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hwarz inequalityAnthony CarberyThe University of EdinburghMay 19, 20031 Introdu
tionLet X1; ::::; Xn be measure spa
es, and K : X1 � :::::�Xn ! Ra non-negativemeasurable fun
tion. De�ne, for 1 � j � n;Aj(sj) = Z K(x1; x2; :::; xj�1; sj; xj+1; :::; xn)dx1:::
dxj:::dxn :(We use simply dxi; dyi et
. to denote integration on the measure spa
e Xi; andthe `^' signi�es omission.) Also, for 1 � j � n� 1; de�neBj(sj ; sj+1) = Z K(x1; x2; :::; xj�1; sj ; sj+1; xj+2; :::; xn)dx1dx2:::
dxj
dxj+1::::dxn:Finally, de�ne the fun
tional Qn byQn+1n (K) = Z A1(s1)B1(s1; s2):::::Bn�1(sn�1; sn)An(sn)ds1::::dsn:It is more suggestive, but notationally more 
umbersome, to write Qn+1n (K) asZ K(s1; x02; ::::::::::; x0j; :::::::::::::::::::; x0n)K(s1; s2; ::::::::::; x1j; ::::::::::::::::::::; x1n)...K(xj1; xj2; ::::::::::; sj; sj+1; :::::::::::; xjn)...K(xn�11 ; xn�12 ; :::::::::::::::::::::::; sn�1; sn)K(xn1 ; xn2 ; :::::::::::::::::::::::::::; xnn�1; sn)where the integration is performed over all visible variables. Brie
y, with then(n + 1) variables xjk (0 � j � n; 1 � k � n); we 
ontra
t on the variablesxjj+1 = xj+1j+1 = sj+1; 0 � j � n� 1 before integrating.1



Our multilinear generalisation of the Cau
hy-S
hwarz inequality is the fol-lowing:Theorem With K as above and fj : Xj ! Rnonnegative measurable fun
-tions, thenZ K(x1; :::; xn)f1(x1)::::fn(xn)dx1:::dxn � Qn(K) kf1kn+1 ::::: kfnkn+1 :Sin
e when n = 1; Q1(K) = kKk2 ; we re
over the Cau
hy-S
hwarz inequality;when n = 2 we obtainZ K(x1; x2)f1(x1)f2(x2)dx1dx2� �Z K(s; �)K(s; t)K(�; t)dsdtd�d��13 kf1k3 kf2k3(whi
h is in fa
t also an elementary inequality). For extensive remarks on thesigni�
an
e of the fun
tional Qn; 
omparisons with more standard measures ofsize of K; and on the theorem itself, see Se
tion 3 below.The spe
ial 
ase of the theorem 
orresponding to ea
h Xi being a probabilityspa
e, and fi � 1 on Xi; was proved by elementary means in [C℄. Upon 
hasingnormalisations, this gives the theorem when ea
h fi is the 
hara
teristi
 fun
tionof a measurable set; that is, if we repla
e the Ln+1 norms on the right-hand sideby the Lorentz norms asso
iated to Ln+1;1; (see for example [SW℄). It was alsoshown in [C℄ that the theorem is true when any two 
onse
utive Ln+1;1 spa
esare repla
ed by their Lebesgue 
ounterparts Ln+1: However the method theredid not yield the 
ase of two \separated" Ln+1 spa
es, still less the 
ase of threeor more Ln+1 spa
es. This is what we a
hieve in this note.The author would like to thank Bill Be
kner for several helpful 
omments.2 Proof of TheoremFor the reader's 
onvenien
e, and also be
ause it plays an important role in thefull theorem, we �rst prove the spe
ial 
ase when ea
h Xi is a probability spa
eand fi � 1:Lemma 1 ([C℄, see also [KT℄) If K : X1 � :::: � Xn ! R is a nonnegativemeasurable fun
tion, and ea
h Xi is a probability spa
e, thenZ K � Qn(K):Proof By homogeneity we may assume that Qn(K) = 1: ConsiderZ B1(s1; s2)B2(s2; s3):::::Bn�1(sn�1; sn)A2(s2)A3(s3):::::An�1(sn�1) ds1::::dsn : (1)2



Performing the integration with respe
t to s1 yields a fa
tor A2(s2); 
an
ellingwith the same fa
tor in the denominator; similarly integration with respe
t tos2; s3 et
. in turn, up to and in
luding sn�2; leaves one withZ Bn�1(sn�1; sn)dsn�1dsn = Z K:Hen
e,Z K = Z n�1Qi=1 Bi(si; si+1)n�1Qi=2 Ai(si) ds1::::dsn� 1n+ 1 Z n�1Qi=1 Bi(si; si+1)n�1Qi=2 Ai(si) �A1(s1)::::An(sn) + 1A1(s1) + ::::+ 1An(sn)� ds1::::dsn(by the geometri
-arithmeti
 mean inequality):= 1n + 1 fI0 + I1::::+ Ing :Now I0 = Qn(K)n+1 = 1: To 
al
ulate In observe that it is the same as (1)with an extra An(sn) in the denominator. Thus,In = Z Bn�1(sn�1; sn)An(sn) dsn�1dsn = Z 1dsn = 1as Xn is a probability spa
e.To 
al
ulate I1 observe that it is the same as (1) with an extra A1(s1) in thedenominator. Thus, pro
eeding as in the evaluation of (1) but with the orderingsn; sn�1; ::::;we see I1 = Z B1(s1; sn)A1(s1) ds2ds1 = Z 1ds1 = 1:Finally, to 
al
ulate Ij ; whi
h is the same as (1) with the fa
tor Aj(sj ) in thedenominator repla
ed by Aj(sj)2; we pro
eed as in the evaluation of (1), arrivingat Z Bj�1(sj�1; sj):::::Bn�1(sn�1; sn)Aj(sj)2Aj+1(sj+1)::::An�1(sn�1)dsj�1::::dsn= Z Bj�1(sj�1; sj):::::Bn�1(sn�1; sn)Aj(sj)2Aj+1(sj+1)::::An�1(sn�1)dsn::::dsj�1= Z Bj�1(sj�1; sj)Bj(sj ; sj+1)Aj(sj)2 dsj+1dsjdsj�1= Z Aj(sj)2=Aj(sj)2dsj = 1:3



Thus, Ij = 1 for 0 � j � n and so R K � 1 = Qn(K) as required. �Corollary If X1; ::::; Xn are general measure spa
es and E1; ::::::; En are mea-surable subsets of X1; ::::; Xn respe
tively, thenZ K(x1; :::; xn)�E1 (x1)::::�En (xn)dx1:::dxn � Qn(K) jE1j1=(n+1) ::::: jEnj1=(n+1) ;where j�j denotes measure on Xi.Proof Apply Lemma 1, taking Xi = Ei with normalised measure.Lemma 2 Suppose fi : Xi ! R is a simple fun
tion, and that fi � 1 onsupp fi: Then Z K(x1; :::xn)f1(x1)::::fn(xn)dx1::::dxn� CnQn(K) nQi=1 kfikn+1 nQi=1(log[2 kfik1℄) nn+1(where Cn depends only on n:)Proof Let Eik = �x 2 Xi j 2k�1 � fi(x) < 2k	 : Then fi(x) � 1Pk=12k�Eik (x): SoZ K(x) nQi=1 fi(xi)dxi� 1Pk1;::::kn=1 2k1 ::::2kn Z K(x) nQi=1�Eiki (xi)dxi� 1Pk1;::::kn=1 2k1 ::::2knQn(K) nQi=1 ��Eiki�� 1n+1(by the Corollary) = Qn(K) nQi=1� 1Pk=12k ��Eik�� 1n+1� :Now MPk=1 2k ��Eik�� 1n+1 � � MPk=12k(n+1) ��Eik��� 1n+1 M nn+1and so 1Pk=1 2k ��Eik�� 1n+1 � Cn kfikn+1 (log[2 kfik1℄) nn+1 ;yielding the result. �4



Lemma 2 looks like a fatally 
awed version of the theorem we wish to prove;nonetheless, as we shall now see, in the presen
e of produ
t stru
ture, the sit-uation 
an be res
ued. We may 
ontinue to assume without loss of generalitythat ea
h fi is simple, and that fi � 1 on supp fi (otherwise multiply throughby suitable 
onstants).Let xi = (x1i ; ::::; xmi ) 2 Xi � :::::�Xi for a suitable m 2 N: LetFi(xi) = fi(x1i ):::::fi(xmi ) = fi 
 ::::
 fi(xi)and let �(x1; ::::;xn) = K 
 ::::
K(x1; ::::;xn):Then, trivially Qn(�) = Qn(K)m and kFikp = kfikmp : By Lemma 2,Z �(x1; ::::;xn) nQi=1Fi(xi)dxi� CnQn(�) nQi=1 kFikn+1 nQi=1(log[2 kFik1℄) nn+1= CnQn(K)m nQi=1 kfikmn+1 nQi=1(m log[2 kfik1℄) nn+1= Cnm n2n+1 �Qn(K) nQi=1 kfikn+1�m � nQi=1 log[2 kfik1℄� nn+1 :Hen
e, Z K(x1; ::::; xn) nQi=1 fi(xi)dxi= �Z �(x1; ::::;xn) nQi=1Fi(xi)dxi� 1m� C 1mn m n2m(n+1)Qn(K) nQi=1 kfikn+1� nQi=1 log[2 kfik1℄� nm(n+1) :As m!1; C 1mn ! 1; m n2m(n+1) ! 1 and (log[2 kfik1℄) nm(n+1) ! 1: Thus,Z K(x1; ::::; xn)fi(xi)::::fn(xn)dx1::::dxn� Qn(K) kf1kn+1 ::::: kfnkn+1as desired. �3 Remarks1. This work grew out of an attempt to understand a 
ertain 
ombinatoriallemma employed by Katz and Tao, [KT℄, in their study of estimates for5



the dimensions of Kakeya sets in Rn: Their lemma is as follows, and is(essentially) equivalent (see [C℄) to our Lemma 1.Lemma ([KT℄) Let X and A1; ::::; An be �nite sets and gj : X !Aj : Then#f(x0; ::::; xn) 2 Xn+1 j gi(xi�1) = gi(xi); 1 � i � ng � (#X)n+1#A1::::#An :Thus one sees the \
ontra
tion along the main and subdiagonal" featureof the de�nition of Q(K) as a re
e
tion of the formulation of the Katz-Tao lemma, whi
h had a spe
i�
 appli
ation in mind. Of 
ourse there aremany potential 
ombinatorial questions and inequalities similar to the oneabove, ea
h with its own \integral" formulation as a multilinear form ona produ
t of Lp-spa
es. See Remark 3.8 below.2. The lemma of Katz and Tao, although a statement about a �nite numberof fun
tions between �nite sets, also used produ
t stru
ture in its proof[KT℄. The argument of Lemma 1 above gives an \elementary" alternativeas it uses only the geometri
-arithmeti
 mean inequality. However, whenn � 3; the proof of the Theorem at present needs the produ
t stru
ture:the author knows of no proof, save by enumeration of 
ases, even of thespe
ial 
ase of the theorem where X1 = X2 = X3 is a 2-point probabilityspa
e and K and f1; f2; f3 take values in f1; 2; ::::::10g: It would seem tobe an interesting 
hallenge for the automati
 theorem provers to give adire
t and elementary proof of the theorem in this 
ase.3. The gist of the argument presented above is that if a general nonnegativemultilinear form on Lp-spa
es possesses a stru
ture whi
h is preservedunder tensor produ
ts, then the inequality on probability spa
es with ea
hfi � 1 (equivalently on Lorentz-spa
es) automati
ally self-improves toLebesgue spa
es Lp; with the same 
onstant. (Lemma2 says that kfkp;1 �Cp kfkp (log[2 kfk1℄) 1p0 if f � 1; and the produ
t stru
ture allows us tokill the Cp and logkfik1 terms.) The Lp norms are stable under tensorprodu
t in the sense that 

f
N

 1Np;q ! kfkp as N !1; 1 � q � 1: Forexamples see Remark 3.5 below.4. Of 
ourse exploitation of produ
t stru
ture has a long history in analy-sis, espe
ially in Fun
tional Analysis (the spe
tral radius formula in Ba-na
h Algebras 
omes immediately to mind) and Complex Analysis butalso in Harmoni
 Analysis (the Cotlar-Stein lemma and similar \almost-orthogonality" arguments, and the study of the Young and Hausdor�-Young inequalities [Be1℄ and more re
ent work by Be
kner ([Be2,Be3,Be4℄)).It may already have been noti
ed by the experts that Lorentz spa
e in-equalities exhibiting a produ
t stru
ture automati
ally improve to Lp-estimates: the argument of [BL, pp.155-156℄ is rather similar to the onewe have presented here. (In 
onne
tion with the Cotlar-Stein lemma,6



it is an amusing exer
ise to show that if S and T are bounded opera-tors on a Hilbert spa
e with kSk ; kTk � 1 and ST � = S�T = 0; thenkS + Tk � 2 12 ; 2 14 ; :::::1 by taking produ
ts su

essively.)5. (a) Let X be a measure spa
e, E1; ::::; En � X: Sin
e obviously we haveZ �E1 ::::�En = jE1 \ :::::\Enj � jE1j�1 ::::: jEnj�nwhen 0 � �i � 1 and �1+ ::::+�n = 1; and sin
e this inequality pos-sesses produ
t stru
ture, we immediately dedu
e H�older's inequalityZ f1(x)::::fn(x)dx � kf1kp1 :::: kfnkpnwhere 1p1 + ::::+ 1pn = 1; 1 � pi �1:(b) Let X1; ::::; Xn be measure spa
es and let Ai � X1 � ::::� X̂i� ::::�Xn: Then the Loomis-Whitney inequalityZ nQi=1�Ai(x1; ::::; x̂i; ::::; xn)dxi � nQi=1 jAij 1n�1 (2)possesses produ
t stru
ture and so we automati
ally obtainZ nQi=1 fi(x1; ::::; x̂i; ::::; xn)dxi � nQi=1 kfikn�1 (3)for fi de�ned on X1 � :::: � X̂i � ::::� Xn: If now g is de�ned onX1 � :::: � Xn and Pig(x1; ::::; x̂i; ::::; xn) := supxi jg(x1; :::; xn)j ; wehave g nn�1 � nQi=1Pi �g 1n�1 � ; and so applying (3) we getZ g nn�1 � nQi=1 


Pi �g 1n�1 �


n�1= nQi=1 kPigk 1n�11 :Thus kgk nn�1 � nQi=1 kPigk 1n1 ; (4)whi
h, if g 2 C1
 (Rn); 
an in turn be dominated by nQi=1 


 �g�xi 


1 ; thusyielding the Gagliardo-Nirenberg inequality. Of 
ourse (2) (and like-wise (3) and (4) dire
tly) 
an be obtained by repeated use of H�older'sinequality. 7



(
) The best 
onstant A in Be
kner's sharp Young's 
onvolution inequal-ity ([Be1℄)ZR2n f(x)g(x � y)h(y)dxdy � A kfkp1 kgkp2 khkp3 (5)is given by A = Anp1p2p3 := � 3Qi=1 p 1pii =p0 1p0ii �n when 1p1 + 1p2 + 1p3 =2 (and if 1p1 + 1p2 + 1p3 6= 2; the inequality fails.) This value for A isobtained by testing (5) on (radial) Gaussians. We observe here thatA 
an also be obtained by testing (5) on 
hara
teristi
 fun
tions ofballs: that is A = Dnp1p2p3 ; whereDp1p2p3 = supm supa;b;
>0( RR2m �B �xa��B �x�yb ��B �y
� dxdy

�B � �a�

p1 

�B � �b�

p2 

�B � �
�

p3) 1m (6)(and where B denotes the unit ball in Rm): Indeed, in order to prove(5) with A given by Dnp1p2p3 it suÆ
es, by the produ
t stru
tureof the inequality, to prove it for 
hara
teristi
 fun
tions of sets inall higher dimensions m; sin
e we have the Hardy-Littlewood-Riesz-Sobolev rearrangement inequalityZR2m f(x)g(x � y)h(y)dxdy � ZR2m f�(x)g�(x� y)h�(y)dxdyit suÆ
es to prove it for balls. Thus the expression in (6), raised tothe power m; gives an upper bound for A: On the other hand,A � RR2n �B �xa ��B �x�yb ��B �y
 � dxdy

�B � �a�

p1 

�B � �b�

p2 

�B � �
�

p3and sin
e it is easy to see that A; as a fun
tion of n; is given byA(n) = A(1)n; we obtain A(1) � Dp1;p2 ;p3 : Hen
e A = Dnp1;p2 ;p3 :Finally, one 
an relate dire
tly Dp1;p2;p3 to the 
onstant Ap1 ;p2;p3 ob-tained by testing on radial Gaussians: 
learlyAp1 ;p2;p3 � Dp1 ;p2;p3 ; andthe reverse inequality 
an be obtained on
e again by a produ
t ar-gument and domination of 
hara
teristi
 fun
tions of balls by Gaus-sians. See [BL℄, espe
ially Proposition 3 on p.155.(d) While the general version of the Bras
amp-Lieb inequality in [L℄ doesnot seem a

essible to these methods, nevertheless a restri
ted versionwhi
h 
ontains Be
kner's Young's inequality, does follow as in (
).Let �1; ::::�M 2 Rk; with k;M �xed and set, for n 2 N;�n(f1; ::::; fM) = ZRn� ::�Rn| {z } MQi=1 fi(�i � x)dxk times8



where, for x = (x1; :::; xk) 2 Rn� ::::� Rn; and � = (�1; ::::; �k) 2Rk; � � x := �1x1 + ::::+ �kxk 2 Rn: Then, the best 
onstant in theinequality �n(f1; ::::; fM) � A kf1kp1 :::: kfMkpMis given byA = supm supa1 ;:::aM>08>><>>:�m ��B � �a1 � ; ::::; �B � �aM ��MQi=1 


�B � �ai�


Lpi (Rm) 9>>=>>; nmas well as by the more familiar testing over Gaussians. The inequalityexhibits produ
t stru
ture, and the Bras
amp-Lieb-Luttinger rear-rangement inequality [BLL℄ allows us to argue as in (
) above. Notethat this method gives no information as to extremals.6. Conditions for equality, n � 2The 
ondition for equality in Lemma1 is easily read o� from the proof: it isthat the Aj(sj) are all identi
ally equal almost everywhere toQn(K):Whenn = 2; the proof given in [C℄ shows that, under the normalisationQ(K) =kf1k3 = kf2k3 = 1; we get stri
t inequality in the main theorem unlessA1(s1)A2(s2) = f31 (s1)A1(s1) = f32 (s2)A2(s2)almost everywhere, whi
h 
learly for
es A1; A2; f1 and f2 to be 
on-stant almost everywhere. Thus, in general, when X1 and X2 are �-nite measure spa
es, A1(s1) = Q(K)�2(X) 13 =�1(X) 23 a:e:; A2(s2) =Q(K)�1(X) 13 =�2(X2) 23 a:e: and f1 and f2 are 
onstants a.e. we haveequality; otherwise stri
t inequality. For n � 3 
onditions similar to theabove give equality, but we do not know if this is the only way in whi
hequality may be a
hieved.7. Comparison of Q(K) with other quantitiesSin
e Z K(x1; ::::; xn)f1(x1)::::fn(xn)dx1::::dxn� kKkn+1n kf1 
 ::::
 fnkn+1= kKkn+1n kf1kn+1 :::: kfnkn+1 (7)it is obviously useful to relate Qn(K) to the Lp-norms and to kKkn+1n inparti
ular. When n = 1 they 
oin
ide. When n = 2; we haveQ2(�E ) � k�Ek 329



sin
e Z �E(s; �)�E(s; t)�E(�; t)dsdtd�d�� Z �E(s; �)�E(�; t)dsdtd�d�= jEj2 :More generally, when n is even, n � 4 and we are on a produ
t of proba-bility spa
es,Qn+1n (K) = Z A1(s1)B1(s1; sn)::::Bn�1(sn�1; sn)An(sn)ds1::::dsn� kB1k1 kB3k1 :::: Z A1(s1)B2(s2; s3)B4(s4; s5)::::ds1dsn� kKkn21 kKkn+221so that Qn(�E) � jEj n+22(n+1) : Note that n+22(n+1) goes to 12 as n ! 1; andindeed we also have, for kKk2 = 1; on a produ
t of probability spa
es,Qn+1n (K) = Z OE � 12 Z (O2 + E2)= 12(1 + 1) = 1 = kKkn+12where O; E denote the produ
t of the odd/even rows respe
tively appear-ing in the expression for Qn:Examples show that these 
on
lusions are sharp. LetE = Sj odd fx 2 [0; 1℄n j jxjj � "g :Then jEj � ":When j is odd we have Aj(sj) � �jsjj�" and Bj(sj ; sj+1) ��jsjj�"; while for j even we haveAj(sj) � " and Bj(sj ; sj+1) � �jsj j�"; whilefor j even we have Aj(sj) � " and Bj(sj ; sj+1) � �jsj+1 j�": SoQn+1n (�E) = Z[0;1℄n A1(s1)B1(s1; s2)B2(s2; s3)::::An(sn)ds1::::dsn� Z �js1j�"�js3j�"::::ds1::::dsn= ( "n+12 n odd"n+22 n even.In this example we thus have Qn(�E) � C jEj 12 for n odd and Qn(�E) �C jEj n+22(n+1) for n even, so the inequalities proved above are sharp. On10



the other hand, there are also examples to show that Qn(�E) may bemu
h smaller than jEj nn+1 : if E is an "-neighbourhood of the straight linejoining (0; 0; :::; 0) to (1; 1; :::;1) in [0; 1℄n; then ea
h Aj(sj ) is essentially
onstant (and equal to C"n�1) and so we have equality (see 6 above) injEj = R �E � Qn(�E) | whi
h is therefore mu
h smaller than jEj nn+1 :Thus, on a produ
t of probability spa
es, we have that the quantitiesQn(�E) and jEj nn+1 are in
ommensurable when n � 3; and so neitherof the main theorem and (7) 
ontains the other. When n = 2 the maintheorem is an essential improvement over (7), irrespe
tive of whether themeasure spa
es are probability spa
es or not. (Perhaps this has somethingto do with its utility as in [KT℄.)8. Further possible extensionsOne may represent the fun
tional Qn by the (n + 1)� n matrix0BBBBBBB� �� �� . . . �� 1CCCCCCCAwith the *'s on the main and subdiagonals denoting 
ontra
tion on vari-ables in ea
h 
olumn separately. What about other arrangements of *'s?(a) Let P be an (m + 1)� n matrix with two *'s in ea
h 
olumn. LetQm+1P (K) = Z K(x01; :::; xn1)...K(xm1 :::::; xmn )where, in ea
h 
olumn, the variables asso
iated to a * are 
ontra
ted.Let G(P) be the graph of P de�ned as follows: G(P) has verti
esf0; 1; ::::;mg and there is an edge joining j and k i� there is a 
olumnof P with *'s in the jth and kth pla
es. Wisewell [W℄ has shown thatZ K(x) nQi=1 fi(xi)dxi � QP(K) nQi=1 kfikm+1if and only if G(P) is a
y
li
. In parti
ular, for P =0� � �� �� � 1A thegraph is 
y
li
 and the inequality fails. It then be
omes interesting toobtain lower bounds, for (re
all the language of Katz and Tao [KT℄)#f(x0; x1; x2) 2 X3 j g1(x0) = g1(x1); g2(x1) = g2(x2); g3(x2) = g3(x0)g11



where gj : X ! f1; :::; Ng are fun
tions and X is a �nite set. Bythe 
ase n = 2 of [KT℄, or the Theorem, one has a lower boundof (#X)3=N4; while the lower bound (#X)3=N3 fails. In fa
t, if(#X)3=N� is a lower bound, then � > 3 ([W℄). What is the best �?(b) In 
onne
tion with H�older's inequality (with integral values of theexponent) one may 
onsider pla
ing three or more *'s in ea
h 
olumnof P: Thus, for 1 � j � n let Bj � f0; :::mg; and de�ne P by pla
ing*'s in the jth 
olumn of P in the pla
es indi
ated by Bj : De�neQP(K) in the analogous way. One may then ask about the inequalityZ K(x) nQi=1 fi(xi)dxi � QP(K) nQi=1 kfik m+1#Bi�1 : (8)We de�ne a \move" to be an operation transforming an (m + 1) �q matrix of blanks and *'s into an (m+ 1)� (q+ 1) matrix of blanksand *'s by taking one 
olumn and forming an extra 
olumn to itsright by shifting some of the *'s a
ross to the new 
olumn. If P 
anbe transformed by a sequen
e of moves to a matrix P 0 with exa
tlytwo *'s in ea
h 
olumn, with G(P 0) a
y
li
, then (8) holds. (See [W℄.)If (8) holds, must there exist su
h a sequen
e of moves?(
) Finally, we may think of the *'s as being bla
k, (the blanks white).What about multi
oloured arrangements of *'s? In this 
ase, in de�n-ing QP ; we 
ontra
t separately (within ea
h 
olumn) over *'s of thesame 
olour. Thus P1 = 0BB� � �� �� �� � 1CCA
orresponds toQP1(K) = 0BB�Z K(s; t)K(s; u)K(v; u)K(v; t) dsdtdudv 1CCA 14and P2 = 0BB� � �� �� �� � 1CCA
orresponds toQP2(K) = 0BB�Z K(s; t; �)K(s; �; u)K(v; 
; u)K(v; t; Æ) dsdtdudvd�d�d
dÆ 1CCA 1412



In general, if P is an (m + 1) � n matrix with multi
oloured *'s, let
jC be the number of *'s of 
olour C o

uring in the jth 
olumn ofP; and let 
j =PC (
jC � 1): The question is then whetherZ K(x)Qi fi(xi)dxi � QP(K) nQi=1 kfikm+1
i : (9)Thus, for P1 above, (9) be
omesZ K(x)f1(x1)f2(x2)dx1dx2 � QP1(K) kf1k2 kf2k2 (10)and for P2; (9) be
omesZ K(x)f1(x1)f2(x2)f3(x3)dx1dx2dx3 � QP1(K) kf1k2 kf2k4 kf3k4 :(11)Both (10) and (11) are true, and in fa
t (10) follows from (11) viathe move transforming P1 to P2: Sin
e QP1(K) � kKk2 ; (10) is astrengthening of the Hilbert-S
hmidt 
riterion for boundedness onL2 of a bilinear form. The proofs of (10) and (11) are elementary. Inthe language of Katz and Tao, (10) amounts to 
ounting re
tanglesand (11) to 
ounting quadrilaterals with two sides parallel. See also[MT℄.Referen
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