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DAMTP/94-69 to app. Proc. 1st Gursey Memorial Conf. Strings and Symmetries,Istanbul, June 1994.DUALITY PRINCIPLE AND BRAIDED GEOMETRYS. Majid1Department of Applied Mathematics & Theoretical PhysicsUniversity of Cambridge, Cambridge CB3 9EWAbstract We give an overview of a new kind symmetry in physics which exists be-tween observables and states and which is made possible by the language of Hopfalgebras and quantum geometry. It has been proposed by the author as a feature ofPlanck scale physics. More recent work includes corresponding results at the semi-classical level of Poisson-Lie groups and at the level of braided groups and braidedgeometry.Keywords: quantum groups { noncommutative geometry { braided geometry { inte-grable systems { Poisson structures { Mach principle { �-deformation { q-deformation1 IntroductionI did not know Feza G�ursey personally, but I would guess that he understood very well oneof the principles close to my own heart: the deep interdependence of theoretical physics andpure mathematics. A fairly conventional view, expressed neatly by Pierre Ramond in his talk,is that we theoretical physicists are probing into higher and higher energy scales building �nerand more accurate theories in the process. Some say that we can learn in this task from puremathematicians to supply us with the right conceptual structures, others say that they can learnfrom us to �nd examples. My own view, however, is more radical but I will try nevertheless tooutline it here and to re
ect it in my talk. The starting point is that after all Nature does not carewhat mathematics has been discovered until now. So it would be rather naive to think that themaths that we know now is going to be enough to reach higher and higher levels until we reachthe Planck scale or beyond to the ultimate theory of physics. Most likely if we did meet someonewho knew this ultimate theory of physics and asked them to tell us, we would not understanda word of it because of completely new mathematical concepts that are centuries from beinginvented. Put another way, we physicists should not only try to apply known or fashionablemathematics, we should be ready and willing to invent whatever we think Nature uses as we go1Royal Society University Research Fellow and Fellow of Pembroke College, Cambridge1



along in our search: we should be equally good pure mathematicians (in the creative sense, notnecessarily in terms of rigour) as we are calculators and applied ones. Sometimes one can forgetthat mathematics is about creating natural ideas and concepts, and not about theorems andlemmas per se, though these are how a mathematician knows that the concepts are worthwhile.Physicists have perhaps other intuitive ways of knowing what is worthwhile.Put another way, the naive view is that Nature exists and is out there, and maths exists andis out there, and we just have to apply the latter to describe the former. By contrast, I wouldlike to argue that the word `exists' is questionable in both cases, and that in fact each createsand justi�es the other as we climb to higher and higher energy scales in our understanding. Imean that Nature and Language (which for me means mathematics) de�ne each other and areat the very least interdependent.I would like to describe here how this philosophy works in my own approach to unifyingphysics, which includes, as for many physicists, the goal of unifying quantum mechanics andgravity. It concerns a new kind of geometry more general than Riemannian and powerful enoughto not break down in the quantum domain. Planck scale physics is the reason that I �rst becameinterested in Hopf algebras (quantum groups) and quantum or non-commutative geometry. Ithas nothing to do with the reason that quantum groups subsequently became very fashionableand important, which has more to do with work on inverse scattering and applications to knotand three-manifold invariants. It is gratifying that the same kind of new mathematics is emergingfrom all these di�erent directions. The goal in this lecture is to convince you, a general physicsaudience, of two things:a) There already is today a fairly complete theory of quantum geometry, at least as anew mathematical language. There are several approaches and the one I describe here andwhich I consider fairly complete is my own one which I called the braided approach (or braidedgeometry[1][2]). There are braided lines[3], planes[4], matrices[5][6], di�erentials and plane waves(exponentials)[7], Gaussians and integration[8], forms and epsilon tensors[9] and more knownin this approach in association which a general R-matrix, i.e. a general solution of the cele-brated quantum Yang-Baxter equations (QYBE). These equations are usually associated withthe quantum groups of Faddeev, Jimbo and Drinfeld[10][11][12] and these do indeed play a rolein the braided approach as a background covariance of our constructions, but not as the geom-etry itself. I will begin with the more conventional (but not so complete) approach in whichquantum groups are geometrical objects too, and then move on the systematic braided theory.This approach is quite di�erent also from the approach to non-commutative geometry comming2



out of the work of A. Connes and others.b) This new language of quantum or braided geometry does indeed make it possible toformulate new and previously unsayable concepts in theoretical physics. The duality principlewhich is the title of my lecture will be such a new concept. This in turn allows the possibility torealise this new concept experimentally and thereby to discover new and previously inconceivablephysical phenomena. This is what I mean by the deep interdependence of theoretical physics andpure mathematics. One can develop this point of view into a Kantian or Hegelian perspectiveon the concept of reality in physics[13].The new and previously unsayable physical phenomenon which I want to concentrate onhere is a generalisation of wave-particle duality or position-momentum symmetry. I wouldlike to formulate this mathematically as a consequence of something a bit deeper, which Icall a quantum-geometry transformation. This is the assertion that the symmetry algebra (orgeneralised momentum) of a system could also be isomorphic to the coordinate algebra of somegeometry. That geometry would be momentum space as a geometrical object. This is certainlypossible in 
at space where U(Rn) = C [p] = C (Rn): (1)Here U(Rn) is the enveloping algebra of the momentum generators p = fpig which is thesymmetry point of view, while C (Rn) is the algebra of coordinate functions fpig on momentumspace as a geometrical object. They are obviously isomorphic since both are polynomials inn-variables. In fact, this isomorphism is as Hopf algebras. The axioms of a Hopf algebra will begiven next in Section 2 but they have a coproduct map � which on the left is trivial (on the leftthe Lie algebra structure of Rn is re
ected in the product of the enveloping algebra). On theright the same generators are viewed as coordinates and have a coproduct which correspondsto addition in momentum space, while the algebra is the trivial one. So the isomorphism isperhaps remarkable. The right hand side is the way that we will always deal with geometry inthis lecture, in terms of the algebra of coordinates. It is a geometrical picture of momentumagainst a picture as di�erential operators @@xi .The algebra C (Rn) = C [x] as generated by position coordinates fxig is how we think ofposition space. So (1) allows us to think of the momentum in the same language as we think ofposition, but with p in the role of x. We can also say it in the reverse way,C(Rn) = C [x] = U(Rn) (2)whereby we think of xi = @@pi as di�erential operators on momentum space. This is wave-particle3



duality.As well as being isomorphic, the position and momentum are connected in a symmetricalway by this di�erentiation. This can be formulated as the assertion that the two Hopf algebrasC [x], C [p] are dually paired by h�(p);  (x)i= (�(@) )(0) (3)making them dual as Hopf algebras. An element of one de�nes a linear functional on the other.We will see the precise de�nition in Section 2 but it should be clear that the dual Hopf algebrato Rn is R̂n�=Rn again because Rn is a self-dual Abelian group. A basis and dual basis are�m1���mn = (p1)m1 � � �(pn)mn ;  m1���mn = xm11 � � �xmnnm1!m2! � � �mn! :The map (3) is the evaluation C [p]
 C [x] ! C as dual linear spaces. But there is also a canonicalelement called the coevaluation and de�ned simply as the element in C [x]
 C [p] correspondingto the identity map C [x] ! C [x] in the usual way since C [p] is dual to C [x]. In our case it is aformal powerseries (rather than living in the algebraic tensor product) and comes out ascoev =Xmi  m1���mn 
�m1���mn = ep�x: (4)This is a rather modern way of thinking about exponentials and Fourier theory, but one thatgeneralises well to quantum geometry[8].So conceptually, C [p] and C [x] are dual to each other, but they are also isomorphic (i.e.self-dual). This is our formulation of wave-particle duality. It works just as well for any self-dualAbelian group (such as Zn). It also works when the group is not self-dual but still Abelian.Then the Fourier conjugate space is the dual group, e.g. Ẑ= S1. The dual point of view withposition and momentum interchanged is no longer isomorphic but both are still possible and ina dual relationship.On the other hand, this duality phenomenon completely fails to get o� the ground when thesymmetry or generalised momentum group is non-Abelian. If g is a non-Abelian Lie algebraand we ask for a geometrical picture U(g) = C (?) (5)as functions on some ordinary manifold, we can never succeed simply because the left handside is non-commutative, while the pointwise multiplication of functions on a manifold on theright hand side is always commutative. So for a geometrical picture we need some more general4



non-commutative or quantum geometry. To give an elementary example, consider the sphereS2 with a standard Poisson bracket. Its Kirillov-Kostant quantisation is[xi; xi] = ��ijkxk ; Pi x2i = 1:This is just U(su2) modulo a `constant distance' relation. So at least in this case we can thinkgeometrically of U(su2) as a quantum space even though the xi are non-commuting coordinates.Moreover, with the greater generality of non-commutative or quantum geometry we can continueto pursue our position-momentum symmetry or duality phenomenon.AcknowledgementsThis work was prepared at the Erwin Schr�odinger Institute in Vienna. I would like to thank thesta� there for their encouragement and support. It was presented here in Istanbul and I thankthe organisers at the Bosphorus University for their excellent hospitality as well.2 What IS a Hopf algebra or quantum group?Probably the reader has seen the de�nition of a Hopf algebra or quantum group elsewhere.There are several points of view which, remarkably, all lead to the same set of axioms. Here Iwant to give the axioms from the duality point of view, which is the one that interests us here.In this case a Hopf algebra A is just an algebra equipped with further structure such thatthe dual linear space A� of functionals on A is also an algebra in a compatible way. In terms ofA this additional structure is a coproduct � : A ! A
A. It looks like a product but goes inthe opposite direction. While an algebra is of course associative, the coproduct is coassociative.These conditions are
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==where we also show axioms for an antipode or `linearised inverse' map S : A ! A. In addition,we require that � is an algebra homomorphism. We also require a counit map � : A! C obeying(�
 id) �� = id = (id
 �) ��.The nice thing about these axioms is their input-output symmetry: Turn them up-side-downand you get the same axioms with the roles of � and � interchanged! The counit axioms become5



the ones for the inclusion of the identity element C ! A which we usually take for granted.This input-output symmetry is a deep feature of quantum geometry in the form that comes outof Hopf algebras. For our present purposes we realise it as follows: If A is a Hopf algebra (say�nite-dimensional) then so is A�. The structures correspond according toh� ; ai= h�
 ;�ai; h�; abi = h��; a
bi; h�; Sai = hS�; aifor all �;  2 A� and a; b 2 A. In the non-�nite dimensional case we can still look for such aduality pairing between two Hopf algebras.Thus C [x] and C [p] are Hopf algebras which are dually paired in this way. The Hopf algebrastructure is �xi = xi
 1 + 1
xi; �xi = 0; Sxi = �xiand similarly for p. For a general function a(x) the coproduct �a(x) is a function of twovariables with value (�a)(x; y) = a(x+ y). So the coproduct expresses the addition law on Rnin terms of the co-ordinate functions. The addition law is of course the basis for the geometryof Rn.More generally if G is a suitably nice group there will be a Hopf algebra C (G) generated bycoordinates on G and again with a coproduct corresponding to the group law. If the group isnon-Abelian the geometry here typically has curvature. It corresponds to the output of � notbeing symmetric or cocommutative. We also have another Hopf algebra U(g) generated by theLie algebra of G. This is dual U(g) = C (G)�in the loose sense that we have a duality pairing between these Hopf algebras. Since envelopingalgebras are typically part of the algebra of quantum observables of a quantum system, we seethat Hopf algebras suggest a general principle that quantum theory and geometry are in a dualrelationship, implemented in the simplest case by Hopf algebra duality.When we look away from commutative examples such as C (G) we can still think of a Hopfalgebra as a generalisation of the functions on a group manifold, even when there is no manifoldin the usual sense. Likewise, when we look away from cocommutative examples such U(g) wecan still think of a Hopf algebra as like an enveloping algebra or a Lie algebra. Because theaxioms of a Hopf algebra are self dual, one algebraic concept contains both points of view. Thismeans that the category of Hopf algebras uni�es two concepts in physics: one linked to quantummechanics and the other to geometry. This is why the language of Hopf algebras opens up the6



possibility to solve (5) by generalising both sides slightly and why we call it a quantum-geometrytransformation.This also suggests that Hopf algebras are a natural category in which to develop some simplemodels in which quantum theory and gravity are uni�ed. This is the approach to Planck scalephysics introduced in the author's thesis[14][15][16][13] on the basis of the above duality consid-erations. Obviously a natural source of non-commutative algebras A is as quantum algebras ofobservables, which are non-commutative versions of the classical algebra of functions on phasespace. So we ask:� When is a quantum algebra of observables a Hopf algebra?� If so, what does it mean physically?The answer to the �rst question is that it happens quite often; demanding it is a non-trivialbut interesting constraint to put on a physical system. I will describe a large class of suchphysical systems associated to certain homogeneous spaces[14][16]. The answer to the secondquestion is two fold:(a) We now have geometry of phase space (in the crude form of a group law) even in thequantum setting, i.e. a uni�cation of quantum theory and geometry. A general quantum systemwould include in its algebra of observables the enveloping algebra U(g) for any generalisedmomentum generators; so to render such an algebra as like functions on a manifold involvesfor the momentum part exactly the quantum-geometry transformation (5). We now have non-commutativity coming from the momentum-position cross relations which we also have to dealwith quantum geometry.(b) We have the possibility of a new kind of symmetry in physics in which we reinterpretA� as the algebra of observables of a dual system, and A � A�� as containing the states of thedual system. Thus we think of h�; ai = �(a) =Xi �ih�ijaj�iias the expectation value of observable a in mixed state � =P�ih�ij j�ii while the dual systemconsiders the same number as h�; ai = a(�), the expectation value of the dual-observable � in thedual-state a. Note that we work with states in the usual way in mathematics as (say positive)linear functionals on the algebra of observables. These are typically convex linear combinationsof expectations against Hilbert-space states, as indicated here. Thus we have the possibility of7



a second physical system with observables A� dual to our original one. This is a rather radicalphenomenon in the quantum world which we propose to call observable-state or micro-macroduality[16][15]. It is also connected as we have seen with input-output symmetry, a point whichis developed further in [17].The simplest example in 1 dimension is the Hopf algebra C [x]I/C [p] generated by x; p withthe relations and Hopf structure[15][18][p; x] = �AB (1� e�Bx); �x = x
 1 + 1
x; �p = p
 e�Bx + 1
 p�x = �p = 0; Sx = �x; Sp = �peBxdepending on two real parameters A;B. It is the most general solution of the problem in 1-dimensions within the bicrossproduct construction in the next section. If we identify ~ = �ABwe have a deformation of usual quantum mechanics. If we keep p as a conserved momentum andkeep Hamiltonian �p22m so that the particle is in free-fall then the modi�ed commutation relationresults in modi�ed dynamics. We use conventions in which p is antihermitian, i.e. �{pm is thevelocity. Then dxdt = {~ [� p22m; x] = (�{pm )(1� e�Bx) +O(~); dpdt = 0:Hence if we consider a particle falling in from 1 we see that as the particle approaches theorigin x = 0 it goes more and more slowly. In fact, it takes an in�nite amount of time toreach the origin, which therefore behaves in some ways like a black-hole event horizon. Thisanalogy should not be pushed too far since our present treatment is in nonrelativistic quantummechanics, but it gives us an estimate B = c2MG as introducing the distortion in the geometrycomparable to a gravitational mass M . Here G is Newton's constant.On the other hand we get a commutative algebra if we take the limit ~ ! 0. In this caseC [x]I/C [p]�=C (R.<R) where R.<R has a non-Abelian group law corresponding to the coproductabove. It has curvature related to B. Combining with the above we see that our Hopf algebrahas two limits[15][18]:C [x]I/C [p] ���1PPPq C [x]>/C [p] usual quantum mechanicsC (X) usual curved geometrymM � m2PmM � m2PwheremP is the Planck mass. In the �rst limit the particle motion is not detectably di�erent fromusual quantum mechanics outside the Compton wavelength from the origin. Of course, there isstill a singularity in our model right at the origin. In the second limit the non-commutativitywould not show up for length scales larger than the background gravitational scale set by M .8



This demonstrates our goal of unifying quantum mechanical and gravitational e�ects within asingle model.The dual Hopf algebra is generated by linear functionals �;  de�ned byh�; : a(x; p) :i = (@a@x)(0; 0); h ; : a(x; p) :i = (@a@p)(0; 0)where : a(x; p) := P an;mxnpm is the normal-ordered form of a function in the two variablesx; p. Then we have[ ; �] = ~�1(1� e�A ); �� = �
 1 + e�A 
�; � =  
 1 + 1
 �� = � = 0; S� = �eA �; S = � which is of just the same type as the above:(C [x]I/C [p])� = C [�].JC [ ]�=C [p].JC [x]:So this particular Hopf algebra is self-dual. It means that the observable-state duality is indeedrealised in this model, the dual quantum system being of a similar form. This is a new kindof symmetry principle which one can propose as a speculative idea for the structure of Planckscale physics[16].3 Bicrossproduct Hopf algebrasThe example at the end of the last section is one of a large class of bicrossproduct models[16]which we describe now. We consider �rst the �nite group case and then move on to the Lieversion.The data for the bicrossproduct construction is a group factorisation. This means a groupX with subgroups G;M � X such that G � M ! X given by multiplying within X is anisomorphism. In this case multiplying in the group and projecting down to M and G givesmutual actions / :M �G!M; . :M �G! Gfrom the right and left respectively, obeyings/e = s; (s/u)/v = s/(uv); e/u = e; (st)/u = (s/(t.u)) (t/u)e.u = u; s.(t.u) = (st).u; s.e = e; s.(uv) = (s.u) ((s/u).v) (6)for all u; v 2 G and s; t 2 M . The �rst two in each line say that we have an action, and thesecond say that the action is almost by automorphisms, but twisted by the other action.9



This data is just what it takes to obtain a Hopf algebra C (M)I/CG built on the vector spacewith basis G�M . We write the basis elements as labelled squares s tuu = ss.utuu s/u where theconvention is that if we label the left and lower edges then the other two are labelled by thevalues transformed by the actions .; /. In this notation, the Hopf algebra structure is[18]
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s,eThe product consists of gluing the squares horizontally whenever the edges are suitably matched.The coproduct by contrast consist of ungluing vertically, i.e. it is the sum of all pairs of squareswhich when glued vertically would give the square we began with. The dual Hopf algebra is(C (M)I/CG)� = CM.JC (G) and has just the same form with vertical gluing and horizontalungluing. The roles of .; / and G;M are interchanged.In mathematical terms the algebra here is a cross product algebra. This is a more or lessstandard way to quantise particles moving under the action of a group[19][20]. In nice cases theaction / of G onM induces a metric with the particle then moving on geodesics. The Lie algebrag of G plays the role of momentum since its elements generate the geodesics or 1-parameter 
ows.This works for any action /. The main result of [14] is that if in this setting of particles onhomogeneous spaces there is a backreaction . obeying (6) then the resulting quantum algebraof observables is a Hopf algebra. Not every action /, i.e. not every homogeneous space, admitssuch a backreaction, i.e. it is a strong constraint on the system. We have seen the 
avour of theconstraint in the example C [x]I/C [p]: it forces non-linear dynamics. One can think of it withinthis class of models as some kind of `Einstein's equation'[16] since it is an (integrated) secondorder constraint on /. We see then that the duality principle which leads us to look for a Hopfalgebra structure of this type forces something a bit like Einstein's equation.Note that we gave the Hopf algebras above for �nite groups, while for physics we needto work with Lie groups and topological spaces. This can be done with Hopf-von Neumannalgebras[21] as well as algebraically in the form C (M)I/U(g) with dual U(m).JC (G) where g;mare the respective Lie algebras. There are examples for all g compact semisimple, with m = g?opa suitable solvable Lie algebra coming from the Iwasawa decomposition[22].For the simplest 3-dimensional example we take g = su2 and M = SU(2)?op. ThenC (SU(2)?op)I/U(su2) is generated by position co-ordinates fx1; x2; x3; (x3+1)�1g and su2 gen-10



erators fe1; e2; e3g with[xi; xj] = 0; �xi = xi
 1 + (x3 + 1)
xi; �xi = 0; Sxi = � xix3+1[ei; ej ] = �ij kek ; [ei; xj ] = �ij kxk � �ij32 x2x3+1 ; �ei = 0�ei = ei
 1x3+1 + e3
 xix3+1 + 1
 ei; Sei = e3xi � ei(x3 + 1):That this is a Hopf algebra is rather hard to check directly, and is best done via the theoryabove. We start with the action ei.xj = �ijk(xk � �k32 x2x3 + 1)of su2 on C (SU(2)?op) induced by / above, and then make a cross product C (SU(2)?op)>/U(su2)to obtain the algebra. For the coalgebra we follow the dual construction: we construct from .in (6) a coaction �(ei) = ei
 1x3 + 1 + e3
 xix3 + 1and make a cross coproduct construction C (SU(2)?op)I<U(su2) to obtain �. The axioms fora coaction � here are like the axioms for an action but with the arrows reversed. For experts,there is also a �-structure e�i = �ei and x�i = xi making the above into a Hopf �-algebra. Wegave the Hopf-von Neumann algebra version in [21].The manifold SU(2)?op is the region fs 2 R3; s3 > ��1g equipped with a deformed (non-Abelian) group law[16][22]. The action / is a deformation of the usual action of su2 by rotations.Its orbits are non-concentrically nested spheres in this region, accumulating as s3 = �1. Particlesquantised on these orbits are described by the above Hopf algebra. It is a deformed quantumtop. The dual system consists of the Lie algebra su?op2 acting on the group manifold SU(2) withorbits which are in fact the symplectic leaves in SU(2) for the Sklyanin bracket, i.e. an equallyinteresting system.Recently, a four dimensional example similar to this one has been found in [23] with M anon-Abelian version of R1;3 and g = so(1; 3). Writing fx�g for the position-coordinates andfNi;Mig for the Lorentz generators we have the Hopf algebra U(so(1; 3)).JC (M) as [23][x�; x� ] = 0; [Mi;Mj ] = �ij kMk ; [Ni; Nj] = �ijkNk; [Mi; Nj] = 0[x0;Mi] = 0; [xi;Mj] = �ijkxk[x0; Ni] = �xi; [xi; Nj] = ��ij ��2 (1� e� 2x0� ) + x22��+ xixj��x0 = x0
 1 + 1
 x0; �xi = xi
 1 + e�x0� 
 xi�Mi =Mi
 1 + 1
Mi; �Ni = Ni
 1 + e�x0� 
Ni + �ijk� xj 
Mk11



along with a suitable counit, antipode and �-structure. According to the above, we consider thisthe quantum algebra of observables of a system consisting of particles moving in orbits in ourcurved R1;3 under a deformed Lorentz transformation.On the other hand, it is obvious that both this example and the preceding R3 example from[16][22][21] could be considered instead as deformed enveloping algebras of 3-dimensional or4-dimensional Poincar�e Lie algebrasC (SU(2)?op)I/U(su2) � U�(p3); U(so(1; 3)).JC (M)�=U�(p(1; 3)):In the �rst case we introduce a parameter � in the formulae above. In the second case werecover a Hopf algebra isomorphic[23] to the �-deformed Poincar�e Hopf algebra introduced byother means in [24]. We regard the xi or x� generators now as momentum generators. Thisdemonstrates once again the quantum geometry transformation (5), this time dualising theinterpretation of the position co-ordinates to view them as momentum.4 Bicrossproduct Poisson structures and Lie bialgebrasThis section announces new material in which we look at the above ideas at the semiclassicallevel. The semiclassical notion of a Hopf algebra is a Poisson-Lie group. At the Lie algebra levelit is a Lie bialgebra[25]. These notions are useful in the theory of classical inverse scatteringwhere Lie algebra splittings lead to solutions of the Classical Yang-Baxter equations. Theexamples we give in this section are however, quite di�erent from this standard theory: theyare by contrast the actual Poisson brackets whose quantisation is the bicrossproduct quantumalgebras of observables described in the last section. The latter are likewise far removed fromthe usual quantum groups Uq(g) of Drinfeld and Jimbo, being a di�erent origin of quantumgroups and Hopf algebras as coming out of ideas for Planck scale physics in [16]. Further detailsof the results in this section will be given in [26, Chapter 8].Brie
y, a Lie bialgebra is a Lie algebra g such that g� is also a Lie algebra in a compatibleway. In terms of g it means that there is an additional structure � : g ! g
 g called the Liecobracket and required to obey� = �� � �; (id
 �) � �� + cyclic = 0; �([�; �]) = ad�(�)� ad�(�) (7)for all �; � 2 g. Here � is the usual transposition and ad is the adjoint action extended to g
 gas a derivation. The dual of a �nite-dimensional Lie bialgebra is also a Lie bialgebra with therole of [ ; ] and � interchanged. 12



The last condition in (7) can be understood as Lie algebra cocycle. Hence if G is a connectedsimply connected Lie group with Lie algebra g then � exponentiates to a a group cocycle D :G! g
 g. This in turn de�nes a Poisson bracket on G byff; gg(u) = (R�D)(f 
 g)(u); 8f; g 2 C1(G)where R�u is the right translation g = TeG ! TuG applied to the tensor square g
 g to givethe tensor-�eld R�D. We evaluate this 2-tensor �eld as a di�erential operator on the functionsf and g. This is the geometrical meaning of a Lie bialgebra[25]. It corresponds to a class ofPoisson brackets on the group manifold. The Poisson brackets in this class behave well withrespect to the group product.We �nd such a structure now in the semiclassical part of our bicrossproduct Hopf algebras.These are quantisations of C1(X) where X is the classical phase space and in our case is a Liegroup corresponding to the coproduct structure. The commutator in our quantum algebra ofobservables to lowest order in ~ gives us the Poisson bracket. To describe the result let us startwith the bicrossproduct data (6) in Lie algebra form. This data is a pair g;m of Lie algebrasacting on each other by / : m
 g! m; . : m
 g! gobeying the matching conditions[15][�;  ].� = �.( .�)�  .(�.�); �/[�; �] = (�/�)/� � (�/�)/��.[�; �] = [�.�; �] + [�; �.�] + (�/�).� � (�/�).�[�;  ]/� = [�/�;  ] + [�;  /�] + �/( .�)�  /(�.�) (8)for all �; � 2 g and �;  2 m.It was shown in [22] that subject to a completeness condition for some resulting vector �elds,such Lie algebras acting on each other exponentiate to Lie groups as in (6). Moreover, we havesuch a pair whenever a Lie algebra splits as a vector space into sub-Lie algebras g;m. Thisbigger Lie algebra is reconstructed as a double cross sum g./m it is built on g�m with the Liebracket in [15]. It is generated by g;m as sub-Lie algebras and the cross-bracket[�; �] = �.� + �/�:The construction can be useful for generating more and more solutions of (8) in view of theproposition: 13



Proposition 4.1 Let (g;m; /; .) be a Lie algebra matched pair as in (8). Then (gop�m; g./m)is also a Lie algebra matched pair, where g./m acts by the left adjoint action and gop �m actsby �/ for the action of gop and �. for the action of m.Explicitly, gop is g with the negated Lie bracket. The action of g./m and matching `backreaction'of gop �m are (� � �).(� �  ) = ([�; �]+ �.� �  .�)� ([�;  ] + �/� �  /�)(� � �)/(� �  ) = (� .�)� (��/�)when both are built on the vector space g�m, using the Lie brackets of g;m and the originalactions. These new actions obey (8) for our bigger system. We then obtain a new Lie algebra(gop �m)./(g./m), a construction which can clearly be iterated.By contrast to these double cross sum Lie algebras, we now obtain from the same data (8)a Lie bialgebra.Proposition 4.2 Let (g;m; /; .) be a Lie algebras matched pair as in (8). There is a bicross-sum Lie bialgebra m�I/g generated by m� with zero Lie bracket, g and the cross relations andLie coalgebra [�; f ] = �.f; �f = hf; [ea; eb]iea
 eb; �� = ea.�
 ea � ea
 ea.�for all f 2 m� and � 2 g. Here feag is a basis of m and feag a dual basis.This is built as a vector space on m� � g with the Lie bracket etc., de�ned by the above onthe two components. The proof is a matter of some detailed calculations to check the axioms(7) for a Lie bialgebra. To explain this construction in detail one has to introduce the notion ofLie bialgebra coactions � dual to the notion of a Lie algebra action. Then the Lie bracket is theusual semidirect sum Lie bracket for the action of g on m� induced by /, while the cobracket �is a co-semidirect sum by a Lie coaction � induced by .. The dual Lie bialgebra is(m�I/g)� = m.Jg�built in an analogous way as another bicross-sum with the roles of m; g interchanged.These constructions, like g./m, all have generalisations to the case when g;m are Lie bial-gebras to begin with. This more general theory is the semiclassical part of the double crossproduct and bicrossproduct of general Hopf algebras in [15, Sec. 3]. We do not try to cover ithere, but see [26]. Instead, we give some examples of Proposition 4.2 and its dual.14



For the �rst bicrossproduct example in Section 3, the Lie algebra data is as follows. We haveg = su2 = feig and m = su?op2 = fxig say, with[x1; x2] = 0; [x3; x1] = x1; [x3; x2] = x2 (9)xi/ej = �ijkxk ; xi.ej = e3�ij � �i3ej (10)which solve (8). Both Lie algebras here are 3-dimensional and m.Jg� is six-dimensional. It hasthe structure (9) and [ei; ej ] = 0; [xi; ej ] = �i3ej � ei�j3�ei = �ijkej 
 ek; �xi = �ijk(ej 
 xk � xk 
 ej)where feig is a dual basis to the su2 basis. Its associated Lie group is a six-dimensional man-ifold X on which the cobracket � de�nes a natural Poisson structure as explained above. Itsquantisation is the bicrossproduct Hopf algebra in Section 3. From another point of view, thesame Hopf algebra is a deformation of the enveloping algebra of a 3-dimensional Poincar�e Liebialgebra m�I/g with structure from Proposition 4.2 given by[xi; xj ] = 0; [ei; ej ] = �ij kek ; [ei; xj ] = �ij kxk�xi = x3
 xi � xi
 x3; �ei = e3
 xi � xi
 e3 + x3
 ei � ei
x3where fxig is a dual basis to the fxig.The same theory applies to the example at the end of Section 3. We have g = so(1; 3) =fMi; Njg and m = fx�g say, with[23][xi; xj ] = 0; [xi; x0] = xi (11)Mi/x0 =Mi/xj = 0; Ni/x0 = �Ni; Ni/xj = �ijkMkMi.x0 = 0; Mi.xj = �ijkxk; Ni.x0 = ��ijxj ; Ni.xj = ��ijx0: (12)One can check that (m; g; /; .) is again a Lie algebra matched pair. The Lie bialgebra g�I/m isten-dimensional and has the structure from Proposition 4.2 given by (11) and[M i;M j ] = [N i; N j] = [M i; N j] = [xi; N j] = [x0;M i] = 0[x0; N i] = �N i; [xi;M j] = �ijkNk; �N i = �ijkN j 
Nk�M i = �ijkM j 
Mk; �x0 = (N i
 xj � xj 
N i)�ij�xi = N i
 x0 � x0
N i + �ijk(M j 
xk � xk 
M j)15



where fN i;M ig are a dual basis to the Lorentz basis. Its associated Lie group is a ten-dimensional manifold X on which the cobracket � de�nes a natural Poisson structure as ex-plained. Its quantisation is the bicrossproduct Hopf algebra at the end of Section 3. Fromanother point of view, the same Hopf algebra is a deformation of the enveloping algebra of a4-dimensional Poincar�e Lie bialgebra g.Jm� with structure[x�; x� ] = [x0;Mi] = [Mi; Nj] = 0; [Mi;Mj ] = �ijkMk; [Ni; Nj] = �ij kNk[xi;Mj] = �ijkxk; [xi; Nj] = ��ijx0; [x0; Ni] = �xi�x0 = 0; �xi = xi
 x0 � x0
xi�Mi = 0; �Ni = Ni
 x0 � x0
Ni + �ijk(xj 
Mk �Mk 
 xj)where fx�g is a dual basis to the fx�g.5 Braided Geometry and q-Minkowski spaceNow we outline another and more complete approach to quantum geometry which has emergedrecently in [1][5] and subsequent works by the author and collaborators. In this approach thedeformation of usual geometry is not connected conceptually with quantisation, but with braidstatistics. We want to explore our Hopf algebra duality ideas in this context as well.The idea of this braided geometry is to start with super-geometry and replace the its usualBose-Fermi statistics �1 by something more general. This can be an arbitrary factor q [27] ormore generally it can be a matrix solution R of the quantum Yang-Baxter equation (QYBE).This equation is connected historically with quantum groups[10] and quantum inverse scattering,but we will not use it in this historical way. I.e., this is a new approach to q-deformation. Thereare already two big reviews by the author[2][28] so we shall be brief.The starting point for braided geometry is the concept of a braided group[1]. In mathematicalterms a braided group B is de�ned like a Hopf algebra or quantum group as in Section 2, butthe coproduct � : B ! B 
B is no longer multiplicative as it was there. Instead, it is braided-multiplicative in the sense�(ab) = (�a)(�b); (a
 c)(b
d) = a	(c
 b)d (13)for all a; b; c; d 2 B. In diagrammatic form we use an operator 	 = : B
B ! B
B calledthe braiding in those places where diagrammatically we would need to write a braid crossing,i.e. in those places where there is a transposition in our constructions. We are working in fact16



in a kind of braided mathematics. The familiar case on which we model everything is the supercase where 	(c
 b) = b
 c(�1)jcjjbjon homogeneous elements of degree j j.The simplest new example is the braided line B = C [x] with structure�x = x
 1 + 1
 x; �x = 0; Sx = �x; 	(xm
 xn) = qmnxn
 xmThe new part is 	 and means for example that�xm = mXr=0[mr ; q]xr
 xm�r; [mr ; q] = [m; q]![r; q]![m� r; q]!; [m; q] = 1� qm1� qwhich is the origin in braided geometry of the q-integers [m; q] familiar in working with q-deformations.The next simplest example is the braided plane B generated by x; y withyx = qxy; �x = x
 1 + 1
x; �y = y
 1 + 1
 y�x = �y = 0; Sx = �x; Sy = �y	(x
 x) = q2x
x; 	(x
 y) = qy
 x; 	(y
 y) = q2y
 y	(y
 x) = qx
 y + (q2 � 1)y
 xThe algebra here is sometimes called the `quantum plane'; the new part is the coproduct � andthe braiding 	. The latter is the same one that leads to the Jones knot polynomial in a morestandard context.The general construction of which these are examples is associated to a pair of invertiblematrices R;R0 2Mn
Mn obeyingR12R13R23 = R23R13R12R12R13R023 = R023R13R12; R012R13R23 = R23R13R012(PR+ 1)(PR0 � 1) = 0; R21R0 = R021Rwhere P is the permutation matrix and R12 = R
 id in M
 3n , etc. Given such data we de�nethe associated braided covector algebra B with generators fxig as[4]xixj = xbxaR0aibj ; i:e:; x1x2 = x2x1R0�xi = xi
 1 + 1
 xi; �xi = 0 Sxi = �xi	(xi
 xj) = xb
 xaRaibj ; i:e:; 	(x1
x2) = x2
x1R:17



We use here and below a shorthand notation where the su�ces on bold-face vectors etc., referto the position of the indices in a tensor product of matrices.We can proceed to develop geometry in this general setting, starting with this �, whichwe call `coaddition' since it has the additive form. We can bring this out by using a notationx � x
 1, x0 � 1
x. In our braided tensor product in (13) these two do not commute butrather obey the braid-statistics x01x2 = x2x01Rcorresponding to 	. The braided-homomorphism property of � is then just the statement thatx00 = x+x0 obey the same relations of B provided we use these braid statistics between our twoindependent copies.In this notation, we de�ne braided-di�erentiation as[7]@if(x) = �a�1i (f(a+ x)� f(x))�a=0 � coe� of ai in f(a+ x)and �nd that these operators obey the relations @1@2 = R0@2@1 of a braided vector algebra. Thisis de�ned like our covectors B but with upper indices. We have a a braided-Leibniz rule@i(bc) = (@ib)c+ �	�1(@i
 b)c; 8b; c 2 Bwhere there is a natural braiding between vectors and covectors de�ned also by R. In braidedgeometry all independent objects enjoy braid statistics with respect to each other.On monomials the braided di�erentiation comes out as@i(x1 � � �xm) = ei1x2 � � �xm [m;R]1���mwhere ei is a basis covector (ei)j = �ij and[m;R] = 1 + (PR)12 + (PR)12(PR)23 + � � �+ (PR)12 � � � (PR)m�1;mis a certain braided integer matrix[7]. In the 1-dimensional case the latter become the usual[m; q] and @i becomes the celebrated Jackson q-derivative. Using the braided integers we cande�ne braided-binomial coe�cient matrices[7] from which the coproduct of xi1 � � �xim can berecovered much as in the 1-dimensional case above.It is also possible to de�ne a braided-exponential or `plane wave' following the same lines asin (4): we de�ne a pairing between the braided covectors and vectors of the form (3) with @ thebraided one, and de�ne exp to be the corresponding coevaluation as a formal powerseries. It is aneigenfunction of the @i as well as an eigenfunction with respect to braided di�erentiation @@pi . We18



have a braided wave-particle duality. Note that if the braided integer matrices are all invertiblethen exp takes a simple form using ([m;R]!)�1 in the powerseries. In the one-dimensional casewe recover the celebrated q-exponential P1m=0 xmpm[m;q]! .We can also de�ne a braided Gaussian[8] as the solution g� of the equation@ig� = �xa�aig�; �(g�) = 1again as a formal powerseries. Here �ij is a braided metric de�ned in such a way that xa�aibehaves like a braided vector. It obeys a number of identities with R;R0. If � obeys some furtheridentities, the Gaussian takes a nice form involving the 1-dimensional q-exponential of xjxi�ij.One can also de�ne translation-invariant integration R . More precisely, it turns out to bemore natural to de�ne a linear functional Z : B ! C where[8]Z [f(x)] = �Z f(x)g���Z g���1 ; Z [xi] = 0; Z [xixj ] = �baRaibj�2etc. Here � is a certain constant depending on R, the quantum group normalisation constant[29].Finally, we add to our assumptions on R the additional equationsR12R013R023 = R023R013R12; R012R013R23 = R23R013R012R012R013R023 = R023R013R012which gives a kind of symmetry R$� R0. Using it, we can de�ne forms �i = dxi as like theabove braided covectors but with �R in place of R0. This leads to the relationsdx1dx2 = �dx2dx1R; x1dx2 = dx2x1Rd(dxi1 � � �dxipf(x)) = dxi1 � � �dxipdxa @@xaf(x)for exterior di�erentials in the braided approach. As this point we make contact with similarformulae for dxi imposed in other approaches[30] by consistency arguments. We also de�ne theepsilon tensor as[9] �i1i2���in = @@�i1 � � � @@�in �1 � � ��n = ([n;�R0]!)in���i112���nwhere we braided-di�erentiate in form-space.This is our survey of braided geometry. We also have a natural candidate in this approachfor braided-Minkowski space. We just use the braided matrices B(R) introduced in [5] withgenerators fuijg and relations R21u1Ru2 = u2R21u1R. These relations can be put in the formof a braided covector space with uI = ui0 i1 in a multi-index notation and R0 a suitable matrix19



built from R. We did this in [5] while the correct R for the additive braiding 	 was found by U.Meyer in [31] and corresponds to the braid statistics R�1u01Ru2 = u2R21u01R. It assumes thatR obeys a certain Hecke condition. There is also a third matrix R� corresponding to a di�erentbraiding 	 needed for a braided group with multiplicative �u = u
u as introduced in [5]. Inshort, we have natural matrix-like braided groups with both coaddition and comultiplication.Moreover, for R obeying a certain reality condition, there is a natural �-structure de�ned byuij� = uj i, i.e. our braided matrices are hermitian[32]. Then it is obvious that 2 � 2 braidedhermitian matrices using, for example, the standard Jones polynomial R-matrix are a goodde�nition of q-Minkowski space. It has four generators u = �a bc d� and relationsba = q2ab; ca = q�2ac; da = ad; bc = cb+ (1� q�2)a(d� a)db = bd+ (1� q�2)ab; cd = dc+ (1� q�2)ca:Previously [33][34] proposed a similar algebra as q-Minkowski space on the basis of tensoringtwo copies of the quantum plane as spinors. The braided approach on the other hand meansthat we get all the structure above: braid statistics, coaddition, di�erentiation, exponentiation,Gaussians, integration, forms and the epsilon tensor. We refer to the literature and the review[28] for details. See also[35][36].Finally, we return to the braided theory and ask about braided-Lie algebras and braided-enveloping algebras. There is such a theory introduced by the author and based on the axioms[37]
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[ , ]where our braided Lie-algebra L has a bracket [ ; ] and an additional `sharing out' map � whichwe usually take for granted when working with ordinary Lie algebras. There is also a map �.We refer to [37] for details and for the theorem that every braided-Lie algebra has a universalenveloping braided group U(L). Also in [37] is a general class of examples of the formL = spanfuijg; �u = u
u; [u1; Ru2] = R�121 u2R21R	(R�1u1
Ru2) = u2R�1
u1R:One has U(L) = B(R) for this braided-Lie algebra. We can also generate it by the generators�ij = uij � �ij ; R21�1R�2 � �2R21�1R = R21R�2 � �2R21R:20



Again the Jones polynomial R-matrix can be fed into this construction and gives us the braided-Lie algebra gl2;q. It has basis h; x+; x�; 
 with braided-Lie bracket[h; x+] = (q�2 + 1)q�2x+ = �q�2[x+; h][h; x�] = �(q�2 + 1)x� = �q2[x�; h]; [x+; x�] = q�2h = �[x�; x+][h; h] = (q�4 � 1)h; [
;8<: hx+x� ] = (1� q�4)8<:hx+x�and zero for the others. We see that as q ! 1 the 
 mode decouples and we have the Lie algebrasu2 � u(1), but for q 6= 1 these are uni�ed. On the other hand, the enveloping bialgebra U(L)comes out as the isomorphism[37]U(gl2;q)�=R1;3q ; 0BB@ hx+x�
 1CCA = (q2 � 1)�10BB@ a� dcbq�2a+ d� (q�2 + 1)1CCAwhich is another example of a quantum-geometry transformation, now in our braided setting!What is remarkable about this is that when q ! 1 the left hand side is the enveloping algebraof su(2) � u(1) and is non-commutative, but the right hand side is the coordinate algebra ofMinkowski space and becomes commutative, i.e. the isomorphism is only possible in the braidedq 6= 1 world! Such an isomorphism between two of the key ingredients of the standard model inparticle physics suggests a deep application of q-deformation in this context.References[1] S. Majid. Braided groups and algebraic quantum �eld theories. Lett. Math. Phys., 22:167{176, 1991.[2] S. Majid. Beyond supersymmetry and quantum symmetry (an introduction to braidedgroups and braided matrices). In M-L. Ge and H.J. de Vega, editors, Quantum Groups,Integrable Statistical Models and Knot Theory, pages 231{282. World Sci., 1993.[3] S. Majid. Anyonic quantum groups. In Z. Oziewicz et al, editor, Spinors, Twistors, Clif-ford Algebras and Quantum Deformations (Proc. of 2nd Max Born Symposium, Wroclaw,Poland, 1992), pages 327{336. Kluwer.[4] S. Majid. Braided momentum in the q-Poincar�e group. J. Math. Phys., 34:2045{2058, 1993.[5] S. Majid. Examples of braided groups and braided matrices. J. Math. Phys., 32:3246{3253,1991. 21
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