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FALCONER CONJECTURE IN THE PLANE FOR RANDOM METRICSS. Hofmann and A. Iosevi
hDe
ember 19, 2002Abstra
t. The Fal
oner 
onje
ture says that if a 
ompa
t planar set has Hausdor� dimension> 1, then the Eu
lidean distan
e set �(E) = fjx � yj : x; y 2 Eg has positive Lebesguemeasure. In this paper we prove, under the same assumptions, that for almost every ellipseK, �K(E) = fjjx� yjjK : x; y 2 Eg has positive Lebesgue measure, where jj � jjK is the normindu
ed by an ellipse K. Equivalently, we prove that if a 
ompa
t planar set has Hausdor�dimension > 1, then �(TE) has positive Lebesgue measure for almost every transformationsT with bounded positive eigenvalues. We also use this result to dedu
e a version of the ErdosDistan
e Conje
ture in the plane. Introdu
tionLet E � [0; 1℄d, d � 2. The 
elebrated Fal
oner 
onje
ture says that if the Hausdor�dimension of E ex
eeds d2 , then the distan
e set �(E) = fjx� yj : x; y 2 Eg has positiveLebesgue measure.The initial result in this dire
tion was proved by Fal
oner ([Fal
oner86℄) who showed that�(E) has positive Lebesgue measure if the Hausdor� dimension of E ex
eeds d+12 . Thisresult was later improved in all dimensions by Bourgain ([Bourgain94℄). The best knownresult in the plane is due to TomWol� who proved that �(E) has positive Lebesgue measureprovided that the Hausdor� dimension of E is greater than 43 .The purpose of this paper is to prove that the 
on
lusion of the Fal
oner 
onje
ture holdsfor almost every linear perturbation of the Eu
lidean metri
. More pre
isely, let(0.1) �K(E) = fjjx� yjjK : x; y 2 Eg;where K is a symmetri
 bounded 
onvex set in R2 and jj � jjK is the distan
e indu
ed by K.Our main result is the following.The resear
h of the authors is partially supported by NSF grants Typeset by AMS-TEX1



Theorem 0.1. Let E � [0; 1℄2 be a set of Hausdor� dimension greater than 1. Let Ka;� de-note the ellipse with e

entri
ities a1; a2, 1 � aj � 2, rotated by the angle �, and let �a;�(E)denote the 
orresponding distan
e set. Then E(m(�a;� (E))) > 0, where the expe
tation istaken with respe
t to the uniform distribution on [1; 2℄� [1; 2℄� [0; �℄, and m denotes theone-dimensional Lebesgue measure.The sharpness of Theorem 0.1 is demonstrated by a modi�
ation of a 
onstru
tion dueto Fal
oner ([Fal
oner86℄). Let 0 < s � 2. Let q1; q2; : : : ; qi : : : be a sequen
e of pos-itive integers su
h that qi+1 � qii. Let Ei = fx 2 R2 : 0 � xj � 1; jxj � pj=qij �q� 2si for some integers pj ; j = 1; 2g. It is not hard to see (see e.g. [Wol�02℄) that theHausdor� dimension of E = \1i=1Ei is s. Also, �(E) � \1i=1�(Ei).Let Pi = fp = (p1; p2) : 0 � pj � qig. Let �(0;0)a;� (Pi) = fjjpjja;� : p 2 Pig. It is immediatethat #�(0;0)a;� (Pi) � (qi + 1)2. By translation invarian
e it follows that #�a;�(Pi) � (q + 1)2.We 
on
lude that �a;�(Ei) is 
ontained in at most (qi + 1)2 intervals of length � q� 2si . Itfollows that the Hausdor� dimension of �(E) is � s. Thus if s < 1, �a;�(E) has Lebesguemeasure 0 for every a; �.Observe that in the above example it is not ne
essary for pis to be integers. It is quitesuÆ
ient for Pi to be suÆ
iently dense, and separated in the sense that there exists 
 > 0su
h that jp � p0j � 
, p; p0 2 Pi, p 6= p0. This observation allows us to use Theorem 0.1to dedu
e a version of the Erdos Distan
e Conje
ture. See e.g. [PaAg95℄ for a thoroughdes
ription of the Erdos Distan
e Problem and related 
on
epts.The 
lassi
al Erdos Distan
e Problem is to obtain a lower bound for �(S), where S is a�nite subset of R2. Erdos Distan
e Conje
ture says that for any � > 0 there exists C� > 0su
h that #�(S) � C�(#S)1��. A slightly weaker version of the Erdos Distan
e 
an bestated as follows.Asymptoti
 version of the Erdos Distan
e Conje
ure. Let A be a separated subsetof R2. Suppose that A is a
tually a Delone set, whi
h means that there exists a universal
onstant C > 0 su
h that the interse
tion of A with any 
ube of side-length R 
ontains� CR2 elements of A. Then for any � > 0 there exists a positive 
onstant C 0� > 0 su
h that(0.1) #�(A \ [�R;R℄2) � C 0�R2��:Using the above 
ounter-example used to establish sharpness of Theorem 0.1 we 
an provethe following random variant of the asymptoti
 version of the Erdos Distan
e Conje
ture.See [IoLa2003℄ for a systemati
 appli
ation of this me
hanism to non-Eu
lidean distan
esin Rd.Corollary 0.2. Let A be as in the statement of the asymptoti
 version of the Erdos Distan
eConje
ture. Then for any � > 0, there exists C 0� > 0 su
h that(0.2) #�a;�(A \ [�R;R℄2) � C 0�R2��:2



for almost every (a; �) 2 [1; 2℄2 � [0; �℄.To prove Corollary 0.2, let Ei; E; and fqig be de�ned as in the 
ounter-example abovewith Pi = A \ [0; qi℄2. Suppose that #�a;�(Pi) � Cq2��i for some � > 0 for a sequen
e ofis going to in�nity. Then �a;�(Ei) 
an be 
overed by � Cq2��i intervals of length � q� 2s .It follows that the Hausdor� dimension of �a;�(E) is � s � s�2 . Now let s = 1 + Æ, Æ > 0.We 
on
lude that the Hausdor� dimension of �a;�(E) is � 1 + Æ � (1+Æ)�2 < 1 if Æ issuÆ
iently small. This is a 
ontradi
tion be
ause Theorem 0.1 implies that �a;�(E) haspositive Lebesgue measure for almost every (a; �).Remark 1. Another way of stating Theorem 0.1 is to say that if E � [0; 1℄2 be a set ofHausdor� dimension greater than 1, then for almost every linear transformation T of theform rotation followed by an anisotropi
 dilation, �(TE) has positive Lebesgue measure.Remark 2. The proof of Theorem 0.1 below will show that the 
on
lusion of Theorem 0.1still holds if in the de�nition of �a;�, the Eu
lidean 
ir
le is repla
ed by any smooth 
urvewith everywhere non-vanishing 
urvature. In other words, Theorem 0.1 does not just holdfor perturbations of the Eu
lidean metri
, but also for perturbations of any metri
 whoseunit 
ir
le is smooth and has non-vanishing 
urvature.Remark 3. In prin
iple, an appropriate variant of Theorem 0.1 should hold in the 
ontext oftwo-dimensional Riemannian manifolds. We shall address this issue in a subsequent paper.Remark 4. It is worth noting that large 
lasses of two-dimensional sets of Hausdor� di-mension � > 1 for whi
h the Fal
oner 
onje
ture holds 
an be 
onstru
ted using more
ompli
ated probabilisti
 s
hemes. For example, let A be a 
ompa
t subset of the real lineof Hausdor� dimension 12 < �2 < 1, andW (t) an almost surely 
ontinuous version of the realWiener pro
ess. A theorem due to J.P. Kahane (see e.g. [Kahane68℄) says that E = W (A)is almost surely a Salem set of dimension � > 1, whi
h means that E is equipped witha Borel measure � su
h that jb�(�)j � C(1 + j�j)��2 . Using Theorem 1.1 below one easilydedu
es that �(E) has positive Lebesgue measure, so Fal
oner 
onje
ture holds for this
lass of fra
tal sets.Remark 5. In parti
ular, the proof of Corollary 0.2 shows that Fal
oner Distan
e Conje
tureimplies the asymptoti
 Erdos Distan
e 
onje
ture. It would be ni
e to prove that theFal
oner 
onje
ture in fa
t implies the standard Erdos Distan
e Conje
ture. This amountsto eliminating the well-distributivity assumption on A in the statement of Corollary 0.2 andrepla
ing C 0�R2�� on the right hand side of (0:2) by C 0�(#A \ [�R;R℄2)1��.Method of proof of Theorem 0.1We use a modi�
ation of the following result due to Mattila ([Mattila87℄).3



Theorem 1.1. Let E � [0; 1℄2 with a Borel measure �. Suppose that(1.1) Z 11 �ZS1 jb�(t!)j2d!�2tdt <1:Then �(E) has positive Lebesgue measure. (Here and throughout �(E) = �K(E) withK a unit disk).In fa
t, the argument used to prove Theorem 0.1 
ombined with a standard stationaryphase argument (see e.g. Theorem 0.4 below) yields the following slightly more generalresult:Theorem 1.2. Let E � [0; 1℄2 with Borel measure �. Let K be a bounded 
onvex set su
hthat �K is smooth and has everywhere non-vanishing 
urvature. Suppose that(1.2) Z 11 �Z�K jb�(t!K)j2d!K�2tdt <1;where d!K denotes the Lebesgue measure on �K, the boundary of K.Let K� = f� : supx2K x � � � 1g, the 
onvex set dual to K. Then �K�(E) has positiveLebesgue measure.We shall give a proof of Theorem 1.2 at the end of this paper for the sake of 
ompleteness.In view of Theorem 1.1 and Theorem 1.2, Theorem 0.1 follows from the following estimateTheorem 1.3. Let E � [0; 1℄2 with Borel measure �. Suppose that the Hausdor� measureof E is greater than 1. Then(1.3) Z �0 Z Z 11 �ZS1 jb�(t!a;�)j2d!�2tdt (a)dad� <1;where !a;� is the standard parameterization of the ellipse with e

entri
ities a1; a2, rotatedby �, and  is a smooth 
uto� fun
tion identi
ally equal to 1 in [1; 2℄2 and vanishing outside[1=2; 4℄2.The result due to Wol� mentioned above was proved by showing that under the assump-tions of Theorem 0.1,(1.4) ZS1 jb�(t!)j2d! . t��2 ;and an example due to Sjolin ([Sjolin93℄) shows that this estimate 
annot, in general, beimproved. This means that the proof of Theorem 0.3 must heavily rely on averaging in t,a, and �.Throughout the paper we shall make use of the following version of the method of sta-tionary phase. See e.g. [Sogge93℄, Theorem 1.2.1.4



Theorem 1.4. Let S be a 
onvex smooth hyper-surfa
e inRd with everywhere non-vanishingGaussian 
urvature and d� a C10 measure on S. Then(1.5) j
d�(�)j . j�j�d�12 :Moreover, suppose that � 2 Rd n (0; : : : ; 0) is the 
one 
onsisting of all ve
tors � normalto S at some point x in a �xed relatively 
ompa
t neighborhood of support of d�. Then(1.6) ����� �����
d�(�)���� = O((1 + j�j)�N ) 8 N; if � =2 �;and(1.7) 
d�(�) = 2Xj=1 e�2�ixj��aj(�); if � 2 �;where the �nite sum is taken over the points xj 2 N having � as a normal and(1.8) ����� �����aj(�)���� � C�(1 + j�j)� d�12 �j�j:Notation: Throughout this paper, a . b means that there exists a positive 
onstant Csu
h that a � Cb. Similarly, a / b, with respe
t to a parameter s, means that given � > 0there exists C� > 0 su
h that a � C�s�b.Proof of Theorem 1.3Let � 2 C10 be the usual Littlewood-Paley 
uto�, i.e � is supported in [1=2; 4℄, � � 1in [1; 2℄, and Pj �(2�n�) � 1. Let !a;�� = ��1� Æa!, where �� denotes the rotation bythe angle �, and Æa(x) = (a1x1; a2x2). Let � be a probability measure on E su
h that�(fx 2 E : jx� yj � rg) � Cr�, r > 0, where � is the Hausdor� dimension of E. For theexisten
e of su
h a measure, see, for example, Proposition 8.2 in [Wol�02℄. De�neIn = Z Z �ZS1 jb�(t!a;��)j2d!�2t�(2�nt)dt (a)dad�= Z Z Z Z jb�(t!a;��)j2jb�(t!0a;��)j2d�(!)d�(!0)t�(2�nt)dt (a)dad�(2.1) = Z Z Z Z Z e2�i((x�y)�t!0a;��+(x0�y0)�t!0a;��)d��d�(!)d�(!0)t�(2�nt)dt (a)dad�;5



where(2.2) d�� = d�(x)d�(y)d�(x0)d�(y0);and d� denotes a C10 measure on the sphere. Using a partition of unity we see that it isenough to 
onsider this situation.Integrating in ! and !0 �rst, we get(2.3) Z Z Z Z b�(t(x� y)a;�)b�(t(x0 � y0)a;�)d���(2�nt)dt (a)dad�;where � is C10 measure on S1 as above, and xa = (a1(x1 
os(�)� x2 sin(�)); a2(x1 sin(�) +x2 
os(�))).Case 1: 2njx� yj . 1 and 2njx0 � y0j . 1. Then for any � > 0, (1:3) is bounded by(2.4) Z jx� yj��+�jx0 � y0j��+�t�2�+2�d�(x)d�(y)d�(x0)d�(y0)tdt <1as desired if � is suÆ
iently small.Case 2: 2njx�yj >> 1 and 2njx0�y0j >> 1. Observe that the symbol of order 0 resultingfrom pulling (tjx� yj)� 12 from the symbol aj given by Theorem 1.4 
an be in
orporatedinto the smooth 
ut-o� � without e�e
ting the size or the support of � or its derivatives.We shall suppress (harmless) dependen
e of � on x; y; x0; y0; a; � in what follows. Using thisobservation and (1:7) above, we see that (2:3) 
an be written as a sum of terms of the form(2.5) Z Z Z Z e2�it(jx�yja;��jx0�y0ja;�)t�1jx� yj� 12a;� jx0 � y0j� 12a;� td���(2�nt)dt (a)dad�:We must also 
onsider the term where the phase fun
tion is 2�it(jx� yja;�+ jx0 � y0ja;�),but this 
ase is very easy. Let � be a small parameter to be determined later. We haveZ Z Z Z e2�it(jx�yja;�+jx0�y0ja;�)t�1jx� yj� 12a;� jx0 � y0j� 12a;� td���(2�nt)dt (a)dad�= 2n Zf(x;y;x0;y0):jjx�yj+jx0�y0jj.2�n(1��)g jx� yj� 12 jx0 � y0j� 12 d�� + O(2n2�n�N ). 2n Z jx� yj��+�2�n(1��)(��12��)jx0 � y0j��+�2�n(1��)(��12��)d��(2.6) . 22n(1��)2�2n(1��)�22n(1��)�6



whi
h sums if � < �� 1 and � < 1. The se
ond line of (2:6) follows from the �rst using thefa
t, whi
h follows easily by integration by parts, that the Fourier transform of a smooth
ompa
tly supported fun
tion de
ays rapidly at in�nity.We now turn our attention to (2:5). Integrating in t �rst we get(2.7) 2n Z Z Z b�(2n(jx� yja;� � jx0 � y0ja;�))jx� yj� 12a;� jx0 � y0j�12a;� (a)dad�d��:Lo
alizing to the sets where 2�k � jx� yja;� � 2�k+1, 2�k0 � jx0 � y0ja;� � 2�k0+1, weobtain(2.8) In;k;k0 � 2n2 k2 2 k02 Z Z Z jb�(2n(jx� yja;� � jx0 � y0ja;�))j (a)dad�d��Let x�y = jx�yjeiA, x0�y0 = jx0�y0jeiB. We now de
ompose x�y and x0�y0 into se
torsof aperture Æ to be determined. Let Sj;kÆ denote the "re
tangle" formed by interse
tion theannulus fz : 2�k � jzj � 2�k+1g and the angular se
tor fz : jÆ � A � (j + 1)Æg. De�neSj0;k0Æ analogously.LetIj;j0;Æn;k;k0 = 2n2 k2 2 k02 ZSj;kÆ NSj0;k0Æ Z Z jb�(2n(jx� yja;� � jx0 � y0ja;�))j (a)dad�d��= 2n+ k2+ k02 Zfx�y2Sj;kÆ ;x0�y02Sj0 ;k0Æ ;jjx�yja;��jx0�y0ja;�j.2�n(1��)g Z Z  (a)dad�d��(2.9) +O(2n2 k2 2 k02 2�n�N);where � > 0 is a small parameter to be 
hosen later.Observe that for j; j0 �xed, we have that x � y is in a Æ2�k by 2�n(1��) re
tangle andx0�y0 is in a Æ2�k0 by 2�n(1��) re
tangle. Also observe that if both k; k0 & n(1��), then wehave a simple estimate analogous to the one in Case 1 if � is 
hosen to be suÆ
iently smalland Æ � 1. Otherwise, if at least one of k; k0 << n(1��), then they both are, and, moreover,k � k0. Therefore, in what follows we may assume that we are in the latter situation, sothat the double index appearing above may now be repla
ed by the single index k.Now, multiplying both sides by jjx� yja;� + jx0 � y0ja;�j and 
omputing the area of theresulting set, we see that(2.10) jf(a1; a2) : jjx� yja;� � jx0 � y0ja;�j . 2�n(1��)gj . 2�(n(1��)�k)[jA� BjjA+ �j℄�1where, without loss of generality, A � B, so that j � j0 � 1 unless j = j0. We also takeA;B; � to be small and positive. (The other 
ases follow by the same argument). It followsthat if j 6= j0,(2.11) Ij;j0;Æn;k . 2n+k ZS Z max�1; 2�(n(1��)�k)jj � j0jÆjÆj + �j� d�d��:7



where integration is over the set S where x� y 2 Sj;kÆ ; x0 � y0 2 Sj0;k0Æ (re
all that k � k0).Let Æ � 2�n(1��)+k. Then for j0 and x� y �xed, we have that x0� y0 is lo
ated in a ball ofradius � 2�n(1��). We haveIj;j0n;k . 2n+k ZS Z max�1; 1jj � j0jjÆj + �j� d�d��(2.12) / 2n+k 1jj � j0j ZS d�(x)d�(y)d�(x0)d�(y0):We must estimate(2.13) Xk;n 2n+kXj;j0 1jj � j0j ZS d�(x)d�(y)d�(x0)d�(y0):Let l = j � j0. We get(2.14) Xk;n 2n+kXl 1l Xj0 ZS d�(x)d�(y)d�(x0)d�(y0):For a �xed x� y and a se
tor given indexed by j, x0 � y0 is 
ontained in a ball of radiusC2�n(1��) sin
e Æ2�k � 2�n(1��). Fixing y0 and integrating in x0 we get 2�n(1��)� sin
e� is �-dimensional. Taking the union over all the se
tors indexed by j0, we have x � y inthe annulus of width 2�k. Fixing y and integrating in x, we pi
k up C2�k�. It follows that(2:14) is bounded by a 
onstant multiple of(2.15) Xk;n 2n+kXl 1l 2�n(1��)�2�k� . 1if (1� �)� > 1, sin
e l runs up to C2n(1��)�k, the number of se
tors.If j = j0, (2:14) takes the form(2.16) Xk;n 2n+kXj0 ZS d�(x)d�(y)d�(x0)d�(y0)whi
h is bounded by the same argument.Case 3: 2njx � yj >> 1 and 2njx0 � y0j . 1. This 
ase basi
ally va
uous, whi
h 
an beseen as follows. We haveZ Z Z Z e2�it(jx�yja;��jx0�y0 ja;�)t�12 jx� yj� 12a;� td���(2�nt)dt (a)dad�8



= 2n2n2 Zf2njx0�y0j.1g Z Z b�(2n(jx� yja;� � jx0 � y0ja;�))jx� yj� 12a;�  (a)dad�d��. 2n2n2 Zf2njx0�y0j.1g Z Z b�(2n(jx� yja;�))jx� yj� 12a;�  (a)dad�d��(2.17) . 2n2n2 2�n� Z Z b�(2n(jx� yj))jx� yj� 12 d�(x)d�(y)Lo
alizing to the sets where 2�k � jx� yj � 2�k+1, we obtain(2.18) 2n2n2 2�n�2 k2 Z Z b�(2n(jx� yj)) d�(x)d�(y) . 2n2n2 2�n�2 k2 2�n�whi
h sums sin
e k << n. This 
ompletes the proof of Theorem 0.3, and, 
onsequently, theproof of Theorem 0.1. Proof of Theorem 1.2De�ne the measure �0 by(3.1) Z fd�0 = Z f(jjx� yjjK� )d�(x)d�(y):Let(3.2) d�(s) = ei�4 s� 12 d�0(s) + e�i�4 jsj� 12 d�0(�s):Sin
e �0 is supported on �K�(E), � is supported on �K�(E) [��K� (E).We have(3.3) Z�K jb�(t!K)j2d!K = Z b�t � �d�;where � is the measure on �K.Using a variant of Theorem 1.4 (see e.g. [Herz62℄), we see that(3.4) b�t(x) = 2(t��(x))� 12 
os�2��t��(x)� 18��+ O((tjxj)� 32 );where(3.5) ��(x) = supy2�K x � y:9



In other words, ��(x) = jjxjjK� .By de�nition, �̂(k) = ei�4 Z jjx� yjj� 12K� e�2�ikjjx�yjjK�d�(x)d�(y)+e�i�4 Z jjx� yjj� 12K� e2�ikjjx�yjjK�d�(x)d�(y)(3.6) = 2 Z jjx� yjj� 12K� 
os�2��jkj��(x� y) � 18�� d�(x)d�(y):By (3:3),Z jb�(k!K)j2d!K = jkj� 12 Z 2jjx� yjj� 12K� 
os�2��jkj��(x� y) � 18��d�(x)d�(y)+O Zjx�yj�jkj�1 (jkjjx� yj)� 32 d�(x)d�(y)!+O Zjx�yj�jkj�1 (jkjjx� yj)� 12 d�(x)d�(y)!= jkj� 12 Z 2jjx� yjj� 12K� 
os�2��jkj��(x � y) � 18�� d�(x)d�(y)(3.7) +O�Z (jkjjx� yj)� 12 d�(x)d�(y)�for any � 2 [1=2; 3=2℄. It follows that(3.8) �̂(k) = jkj12 Z jb�(k!)j2d! +O(jkj12��I�(�)):Sin
e the error term is 
learly in L2(jkj � 1), we see that �̂ 2 L2(jkj � 1) if and only ifjkj12 R jb�(k!K)j2d!K 2 L2(jkj � 1). This pre
isely what Theorem 1.2 asserts.10
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