
ESI The Erwin S
hr�odinger International Boltzmanngasse 9Institute for Mathemati
al Physi
s A-1090 Wien, Austria
Mathemati
al Stru
ture of Loop Quantum CosmologyAbhay AshtekarMartin BojowaldJerzy Lewandowski

Vienna, Preprint ESI 1309 (2003) April 28, 2003Supported by the Austrian Federal Ministry of Edu
ation, S
ien
e and CultureAvailable via http://www.esi.a
.at



Mathemati
al stru
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tAppli
ations of Riemannian quantum geometry to 
osmology have hadnotable su

esses. In parti
ular, the fundamental dis
reteness underlyingquantum geometry has led to a natural resolution of the big bang singu-larity. However, the pre
ise mathemati
al stru
ture underlying loop quantum
osmology and the sense in whi
h it implements the full quantization programin a symmetry redu
ed model has not been made expli
it. The purpose ofthis paper is to address these issues, thereby providing a �rmer mathemati
aland 
on
eptual foundation to the subje
t.I. INTRODUCTIONIn 
osmology, one generally freezes all but a �nite number of degrees of freedom by impos-ing spatial homogeneity (and sometimes also isotropy). Be
ause of the resulting mathemat-i
al simpli�
ations, the framework provides a simple arena to test ideas and 
onstru
tionsintrodu
ed in the full theory both at the 
lassi
al and the quantum levels. Moreover, in the
lassi
al regime, the symmetry redu
tion 
aptures the large s
ale dynami
s of the universeas a whole quite well. Therefore, in the quantum theory, it provides a useful test-bed foranalyzing the important issues related to the fate of 
lassi
al singularities.Over the last three years, rami�
ations of Riemannian quantum geometry to 
osmologyhave been investigated systemati
ally. First, already at the kinemati
 level it was found that,thanks to the fundamental dis
reteness of quantum geometry, the inverse s
ale fa
tor |andhen
e also the 
urvature| remains bounded on the kinemati
al Hilbert spa
e [1℄. Se
ond,while 
lassi
al dynami
s is des
ribed by di�erential equations, the quantum Hamiltonian
onstraint 
an be interpreted as providing a di�eren
e equation for the `evolution' of thequantum state [2℄. Furthermore, all quantum states remain regular at the 
lassi
al big-bang; one 
an `evolve' right through the point at whi
h 
lassi
al physi
s stops [3℄. Third,the Hamiltonian 
onstraint together with the requirement|
alled pre-
lassi
ality| that theuniverse be 
lassi
al at late times severely restri
ts the quantum state and, in the simplestmodels, sele
ts the state uniquely [4℄. There are also phenomenologi
al models whi
h allowus to study simple e�e
ts of quantum geometry leading to a behavior qualitatively di�erent1



from the 
lassi
al one [5℄. Finally, the qualitative features are robust [6℄ and extend alsoto more 
ompli
ated 
osmologi
al models [7℄. These results are quite surprising from theperspe
tive of the `standard' quantum 
osmology whi
h was developed in the framework ofgeometrodynami
s and, together, they show that, on
e the quantum nature of geometry isappropriately in
orporated, the physi
al predi
tions 
hange qualitatively in the Plan
k era.In spite of these striking advan
es, the subje
t has remained in
omplete in several re-spe
ts. First, in the existing treatments, 
ertain subtleties whi
h turn out to have importantrami�
ations were overlooked and the underlying mathemati
al stru
ture was somewhatoversimpli�ed. This sometimes led to the impression that some of the physi
ally desirablebut surprising results arose simply be
ause of ad-ho
 assumptions. Se
ond, the essential rea-sons why loop quantum 
osmology is so di�erent from the `standard' quantum 
osmologyhave not been spelled out. Third, while it is 
lear that the key 
onstru
tions and te
hniquesused in loop quantum 
osmology are inspired by those developed in the full theory based onquantum geometry [8{15℄, the parallels and the di�eren
es between the full theory and thesymmetry redu
ed models have not been dis
ussed in detail. In this paper, we will addressthese issues, providing a sounder foundation for the striking results obtained so far. Thepaper also has a se
ondary, pedagogi
al goal: it will also provide an introdu
tion to quan-tum geometry and loop quantum gravity for readers who are not familiar with these areas.Our dis
ussion should signi�
antly 
larify the pre
ise mathemati
al stru
ture underlyingloop quantum 
osmology and its relation to the full theory as well as to geometrodynami
alquantum 
osmology. However, we will not address the most important and the most diÆ-
ult of open issues: a systemati
 derivation of loop quantum 
osmology from full quantumgravity.Results of quantum 
osmology often provide important qualitative lessons for full quan-tum gravity. However, while looking for these lessons, it is important to remember that thesymmetry redu
ed theory used here di�ers from the full theory in 
on
eptually importantways. The most obvious di�eren
e is the redu
tion from a �eld theory to a me
hani
alsystem, whi
h eliminates the potential ultra-violet and infra-red problems of the full the-ory. In this respe
t the redu
ed theory is mu
h simpler. However, there are also two otherdi�eren
es |generally overlooked| whi
h make it 
on
eptually and te
hni
ally more 
om-pli
ated, at least when one tries to dire
tly apply the te
hniques developed for the fulltheory. First, the redu
ed theory is usually treated by gauge �xing and therefore fails tobe di�eomorphism invariant. As a result, key simpli�
ations that o

ur in the treatment offull quantum dynami
s [14℄ do not 
arry over. Therefore, in a 
ertain well-de�ned sense,the non-perturbative dynami
s a
quires new ambiguities in the redu
ed theory! The se
ond
ompli
ation arises from the fa
t that spatial homogeneity introdu
es distant 
orrelations.Consequently, at the kinemati
al level, quantum states de�ned by holonomies along withdistin
t edges and triad operators smeared on distin
t 2-surfa
es are no longer independent.We will see that both these features give rise to 
ertain 
ompli
ations whi
h are not sharedby the full theory.The remainder of this paper is divided in to four se
tions. In the se
ond, we dis
uss thephase spa
e of isotropi
, homogeneous 
osmologies; in the third, we 
onstru
t the quantumkinemati
 framework; in the fourth we impose the Hamiltonian 
onstraint and dis
uss prop-erties of its solutions and in the �fth we summarize the results and dis
uss some of theirrami�
ations. 2



II. PHASE SPACEFor simpli
ity, we will restri
t ourselves to spatially 
at, homogeneous, isotropi
 
os-mologies, so that the spatial isometry group S will be the Eu
lidean group. Then the3-dimensional group T of translations (ensuring homogeneity) a
ts simply and transitivelyon the 3-manifold M . Therefore, M is topologi
ally R3. Through the Cartan-Killing formon the Lie-algebra of the rotation group, the Lie algebra of translations a
quires an equiva-len
e 
lass of positive de�nite metri
s related by an overall 
onstant. Let us �x a metri
 inthis 
lass and an a
tion of the Eu
lidean group on M . This will endow M with a �du
ial
at metri
 oqab. Finally, let us �x a 
onstant orthonormal triad oeai and a 
o-triad o!ia on M ,
ompatible with oqab.Let us now turn to the gravitational phase spa
e in the 
onne
tion variables. In the fulltheory, the phase spa
e 
onsists of pairs (Aia; Eai ) of �elds on a 3-manifoldM , where Aia is anSU(2) 
onne
tion and Eai a triplet of ve
tor �elds with density weight 1 [16℄. (The densityweighted orthonormal triad is given by 
Eai , where 
 is the Barbero-Immirzi parameter.)Now, a pair (A0ai; E 0ai ) on M will be said to be symmetri
 if for every s 2 S there exists alo
al gauge transformation g :M ! SU(2), su
h that(s�A0; s�E 0) = (g�1A0g + g�1dg; g�1E 0g): (2.1)As is usual in 
osmology, we will �x the lo
al di�eomorphism and gauge freedom. To do so,note �rst that for every symmetri
 pair (A0; E 0) (satisfying the Gauss and di�eomorphism
onstraints) there exists an unique equivalent pair (A; E) su
h thatA = ~
 o!i�i; E = ~ppoq oei� i (2.2)where ~
 and ~p are 
onstants, 
arrying the only non-trivial information 
ontained in the pair(A0; E 0), and the density weight of E has been absorbed in the determinant of the �du
ialmetri
. (Our 
onventions are su
h that [�i; �j℄ = �ijk� k, i.e., 2i�i = �i, where �i are the Paulimatri
es.)In terms of p, the physi
al orthonormal triad eai and its inverse eia (both of zero densityweight) are given by:eai � 
~psoqq oeai = (sgn~p) j
~pj� 12 oeai ; and eia = (sgn~p) j
~pj 12 o!ia (2.3)where q = det qab = jdet 
Eai j, sgn stands for the sign fun
tion and 
 is the Barbero-Immirzi parameter. As in the full theory, the Barbero-Immirzi parameter 
 and the deter-minant fa
tors are ne
essary to 
onvert the (density weighted) momentaEai in to geometri
al(unweighted) triads eai and 
o-triads eia. The sign fun
tion arises be
ause the 
onne
tion dy-nami
s phase spa
e 
ontains triads with both orientations and, be
ause we have �xed a�du
ial triad oeai , the orientation of the physi
al triad eai 
hanges with the sign of ~p. (As inthe full theory, we also allow degenerate 
o-triads whi
h now 
orrespond to ~p = 0, for whi
hthe triad vanishes.)Denote by AS and �Sgrav the subspa
e of the gravitational 
on�guration spa
e A and ofthe gravitational phase spa
e �grav de�ned by (2.2). Tangent ve
tors Æ to �Sgrav are of theform: 3



Æ = (ÆA; ÆE); with ÆAia � (Æ~
) o!ia; ÆEai � (Æ~p) oeai : (2.4)Thus, AS is 1-dimensional and �Sgrav is 2-dimensional: we made a restri
tion to symmetri
�elds and solved and gauge-�xed the gauge and the di�eomorphism 
onstraints, therebyredu
ing the lo
al, in�nite number of gravitational degrees of freedom to just one.Be
ause M is non-
ompa
t and our �elds are spatially homogeneous, various integralsfeaturing in the Hamiltonian framework of the full theory diverge. This is in parti
ular the
ase for the symple
ti
 stru
ture of the full theory:
grav(Æ1; Æ2) = 18�
G ZM d3x �Æ1Aia(x)Æ2Eai (x)� Æ2Aia(x)Æ1Eai (x)� : (2.5)However, the presen
e of spatial homogeneity enables us to bypass this problem in a naturalfashion: Fix a `
ell' V adapted to the �du
ial triad and restri
t all integrations to this
ell. (For simpli
ity, we will assume that this 
ell is 
ubi
al with respe
t to oqab.) Then thegravitational symple
ti
 stru
ture 
grav on �grav is given by:
grav(Æ1; Æ2) = 18�
G ZV d3x �Æ1Aia(x)Æ2Eai (x)� Æ2Aia(x)Æ1Eai (x)� : (2.6)Using the form (2.4) of the tangent ve
tors, the pull-ba
k of 
 to �Sgrav redu
es just to:
Sgrav = 3Vo8�
G d~
 ^ d~p (2.7)where Vo is the volume of V with respe
t to the auxiliary metri
 oqab. (HadM been 
ompa
t,we 
ould set V =M and Vo would then be the total volume ofM with respe
t to oqab.) Thus,we have spe
i�ed the gravitational part of the redu
ed phase spa
e. We will not need tospe
ify matter �elds expli
itly but only note that, upon similar restri
tion to symmetri
�elds and �xing of gauge and di�eomorphism freedom, we are led to a �nite dimensionalphase spa
e also for matter �elds.In the passage from the full to the redu
ed theory, we introdu
ed a �du
ial metri
 oqab.There is a freedom in res
aling this metri
 by a 
onstant: oqab 7! k2oqab. Under this res
alingthe 
anoni
al variables ~
; ~p transform via ~
 7! k�1~
 and ~p 7! k�2~p. (This is analogousto the fa
t that the s
ale fa
tor ~a = qj~pj in geometrodynami
s res
ales by a 
onstantunder the 
hange of the �du
ial 
at metri
.) Sin
e res
alings of the �du
ial metri
 do not
hange physi
s, by themselves ~
 and ~p do not have dire
t physi
al meaning. Therefore, it is
onvenient to introdu
e new variables:
 = V 13o ~
 and p = V 23o ~p (2.8)whi
h are independent of the 
hoi
e of the �du
ial metri
 oqab. In terms of these, thesymple
ti
 stru
ture is given by
Sgrav = 38�
G d
 ^ dp ; (2.9)it is now independent of the volume Vo of the 
ell V and makes no referen
e to the �du
ialmetri
. In the rest of the paper, we will work with this phase spa
e des
ription. Note4



that now the 
on�guration variable 
 is dimensionless while the momentum variable p hasdimensions (length)2. (While 
omparing results in the full theory, it is important to bear inmind that these dimensions are di�erent from those of the gravitational 
onne
tion and thetriad there.) In terms of p, the physi
al triad and 
o-triad are given by:eai = (sgn p)j
pj� 12 (V 13o oeai ); and eia = (sgn p)j
pj 12 (V � 13o o!oa) (2.10)Finally, let us turn to 
onstraints. Sin
e the Gauss and the di�eomorphism 
onstraints arealready satis�ed, there is a single non-trivial S
alar/Hamiltonian 
onstraint (
orrespondingto a 
onstant lapse): � 6
2 
2 sgnpqjpj + 8�GCmatter = 0 : (2.11)III. QUANTIZATION: KINEMATICSA. Elementary variablesLet us begin by singling out `elementary fun
tions' on the 
lassi
al phase spa
e whi
hare to have unambiguous quantum analogs. In the full theory, the 
on�guration variablesare 
onstru
ted from holonomies he(A) asso
iated with edges e and momentum variables,from E(S; f), momenta E smeared with test �elds f on 2-surfa
es [13,17,18,15℄. But now,be
ause of homogeneity and isotropy, we do not need all edges e and surfa
es S. Symmetri

onne
tions A in AS 
an be re
overed knowing holonomies he along edges e whi
h lie alongstraight lines in M . Similarly, it is now appropriate to smear triads only a
ross squares(with respe
t to oqab).1The SU(2) holonomy along an edge e is given by:he(A) := P exp Ze A = 
os �
2 + 2 sin �
2 ( _eao!ia) � i (3.1)where � 2 (�1; 1) (and �V 13o is the oriented length of the edge with respe
t to oqab).Therefore, the algebra generated by sums of produ
ts of matrix elements of these holonomiesis just the algebra of almost periodi
 fun
tions of 
, a typi
al element of whi
h 
an be writtenas: g(
) =Xj �j ei�j
2 (3.2)where j runs over a �nite number of integers (labelling edges), �j 2 R and �j 2 C. In theterminology used in the full theory, one 
an regard a �nite number of edges as providing us1Indeed, we 
ould just 
onsider edges lying in a single straight line and a single square. We 
hosenot to break the symmetry arti�
ially and 
onsider instead all lines and all squares.5



with a graph (sin
e, be
ause of homogeneity, the edges need not a
tually meet in verti
esnow) and the fun
tion g(A) as a 
ylindri
al fun
tion with respe
t to that graph. The ve
torspa
e of these almost periodi
 fun
tions is, then, the analog of the spa
e Cyl of 
ylindri
alfun
tions onA in the full theory [9{11,13,18℄. We will 
all it the spa
e of 
ylindri
al fun
tionsof symmetri
 
onne
tions and denote it by CylS.In the full theory, the momentum fun
tions E(S; f) are obtained by smearing the `ele
tri
�elds' Eai with an su(2)-valued fun
tion f i on a 2-surfa
e S. In the homogeneous 
ase, itis natural to use 
onstant test fun
tions f i and let S be squares tangential to the �du
ialtriad oeai . Then, we have:E(S; f) = ZS �iabfidxadxb = p V � 23o AS;f (3.3)where �iab = �ab
E
i and whereAS;f equals the area of S as measured by oqab, times an obviousorientation fa
tor (whi
h depends on fi). Thus, apart from a kinemati
 fa
tor determinedby the ba
kground metri
, the momenta are given just by p. In terms of 
lassi
al geometry,p is related to the physi
al volume of the elementary 
ell V viaV = jpj 32 : (3.4)Finally, the only non-vanishing Poisson bra
ket between these elementary fun
tions is:fg(A); pg = 8�
G6 Xj (i�j�j) ei�j
2 : (3.5)Sin
e the right side is again in CylS , the spa
e of elementary variables is 
losed under thePoisson bra
ket. Note that, in 
ontrast with the full theory, now the smeared momentaE(S; f) 
ommute with one another sin
e they are all proportional to p be
ause of homo-geneity and isotropy. This implies that now the triad representation does exist. In fa
t itwill be 
onvenient to use it later on in this paper.B. Representation of the algebra of elementary variablesTo 
onstru
t quantum kinemati
s, we seek a representation of this algebra of elementaryvariables. In the full theory, one 
an use the Gel'fand theory to �rst �nd a representation ofthe C? algebra Cyl of 
on�guration variables and then represent the momentum operatorson the resulting Hilbert spa
e [8,9,13,18℄. In the symmetry redu
ed model, we 
an followthe same pro
edure. We will brie
y dis
uss the abstra
t 
onstru
tion and then present theexpli
it Hilbert spa
e and operators in a way that does not require prior knowledge of thegeneral framework.Let us begin with the C? algebra CylS of almost periodi
 fun
tions on AS whi
h istopologi
ally R. The Gel'fand theory now guarantees that there is a 
ompa
t Hausdor�spa
e �RBohr, the algebra of all 
ontinuous fun
tions on whi
h is isomorphi
 with CylS. �RBohris 
alled the Bohr 
ompa
ti�
ation of the real line AS, and AS is densely embedded in it.The Gel'fand theory also implies that the Hilbert spa
e is ne
essarily L2( �RBohr; d�) withrespe
t to a regular Borel measure �. Thus, the 
lassi
al 
on�guration spa
e AS is now6



extended to the quantum 
on�guration spa
e �RBohr. The extension is entirely analogousto the extension from the spa
e A of smooth 
onne
tions to the spa
e �A of generalized
onne
tions in the full theory [8,9,13,15℄ and 
ame about be
ause, as in the full theory, our
on�guration variables are 
onstru
ted from holonomies. In the terminology used in the fulltheory, elements �
 of �RBohr are `generalized symmetri
 
onne
tions'. In the full theory, �A isequipped with a natural, faithful, `indu
ed' Haar measure, whi
h enables one to 
onstru
tthe kinemati
 Hilbert spa
e and a preferred representation of the algebra of holonomiesand smeared momenta [9{13℄.2 Similarly, �RBohr is equipped with a natural faithful, `Haarmeasure' whi
h we will denote by �o.3Let us now display all this stru
ture more expli
itly. The Hilbert spa
e HSgrav =L2( �RBohr; d�o) 
an be made `
on
rete' as follows. It is the Cau
hy 
ompletion of the spa
eCylS of almost periodi
 fun
tions of 
 with respe
t to the inner produ
t:hei�1
2 jei�2
2 i = Æ�1;�2 (3.6)(Note that the right side is the Krone
ker delta, not the Dira
 distribution.) Thus, the almostperiodi
 fun
tions N�(
) := ei�
=2 
onstitute an orthonormal basis in HSgrav. CylS is densein HSgrav, and serves as a 
ommon domain for all elementary operators. The 
on�gurationvariables a
t in the obvious fashion: For all g1 and g2 in CylS, we have:(ĝ1g2)(
) = g1(
)g2(
) (3.7)Finally, we represent the momentum operator viap̂ = �i
`2Pl3 dd
; when
e; (p̂g)(
) = 
`2Pl6 Xj [�j�j ℄ N�j (3.8)where g 2 CylS is given by (3.2) and, following 
onventions of loop quantum 
osmology, wehave set `2Pl = 8�G�h,. (Unfortunately, this 
onvention is di�erent from that used in mu
hof quantum geometry where G�h is set equal to `Pl.)As in the full theory, the 
on�guration operators are bounded, when
e their a
tion 
anbe extended to the full Hilbert spa
e HSgrav, while the momentum operators are unboundedbut essentially self-adjoint. The basis ve
tors N� are normalized eigenstates of p̂. As inquantum me
hani
s, let us use the bra-ket notation and write N�(
) = h
j�i. Then,2Re
ently, this representation has been shown to be uniquely singled out by the requirement ofdi�eomorphism invarian
e [19{21℄.3 �RBohr is a 
ompa
t Abelian group and d�o is the Haar measure on it. In non-relativisti
 quantumme
hani
s, using �RBohr one 
an introdu
e a new representation of the standard Weyl algebra. It isinequivalent to the standard S
hr�odinger representation and naturally in
orporates the idea thatspatial geometry is dis
rete at a fundamental s
ale. Nonetheless, it reprodu
es the predi
tionsof standard S
hr�odinger quantum me
hani
s within its domain of validity. (For details, see [22℄).There is a 
lose parallel with the situation in quantum 
osmology, where the role of the S
hr�odingerrepresentation is played by `standard' quantum 
osmology of geometrodynami
s.7



p̂ j�i = �
`2Pl6 j�i � p� j�i : (3.9)Using the relation V = jpj3=2 between p and physi
al volume of the 
ell V we have:V̂ j�i =  
j�j6 ! 32 `3Pl j�i � V� j�i: (3.10)This provides us with a physi
al meaning of �: apart from a �xed 
onstant, j�j3=2 is thephysi
al volume of the 
ell V in Plan
k units, when the universe is in the quantum state j�i.Thus, in parti
ular, while the volume Vo of the 
ell V with respe
t to the �du
ial metri
 oqabmay be `large', its physi
al volume in the quantum state j� = 1i is (
=6)3=2`3Pl. This fa
twill be important in se
tions IIIC and IVA.Note that the 
onstru
tion of the Hilbert spa
e and the representation of the algebra isentirely parallel to that in the full theory. In parti
ular, CylS is analogous to Cyl; �RBohr isanalogous to �A; N� to the spin network states N�;j;I (labelled by a graph g whose edges areassigned half integers j and whose verti
es are assigned intertwiners I [23,24,18℄). ĝ are theanalogs of 
on�guration operators de�ned by elements of Cyl and p̂ is analogous to the triadoperators. In the full theory, holonomy operators are well-de�ned but there is no operatorrepresenting the 
onne
tion itself. Similarly, N̂� are well de�ned unitary operators on HSgravbut they fail to be 
ontinuous with respe
t to �, when
e there is no operator 
orrespondingto 
 on HSgrav. Thus, to obtain operators 
orresponding to fun
tions on the gravitationalphase spa
e �Sgrav we have to �rst express them in terms of our elementary variables N� andp and then promote those expressions to the quantum theory. Again, this is pre
isely theanalog of the pro
edure followed in the full theory.There is, however, one important di�eren
e between the full and the redu
ed theories:while eigenvalues of the momentum (and other geometri
) operators in the full theory spanonly a dis
rete subset of the real line, now every real number is a permissible eigenvalue ofp̂. This di�eren
e 
an be dire
tly attributed to the high degree of symmetry. In the fulltheory, eigenve
tors are labelled by a pair (e; j) 
onsisting of 
ontinuous label e (denotingan edge) and a dis
rete label j (denoting the `spin' on that edge), and the eigenvalue isdi
tated by j. Be
ause of homogeneity and isotropy, the pair (e; j) has now 
ollapsed to asingle 
ontinuous label �. Note however that there is a weaker sense in whi
h the spe
trumis dis
rete: all eigenve
tors are normalizable. Hen
e the Hilbert spa
e 
an be expanded outas a dire
t sum |rather than a dire
t integral| of the 1-dimensional eigenspa
es of p̂; i.e.,the de
omposition of identity on HS is given by a (
ontinuous) sumI =X� j�ih�j (3.11)rather than an integral. Although weaker, this dis
reteness is nonetheless important bothte
hni
ally and 
on
eptually. In the next sub-se
tion, we present a key illustration.We will 
on
lude with two remarks.i) In the above dis
ussion we worked with 
; p rather than the original variables ~
; ~p tobring out the physi
al meaning of various obje
ts more dire
tly. Had we used the tildevariables, our symple
ti
 stru
ture would have involved Vo and we would have had to �x8



Vo prior to quantization. The Hilbert spa
e and the representation of the 
on�gurationoperators would have been the same for all 
hoi
es of Vo. However, the representation ofthe momentum operators would have 
hanged from one Vo se
tor to another: A 
hangeVo 7! k3Vo would have implied p̂ 7! k�2p̂. The analogous transformation is not unitarilyimplementable in S
hr�odinger quantum me
hani
s nor in full quantum gravity. However,somewhat surprisingly, it is unitarily implementable in the redu
ed model.4 Therefore,quantum physi
s does not 
hange with the 
hange of Vo. Via untilded variables, we 
hoseto work with an unitarily equivalent representation whi
h does not refer to Vo at all.ii) For simpli
ity of presentation, in the above dis
ussion we avoided details of the Bohr
ompa
ti�
ation and worked with its dense spa
e CylS instead. In terms of the 
ompa
ti�-
ation, the situation 
an be summarized as follows. After Cau
hy 
ompletion, ea
h elementof HSgrav is represented by a square-integrable fun
tion f(�
) of generalized symmetri
 
on-ne
tions. By Gel'fand transform, every element g of CylS is represented by a fun
tion �g(�
)on CylS and the 
on�guration operators a
t via multipli
ation on the full Hilbert spa
e:(ĝ1g2))(�
) = �g1(�
)g2(�
). The momentum operator p̂ is essentially self-adjoint on the domain
onsisting of the image of CylS under the Gel'fand transform.C. Triad operatorIn the redu
ed 
lassi
al theory, 
urvature is simply a multiple of the inverse of thesquare of the s
ale fa
tor a = qjpj. Similarly, the matter Hamiltonian invariably involvesa term 
orresponding to an inverse power of a. Therefore, we need to obtain an operator
orresponding to the inverse s
ale fa
tor, or the triad (with density weight zero) of (2.10).In the 
lassi
al theory, the triad 
oeÆ
ient diverges at the big bang and a key question iswhether quantum e�e
ts `tame' the big bang suÆ
iently to make the triad operator (andhen
e the 
urvature and the matter Hamiltonian) well behaved there.Now, given a self adjoint operator Â on a Hilbert spa
e, the fun
tion f(Â) is well-de�nedif and only if f is a measurable fun
tion on the spe
trum of A. Thus, for example, in non-relativisti
 quantum me
hani
s, the spe
trum of the operator r̂ is the positive half of thereal line, equipped with the standard Lesbegue measure, when
e the operator 1=r̂ is a well-de�ned, self-adjoint operator. By 
ontrast, sin
e p̂ admits a normalized eigenve
tor j� = 0iwith zero eigenvalue, the naive expression of the triad operator fails to be densely de�nedon HSgrav. One 
ould 
ir
umvent this problem in the redu
ed model in an ad-ho
 manner byjust making up a de�nition for the a
tion of the triad operator on j� = 0i. But then the4The di�eren
e from S
hr�odinger quantum me
hani
s 
an be tra
ed ba
k to the fa
t that theeigenve
tors jpi of the S
hr�odinger momentum operator satisfy hpjp0i = Æ(p; p0) while the eigenve
-tors of our p̂ in the redu
ed model satisfy h�j�0i = Æ�;�0 , the Dira
 delta distribution being repla
edby the Krone
ker delta. In full quantum gravity, one also has the Krone
ker-delta normalizationfor the eigenve
tors of triad (and other geometri
al) operators. Now the di�eren
e arises be
ausethere the eigenvalues form a dis
rete subset of the real line while in the symmetry redu
ed modelthey span the full line. 9



result would have to be 
onsidered as an artifa
t of a pro
edure expressly invented for themodel and one would not have any 
on�den
e in its impli
ations for the big bang. Now, asone might expe
t, a similar problem arises also in the full theory. There, a mathemati
allysu

essful strategy to de�ne the required operators already exits [14℄: One �rst re-expressesthe desired, potentially `problemati
' phase spa
e fun
tion as a regular fun
tion of elementaryvariables and the volume fun
tion and then repla
es these by their well-de�ned quantumanalogs. It is appropriate to use the same pro
edure also in quantum 
osmology; not onlyis this a natural approa
h but it would also test the general strategy. As in the generaltheory, therefore, we will pro
eed in two steps. In the �rst, we note that, on the redu
edphase spa
e �Sgrav, the triad 
oeÆ
ient sgn p jpj� 12 
an be expressed as the Poisson bra
ketf
; V 1=3g whi
h 
an be repla
ed by i�h times the 
ommutator in quantum theory. However,a se
ond step is ne
essary be
ause there is no operator 
̂ on HSgrav 
orresponding to 
: onehas to re-express the Poisson bra
ket in terms of holonomies whi
h do have unambiguousquantum analogs.Indeed, on �Sgrav, we have:sgn(p)qjpj = 48�G
 tr  Xi � ihifh�1i ; V 13g! ; (3.12)where hi := P exp0B�V 130s0 oeaiAja�jdt1CA = exp(
�i) = 
os 
2 + 2 sin 
2�i (3.13)is the holonomy (of the 
onne
tion Aia) evaluated along an edge along the elementary 
ell V(i.e., an edge parallel to the triad ve
tor oeai of length V 1=3o with respe
t to the �du
ial metri
oqab), and where we have summed over i to avoid singling out a spe
i�
 triad ve
tor. We
an now pass to quantum theory by repla
ing the Poisson bra
kets by 
ommutators. Thisyields the triad (
oeÆ
ient) operator:d24sgn(p)qjpj 35 = � 4i
`2Pl tr Xi � iĥi[ĥ�1i ; V̂ 13 ℄!= � 12i
`2Pl �sin 
2 V̂ 13 
os 
2 � 
os 
2 V̂ 13 sin 
2� (3.14)Although this operator involves both 
on�guration and momentum operators, it 
om-mutes with p̂, when
e its eigenve
tors are again j�i. The eigenvalues are given by:d24sgn(p)qjpj 35 j�i = 6
`2Pl (V 1=3�+1 � V 1=3��1) j�i : (3.15)where V� is the eigenvalue of the volume operator (see (3.10)). Next, we note a key propertyof the triad operator: It is bounded above! The upper bound is obtained at the value � = 1:10



jpj� 12max = s12
 `�1Pl : (3.16)This is a striking result be
ause p admits a normalized eigenve
tor with zero eigenvalue.Sin
e in the 
lassi
al theory the 
urvature is proportional to p�1, in quantum theory, itis bounded above by (12=
)`�2Pl . Note that �h is essential for the existen
e of this upperbound; as �h tends to zero, the bound goes to in�nity just as one would expe
t from 
lassi
al
onsiderations. This is rather reminis
ent of the situation with the ground state energy ofthe hydrogen atom in non-relativisti
 quantum me
hani
s, Eo = �(mee4=2)(1=�h), whi
h isbounded from below be
ause �h is non-zero.In light of this surprising result, let us re-examine the quantization pro
edure. Usinghomogeneity and isotropy, we 
an naturally 
onvert volume s
ales in to length s
ales. Fromnow on, we will do so freely. In the 
lassi
al Poisson bra
ket, we repla
ed the 
onne
tion
oeÆ
ient 
 by the holonomy along an edge of the elementary 
ell V be
ause there is nooperator on HSgrav 
orresponding to 
. Sin
e the 
ell has volume Vo with respe
t to the�du
ial metri
 oqab, the edge has length V 1=3o . While this length 
an be large, what isrelevant is the physi
al length of this edge. Now, being a fun
tion of the 
onne
tion, matrixelements of the holonomy itself determine a quantum state N�=1(A) = ei 
2 . In this state,the physi
al volume of the 
ell V is not Vo but (
=6)3=2`3Pl. Hen
e, the appropriate physi
aledge length is (
=6)1=2`Pl, and this is only of the order of the Plan
k length.5 The same
on
lusion is rea
hed by 
onsidering the operator ĥi: Sin
e ei 
2 j�i = j� + 1i for any �, theholonomy operator 
hanges the volume of the universe by `atta
hing' edges of physi
al length(
=6)1=2(j�+ 1j1=2� j�j1=2) `Pl.6 Therefore, one 
an interpret the quantization pro
edure asfollows. There is no dire
t operator analog of 
; only holonomy operators are well-de�ned.The `fundamental' triad operator (3.14) involves holonomies along Plan
k length edges andit is only in the 
lassi
al limit that this operator redu
es to the 
lassi
al expression, thePoisson bra
ket f
; V 1=3g.Sin
e the 
lassi
al triad diverges at the big bang, it is perhaps not surprising that the`regularization' introdu
ed by quantum e�e
ts ushers-in the Plan
k s
ale. However, theme
hanism by whi
h this 
ame about is new and 
on
eptually important. For, we did notintrodu
e a 
ut-o� or a regulator; the 
lassi
al expression (3.12) of the triad 
oeÆ
ientwe began with is exa
t. Sin
e we did not `regulate' the 
lassi
al expression, the issue ofremoving the regulator does not arise. The quantization pro
edure is indeed `indire
t'.However, this was ne
essary be
ause the spe
trum of the momentum operator p̂ (or of the`s
ale fa
tor operator' 
orresponding to a) is dis
rete in the sense detailed in se
tion IIIB.Had the Hilbert spa
e HSgrav been a dire
t integral of the eigenspa
es of p̂ |rather than a5Bla
k hole entropy 
al
ulations imply that we should set 
 = ln 28p3�2 (in our 
onvention for thePlan
k length) to re
over the standard quantum �eld theory in 
urved spa
e-times from quantumgeometry. [26℄.6The square-root of � features rather than � itself be
ause p̂ 
orresponds to the square of thes
ale fa
tor a and we 
hose to denote its eigenvalues by (
�=6)`2Pl.11



dire
t sum| the triad operator 
ould then have been de�ned dire
tly using the spe
tralde
omposition of p̂ and would have been unbounded above.Indeed, this is pre
isely what happens in geometrodynami
s. There, p and 
 themselvesare elementary variables and the Hilbert spa
e is taken to be the spa
e of square integrablefun
tions of p (or, rather, of a � jpj1=2). Then, p has a genuinely 
ontinuous spe
trumand its inverse is a self-adjoint operator, de�ned in terms the spe
tral de
omposition of pand is unbounded above. By 
ontrast, in loop quantum gravity quantization is based onholonomies |the Wilson lines of the gravitational 
onne
tion. We 
arried this 
entral ideato the symmetry redu
ed model. As a dire
t result, as in the full theory, we were led toa non-standard Hilbert spa
e HSgrav. Furthermore, we were led to 
onsider almost periodi
fun
tions of 
 |rather than 
 itself| as `elementary' and an operator 
orresponding to 
is not even de�ned on HSgrav. All eigenve
tors of p are now normalizable, in
luding the onewith zero eigenvalue. Hen
e, to de�ne the triad operator, one simply 
an not repeat thepro
edure of geometrodynami
s. We are led to use the alternate pro
edure followed above.Of 
ourse one 
ould simply invent a regularization s
heme just for this symmetry redu
edmodel. The most important aspe
t of our pro
edure is that it was not so invented; it is thedire
t analog of the pro
edure followed to address the same issue in the full theory [14℄.Finally, let us return to the expression of the quantum operator (3.14). Sin
e the fa
tthat it is bounded is surprising, it is important to verify that the �nal result has physi
allyreasonable properties. The �rst obvious requirement is that, sin
e the triad 
oeÆ
ientsgn p=jpj 12 is a fun
tion only of p, the triad operator should 
ommute with p̂. A priori thereis no guarantee that this would be the 
ase. Indeed, the expression (3.14) of the triadoperator involves 
 as well. However, as we saw, this 
ondition is in fa
t met. A se
ondnon-trivial requirement 
omes from the fa
t that the triad 
oeÆ
ient and the momentum arealgebrai
ally related in the 
lassi
al theory: p �(sgnp=jpj1=2)2 = 1. A key 
riterion of viabilityof the triad operator is that this relation should be respe
ted in an appropriate sense. Morepre
isely, we 
an tolerate violations of this 
ondition on states only in the Plan
k regime;the equality must be satis�ed to an ex
ellent approximation on states with large � (i.e., withlarge volume). Is this the 
ase? We have:6
`2Pl (V 1=3�+1 � V 1=3��1) = vuut6j�j
`2Pl �qj1 + 1=�j �qj1� 1=�j�= sgn�s 6
j�j`2Pl (1 +O(��2)) (3.17)Thus, up to orderO(��2), the eigenvalue of the triad operator is pre
isely sgnp�=qjp�j, wherep� is the eigenvalue of p̂ (see (3.10)). On states representing a large universe (j�j � 1), the
lassi
al algebrai
 relation between the triad 
oeÆ
ient and p is indeed preserved to anex
ellent approximation. Violations are signi�
ant only on the eigen-subspa
e of the volumeoperator with eigenvalues of the order of `3Pl or less, i.e., in the fully quantum regime.Remark : In (3.12), we used holonomies along edges of the elementary 
ell V. While this
hoi
e is natural be
ause the 
ell is needed for 
lassi
al 
onsiderations in any 
ase, one mightimagine using, instead, edges of length j�ojV 1=3o . Had this been done, the repla
ement of(3.12) would have again provided an exa
t expression of the triad 
oeÆ
ient in the 
lassi
al12



theory. However, to meet the se
ond 
riterion above, one would be for
ed to 
hoose j�oj � 1and we would be ba
k with the `natural' 
hoi
e made above. Nonetheless, sin
e there isa quantization ambiguity, the numeri
al 
oeÆ
ients in the �nal results (e.g., the value ofthe upper bound of the triad operator spe
trum) should not be atta
hed dire
t physi
alsigni�
an
e. In parti
ular, for lessons for the full theory, one should use only the qualitativefeatures and orders of magnitudes. The pre
ise numeri
al values 
an be arrived at onlythrough a systemati
 redu
tion of the full quantum theory, where the pre
ise value of j�oj(�1) would arise, e.g., as the lowest eigenvalue of an appropriate geometri
 operator. We willreturn to this issue in the next se
tion.IV. QUANTUM DYNAMICS: THE HAMILTONIAN CONSTRAINTSin
e the 
urvature is bounded above on the entire kinemati
al Hilbert spa
e HSgrav, onemight expe
t that the 
lassi
al singularity at the big bang would be naturally resolved inthe quantum theory. In this se
tion we will show that this is indeed the 
ase.A. The quantum Hamiltonian 
onstraintIn se
tion I, we redu
ed the Hamiltonian 
onstraint to (2.11). However, we 
an not usethis form of the 
onstraint dire
tly be
ause it is 
ast in terms of the 
onne
tion 
 itself ratherthan holonomies. One 
an `regulate' it in terms of holonomies and then pass to quantumtheory. However, to bring out the 
lose similarity of the regularization pro
edure with theone followed in the full theory [14℄, we will obtain the same expression starting from theexpression of the 
lassi
al 
onstraint in the full theory:Cgrav := ZV d3xN e�1 ��ijkF iabEajEbk � 2(1 + 
2)K i[aKjb℄Eai Ebj�= �
�2 ZV d3xN �ijkF iab e�1EajEbk (4.1)where e := qjdetEj sgn(detE). We restri
ted the integral to our 
ell V (of volume Vo withrespe
t to oqab) and, in the se
ond step, exploited the fa
t that for spatially 
at, homogeneousmodels the two terms in the full 
onstraint are proportional to ea
h other (one 
an also treatboth terms as in the full theory without signi�
ant 
hanges [25℄). Be
ause of homogeneity,we 
an assume that the lapse N is 
onstant and, for de�niteness, from now onwards we willset it to one.As a �rst step in 
onstru
ting a Hamiltonian 
onstraint operator we have to express the
urvature 
omponents F iab in terms of holonomies. We will use the pro
edure followed in thefull theory [14℄ (or in latti
e gauge theories). Consider a square �ij in the i-j plane spannedby two of the triad ve
tors oeai , ea
h of whose sides has length �oV 1=3o with respe
t to the�du
ial metri
 oqab.7 Then, `the ab 
omponent' of the 
urvature is given by7In a model with non-zero intrinsi
 
urvature, those edges would not form a 
losed loop. Theissue of how to deal with intrinsi
 
urvature is dis
ussed in [27℄.13



F iab�i = o!ia o!jb 0�h(�o)�ij � 1�2oV 2=3o +O(
3�o)1A (4.2)The holonomy h(�o)�ij in turn 
an be expressed ash(�o)�ij = h(�o)i h(�o)j (h(�o)i )�1(h(�o)j )�1 (4.3)where, as before, holonomies along individual edges are given byh(�o)i := 
os �o
2 + 2 sin �o
2 �i (4.4)Next, let us 
onsider the triad term �ijk e�1EajEbk in the expression of the Hamiltonian
onstraint. Sin
e the triad is allowed to be
ome degenerate, there is a potential problemwith the fa
tor e�1. In the redu
ed model, e vanishes only when the triad itself vanishesand hen
e the required term �ijk e�1EajEbk 
an be expressed as a non-singular fun
tion ofp and the �du
ial triads. In the full theory, the situation is more 
ompli
ated and su
h adire
t approa
h is not available. There is nonetheless a pro
edure to handle this apparentlysingular fun
tion [14℄: one expresses it as a Poisson bra
ket between holonomies and thevolume fun
tion as in se
tion IIIC and then promotes the resulting expression to an operator.To gain insight in to this strategy, here we will follow the same pro
edure. Thus, let us beginwith the identity on the symmetry redu
ed phase spa
e �Sgrav:�ijk� i e�1EajEbk = �2(8�
G�oV 1=3o )�1 �ab
 o!k
 h(�o)k fh(�o)k �1; V g (4.5)where h(�0)k is the holonomy along the edge parallel to the kth basis ve
tor of length �oV 1=3owith respe
t to oqab. Note that, unlike the expression (4.2) for F iab, (4.5) is exa
t, i.e. doesnot depend on the 
hoi
e of �o.Colle
ting terms, we 
an now express the gravitational part of the 
onstraint as:Cgrav = � 4(8�
3�3oG)�1Xijk �ijktr(h(�o)i h(�o)j h(�o)�1i h(�o)�1j h(�o)k fh(�o)�1k ; V g)+O(
3�o) (4.6)where, the term proportional to identity in the leading 
ontribution to F iab in (4.2) dropsout be
ause of the tra
e operation and where we used �ab
 o!iao!jb o!k
 = poq �ijk. Note that,in 
ontrast to the situation with triads in se
tion IIIC, now the dependen
e on �o doesnot drop out. However, one 
an take the limit �o ! 0. Using the expli
it form of theholonomies h(�o)i , one 
an verify that the leading term in (4.6) has a well-de�ned limit whi
hequals pre
isely the 
lassi
al 
onstraint. Thus, now �o |or the length of the edge usedwhile expressing Fab in terms of the holonomy around the square �ij| plays the role of aregulator. Be
ause of the presen
e of the 
urvature term, there is no natural way to expressthe 
onstraint exa
tly in terms of our elementary variables; a limiting pro
edure is essential.This faithfully mirrors the situation in the full theory: there, again, the 
urvature term isre
overed by introdu
ing small loops at verti
es of graphs and the 
lassi
al expression of the
onstraint is re
overed only in the limit in whi
h the loop shrinks to zero.14



Let us fo
us on the leading term in (4.6). As in the full theory, this term is manifestly �-nite and 
an be promoted to a quantum operator dire
tly. The resulting regulated 
onstraintis: Ĉ(�o)grav = 4i(
3�3o`2Pl)�1Xijk �ijktr(ĥ(�o)i ĥ(�o)j ĥ(�o)�1i ĥ(�o)�1j ĥ(�o)k [ĥ(�o)�1k ; V̂ ℄)= 96i(
3�3o`2Pl)�1 sin2 �o
2 
os2 �o
2 �sin �o
2 V̂ 
os �o
2 � 
os �o
2 V̂ sin �o
2 � (4.7)Its a
tion on the eigenstates of p̂ isĈ(�o)grav j�i = 3(
3�3o`2Pl)�1(V�+�o � V���o)(j� + 4�oi � 2j�i + j�� 4�oi) : (4.8)On physi
al states, this a
tion must equal that of the matter Hamiltonian �8�GĈmatter.Now, the limit �o ! 0 of the 
lassi
al expression (4.6) exists and equals the 
lassi
alHamiltonian 
onstraint whi
h, however, 
ontains 
2 (see (2.11)). Consequently, the naivelimit of the operator Ĉ(�o)grav also 
ontains 
̂2. However, sin
e 
̂2 is not well-de�ned on HSgrav,now the limit as �o ! 0 fails to exist. Thus, we 
an not remove the regulator in thequantum theory of the redu
ed model. In the full theory, by 
ontrast, one 
an remove theregulator and obtain a well-de�ned a
tion on di�eomorphism invariant states [14℄. Thisdi�eren
e 
an be dire
tly tra
ed ba
k to the assumption of homogeneity.8 In the full theory,there is nonetheless a quantization ambiguity asso
iated with the 
hoi
e of the j label usedon the new edges introdu
ed to de�ne the operator 
orresponding to Fab [29℄. That is,in the full theory, the quantization pro
edure involves a pair of labels (e; j) where e is a
ontinuous label denoting the new edge and j is a dis
rete label denoting the spin on thatedge. Di�eomorphism invarian
e ensures that the quantum 
onstraint is insensitive to the
hoi
e of e but the dependen
e on j remains as a quantization ambiguity. In the redu
edmodel, di�eomorphism invarian
e is lost and the pair (e; j) of the full theory 
ollapses intoa single 
ontinuous label �o denoting the length of the edge introdu
ed to de�ne Fab. Thedependen
e on �o persists |there is again a quantization ambiguity but it is now labelledby a 
ontinuous label �o. Thus, 
omparison of the situation with that in the full theorysuggests that we should not regard Ĉ(�o)grav as an approximate quantum 
onstraint; it is moreappropriate to think of the �o-dependen
e in (4.7) as a quantization ambiguity in the exa
tquantum 
onstraint. This is the viewpoint adopted in loop quantum 
osmology.8In the full theory, one triangulates the manifold with tetrahedra of 
oordinate volume �3oand writes the integral C(N) := R d3xN �ijkF iab e�1EajEbk as the limit of a Riemann sum,C(N) = lim�o!0 P�3oN�ijkF iab e�1EajEbk, where the sum is over tetrahedra. If we now re-pla
e F by a holonomy around a square � of length �o, F � ��2o (h� � 1), and the triadterm by a Poisson bra
ket, e�1EE � ��1o hfh�1; V g, and pass to quantum operators, we ob-tain Ĉ(N) � limP trĥ�ĥ[ĥ�1; V̂ ℄. The �o fa
tors 
an
el out but, in the sum, the number ofterms goes to in�nity as �o ! 0. However, the a
tion of the operator on a state based on anygraph is non-trivial only at the verti
es of the graph when
e only a �nite number of terms in thesum survive and these have a well de�ned limit on di�eomorphism invariant states. In the redu
edmodel, be
ause of homogeneity, all terms in the sum 
ontribute equally and hen
e the sum diverges.15



If one works in the stri
t 
on�nes of the redu
ed model, there does not appear to exist anatural way to remove this ambiguity. In the full theory, on the other hand, one 
an �x theambiguity by assigning the lowest non-trivial j value, j = 1=2, to ea
h extra loop introdu
edto determine the operator analog of Fab. This pro
edure 
an be motivated by the followingheuristi
s. In the 
lassi
al theory, we 
ould use a loop en
losing an arbitrarily small areain the a-b plane to determine Fab lo
ally. In quantum geometry, on the other hand, thearea operator (of an open surfa
e) has a lowest eigenvalue ao = (p3
)=4 `2Pl, suggesting thatit is physi
ally inappropriate to try to lo
alize Fab on arbitrarily small surfa
es. The bestone 
ould do is to 
onsider a loop spanning an area ao, 
onsider the holonomy around theloop to determine the integral of Fab on a surfa
e of area ao, and then extra
t an e�e
tive,lo
al Fab by setting the integral equal to aoFab. It appears natural to use the same physi
al
onsiderations to remove the quantization ambiguity also in the redu
ed model. Then, weare led to set the area of the smallest square spanned by �ij to ao, i.e. to set (
�o) `2Pl = ao, or�o = p3=4. Thus, while in the redu
ed model itself, area eigenvalues 
an assume arbitrarilysmall values, if we `import' from the full theory the value of the smallest non-zero areaeigenvalue, we are naturally led to set �o = p3=4. We will do so.To summarize, in loop quantum 
osmology, we adopt the viewpoint that (4.7), with �o =p3=4, is the `fundamental' Hamiltonian 
onstraint operator whi
h `
orre
tly' in
orporatesthe underlying dis
reteness of quantum geometry and the 
lassi
al expression (2.11) is anapproximation whi
h is valid only in regimes where this dis
reteness 
an be ignored and the
ontinuum pi
ture is valid. We will justify this assertion in se
tion IVC.B. Physi
al statesLet us now solve the quantum 
onstraint and obtain physi
al states. For simpli
ity, weassume that the matter is only minimally 
oupled to gravity (i.e., there are no 
urvature
ouplings). As in general non-trivially 
onstrained systems, one expe
ts that the physi
alstates would fail to be normalizable in the kinemati
al Hilbert spa
e HS = HSgrav 
HSmatter(see, e.g., [30,18℄). However, as in the full theory, they do have a natural `home'. We againhave a triplet CylS � HS � Cyl?Sof spa
es and physi
al states will belong to Cyl?S, the algebrai
 dual of CylS . Sin
e elementsof Cyl?S need not be normalizable, we will denote them by (	j. (The usual, normalizablebras will be denoted by h	j.)It is 
onvenient to exploit the existen
e of a triad representation. Then, every element(	j of Cyl?S 
an be expanded as (	j = X�  (�; �)h�j (4.9)where � denotes the matter �eld and h�j are the (normalized) eigenbras of p̂. Note thatthe sum is over a 
ontinuous variable � when
e (	j need not be normalizable. Now, the
onstraint equation (	j �Ĉ(�o)grav + 8�GĈ(�o)matter�y = 0 (4.10)16



turns into the equation(V�+5�o � V�+3�o) (�; �+ 4�o)� 2(V�+�o � V���o) (�; �)+ (V��3�o � V��5�o) (�; �� 4�o) = �13 8�G
3�3o`2Pl Ĉ(�o)matter(�) (�; �) (4.11)for the 
oeÆ
ients  (�; �), where Ĉ(�o)matter(�) only a
ts on the matter �elds (and depends on �via metri
 
omponents in the matter Hamiltonian). Note that, even though � is a 
ontinuousvariable, the quantum 
onstraint is a di�eren
e equation rather than a di�erential equation.Stri
tly, (4.11) just 
onstrains the 
oeÆ
ients  (�; �) to ensure that (	j is a physi
al state.However, sin
e ea
h h�j is an eigenbra of the volume operator, it tells us how the matterwave fun
tion is 
orrelated with volume, i.e., geometry. Now, if one wishes, one 
an regardp as providing a heuristi
 `notion of time', and then think of (4.11) as an evolution equationfor the quantum state of matter with respe
t to this time. (Note that p goes from �1to 1, negative values 
orresponding to triads whi
h are oppositely oriented to the �du
ialone. The 
lassi
al big-bang 
orresponds to p = 0.) While this heuristi
 interpretation oftenprovides physi
al intuition for (4.11) and its 
onsequen
es, it is not essential for what follows;one 
an forego this interpretation entirely and regard (4.11) only as a 
onstraint equation.What is the fate of the 
lassi
al singularity? At the big bang, the s
ale fa
tor goes tozero. Hen
e it 
orresponds to the state j� = 0i in HSgrav. So, the key question is whether thequantum `evolution' breaks down at � = 0. Now, the dis
rete `evolution equation' (4.11)is essentially the same as that 
onsidered in the �rst papers on isotropi
 loop quantum
osmology [2,3℄ and that dis
ussion implies that the quantum physi
s does not stop at thebig-bang.For 
ompleteness, we now re
all the main argument. The basi
 idea is to explore the key
onsequen
es of the di�eren
e equation (4.11) whi
h determine what happens at the initialsingularity. Starting at � = �4N�o for some large positive N , and �xing  (�;�4N�o) and (�; (�4N+4)�o), one 
an use the equation to determine the 
oeÆ
ients  (�; (�4N+4n)�0)for all n > 1, provided the 
oeÆ
ient of the highest order term in (4.11) 
ontinues to remainnon-zero. Now, it is easy to verify that the 
oeÆ
ient vanishes if and only if n = N .Thus, the 
oeÆ
ient  (�; � = 0) remains undetermined. In its pla
e, we just obtain a
onsisten
y 
ondition 
onstraining the 
oeÆ
ients  (�; �=�4) and  (�; �=�8). Now, sin
e (�; �=0) remains undetermined, at �rst sight, it may appear that we 
an not `evolve' pastthe singularity, i.e. that the quantum evolution also breaks down at the big-bang. However,the main point is that this is not the 
ase. For, the 
oeÆ
ient  (�; �=0) just de
ouples fromthe rest. This 
omes about be
ause, as a detailed examination shows, the minimally 
oupledmatter Hamiltonians annihilate  (�; �) for � = 0 [1,25℄ and V�o = V��o . Thus, unlike in the
lassi
al theory, evolution does not stop at the singularity; the di�eren
e equation (4.11) letsus `evolve' right through it. In this analysis, we started at � = �4N�o be
ause we wantedto test what happens if one en
ounters the singularity `head on'. If one begins at a generi
�, the `dis
rete evolution' determined by (4.11) just `jumps' over the 
lassi
al singularitywithout en
ountering any subtleties.To summarize, two fa
tors were key to the resolution of the big bang singularity: i) asa dire
t 
onsequen
e of quantum geometry, the Hamiltonian 
onstraint is now a di�eren
eequation rather than a di�erential equation as in geometrodynami
s; and ii) the 
oeÆ
ients17



in the di�eren
e equation are su
h that one 
an evolve unambiguously `through' the sin-gularity even though the 
oeÆ
ient  (�; � = 0) is undetermined. Both these features arerobust: they are insensitive to fa
tor ordering ambiguities and persist in more 
ompli
ated
osmologi
al models [6,7℄.Next, let us 
onsider the spa
e of solutions. An examination of the 
lassi
al degreesof freedom suggests that the freedom in physi
al quantum states should 
orrespond to twofun
tions just of matter �elds �. The spa
e of solutions to the Hamiltonian 
onstraint, onthe other hand is mu
h larger: there are as many solutions as there are fun
tions  (�; �)on an interval [�0 � 4�o; �0 + 4�o), where �0 is any �xed number. This suggests that alarge number of these solutions may be redundant. Indeed, to 
omplete the quantizationpro
edure, one needs to introdu
e an appropriate inner produ
t on the spa
e of solutionsto the Hamiltonian 
onstraint. The physi
al Hilbert spa
e is then spanned by just thosesolutions to the quantum 
onstraint whi
h have �nite norm. In simple examples one generally�nds that, while the spa
e of solutions to all 
onstraints 
an be very large, the requirementof �niteness of norm suÆ
es to produ
e a Hilbert spa
e of the physi
ally expe
ted size.For the redu
ed system 
onsidered here, we have a quantum me
hani
al system witha single 
onstraint in quantum 
osmology. Hen
e it should be possible to extra
t physi
alstates using the group averaging te
hnique of the `re�ned algebrai
 quantization framework'[30,18,31℄. However, this analysis is yet to be 
arried out expli
itly and therefore we do notyet have a good 
ontrol on how large the physi
al Hilbert spa
e really is. This issue is beinginvestigated.The Hamiltonian 
onstraint equation di�ers markedly from the Wheeler-DeWitt equa-tion of geometrodynami
s in the Plan
k regime be
ause it 
ru
ially exploits the dis
retenessunderlying quantum geometry. But one might expe
t that in the 
ontinuum limit �o ! 0|whi
h, from the quantum geometry perspe
tive, is physi
ally �
titious but nonethelessmathemati
ally interesting| the present quantum 
onstraint equation would redu
e to theWheeler-DeWitt equation. We will 
on
lude this sub-se
tion by showing that this expe
ta-tion is indeed 
orre
t in a pre
ise sense.To fa
ilitate this 
omparison, it is 
onvenient to introdu
e some notation. Let us setp = 16
�`2Pl :Then, the Wheeler-DeWitt equation 
an be written asĈwdwgrav (�; p) := 23`4Pl [qjpj (�; p) ℄00 = 8�G Ĉmatter(p) (�; p) ; (4.12)where the prime denotes derivative with respe
t to p. If we now further set~ (p) := 16 p�1o (V6(p+po)=
`2Pl � V6(p�po)=
`2Pl) (p) ;with po = 
`2Pl�o=6, our quantum 
onstraint (4.11) redu
es to:~̂C(�o)grav ~ (�; p) := � 112 `4Plp�2o ( ~ (�; p+ 4po)� 2 ~ (�; p) + ~ (�; p� 4po))= 8�GĈmatter(p) (�; p) : (4.13)18



From now on we will 
onsider only those `wave fun
tions' ~ (�; p) whi
h are smooth (morepre
isely, C4) in their p dependen
e. Then, it follows thatĈwdwgrav  (�; p) = ~̂C(�o)grav ~ (�; p) + `4PlO(p2o) ~ 0000(�; p)+ `4PlO(p2op2 ) ~ 00(�; p) + `4PlO(p2op3 ) ~ 0(�; p) + `4PlO(p2op4 ) ~ (�; p) (4.14)Hen
e, in the limit po ! 0 (i.e., �o ! 0), we have~̂C(�o)grav ~ (�; p) 7! Ĉwdwgrav (�; p) (4.15)when
e the dis
rete equation (4.13) redu
es pre
isely to the Wheeler-DeWitt equation (4.12).Put di�erently, it has turned out that (4.13) is a well-de�ned dis
retization of (4.12).One 
an also ask a related but distin
t question: Is there a sense in whi
h solutionsto the Wheeler-DeWitt equation are approximate solutions to the `fundamental' dis
reteevolution equation? The answer is again in the aÆrmative. Let us restri
t ourselves to thepart of the p-line where p� po, i.e., where the quantum volume of the universe is very large
ompared to the Plan
k s
ale. Consider the restri
tion, to this region, of a smooth solution (�; p) to (4.12) and assume that it is slowly varying at the Plan
k s
ale in the sense that~ = ~ 0 � s, ~ = ~ 00 � s2, et
, with po � s � p. Then, ~ (�; p) is an approximate solution tothe `fundamental' quantum 
onstraint (4.13) in the sense that:"1 +O(p2os2 ) +O(p2op2 ) +O(p2osp3 ) +O(p2os2p4 )# ~̂C(�o)grav ~ (�; p) = 8�GĈmatter(p) (�; p) : (4.16)Note that, in 
ontrast to the dis
ussion about the relation between the two equations, we 
annot take the limit po ! 0 be
ause we are now interested in the dis
rete evolution. The solu-tion to the Wheeler-DeWitt equation is an approximate solution to the fundamental equationonly to the extent that terms of the order O(p2o=s2); O(p2o=p2); O(p2os=p3); O(p2os2=p4) arenegligible.We will 
on
lude with three remarks.1) We saw in se
tion IVA that the �o ! 0 limit of the quantum 
onstraint operatorĈ(�o)grav does not exist on HSgrav. Yet, in the above dis
ussion of the `
ontinuum limit', we wereable to take this limit. The resolution of this apparent paradox is that the limit is takenon a 
ertain sub-spa
e of Cyl?, 
onsisting of smooth fun
tions of p and none of these statesbelong to HSgrav. Indeed, sin
e elements of HSgrav have to be normalizable with respe
t tothe inner produ
t (3.6), they 
an have support only on a 
ountable number of points; they
annot even be 
ontinuous. In parti
ular, solutions to the Wheeler-DeWitt equation 
annot lie in HS ; they belong only to the enlargement Cyl? of HS .2) There is a 
lose mathemati
al similarity between quantum 
osmology dis
ussed hereand the `polymer parti
le' example dis
ussed in [22℄. In that example, following the loopquantum gravity program, a new representation of the Weyl algebra is introdu
ed for a pointparti
le in non-relativisti
 quantum me
hani
s. In this representation, the Weyl operatorsare unitarily implemented but weak 
ontinuity, assumed in the Von Neumann uniquenesstheorem, is violated for one of the two 1-parameter unitary groups. As a result (although19



the position operator exists) the momentum operator |the generator of in�nitesimal spa
etranslations| fails to exist. This is meant to re
e
t the underlying dis
reteness of geometry.The `fundamental' quantum evolution is given by a di�eren
e equation. But there is a pre
isesense in whi
h the standard S
hr�odinger evolution is re
overed in the regime of validity ofnon-relativisti
 quantum me
hani
s. The `fundamental' dis
rete evolution is analogous tothe present `fundamental' quantum 
onstraint (4.13) while the S
hr�odinger equation is theanalog of the Wheeler-DeWitt equation (4.12). Therefore, details of the polymer parti
leanalysis provide good intuition for the `me
hanism' that allows loop quantum 
osmology tobe very di�erent from the standard one in the Plan
k regime and yet agree with it when theuniverse is large 
ompared to the Plan
k s
ale.3) As mentioned in se
tion I, in this paper we do not address the diÆ
ult issue ofsystemati
ally deriving quantum 
osmology from full loop quantum gravity. Indeed, sin
eCylS 6� Cyl, at �rst it seems it would be diÆ
ult to relate the two theories. However, notethat the physi
al states of the symmetry redu
ed model are elements of Cyl?S while thoseof the full theory are elements of Cyl?, and Cyl?S is 
ontained in Cyl?: elements of Cyl?Sare those distributions on the full quantum 
on�guration spa
e �A whi
h are supported onlyon the subspa
e �AS of symmetri
 
onne
tions [32℄. In parti
ular, solutions to the quantum
onstraint dis
ussed in this se
tion do belong to Cyl?. Therefore, it should be possible tore
over su
h states by �rst 
onsidering the full quantum theory and then 
arrying out asymmetry redu
tion. C. Classi
al limitIn se
tion IVA, we found that the gravitational part of the Hamiltonian 
onstraint
ould not be introdu
ed by a straightforward `quantization' of the 
lassi
al 
onstraint (2.11)be
ause there is no dire
t operator analog of 
 on HSgrav. We then followed the strategyadopted in the full theory to arrive at the expression (4.7) of Ĉ(�o)grav. To ensure that this is aviable quantization, we need to show that (4.7) does redu
e to (2.11) in the 
lassi
al limit.In this sub-se
tion, we will 
arry out this task.For this purpose we will use 
oherent states peaked at points (
o; N�o) of the 
lassi
alphase spa
e where N � 1 (i.e. the volume of the universe is very large 
ompared to thePlan
k volume) and 
o � 1 (late times, when the extrinsi
 
urvature is small 
ompared tothe �du
ial s
ale V �1=3o ). At su
h large volumes and late times, one would expe
t quantum
orre
tions to be
ome negligible. The question then is whether the expe
tation value ofthe quantum 
onstraint Ĉ(�o)grav in these 
oherent states equals the 
lassi
al 
onstraint (2.11)modulo negligible 
orre
tions. If so, Ĉ(�o)grav would have the 
orre
t 
lassi
al limit.To 
onstru
t a 
oherent state, we also have to spe
ify the width d of the Gaussian (i.e.,`toleran
e' for quantum 
u
tuations of p). Now, sin
e the quantum 
u
tuations in thevolume of the universe must be mu
h smaller than the volume itself, d� N�o and sin
e wealso want the un
ertainty in 
 to be small, we must have �o � d. A 
oherent state of thedesired type is then given by:j	i = Xn "exp (�((n�N)2 �2o2d2 ) exp (�i((n�N)�o)
o2 )# jn�oi (4.17)20



(More pre
isely, j	i is the `shadow' on the regular latti
e � = n�o of the 
oherent state inCyl? uniquely sele
ted by the triplet (
o; N�o; d). For details, see [22℄, Se
tion 4.) Our taskis to 
ompute the expe
tation valuehĈ(�o)gravi = h	jĈ(�o)gravj	ih	j	i (4.18)of the 
onstraint operator (4.13):Ĉ(�o)gravj�i = 3(
3�3o`2Pl)�1(V�+�o � V���o ) (j� + 4�oi � 2j�i + j�� 4�oi) :Let us �rst 
al
ulate the expe
tation value. Setting � := �o=d, we have:h	jĈj	i = Xn;n0 exp(�12�2((n0 �N)2 + (n �N)2))ei 
o2 (n0�n)�o hn0�ojĈjn�oi= 3(
3�3o`2Pl)�1Xn;n0 exp(�12�2((n0 �N)2 + (n�N)2))ei 
o2 (n0�n)�o�(V(n+1)�o � V(n�1)�o) hn0�oj(j(n+ 4)�oi � 2jn�oi+ j(n� 4)�oi)= 3(
3�3o`2Pl)�1 "e2i
o�o Xn exp(�12�2((n+ 4�N)2 + (n�N)2)) (V(n+1)�o � V(n�1)�o)�2Xn exp(��2(n�N)2) (V(n+1)�o � V(n�1)�o)+ e�2i
o�o Xn exp(�12�2((n� 4�N)2 + (n�N)2)) (V(n+1)�o � V(n�1)�o)# :To simplify this expression further, we note that all three sums in this expression are of thesame form and fo
us on the �rst:Xn exp(�12�2((n+ 4 �N)2 + (n�N)2)) (V(n+1)�o � V(n�1)�o)= e�4�2 Xn e��2(n�N)2 (V(n�1)�o � V(n�3)�o)where we have 
ompleted the square in the exponential and shifted the summation index by2. To 
ompute this sum, as in [22℄, we use the Poisson resummation formulaXn e��2(n�N)2f(n) = Xn Z e��2(y�N)2f(y) e2�iyn dy : (4.19)This integral 
an be evaluated using the steepest des
ent approximation (see Appendix).One obtains:Xn e��2(n�N)2 f(n) = p�� Xn f(N + i�n�2 ) e��2n2�2 +2�inN (1 +O((N�)�2))= p�� f(N)(1 +O(e��2=�2) +O((N�)�2)) (4.20)21



where, in the last step, we used the fa
t that, sin
e �� 1, terms with n 6= 0 are suppressedby the exponential. (Note that N� � 1 be
ause N�o � d, i.e., the permissible quantum
u
tuation in the volume of the universe is mu
h smaller than the volume of the universeat the phase spa
e point under 
onsideration.)Finally, we 
an 
olle
t terms to 
ompute the expe
tation value (4.18). Using h	j	i =(p�=�)(1 +O(e��2=�2)), we havehĈiS = 3(
3�3o`2Pl)�1 he�4�2e2i
o�o(V(N�1)�o � V(N�3)�o)� 2(V(N+1)�o � V(N�1)�o)+ e�4�2e�2i
o�o(V(N+3)�o � V(N+1)�o)i (1 + O(e��2=�2) +O((N�)�2))= 12(
2�2o)�1q
�o`2Pl=6 he�4�2e2i
o�o((N � 1) 32 � (N � 3) 32 )� 2((N + 1) 32 � (N � 1) 32 ) + e�4�2e�2i
o�o((N + 3) 32 � (N + 1) 32 )i(1 +O(e��2=�2) +O((N�)�2))= 32(
2�2o)�1q
�o`2PlN=6 (e�4�2e2i
o�o � 2 + e�4�2e�2i
o�o)(1 +O(e��2=�2) +O((N�)�2) +O(N�1))= �6
�2
2opP (1 +O((N�)�2) +O(N�1) +O(�2) +O(
2o)) (4.21)where we have set P := 16
�o`2PlN and used the fa
t that 
o � 1 and �o � 1 (we alsodropped 
orre
tions of order e��2=�2 sin
e they are always dwarfed by those of order �2).Thus, the expe
tation value equals the 
lassi
al 
onstraint (2.11) up to small 
orre
tions oforder 
2o, `4Pl=(P�)2, `2Pl=P and �2. (Note that ea
h of them 
an dominate the other 
orre
tionsdepending on the values of the di�erent parameters.) Hen
e, (4.7) is a viable quantizationof the 
lassi
al expression (2.11). V. DISCUSSIONLet us begin with a brief summary of the main results. In se
tion II, we 
arried out asystemati
 symmetry redu
tion of the phase spa
e of full general relativity in the 
onne
tionvariables. In the spatially 
at model 
onsidered here, our 
onne
tion 
oeÆ
ient 
 equalsthe only non-zero 
omponent of the extrinsi
 
urvature (modulo a fa
tor of 
) and our
onjugate momentum p equals the only non-zero metri
 
omponent (modulo sgn p). Hen
e,our symmetry redu
ed Hamiltonian des
ription is the same as that of geometrodynami
s. By
ontrast, we saw in se
tion III that quantum theories are dramati
ally di�erent already at thekinemati
 level. In loop quantum 
osmology, the Hilbert spa
e HSgrav is spanned by almostperiod fun
tions of 
 while in geometrodynami
s it would be spanned by square-integrablefun
tions of 
. The interse
tion between the two Hilbert spa
es is only the zero element! Inloop quantum 
osmology, the fundamental operators are p̂ and N̂� = dexp(i�
=2); unlike ingeometrodynami
s, there is no operator 
orresponding to 
 itself. Although p̂ is unboundedand its spe
trum 
onsists of the entire real line, all its eigenve
tors are normalizable and theHilbert spa
e is the dire
t sum of the 1-dimensional sub-spa
es spanned by the eigenspa
es.In geometrodynami
s, on the other hand, none of the eigenve
tors of p̂ are normalizable; the22



Hilbert spa
e is a dire
t integral of its `eigenspa
es'. This marked di�eren
e is responsiblefor the fa
t that, while the triad operator (whi
h en
odes the inverse of the s
ale fa
tor) isunbounded in geometrodynami
s, it is bounded in loop quantum 
osmology. Consequently,in the state 
orresponding to the 
lassi
al singularity, the 
urvature is large, but it does notdiverge in loop quantum 
osmology.In se
tion IV we dis
ussed the Hamiltonian 
onstraint, i.e., quantum dynami
s. Be
ausethere is no dire
t operator analog of 
, we had to introdu
e the 
onstraint operator Ĉ(�o)grav by anindire
t 
onstru
tion. Here, we followed the strategy used in the full theory [14℄, expressing
urvature F iab of the gravitational 
onne
tion Aia in terms of its holonomies around suitableloops. In the full theory, one 
an take the limit as the loop shrinks to zero and obtain a well-de�ned operator on di�eomorphism invariant states. The redu
ed model, by 
ontrast, failsto be di�eomorphism invariant and the operator diverges on HSgrav in the limit. Therefore,to obtain a well-de�ned operator, we used loops en
losing an area ao, the smallest non-zeroquantum of area in quantum geometry. The resulting operator 
an be regarded as a `good'quantization of the 
lassi
al 
onstraint fun
tion be
ause it has the 
orre
t 
lassi
al limit.The resulting quantum 
onstraint equation has novel and physi
ally appealing properties.First, it is a di�eren
e {rather than di�erential| equation and thus provides a `dis
rete timeevolution'. Se
ond, the 
oeÆ
ients in this di�eren
e equation are su
h that the `evolution'does not break down at the singularity; quantum physi
s does not stop at the big-bang! Thiso

urs without �ne tuning matter or making it violate energy 
onditions. Furthermore, whilein 
onsistent dis
rete models the singularity is often `avoided' be
ause dis
rete `time steps'are su
h that one simply leaps over the point where the singularity is expe
ted to o

ur[36℄, here, one 
an and does 
onfront the singularity head on only to �nd that it has beenresolved by the quantum `evolution'. Furthermore, these features are robust [6,7℄. However,near the big-bang, the state is `extremely quantum me
hani
al,' with large 
u
tuations.Thus, the 
lassi
al spa
e-time `dissolves' near the big-bang. In this regime, we 
an analyzethe stru
ture only in quantum me
hani
al terms; we 
an no longer use our 
lassi
al intuitionwhi
h is deeply rooted in spa
e-times and small 
u
tuations around them.In the Plan
k regime, the predi
tions of loop quantum 
osmology are thus markedly dif-ferent from those of standard quantum 
osmology based on geometrodynami
s. The originof this di�eren
e 
an be tra
ed ba
k to the fa
t that while loop quantum 
osmology makesa 
ru
ial use of the fundamental dis
reteness of quantum geometry, standard 
osmology isbased on a 
ontinuum pi
ture. One would therefore expe
t that the di�eren
e between thetwo would be
ome negligible in regimes in whi
h the 
ontinuum pi
ture is a good approxi-mation. We established two results to show that this expe
tation is indeed 
orre
t. First,there is a pre
ise sense in whi
h the di�eren
e equation of loop quantum 
osmology redu
esto the Wheeler-DeWitt di�erential equation in the 
ontinuum limit. Se
ond, in the regimefar removed from the Plan
k s
ale, solutions to the Wheeler-DeWitt equation solve the dif-feren
e equation to an ex
ellent a

ura
y. Thus, the quantum 
onstraint of loop quantum
osmology is modi�es the Wheeler-DeWitt equation in a subtle manner: the modi�
ation issigni�
ant only in the Plan
k regime and yet manages to be `just right' to provide a naturalresolution of the big-bang singularity.Next, let us re-examine the early papers on loop quantum 
osmology in terms of thepre
ise mathemati
al framework developed in this paper. In the present terminology, in theprevious dis
ussion one e�e
tively restri
ted oneself just to periodi
 fun
tions exp(in
=2),23



rather than almost periodi
 fun
tions exp(i�
=2) 
onsidered here. Thus the gravitationalHilbert spa
e HS;Pgrav 
onsidered there is the rather small, periodi
 sub-spa
e of the presentHSgrav. While this restri
tion did have heuristi
 motivation, it amounted to for
ing 
 tobe periodi
.9 From the geometrodynami
al perspe
tive, the extrinsi
 
urvature was madeperiodi
 (with a very large period) and it was then not surprising that the eigenvalues ofthe s
ale fa
tor (and hen
e also the volume) operator 
ould only be dis
rete. However, a
areful analysis shows that the restri
tion to periodi
 fun
tions 
an not be justi�ed: periodi
fun
tions fail to separate the symmetri
 
onne
tions. Thus, in the earlier treatments, thespa
e of 
on�guration variables was `too small' already at the 
lassi
al level and this led toan arti�
ial redu
tion in the size of the quantum state spa
e.In the analysis presented here, 
 is not periodi
. As a 
onsequen
e, the spe
trum of thevolume operator is the entire real line. Yet, there is dis
reteness in a more subtle sense:all eigenve
tors of the volume operator are normalizable. This is a dire
t 
onsequen
e ofthe fundamental premise of loop quantum gravity that the quantum Hilbert spa
e 
arrieswell de�ned operators 
orresponding to holonomies and not 
onne
tions themselves. In thefull theory, this feature does make the spe
tra of geometri
 operators dis
rete and theireigenve
tors normalizable. Be
ause of the homogeneity assumption, however, the �rst ofthese features is lost in loop quantum 
osmology but the se
ond does survive. The sur-prising and highly non-trivial fa
t is that this is suÆ
ient for several of the main results ofearlier papers to 
ontinue to hold: i) the inverse s
ale fa
tor is still bounded from above;ii) the Hamiltonian 
onstraint is again a di�eren
e equation; and, iii) the 
oeÆ
ients in thisequation are su
h that the singularity is resolved in the quantum theory. Furthermore, the
urrent analysis provided a systemati
 approa
h to verify that the 
onstraint operator Ĉ(�o)gravhas the 
orre
t 
lassi
al limit and made its relation to the Wheeler-DeWitt operator morepre
ise and transparent. However, as in earlier papers, the issue of �nding the inner produ
ton physi
al states is yet to be analyzed in detail. While the group averaging pro
edure[30,18,31℄ provides a natural avenue, a detailed implementation of this program has onlybegun. The issue of whether the `pre-
lassi
ality' 
ondition sele
ts unique quantum states,thereby providing a natural solution to the issue of initial 
onditions 
an be addressed sys-temati
ally only after one has a better 
ontrol on the physi
al Hilbert spa
e. Finally, thedis
ussion of se
tion IVC not only shows that the 
lassi
al Einstein's equation is re
overed inloop quantum 
osmology in an appropriate limit but it also provides a systemati
 approa
hto the problem of �nding quantum 
orre
tions to Einstein's equations.10 These 
orre
tions9In the symmetry redu
tion, one began with the general geometri
 theory of invariant 
onne
-tions and found that 
omponents of a homogeneous 
onne
tion transform as s
alars under gaugetransformations [33℄. One then used the only theory [34℄ of quantum s
alar �elds in the polymerrepresentation whi
h was then available. In retrospe
t, that theory is adapted to `sigma modeltype' s
alar �elds whi
h take values in U(1) rather than R. The theory for real-valued s
alar �eldswas developed only re
ently [35℄ and requires, as in the present paper, the Bohr 
ompa
ti�
ationof the real line.10There appears to be a rather general impression that Einstein's equations are not modi�ed in24



are now being worked out systemati
ally.We 
on
lude with a general observation. The way in whi
h the big-bang singularity isresolved has potentially deep impli
ations on questions about the origin of the universe. Forinstan
e, the question of whether the universe had a beginning at a �nite time is now `tran-s
ended'. At �rst, the answer seems to be `no' in the sense that the quantum evolution doesnot stop at the big bang. However, sin
e spa
e-time geometry `dissolves' near the big-bang,there is no longer a notion of time, or of `before' or `after' in the familiar sense. Therefore,stri
tly, the question is no longer meaningful. The paradigm has 
hanged and meaningfulquestions must now be phrased di�erently, without using notions tied to 
lassi
al spa
e-times. A similar shift of paradigm o

urred already with the advent of general relativity.Before Einstein, philosophers argued that the universe 
ould not have a �nite beginningbe
ause, if it did, one 
ould ask what there was before. However, this question pre-supposesthat spa
e-time is an eternal, passive arena and matter simply evolves in it. With generalrelativity, we learned that spa
e and time are `born with matter', when
e the question of`what was there before' is no longer meaningful. Loop quantum 
osmology brings about afurther shift of paradigm, weeding out 
ertain questions that seemed meaningful in 
lassi
algeneral relativity and requiring that they be repla
ed by more re�ned questions, formulatedin the 
ontext of quantum spa
e-times.A
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hr�odinger Institute.APPENDIX A: METHOD OF STEEPEST DESCENTIn this appendix, we will show that the method of steepest des
ent 
an be used toevaluate the right side of the Poisson resummation formula (4.19):Xn e��2(n�N)2f(n) = Xn Z e��2(y�N)2f(y) e2�iyn dy :loop quantum gravity. As our dis
ussion of IVC shows, this is not the 
ase. It is true that we simplypromoted the 
lassi
al Hamiltonian 
onstraint fun
tion to an operator. However, be
ause there isno dire
t operator analog of 
, this `quantization' is subtle and even on semi-
lassi
al (
oherent)states, sharply peaked at 
lassi
al 
on�gurations, the expe
tation value of the 
onstraint operatorequals the 
lassi
al 
onstraint fun
tion with small but very spe
i�
 quantum 
orre
tions. We expe
tthat the same pro
edure 
an be applied in the full theory to obtain quantum 
orre
tions to fullEinstein's equations. 25



Note �rst that the Fourier integral 
an be written asZ e��2(y�N)2f(y) e2�iyndy = N Z g(z) eNhn(z) dz ;where g(z) = f(Nz) is the 
ombination of volume eigenvalues, andhn(z) := ��2N(z � 1)2 + 2�inz :For large N , the integral 
an be evaluated by the method of steepest des
ent. For this,we have to �rst �nd the saddle points. In our 
ase, this amounts to �nding solutions z0 ofh0(z0) = �2�2N(z0 � 1) + 2�in = 0. This equation has a single solution, z0 = 1 + i�n=N�2.Steepest paths through z0 are de�ned by 
onstant imaginary part Imhn(z) = Imhn(z0). Ifwe write z = � + i� with real �; �, we obtain �2�2N(� � 1)� + 2�n� = 2�n, whi
h has thesolutions � = 1 or � = �n=�2N . We 
an now deform the original integration along the realline to an integration along the steepest path � = �n=�2N , i.e. z = t+ i�n=�2N with t real.Next, let us 
hange the integration variable to u by t = 1 + u=�pN su
h thatu2 = hn(z0) � hn(z) = �2N(t� 1)2 :With dz = du=�pN we obtainZ g(z) eNhn(z) dz = ��1N� 12 Z 1�1 g(t(u) + i�n=�2N) eN(hn(z0)�u2) du :So far, everything was exa
t. In order to be able to 
ompute the integral, we now usethe Taylor expansion:g(t(u) + i�n=�2N) = g(1 + u=�pN + i�n=�2N) = g(1 + i�n=�2N)+ug0(1 + i�n=�2N)=�pN + u2g00(1 + i�n=�2N)=�2N +O(u3=�3N 32 )Then, the integral 
an be evaluated approximately as:Z g(z) eNhn(z) dz = ��1N� 12 �g(1 + i�n=�2N) Z 1�1 eN(hn(z0)�u2)du+��2N�1g00(1 + i�n=�2N) Z 1�1 u2eN(hn(z0)�u2)du+ O(��4N�2 Z 1�1 u4eN(hn(z0)�u2)du)�= p���1N�1g(1 + i�n=�2N)e��2n2=�2+2�nN (1 +O((N�)�2)) ;where the 
orre
tions of order (N�)�2 are small be
ause d � N�o. (We assumed g00(z0) tobe of the same order as g(z0), whi
h is the 
ase for the fun
tions we are interested in here.)We 
an now return to the Poisson re-summation formula and 
ompute the sum:Xn e��2(n�N)2f(n) =Xn Z e��2(y�N)2f(y) e2�iyn dy = NXn Z f(Nz) eNhn(z) dz= p���1 Xn f(N + i�n=�2) e��2n2=�2+2�inN (1 +O((N�)�2))= p���1f(N)(1 +O(e��2=�2) +O((N�)�2))26



where, in the last step, we used the fa
t that terms with n 6= 0 are suppressed by theexponential be
ause �� 1.Finally, note that if we were interested only in the leading term, we 
ould have used asimpler method, approximating the sum on the left side of (4.19) by a Riemann integral.The more involved 
al
ulation presented here provides the orders of magnitude of 
orre
tionsand thus a better insight in to the nature of the approximation.
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