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ABSTRACT. In commutative differential geometry the Frolicher-Nijenhuis bracket
computes all kinds of curvatures and obstructions to integrability. In [3] the Frolicher-
Nijenhuis bracket was developped for universal differential forms of non-commutative
algebras, and several applications were given. In this paper this bracket and the
Frolicher-Nijenhuis calculus will be developped for several kinds of differential graded
algebras based on derivations, which were indroduced by [6].
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1. INTRODUCTION

There are several generalizations of the differential calculus of differential forms
in the non-commutative setting [4], [12], [13], [6], [3]. We concentrate here on the
differential calculus based on derivations as generalizations of vector fields, [6].

Let us recall what are the the relevant notions of differential forms in this con-
text. Let A be an associative algebra with a unit 1. As usual we think of 4 as a
generalization of an algebra of smooth functions. Then it is natural to consider the
Lie algebra Der(A) of all derivations of A with values in A, i.e. of all infinitesimal
automorphisms of A, as a generalization of the Lie algebra of vector fields. Alter-
natively, for an ‘invariant’ theory one may prefer to use the Lie algebra Out(A) of
all derivations of A modulo the inner derivations. Then Out(A) is Morita invari-
ant and it also coincides with the Lie algebra of all vector fields in case that A is
the algebra of smooth functions on a manifold. As for the commutative case (see
[14]) the notions of differential forms can be extracted from the differential algebra
C(Der(A), A) of Chevalley-Eilenberg cochains of the Lie algebra Der( A) with values
in the Der(A)-module A. There are then two natural generalizations of the graded
differenial algebra of differential forms: A minimal one, Qpe;(A), which is the small-
est differential subalgebra of C(Der(A), A) which contains A = C°Der(A), A).
And a maximal one, Qp  (A) = Cza)(Der(A), A), which consists of all cochains
in C(Der(A), A) which are module homomorphisms for the module structure of
Der(A) over the center Z(A) of A. In order to pass to the corresponding notions
for Out(A) we notice that there is a canonical operations, in the sense of H. Car-
tan [1], [2], X — ix for X € Der(A), of the Lie algebra Der(A) in the graded
differential algebra C'(Der(A), A). Both Qpe(A) and Qp . (A) = Czay(Der(A), A)
are stable under this operation and we define Qoyui(A4) and Qq,(A4) to be the
differential subalgebras of Qpe(A4) and Qp,,(A) consisting of all elements which
are basic with respect to the corresponding operation of the ideal Int(A) of in-
ner derivations of Der(A); one defines similarly Coyya)(Der(A), A). These graded
differential algebras are also obvious generalizations of differential forms. Notice,
however, that in contrast to Qpe;(A) and Qp.,(A) there is in general no differential
calculus starting with A in these algebras, since they do not contain A but merely its
center Z(A) = Q2 (A) = Q). (A) = Cgut(A)(Der(A), A). The differential algebra
Cout(a)y(Der(A), A) turns out out to be the differentail algebra C'(Out(A), Z(A)) of
all cochains of the Lie algebra Out(A) with values in the center Z(A), which is an
Out(A)-module. Under this identification 5, (A) becomes the differential algebra
Cz4)(Out(A), Z(A)) of Z(A)-multilinear cochains. This implies that Qg (A) is
a Morita invariant generalization of the differential algebra of differential forms.

C(Out(A), Z(A)) is of course also Morita invariant.

We shall develop the theory in several directions. Firstly, we shall show that
the derivation d : A — Qf,_.(A4) is universal for the derivations of 4 in a category
of bimodules containing all bimodules which are isomorphic to sub bimodules of
arbitrary products of A considered as a bimodule.: As suggested by A. Connes,
we call these last bimodules diagonal bimodules. This means that when one re-
stricts attention to the above catory of bimodules containing the diagonal ones, the
universal property of the universal derivation d : A — Q'(A) factors through the
canonical surjective bimodule homomorphism ¢ : Q'(A) — Qf,_(4).
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Secondly, we shall generalize for these differential forms the Frolicher-Nijenhuis
calculus for vector valued differential forms. As generalization of the space of vector
valued differential forms we shall consider Der(A, Qpe;(A)) in the case of Qper(A),
and Der(A, Q.. (A)) in the case of Qp  (A), etc. For the universal differential
envelopping algebra (A) of A, the generalization of the Frolicher-Nijenhuis bracket
has already been introduced on Der(A, Q(A)) in [3], and we shall also define such a
generalization for Der(A, C'(Der(A), A)) = C(Der(A), Der(A)). The generalizations
proposed are natural, so that under the sequence of homomorphisms and inclusions
of graded differential algebras

Q(A) = Qper(4) C Lpe,(A) C C(Der(A), 4)
the corresponding sequence
Der(A,Q(A)) — Der(A, Qper(A4)) C Der(A4,Qp.,(A)) C Der(A,C(Der(A), A))

is a sequence of homomorphisms for the generalized Frolicher-Nijenhuis brackets.
Moreover we present here a novel approach to the Frolicher-Nijenhuis bracket, which
uses the Chevalley coboundary operator for the adjoint representation and which
works also in other situations, see the proofs of 5.7 and 5.8.

Since it 1s useful to have a theory which is well suited to topological algebras
we develop from the beginning the whole theory in the setting of convenient vector
spaces as developped by Frolicher and Kriegl. The reasons for this are the following:
If the non-commutative theory should contain some version of differential geometry,
a manifold M should be represented by the algebra C°°(M, R) of smooth functions
on it. The simplest considerations of groups need products, and C>°(M x N, R) is
a certain completion of the algebraic tensor product C*°(M,R)® C>°(N,R). Now
the setting of convenient vector spaces offers in its multilinear version a monoidally
closed category, i.e. there is an appropriate tensor product which has all the usual
(algebraic) properties with respect to bounded multilinear mappings. So multilinear
algebra is carried into this kind of functional analysis without loss. The theory of
convenient vector spaces is sketched in the first section 2.

We note that all results of this paper also hold in a purely algebraic setting:
Just equip each vector space with the finest locally convex topology, then all linear
mappings are bounded.

2. CONVENIENT VECTOR SPACES

2.1. The traditional differential calculus works well for Banach spaces. For more
general locally convex spaces a whole flock of different theories were developed, each
of them rather complicated and none really convincing. The main difficulty is that
the composition of linear mappings stops to be jointly continuous at the level of
Banach spaces, for any compatible topology. This was the original motivation for
the development of a whole new field within general topology, convergence spaces.

Then in 1982, Alfred Frolicher and Andreas Kriegl presented independently the
solution to the quest for the right differential calculus in infinite dimensions. They
joined forces in the further development of the theory and the (up to now) final
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outcome is the book [9]. See also the forthcoming book [17], or [15], [16] for the
material presented in this section.

The appropriate spaces for this differential calculus are the convenient vector
spaces mentioned above. In addition to their importance for differential calculus
these spaces form a category with very nice properties.

In this section we will sketch the basic definitions and the most important re-
sults concerning convenient vector spaces and Frolicher-Kriegl calculus. All locally
convex spaces will be assumed to be Hausdorff.

2.2. The c*®-topology. Let E be a locally convex vector space. A curve ¢ : R —
E is called smooth or C if all derivatives exist (and are continuous) - this is a
concept without problems. Let C*°(IR, E) be the space of smooth curves. It can be
shown that C°°(IR, F) does not depend on the locally convex topology of E, only
on its associated bornology (system of bounded sets).
The final topologies with respect to the following sets of mappings into E coin-
cide:
(1) C=(R, E).
(2) Lipschitz curves (so that {% :t # s} is bounded in E).
(3) {Ep — E : B bounded absolutely convex in E}, where Ep is the linear
span of B equipped with the Minkowski functional pp(x) := inf{\ > 0 :
r € AB}.
(4) Mackey-convergent sequences x,, — « (there exists a sequence 0 < A,, /" o
with A, (2, — 2) bounded).
This topology is called the ¢*°-topology on E and we write ¢™ E for the resulting
topological space. In general (on the space D of test functions for example) it
is finer than the given locally convex topology; it is not a vector space topology,
since addition is no longer jointly continuous. The finest among all locally convex
topologies on E which are coarser than the ¢*-topology is the bornologification of
the given locally convex topology. If E is a Fréchet space, then ¢*FE = FE.

2.3. Convenient vector spaces. Let E be a locally convex vector space. E is
said to be a convenient vector space if one of the following equivalent conditions is
satisfied (called ¢>-completeness):

(1) Any Mackey-Cauchy-sequence (so that (x, — x,,) is Mackey convergent to
0) converges.

(2) If B is bounded closed absolutely convex, then Ep is a Banach space.

(3) Any Lipschitz curve in E is locally Riemann integrable.

(4) For any ¢; € C°(R E) there is ¢; € C®°(R, E) with ¢; = ¢} (existence of
antiderivative).

Obviously ¢*-completeness is weaker than sequential completeness so any se-
quentially complete locally convex vector space is convenient. From 2.2.4 one
easily sees that ¢®-closed linear subspaces of convenient vector spaces are again
convenient. We always assume that a convenient vector space is equipped with its
bornological topology.

2.4. Lemma. Let E be a locally convex space. Then the following properties are
equivalent:

(1) E us ¢>=-complete.
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(2) If f: R— E is scalarwise Lip", then f is Lip", for k > 1.
(3) If f : R— E is scalarwise C* then f is differentiable at 0.
(4) If f: R— E is scalarwise C™ then f is C.

Here a mapping f : R— E is called Lip" if all partial derivatives up to order k
exist and are Lipschitz, locally on R. f scalarwise C'>° means that Ao f is C* for
all continuous linear functionals on E.

This lemma says that on a convenient vector space one can recognize smooth
curves by investigating compositions with continuous linear functionals.

2.5. Smooth mappings. Let E and F be locally convex vector spaces. A map-
ping f : E — F is called smooth or C*, if foc € C®(R F) for all c € C*(R E);
50 fix : C®°(R, E) — C=(R, F) makes sense. Let C°°(E, F') denote the space of all
smooth mappings from E to F.

For E and F finite dimensional this gives the usual notion of smooth mappings.
Constant mappings are smooth. Multilinear mappings are smooth if and only if
they are bounded. Therefore we denote by L(E, F') the space of all bounded linear
mappings from F to F.

2.6. Lemma. For any locally convex space E there 1s a convenient vector space
E called the completion of E and a bornological embedding i : E — E, which is
characterized by the property that any bounded linear map from E into an arbitrary
convenient vector space extends to E.

2.7. As we will need it later on we describe the completion in a special situation:
Let E be a locally convex space with completion ¢ : E' — E, f: E — E a bounded
projection and f:E — E the prolongation of :o f. Then fisalso a projection and
f(E) = ker(Id — f) is a ¢®-closed and thus convenient linear subspace of E. Using
that f(E) is a direct summand in E one easily shows that f( ) is the completion
of f(E). This argument applied to Id — f shows that ker(f) is the completion of
ker( f).

2.8. Structure on C*(E, F). We equip the space C*°(R, E) with the bornologi-
fication of the topology of uniform convergence on compact sets, in all deriva-
tives separately. Then we equip the space C>*(E, F') with the bornologification
of the initial topology with respect to all mappings ¢* : C®(E,F) — C>®(R, F),
c*(f):=foe, forallce C*(R E).

2.9. Lemma. For locally convex spaces E and F we have:

(1) If F is convenient, then also C>(E, F') is convenient, for any E. The space
L(E,F) is a closed linear subspace of C*(E,F), so it is convenient also.

(2) If E is convenient, then a curve ¢ : R — L(E,F) is smooth if and only if
t i c(t)(x) s a smooth curve in F for all x € E.

2.10. Theorem. The category of convenient vector spaces and smooth mappings
18 cartesian closed. So we have a natural bijection

C®(E X F.G)=ZC>®EC>FQG),
whach 1s even a diffeomorphism.

Of course this statement is also true for ¢ -open subsets of convenient vector
spaces.
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2.11. Corollary. Let all spaces be convenient vector spaces. Then the following
canonical mappings are smooth.

ev:C*(E,F)xE—F, ev(f )= f(x).

ins: E— C®(F,ExF), ins(z)(y)=(z,y).

( ) :C®(E,C¥(F,G)) » C¥(E x F,G), [f(z,y) = f()(y).

()1 C¥EXF.G)— C¥(E,C(F.G)), glx)y) =g(x,y).

comp: C*(F,G) x C*(E,F) — C*(E,G)

C* , ):C®(F F)YxC®E E)— C®C®E,F),C*(E' F"))
(f,9) = (h— fohog)

[I: T~y — =] E. ] F)

2.12. Theorem. Let E and F be convenient vector spaces. Then the differential
operator

d:C>(E,F)— C>(E,L(E,F)),
df (x)v := lim flz+tv) = f(z)

t—0 t ’

exists and is linear and bounded (smooth). Also the chain rule holds:

d(f o g)(@)v = df(g(x))dg(x)v.

2.13. The category of convenient vector spaces and bounded linear maps is com-
plete and cocomplete, so all categorical limits and colimits can be formed. In
particular we can form products and direct sums of convenient vector spaces.

For convenient vector spaces Ey, ... ,E, and F we can now consider the space
of all bounded n-linear maps, L(E4,..., E,; F'), which is a closed linear subspace
of C°°(]];=, Ei, F') and thus again convenient. It can be shown that multilinear
maps are bounded if and only if they are partially bounded, i.e. bounded in each
coordinate and that there is a natural isomorphism (of convenient vector spaces)

L(El,,En,F)gL(El,,Ek,L(Ek+1,,En,F))

2.14. Theorem. On the category of convenient vector spaces there is ¢ unique ten-

sor product @ which makes the category symmetric monoidally closed, i.e. there are

natural isomorphisms of convenient vector spaces L(Ey; L(Eq, E3)) & L(E,QEs, E3),
E1®E2 = EQ@ED E1 ®(E2®E3) = (El ®E2)®E3 and E@Rg E.

The tensor product can be constructed as follows: On the algebraic tensor prod-
uct put the finest locally convex topology such that the canonical bilinear map from
the product into the tensor product is bounded and then take the completion of
this space.
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2.15. Remarks. Note that the conclusion of theorem 2.10 is the starting point
of the classical calculus of variations, where a smooth curve in a space of functions
was assumed to be just a smooth function in one variable more.

If one wants theorem 2.10 to be true and assumes some other obvious properties,
then the calculus of smooth functions is already uniquely determined.

There are, however, smooth mappings which are not continuous. This is un-
avoidable and not so horrible as it might appear at first sight. For example the
evaluation £ x E' — Ris jointly continuous if and only if E is normable, but it
is always smooth. Clearly smooth mappings are continuous for the ¢*°-topology.
For Fréchet spaces smoothness in the sense described here coincides with the usual
notion of C'*°.

2.16. Lemma. [3], 2.7. Let A be a convenient algebra, M a convenient right A-
module and N a convenient left A-module. This means that all structure mappings
are bounded bilinear.

(1) There is a convenient vector space M4 N and a bounded bilinear map
b: M x N — M@aN, (m,n) — m @a4n such that b(ma,n) = b(m,an) for
allae A, m € M and n € N which has the following universal property:
If E 1s a convenient vector space and f: M x N — E 1s a bounded bilinear
map such that f(ma,n) = f(m,an) then there is a unique bounded linear
map f: M&AN — E with fob= f.

(2) Let LA(M,N; E) denote the space of all bilinear bounded maps f : M x
N — E having the above property, which 1s a closed linear subspace of
L(M,N;E). Then we have an isomorphism of convenient vector spaces
LAM,N;E)= L(M&AN,E).

(3) If B is another convenient algebra such that N us a convenient right B-
module and such that the actions of A and B on N commute, then MO 4N
18 1 a canonical way a convenient right B-module.

(4) If in addition P is a convenient left B-module then there is a natural iso-
morphism of convenient vector spaces

M@A(NOpP) 2 (M@ aN)2pP

2.17. Remark. In the following all spaces will be convenient spaces, and all mul-
tilinear mappings will be bounded, even if not stated explicitly. This includes the
purely algebraic theory, where one just equips each vector space with its finest
locally convex topology, because then each multilinear mapping is bounded auto-
matically.

3. PRELIMINARIES: GRADED DIFFERENTIAL ALGEBRAS,
DERIVATIONS, AND OPERATIONS OF LIE ALGEBRAS

3.1. Graded derivations. Let 2 = @kezﬂk be a graded associative alge-
bra with unit, so that A*. A" C A We denote by Dery 2 the space of all
(graded) derivations of degree k, i.e. all linear mappings D : & — 2 with D(2) C
A and D(p A ) = D() A + (=1)*p A D(3) for ¢ € AL Then the space
Der2l = @, Der; 2 is a graded Lie algebra with the graded commutator [Dy, Dy] :=
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Dy o Dy — (=1)%*2Dy 0 Dy as bracket. This means that the bracket is graded
anticommutative, [Dy, Dy] = —(—1)¥1%2[D,, D], and satisfies the graded Jacobi
identity

[Dlv [D27D3]] = [[D17D2]7D3] + (_1)k1k2 [D27 [D17D3]]

(so that ad(Dq) = [Dq, | isitself a derivation of degree ky).

Let Z(2)¢ = {a € ¢ : [a,b] = ab — (—1)?ba = 0 for all b € ™A' and all p € Z}
and consider the graded center Z(A) = @qez Z(2)? of A, a graded commutative
algebra with unit, which is stable under Der(2). Then Der(2) is a (left) graded
Z(A)-module and we have [a.Dy, D2] = a.[Dy, Ds] — (—1)<q+k1)k2D2(a).D1.

3.2. Graded differential algebras. In this paper, a graded differential algebra
is Z-graded associative algebra 2 = @kezﬂk equipped with a graded derivation d
of degree 1 with d? = 0. It is called the differential of 2L.

3.3. The graded differential algebra of universal differential forms. Let A
be a convenient associative algebra with unit, and let (2*(A), d) be the convenient
graded differential algebra of (universal) (Kahler) differential forms, see for example
[3]. Let us repeat quickly its construction: Q'(A4) is the kernel of the multiplication
p: A®A — A, a convenient A-bimodule. The bounded linear mapping d : A —
QY (A), given by d(a) = 1® a — a ® 1, has the following universal property, and the
pair (Q'(A), d) is uniquely determined by it:

(1) For any bounded derivation D : A — N into a convenient A-bimodule N
there is a unique bounded A-bimodule homomorphism jp : Q'(4) — N
such that D = jpod.

We put QO(A) .= A, and for k € Z we define Qk(A) = Ql(A)®A ... ®AQI(A) (k
factors). There is a canonical extension of d : A — Q1(A) to a bounded derivation
of differential of graded algebra, i.e. a bounded derivation degree 1 satisfying d* = 0.

and the resulting convenient graded differential algebra has the following universal
property and is uniquely determined by it:

(2) For any bounded homomorphism ¢ : A — B of convenient algebras and for
any convenient graded differential algebra (B = @ -, B*,d”) with By = B
there exists a unique extension of ¢ to homomorphism Q(A) — B of graded
differential algebras.

3.4. Let A be a convenient associative algebra with unit, and denote its center by
Z(A). Let Der(A) = {X € L(A,A) : X(ab) = X(a)b+ aX(b) for all a,b € A} be
the convenient Lie algebra of all derivations of A. Note that Der(A) is a bounded
module over the center Z(A) of A only, with the usual formulas [X,aY] = X(a).Y +
a[X,Y], ete. Let g denote a convenient Lie algebra, which acts on A by derivations,
i.e. there is a bounded Lie algebra homomorphism g — Der(A).

We consider now the (Chevalley) graded differential algebra of g with coefficients
in A, which is given as follows. Let C*(g, A) := L¥_ (g, A) denote the convenient

skew
vector space of all bounded k-linear (over R) skew symmetric mappings g& — A.
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Let C%(g, A) := A. We put:

= @ Ck(gv @ Lskew gv

k>0 k>0
k

dgo(Xo,...,Xk)::Z(—UiX( (Xo,.... X4,..., X1)

+Z Dt o([Xi, X,) Xow oo Xy X0 Xk,
1<g

() Xn, o Xip) =g > signoo(Xot, o Xok) b (Xo(kan)s > Xo(itn)):

oESK 41

Then (C(g,A),d) is a graded differential algebra. It is a graded commutative dif-

ferential algebra if and only if A is commutative.

3.5. If g is a convenient Lie algebra and if (2, d) is a graded differential algebra,
an operation in the sense of Cartan of g in 2 is a linear mapping g — Der_;(2l),
written X — ix, such that for Lx :=ixd+ dix = [ix,d] € Derg() we have for
all XY € g

ixty +tiyix — [ix,iy] =0

,Cx,iy —iy Lx = [,Cx,iy] = i[X,Y]-

Lx, Ly —Ly Lx = [ﬁx,ﬁy] = L‘[X’y].
An element « € 2 is called horizontal with respect to g whenever i xa = 0 for all
X € g; 1t is called invariant with respect to g if Lxa = 0 for all X € g; and « is
called basic if it is both horizontal and invariant.

The convenient space 2 of horizontal elements of 2 1s a graded subalgebra of

20 which is stable under Lx for all X € g. The convenient space 2 of all invariant
elements is a graded differential subalgebra of (2, d), and the convenient space Ap
of all basic elements is a graded differential subalgebra of 27, thus also of 2.

4. DERIVATIONS ON UNIVERSAL DIFFERENTIAL FORMS

4.1. Let A be a convenient associative algebra with unit, and let (2*(A), d) be the
convenient graded differential algebra of universal differential forms as described in
3.3. In this section we review from [3] the description of all graded derivations on
the graded differential algebra Q*(A). This lead directly to what we like to call the

‘calculus of Frolicher-Nijenhuis’.

4.2 Derivations vanishing on A. For every derivation X € Der(A) there exists
a bounded A-bimodule homomorphism jx : Q'(A4) — A, by the universal property
3.3.(1). It prolongs uniquely to a graded derivation j(X) = jx : Q(A4) — Q(A) of
degree —1 which is called the contraction operator of the derivation X.

More generally, let us consider a graded derivation D € Dery(2*(A)) of degree
k which vanishes on A, D | Q°(A) = 0. Such derivations are called algebraic
derivations; they form a Lie subalgebra of Der(Q*(A)). Then D(aw) = aD(w)
and D(wa) = D(w)a for a € A, so D restricts to a bounded bimodule homomor-
phism, an element of Hom4(Q/(A), QF*(A)). Since QY(A) for I > 1 is generated
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by Q'(A), the derivation D is uniquely determined by its restriction D|Q'(A4) €
Hom( (4), 041 (4))
Let us denote by

K :=(D|Q'(A)) od € Der(A, QF1(A))

the corresponding derivation on A. We write D = j(K) = jx to express the unique
dependence of D on K. Note the defining equation jr(a1.d(az).as) = a1.K(az).as
for a; € A.

Conversely for K € Der(A, Q*t1(A)) with corresponding homomorphism jx €
Hom /4 (Q'(A), Q¥+ (4)) and w; € Q'(A) the formula

¢
Jr(wo @4 Dawe) = Z(—l)ikwo @A @4 Jr(Wi) D4 Dawg

=0

defines an algebraic graded derivation jx € DerpQ(A) and any algebraic derivation
is of this form. The mapping

j: Der(A, QFT1(A)) — DerpQ(A)

induces an isomorphism of convenient vector spaces onto the closed linear subspace
of DeryQ(A) consisting of all graded bounded derivations which vanish on A.

By stipulating j([K,L]?) := [jx,jr] we get a bracket [ , ]2 on the space
Der( A, 2*T1(A)) which defines a convenient graded Lie algebra structure with the
grading as indicated, and for K € Der(A4, Q*t1(A4)), and L € Der(A4, Q*T1(4)) we
have

[K,L]* =jx oLl —(-1)*j oK.

[, ] is a version of the bracket of Gerstenhaber, De Wilde - Lecomte, see [10],
[11], and [5].

4.3. Lie derivations and the Frolicher-Nijenhuis bracket. The exterior de-
rivative d is an element of Der;Q(A4). We define for K € Der(A4, Q¥(A)) the Lie
derivation L = L(K) € DeryQ(A) by

Lx =[x, d =jxd—(-1)"djk.

Then the mapping £ : Der(A,Q*(A)) — Der,Q(A) is obviously bounded and it
is injective by the universal property of Q'(A), since Lxa = jxda = K(a) for
a € A. Note that Ly 1s an extension of the derivation K : A — Qk(A) to a graded
derivation of the graded algebra Q*(A) of degree k.

Lemma. [3], 4.7. For any graded derivation D € DerpQ(A) there are unique
homomorphisms K € Der(A, QF(A)) and L € Der(A, QT A)) such that

D=CLk+rL

We have L =0 if and only of [D,d] = 0. D is algebraic iof and only if K =0. O

Note that jgw = kw for w € Q¥(A4). Therefore we have Lyw = jgdw — djow =
(k+1)dw — kdw = dw. Thus L4 = d.
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Let K € Der(A,Q%(A)) and L € Der(A, QY (A)). Then obviously [[Lx, L], d] =
0, so we have

(LK), £(L)] = L([K, L])

for a uniquely defined [K, L] € Der(4, Q*T!(A)). This vector valued form [K, L] is
called the (abstract) Frélicher-Nigenhuis bracket of K and L.

The space Der(4,Q*(A4)) = @, Der(4,Q%(A4)) with its usual grading and the
Frolicher-Nijenhuis bracket is a convenient graded Lie algebra. d € Der(A4,Q'(A))
is in the center, i.e. [K,d] = 0 for all K, see [3], 4.9.

L:(Der(A,Q*(A)),[ ., |) — Der2(A) is a bounded injective homomorphism
of graded Lie algebras. For K € Der(4,Q%(A)) and L € Der(A, Q'1(A4)) we have

(1) [Cresir) = J([K, L) = (=1)ML(jp o K).
For K; € Der(A, Q% (A)) and L; € Der(4, QFT1(4)) we have
(2) ['CK1 +jL17'CK2 +jL2] =
=L <[IX’1, .[(2] + le o Ky — (—1)k1k2jL2 0 IX’1>
+i ([L1, L2]™ + [K1, Lo] — (—1)M*2[K5, Ly]) .

Each summand of this formula looks like a semidirect product of graded Lie alge-
bras, but the mappings

ju : Der(A, Q*71(A)) — Endg(Der(A, Q*(A),[ , ]
ad : Der(A4, Q*(A4)) — Endg(Der(A4, Q* 71 (4)),[ , %),
adi L = [K, L),

do not take values in the subspaces of graded derivations. We have instead for

K € Der(4,0Q%(A)) and L € Der(A, Q'1(A)) the following relations:
(3)  jp oK1, Ko] = [jp oK1, 2]+ (=1 Ky, )1 o Ky
. <(—1)k1’j(adKl L)o Ky — (—1)R+0k2 j(ady, L) o m)
(4) ad[( [Ll, LQ]A = [ad[( Ll, LQ]A + (—1)kk1 [Ll, ad[( LQ]A—
— (=" 8d(i(L4) 0 K)La — (=) 0% 0 (i(L) o KL
4.4. Naturality of the Frolicher-Nijenhuis bracket. Let f : A — B be a

bounded algebra homomorphism. Two elements K € Der(A4,Q%(4)) and K' €
Der(B,Q*(B)) are called f-related or f-dependent, if we have

(1) Kof=Q%floK:A— Q%B),

where Q*(f) : Q*(A) — Q*(B) is given by the universal property 3.3.(2). From [3],
4.12. we have the following results:
(2) If K and K' as above are f-related then jr o Q(f) = Q(f)ojr : QA) —
Q(B).
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(3) If o o Qf)|d(A) = Qf) o yr|d(A), then K and K' are f-related, where
d(A) C Q'(A) denotes the space of exact 1-forms.

(4) If Kj and K| are f-related for j = 1,2, then jx, o Kz and jg1 o Ky are
f-related, and also [K;, K5]* and [le,Ké]A are f-related.

(5) If K and K' are f-related then Lxr 0 Q(f) = Q(f) o Lx : QA) — Q(B).

(6) If Lxr o Q(f) | Q°(A) =Q(f) o Lx | Q°(A), then K and K’ are f-related.

(7) If K; and K are f-related for j = 1,2, then their Frolicher-Nijenhuis brack-
ets [, 3] and [, K] are also f-related.

5. THE FROLICHER-NIJENHUIS CALCULUS ON CHEVALLEY TYPE COCHAINS

5.1. Let A be a convenient associative algebra with unit, with center Z(A), and
with convenient Lie algebra of derivations Der(A) = {X € L(A,A) : X(ab) =
X(a)b + aX(b) for all a,b € A}, a bounded module over the center Z(A) of A.
We consider now the (Chevalley) graded differential algebra of Der(A) (see 3.4)
which is given as follows. Let C*(Der(A), 4) := L* __(Der(A), A) denote all boun-

ded k-linear (over R) skew symmetric mappings Der(4)* — A, and let denote
C’g(A)(Der(A),A) denote the subspace of those mappings which are k-linear over

Z(A). Let C°(Der(A), A) := A. We put:

C(Der(A @ C*(Der(A @ LY . (Der(A), A),
k>0 k>0
k

dc,o(Xo,...,Xk)::Z(—l)iX<( (Xoyeoos Xiyeo oy X))

+Z D o([X0, X1, X0, X X X,
1<g

() X1, Xpgt) = g Y signoo(Xot, o Xok) b Xora)s - Xo(orn):

SET

Then (C(Der(A), A),d) is a graded differential algebra. It is a graded commutative
differential algebra if and only if A is commutative. If A = C*°(M) for a smooth
manifold M then (C(Der(A), A),d) is larger than the differential graded algebra
used for the Gel’fand-Fuks cohomology of the manifold M.

The subspace

Czay(Der(A), A) := @5 C} 4y (Der(A), A)
k>0

is a graded differential subalgebra of (C(Der(A), A),d), which is convenient in the
induced structure.

Note that in general neither C'(Der(A), A) not C'z(4)(Der(A), A) are functorial in
A. Under strong asssumptions on A at least C'z(4)(Der(A), A) becomes a covariant
functor in A: If A = C°°(M,[R) for a smooth finite dimensional second countable
manifold M we get Cy4)(Der(A), A) = Q*(M), the usual graded commutative
differential algebra of usual differential forms.

The convenient structures on C(Der(A), A) and Cy(4)(Der(A), A) make them

useful as image spaces for constructions.
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5.2. Insertion operators. For X € Der(A) we consider the insertion operator

ix : C*(Der(A), A) — C* 1 (Der(A), A),
(xw)(Xy,.... X)) =w(X, X1,...,Xk),
which is a derivation of degree —1 satisfying i x|C%(Der(A), A) = ix|4 = 0. Note

that ¢x maps the graded differential subalgebra C'7(4y(Der(A), A) into itself.
More generally, let K € C¥(Der(A),Der(A)) := L¥ _ (Der(A4);Der(4)) be a

skew

bounded skew symmetric k-linear mapping Der(A4)*1 — Der(A). Then we may
define:

T Cl(Der(A),A) — C'H'k_l(Der(A),A)
(1) (trw)(Xi,. o, Xiggp—1) =
= e > sign(o) WK (Xots .o, Xok), Xo(kt1ys---)

oCSk41-1
Note that Udpera)® = l.w for w € C'(Der(A), A).
Lemma. iy is a derivation of degree k — 1, 15 € Derp_1(C*(Der(A), A)).
Proof. Clearly one may write
(2) (k) Xi, o, Xigg—1) =

E(k41) e e

= ) (CL) RIS (K (X, X ), X X X ),
1 <<t

TREE

Using expression (2) one may check directly that then we have
(3) [llx,ll[(] = i[&'(X,...) = iixlﬁ' for any X ¢ Der(A).
From (3) it is then easy to prove that for ¢ € CP(Der(A), A) and ¢ € C¢(Der(A), A)

we have
ir(pap) = (ixp)ab + (=1)F P (igy),
by induction on k+p+¢. O

5.3. Remark. In general there exist more bounded graded derivations D in the
space Der(C(Der(A), A)) which vanish on A, than just those of the form ix for

some K € C(Der(A),Der(A)). We shall give an explicit description of all graded
derivations on C(Der(A), A) in section 6 below, but we will not extend the Frolicher-

Nijenhuis calculus to this description: it is too complicated.

5.4. Now let K € C*(Der(A),Der(A)) and L € C!(Der(A), Der(A4)). Then for the

graded commutator we have

lir,ip) =irip — (—1)F DU i = i g9a, where

[K,L[]" =ixL — (—1)(k_1)(l_1)iLK € Ck+l_1(Der(A),Der(A))

is the Nyjenhuis-Richardson bracket, see [20], a graded Lie bracket on the graded
vector space C*T!(Der(A),Der(A)). Here i acts on C(Der(A),Der(A)) by the

same formula as in 5.2.(1).
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5.5. Lie derivations. For K € C*(Der(A),Der(A)) let us now define the Lie
derivation L along K by the graded commutator

Lw = [i,d) = iz d — (=1)*'dix € Derp(C(Der(A), A)).
Note that Lray,,,, = d.
5.6. Lemma. The Lie derivative of w € Cl(Der(A),A) along K 1s given by
(Lrw)(Xi,. .., Xpqt) =
= Z sign o Lx(Xp, 0 Xo) (W Xo(ks1)s - Xo(han)

+ (—1)k (m Zsigna w([XUl,IX’(XUQ, e 7Xa'(k—|—1))]7Xa'(k—|—2)7 e )

(24

_ (k—l)'(lT)'?' Z signo w(K([Xs1, Xo2], Xos, - - ),XU(;H_Z), . ))
Proof. This can be shown by a direct computation starting from formula 5.2.(2). O
5.7. Proposition. Let K € C*(Der(A4),Der(A)) and L € C'(Der(A),Der(4)).
Then for the graded commutator we have
Lk, L1] =Lk Lo — (—1)F VDL Lo = L,
where [K, L] € C**{(Der(A), Der(A)) is given by the following formula

(1)
[K,L)(X1,... , Xpp) =

= mn > _signo [K(Xo1,.. o, Xok ), (X o(ka1)s > Xo(hrn))

(24

—|— (-1)"7 (m Zsigna L([Xal,IX’(XUQ, PN 7Xa'(k—|—1))]7Xa'(k—|—2)7 ‘e )

(24

_ (k—l)'(lT)'Z' Z SigIlO' L(I(([Xa'lyXa'Z]yXa'Sy PP ),Xa(k+2), PP ))

(24

_ (_1)M+z<(k_1W Y signo K([Xo1, L(Xo2, . Xo(i1)) Xo(ig2) - -)

(24

— —(k—l)!(ll—l)!m Z signa IX’(L([Xa-l,XUQ],XU;;, ce )7Xa'(l—|—2)7 ce )) .

(24

The bracket [I, L] 1s called the Frolicher-Nijenhuis bracket. It 1s a graded Lie
bracket on C*(Der(A), Der(A)).

Proof. The Chevalley coboundary operator for the adjoint representation of the Lie
algebra Der(A) is given by
aI((‘Xva st 7Xk) = Z (_1)Z[le I((X07 st 7Xi7 st 7Xk)]
0<2<k

+ Y (CUME(XL X)L X, X X X,
0<e< <k
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and it is well known that 90 = 0. Then the Frolicher-Nijenhuis bracket (1) is given
by

(2) (K, L] = [K, LA + (=1)¥i(0K)L — (=)o) K
where we have put
(3) [I(’L]/\(le---an—H) =

= ﬁ Z Sign(a)[I((Xo'lv s 7X0'k)7 L(Xa'(k—|—1)7 s 7Xa'(k—|—l))]Der(A)-

(24

Formula (2) is the same as in [20], p. 100, where it is also stated that from this
formula ‘one can show (with a good deal of effort) that this bracket defines a graded
Lie algebra structure’. Similarly we can write the Lie derivative 5.6 as

(4) Li = LA(K) + (—1)Fi(0K),
where the action £ of Der(A) on A is extended to L£x : C(Der(A), Der(A)) x
C(Der(A), A) — C(Der(A), A) by
(5) (LA(K)) X1, . Xyqk) =
= a2 sign() LK (Kot Xot))@(Xotirnys s Xo(hig)))-

(24

Using (4) we see that

(6) (L L1] = LAK)LA(L) = (=DM LAL)LAK)

+ (= DMOK)LA(L) = (1) LA(L)I(OK)
— (=DMHHOL)LAK) + (=1) LA(K )i(OL)
+(=1)

and from (2) and (4) we get

FHG(QK)i(OL) — (—1)FH+G(9L)i(OK),

(7) L) =Ly, + (D Cioryn — (D" Lian)x
= LA(IK, L]A) + (1) (9], L]A)
+(=1)*LAG(OK)L) + (~1)*i(0i(OK)L)
— (=DM LAG(OL)K) — (=1)MT*i(9i(0L)K).
By a straightforward direct computation one checks that

(8) LAEK)LA(L) = (—DMLA(L)LA(K) = LA([K, L] A).

The expression La(L)w looks like the ‘wedge’” product in 5.1 to the derivation ¢
of degree k. So we may apply lemma 5.2 and get

(9) ik La(L)w = LA D)w 4+ (=1)F DL (L)igw
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By a straightforward combinatorial computation one can check directly from the
definitions that the following formula holds:

(10) OixL) =igx L+ (—1)" VigdL + (=1)*[K, L]A
Moreover it is obvious that
(11) O[K,L)n = [0K,L]x 4+ (—1)*[K,0L] A

We have to show that (6) equals (7). This follows now by using (8), twice (9), twice
(10), (11), and 99 = 0.

That the Frolicher-Nijenhuis bracket defines a graded Lie bracket follows now
from the fact that £ : C(Der(A),Der(A)) — Der(C(Der(A), A)) is injective. O

5.8. Lemma. For K € C*(Der(A),Der(4)) and L € C'(Der(A), Der(A)) we have

[Lx,izp] =i([K, L)) — (=DM V LK), or
lir, Lx] = LK)+ (=1)F4([L, K)).

Proof. The two equations are obviously equivalent by graded skew symmetry, and
the second one follows by inserting the following formulas, all from 5.7: expand the
equation by (4), (2), and use then (10). O

5.9. Remark. As formal consequences of lemma 5.8 we get the following fomulae:
For K; € C*(Der(A),Der(A4)) and L; € C**1(Der(A), Der(A)) we have
(1) ['CK1 + iL1 ) 'CK2 + iL2] =
= L ([K1, Ks] +ip, Ko — (—1)F k20, Ky)
+i ([L1, Lo)™ 4 [K1, L) — (= 1) %2 [Ky, L)) .
Each summand of this formula looks like a semidirect product of graded Lie alge-
bras, but the mappings
i : C(Der(A),Der(A)) — Endg(C(Der(A),Der(A)),[ , )
ad : C(Der(A), Der(A4)) — Endg(C(Der(A4),Der(A)),[ , 1)

do not take values in the subspaces of graded derivations. We have instead for

K € C*(Der(A),Der(A)) and L € C'™ 1 (Der(A), Der(A)) the following relations:

(2) i[Ky, Ky = [ip Ky, Ko] + (= 1)MY K i Ko
= (1M DD — (1R, I
(3) [, [L1, Lo] "] = [[K, L], Lo )™ + (= 1) [L4, [, L))~

(DM (LK, L) — (~1) k(L) K, L))
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The algebraic meaning of these relations and its consequences in group theory have
been investigated in [19]. The corresponding product of groups is well known to
algebraists under the name ‘Zappa-Szep’-product.

Moreover the Chevalley coboundary operator is a homomorphism from the Fro-
licher-Nijenhuis bracket to the Nijenhuis-Richardson bracket:

(4) [, L] = [0K,dL]"

Proof. (1) follows from repeated applications of 5.8. It is easy to show that the
images under £ of both sides of (2) coincide, using 5.8, then we jus note that
L is injective. For (3) it is again easy to show that the images under ¢ of both
sides coincide, again using 5.8; also ¢ : C(Der(A), Der(A)) — Der(C(Der(A), A)) is
injective.

(4) follows from 5.7,(2), (10), and (11), and from 5.4. O

5.10. The graded differential subalgebra Cy4)(Der(A4),Der(A)). Clearly a
derivation 75 € Der(C(Der(A), A)) for K € C*(Der(A), Der(A)) maps the graded
differential subalgebra C'z(4)(Der(A), A) into itself if and only if K is skew Z(A)-

multilinear, 1i.e.

K € Cz(4)(Der(A),Der(A))
KXy, o265 Xe) =210 2k (X1, .., Xg) for all z; € Z(A) and X; € Der(A).

Then also the Lie derivation L respects Cy4y(Der(A), A), and so the closed
linear subspace Cz(4)(Der(A), Der(A)) is a graded Lie subalgebra for both brackets
[, ]["and [ , |, and all formulas in this section continue to hold. But note
that in the simpler formula 5.7.(2), although [K, L] is Z( A)-multilinear, none of the
three summands is in C'z(4)(Der(A), Der(A)). The same applies to 5.7.(4).

5.11. Remark. If K € C'(Der(A),Der(A)) = L(Der(A),Der(A)) then formula
5.7.(1) boils down to

(K, K])(X,Y)=2(KX,KY] - K[KX,Y] - K[X,KY] + K2[X,Y)).

Soif [K, K] = 0 then the image of K is a Lie subalgebra of Der(A). If I{ is moreover
a projection, K o K = K, then also the kernel is a Lie subalgebra. In this case one
could view K as a ‘connection’ and could say that the kernel and the image of K
are ‘involutive subbundles’ whose ‘curvatures vanish’, compare with [3], section 5.
We shall elaborate on this topic in a later paper.

If K : Der(A) — Der(A) is semisimple with [K, K] = 0, then each eigenspace
of K is also a Lie subalgebra. For if KX = AX and KY = AY then we get
(K — A\)?[X,Y] =0 and thus K[X,Y] = A[X,Y]. In particular the kernel of K is a
Lie subalgebra A = 0.

If moreover K is Z(A)-linear, K € C%(A)(Der(A), Der(A)) = Der(A, Q5. (A)),
then the above Lie subalgebras of Der(A) are also Z(A)-submodules.
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6. DESCRIPTION OF ALL DERIVATIONS IN THE
CHEVALLEY DIFFERENTIAL GRADED ALGEBRA

6.1. Insertion operators. The space Hom“(CP(Der(A), A), A) is a sort of ‘A-
dual” of C?(Der(A), A). Let us write (Z,0)4 € A for the evaluation of the element
= € Homﬁ(C’p(Der(A),A),A) on ¢ € CP(Der(A),A). Note that for a,b € A
we have (2, a.0.b)4 = a.(=,¢)a.b. Then we consider the (closure of the) linear
subspace

Y C'(Der(A), A).C""(Der(A), A) C C?(Der(A), A)

and its annihilator

Ann?(Der(A),A) : = Z C'(Der(A), A).C?""(Der(A), A)

C Hom*(C?(Der(A), A), A),
and set
Ann'(Der(A), A) = Hom*(C!(Der(4), 4), 4),
Ann’(Der(A4), A) = Der(A).

For = € Ann”(Der(A), A) we consider the ‘insertion operator’

iz : C*(Der(A), A) — C*"P(Der(A), A),
(lzw)(Xq,...,. X)) = Ew( .00y X100, X0))a,
———’
p times
which is a derivation of degree —p satisfying i=z|C?(Der(A), A) = 0 for ¢ < p, since

= is an A-bimodule homomorphism and annihilates all ‘small” products.

More generally let K € C*(Der(A), Ann?(Der(A4), 4)) be a bounded skew sym-
metric k-linear mapping Der(4)* — Ann?(Der(A), A). Then we define the bounded
linear mapping i : C!(Der(4), A) — C™*=P(Der(A), A) by i 5 |C4(Der(A), A) =0
for ¢ < p, and by

(1) (trw)(Xq,... 7Xl-|—k—p) =

= = YL sieno (K(Xor, o Xon)w( s Xogrgayse o))

TESkt1-1 p times

Lemma. ix is a derivation of degree k — p, ixc € Dery_,(C*(Der(A), A)).

Proof. Clearly one may write
(2) (rw)( X1, , Xigp) =

- Z (_1)i1+...+ik_w<lf(Xi1v'"7Xik)7
1 < <lig

ins e ))A-

199
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Using expression (2) one may check directly that then we have
(3) [llx,ll[(] = i[&'(X,...) = iixlﬁ' for any X ¢ Der(A).
From (3) it is easy to prove that for ¢ € C™(Der(A), A) and ¢ € C"(Der(A), A)

we have

ir(pb) = (i) + (=1 (i),
by induction on k — p + m + n, for each fixed p. O
6.2. Proposition. Let D € Derp(C(Der(A), A)) be a graded derivation. Then
there are unique Ko € C*(Der(A),Der(A)) = C*(Der(A), Ann’(Der(4), A)) and
K, € C**P(Der(A), Ann?(Der(A), A)) for p=1,2,... such that

D=Lk, + Z UK,

p=1
Note that on each fixed component C!(Der(A4), A) this is a finite sum.

Proof. Let D € Dery(C(Der(A), A)) be a graded derivation. Then the restriction
D|A of D to A = C'(Der(A), A) is an element of

Ko := D|A € Der(A, C*(Der(A), A)) =
= Der(A, Lfkew(Der(A)v A

)
= L% . (Der(A),Der(A, A)), by 2.13

skew

= C*(Der(A), Der(A)).

By 5.5 we have the Lie derivation Lr, € Dery(C(Der(A), A)) which coincides with
D on A = C°%Der(A),A), so that the difference D — L, € Derg(C(Der(A), A)) is
a graded derivation with (D — Lx,)|4 = 0. So

K, :=(D — L,)|C'(Der(A),A) € Homﬁ(Cl(Der(A),A), C*t1(Der(A), A))
= Hom*} (L(Der(A), A), L*T1 (Der(A), A))

skew

= LM (Der(A), Homﬁ(L(Der(A), A),A)) by 2.13

skew

= LM (Der(A), Ann' (Der(A), A))

skew

By 6.1 we get a derivation ix, : C(Der(A), A) — C(Der(A), A) and the difference
D — Lk, — ix, € Derg(C(Der(A4),A)) now vanishes on 4 = C°Der(4), A) and
C'(Der(A), A). Thus the restriction is an A-bimodule homomorphism

(D — L, —ir,)|C*(Der(A), A) : C*(Der(A), A) — C*+2(Der(A), A))
vanishes on all products of 1-forms. If we consider
Ky :=(D — L, —ix,)|C*(Der(A), A) € Hom*(C*(Der(A), A), C*T?(Der(A), A))
= Hom’{(C*(Der(4), A), LG (Der(4), A))
— LFT2 (Der(A), Hom*(C*(Der(A), A), A)) by 2.13,

skew (
= C*2(Der(A), Ann?(Der(A), A)),
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then by lemma 6.1 we have a derivation g, € Dery(C(Der(A), A)) which vanishes
on C'%(Der(A), A) for ¢ = 0,1 and coincides with D — L, — i, on C*(Der(A), A),
so the derivation D — L, — tx, — ik, vanishes on C9(Der(A), A) for ¢ =0,1,2,
and we may repeat the process. [0

6.3. Remarks. If we try to expand the graded commutator [if,77] using 6.2, the
resulting formulas are too complicated to be written down easily: we should invent
new notation. We refrain from doing this since we also have no use for it.

For K € C*(Der(A), Ann'(Der(A), A)) we get [ix,d]|A = L;|A, where K e
C*(Der(A),Der(A)) is given by IA((Xl, ooy Xi)a) = K(Xq,...,X%)(da). The
higher order part in the expansion of [i¢f, d] according to 6.2 does not vanish, and
it can be written down in principle.

If we want to classify all derivations in Der(Cz(4)(Der(A), A)) we can just repeat

the developpment in this section, but have to replace Ann*(Der(A4), A) everywhere
by the annihilator

O
Ann?,  (Der(A), 4) : = > c;(A)(Der(A),A).cg(jg)(Der(A),A)
0<i<p
g Homﬁ(cg(A)(Der(A)v A)7 A)7

AnnY 4 (Der(A), A) = Homy(Cy 4)(Der(A), 4)),
AnnOZ(A)(Der(A), A) = Ann’(Der(A), A) = Der(A).
7. DIAGONAL BIMODULES

7.1. The differential graded algebra Qp.,(A4). By the universal property of
(2*(A),d) there is a unique bounded homomorphism of graded differential algebras

4 4 QL(A) _ 4 Q2(A) .

H Lo L

A " Oy (Der(A), A) —T— 3y (Dex(4),4) —"— -

which 1s given by
(G)(Xr o X0) = iy i € QO(A) = 4,

for w € QF(A) and X; € Der(A). The kernel of  is the space

F'Q*(A) = P Frak4)

k>0

F'OMA) ={w e QF4) : jx, ... jx,w =0 for all X; € Der(4)},
see [6], which is a closed graded differential ideal in (2(A),d) by a short computa-
tion. It is part of an obvious filtration which leads to a spectral sequence, see also
[6]. The image of the homomorphism ( is denoted by (2., (A4),d) and it will be
equipped with with the quotient structure of a convenient vector space, which is a
finer structure than that induced from Cz(4y(Der(A4), A).

Note that Qpe(A4) is not functorial in A in general; its convenient structure
makes 1t useful as a source for constructions.
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7.2. Derivation based bimodules. The space Qf,_(A4) = Q'(A)/{w € Q'(4) :
Jxw =0 for all X € Der(A)} has the following remainder of the unversal property
3.3.(1):
(1) For any bounded derivation X : A — A there is a unique bounded A-
bimodule homomorphism ix : Q. (A4) — A such that X =ix od.

We now say that an A-bimodule M is a derivation-based A-bimodule if the following
property is satisfied:

(2) For any bounded derivation D : A — M there is a bounded A-bimodule
homomorphism ip : Q]lDer(A) — M such that D = ip od. In fact, if ip
exists it is unique since the image of d generates Qfy_ (A) as A-bimodule.

By the universal property 3.3.(1) of Q'(A) condition (2) is equivalent to the follow-
ing:

(3) Hom}(Q'(4), M) = Hom}(2h,(4), M).
It is obvious that for an arbitrary index set J the direct product A7 with the product
A-bimodule structure has property (2), and also each of it’s sub A-bimodules. Let
us call a diagonal bimodules any A-bimodule which is isomorphic to a submodule
of some product A7. So all diagonal bimodules are derivation based.

7.3. Proposition. An A-bimodule K 1s diagonal if and only if the ‘A-dual’
Homﬁ(K, A) separates points on K. For each A-bimodule M there exists ¢ univer-
sal diagonal quotient pyy : M — Diag(M) such that each bimodule homomorphism
from M unto a diagonal bimodule K factors over Diag(M):

M — K

o H

Diag(M) —— K
Let Bimod be the category of all A-bimodules and let Diag denote the full subcategory
of all diagonal A-bimodules, with ¢ : Diag — Bimod the embedding and Diag :

Bimod :— Diag the functor from above. Then Diag s left adjoint to ¢, i.e. we have
the following natural correspondence:

Hom“} (Diag(M), K) = Hom*% (M, (K)

Thus the functor Diag respects colimits, whereas ¢ respects limits, and the category
Diag s complete: products and submodules of modules in Diag are again in Diag.

Proof. The vector space Homﬁ(AJ,A) clearly separates points on A7, so this is
also true for each sub bimodule of A”. For an arbitrary A-bimodule M we consider
the following homomorphism of A-bimodules:

M EM, AHomﬁ(M,A)7 M>Smis (9Q(m))a,o€Homﬁ(M,A) c AHomﬁ(M,A)7

and we denote by Diag(M) the image of pas, an diagonal A-bimodule. If the
vector space Homﬁ(M, A) separates points on M then pys is injective and M is
diagonal. The kernel of p is given by ker(pyr) = {m € M : ¢(m) = 0 for all ¢ €
Homﬁ(M, A)}, and obviously any homomorphism M — K into a diagonal A-
bimodule I vanishes on ker(pys) and thus factors over pyy.

The remaining statements follow by basic category theory. O
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7.4. Examples. We have Diag(Q'(4)) = Q. (A), since any homomorphism
Q'(A) — A corresponds to a derivation A — A and thus factors to a homomorphism
U, (4) — 4.

Obviously we have Diag(A) = A, but let us consider Diag(A®A4). We have
Homﬁ(A@A, AYZ Aby o — p(1®@1), so ker(pA®A CADA — Diag(A@A)) consists
of all

(1) >, an©b, € AA which satisfy > @n.c.by =0 for each ¢ € A.

Taking ¢ = 1 in (1) we see that ker(paga) C Q'(A), and for each element in (1) we
have

D an@by =Y an dby,

7

fad(c) Zan db,, = Z an.(c.by — by.c) =0,

7

so that ker(paga) is the subspace Q'(A)y_te(a) of all elements in Q'(A) which
are horizontal with respect to Int(A), see 3.5.

We also see that 1®a—a®1 € ker(pyg 4) if and only if a € Z(A), so that p 4z 4
factors as follows:

(2) ADA — ADz(4)A — Diag(AQA).

Since Diag is a left adjoint functor, it is right exact, and we get the following
diagram with exact rows and exact columns:

E E

0 —— Flgl(A) —_— QI(A)H—Int(A) - Q]IDer(A)H_IHt(A) 0

[ [ of
0 —— QI(A) _ ADA _ A — 0
ol |
Q]l)er(A) SN Diag(A@A) 5 A — 0
0 0 0

From this and the factorization (2) it follows, that for commutative A we have

Diag(A®A) = A.

7.5. Lemma. Over the algebra Matn(C) of complez (N x N)-matrices every
bimodule 1s diagonal.

Proof. Tt is well known that every irreducible left Mat y-module is isomorphic to
CV, and that every left Maty-module is semisimple. From this by transfinite
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induction one can show that every left Maty-module L (with its finest locally
convex topology) is isomorphic to the direct sum of copies of CV, L = Y @ E for
a vector space F.

Now let M be a Maty-bimodule. As a left Mat y-module we have M = (N @ E.
Take a minimal projection p € Maty, then p.M = Cov @ E = E is a right Mat y-
module. By the argument above, as a right Mat y-module we have E = K @ (CV)*,
Thus

M=CYoKo @)y =C" o) oK 2Maty oK CMaty *. O

8. DERIVATIONS ON THE DIFFERENTIAL GRADED ALGEBRA pe(A)

8.1. Theorem. Let A be a convenient algebra. Then we have the following boun-
ded canonical mappings, where on the left hand side all mappings are homomor-
phisms of graded differential algebras

O*(4) Der(A, 0*(A))
£ (<
Qher(4) Der(A, Q. (4))
it 1
C'z01)(Der(A4), A) Dex(A, Czay(Der(A), A)) = Cz)(Der(A), Der(A))
| |
C(Dex(A4), A) Der(4,C(Der(A), A)) == C(Dex(A), Der(4))

Then for every element K of degree k in one of the right hand spaces there is a
canonical graded derivation ix (resp. ji ) of degree k — 1 on the corresponding left
hand space which vanishes in degree 0; this corresponds to the graded Lie bracket
[, 1" on the right hand spaces. There is also the corresponding Lie derivation
L of degree k on the left hand space, which leads to the Frolicher- Nijenhuis bracket
[, | on the right hand space. The vertical arrows intertwine all this derivations
and the right hand ones are homomorphisms for all brackets mentioned.

The proof of this theorem will fill the rest of this section 8.

8.2. Let D € Derj(2f_.(A)) be a derivation which vanishes on 4 = Q%_(A). Then
by setting K := (D[S, (4)) 0 d € Der(A, 5t (4)) we have

(1) Dlwo...w)) =Y (=1)*(wo)... (wi) ... (w),
so D is uniquely determined by D|Qf,_.(4), so by K.

Conversely, let K € Der(A, Q]’Strl( )) and cons1der the corresponding homo-
morphism Jr € Homﬁ(QI(A) Q]gtrl(A)) with jx od = K. We extend it to
Jx : QF(4) — QEtf(A) by the right hand side of the universal analogon of (1),
ie.

(2) (o @4 @w) =) (=1 k((wo) ... Jr(wi) ... ¢(wr)

Then i is a graded derivation of degree k along (. We are going to show that jx
factors to Q.. (A), but we need some preparation.
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8.3. For X € Der(A) Homﬁ(@l(A),A) = Homﬁ(@%er(A),A) we clearly have

the following factorization:

QO (A) IX L Qel(4)

{ {

Op(4) 2 slA)

E E

C}(A)(DGT(A)aA) — C}(A)(DGT(A)aA)
For K € Der(A, Q5 4)) let us consider the ‘graded commutator’
ixgr = (=1)F )k jx Q5 (A) = 5t (A)

It 1s still a graded derivation along (, and by applying 8.2 we see that

ix ik — (—1D)* Kk jx = Jix Ka
for [X, K]® € Der(A4, QET1(A4)),
[X, K] (w) = ix K(w) = (=1D)"x(jxw) = (ix 0 K)(w).

8.4. Lemma. For K ¢ Der(A,Q]’S";l(A)) we have i (FY(QYA))) =0 for all I,
Proof. We do induction on [ + k. For [ = 0 we have F'(A) = 0, so the asser-
tion holds. If & = —1 then K = X € Der(A4) and we have jx(F'(QY(A))) =

CUX(FY(Q(A)) CF'(Q'(4)) = 0.
Now for the induction step we take ¢ € F1(Q!(A)), so that jx,...jx,¢ = 0 for
all X; € Der(A). From 8.3 we get

ixJx e = (D" x(ixe) + Jixore = 0,
by induction: the first summand vanishes since jx¢ € F1Q'71(4), and the second
summand vanishes since ix 0 K € Der(4,QE_(A)). O

8.5. Corollary. For each k the A-bimodule QF_(A) is a derivation based bimod-
ule.

Proof. By the unversal property 3.3.(1) and from 8.4 we get

Der(4, Qf.,(4)) = Hom (' (4), 2. (4)) €— Hom (2 (A), Ry (4). T

This result also follows from the fact that QF_(A) is a sub A-bimodule of a
direct product A7, i.e. a diagonal bimodule, see the last remark in 7.2. By the
same reason the bimodules C*(Der(A4), A) and Cg(A)(Der(A), A) are also diagonal

bimodules, thus derivation based A-bimodules.
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8.6. Insertion operators. For any K € Der(4, Q5 (A)) we may now define the
insertion operator ix € Der(Q.,(A)) by the the following factorization which is
due to lemma 8.4:

Qr(4) —Z nth(a)

i |
Q]*Der(A) L) Q]*D—gf(A)
From 8.2 we may now conclude that any derivation D € Der(Qf,,(A4)) with D|A =0

is of the form ¢y for a unique I € Der(A, Q]gtrl(A)).
For K,L € Der(A, Qf.,(A)) of degree k 4+ 1 and [ + 1, respectively, we have

lirc,in) =ik ip — (—1)*ip ik = i pyr, where

[K,L]" =ixoL — (—l)kliL oK : Ql(A) — Q]’gtrl"i'l(A)
8.7. Lie derivations. For K € Der(4,0QF (A)) we define the Lie derivation
along K by

Lx =lir,d =ixd—(—1)*"dig € Derg(Q,(4)).
Similar as in 4.3 one sees that L4 = d.

8.8. Proposition. For any graded derivation D € Derp (2], (A)) there are unique
K € Der(A,Qf_ (A)) and L € Der(A, Q5N A)) such that

D=Lk +ip.
We have L =0 if and only of [D,d] = 0; and K =0 if and only if D|A = 0.

Proof. D|A: A=Q% (A) — QF_(A)is a derivation with values in the derivation
based A-bimodule QF_(A) (7.2), so by the universal property 3.3.(1) and by 8.5
there is a unique K € Der(A, QF_(A)) with D|A = K. But then (D — Lx)]A =0,
so by 8.6 we have D — Ly = iy, for a unique L € Der(A, Q]gtrl(A)). O

8.9. The Frolicher-Nijenhuis bracket. For K € Der(4,QF_(A)) and L €
Der( A, Q]lDer(A)) the graded commutator of the Lie derivations [Lx, £1] commutes
with d, so by 8.8 we have [Lx, L] = L, 1) for unique [K,L] € Der(A,Q]]gtrl(A)).
We may conclude that this bracket [ , ] defines a graded Lie algebra structure

on Der(A, Q.. (A4)), because the mapping £ is injective. This bracket is called the
Frolicher-Niyjenhuis bracket.

8.10. For K € Der(A4,0Qk_(A)) we define (K € Cg(A)(Der(A), Der(A)) by
(K(Xy,...,Xp):=ix,0...0ix;, 0 K: A— A

If we denote for the moment by ¢ : QF_ . (4) — C}(A)(Der(A), A) the embedding of

graded differential algebras, then we have

Coirg =ick 0C: Qe (A) — C’Z"j)_l(Der(A),A),

So the elements L € CE(A)(Der(A),Der(A)) for which 77 maps the graded sub-

algebra Qf  (A) into itself are precisely those of the form L = (K for some
K € Der(A,QF_(A)).
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8.11. Proposition. The injective bounded linear mapping
C : Dex( A4, Doy (A)) — €4y (Der(A), Dex(4))

is a homomorphism for both brackets [ , " and[ , | If we denote for the mo-
ment also by ¢ : Q) (A) — C’}(A)(Der(A),A) the embedding of graded differential

algebras, then we have
EO Z.R' = Z.CR' © 57 EO ’CI( - /:’CI( o E : Q]*Der(A) - C}(A)(DGI'(A), A)7

so all the formulas from section 5 continue to hold on Der(A, Q.. (4)).
Proof. This is obvious from the considerations above. [

8.12. For K € Der(A, Q*(A4)) we consider (o K € Der(4, C’g(A)(Der(A), A)), and

the corresponding element
Ce(I) € Czay(Der(A),Der(A)) = Der(A, CE(A)(Der(A), A))

then we have:

Lemma. For w € Q4(A) and K € Der(A, Q*(A)) we have

(1) ick(lﬁ')(qu) = Cq+k—1(ij)-

Proof. Both sides,
i) © G, Co i QF(A) = CLEAT ! (Der(A), A),

are derivations over ¢ : Q(A) — Cya)(Der(A), A), a homomorphism of graded
differential algebras, and both vanish on A = Q°(A), thus it remains to show that
they are equal on Q'(M). But for w € Q'(A4) we have by 5.2.(1)

(e () (Cw)) (X, Xg) = (Qu)(G K (X1, .0, X5))
= J(G K (X1, Xi))W
= J(jx, ix, )%
= JXp - JX JKW
= CG(Urw)(X1,..., Xg) a

8.13. Corollary. For K,L € Der(A,Q(A)) and w € Q(A) we have:
(1) C([K,L)?) = [C(K), (L) for the algebraic brackets.
(2) (Lrw = Ly Cw for the Lie derivations.
(3) (([K,L]) =[C(K),((L)] for the Frolicher-Nijenhuis brackets.
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9. THE DIFFERENTIAL GRADED ALGEBRA Q0yu¢(A)

9.1. The differential graded algebra Qo,¢(A4)is the subspace of all forms w €
Qper(A) which are basic with respect to to all inner derivations of A. In more
detail:

For a € A let ad(a) : A — A be given by ad(a)b = [a,b] = ab — ba. Then the
space Int(A) of all these inner derivations ad(a) for a € A is an ideal in Der(A), and
the quotient Out(A) = Der(A)/ Int(A) is called the Lie algebra of outer derivations.

Then we define QF . (A4) to be the set of all w € QF_ (A) which satisfy tad(a)w = 0
and L,q(q)w = 0for alla € A. It is easily seen to be a differential graded subalgebra.

9.2. Lemma. The homomorphism ( : Qper(A) — Cyzay(Der(A), A) is part of the

following commutative diagram

Qper(A) ——  Cyay(Der(A),A) ——— C(Der(4), A)

% % %

Qout(A) —— Cria(Ont(A), Z(A)) —— C(Out(A), Z(A))

where in the lower row we have the graded differential subalgebras of those element
which are basic with respect to all inner derwations of A.

Proof. Clearly the homomorphisms in the upper row of the diagram map ele-

ments which are basic with respect to all inner derivations to themselves. It

just remains to check that in Cy4)(Der(A4),A) and in C(Der(A), A) these ele-

ments form the sets C'z(4)(Out(A), Z(A)) and C(Out(A), Z(A)), respectively. Let

w € Czay(Der(A), A) or C(Der(A), A) be basic. Since 1,q(q)w = 0for all a € A, the
G

skew symmetric multilinear mapping ((w) : Der(4)! — A factors to Out(A4) — A.
By formula 5.6 we have

0= (Laa(myw)(X1,...,X7)

= ad(a)(w(X1,..., X)) = > w(Xy,...,[ad(a), Xi],..., X))
=ad(a)(w(Xy1,...,X;) =0

for all @ € A, since [ad(a), X;] € Int(A). But this means that w has values in
Z(A). O

9.3. Proposition. The graded differential algebra (Cza)(Out(A4), Z(A)),d) is
Morita wnvariant.

Proof. Z(A) = HH'(A;A) and Out(A) = HH'(A; A), where HH*(A; A) is the
Hochschild cohomology of A with values in A, and also the action of Out(A4) on
Z(A) is described via Hochschild cohomology. Since Hochschild cohomology is

Morita invariant, the result follows. [
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