℄ shows and as other su

essive experi-ments seem to 
on�rm[13℄. The resear
h along the justmentioned lines seems to go quite far and to lead notonly to new perspe
tives but also to new results or 
on-�rmations (i.e. non 
ontradi
tions) of the general viewsin Se
tions 1,2. Doubts about the whole approa
h 
an belegitimately raised, and have been raised, on the groundsthat the results are too few and too meager to be re-ally interesting: for instan
e one 
an hold against their
onsideration that they are not even suÆ
ient to givesome hint at a derivation of \elementary" relations likeFourier's law or Ohm's law. One 
an only say that timeis not yet ripe to see whether the new methods and ideaslead really anywhere or at least to a better understand-ing of some of the problems that also the old ones havenot been able to ta
kle, so far, (like the heat 
ondu
tionlaws or the ele
tri
 
ondu
tion laws) in spite of intenseresear
h e�orts.The above 
omments have been stimulated by 
ontinu-ous heated dis
ussions held at Rutgers University in the
ourse of the last few years: involving among many oth-ers S.Goldstein, J.Lebowitz, D.Ruelle.e-mail gallavotti�roma1.infn.itPis
ataway, NJ, november 2002
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