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C*-dynamical systems for which the tensor product formula for entropy failsbyH. Narnhofer, E. St�rmer and W. Thirring1. Introduction.In the present paper we study C*-dynamical systems which are highly non-asymptoticallyabelian. More speci�cally we consider a unital C*-algebra A with an automorphism � suchthat there is a self-adjoint subset S of A which together with the identity spans a densesubset of A, and with the property that the anticommutators [�n(w); w�]+ converge to 0for some properly chosen sequence of n's depending on w for w 2 S. It turns out that thenthere exists a unique �-invariant state �, � restricted to S is zero, and the entropy of �with respect to � in the sense of [ST] in zero. Hence if A is nuclear the entropy in the senseof [CNT] vanishes, thus we have another example of a highly nonabelian C*-dynamicalsystem with vanishing entropy.Examples of systems as above can be found among the C*-algebras introduced by Powers[P], see also [Pr], in the study of binary shifts of the hyper�nite II1-factor. The set S willconsist of �nite products of self-adjoint unitary operators fsigi2Z with the property thatsisj = �sjsi, and � is the shift �(si) = si+1. If w1; w2 2 S then w1w2 = �w2w1, hencethe C*-subalgebra C of A 
A generated by w 
 w;w 2 S, is abelian. As pointed out in[AN] � 
 � restricted to C is the baker's transform so has entropy log 2. It follows thath�
�(� 
 �) � h�
�jC(� 
 �jc) = log 2 > 0 = h�(�) + h�(�), hence the tensor productformula \h�
 (�
 �) = h�(�) + h�(�)", see [SV], is false in general.2. General results.Let A be a unital C*-algebra, � 2 Aut A, and � an �-invariant state. We shall show that ifthe C*-dynamical system (A;�) is highly nonasymtotically abelian then the entropyH�(�)in the sense of [ST] in zero. For our purposes it is unnecessary to repeat the de�nition, onlythe following. Let B be an abelian C*-algebra with an automorphism �; � a �-invariantstate on B, and � an �
�-invariant state onA
B such that �(a
1) = �(a); �(1
b) = �(b)for a 2 A; b 2 B. If � = � 
 � then by [ST, 2.1] the \mutual information" "�(A;B) = 0,hence the \conditional entropy" H�(BjA) = H�(B), so by [ST, 3.1] the entropy h0(B;�) =0. If � = � 
 � is the only � 
 �-invariant state as above then by [ST, Lemma 3.2] theentropy H�(�) = 0.It was also shown in [ST, Prop. 4.1] that if A is nuclear then H�(�) = h�(�), where h�(�)is the entropy of � with respect to � in the sense of [CNT].1



Recall that a subset S � A is said to be self-adjoint if a 2 S implies a� 2 S, and total if itslinear span is norm dense in A. We shall use the notation [a; b]+ for the anticommutator[a; b]+ = ab + ba; a; b 2 A:Theorem 2.1. Let A be a unital C*-algebra and � 2 AutA. Suppose S is a self-adjointsubset of A such that S [ f1g is total in A and for which the following condition holds:(�) 8w 2 S; 8" > 0; 8N 2 N there exist n1; � � � ; nN 2 Nsuch that if i 6= j then k[�ni(w�); �nj (w)]+k < "; i; j = 1; � � � ;N:Then there exists a unique �-invariant state �. � satis�es �jS = 0, and the entropyH�(�) = 0.The theorem generalizes [NT] and is an easy consequence of the following lemma, wherewe use the notation kxk2;� = �(x�x) 12 if x 2 A and � is a state.Lemma 2.2. Let A be a unital C*-algebra, � 2 AutA, and � an �-invariant state.Suppose S is a self-adjoint subset of A for which S [ f1g is total in A and such that thefollowing condition holds:(��) 8w 2 S; 8" > 0; 8N 2 N there exist n1; � � � ; nN 2 Nsuch that if i 6= j thenk[�ni(w�); �nj (w)]+k2;� < "; i; j = 1; � � � ;N:Suppose B is an abelian C*-algebra, � 2 AutB, and � a �-invariant state on B. Let � bean �
� invariant state on A
B such that �(a
 1) = �(a); �(1
 b) = �(b); a 2 A; b 2 B.Then �jS 
B = 0 and � = �
 �.Proof. Note that if a 2 A; b 2 B then by the Cauchy-Schwarz inequalityj�(a
 b)j = j�((1 
 b)(a 
 1))j � �((1
 b)(1 
 b)�) 12 �((a 
 1)�(a 
 1)) 12= 20 = �(bb�) 12 �(a�a) 12 = kak2;�kbk2;�;=46urthermore, again since B is abelian[a� 
 b�; a
 b]+ = [a�; a]+ 
 b�b:Let now w 2 S; b 2 B, where we for simplicity assume kbk � 1. Let " > 0, and chooseN 2 N so large that 1N �([w�; w]+ 
 b�b) < ":2



Using the inequality j�(x)j2 � 12�([x�; x]+) for a state �, we have for n1; � � � ; nN as givenby (��)j�(w 
 b)j2 = ��� 1N �( NXi=1 �ni(w) 
 �ni(b))���2� 12N2 �([Xi �ni(w�) 
 �ni(b�);Xj �nj (w)
 �nj (b)]+)= 12N2Xi;j �([�ni(w�); �nj (w)]+ 
 �ni(b�)�nj (b))= 12N2Xi �([�ni(w�); �ni(w)]+ 
 �ni(b�b))+ 12N2Xi6=j �([�ni(w�); �nj (w)]+ 
 �ni(b�)�nj (b))� 12N �([w�; w]+ 
 b�b) + 12N2N(N � 1)k[�ni(w�); �nj (w)]+k2;�� k�ni(b�)�nj (b)k2;�< "=2 + 12"kbk�(b�b) 12� ":Since " is arbitrary, �(w 
 b) = 0, hence �jS 
B = 0. In particular �(w) = �(w 
 1) = 0.Thus if c 2 C then�((c1 +w) 
 b) = c�(1
 b) = c�(b) = �(c1 + w)�(b)= �
 �((c1 +w) 
 b):Since (S [ f1g)
B is total in A 
B;� = �
 �. QED.Proof of Theorem 2.1. Since the group f�n : n 2 Zg is amenable there exists an �-invariant state � on A. For all x 2 A kxk2;� � kxk, so that condition (��) of Lemma 2.2follows from (�). If we apply Lemma 2.2 to the case B = C we conclude that �jS = 0, so� is unique by the assumption that S [ f1g is total in A. The conclusion of Lemma 2.2holds for all triples (B;�; �) and all �, hence from the discussion preceding the statementof the theorem, H�(�) = 0. QED.Corollary 2.3. If in Theorem 2.1 A is nuclear then h�(�) = 0.Proof. As remarked before h�(�) = H�(�) if A is nuclear.Remark 2.4. If we as in Lemma 2.2 assume the existence of the invariant state satisfying(��) then as in the proof of Theorem 2.1 we obtain H�(�) = 0.3



Remark 2.5. If we in Theorem 2.1 assume S has the property that z;w 2 S implieszw 2 S [C1, and zw 2 C1 implies zw = wz, then � is a trace. Indeed, if a; b 2 C then�((a1 + w)(b1 + z)) = ab+ �(wz) = n ab if wz 2 Sab + wz = ba + zw if wz 2 C1hence the assertion follows from the totality of S [ f1g.Remark 2.6. If there exists a tracial state � on A (e.g. if A is a unital AF-algebra) thenthe unique invariant state is tracial. Indeed, we can take an invariant mean over � � �n toobtain the invariant state.3. A number theoretic lemma.In order to �nd sequences (ni) as in Theorem 2.1 we need a result on the existence ofcertain sequences in N. We use the notation[k;m] = fk; k + 1; � � � ;mg when k � m in ZLemma 3.1. For each j 2 N there exists a sequence (xjs)s2N in N such that xj1 =j; j + (j + 2)s < xjs � xjs�1, and ifWj = fxjs � xjt + i : i 2 [�j; j]; 1 � t < s; s; t 2 Ngthen the sets Wj are pairwise disjoint.We shall need an estimate for the growth of the cardinality of unions of sets of the formWj \ [1;m] as above.Lemma 3.2. If W1; � � � ;Wk are constructed as in Lemma 3.1 thencard( k[j=1Wj \ [1;m]) � ((k + 1) logm)2; m 2 N:Proof. Fix m and let 1 � j � k. Let s be chosen as the minimal natural number such thatxjs+1 � xjr � j > m for all 1 � r � s. Thencard(Wj \ [1;m]) � sXr=2 cardfxjr � xjt + i : i 2 [�j; j]; 1 � t < rg= (2j + 1) sXr=2(r � 1) < (j + 1)s2:4



By choice of s xjs � xjs�1 � j �mby minimality of this element among the numbers xis � xjt + i; i 2 [�j; j]. By assumptionthen, (j + 2)s � xjs � xjs�1 � j � m;hence s � logmlog(j + 2) < logm;using that log(j + 2) � log 3 > 1. Thuscard(Wj \ [1;m]) < (j + 1)(logm)2:It follows that card( k[j=1Wj \ [1;m]) � kXj=1 card(Wj \ [1;m])< (logm)2 kXj=1(j + 1)< ((k + 1) logm)2: QED.Proof of Lemma 3.1. We shall construct the sets Wj by induction on j. If j = 1 putx11 = 1 and choose x1s 2 N such that 3s + 1 < x1s � x1s�1, and putW1 = fx1s � x1t + i : i 2 [�1; 1]; 1 � t < s; s; t 2 NgSuppose the sequences (xjs)s2N; j = 1; � � � ; p�1, are chosen such that xjs�xjs�1 > (j+2)s+jand such that the sets W1; � � � ;Wp�1 are pairwise disjoint.Put xp1 = p. We �rst seek xp2 such that(i) [xp2 � 2p; xp2] \ p�1Sj=1Wj = ;(ii) xp2 > xp1 + (p + 2)2 + p = p2 + 6p+ 4.By Lemma 3.2 card (p�1Sj=1Wj \ [1;m]) � (p logm)2 for all m, hence for m su�ciently large(2p+ 1)card(p�1[j=1Wj \ [1;m]) � m� (p2 + 6p+ 4)5



Thus there exists xp2 2 N, xp2 � m satisfying (ii) such that[xp2 � 2p; xp2] \ p�1[j=1Wj = ;;from which (i) follows.Let r � 2 and suppose xp1; � � � ; xpr are constructed such that xps � xps�1 > (p + 2)s + p andsuch that the sets fxps � xpt + i : i 2 [�p; p]; 1 � t < sg; 2 � s � rare disjoint from p�1Sj=1Wj .Let m0 = xpr + (p + 2)r+1 + p+ 1. By Lemma 3.2(1) card([m0;m] n p�1[j=1Wj) � m�m0 � (p logm)2:Choose by Lemma 3.2 m so large that(xpr + p+ 1)card(p�1[j=1Wj \ [1;m]) �m�m0 � (p logm)2:Then by (1) we can �nd xpr+1 2 [m0;m] such that(2) fxpr+1 � n : n 2 [0; xpr + p]g \ p�1[j=1Wj = ; :If 1 � t � r we �nd for i 2 [�p; p]xpr+1 � xpr+1 � xpt + i � xpr+1 � xpr � p = xpr+1 � (xpr + p):Thus by (2) fxpr+1 � xpt + i : i 2 [�p; p]; 1 � t � rg \ p�1[j=1Wj = ; :This completes the induction, since by choice of m0, xpr+1 � xpr > (p + 2)s + p.=20 QED.6



4. The C*-algebras of Powers.In [P] Powers introduced a class of C*-algebras obtained from binary shifts of the hy-per�nite II1-factor, see also [Pr]. The de�nition is as follows. Let X � N be a subsetconsidered as a subset of Z, and let g be its characteristic function. Put�(n) = (�1)g(n):Changing Powers' de�nition slightly we let (si)i2Z be a sequence of self-adjoint unitaryoperators satisfying the commutation relationssisj = �(ji � jj)sjsi:We denote by I = fi1 < � � � < irgthe ordered subset fik : k 2 [1; r]; i1 < i2 < � � � < irg, and we denote bywI = si1si2 � � � sir ; w; = 1:If J = fj1 < � � � < jsg an easy calculation yieldswIwJ =Yk;l �(jik � jlj)w�wIPut S = fwI : I = fi1 < � � � < irg; I 6= ;g:Let A(X) denote the C*-algebra generated by the set of si; i 2 Z. Then S [ f1g is totalin A(X). We de�ne � 2 Aut A(X) to be the shift �(si) = si+1.Theorem 4.1. With the above notation there exists X � N such that the C*-dynamicalsystem (A(X); �) satis�es the assumptions of Theorem 2.1.Proof. For each j 2 N let (xjs)s2N be the sequence found in Lemma 3.1. PutUj = fxjs � xjt + j : 1 � t < s ; s; t 2 Ng;and put X = 1[j=1Uj :Let I = fi1 < � � � < irg and N 2 N. We shall �nd n1 < n2 < � � � < nN 2 N such that(3) [�ns(wI); �nt(wI)]+ = 0 if s 6= t:Note that this is su�cient since w�I = �wI. Since (3) holds if we replace ns and nt by ns+nand nt +n for any n 2 Z, we may assume 1 � i1 < � � � < ir. Since also [a; b]+ = [b; a]+ for7



all a; b, it su�ces to show (3) for ns > nt. Put j = ir � i1, ns = xjs, nt = xjt . Then withWj as in Lemma 3.1 we havens � nt + i` � im 2Wj n Uj if i` � im < j;= 20ns � nt + ir � i1 2 Uj :By Lemma 3.1 the sets Wk are pairwise disjoint, so the only contribution to � applied tothe numbers ns � nt + il � im comes from Uj �Wj . Thus we haveYl;m �(jns � nt + i` � imj) =Yl;m �(ns � nt + i` � im)= �(ns � nt + ir � i1) = �1:Thus (3) holds whenever ns = xjs, nt = xjt . This completes the proof. QED.By Remark 2.5 or by [P] the unique invariant state � found in Theorem 2.1 is a trace.Also by [P] A(X) is an AF-algebra, hence is nuclear, so the entropies H�(�) and h�(�)coincide. We shall now prove that with X and � as in Theorem 4.1 the tensor productformula for entropy fails for �
 � and �
 �.Theorem 4.2. Let A(X) and � be as in Theorem 4.1, and let � be the unique �-invarianttrace. Then the tensor product formula fails for � 
 � and � 
 �. More speci�cally wehave h�
�(�
 �) � log 2; h�(�) = 0:Proof. Let A0 denote the C*-subalgebra of A(X) 
 A(X) generated by operators of theform wI 
 wI. Since wIwJ = �wJwI, A0 is abelian. Since A0 is generated by the self-adjoint unitaries si 
 si, and �
 � is the shift, and the invariant state �
 � vanishes oneach si 
 si, the dynamical system (A0; � 
 �; � 
 �) is isomorphic to the two shift, orequivalently to the baker's transform, see [AN], and has entropy log 2. Thush�
�(� 
 �) � h�
�(�
 �jA0) = log 2:By Theorem 2.1 h�(�) = 0, so thath�
�(�
 �) > h�(�) + h�(�);proving the theorem. QED.By [P, Theorem 3.9] the trace � in the above theorem is a factor state. Since in theGNS-representation of � the entropy of [CNT] equals that of [CS] we haveCorollary 4.3. There exists an automorphism � of the hyper�nite II1-factor such thatthe tensor product formula fails for �
 �. 8



Remark 4.4. In a recent paper [V] Voiculescu has introduced some alternative de�ni-tions of entropy in AF and hyper�nite von Neumann algebras based on approximation ofgiven operators by operators in �nite dimensional C*-subalgebras. For all these entropiesVoiculescu showes the inequality\h0�
�(�
 �) � h0� (�) + h0�(�)00;hence by Theorem 4.2 and Corollary 4.3 his entropies are in general di�erent from theentropies of [CS] and [CNT] considered in the present paper.Acknowledgement: The authors want to thank the Erwin Schr�odinger Institute in Vi-enna, which made this collaboration possible.References[AN] R. Alicki, H. Narnhofer, Comparison of dynamical entropies for the non-commutative shifts, Letters Math. Phys. (1994), to appear.[CNT] A. Connes, H. Narnhofer, W. Thirring, Dynamical entropy of C*-algebrasand von Neumann algebras, Commun. Math. Phys. 112 (1987), 691-719.[CS] A. Connes, E. St�rmer, Entropy of automorphisms of II1 von Neumann al-gebras, Acta Math. 134 (1975), 289-306.[NT] H. Narnhofer, W. Thirring, Clustering for algebraic K-systems, Letters Math.Phys. 30 (1994), 307-316.[P] R.T. Powers, An index theory for semigroups of �-endomorphisms of B(H)and type II1 factors, Canad. J. Math. 40 (1988), 86-114.[Pr] G.L. Price, Shifts on II1 factors, Canad. J. Math. 39 (1987), 492-511.[ST] J-L. Sauvageot, J-P. Thouvenot, Une nouvelle de�nition de l'entropic dy-namique des systems non commutatifs, Commun. Math. Phys. 145 (1992),411-423.[SV] E. St�rmer, D. Voiculescu, Entropy of Bogoliubov automorphisms of thecanonical anticommutation relations, Commun. Math. Phys. 133 (1990),521-542.[V] D. Voiculescu, Dynamical approximation entropies and topological entropyin operator algebras, to appear.9


