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A NOTE ON SHELLINGMICHAEL BAAKE AND UWE GRIMMAbstra
t. The radial distribution fun
tion is a 
hara
teristi
 geometri
 quantity of a pointset in Eu
lidean spa
e that re
e
ts itself in the 
orresponding di�ra
tion spe
trum andrelated obje
ts of physi
al interest. The underlying 
ombinatorial and algebrai
 stru
ture iswell understood for 
rystals, but less so for non-periodi
 arrangements su
h as mathemati
alquasi
rystals or model sets. In this note, we summarise several aspe
ts of 
entral versusaveraged shelling, illustrate the di�eren
e with expli
it examples, and dis
uss the obsta
lesthat emerge with aperiodi
 order. 1. Introdu
tionOne 
hara
teristi
 geometri
 feature of a dis
rete point set � � Rd, whi
h might be thoughtof as the set of atomi
 positions of a solid, say, is the number of points of � on shells of radiusr around an arbitrary, but �xed 
entre in Rd. Of parti
ular interest are spe
ial 
entres, su
has points of � itself, or other points that are �xed under non-trivial symmetries of �. Thisleads to the so-
alled shelling stru
ture of �. Here, we 
onsider in�nite point sets only. Ingeneral, one obtains di�erent answers for di�erent 
entres, and one is then also interested inthe average over all points of � as 
entres, 
alled the averaged shelling.The spheri
al shelling of latti
es and 
rystallographi
 point sets (i.e., periodi
 point setswhose periods span ambient spa
e) is well studied, and many results are known in terms ofgenerating fun
tions. If � is a latti
e, the number of points on spheres of radius r 
entre 0(
entral shelling) is usually en
apsulated in terms of the latti
e theta fun
tion [16, Ch. 2.2.3℄(1) ��(z) = Xx2� qx�x = Xk 
(k) qkwhere q = e�iz and 
(k) is the number of latti
e points of Eu
lidean square norm (= squarelength) k. A 
losed expression for the latter 
an be given in many 
ases, see [16, Ch. 4℄for details on root and weight latti
es and various related pa
kings, and [8℄ for an expli
itexample. There are many related latti
e point problems, see [24℄ and referen
es therein forre
ent developments.One spe
ial feature of a latti
e is that the shelling generating fun
tion is independent of thelatti
e point whi
h is 
hosen as the 
entre { and, 
onsequently, 
entral and averaged shellinggive the same result. Similarly, for uniformly dis
rete point sets that are 
rystallographi
,the average is only over �nitely many points in a fundamental domain and 
an often be
al
ulated expli
itly. For general uniformly dis
rete point sets, however, the situation is more
ompli
ated in that no two 
entres might give the same shelling fun
tion, or that the averagemay not be well de�ned. But there is one important 
lass of point sets, the so-
alled model sets(also 
alled 
ut-and-proje
t sets, see [31, 4, 41, 43, 28, 14, 15℄ and referen
es therein), whi
hprovide a high degree of order and 
oheren
e so that an extension of the shelling problemto these 
ases is possible, and has indeed been pursued. The original motivation for the1



2 MICHAEL BAAKE AND UWE GRIMMinvestigation of model sets 
ame from appli
ations in physi
s. Meanwhile, due to interesting
onne
tions with several bran
hes of mathemati
s, they are also studied in their own right,see [30, 37, 11℄ and [5℄ for details and further referen
es. Below, we shall summarise the keyproperties of model sets needed for this arti
le.One of the earliest attempts to the shelling of model sets, to our knowledge, is that of Sado
and Mosseri [40℄ who investigated the 4D Elser-Sloane quasi
rystal [18℄ and then 
onje
tureda formula for the 
entral shelling of a 
lose relative of it whi
h was obtained by repla
ing thehighly symmetri
 4D polytype used in [18℄ by a 4D ball as a window. The 
onje
ture was putright and proved in [33℄ by means of algebrai
 number theory revolving around the arithmeti
of the i
osian ring I, a maximal order in the quaternion algebra H (Q(p5 )). Re
ently, the
entral shelling was extended to the mu
h more involved 3D 
ase of i
osahedral symmetry [46℄.Also, some results exist on planar 
ases, e.g., for spe
ial eightfold and twelvefold symmetri

ases with 
ir
ular windows [34, 35℄.The 
ommon aspe
t of all these extensions to model sets (or mathemati
al quasi
rystals) isthat only the 
entral shelling of a highly symmetri
 representative has been 
onsidered, witha ball as window in internal spa
e. This is a rather spe
ial situation whi
h appears slightlyarti�
ial in view of the fa
t that the most relevant and best studied model sets usually havepolytopes rather than balls as window, or, more generally, even 
ompa
t sets with fra
talboundary, 
f. [4℄. Also mathemati
ally, the 
lassi
al examples su
h as the rhombi
 Penrose orthe Ammann-Beenker tiling are very attra
tive due to their rather intri
ate and unexpe
tedtopologi
al nature [3, 19℄.A more natural approa
h to model sets seems to be the averaged shelling, and it is theaim of this arti
le to start to develop this idea. As we shall see, the topologi
al stru
ture willbe manifest in the examples dis
ussed below. On the other hand, the 
entral shelling doeshave a universal meaning, too, if one 
onsiders it �rst for modules rather than for model sets.The window 
ondition 
an then be imposed afterwards, see [8, 6, 7℄ for some examples. Thisapproa
h is impli
it in [33℄, but does not seem to have attra
ted mu
h noti
e. It is important,though, be
ause it leads to a separation of universal and non-universal aspe
ts.2. Central shellingMany of the well studied planar tilings with non-
rystallographi
 symmetries share theproperty that their verti
es (or other typi
al point set representatives) form a dis
rete subsetof rings of 
y
lotomi
 integers. This gives a ni
e and powerful link to results of algebrai
number theory, whi
h has, in fa
t, been used to 
onstru
t model sets [38℄, and whi
h alsoappeared before in a di�erent 
ontext [29℄. Let us thus �rst explain the situation of 
entralshelling for these underlying dense point sets.Let �n be a primitive n-th root of unity (with n � 3), e.g., �n = e2�i=n, and Q(�n) the
orresponding 
y
lotomi
 �eld. Then, Q(�n+ �n) is its maximal real sub�eld. From now on,we will use the following notation(2) K = Q(�n) ; |= Q(�n+ �n) ; O =Z[�n℄ ; O =Z[�n+ �n℄ ;where O is the ring of 
y
lotomi
 integers, whi
h is the maximal order of K, and O is the ringof algebrai
 integers of|, see [45℄.



A NOTE ON SHELLING 3Note that O is aZ-module of rank '(n), where ' denotes Euler's totient fun
tion. The setO, seen as a (generally dense) point set in R2, has N -fold rotational symmetry, where(3) N = N(n) = (n if n is even,2n if n is odd.This also means that O has pre
isely N units on the unit 
ir
le, whi
h are a
tually all roots ofunity of K . Also, K is a totally 
omplex �eld extension of|of degree 2. It is known that, inthis 
y
lotomi
 situation, the unique prime fa
torisation property of O (i.e., 
lass number one)implies that of O, and this happens in pre
isely 29 
ases, 
ompare [45, Thm. 11.1℄, namely forn 2 f3; 4; 5; 7; 8; 9; 11; 12; 13; 15; 16; 17; 19; 20; 21;24; 25; 27; 28; 32; 33; 35; 36; 40; 44; 45; 48; 60; 84g ;(4)where n 6� 2 mod 4 to avoid double 
ounting. Note that n = 1 (N = 2) is ex
luded herebe
ause it 
orresponds to K = Q with O =Z, whi
h is only one-dimensional.Now, let p be a prime of O. Then, in going from O to O, pre
isely one of the following
ases applies, see [36, Ch. I℄ and [45, Ch. 4℄:(1) p rami�es, i.e., p = PP with P a prime and P=P a root of unity in O.(2) p is inert, i.e., p is also prime in O.(3) p is a splitting prime of O=O, i.e., p = PP with P=P not a unit in O.Up to units, all primes of O appear this way.Prime fa
torisation in O versus O 
an now be employed to �nd the 
ombinatorial stru
tureof the shells. We en
ode this into the 
entral shelling fun
tion 
(r2) whi
h 
ounts the numberof points on shells (
ir
les) of radius r. By 
onvention, 
(0) = 1.Theorem 1. Let O = Z[�n℄ be any of the 29 planar Z-modules that 
onsist of the integersof a 
y
lotomi
 �eld with 
lass number one. Then, for r2 > 0, the fun
tion 
(r2) vanishesunless r2 2 O and all inert prime fa
tors of r2 o

ur with even powers only. In this 
ase,(5) 
(r2) = N � Ypjr2p splits�t(p) + 1� ;where p runs through a representative set of the primes of O. Here, t(p) is the maximal powert su
h that pt divides r2. The prefa
tor, N = N(n) of Eq. (3), re
e
ts the point symmetryof the module. Furthermore, r2 is then a totally positive number in O, i.e., all its algebrai

onjugates are positive as well.Proof. Sin
e 
(0) = 1 by 
onvention, 
onsider r2 > 0. If there exists a number x 2 O on theshell of radius r around 0, we must have r2 = xx, hen
e r2 2 O. In this 
ase, any inert primefa
tor p of r2 (in O) ne
essarily divides both x and x (in O). Consequently, the maximalpower t = t(p) su
h that pt divides r2 must be even.Conversely, assume r2 > 0 and t(p) even for all inert primes of O. If a rami�ed or asplitting prime p = PP divides r2, we know that equal powers of P and P o

ur in the primefa
torisation of r2 in O. Consequently, we 
an group the prime fa
tors of r2 in O into two
omplex 
onjugate numbers, i.e., we have at least one solution of the equation r2 = xx withx 2 O, so 
(r2) > 0.



4 MICHAEL BAAKE AND UWE GRIMMConsider a non-empty shell with r2 > 0, i.e., r2 = xx for some 0 6= x 2 O. Consider theprime fa
torisation r2 = e � pt11 � : : : � ptss in O, with e a unit. If pi is not a splitting prime, thedistribution of the 
orresponding primes in O to x and x is unique, up to units of O.If, however, pj = PjP j is a splitting prime, we have to distribute (PjP j)tj over x and x.In view of P j being the 
omplex 
onjugate of Pj , but not an algebrai
 
onjugate, we have theoptions of (Pj)s(P j)tj�s as fa
tor of x and (P j)s(Pj)tj�s as fa
tor of x, for any 0 � s � tj .This amounts to tj + 1 di�erent possibilities, whi
h gives the 
orresponding fa
tor in (5).As mentioned above, there are N units of O on the unit 
ir
le. This means that, as soonas r2 > 0, points on the shells 
ome in sets of N , whi
h gives the prefa
tor in (5). Togetherwith the previous arguments, this explains the multipli
ative stru
ture of 
=N .Finally, assume r2 = xx for some 0 6= x 2 O and let � be any Galois automorphism of Kover Q. Then we have0 < �(x)�(x) = �(x)�(x) = �(xx) = �(r2)so also all algebrai
 
onjugates of r2 are positive. This shows that r2 is totally positive. �Remark: It is 
lear that Theorem 1 
an be generalised to the situation that K is a totally
omplex �eld extension of a totally real �eld|whenever K has 
lass number one, with sets ofintegers O and O as above, 
ompare [45, Thm. 4.10℄. In this 
ase, the prefa
tor in Eq. (5) hasto be repla
ed by the number of elements in the unit group of O that lie on the unit 
ir
le.Let us 
onsider the 
y
lotomi
 
ase in more detail. If V (r2) = fx 2 O j xx = r2g, and� is any Galois automorphism of K=Q, then �(O) = O and V (r2) is mapped bije
tively toV (�(r2)). This means that 
(r2) = 
(�(r2)).Moreover, 
onsider the situation that two totally positive numbers of O, r2 and R2, arerelated by R2 = er2, with e a unit in O. Clearly, e is then also totally positive. If e is of theform e = uu, with u a unit in O, the mapping x 7! ux gives a bije
tion between V (r2) andV (R2), hen
e 
(r2) = 
(R2). If all totally positive units of O are of this form, whi
h in
ludesthe 
ase that e is the square of a unit in O, we may 
on
lude that the 
entral shelling fun
tion
 only depends on the prin
ipal ideal of O generated by r2.In general 
y
lotomi
 �elds, this fa
torisation property of totally positive units need notbe satis�ed (e.g., it fails for n = 29). However, it is true for all 
lass number one 
ases. Morepre
isely, if n is a power of 2, all totally positive units of O are squares of units of O, whi
h isknown as Weber's theorem, 
ompare [21, Cor. 1 and Rem. 2℄. The same statement holds if nis an odd prime below 100, ex
ept for n = 29, see [21, Ex. 2℄. We 
he
ked expli
itly, using theKANT program pa
kage [17, 26℄, that this remains true for all n from our list (4) that areprime powers. All remaining 
ases of (4) are 
omposite integers. Here, not all totally positiveunits of O are squares in O, but they are of the form e = uu, with u a unit in O. This wasagain 
he
ked using KANT. The di�eren
e to the other 
ases 
omes from the additional unitu = 1� �n, 
ompare [45, Cor. 4.13℄.We may 
on
lude as follows.Fa
t 1. Let O = Z[�n℄ be any of the 29 planar Z-modules that 
onsist of the integers ofa 
y
lotomi
 �eld with 
lass number one, and O = Z[�n + �n℄. Then, the 
entral shellingfun
tion 
 for O depends on r2 2 O only via the prin
ipal ideal r2O generated by it. �This allows us to reformulate the result of Theorem 1 by means of ideals and 
hara
tersof the �eld extension K=|. By a 
hara
ter � 6� 0, we here mean a totally multipli
ative real



A NOTE ON SHELLING 5fun
tion of the ideals of O, i.e., �(ab) = �(a)�(b) for all ideals a and b of O, see [36, Ch. VII.6℄for ba
kground material. In parti
ular, �(O) = 1. It suÆ
es to spe
ify the values of � for allprime ideals p of O. We de�ne(6) �(p) = 8><>: 0 if p rami�es�1 if p is inert1 if p splitswhere the property of the prime ideal p refers to the behaviour under the �eld extension from|to K . This leads to the following result.Corollary 1. Under the assumptions of Theorem 1, the 
entral shelling fun
tion 
 is propor-tional to the summatory fun
tion of the 
hara
ter � of Eq. (6), i.e.,(7) 
(r2O) = N � Xaj(r2O)�(a);with N given by Eq. (3).Proof. Due to unique prime fa
torisation in O and the multipli
ative stru
ture of 
=N a

ord-ing to Eq. (5), it is suÆ
ient to verify the 
laim for prime powers, i.e., for r2O = p`. Clearly,if p rami�es, the sum in Eq. (7) gives 
(p`) = 1 for all ` � 0. The alternating sign of �(p`)for inert p implies 
(p`) = 0 for odd ` and 
(p`) = 1 otherwise. If p splits, the right hand sideof Eq. (7) adds up to ` + 1. Invoking Fa
t 1 and a 
omparison with Eq. (5) 
ompletes theproof. �The expli
it use of Theorem 1 and Corollary 1 requires the knowledge of the splittingstru
ture of the primes. Examples 
an be found in [39, 6, 7℄, see also [34, 35℄. If one isinterested in the 
entral shelling of a model set rather than that of the underlying (dense)module, one has to take the window into a

ount as a se
ond step. A model set �(
) in\physi
al spa
e" Rd is de�ned within the following 
ut-and-proje
t s
heme [31, 4℄(8) Rd � ��� Rd�H �H���! H[ [ [ denseL 1�1 ��� � ���! L�where the \internal spa
e" H is a lo
ally 
ompa
t Abelian group, and � � Rd � H is alatti
e, i.e., a 
o-
ompa
t dis
rete subgroup. The proje
tion L� = �H(� ) is assumed to bedense in internal spa
e, and the proje
tion into physi
al spa
e has to be one-to-one on � .Consequently, the mapping �: L �! L� � H , with � = �H Æ ��j� ��1, is well de�ned. It is
alled the �-map of the 
ut-and-proje
t formalism, 
ompare [31℄.A model set �(
) is now de�ned as(9) �(
) = fx 2 L j x� 2 
g = f�(y) j y 2 �; �H(y) 2 
g � Rd;where the window 
 � H is a relatively 
ompa
t set with non-empty interior. Usually, oneeither takes an open set or a 
ompa
t set that is the 
losure of its interior. For the aboveexample of a 
y
lotomi
 �eld K = Q(�n), we need d = '(n) to 
onstru
t model sets withn-fold symmetry, 
ompare [10, App. A℄.



6 MICHAEL BAAKE AND UWE GRIMMIn order to 
ompute the 
entral shelling for a model set �(
), one �rst determines allpoints of the module L = �(� ) on the shell of a given radius r. Then, the window 
 de
ides,a

ording to the �ltering pro
ess of Eq. (9), whi
h of these points a
tually appear in themodel set, and the shelling formula is modi�ed a

ordingly. As long as we are dealing with aone-
omponent model set (i.e., as long as all points are in one translation 
lass), the formula ofTheorem 1 thus gives an upper bound on the shelling number in the model set. As mentionedabove, the 
entral shelling of a few model sets with spheri
al windows [40, 33, 34, 35, 46℄ hasbeen 
onsidered in detail. 3. Averaged shellingA moment's re
e
tion reveals that the averaged shelling is 
onsiderably more involved. Inorder to determine the averages, one would need to know all possible lo
al 
on�gurationsup to a given diameter together with their frequen
ies, provided the latter are well de�ned.In general, this is not the 
ase, as 
luster or pat
h frequen
ies in general Delone sets neednot exist. However, regular model sets are parti
ularly ni
e in this respe
t be
ause all pat
hfrequen
ies exist uniformly [41℄, whi
h is equivalent to unique ergodi
ity of the 
orrespondingdynami
al system [44, 42℄ (under the translation a
tion of Rd). Moreover, due to existen
eof the 
ut-and-proje
t s
heme (8) and Weyl's theorem, 
ompare [32℄, it is possible to transferthe averaging part of the 
ombinatorial problem to one of analysis.Let us also point out that Eq. (1) for a model set does not make mu
h sense as it woulddepend on the representative 
hosen, rather than being a quantity atta
hed to an entirelo
al indistinguishability (LI) 
lass, 
ompare [43, 4℄. If � is a latti
e, � � � = �, andwe 
ould equally well sum over the di�eren
e set in (1). Using this for model sets wouldgive Px2��� qx�x whi
h is 
onstant on the LI 
lass. However, this still does not re
e
t thestatisti
al aspe
ts of the (lo
al) shells, be
ause ea
h x 2 � � � is 
ounted with weight one.Let us thus introdu
e the averaged shelling fun
tion a(r2) as the number of points on a shellof radius r, averaged over all points of � as possible 
entres of the shells.Now, let � = �(
) be a regular, generi
 model set, in the terminology of [31℄, with window
, i.e., 
 is a relatively 
ompa
t set in H with non-empty interior, boundary of measure 0,and �
 \ �H(� ) = ?. For simpli
ity, we also assume that H = Rm, though a generalisationof what we say below to the 
ase of general lo
ally 
ompa
t Abelian groups is possible. Inanalogy to Eq. (1), a generalised theta series 
ould be de�ned ad ho
 as(10) ��(z) := Xr2Ra(r2) qr2where q = e�iz and R = fr 2 R�0 j jyj = r for some y 2 �� �g is the set of possible radii asobtained from the set of di�eren
e ve
tors between points of �. The 
oeÆ
ient a(r2) is nowmeant as the averaged quantity de�ned above, whi
h we will now 
al
ulate.Let �(y) denote the relative frequen
y of the di�eren
e y between two points of the modelset (hen
e y 2 �� �). Up to the overall density of the model set, �(y) is an auto
orrelation
oeÆ
ient of the point set �. This quantity exists uniformly for all y as a 
onsequen
e of themodel set stru
ture [23, 41, 32℄. But then, we obviously obtain(11) a(r2) = Xy2���jyj=r �(y) :



A NOTE ON SHELLING 7On the other hand, if �s = fx 2 � j jxj < sg, one has�(y) = lims!1 1j�sj Xx2�sx+y2� 1 = lims!1 1j(�s)�j Xx�2(�s)�(x+y)�2
 1= 1vol(
) ZRm 1
(x�) 1
(x� + y�) dx�(12)where 1
 is the 
hara
teristi
 fun
tion of the window. Note that the last step is an appli
ationof Weyl's theorem on uniform distribution. This is justi�ed here be
ause (�s)�, for in
reasings, gives a sequen
e of points in 
 that are uniformly distributed, see [23, 32℄ and [41, Thm. 1℄,and be
ause �
 has measure 0 by assumption. In this situation, the averaged quantities arethe same for generi
 and singular members of the LI 
lass [41, 4℄. Moreover, it also does not
hange if �
\L� 6= ?, so that the 
orresponding assumption 
an be dropped. Consequently,the averaged shelling fun
tion is 
onstant on LI 
lasses of regular model sets. We 
ombineEqs. (11) and (12) to obtainTheorem 2. Let � be a regular model set in the sense of Moody [31℄, obtained from a 
ut-and-proje
t s
heme (8) with internal spa
e H = Rm and window 
. Then, the averagedshelling fun
tion a(r2) exists, and is given by(13) a(r2) = 1vol(
) Xy2���jyj=r vol�
 \ (
 � y�)�:In parti
ular, a(r2) vanishes if there is no y 2 �� � with y � y = r2. �Remark: This result allows the 
al
ulation of the shelling fun
tion, for any possible radiusr, by evaluating �nitely many volumes in internal spa
e. This is so be
ause a model set �has the additional property that also its di�eren
e set, �� �, is uniformly dis
rete, so thatthere are only �nitely many di�erent solutions of jyj = r with y 2 �� �.4. ExamplesLet us �rst 
onsider a well-known model set in one dimension, the Fibona

i 
hain, whi
h
an be des
ribed as(14) �F = �x 2Z[� ℄ j x� 2 [�1; � � 1℄	 = ��[�1; � � 1℄�;where Z[� ℄ = fm + n� j m;n 2 Zg is the ring of integers in the quadrati
 �eld Q(�) and� = (1+p5 )=2 is the golden ratio. The �-map in this setting is algebrai
 
onjugation in Q(�),de�ned by p5 7! �p5. The 2D latti
e behind this formulation is � = f(x; x�) j x 2Z[� ℄g. Ashort 
al
ulation results in �F � �F = ��[��; � ℄�, and(15) �(y) = �(�y) = fF(y�) = (0 if jy�j > �1� jy�j=� if jy�j � �so that the averaged shelling fun
tion for the Fibona

i 
hain (and thus also for its entire LI
lass) is a(0) = 1 and a(r2) = 2fF(y�) for any non-zero distan
e r that is the absolute valueof a number y 2 �F � �F � Z[� ℄. Also, all shelling numbers a(r2) are elements of Z[� ℄, as
an easily be seen from formula (15). This has a topologi
al interpretation, as we will brie
yexplain below for a more signi�
ant example.



8 MICHAEL BAAKE AND UWE GRIMMIn internal spa
e, the fun
tion fF has a pie
ewise linear 
ontinuation, but the fun
tion a(r2)looks rather errati
, 
ompare [8℄ for a similar example. This is a 
onsequen
e of the propertiesof the �-map, being algebrai
 
onjugation in this 
ase and hen
e totally dis
ontinuous. In adi�erent topology, however, this map be
omes uniformly 
ontinuous, and it is this alternativesetting, 
ompare [12℄, whi
h explains the appearan
e of the internal spa
e from intrinsi
 dataof a model set �.As another example, let us on
e more look at the 
ir
ular shelling in the plane, i.e., at a2D model set with an open disk (radius R, 
entre 0) as window in 2D internal spa
e. So,
 = BR(0) and, 
onsequently, 
 � 
 = B2R(0). We have �(y) = f2(y�), where, due torotational symmetry of the window, the fun
tion f2 only depends on s = jy�j. Expli
itly, itis given by(16) f2(s) = vol�BR(0)\BR(s)�vol�BR(0)� = 2� ar

os� s2R� � s�Rr1� � s2R�2for 0 � s < 2R and f2(s) = 0 otherwise. Fig. 1 
ontains a graph of f2(s). This fun
tion, often
alled the 
ovariogram of the disk, is a radially symmetri
 positive de�nite fun
tion knownas Eu
lid's hat, see [22, p. 100℄.To 
al
ulate a(r2), one has to sum �nitely many terms of this kind, a

ording to Eq. (11).This situation of a 2D internal spa
e shows up for planar model sets with n 2 f5; 8; 12g,be
ause these are the 
ases with '(n) = 4. Here, one simply obtains(17) a(r2) = 
(r2) f2(s)where 
(r2) is the 
entral shelling fun
tion of Eq. (5) and s = jy�j for any y on the shell ofradius r. This is so be
ause the window is a disk and the �-map sends all 
y
lotomi
 integerson a 
ir
le to a single 
ir
le in internal spa
e. Consequently, the 
entral shelling provides anupper bound for the average shelling in this 
ase.
0.0

0.5

1.0

0.0 0.5 1.0

fm(s)

s
2R

m=1m=2m=3m=5m
=10

m
=50Figure 1. Radial 
omponent of the frequen
y fun
tions fm(s) of Eqs. (16),(19) and (20) for dimensions m = 1; 2; 3; 5; 10; 50 of internal spa
e.



A NOTE ON SHELLING 9Part of this result 
an be extended to arbitrary dimension. For two interse
ting m-dimensional balls of radius R, the overlap 
onsists of two 
ongruent ball segments. The
orresponding volume 
an be 
al
ulated by integrating sli
es (whi
h are balls of dimensionm � 1). Dividing by the volume of the m-ball, the 
ovariogram be
omes(18) fm(s) = 2 �(m2 + 1)p� �(m+12 ) ar

os( s2R )Z0 sinm(�) d�:The integral 
an be expanded in terms of Chebyshev polynomials. For even m = 2`, thisyields f2`(s) = �(`+ 1)22`�1p� �(`+ 12)"�2`̀� ar

os� s2R�+ r1� � s2R�2 X̀k=1 (�1)kk � 2``� k�U2k�1 � s2R�#(19)where Uk(x) = sin �(k + 1) ar

os(x)�= sin � ar

os(x)� are the Chebyshev polynomials of these
ond kind [1, Ch. 22℄. For odd dimension, m = 2`+1, one obtains the following expression(20) f2`+1(s) = 1� �(`+ 32)22`�1p� �(`+ 1) X̀k=0 (�1)k2k + 1 �2`+ 1`� k �T2k+1 � s2R�in terms of the Chebyshev polynomials Tk(x) = 
os �k ar

os(x)� of the �rst kind [1, Ch. 22℄.Eqs. (18){(20) are valid for 0 � s < 2R; for distan
es larger than the diameter, the overlapvanishes, hen
e fm(s) = 0 for s � 2R. Eq. (16) is re
overed from (19) for ` = 1. The fun
tionsfm(s) for various dimensions m are shown in Fig. 1. Unfortunately, for m > 2, there is nosimple generalisation of Eq. (17), be
ause the �-map is then more 
ompli
ated.Let us �nally 
onsider an eightfold symmetri
 model set in the plane, based on the 
las-si
al Ammann-Beenker or o
tagonal tiling, 
ompare [2, 8, 9℄ and referen
es therein. It isusually des
ribed by proje
tion from four dimensions, where we use the latti
e � = p2Z4.The proje
tions � and �H of (8) are essentially determined by 
ompatibility with eightfoldsymmetry. In a 
onvenient 
oordinatisation [9℄, the images aj , j 2 f1; 2; 3; 4g, of the standardbasis ve
tors of the latti
e have unit length in physi
al spa
e, and the same is true of the 
or-responding proje
tions a�j in internal spa
e. Observing thatZa1+Za2+Za3+Za4 =Z[�8℄,we 
an 
ontinue with a formulation based on the 
y
lotomi
 integers, 
ompare [38℄. For theAmmann-Beenker tiling, the window is then a regular o
tagon O of unit edge length, seeFig. 2. Note that the window is invariant under the symmetry group D8 of order 16.Expli
itly, the 
orresponding point set in the plane is given by(21) �AB = �z 2Z[�8℄ j z� 2 O	;where � is the Galois automorphism de�ned by �8 7! �38. If we 
hoose �8 = � = e2�i=8 andidentify R2 with C , this gives aj = �j�1, 1 � j � 4, while the �-images satisfy a�j = �3(j�1),
ompare Fig. 3.A somewhat tedious, but elementary 
al
ulation on the basis of Fig. 4 gives
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Figure 2. A pat
h of the Ammann-Beenker tiling with vertex set �AB (left)and the �-image of �AB inside the o
tagonal window in internal spa
e (right),with relative s
ale as des
ribed in the text.
a
1

a
2

a
3

a
4

a
1
*

a
2
*

a
3
*

a
4
*

Figure 3. Ve
tors aj in physi
al and a�j in internal spa
e related by the �-map.Fa
t 2. The 
ovariogram of the regular o
tagon of edge length one is(22) fAB(s; �) = 8>>>><>>>>:0 if � � x(��2)(x+y)x2 + �(1�x)2 + (1�y)2 if �� y � x � �(��2)(x2�y2)4 � (��1)x2 + �+24 if 1 + y � x � �� y(��2)(x�y�1)y2 � x2 + 1 if 0 � x � 1 + y



A NOTE ON SHELLING 11where � = 1 +p2,x = s 
os�0 2 h s2p2 +p2; si ; y = s sin�0 2 h0; s2p2� p2 i ;and where �0 is the unique angle in the interval [0; �8 ℄ that is related to � by the D8 symmetryof the o
tagon. �A 
ontour map of fAB(s; �) is shown in Fig. 5. It demonstrates that the previous 
onsider-ation of a 
ir
ular window is a
tually a reasonable approximation to this 
ase. It is suÆ
ientfor most appli
ations 
on
erning (powder) di�ra
tion, 
ompare [25, Ch. 3℄.We 
an now 
al
ulate the averaged shelling 
oeÆ
ient a(r2) of (11) expli
itly for anydistan
e r in �AB. The results for all distan
es with 0 < r2 � 5 are summarised in Table 1.They 
on�rm the results of [8℄ whi
h had been obtained numeri
ally.As an expli
it example, let us 
onsider the shortest distan
e in the model set. This isr = p2� p2 = 2 sin(�8 ) whi
h is realised by the short diagonal of the rhomb. In this 
ase,there are eight numbers z 2 �AB � �AB that 
ontribute to Eq. (11). They form a singleD8 orbit; one representative is listed in Table 1. Due to the symmetry of the window, the
ontribution of ea
h member of the orbit is the same, so it suÆ
es to 
onsider a representativeand to multiply the result by the 
orresponding orbit length. Choosing z = 1 � �, we �ndz� = 1 � �3, hen
e jz�j = p2 +p2 = 2 
os(�8 ); the 
orresponding angle is � = ��8 , hen
e�0 = �8 . The distan
e in internal spa
e is rather large and the overlap area 
orrespondinglysmall. Fa
t 2 yields x = 1 + y = �2 +p2 �=2; hen
e the 
oeÆ
ient is given by(23) a�2� p2 � = 8 fAB�2 
os (�8 ); �8 � = 8�1� x2� = 4� 2p2;
ompare Table 1.The other entries in Table 1 are 
al
ulated along the same lines. Note that s 
an be
al
ulated from r dire
tly via s2 = (r2)�, where � 
oin
ides with algebrai
 
onjugation inQ(p2 ), de�ned byp2 7! �p2. Continuing the 
al
ulations, one fa
es in
reasing 
ompli
ationwith growing distan
e r, and, in general, one has to expe
t 
ontributions from several D8orbits. For r = p3, there is still only a single orbit, this time of length 16. Hen
e it again
(0,0)

(x,y)
s α

1 1Figure 4. Two overlapping regular o
tagons at distan
e s.
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-2

-1

0

1
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Figure 5. Contour map of the fun
tion fAB(s; �) of (22) in internal spa
e.The 
ontours show the de
rease of fAB from its maximum value fAB(0; 0) = 1to fAB(s; �) = 0 outside the outer o
tagonal 
ontour.suÆ
es to 
onsider a single representative, for instan
e z = 1 � � � �2 whose �-image isz� = 12�(2 +p2 ) + i (2�p2 )�. More generally, the standard orbit analysis redu
es the sumin (11) to a formula with one 
ontribution per D8-orbit, weighted with the 
orresponding orbitlength. The latter is 8 whenever the 
orresponding angle � of Fa
t 2 is an integer multiple of�8 (whi
h 
orresponds to symmetry dire
tions of the o
tagon), and 16 otherwise.The averaged shelling numbers a(r2) of Table 1, as well as the numeri
ally determinedvalues in [8, Tab. 2℄, are always elements of 2Z[p2 ℄, i.e., numbers of the form 2k + 2`p2with k; ` 2Z. The formula (13) for the 
ovariogram of the regular o
tagon only implies a(r2)to be in Q(p2 ). However, Eqs. (11) and (12) show that the averaged shelling number a(r2)is expressed as a �nite sum of 
luster frequen
ies. The latter are elements of the so-
alledfrequen
y module FAB of the Ammann-Beenker model set �AB, i.e., the integer span of thefrequen
ies of �nite 
lusters of �AB (i.e., of all interse
tions �AB \C with C � R2 
ompa
t).Sin
e �AB is a Delone set of �nite lo
al 
omplexity [27, 38℄, there are only 
ountably manydi�erent 
lusters up to translations, and only �nitely many up to a given diameter.The frequen
y module has originally been 
al
ulated by means of C�-algebrai
 K-theory[13, 19℄, but 
an also be obtained from simpler 
ohomologi
al 
onsiderations [20℄. For our
ase, the result 
an be simpli�ed, by a short 
al
ulation, as follows.Fa
t 3. [13, 20℄ The frequen
y module of the Ammann-Beenker vertex set �AB isFAB = nk + `p28 �� k; ` 2Z; k + ` eveno:Thus, 8FAB is an index 2 submodule of Z[p2 ℄. �



A NOTE ON SHELLING 13Table 1. The averaged shelling numbers for distan
es r with 0 < r2 � 5 in�AB. Representatives z are given in terms of � = e2�i=8. The examples listed
omprise a single D8 orbit ea
h.r z orbit length s �0 a(r2)p2� p2 1� � 8 p2 +p2 �8 4� 2p21 1 8 1 0 4p2 1 + �2 8 p2 0 6p2� 6p3 1� � � �2 16 p3 ar
tan �2�p22+p2� 20� 12p2p2 +p2 1 + � 8 p2�p2 �8 36� 22p22 2 8 2 0 2p2� 2p5 2 + �2 16 p5 ar
tan �13� 40p2� 56Sin
e the window of �AB is a regular o
tagon, ea
h 
luster that 
ontributes to the sumin Eq. (11) o

urs in either 8 or 16 orientations with the same frequen
y. Consequently,the averaged shelling numbers a(r2) are elements of 8FAB, though we presently do not knowwhether they generate the full frequen
y module or a subset thereof. This is 
onsistent withthe �ndings of Table 1 and [8, Tab. 2℄, and establishes an interesting link between geometri
and topologi
al properties of model sets [3, 19℄.A similar treatment is possible for other examples, su
h as the tenfold symmetri
 rhombi
Penrose [8℄ and T�ubingen triangle [6℄ tilings, or the twelvefold symmetri
 shield tiling [7℄.However, it is 
lear that, for the standard model sets, the 
al
ulation be
omes rather involved,and we presently do not know how to determine the averaged shelling fun
tion via a generatingfun
tion su
h as (10) in 
losed form, or even whether that is the most promising way topro
eed. For physi
al appli
ations, however, often the �rst few terms are suÆ
ient, and they
an be 
al
ulated exa
tly from the proje
tion method, see [8, 6, 7℄ for some tables and furtherresults. A
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