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INVARIANT SETS AND MEASURES OF NONEXPANSIVEGROUP AUTOMORPHISMSELON LINDENSTRAUSS AND KLAUS SCHMIDTAbstra
t. We prove that the restri
tion of a probability measure in-variant under a nonhyperboli
, ergodi
 and totally irredu
ible automor-phism of a 
ompa
t 
onne
ted abelian group to the leaves of the 
entralfoliation is severely restri
ted. We also prove a topologi
al analogue ofthis result: the interse
tion of every proper 
losed invariant subset withea
h 
entral leaf is 
ompa
t.1. Introdu
tionA 
ontinuous automorphism � of an additive 
ompa
t abelian group Xis expansive if there exists a neighbourhood N(0) of the identity 0 2 Xwith Tn2Z�n(N(0)) = f0g, irredu
ible if every 
losed �-invariant subgroupY ( X is �nite, totally irredu
ible if every nonzero power of � is irredu
ible,and ergodi
 if it is topologi
ally transitive (and hen
e ergodi
 with respe
tto the normalized Haar measure �X of X).In this paper we study the 
olle
tion of invariant measures of a nonhy-perboli
, ergodi
 and totally irredu
ible automorphism of the n-torus Tn or,more generally, of a nonexpansive, ergodi
 and totally irredu
ible automor-phism � of a 
ompa
t 
onne
ted abelian group X . Every nonhyperboli
,ergodi
 and irredu
ible automorphism � of Tn is partially hyperboli
 inthe usual sense1 with the additional property that its derivative D� pre-serves the length of ve
tors in E
. For an arbitrary nonexpansive, ergodi
and totally irredu
ible 
ontinuous automorphisms � of a 
ompa
t 
onne
tedabelian group X these `sub-bundles' 
an be more 
ompli
ated obje
ts (dueto the fa
t that the group need not be lo
ally 
onne
ted), but an analogueof this strong form of partial hyperboli
ity also holds in this more generalsituation.2000 Mathemati
s Subje
t Classi�
ation. 37A05, 37A45, 37B05, 37C40.Key words and phrases. Nonexpansive group automorphisms, nonhyperboli
 toral au-tomorphisms, invariant measures.1A C2 di�eomorphism f of a Riemannian manifold M is partially hyperboli
 if there isa Df -invariant splitting TM = Es �E
 �Eu of the tangent manifold TM of M in whi
hat least two of the sub-bundles are nontrivial, so that Df uniformly expands all ve
torsin Eu, uniformly 
ontra
ts all ve
tors in Es, and the ve
tors in E
 are neither expandedas strongly as any ve
tor in Eu nor 
ontra
ted as strongly as any ve
tor in Es.1



INVARIANT SETS AND MEASURES 2Let � be a nonexpansive, ergodi
 and totally irredu
ible automorphismof a 
ompa
t 
onne
ted abelian group X . The normalized Haar measure�X of X is obviously invariant under �, and Y. Katznelson [6℄ proved thatthe measure-preserving system (X;�;BX; �X) (where BX denotes the Borelsigma-algebra of X) is measure-theoreti
ally isomorphi
 to a Bernoulli shift.There is another family of | admittedly not very interesting | �-invari-ant ergodi
 probability measures on X : let X(0) � X be the dense 
entralsubgroup of � de�ned in (3.3), on whi
h � a
ts isometri
ally. Then the
losure of the �-orbit of any element x 2 X(0) is a 
ompa
t �-invariantsubset of X(0) (and hen
e of X) on whi
h � a
ts with a unique �-invariantmeasure denoted by ~�x.It is not immediate how to 
onstru
t other invariant measures; in fa
t, themain result in this paper shows that all �-invariant probability measures � 6=�X on X satisfy a somewhat surprising rigidity phenomenon related to thes
ar
ity of invariant measures under a multidimensional abelian semigroup oftoral endomorphisms. This s
ar
ity of invariant measures was 
onje
tured byH. Furstenberg and is still open, though there are important partial resultsby several authors in
luding D. Rudolph [9℄ for the one-dimensional 
aseand A. Katok and R. Spatzier [5℄ in the higher-dimensional 
ase.In order to des
ribe this rigidity property we use a 
onstru
tion from [5℄ tode�ne a system of `
onditional' measures on the leaves of the 
entral foliationindu
ed by an �-invariant measure � on X . In general, if we start with an�-invariant probability measure � on X , these leaf measures will only besigma-�nite. Indeed, for � = �X , the indu
ed measure on ea
h 
entral leafis the (in�nite) Haar measure on the leaf. Our main result is that the leafmeasures are �nite for any �-invariant probability measure � on X whi
hdoes not 
ontain a 
opy of �X in its ergodi
 de
omposition.Theorem (Theorem 5.1). Let � be a nonexpansive, ergodi
 and totally ir-redu
ible automorphism of a 
ompa
t 
onne
ted abelian group X with nor-malized Haar measure �X , and let � be an �-invariant probability measureon X whi
h is singular with respe
t to �X . Then the 
onditional measure�x on the 
entral leaf through x (de�ned in (4.19)) is �nite for almost everyx 2 X.Both the statement and the proof of Theorem 5.1 are modelled on Host'sproof of Rudolph's Theorem in [3℄ and its generalization in [4℄.The following two de�nitions 
an easily be adapted to the general settingof partially hyperboli
 maps.De�nition 1.1. Two �-invariant probability measures �1; �2 on X are 
en-trally equivalent if they have an invariant joining � (i.e. an (���)-invariantmeasure � on X �X whi
h proje
ts to �1 and �2, respe
tively) so that, for



INVARIANT SETS AND MEASURES 3�-a.e. (x; y) 2 X �X , x and y lie on the same 
entral leaf; in other words,x� y 2 X(0) for �-a.e. (x; y) 2 X �X;where X(0) � X is the 
entral subgroup of � de�ned in (3.3).De�nition 1.2. An � invariant probability measure � on X is virtuallyhyperboli
 if there exists an �-invariant Borel set Z � X with �(Z) = 1whi
h interse
ts every 
entral leaf in at most one point, i.e. with Z\(x+Z) =? for every x 2 X(0).In Se
tion 6 we prove that Theorem 5.1 implies the following result.Theorem 1.3. Let � be a nonexpansive, ergodi
 and totally irredu
ible au-tomorphism of a 
ompa
t 
onne
ted abelian group X with normalized Haarmeasure �X, and let � be an �-invariant probability measure on X whi
h issingular with respe
t to �X. Then the following 
onditions are satis�ed.(1) There is a virtually hyperboli
 �-invariant probability measure �0 onX whi
h is 
entrally equivalent to �;(2) If � is weakly mixing (or, more generally, if the point spe
trum of thea
tion of � on L2(X; S; �) 
ontains no eigenvalue of � of absolutevalue 1), then � is virtually hyperboli
;(3) If � is ergodi
, but not ne
essarily weakly mixing, we write, for everyx 2 X(0), ~�x for the unique �-invariant probability measure on X(0)| and hen
e on X | 
on
entrated on the 
ompa
t orbit 
losuref�nx : n 2Zg of x under �. Then � is an ergodi
 
omponent of�0 � ~�x0 for some x0 2 X(0).Finally, in Se
tion 7 we prove the following topologi
al analogue of theTheorems 1.3 and 5.1.Theorem (Theorem 7.1). Let � be a nonexpansive, ergodi
 and totally ir-redu
ible automorphism of a 
ompa
t 
onne
ted abelian group X. Then any
losed �-invariant subset Y ( X interse
ts every 
entral leaf in a 
ompa
tsubset of the leaf.A
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INVARIANT SETS AND MEASURES 42. Irredu
ible group automorphismsLet � and � be 
ontinuous automorphisms of 
ompa
t abelian groups Xand Y , respe
tively. Then � and � are 
onjugate if there exists a 
ontinuousgroup isomorphism � : X �! Y with� Æ � = � Æ �; (2.1)and � is a fa
tor of � if there exists a 
ontinuous surje
tive group homo-morphism � : X �! Y satisfying (2.1). The map � in (2.1) is 
alled an(algebrai
) 
onjuga
y or an (algebrai
) fa
tor map. The automorphisms �and � are weakly 
onjugate if ea
h of them is a fa
tor of the other, and�nitely equivalent if ea
h of them is a fa
tor of the other with a �nite-to-onefa
tor map.We re
all a few basi
 fa
ts about irredu
ible ergodi
 automorphisms of
ompa
t abelian groups. Let R1 =Z[u�1℄ be the ring of Laurent polynomialswith integral 
oeÆ
ients. We write every h 2 R1 ash = Xm2Zhmum (2.2)with hm 2Zfor every m 2Zand hm = 0 for all but �nitely many m.Let � be an automorphism (always assumed to be 
ontinuous) of a 
om-pa
t abelian group X with (additive) dual group X̂, and let �̂ be the dualautomorphism of X̂ de�ned byh�̂a; xi = ha; �xifor every x 2 X and a 2 X̂, where ha; xi denotes the value of a 2 X̂ atx 2 X . For every h =Pn2Zhnun 2 R1, x 2 X and a 2 X̂ we seth(�)(x) =Xn2Zhn�nx; h(�̂)(a) =Xn2Zhn�̂na; (2.3)and note that hh(�̂)(a); xi = hdh(�)(a); xi = ha; h(�)(x)i: (2.4)The dual group X̂ is a module over the ring R1 with operationh � a = h(�̂)(a) (2.5)for h 2 R1 and a 2 X̂ . In parti
ular,um � a = �̂ma (2.6)for m 2 Zand a 2 X̂. This module is 
alled the dual module M = X̂ of �.Conversely, if M is an R1-module, we obtain an automorphism �M on the
ompa
t abelian group XM = 
M (2.7)



INVARIANT SETS AND MEASURES 5whose dual automorphism is de�ned by�̂Ma = u � a (2.8)for every a 2M .Examples 2.1 ([11℄). (1) Let M = R1. Sin
e R1 is isomorphi
 to thedire
t sum PZZof 
opies of Z, indexed by Z, the dual group X = 
R1 isisomorphi
 to the 
artesian produ
t TZof 
opies of T= R=Z. We write atypi
al element x 2 TZas x = (xn) with xn 2 T for every n 2Zand 
hoosethe following identi�
ation of XR1 = 
R1 and TZ: for every x = (xn) in TZand h =Pn2Zhnun 2 R1,hx; hi = e2�iPn2Z hnxn : (2.9)Under this identi�
ation the automorphism �R1 on XR1 = TZbe
omes theshift (�x)m = xm+1 (2.10)with m 2Zand x = (xm) 2 XR1 = TZ.(2) Let I � R1 be an ideal, and let M = R1=I . Sin
e M is a quotient ofthe additive group R1 by an �̂R1-invariant subgroup, the dual group XM isthe �R1-invariant subgroupXR1=I = I? = fx 2 XR1 = TZ: hx; hi = 1 for every h 2 Ig= �x 2 TZ:Xn2Zhnxm+n = 0 (mod 1)for every h 2 I and m 2Z�= fx 2 TZ: h(�)(x) = 0 for every h 2 Ig; (2.11)and �R1=I is the restri
tion of � = �R1 to XR1=I � TZ= XR1.We 
an express (2.11) asXR1=I = dX=I = I? = \h2I ker(h(�)): (2.12)If I = (f) = fR1 is the prin
ipal ideal generated by some f 2 R1, then(2.12) be
omes XR1=(f) = \X=(f) = (f)? = ker(f(�)): (2.13)(3) Let � be the automorphism of them-torusX = Tm = Rm=Zm de�nedby a matrix A 2 GL(m;Z). Then the dual module M = X̂ is equal to Zmwith operation f �m = f(A>)(m) for every f 2 R1 and m 2Zm (
f. (2.5)),where A> 2 GL(m;Z) is the transpose matrix of A.The automorphism � is irredu
ible if and only if the 
hara
teristi
 poly-nomial f = f0+ � � �+ fm�1um�1+um of A is irredu
ible, and � is 
onjugate



INVARIANT SETS AND MEASURES 6to �R1=(f) if and only if A is 
onjugate in GL(m;Z) to the 
ompanion matrixCf = 0B� 0 1 ��� 0 00 0 ��� 0 0... ... .. . ... ...0 0 ��� 0 1�f0 �f1 ::: �fm�2 �fm�11CA 2 GL(m;Z): (2.14)Theorem 2.2. Let � be an irredu
ible automorphism of an in�nite 
ompa
t
onne
ted abelian group X. Then there exists a unique irredu
ible polynomialf = f0 + � � �+ fnun 2 R1 with the following properties.(1) n � 1, fn > 0 and f0 6= 0;(2) � is �nitely equivalent to �R1=(f), where (f) = fR1 � R1 is the idealgenerated by f (
f. Example 2.1 (2));(3) � is ergodi
 if and only if f is not 
y
lotomi
 (i.e. f does not divideum � 1 for any m � 1);(4) � is expansive if and only if f has no roots of absolute value 1.(5) � is totally irredu
ible if and only if f has no two distin
t roots whoseratio is a root of unity.Conversely, if f = f0+� � �+fnun 2 R1 is an irredu
ible polynomial satisfying
ondition (1) above, then the group XR1=(f) in (2.11) is 
onne
ted and theautomorphism �R1=(f) of XR1=(f) is irredu
ible.Proof. The statements (1){(4) and the 
onverse follow from [11, Proposition2.7 and Theorem 29.2℄.For the proof of (5) we note that � is totally irredu
ible if and only if�R1=(f) is totally irredu
ible. Sin
e �mR1=(f) is dual to multipli
ation by umon X̂ = R1=(f) = M , �mR1=(f) is irredu
ible if and only if the subgroupN = fh(um) : h 2 R1g=(f) � R1=(f) = Mhas �nite index in R1=(f). As the group M is torsion-free, the latter 
ondi-tion is equivalent to the statement that N 
ZQ = M 
ZQ �= Qn, and hen
eto the 
ondition that the elements f(1+(f)); (um+(f)); : : : ; (um(n�1)+(f))gin M are rationally independent. In other words, �mR1=(f) is redu
ible if andonly if one 
an �nd a nonzero element (k0; : : : ; kn�1) 2Zn withg(um) = k0 + k1um + � � �+ kn�1um(n�1) 2 (f); (2.15)where we may assume without loss of generality that the resulting poly-nomial g 2 R1 is irredu
ible. By evaluating (2.15) on any root � of f weobtain that g(�m) = 0 for every root � of f , and Galois theory showsthat the degree of g is equal to the number of distin
t elements in theset 
(m)f = f�m : � is a root of fg. This proves that �mR1=(f) is irredu
ible ifand only if the 
ardinality of 
(m)f is equal to n, whi
h implies (5). �



INVARIANT SETS AND MEASURES 7Example 2.1 (2) gives an expli
it representation | up to �nite equivalen
e| of every irredu
ible automorphism of a 
ompa
t 
onne
ted abelian groupX . For an alternative des
ription we follow [2℄ (for ba
kground see [10℄, [11,Se
tion 7℄ and [12℄).Let � be an irredu
ible automorphism of an in�nite 
ompa
t 
onne
tedabelian group X , and let f 2 R1 be the irredu
ible polynomial appearing inTheorem 2.2. We �x a root � 2 �Q of f , denote by K = Q(�) the algebrai
number �eld generated by �, and write P (K), P (K)f , and P (K)1 , for the sets ofpla
es (= equivalen
e 
lasses of valuations), �nite pla
es and in�nite pla
esofK. For every pla
e v ofK and every valuation � 2 v, the v-adi
 
ompletionKv of K (i.e. the 
ompletion of K with respe
t to metri
 Æ(a; b) = �(a� b)
for some suitable 
 > 0) is a lo
ally 
ompa
t, metrizable �eld and hen
e alo
ally 
ompa
t additive group. We �x a Haar measure �v on the additivegroup Kv and denote by modKv : Kv �! R the map satisfying�v(aB) = modKv(a)�v(B) (2.16)for every a 2 Kv and every Borel set B � Kv. The restri
tion of modKv toK is a valuation in v, denoted by j � jv.Let P = fv 2 P (K)f : j�jv 6= 1g; S = P (K)1 [ P: (2.17)For every in�nite pla
e v 2 P (K)1 , the v-adi
 
ompletion Kv is either equalto R or to C (in parti
ular, Kv = C for any v 2 S(0)). We write�v : K �! Kv(= R or C ) (2.18)for the embedding of K in its 
ompletion Kv and use the same symbol �v todenote the 
orresponding identi�
ation of Kv with R or C .The set W = Yv2SKv (2.19)is a lo
ally 
ompa
t algebra overK with respe
t to 
oordinate-wise addition,multipli
ation and s
alar multipli
ation (with s
alars in K). We write everyw 2 W as w = (wv) = (wv; v 2 S) with wv 2 Kv for every v 2 S and de�nekwk = maxv2S jwvjv: (2.20)Let �� be the automorphism of W given by��w = (�wv) (2.21)for every w = (wv) 2 W .We putR = fa 2 K : jajv � 1 for every v 2 P (K) r Sg � oK ; (2.22)



INVARIANT SETS AND MEASURES 8where oK is the ring of integers in K, and denote by� : K �!W (2.23)the diagonal embedding a 7! �(a) = (a; : : : ; a), a 2 K. By abuse of notationwe identify ea
h Kv; v 2 S, with the subgroupfw 2 W : wv0 = 0 for every v0 6= vg � W:Theorem 2.3. Suppose that � is an automorphism of an in�nite 
ompa
t
onne
ted abelian group X. Then � is irredu
ible if and only if there existan element � 2 �Q� = �Q r f0g and a �nitely generated Z[��1℄-submoduleL � K = Q(�) su
h that � is algebrai
ally 
onjugate to the automorphism�(�;L) on the quotient group YL = W=�(L) (2.24)indu
ed by �� (
f. (2.17){(2.21)).(1) The following 
onditions are equivalent.(a) � is ergodi
,(b) � is not a root of unity.(2) The following 
onditions are equivalent.(a) � is expansive,(b) The orbit of � under the a
tion of the Galois group Gal[ �Q : Q℄does not interse
t S= fz 2 C : jzj = 1g.(3) The following 
onditions are equivalent.(a) X �= Tn for some n � 1,(b) S = P (K)1 ,(
) � is an algebrai
 unit.(4) The following 
onditions are equivalent.(a) � is totally irredu
ible,(b) The orbit of � under the a
tion of the Galois group Gal[ �Q : Q℄does not 
ontain two distin
t elements whose ratio is a root ofunity.Proof. [2, Corollary 3.5℄, [11, Theorem 7.1 and Propositions 7.2{7.3℄ andTheorem 2.2 in this paper. �Remark 2.4. If � is an algebrai
 unit, then S = P (K)1 andW �= Rr(K); Y �= Tr(K); (2.25)where r(K) = jfv 2 P (K)1 : Kv = Rgj+ 2jfv 2 P (K)1 : Kv = C gj: (2.26)Conversely, if Y �= Tm for some m � 1, then � is an algebrai
 unit.



INVARIANT SETS AND MEASURES 93. Stru
ture and examples of nonexpansive automorphismsLet � be a nonexpansive irredu
ible ergodi
 automorphism of a 
ompa
t
onne
ted abelian group X . We apply the Theorem 2.3 and assume that� = �(�;L); X = W=�(L); (3.1)for some � 2 �Q� and some �nitely generated Z[��1℄-submodule L � K =Q(�). Denote by �X the normalized Haar measure of X and write� : W �! X = W=�(L) (3.2)for the quotient map (
f. (2.17){(2.24)). In the notation of (2.17) and (2.19)we set S(0) = fv 2 S : j�jv = 1g � P (K)1 ;W (0) = fw = (wv) 2 W : wv = 0 for every v 2 S r S(0)g�= Yv2S(0)Kv �= C jS(0) j;X(0) = �(W (0)): (3.3)The 
entral subgroup group X(0) � X is �-invariant and dense by irre-du
ibility. Furthermore, sin
e jL=�(R)j < 1 (
f. (2.22) and [2℄) and �(R) \W (0) = f0g by the produ
t formula ([1, Theorem 10.2.1℄), L \W (0) = f0g.Examples 3.1. (1) Let � be a nonexpansive irredu
ible ergodi
 automor-phism of X = Tm de�ned by a matrix A 2 GL(m;Z) with real eigenval-ues �1; : : : ; �m1 and 
omplex eigenvalues �m1+1; ��m1+1; : : : ; �m1+m2 ; ��m1+m2 ,where m = m1 + 2m2, and where ��i is the 
omplex 
onjugate of �i fori = m1 + 1; : : : ; m1 +m2. We �x an eigenvalue � of A, set K = Q(�), andobtain that S = P (K)1 , W �= Rm1 � Cm2 , and thatW (0) = Mj=m1+1;:::;m1+m2j�jj=1 Cis the subspa
e ofW �= Rm on whi
h A a
ts isometri
ally. Sin
e � is ergodi
,dimR(W (0)) � dimR(W )� 2 = m� 2.Take, for example, the irredu
ible ergodi
 and nonexpansive automor-phism � of X = T4 determined by the matrixA = � 0 1 0 00 0 1 00 0 0 1�1 1 1 1� 2 GL(4;Z):If � > 1 is the dominant eigenvalue of A, then the algebrai
 number �eldK = Q[�℄ has two real pla
es v1; v2 (
orresponding to the real roots �1 = �and �2 = ��1 of the 
hara
teristi
 polynomial f = u4�u3�u2�u+1 of A)and one 
omplex pla
e v3 (
orresponding to the two 
omplex roots �3 and



INVARIANT SETS AND MEASURES 10��3 of f of absolute value 1). Then S(0) = fv3g, W (0) �= Kv3 = C , and the
entral subgroup X(0) � X of � is a densely embedded 
opy of C .For another example of this form we take the automorphism � of X = T6de�ned by the matrixB = 0� 0 1 0 0 0 00 0 1 0 0 00 0 0 1 0 00 0 0 0 1 00 0 0 0 0 1�1 1 1 1 1 11A 2 GL(6;Z)with dominant eigenvalue � > 1. The algebrai
 number �eld K = Q[�℄ hastwo real pla
es v1; v2 (
orresponding to the real roots �1 = � and �2 = ��1of the 
hara
teristi
 polynomial f = u6�u5�u4�u3�u2�u+1 of B) andtwo 
omplex pla
es v3; v4 (
orresponding to the four 
omplex roots �3; �4 and��3; ��4 of f of absolute value 1). Then S(0) = fv3; v4g,W (0) �= Kv3�Kv4 = C 2 ,and the 
entral subgroup X(0) � X of � is a densely embedded 
opy of C 2 .(2) Let f = 5u2�6u+5 2 R1, and let � = �R1=(f) be the automorphism ofthe 
ompa
t 
onne
ted abelian group X = XR1=(f) de�ned in (2.11). Sin
ef is irredu
ible and all roots of f have absolute value 1 (they are of the form� = 35� i � 45), � is ergodi
 and nonexpansive by Theorem 2.2. If � is a root off and K = Q(�), then P � P (K)f , S(0) = P (K)1 , W = W (0) � Qv2P Kv,where W (0) �= C and Qv2P Kv is zero-dimensional, and X �= W=L forsome dis
rete 
o-
ompa
t ��-invariant subgroup L � W . In this examplethe 
entral subgroup X(0) � X is a densely embedded 
opy of C .(3) Let f = 6u4 + 3u3 + 10u2 + 6u + 6 2 R1, and let � = �R1=(f) be theautomorphism of the 
ompa
t 
onne
ted abelian group X = XR1=(f) de�nedin (2.11). Again f is irredu
ible, all roots of f have absolute value 1, and � isergodi
 and nonexpansive by Theorem 2.2. If � is a root of f and K = Q(�),then P � P (K)f , S(0) = P (K)1 , W = W (0) �Qv2P Kv, where W (0) �= C 2 andQv2P Kv is zero-dimensional, and X �= W=L for some dis
rete 
o-
ompa
t��-invariant subgroup L � W . Here the 
entral subgroup X(0) � X is adensely embedded 
opy of C 2 .The groupW (0) �= C jS(0) j in (3.3) is an algebra with respe
t to 
oordinate-wise addition and multipli
ation. We de�ne a map �0 : K �!W (0) by setting�(a)v = (�v(a) if v 2 S(0);0 if v 2 S r S(0)for every a 2 K (
f. (2.18)), set � = �0(�); (3.4)where � is the algebrai
 number appearing in Theorem 2.3 and (3.1), anddenote by � = f�m :m 2Zg (3.5)
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losure of the multipli
ative subgroup f�m : m 2 Zg � W (0). Then � isa 
ompa
t abelian multipli
ative subgroup of W (0). For every 
 = (
v) 2 �we denote by M
 : W (0) �!W (0) multipli
ation by 
, i.e.M
w = (
vwv) (3.6)for every w = (wv) 2 W (0).Proposition 3.2. If � is totally irredu
ible, then for any two distin
t ele-ments v; v0 2 S(0), the natural proje
tion of � to Kv �Kv0 is surje
tive.Proof. Let �vv0 be de�ned by(�vv0)� = (� for � = v; v0,0 otherwise.Clearly the proje
tion of � to Kv �Kv0 is equal to f�mvv0 :m 2Zg. Let �v =�v(�) 2 C and �v0 = �v0(�) 2 C . Sin
e v; v0 2 S(0) we know that j�vj = j�v0 j =1 (
f. (2.18)).In order to prove our 
laim it suÆ
es to show that, for any nonzero element(m;m0) 2Z2, �mv �m0v0 6= 1: (3.7)That �mv 6= 1 form 6= 0 follows from ergodi
ity (�v is a root of an irredu
iblepolynomial with integer 
oeÆ
ients, whi
h is non
ylotomi
 if � is to beergodi
). To prove (3.7) for the 
ase where both m;m0 6= 0, we note thatsin
e �v and �v0 are 
onjugate under the Galois group of the splitting �eld ofthe polynomial f , we also have that �mv0 = �m03 for some �3 2 C with f(�3) = 0(it 
ould be that �3 = �v). We 
an now apply the same argument for �3 andobtain that �m3 = �m04 for some root �4 2 C of f , et
. Sin
e f has �nitelymany roots, we will eventually get an equation of the form �mkj = �(�m0)kj forsome positive integer k and some root �j of f . As all roots of f are 
onjugateunder the Galois group, this shows that�mk = �(�m0)k :If mk 6= (�m0)k then � is a root of unity, whi
h is a 
ontradi
tion to ergod-i
ity. Otherwise m = �m0, and either �mv = �mv0 or �mv = ��mv0 .First suppose that �mv = �mv0 . Sin
e v and v0 are inequivalent valuations,�v 6= �v0 , and hen
e �v��1v0 is a nontrivial root of unity, 
ontrary to thehypothesis that � is totally irredu
ible (
f. Theorem 2.2).If �mv = ��mv0 , then the 
omplex 
onjugate �0 = �v0 of �v0 is again a rootof f satisfying that �mv = �0m, and the same argument as above shows that�v�0�1 is a nontrivial root of unity. Again this violates the total irredu
ibilityof �. �



INVARIANT SETS AND MEASURES 124. Conditional measures on the leaves of the 
entral foliationWe assume that � and X are of the form (3.1) and use the notation of(2.17){(2.24). Write F for the foliation of X by the 
osets of the 
entralsubgroup X(0) = �(W (0)) � X (
f. (3.3)), and �x a nonatomi
 �-invariantprobability measure � on the Borel �eld S = BX of X . Note that we do notmake any assumptions regarding ergodi
ity of �.Sin
e the 
entral subgroup X(0) is dense by irredu
ibility, the foliation ofX into 
osets of X(0) has no Borel 
ross-se
tion, and one 
annot generallyde
ompose � dire
tly into a family of measures supported on the individualleaves of F . In order to over
ome this diÆ
ulty we break up ea
h of theseleaves into 
ountably many atoms of an appropriate sub-sigma-algebra A �S, de
ompose the measure � with respe
t to this sigma-algebra, and re-
ombine the 
onditional measures supported by the individual atoms onea
h leaf into a leaf-measure.It will be ne
essary to work not just with one su
h sigma-algebra A butwith a sequen
e (A(k); k � 1) of sigma-algebras whose atoms 
onsist of largerand larger pie
es of leaves of F . In order to des
ribe these sigma-algebras we�x an integer q > 1 with jqjv = 1 for every v 2 P and set � = 1qL � K. Then�(�) is a dis
rete 
o-
ompa
t subgroup of W (
f. (2.23)), and we 
hoose aBorel set �0 � W with 
ompa
t 
losure su
h that� \ (� + �(a)) = ? for every nonzero a 2 �;[a2��+ �(a) = W: (4.1)The �rst equation in (4.1) implies that the restri
tion to � of the map� : W �! X in (3.2) is inje
tive, and that �(�) is therefore a Borel subsetof X . After repla
ing � by � + w0 for some w0 2 W , if ne
essary, we maytake it that the sets Q = f�(�+ �(a)) : a 2 �g (4.2)form a Borel partition of X into N = jL=qLj sets with the following prop-erties.(i) �(�Q) = 0 for every Q 2 Q;(ii) For every a 2 �, the restri
tion of the map � in (3.2) to � + �(a) isinje
tive, and �(�+ �(a)) = �(�+ �(a0)) if and only if a� a0 2 L;(iii) For every Q 2 Q and w 2 W , the set W (0) \ (��1(Q) � w) �W (0) \ Sa2L(C � w) is a 
ountable union of sets with disjoint and
ompa
t 
losures.Let Ty denote the map Tyx = x+ y (4.3)



INVARIANT SETS AND MEASURES 13for every x; y 2 X . We denote by BW (0)(w; r) the ball of radius r > 0 aroundw in W (0); while it will not be important for us whi
h norm we use in W (0),the natural norm to take is kwk = maxv2S(0) jwvj (4.4)(
f. (2.20)). Finally we write BF(x; r) for the ball of radius r around x inthe leaf x+ �(W (0)) of F , i.e.BF (x; r) = x+ �(BW (0)(0; r)) = Tx Æ �(BW (0)(0; r)): (4.5)Proposition 4.1. There exist a sequen
e of fundamental domains (�(n); n� 1) for �(�) and a 
orresponding sequen
e of partitions (Q(n); n � 1) of Xin (4.2) with the properties (i){(iii) on the pre
eding page, su
h thatXQ2Q(n) ��(Q+ �(BW (0)(0; n)))4Q� � 2�n (4.6)for every n � 1.Proof. By 
hoosing, for every n � 1, an appropriate fundamental domain�n � W for � with the properties (4.1) we 
an 
onstru
t a sequen
e(Qn; n � 1) of Borel partitions (4.2) satisfying the 
onditions (i){(iii) onthe pre
eding page su
h thatXQ2Qn�X�(Q+ �(BW (0)(0; n)))4Q� � 2�nfor every n � 1. Sin
e for any two Borel sets Q;B � X ,Z ��(Q+ s+ B)4 (Q+ s)�d�X(s)= ZZ ��1Q+s+B(x)� 1Q+s(x)��d�(x) d�X(s)= �X�(Q+B)4Q�;where 1Q+s+B and 1Q+s are the indi
ator fun
tion of the sets Q + s + Band Q+ s, there is a sequen
e (xn; n � 1) so that the translated partitionsQ(n) = Qn+xn satisfy (4.6) and the 
onditions (i){(iii) for every n � 1. Forlater use we 
hoose a bounded sequen
e (wn; n � 1) in W with �(wn) = xnfor every n � 1 and set �(n) = �n + wn; n � 1. �De�nition 4.2. Let A � S be a 
ountably generated sigma-algebra, and letC � A be a 
ountable algebra whi
h generates A. The atom [x℄A of a pointx 2 X in A is de�ned as[x℄A = \C2C:x2CC = \A2A:x2AA:



INVARIANT SETS AND MEASURES 14Lemma 4.3. For every n � 1, let �(n) be the fundamental domain for�(�) � W and Q(n) the partition of X des
ribed in Proposition 4.1. Thenthere exist a 
ountably generated sigma-algebra A(n) � S with[x℄A(n) = ��(�(n) + �(a))\ (W (0) + w)� (4.7)for every x 2 X, where [x℄AQ(n) is the atom of A(n) 
ontaining x and a 2 �and w 2 W satisfy that �(w) = x and w 2 �(n) + �(a).Proof. Fix a 2 � for the moment. We set W 0 = �Qv2SrS(0) Kv�, denote by� : W = W (0)�W 0 �!W 0 the se
ond 
oordinate proje
tion (
f. (3.3)), andwrite BW 0 for the (
ountably generated) Borel �eld ofW 0. The sigma-algebraA = f��1(B)\(�+�(a)) : B 2 BW 0g of subsets of �+�(a) is again 
ountablygenerated, and its atoms are of the form (�+�(a))\(W (0)+w); w 2 �+�(a).Sin
e the restri
tion of � to � + �(a) is inje
tive, � maps A to a 
ountablygenerated sigma-algebra AQ of subsets of Q = �(� + �(a)) 2 Q(n) whoseatoms are of the required form. The sigma-algebra A(n) is de�ned as theunique sub-sigma-algebra of S = BX whi
h 
ontains the partition Q(n) andindu
es AQ on ea
h Q 2 Q(n). �For any 
ountably generated sigma-algebra A � S we 
onsider the de
om-position of � with respe
t to the sigma-algebra A, i.e. a set of probabilitymeasures f�Ax : x 2 Xg on X with the following properties.(1) For all x; x0 2 X with [x℄A = [x0℄A,�Ax = �Ax0 and �Ax ([x℄A) = 1;(2) For every B 2 S, the map x 7! �Ax (B) is Borel (and hen
e A-measurable),(3) For every bounded Borel map f : X �! R,Z f d�Ax = E�(f jA)(x)for �-a.e. x 2 X , where E�(�j�) denotes 
onditional expe
tation.In order to make notation less 
umbersome we set, for every n 2 Zandk � 1, A(k)n = ��n(AQ(k)); A(k) = A(k)0 = AQ(k) ; (4.8)and denote by f�A(k)nx : x 2 Xg and f�A(k)_A(k)nx : x 2 Xg the de
ompositionsof � with respe
t to the sigma-algebras A(k)n and A(k) _A(k)n , respe
tively.De�nition 4.4. A Borel measure � on W (0) is lo
ally �nite if �(C) < 1for every 
ompa
t set C � W (0). Let M1(W (0)) be the set of all lo
ally�nite (and hen
e sigma-�nite) Borel measures on W (0), furnished with thesmallest topology in whi
h the map � 7! R f d� from M1(W (0)) to R is
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ontinuous for every 
ontinuous map f : W (0) �! Rwith 
ompa
t support.In this topology M1(W (0)) is a separable metrizable spa
e.For every a 2 W (0) we denote by�Twv = v + w; w 2 W (0); (4.9)the translation by w on W (0). The maps � 7! � �Tw and � 7! ��� are homeo-morphisms of M1(W (0)) for every w 2 W (0), where �� is de�ned in (2.21).For the next theorem, we take r0 to be large enough so that[x℄A(1) � BF(x; r0) (4.10)for all x 2 X (
f. (4.5)).Proposition 4.5. There is a Borel map x 7! �x from X to M1(W (0)) andan �-invariant Borel set X 0 of full �-measure with the following properties(for notation we refer to (2.21), (4.8) and (4.9)).(1) For every x 2 X 0, every bounded Borel set B � W (0) and everysuÆ
iently large k,�x(B) = 1�A(k)x (BF(x; r0))�A(k)x (Tx Æ �(B)); (4.11)(2) For every x 2 X, �x = ��x ��; (4.12)(3) There exists a Borel map K� : X � W (0) �! R so that, for everyx 2 X 0 and every w 2 W (0) with x+ �(w) 2 X 0,eK�(x;w)�x��(w) = �x �Tw: (4.13)We begin the proof of Proposition 4.5 with a lemma.Lemma 4.6. There exists a Borel set X 0 � X with �(X 0) = 1, whi
h isinvariant under �Tw for every w 2W (0), so that for all x 2 X 0 and r > 0,BF(x; r) � [x℄A(k) (4.14)for every suÆ
iently large k.Proof. The set Nr;k = fx 2 X : BF(x; r) 6� [x℄A(k)g:is equal to[Q;Q02Q(k)Q6=Q0 �Q \ (Q0 + �(BW (0)(0; r)))�= [Q02Q(k)�(Q0 + �(BW (0)(0; r)))rQ0�� [Q02Q(k)�(Q0 + �(BW (0)(0; r)))4Q0�:
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e Borel. Sin
ePk�1 �(Nr;k) <1 for every r > 0 by (4.6), it followsthat X 0 = X r \r>0 [n�1 \k�nNr;kis a Borel set of full measure. From the de�nition of X 0 it is also 
lear thatany x 2 X 0 satis�es (4.14), and that X 0 
onsists of a union of full F leaves,i.e. that it is invariant under �Tw for any w 2 W (0). �Proof of Proposition 4.5. We take X 0 to be the set of all x 2 X with thefollowing properties.(1) For every r > 0 and n 2 Z, and for every suÆ
iently large k � 1(depending on r and n),BF(x; r) � [x℄A(k)n ; (4.15)(2) For every k; l � 1 and n 2Z,�A(k)x ([x℄A(k)_A(l)n ) > 0; �A(l)nx ([x℄A(k)_A(l)n ) > 0; (4.16)�A(k)_A(l)nx = 1�A(k)x ([x℄A(k)_A(l)n ) � �A(k)x ��[x℄A(k)_A(l)n= 1�A(l)nx ([x℄A(k)_A(l)n ) � �A(l)nx ��[x℄A(k)_A(l)n ; (4.17)where �A(k)x ��[x℄A(k)_A(l)n and �A(l)nx ��[x℄A(k)_A(l)n are the restri
tions of�A(k)x and �A(l)nx to the atom [x℄A(k)_A(l)n of x in A(k) _ A(l)n ;(3) For every k � 1 and n 2Z,�A(k)nx = �A(k)�nx �n: (4.18)Note that by (4.10) and (4.16) (with l = 1 and n = 0),�A(k)x (BF(x; r0)) > 0for every k � 1 and x 2 X 0. Furthermore, by (4.15) and (4.17) (again withn = 0), 1�A(k)x (BF(x; r0))�A(k)x ��[x℄A(k)_A(l)= 1�A(l)x (BF(x; r0))�A(l)x ��[x℄A(k)_A(l)for all x 2 X 0 and all suÆ
iently large k; l, so that�x(B) = limk!1 1�A(k)x (BF(x; r0))�A(k)x (Tx Æ �(B)) (4.19)exists for every x 2 X 0 and every Borel set B � W (0).



INVARIANT SETS AND MEASURES 17Equation (4.13) easily follows from the fa
t that, for every x 2 X 0, everyw 2 W (0) with x� �(w) 2 X 0, and every suÆ
iently large k,y = x� �(w) 2 [x℄A(k);and hen
e �A(k)y = �A(k)x :The sequen
elog �A(k)x��(w)(BF(x� �(w); r0))�A(k)x (BF(x; r0)) = log �A(k)x (BF(x� �(w); r0))�A(k)x (BF(x; r0))is eventually 
onstant, and we setK�(x; w) = 8>><>>: limk!1 log �A(k)x (BF(x��(w);r0))�A(k)x (BF(x;r0)) for x 2 X 0 and w 2 W (0)with x� �(w) 2 X 0;0 otherwise:Equation (4.12) is immediate from (4.15), (4.17) and (4.18) (with k = l andn = 1).Finally we extend the map x 7! �x to X by setting �x = 0 for everyx 2 X r X 0 and note that the resulting map from X to M1(W (0)) isBorel. �5. Finiteness of the 
entral leaf measuresTheorem 5.1. Let � be a nonexpansive, ergodi
 and totally irredu
ible au-tomorphism of a 
ompa
t 
onne
ted abelian group X with normalized Haarmeasure �X, and let � be an �-invariant probability measure on X whi
his singular with respe
t to �X . Then there exists a Borel set X 0 � X with�(X 0) = 1 su
h that �x(W (0)) <1 for every x 2 X 0 (
f. (4.11)).We begin the proof of Theorem 5.1 with a series of lemmas in whi
h wedenote the l-th derivative of a map f by f (l).Lemma 5.2. For every s � 1 we 
an �nd a 
onstant As > 0 su
h that, forevery polynomial p(x) =P2s�1l=0 alxl of degree � 2s� 1 and every " > 0,supt2(�";") jp(t)j � As � max0�l�2s�1("ljalj):Proof. The statement of the lemma is 
learly un
hanged by res
aling p and", so that we may assume that " = 1 and maxl jalj = 1. We 
an now setAs = inf� supt2(�1;1) jp(t)j : p(x) = 2s�1Xl=0 alxl with maxl jalj = 1� > 0: �



INVARIANT SETS AND MEASURES 18Lemma 5.3. Let " > 0, s � 1, and let As > 0 be the 
onstant appearing inLemma 5.2. Then supt2(�";") jf(t)j � AsB2(2s� 1)! : (5.1)for every B > 0 and every map f : (�"; ") �! Rwith 2s derivatives at everypoint su
h that max0�l�2s�1 jf (l)(t)j � B"l for every t 2 (�"; ") (5.2)and supt2(�";") jf (2s)(t)j < AsB"2s : (5.3)Proof. Consider the Taylor expansionp(x) = 2s�1Xl=0 f (l)(0)l! xlof f of degree 2s�1. From Lemma 5.2 we know that there is some t 2 (�"; ")with jp(t)j � AsB(2s�1)! , and Taylor's Theorem allows us to �nd a � 2 [0; 1℄ withf(t) = p(t) + f (2s)(�t)(2s)! t2s:Thus jf(t)j � jp(t)j � "2s � �supt2(�";") jf (2s)(t)j� Æ (2s)!� AsB(2s� 1)! � AsB(2s)! � AsB2(2s� 1)! : �Lemma 5.4. Let p(t) =Psk=1(ak 
os(2�mkt)+bk sin(2�mkt)) be a trigono-metri
 polynomial, where the mk; k = 1; : : : ; s, are distin
t positive integers.Let kpk = maxk=1;:::;s(jak + ibkj). Then there exists a 
onstant 
2 > 0,whi
h depends on s and M = maxk=1;:::;s jmkj, but not on the 
oeÆ
ientsak; bk; k = 1; : : : ; s, su
h that����Z 10 eip(t) dt���� � 
2 � kpk�1=2s: (5.4)Proof. We �rst 
laim that, unless all 
oeÆ
ients ak and bk are 0, the deriv-ative p0 of p does not have zeros of order > 2s� 1. Indeed,p(2l)(t) = sXk=1(�1)l(2�mk)2l(ak 
os(2�mkt) + bk sin(2�mkt))for every l � 0. If p(2l)(t0) = 0 for l = 1; : : : ; s, the nonsingularity of theVandermonde matrix (due to our hypothesis that the mk are all distin
t)implies that ak 
os(2�mkt0) + bk sin(2�mkt0) = 0



INVARIANT SETS AND MEASURES 19for k = 1; : : : ; s. Similarly, if p(2l�1)(t0) = 0 for l = 1; : : : ; s, then�ak sin(2�mkt0) + bk 
os(2�mkt0) = 0for k = 1; : : : ; s, and by 
ombining these statements we get that ak = bk = 0for k = 1; : : : ; s. In fa
t, this argument gives more: sin
e one 
an bound thenorm of the inverse of the Vandermonde matrix for all 
hoi
es 0 < m1 <� � � < ms � M by some fun
tion of M , there exists a 
onstant 
0M > 0depending only on M , su
h thatmax1�l�2s jp(l)(t)j � 
0Mkpkfor every t 2 R and every 
hoi
e of the 
oeÆ
ients ak; bk in p.Trivially there exists, for every l � 0 and M � 1, a 
onstant 
0l;M > 0su
h that jp(l)(t)j � 
0l;Mkpkfor every l � 0 and t 2 R.In order to 
omplete the proof of Lemma 5.4 we re
all the van der CorputLemma in [7, p. 220℄: if � is a real-valued fun
tion on an interval [a; b℄ � Rwith a monotoni
 derivative satisfying that �0(t) > A > 0 for every t 2 [a; b℄,then ����Z ba ei�(t) dt���� � 4A:Sin
e a trigonometri
 polynomial of degree M su
h as p00(t) 
an have atmost 2M roots in the interval [0; 1), the interval [0; 1℄ 
an be divided into atmost 2M + 1 subintervals I1; I2; : : : , on ea
h of whi
h p0 is monotoni
. Byapplying the van der Corput Lemma on ea
h of these subintervals separatelywe have that, for any A > 0,����Z 10 eip(t) dt���� � 8M + 4A + �(f0 � t � 1 : jp0(t)j < Ag); (5.5)where � is the Lebesgue measure on R.It remains to estimate �(f0 � t � 1 : jp0(t)j < Ag). In fa
t, we 
laim thatthere exists a 
onstant 
00 > 0 with�(f0 � t � 1 : jp0(t)j < Ag) � 
00� Akpk� 12s�1 (5.6)for every A > 0. Estimates of this kind 
an be found e.g. in [8℄; for 
om-pleteness we provide a proof below.As p0 is monotoni
 on every subinterval Ik ,I 0k = Ik \ f0 � t � 1 : jp0(t)j < Agis 
onne
ted and hen
e an interval, and we apply Lemma 5.3 with f = p0 onsome suÆ
iently small subinterval I 00k � I 0k . The 
onditions (5.2) and (5.3)
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learly satis�ed for some B = kpk��(I 00k)2s�1, and Lemma 5.3 guaranteesthe existen
e of a 
onstant 
1 > 0 withA � supt2I 0k p0(t) � 
1kpk�(I 0k)2s�1or �(I 0k) � 
� 12s�11 �� Akpk� 12s�1 :By summing over k we obtain (5.6).A

ording to (5.5) and (5.6),����Z 2�0 e2�ip(t) dt���� � 2A + 
00 �� Akpk� 12s�1 ;and by taking A = kpk1=2s we get (5.4). �We derive from this the following estimate.Lemma 5.5. For every nontrivial 
hara
ter a 2 X̂ there exists a 
onstant
a > 0 with Z�ha; �(M
w)i d
 � 
a �min(1; kwk�1=2s)for every w 2 W (0), where s = jS(0)j, and where � and M
 are de�ned in(3.5) and (3.6).Proof. We re
all that W = Qv2S Kv, 
onsider ea
h Kv (by abuse of nota-tion) as an additive subgroup ofW , and identify X withW=�(L) as in (2.24).Let a be a nontrivial 
hara
ter of X = W=�(L), and let f : w 7! f(w) =ha; �(w)i be the 
orresponding 
hara
ter ofW . We write f0 = f jW (0) for therestri
tion of f to W (0). The isomorphisms �v : Kv �! C ; v 2 S(0), in (2.18)allow us to write f0 : W (0) �! C as the mapw 7! f0(w) = e2�iPv2S(0) <(av�v(wv));where av 2 C for every v 2 S(0), and where < denotes the real part. Sin
ethe image �(Kv) of Kv is dense in X for every v by irredu
ibility, f0jKv is anontrivial 
hara
ter, hen
e av 6= 0 for every v 2 S(0).Let v; v0 be distin
t elements of S(0). By Proposition 3.2, the proje
tionof � to Kv �Kv0 � W (0) maps � onto the setfw 2 W : jwvj = jwv0 j = 1 and all other 
oordinates are 0g:Hen
e there exists a 
losed one-dimensional subgroup�0 = ����1v (zmv)�v2S(0) : jzj = 1	 � � � W (0)su
h that the integers mv ; v 2 S(0), are all distin
t.Now we use Lemma 5.4 to 
he
k that there exists a 
onstant 
 with����Z�0 f(M
w) d
����= ����Z 10 e2�i<�Pv2S(0) av�v(wv)e2�imvt�dt���� � 
 � kwk�1=2s



INVARIANT SETS AND MEASURES 21for every w 2 W (0), and by integrating over � we see that����Z� f(M
w) d
����= ����Z� Z�0 f(M
0M
w) d
0 d
����� 
 � Z� kM
wk�1=2sd
 = 
 � kwk�1=2s: �Lemma 5.6. For every nontrivial 
hara
ter a 2 X̂ there exists a 
onstant
a > 0 su
h thatZ�����ZW (0)ha; �(M
w)i d��(w)����2d
� 
a � Z min(1; kw� w0k�1=2s) d��(w) d��(w0) (5.7)for every probability measure �� on W (0), where s = jS(0)j.Proof. By Fubini's theorem,Z�����ZW (0)ha; �(M
w)i d��(w)����2d
= Z� ZW (0) ZW (0)ha; �(M
w)iha; �(M
w0)id��(w) d��(w0) d
= ZW (0) ZW (0) Z�ha; �(M
(w � w0))i d
 d��(w) d��(w0):From Lemma 5.5 we know that there exists a 
onstant 
a > 0 withZ�ha; �(M
(w � w0))i d
 � 
amin(1; kw� w0k�1=2s)for every w 6= w0 in W (0), and by integrating we obtain (5.7). �Corollary 5.7. Let �� be a probability measure on W (0), x0 2 X, and let� = (����1)T�x0 (so � is supported on the 
entral leaf through x0). For everyN 2 N we set �N = 1N N�1Xi=0 ��iThen for every nontrivial 
hara
ter a 2 X̂lim supN!1 ����Z ha; xi d�N(x)����2 � 
a � Z min(1; 

w � w0

�1=2s) d��(w) d��(w0);where 
a is as in Lemma 5.6.Proof. By Cau
hy-S
hwarz,����Z ha; xi d�N(x)����2 = ����� 1N N�1Xi=0 Z ha; xi d��i�����2 � 1N N�1Xi=0 ����Z ha; xi d�ai(x)����2



INVARIANT SETS AND MEASURES 22= 1N N�1Xi=0 ����ZW (0)ha; �(w)i d�� ��i(w)����2The map 
 7! ����ZW (0)ha; �(w)i d(��M
)(w)����from � to R+ is 
ontinuous and bounded, so by the unique ergodi
ity of thea
tion of �� on �1N N�1Xi=0 ����ZW (0)ha; �(w)i d�� ��i(w)����2 ! Z� ����ZW (0)ha; �(w)i d��M
����2 d
:We 
an now apply Lemma 5.6 to 
on
lude the proof of this 
orollary. �Proof of Theorem 5.1. Consider the �-invariant Borel setB = fx : �x(W (0)) =1g:We will show that �0 = 1�(B)���B= �X (5.8)whenever �(B) > 0.Assume therefore that �(B) > 0, and let X 0 � X be the �-invariant Borelset of full measure des
ribed in Proposition 4.5. From (4.13) it follows that,if x 2 B\X 0, then any other point in X 0\ (x��(W (0))) also lies in B\X 0.Hen
e �A(k)x (B) 2 f0; 1gfor �-a.e. x 2 X and every k � 1. We 
an thus 
hoose, for every k � 1, a setB(k) 2 A(k) with �(B(k)4B) = 0:We �x temporarily a large number r > 0 and a small " > 0. A

ordingto (4.14) there exist an in
reasing sequen
e (nk; k � 1) of natural numbersand a Borel set D � B with �0(D) > 1�" so that, for any x 2 D and k � 1,[x℄A(nk) + �(BW (0)(0; r))� [x℄A(nk+1) ;0 < �A(nk+1)x ([x℄A(nk) + �(BW (0)(0; r)))< "(in the se
ond of these 
onditions we use the fa
t that �x(W (0)) = 1 forevery x 2 B). For every K � 1 and x 2 X we set�Kx = 1K KXk=1�A(nk )x :
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e B(nk) 2 A(nk) is equal to B (mod �) and hen
e also (mod �0), andsin
e �0 is �-invariant, we have that�0 = Z (�A(nk)x �n) d�0(x)for every k � 1 and n 2Z, and hen
e that�0 = Z (�Kx �n)d�0(x) (5.9)for every K � 1 and n 2Z. We de�ne ��Kx 2M1(W (0)) by��Kx (C) = �Kx (Tx Æ �(C))for every Borel set C � W (0), where � and Tx are taken from (3.2) and (4.3).For any x 2 D,M(x; r) = (��Kx � ��Kx )��(w1; w2) 2 (W (0))2 : kw1 � w2k < r	�= 1K2 � KXk=1 KXk0=1(�A(nk)x � �A(nk0 )x )��(x+ �(w1); x+ �(w2)) :(w1; w1) 2 (W (0))2 and kw1 � w2k < r	�� 1K2 � KXk=1 (�A(nk)x � �A(nk )x )(X �X)+ 2K2 � X1�k<k0�K(�A(nk)x � �A(nk0 )x )��(y; y+ �(w)) :y 2 [x℄A(nk) ; kwk < r	�� 1K + 2K2 �Xk<k0 �A(nk0 )x �[x℄A(nk) + �(BW (0)(0; r))�< 1K + ":Using this, we see that for any x 2 D,ZW (0) ZW (0) min(1; 

w � w0

�1=2s) d��Kx (w) d��Kx (w0)�M(x; r) + r�1=2s(1�M(x; r))� K�1 + "+ r�1=2s: (5.10)Equation (5.9) shows that, for an arbitrary positive integer K,����ZXha; xi d�0����2 = limN!1 �����ZX ZXha; yi d" 1N N�1Xn=0 ��Kx �n#(y) d�0(x)�����2� ZX lim supN!1 �����ZXha; yi d" 1N N�1Xn=0 ��Kx �n#(y)�����2 d�0(x); (5.11)
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tually over a 
onstant sequen
e. By Corollary 5.7,(5.11) and (5.10),����ZXha; xi d�0(x)���� � ZXrD lim supN!1 �����ZXha; yi d" 1N N�1Xn=0 ��Kx �n#(y)�����2 d�0(x)+ ZD lim supN!1 �����ZXha; yi d" 1N N�1Xn=0 ��Kx �n#(y)�����2 d�0(x)� �0(X rD) + 
a � �K�1 + " + r�1=2s�� "+ 
a � �K�1 + "+ r�1=2s�:Sin
e ";K; r were arbitrary we see that RXha; xi d�0(x) = 0 for every a 2 X̂ ,and that �0 is therefore equal to �X . �6. Virtually hyperboli
 measures and 
entral equivalen
eIn this se
tion, we dedu
e Theorem 1.3 from Theorem 5.1. For any lo
ally
ompa
t metri
 spa
e Y , we let Mf (Y ) � M1(Y ) denote the �nite Borelmeasures on Y .Lemma 6.1. There is a Borel map 
m : Mf (Rd) �! Rd whi
h 
ommuteswith the a
tion of the isometry group of Rd and is invariant under s
alarmultipli
ation: that is, if F : Rd �! Rd is an isometry of Rd and t > 0, then
m(�) = F Æ 
m(t�F ): (6.1)Remark 6.2. For measures � 2Mf (Rd) whi
h have �nite �rst moments, theve
tor of moments
m(�) = �Z x1 d�(x1; : : : ; xd); : : : ; Z xd d�(x1; : : : ; xd)� 2 Rdwould satisfy all these requirements. Unfortunately, there are measures forwhi
h this naive de�nition of 
enter of mass does not make sense; the lemmashould be interpreted as an alternative, generalized notion of a 
enter of masswhi
h works for any measure in Mf(Rd).Proof. For a given r; " > 0, and for every � 2Mf (Rd), letSr;"(�) = fx 2 Rd : �(B(x; r))� "g;ar;"(�) = ZSr;"(�) x d�(x); mr;"(�) = �(Sr;"(�)):Note that the maps � 7! mr;"(�) and � 7! ar;"(�)mr;"(�) , the latter when de�ned,are invariant under the a
tion of isometry group of Rd on Mf (Rd). In orderto get a map 
m whi
h is de�ned everywhere we arbitrarily �x r > 0, setnr(�) = min fn :mr;1=n(�) > 0g; ar(�) = ar;1=nr(�); mr(�) = mr;1=nr(�);
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m(�) = ar(�)mr(�) . �Proof of Theorem 1.3. We �rst show that for every �-invariant measure �whi
h is singular with respe
t to the Haar measure �X there is a virtuallyhyperboli
 measure �0 whi
h is 
entrally equivalent to it. Indeed, 
onsiderthe map � : X �! X de�ned by�(x) = � Æ 
m(�x) + x:Let X 0 be the subset of full measure of X in Proposition 4.5. Then for anyx 2 X 0 we have that� Æ �(x) = � Æ 
m(��x) + �x = �(� Æ 
m(�x)) + �x = � Æ �(x)where the se
ond equality follows from (4.12) and (6.1). Similarly, by (4.13),�(x) = � Æ 
m(�x) + x = � Æ 
m(�y��(w)) + x= � Æ 
m(eK�(y;w) � �y��(w)) + x= � Æ 
m(�y �Tw) + x = � Æ 
m(�y) + x+ �(w) = �(y) (6.2)for any x; y 2 X 0 with y � x = �(w) 2 X(0). By setting �0 = ���1 weget a new �-invariant probability measure on X whi
h is 
learly 
entrallyequivalent to �. The �-invariant set Y = �(X 0) � X is analyti
 and has full�0-measure, and (6.2) implies that Y interse
ts ea
h 
entral leaf in at mostone point. By 
hoosing an �-invariant Borel subset Z � Y with �0(Z) = 1we see that �0 is virtually hyperboli
.We now spe
ialize to the 
ase where � is ergodi
. The map �� : X 0 �!W (0) de�ned by � Æ ��(x) = 
m(�x) satis�es that ��(�x) = ����(x) � ���(x)for every x 2 X 0 (where � is de�ned in (3.5)), and the ergodi
ity of � andthe 
ompa
tness of � together imply that there exist an element w� 2 W (0)and a Borel subset X 00 � X with �(X 00) = 1 and ��(x) 2 �w� = fM
w� :
 2 �g for every x 2 X 00. We de�ne the probability measure ~�x on X asin the statement of Theorem 1.3 (3) and obtain that � must be an ergodi

omponent of �0 � ~��(w�).For every 
 2 � we write M
w� as M
w� = (
vw�v ; v 2 S) with w�v = 0for every v 2 Sr S(0) (
f. (3.3)). similarly we set ��(x) = (��(x)v) for everyx 2 X 00. Then there exists, for every v 2 S(0) with w�v 6= 0, a well-de�nedmap fv : X 0 �! C with ��(x)v = fv(x)w�vfor every x 2 X 00, where we are identifying Kv with C (
f. (2.18)). Sin
efv is obviously an eigenfun
tion of � for every v 2 S(0) with w�v 6= 0, wehave arrived at the following alternative: either the map x 7! � Æ 
m(x) =�(x)�x is zero almost everywhere, whi
h implies that � = �0, hen
e virtuallyhyperboli
, or � is not weakly mixing; indeed, this argument shows that the
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trum of � (more pre
isely: the point spe
trum of the a
tion of �on L2(X; S; �)) 
ontains some eigenvalue of � of absolute value 1. �7. Central leaves and 
losed invariant subsetsThis se
tion is devoted to proving the following topologi
al analogue toTheorem 5.1.Theorem 7.1. Let � be a nonexpansive, ergodi
 and totally irredu
ible au-tomorphism of a 
ompa
t 
onne
ted abelian group X. Then any 
losed �-invariant subset Y ( X interse
ts every 
entral leaf in a 
ompa
t subset ofthe leaf.The key to this theorem is the following lemma in whi
h we 
all a subsetA �W (0) R-separated if kx�yk � R for any two distin
t elements x; y 2 A.Lemma 7.2. Let � and X be as in Theorem 7.1. Then for any " > 0 thereexist positive integers R;K so that for any R-separated subset A � W (0)with at least K elements, the set~A = 1[n=1 ��n(�(A) + x0)is "-dense in X.Proof. Let ff1; : : : ; fkg be a partition of unity of X (i.e. a set of nonnegative
ontinuous fun
tions so thatPki=1 fi � 1) so that the support of ea
h fi hasdiameter at most ". Clearly, to show that ~A is "-dense it is suÆ
ient to �ndsome probability measure � supported on ~A so thatZX fid� > 0for every i = 1; : : : ; k. Sin
e the linear span of X̂ is dense in C(X), thereexists a �nite subset � � X̂ 
ontaining the identity element 0 2 X̂ so thatfor ea
h i we 
an �nd an approximation~fi(x) =Xa2�ui;aha; xito fi in the linear span of � so thatkfi � ~fik1 < kfik1=100:Let �0 = � n f0g.We denote by 
a the 
onstant in Lemma 5.6 and Corollary 5.7 and de�neR, K by R2s = K = 100maxi �Pa2� jui;a
ajkfik1 � :



INVARIANT SETS AND MEASURES 27Now suppose that A � W (0) is an R-separated set of 
ardinality � K andx0 2 X is arbitrary. We de�ne�� = 1jAjXw2A Æw; � = (����1)T�x0 ; �N = 1N N�1Xi=0 ��i;where Æw is the point-mass at w. For every N , �N is supported on ~A, and ifN is large enough, then����Z ha; xi d�N(x)����2 � 2
a ZZ min(1; 

w � w0

�1=2s) d��(w) d��(w0)� 2
a(K�1 + R�1=2s) = 4
aK�1for every a 2 �.For N suÆ
iently large we obtain that����Z ~fid�N � Z ~fidx���� � Xa2�0 ����ui;a Z ha; xid�N����� 4K�1 Xa2�0 jui;a
aj � kfik1 =25:But then����Z fid�N ���� � ����Z ~fid�N ����� kfik1 =100 � ����Z ~fidx����� kfik1 =20 � kfik1 =2 > 0for i = 1; : : : ; k, and we are done. �Proof of Theorem 7.1. Suppose that Y ( X is �-invariant and 
losed, andthat the interse
tion of Y with some 
entral leaf X(0) + x0 is not 
ompa
t.Fix a w0 2 ��1(x0) and take C = [��1(Y )� w0℄ \W (0).By our assumptions, C is a 
losed unbounded subset of W (0). Let " > 0be arbitrary, and let K;R be as in Lemma 7.2. Take A to be a �nite R-separated subset of C of 
ardinality � K. Then the set ~A � X de�ned inthat lemma is a subset of Y and is "-dense. So Y is "-dense, and sin
e " wasarbitrary, Y = X . �Referen
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