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Abstract

This is a preliminary study of a class of MV-algebras which is a
natural generalization of the class of ”algebras of continuous func-
tions”. More specifically, we're interested in the algebra of frame maps
Homz(2(A), K) in the category F of frames, where A is a topological
MV-algebra, Q(A) the lattice of open sets of A, and K an arbitrary
frame.

Given a topological space X and a topological MV-algebra A, we
have the algebra C(X, A) of continuous functions from X to A. We
can look at this from a frame point of view. Among others we have the
result: if K is spatial, then C(pt(K), A), pt(K) the points of K, embeds
into Homz(Q(A), K) analogous to the case of C(X, A) embedding into
Homz(Q(A), Q(X)).
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0. Introduction and Preliminaries

The theory of MV-algebras has its origin in the study of the system
of infinite-valued logic originated by Lukasiewicz. The completeness of the
propositional Lukasiewicz logic was first published by Rose and Rosser in
1958 [9]. An earlier proof by Wajsberg was never published.



In 1958 C. C. Chang [2,3] developed an algebraic version of Lukasiewicz
propositional logic and provided an algebraic proof of the completeness. The
resulting algebraic system became known as an MV-algebra.

MV-algebras, therefore, stand in relation to the Lukasiewicz infinite-
valued logic as Boolean algebras stand in relation to classical 2-valued logic.
Boolean algebras, of course, have not stayed glued to their origin in logic,
their uses showing up in other areas of mathematics. Moreover there has
been extensive investigations concerning their structure.

The same can be said about MV-algebras, that is their connecting to
other areas of mathematics [1,5,8] and investigations of their intrinsic struc-
ture. The latter has shown the existence of a rich variety of various types
of MV-algebras and there is continuing research into the classification prob-
lems.

This is a preliminary study of a class of MV-algebras which, on the
surface, is a natural generalization of the class of ”algebras of continuous
functions”. More specifically, we’re interested in the algebra of frame maps
Homz(2(A), K) in the category F of frames, where A is a topological
MV-algebra, Q(A) the lattice of open sets of A, and K an arbitrary frame.

We shall, in general, confine ourselves to the cases where A is linearly
ordered and locally compact in the interval topology.

Given a topological space X and a topological MV-algebra A, we have
the algebra C'(X, A) of continuous functions from X to A. We can look at
this from a frame point of view.

Let Q(X), ©Q(A) be the frames of open sets of X, A respectively. Con-
sider the set Homz(2(A), (X)) of frame maps. Under certain conditions
this is an MV-algebra. Moreover, C(X, A) embeds as a subalgebra into
Homz(2(A), (X)) by sending a continuous function f to its inverse image
map f~'. This is an isomorphism.

We can look at a more general setting by replacing (X) by an arbitrary
frame K. If A is also locally compact and Hausdorff in its topology, then
Homz(2(A),K) will be an MV-algebra. We note that all atomic linearly
ordered algebras are locally compact and Hausdorff.

We can ask to what extent does Homz(2(A),K) relate to an alge-
bra of continuous functions. We have the result: if K is spatial, then
C(pt(K), A), pt(K) the points of K, embeds into Hom#(2(A), K) analogous
to the case of C(X, A) embedding into Homz(2(A),2(X)). We may ask
when this embedding is an isomorphism of C(pt(K), A) into Hom £(Q2(A), K).

If A is not locally finite, then C(X, A) is never semi-simple. The same is



true in the case of Homxz(2(A), K). So we can ask, when is Hom £(2(A), K)
semisimple? It should certainly be some kind of generalization of a semisim-
ple algebra.

We say that a structure A = (A,0,1,%,®,®) is an MV-algebra iff A
satisfies the following equations:

L (zoy)@z=20(y®:2);

2. xby=xPy;

3. B0 = ux;
4. 201 =1;
5. 0* =1;
6. 1* = 0;

T.x0y=(z"Dy")"
8. (z*@y) dy=(y o) o

JFrom (8), with y = 0 it follows (z**) = x and withy = 1, * @z = 1. On
A two new operations V and A are defined as follows: xVy = (z*®y)*®y and
z ANy = (z* ©y)* ®y. The structure (4, V,A,0,1) is a bounded distributive
lattice. We shall write x < y iff x Ay = x. We say that an MV-algebra A is
an MV-chain when, as a lattice, A is linearly ordered. Boolean algebras are
just the MV-algebras obeying the additional equation x ® = = .

The basic MV-algebraic operations on the unit interval of real numbers,
[0, 1], are

z @y =min(l,z +y);
x @y =max(0,x+y—1);
¥ =1-—uz.

We refer to this MV-algebra by [0, 1]. An ideal of an MV-algebra A is a
non-empty subset I of A which is closed under ® and z <y, y € I imply
x € I. A prime ideal P of A is an ideal of A such that x A y implies x € P
or y € P. An ideal M of A is called mazimal if M C I implies I = A
or I = M, I an ideal of A. As MV-algebras form an equational class, the

notions of MV-isomorphism, quotient, subalgebra, product, etc., are just
the particular cases of the corresponding universal algebraic notions. Let A



be an MV-algebra and B a subset of A, then the subalgebra of A, generated
by B, will be denoted by < B >. The intersection of all maximal ideals, the
radical of A, will be denoted by RadA. We write nx instead of z @ ... @ x
(n-times) and 2™ instead of x ® ... ®@ x (n-times). The least integer for which
nx = 1 is called the order of x. When such an integer exists, we denote it
by ordx and say that = has finite order, otherwise we say that = has infinite
order and write ordx = co. An MV-algebra A such that RadA = 0 is called
semisimple. If ordx is finite for every z € A\ {0}, then we say that A is
locally finite. If for every element x of the MV-algebra A there is an integer n
such that nz = (n+ 1)z then A will be called quasi-boolean. A quasi-boolean
algebra of index n is a quasi boolean algebra A such that there is an integer
n with nx an idempotent for all x € A. For all unexplained MV-algebraic
notions we refer to [4] and for frames to [7].

Let X be a non-empty set. Then the set B = [0,1]* of all [0, 1]-valued
functions over X, equipped with pointwise operations, is an MV-algebra. Up
to isomorphism, subalgebras of B provide the most general possible examples
of semisimple MV-algebras; locally finite MV-algebras are subalgebras of the
MV-algebra [0, 1].

Let A be an MV-algebra and S, T subsets of A. Then we define ST,
S ®T and S*, respectively as follows:

SeT={zdy|zecsS yeT}
SOoT={z0y|lxzesS, yeT}.

and
S*={z"|x € S}.

In case, say S = {z} we write z ® T". Also we put (a,b) ={z € A |a <
z < b}, [a,b) ={zr € A|la<z<b}, (a,b] ={x € A|a <z <b}and
[a,b] ={z € A|a <z <b}, witha <banda,bec A

Proposition 0.1. Let A be an atomless MV-algebra. Then A is densely
ordered.
Proof.

Suppose that for some a, b € A that a < b and (a,b) = 0. Let ¢ =
b®a* > 0. Ais atomless so for some x € A, 0 < x < ¢. Then b® x* >
boO*=b0o (b*®a) =a. Therefore, a ® x < b. This yields a® x = a or
a @ x = b. The former implies that t =0soa®x =b. Soc=a*"ANzx <=z
and this is absurd.

Lemma 0.1. Let A be an MV-chain. Let z,y,a,b € A such that:
r<a,y<bandz@By=a®db. Thenadb=1.



Proof.
If not we would have z Dy =2 ® (z* ©a) ®y ® (y* ©b) < 1. Thus, by
cancellation, (z* ® a) & (y* ®b) = 0. It follows that a <z, b < y.

Lemma 0.2. Let A be an atomless MV-chain. Let a,b € A such that:
a < b. Then there is an r € Asuch that 0 <r, a <a®r < b.
Proof.

Asbo®a* # Othereisanr € A, 0 <r < b®a*. Then a®r < a®boa* = b.
If we have equality here, then when b # 1 we would have r = b®a* contrary
to assumption. In the case that b = 1 we can choose a ¢, a < ¢ < b= 1.
Then there is an r with 0 <r <a®r <c<b.

Lemma 0.3. Let A be an atomless MV-chain. Let 0 < a € A. Then for
some r € A we have 0 < 2r < a.
Proof.

Suppose that for all non-zero r < a that a < 2r. Then for all non-zero
r,s < a we must have a < r @ s. But by Lemma 0.2, if 0 < r < a, then for
some non-zero s we have r @ s < a.

Corollary 0.1. Let A be an atomless MV-chain. Let a,b € A such that
a < b. Then for some non-zero e € A we have a < a @ 2e < b.
Proof.

By Lemma 0.2 there is an r # 0, a < a ® r < b. By Lemma 0.3, there
is an 0 < e with 2e < r. Therefore a @ 2e < a @ r < b.

Call A divisible if for each a € A, n > 0 there is a b € A such that
nb=a, (n—1)b+# a.

Lemma 0.4. Let A be a divisible MV-chain. Then for n > 0, if nx =
ny # 1, we have x = y.
Proof. Clear for n = 1. Suppose true for k < n. Assume that nx = ny # 1.
We also may assume that x < y. Now we have z®(n—1)z = yd(n—1)y # 1.
Also, as z < y, (n — 1)z < (n — 1)y. Equality of the latter implies z = y
by the induction assumption. Thus (n — 1)z < (n — 1)y. Applying Lemma
0.1 we obtain nz = ny = 1 which is absurd. Thus it’s false that < y. By
symmetry we may infer that z = y.

We see that if A satisfies the divisibility hypothesis and if nb = a < 1,
then b is unique. We denote b by .

Lemma 0.5. Let A be a divisible and locally finite MV-algebra. For
a€ A,n>0,if na <1, then 2% = a.
Proof



By definition, n("%*) = na. From Lemma 0.4 we may infer that n("*) =

Lemma 0.6. Let A be an MV-algebra, a, b€ A, a<b#1, 0<y <
b ® a*. Then the following conditions hold:

(i)a<boOy*
(ii) [0, y) @ (a, bOY") C (a, b).
Proof.

(i): From 0 < y < b® a*, by adding b* we get b* < y®b* < a*Vb* = a*.
Hence a < y* ®b < b. Let us show that it cannot be a = y* ® b. Indeed,
assuming true the above equality, via negation, we get a* = y @ b* and then
a*Ob=(ydb*)©b=yAb<y. Hence, a* ® b < y, in contradiction with
y < b® a*. So we get, as claimed a < y* @ b.

(ii): Let z € [0, y), w € (a, b® y*). Then a < z@® w < b. Suppose
z@w="b Theny®z*®z20w=bPy©®z*. Hence, ybw =00y z* > 0.
But y @ w < b; therefore y®@w = b =y®boy" # 1. It follows that
wAy* =bey* <w which is in contradiction with w < b ® y*.

Lemma 0.7. Let A be an atomless MV-chain. Let = € (a, b), b # 1.
Then for some y < b® a* we have z € [0, y) & (a, b©® y*).

Proof.

As 0 < b® x* we can choose a ¥y;, 0 < y, < b® z*. Then z @ y, <
r®box* = b Since b # 1, equality here would imply y, = b ©® x*.
Thus x By, < b Nowlet 0 < y < b® a* A yp. From Lemma 0.6 we
have that [0, y) ® (a, b ® y*) C (a, b). Assume that b ® y* < x. Then
yPboOY < yd <y ®b < b which is absurd. So, x < b ® y*, that is
x € (a, bOy*). As x = 0@ =z, the result follows.

Lemma 0.8. Let A be an atomless MV-chain. Let u,a,b € A such that
u € [0,a ®b). Then there are uj,us € A such that u; < a, ug < b and
u1 P ug = u.

Proof.

If u <a,thenu =u®0 € [0, a)® [0, b); similarly, if u < b, then
u=00u €0, a)®[0, b). Assume, then, that a < b < wu. If u® a* > b,
then u = a®u©a* > a®b. Hence, u©a* < b. Since the algebra is assumed
to be atomless, there exists an z, u®a* <z <b. Thusadu©a* <a®x.
Equality here would give, u = a ®u ©® a* = a ® x. As u # 1, cancellation
givesu®a* =x. Thusu <a®z. fu@z* > a,thenu =cGudz* > adx.
Hence, u ® x* < a. Therefore u = u ® x* P x.

Proposition 0.2. Let A be an atomless MV-chain. Let a,b,c,d € A



such that a < b and ¢ < d. Then (a @ ¢, b®d) C (a, b) & (¢, d).
Proof.

Let ue (a®c, bdd). Then u € [0, b d). Thus by Lemma 0.8, there
are u; < b, ug < d such that u; ®us =u. If ug <a, ug <c, thenu < adec.
Hence, a < uj or ¢ < ug. We may assume that a < uj, so that u; € (a, b).
If ¢ < ug, we're done as ug < d.

Assume then that us < c. Let v = cOud; if u; <z, then u = u; Bug < c¢
which is false. So, z < uy.

Suppose now that vy ® z* < a. Then x ®u; ©z* = u; < x @ a. Thus
Uu=1uy Pus < us®x®a=c®a which is false. Hence, a < uq1 ® x*.

Now, us @ x = ¢; therefore, u1 O x* Pc=u1 Or* PusPr=u ©z* P
Dr ® ug = u; ®ug = u. Let v =uy © z*; then v € (a, b) and v & ¢ = u.

We know d ® ¢* Av ® a* > 0. By Proposition 0.1 and Lemma 0.2, we
can choose a y, 0 <y <dOc*ANvEa*, c<chy<d, a<ady <.
Thus, vOy*®cdy = (yVv)dec=vdc=u Noting that y* > v* D a
we see that v O y* > vAa =a IfvOy" = a, then v = y @ a. It
follows then that a < v @ y* < b. As ¢ < ¢@® y < d we conclude that
u=v0Yy* ®(cdy) € (a, b)® (¢, d) and the proposition is proved.

1.MV-algebras of frame morphisms

F will denote the category of frames and frame morphisms. Thus an
object in F is a complete lattice K that satisfies the infinite distributive
law, a A ¥;a; = 3i(a A a;). A frame morphism f : K; — Ky is a lattice
homomorphism such that f(X;a;) = 3;f(ai).

Call a frame K connected if the only complemented elements are 0, 1.

If X is any topological space, then Q(X), the lattice of opens sets of X,
is a frame. If X7, X9 are topological spaces and ¢ : X1 — X5 is a continuous
map, then f: Q(X2) — Q(X1) is a frame morphism where f is the inverse
image map of ¢.

Let A be an MV-algebra. Then we say that A is a topological MV-
algebra if on the set A is defined a topology with respect to which the
MV-algebraic operations @ and * are continuous. The continuity of the MV-
algebraic operations @ and * is equivalent to having the following properties
be satisfied:

(a): Let O be an open set and a,b € A such that a @b € O. Then there
are open sets 01 and O such that a € O, b € Oy and O1 & Oy C O;

(b): Let O be an open set and a € A such that a* € O. Then there is
an open set O such that a € O and (O1)* C O.

We observe that all atomic MV-chains are locally compact Hausdorff



topological MV-algebras with respect to the interval topology generated by
the sets {z | a < z < b}. Also, of course, the MV-algebra [0, 1] is of the same
type. There exist non-atomic MV-chains endowed with its interval topology
which are locally compact Hausdorff topological and not locally finite.

One example is the algebra A, where A = {(0,2) | x € R+} U {(1, —xz) |
x € R+} ordered lexicographically and where R+ is the set of non-negative
reals, and where @, * are defined by:

(0,2)* =(1, —x), (1, —x)* = (0,x)
0,2)® (0, y) = (0, x+7y)
L, —:L‘) ©® (17 _y) - (1’ 0)
0,z)d (1, —y)=(1, 0)ify <=z
0, )1, —y)=(1, z—y)ifx <uy.

Lemma 1.1. Let A be a locally compact Hausdorff topological MV-
algebra. Let {O;}1, {O}}; be families of open sets of A. Assume that
O =U;er O0i, 0" =U;es Oj. Then O 0 0" =J; ;(0; @ O5).

Proof.

Let z € O, y € O". Then fori € I, j € J we have x € O; and y € 0.
Then z ® y € O; © O}). Conversely, suppose that u € {J; ;(O; ® O}) for
some ¢ € I, j € J. Then there are x € O;, y € O'j with v = x & y. But
€ Uje;Oi =0 and y € Jjc; 05 =O'. Hence we get u=z2dy € O® O’

Let L., be the category of locally compact Hausdorff spaces. Consider
the functor  : £ — F defined as above.

Let A be a locally compact Hausdorff topological MV-algebra. Then as
an object, A € £ and Q(A) € F. Now A has an addition, @ : A x A — A.

Consequently, applying the (contravariant) functor {2 we have

e Q(A) - QA x A).

Let K be an arbitrary, but fixed frame. We have Homz( — , K) : F —
Set which sends any object L from the category F to the set of all frame
morphisms from L to the frame K.

Thus we have an arrow,

Hom(®™Y) : Homz(Q(A x A), K) — Homz(Q(A), K).

Coproducts exist in F so let 2(A)®Q(A) denote the to coproduct of Q(A)
with itself. Since A is locally compact we have Q(A) @ Q(A) = Q(A x A).
Let, f, g: Q(A) — K. We have the diagram



-®1 1®—
QA) — QA) @ QA) — Q(A)

N\ Lfeg g
K

where f ® g is the unique frame map determined by the coproduct.
This gives rise to an isomorphism

Homz(Q(A), K) x Homz(Q(A), K) = Homz(Q(A) ® Q(A), K)

given by (f, g) = f®g.
Thus we have the diagram

Homz(QUA), K) x Homz(2(A4), K) = Homz(Q(A) @ Q(A), K)

Hom(®—1) !
Homz(9(4), K)

Hence for any frame morphism d : Q(A4)®Q(A) — K we have Hom(d™1)(d) =
do® L.

In particular, for any f, g € Homz(2(A), K), we have the composition
map , (f, 9) = f@g— (fegoa".

Consider now the composition functor Hk : £L — Set, where Hix(—) =
Homz(Q2(—), K).

Again, for a topological MV-algebra A we have @ : A x A — A, and
hence the map Hk ((A x A), K) — gom(e) Hk(A), where for f, g € Hk(A),
Hom(®)(f, g9) = (f ® g) o ®~! which we write as f @ g.

Now Hk ((AxA), K) =2 Homz(Q(A)®Q(A), K), and Hx = Homx(Q2(A4), K)
so from above we have Hk (®)(—) = (=)o@~ L.

Similarly, we have a map * : A — A, hence a map ! : Q(A) — Q(A),
thus Hk — gom(s) Hx, where Hom(*)(f) = f o «~1 which we write as f*.

The constant functions on A are continuous, so they have inverse image
maps. Let a € A and let @ : A — A be given by a(z) = a. Then a~! :
Q(A) — Q(A) is given by a=1(0) = Aifa € O and a=1(O) =0 if a ¢ O.

Let now f € Hg(A); then Hx(a)(f) = foa~! € Hk(A).

If O € Q(A), then foa1(0) =1, for a € O, and foa~1(0) = 0, for
a ¢ 0.



We note that the resulting map is independent of the choice of f. Denote
this map by c,.

It’s easy to check that Hy (0)(f) = co for any f € Hg(A).

Theorem 1.1. Let A be a locally compact Hausdorff topological MV-
algebra. Then, with the above notations we have that the structure

Hk(A) = (Hk(A), Hom(®), Hom(x), cg, c1)

is an MV-algebra.

Proof.

By [6,10 (Thm. 11.3.4)] we have that the functor Hk preserves commu-
tative diagrams, thus preserves any identity expressible as a commutative
diagram. Since A is an MV-algebra (whose axioms can be characterized by
commutative diagrams) we may infer that Hk(A) is an MV-algebra, where
cp and c; are the 0’ and ”1” for Hk (A), respectively.

Another way to look at this is the following.

Let K, Ky € F. Then we shall denote their coproduct by K; ® Ko. A
typical element of K; @ Ko will be of the form, ¥;(a; ®b;), a; € K1, b; € Ka.

The following identities hold in K; ® K.

1) (a®@b)A(c®d)=(aNc)®(bAd);

2)1®l=1cK; ®Ky;
3)a®0=0¢€K; ®Koj;
4) (aZ ® b) (Xiai) ®@b;

Let A= (A, ®, ®, %,0, 1) be a locally compact Hausdorff topological
MV-algebra. Observe that the remaining operations on A, ®, A, V, are
also continuous.

Let F be the frame Q(A). Since we are assuming the topology on A to
be locally compact, we have that F @ F = Q(A x A) where A x A has the
product topology.

Let o be the inverse image map of & and v that of *. Then a : F —
F®F, v: F — F are frame maps. Thus, if O € F, we have v(0) =
O* = {2 | x € O} and o(0) = {01 ® O2 | O1 & Oz C O} where
01®02:{x®y|$601, yEOQ}.

Given a frame K, let Ax = Homz(F, K). Let f, g: F — K be frame

maps. We have the commutative diagram,

F
| a

10



-®1 1®—
F—FxF«+—F

N Lh /g
K

where h is the unique frame map determined by the coproduct.

Define f ® g = ho«a. Also define f* = fov. We can then define
fOg = (f*®g*)*. Similarly we define fVg = f&(fDg*)*, fAg = (f*V g*)*.

Consider then a typical element 3;(0; ®O}) € F®F. Let f, g, h be as in
the diagram above. h is a frame map, so h(3;(0; ® O})) = Z;h((0; @ O}) =
(0, © 1) A (18 0}) = Si(£(0; A g(O).

Hence, if O € F, then (f @ g) = Yo,00:cof(O0;) A g(Oj) where for
O1, O2€F, 0100 ={zdy|ze€ 01,y 6152}. Furthermore, consider
now the following class of maps in Ak. For a € A, let ¢, : F — K be given
by:

c.(0)=1,ifacO

ca(0) =0, ifa & O.

Proposition 1.1. Let A be a locally compact Hausdorff topological
MV-algebra and K a frame. Then, with the above notation, for each a € A,
C, is a frame homomorphism.

Proof.

The unit of F is A, so ca(A) = 1 for all a € A. Similarly, c,(0) = 0
for all a € A. Now let O1, Oy € F. Set O = O1 N Oy. If a € O, then
a € 01, a € Og; hence 1 = ¢,(0) = ¢c4(01) AN cg(O2), If a € O, then a & O
or a & Oz. In either case, 0 = c4(01) A cq(O2). Finally, let O = (J; O;.
Clearly c,(0O) = 2;c,(0;).

Then we have:

Theorem 1.2. Let A be a locally compact Hausdorff topological MV-
algebra and K a frame. Then with the above notations we have that the
structure Ag = (Ak, ®,*, cg, ¢1) is an MV-algebra.

Proof.

One can show directly, though tediously, that all the appropriate axioms
for an MV-algebra will hold on Ak, where cg, c1 act respectively as the
70”7, and ”1” element of Ak.

11



Corollary 1.1. Let A be locally compact Hausdorff topological MV-
algebra and K a frame.Then the MV-algebras Hk(A) and Ak are isomor-
phic.

Proof.

From Theorems 1.1 and 1.2.

Theorem 1.3. Let A be a locally compact Hausdorff topological MV-
algebra and K a frame. Then, up to isomorphism, the MV-algebra A is a
subalgebra of the MV-algebra Axk.

Proof.

Since A is Hausdorff, the mapping A — A : a — c, is injective. Let
O € F. Then, ¢,*(0) = ¢c,(v(0)) =1iff a € v(0) iff a* € O iff c,+(0) = 1.
Therefore ¢,* = cq+. Now, (cq @ ¢)(0) = X0,60,c0€a(01) A cp(O2). If
a®b € O, then by property (b) there are open sets O1, Oz, a € O1, b € Oy
with O1 @ O3 C O. Then (cq ®¢p)(0O) =1 = caap(0). fadb ¢ O,
then for all O1, O with Oy & Oy C O, either a € O or b &€ Os. So
ca(O1) A cp(O2) = 0; that is, (cq @ ¢3)(0) = 0 = cagp(0). We may infer,
then, that c, @ ¢y = cogp-

Define for Oy, Oy € F, O1 VO, = {zVy |z € O, y € 02} =
{z®(x@y*)* |z € O1, y € Oz}. Then for f, g € Ak, O € F we will have
(fVg)(O) = Z0,vo,cof(01) A g(O2). From above we know fVg = gV f.

2. Spatial Frames and MV-algebras

Again we assume that A is a locally compact Hausdorff topological MV-
algebra and K a frame and Spec(K) the spectrum of prime ideals of K. Let
pt(K) = {z € K | id(z) € Spec(K)}. For a € K take {z € pt(K) | a ¢
id(z)}. It’s easy to verify that the collection of these sets forms a topology
for the set pt(K).

We also have a frame map ¢ : K — Q(pt(K)) given by a — {x €
pt(K) | a € id(x)}. We say K is spatial or has enough points if ¢ is a frame
isomorphism.

Proposition 2.1. Let A be a locally compact Hausdorff topological
MV-algebra and K a spatial frame. Then C(pt(K), A) is a subalgebra of
Axk.

Proof.

Consider the algebra C(pt(K), A) of continuous functions from pt(K)
to A. Let u € C(pt(K), A). Then the inverse image map u=! : Q(A) —
Q(pt(K)) is a frame morphism. Hence, ¢~ ou™! € Ak. Consider now the
mapping, u — ¢ Lou~!: C(pt(K), A) — Axk.
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Suppose that u, v € C(pt(K), A). Then (uPv) — ¢~ Lo (udv)~L. Let
O € Q(A). Then (u®v)~1(0) = {z € pt(K) | u(z) ® v(z) € O}. Consider
now, Up, s0,co(™H(O1) Nv™1(0y)). Clearly, if z € u='(01) Nv~*(02)) for
some O1 ® Oz C O, then u(z) & v(z) € O. Hence, Up,p0,co(u1(01) N
v 1(02)) C (u®v)~10O). Conversely, suppose that z € (u @ v)~1(0)
so that u(z) @ v(z) € O. By, the continuity of the operation @, there
are O1, Oy open with u(z) € O, v(z) € Oz and O1 & Oy C O. But
then z € v~ 1(O1) Nv™1(03) and so we may infer that (u @ v)~1(0) =
Uo,e0,co(t™H(O1)Nv™(0s)). Therefore, if K is spatial, ¢~ (udv) "H(O) =
?(Uo,m0,co(@™(01) Nv71(02))). As ¢! is a frame morphism, we then
have ¢~ (u+v) 71 (0) = Up,e0,co(@ 0 u™1(01) N ¢ o v™1(0y)). It follows
that the map u — ¢~ ou™"! preserves ”@”.

Let u € C(pt(K), A). Then u* — ¢~ Lou*"1. For O € Q(A) we have
(¢~ ou1)*(0) = (¢ ou™1)(v(0)). On the other hand, (¢~ o u* 1) (0) =
¢~z € pt(K) | u*(z) € O} = ¢7{z € pt(K) | (u(z))* € O = 9"z €
pt(K) | u(z) € v(0)} = (¢~ out)(v(0)). Tt follows that the map u —
¢~ ou™! preserves 7*”, and hence is an MV-homorphism.

Finally, supposes that u, v € C(pt(K), A) and that ¢ tou™ = ¢~ tov~1.
Since ¢! is an isomorphism, we have u~! = v~!. Assume that u # v. Then
for © € pt(K) we have u(zx) # v(z). As the topology of A is Hausdorff
there is an open O € Q(A) with, say, u(z) € O, v(z) ¢ O. But then
r € u=1(0) —v71(0). We see, therefore, that the map u — ¢~ ou~!is an
injection.

3. The interval topology of an MV-algebra and Frames

Let A be an MV-algebra endowed with its interval topology. For an
element a € A we define a~ to be the open set [0, a). Thus 0~ = (. We
also define a™ to be the interior of A\ (a™), if @ # 0 and 0% = (0, 1]. For
a > 0, then, a™ is the largest open set disjoint from a~.

Proposition 3.1. Let A be an MV-algebra and I an interval in A. Then
we have one of the following cases:

(j) I =a™ for some a € A

(i) I =U{(b;)" | i € J} for some index set J

Gij) I =U{(a))T N (b;)~ | i € J} for some index set J.

Proof.

If I =10, a) for some a, then I = a~. Suppose that [ = (b, 1]. If A is
atomic with atom e, then I = (b® e)™. Otherwise choose x € I; for some
yelwehave b<x <y. Soyt CI, x €y". Hence I = J{y* |y € I}.
Finally, suppose that I = (a, b). So I = (a, 1]N[0, b); thus I = J{y" |y €
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(a, 1]} o™ =U{y* N b~ |y € (a, 1]}

Proposition 3.2. Let A be an MV-algebra endowed with its interval
topology. Let a € A, and O be an open set. Then one of the following hold:

(i): The set O ® a™ is open

(ii): O ®a™ ={0}.
Proof. First, we claim that for z € A that if t®a # 0, then the set xtGa™ =
(x ®a)”. Clearly z ® a~ C (z ® a)”. Suppose then that 0 < u < z ® a.
Consider z ® (u® z*) =z Au=u. If a < u®z*, then z ©® a < u. Hence
u®z* <aandsoudz* €a. Therefore z® (udz*) =u € x©a” and we
see that t©a”™ = (x®a)”. Now, O 0 a” =U,cor©a™ = Upeo(z ©®a)”
which is open or O ©®a™ = {0} if s ®a =0 for all x € O.

Proposition 3.3. Let A be a locally compact Hausdorff topological
MV-algebra, with respect to its interval topology, and K an arbitrary frame.
Then, fora € A, f, g € AK, the following identities hold:

() (FUg)(a~) = F(a) A gla~).

(i) (Fg) (a*) = f(a vt

() (£Ag) ) = £() V07

(iv) If f(a™) =g(a™), f(a™) =g(a™) for all a € A then f = g.

Proof.

(i): Let O1, O3 C a™. Then, O1, O2 Ca~. Thus, f(O1) < f(a™), g(0O2) <
g(a™) so f(O1) Ag(O2) < f(a™). Thus, (fVg)(a~) < f(a”)Ag(a™). On the
other hand, (a7)V (a”) Ca™ and so f(a™)Agla™) < (fVg)(a™).

(ii): Suppose that O1 V Os C a™ and O € a™. Choose z € O1 — (a™).
For b € O3, Vb € a™ ButazVb=zxzorazVb=>b x & a’ implies
xVb=>and so Oy C at. Hence we have that O; C a™ or Oy C a+.
Therefore f(O1) < f(a™) or g(O2) < g(a™). In either case, f(O1) Ag(O2) <
f(a™) Vv g(a™), and so (fVg)(at) < f(a™) V g(a™). Now a™ Vv O0T C a' so
fla®) A g(07) = f(a™) < f(a®) V g(a™). Similarly, g(a™) < (fVg)(a*) and
we see that f(a™)V g(a™) < (fVg)(a™).

(iil): (f*Vg*)*(r7) = (f*Vg*)(v(r7)). Nowz € v(r7) iff z* € r~ iff 2* <
riff r* <z iff x € (r*, 1]. Applying part i) we see that (f*Ag*)((r*, 1]) =
F((, )V g*((r*, 1)), Now v((r, 1) =1~ so f*((r*, 1)V g*((r*, 1]) =
)V gr).

(iv): Let O € Q(A). Then O = (J; I; where the I; are intervals. So
f(O) = X£,f(I;), and g(O) = ¥;I;. Thus it suffices to show that f(I) =
g(I) for any interval I. We apply Proposition 3.1. If I = a~ for some a,
then by assumption f(I) = g(I). If I = U, bj', then f(I) = X, f(b+) =
Ejg(b;') = ¢g(I) again by assumption. Finally, if I = Uj((%) )N (b)),
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then f(I) = X;f((a;)7) N f((0;)") = Ejg((a;)7) N g((b;)") = g(1).

Proposition 3.4. Let A be a locally compact topological MV-algebra
endowed with its interval topology. Let O1, Os be open sets of A. Then
01 @® Og is open or O1 & Oz = O U {1} where O is open and 1 ¢ O.

Proof.

We can write O = |J; O1i, O2 = Uj O2; where the Oy;, O; are open
intervals. By Lemma 1.1, O1 & Oy = Ui, j(Oli ) Ozj) = U{On & O |
Olz‘@OQj open}UU{Ou@OQj ’ Oli@OQj = {1}} IfU{Ou@OQj ‘ Oli@OQj =
{1}} = 0 then O1 ® O3 is open. If 1 € U{O1; ® Oz | O1; ® O2; open},
then O1 © Oy = U{Olz &) Ozj | O1; @ Ogj open} and so is open. If 1 Q
U{O1i @ Oy | O1; ® O2; open}, and U{O1; @ Oa; | O1; © Oz = {1}} # 0,
then O1 ® Oy = U{O1; ® Og; | O1; ® Og; open} U {1} = O U {1} where O is
open and 1 ¢ O.

We extend the above to,

Proposition 3.5. Let A be a locally compact topological MV-algebra
endowed with its interval topology. Let O1, Oa,..., O, be open. Then
01 ® 028 ... ® O, is open or equals O U {1} where O is open and 1 ¢ O.
Proof.

For £k = 2 we have the above proposition. Suppose the claim of the
proposition true for k. Then O1 HO02® ... 0;11 = 01 D023 ... 50, B Ok
which is of the form O@®Oj41 where O is open or of the form (OU{1})®Oy;
with O open and 1 ¢ O.

Now O @ Oy is open or of the form O’ U {1} with 1 ¢ O’ and (O U
{1}) ® Ok+1 = (O ® Og1) U {1} which is open or of the form O" U {1} with
1 ¢ O’. By induction the result holds.

Proposition 3.6. Let A be a locally compact topological MV-algebra
endowed with its interval topology. Let K be a frame, f € Ak and O €
Q(A). Then,

(nf)(0) = X0,@--00,cof(O1N---NOy).

Proof. For n = 1 the statement is clear. Suppose true for all £k < n.
Let O € Q(A). Then (nf)(0) = (f & (n — 1)f)(0) = Zo,80,cof(01) A
(n = 1)f(02) = 0,00,f(01) A Eoy..wo,co,(n — 1) f(O3N---NOy) =
20,80,c0Z0y@-a0,c0,f (01N O3 N - -0 Op).

Now O4&---@0!, € 09 and O1 802 C O implies O1 OLD- - - O], C O.
Thus f(O1NO5YN---NO)) is a summand of Xp,e..00,cof(O1N---NOy,)
and we have (nf)(0) < X0,¢.-00,cof(O1N---NOy)
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3.1 The linear case

Proposition 3.1.1. If A is an atomic MV-chain, then the interval
topology on A is discrete.
Proof.

Let x € A. If x =0, {x} =0, a) where a is the atom of A. By duality,
{1} = (a*, 1]. So assume that 0 < x < 1. Suppose that z < y < z @ a.
Then 0 < yoz* <aAz*. NowyOz*=0impliesy =z. AsaAz* < a we
know that a A z* = 0 or a A * = a. The former implies y ® z* = 0. Hence
we have y ® 2* = a and so, y = x @ a which is absurd. Thus, (z, x®a) \ 0.
By duality, (z ® a*, ) = 0. Thus, {z} = (x ® a*, @ a). Therefore points
are open.

Proposition 3.1.2. Let A be an MV-chain such that some point, {a},
is open in the interval topology of A. Then A is atomic and all points are
open in the interval topology.

Proof.

Suppose that a = 0. As {0} is open there must be an r such that
[0, 7) C {0}. Then, [0, r) = {0} and it follows that r is an atom. Similarly
if @ = 1. Thus assume that a # 0, 1. Let ¢, d € A be such that ¢ < a <
d, (¢, d) C{a}. Then the interval (¢, a) = (). By Proposition 3.1.1 A must
be atomic, and so all points are open.

Proposition 3.1.3. Let A be a topological MV-chain which is connected
in its interval topology. Then A is locally finite.
Proof.

Assume we have an x € A, z # 0 of infinite order. Let id(x) be the ideal
generated by x. Then id(z) = [J,[0, nz) which is an open set. Call it, say,
0. Let O' = Uygo(y, 1]. Now let a € A. Assume that a ¢ O. If a = 1, then
a € (z*, 1]. As a ¢ O we see that nz < a for all n. Let y = a ® z*. Suppose
that y € O, so that y < nz for some n. Then ¢y = a ® (z*)* < y < nz.
Thus, nz @&y = nx Va = a € O which is false. Hence y ¢ O. Now y < a;
if y=a, then a*®x =a* ® 0. As a # 1 we have x = 0 which is also false.
Thus y < a and so a € (y, 1] € O'. Therefore A = O U O’. But clearly
ONO" =0 and as O is also open, we have that A is not connected. This
contradiction proves the proposition.

In the case that A is an MV-chain, the interval topology on A has as a
basis of open sets, the sets, A, 0, all sets of the form [0, a), a # 0, (b, 1], b #
1 and the sets (a, b), a < b where [0,z), (z, 1], (a, b) are intervals of A.

We point out that if A is atomic, the intervals reduce to singletons of
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points {a}, or closed intervals [a, b].

Lemma 3.1.1. Let A be an MV-chain endowed with its interval topol-
ogy. Let O be open, a @b € O. Then there are O, Oy open with
a€ 01, be Oy and O1 & Oy C O.

Proof.

If A is atomic we can pick O; = {a}, Oz = {b}. Thus we can assume
that A is atomless. If a b = 0, then « = 0 = b. For some ¢ > 0 we have
[0, ¢) € O. We can choose an e, 0 < 2e < ¢ so that [0, ¢) & [0, e) C O.
Hence we can let O; = Oy = [0, e).

Suppose now that, say, a = 0, b # 0; then b € O so there are u, v with
b e (u, v) € O. We can choose an e > 0,b&2e < v. Then [0, )& (u, bPe) C
(u, v) C O and we can let O1 = [0, 1), Oz = (u, bde).

Ifa=1=blet O = Oz = (u, 1] where we know that for some u < 1
we have (u, 1] C O

Ifa=1,b# 1, wehaveau > 0, (u, 1] C O. Thusset O1 = (u, 1], Oy =
[0, 1]. Similarly if a # 1, b= 1.

Suppose now that 0 < a, b < 1. We know there is an interval I C O
with a @ b € I. I will have the form (u, v) or (u, v], v = 1. In either case
let v denote the upper end point of I. Choose an e > 0, u®2e < a®b
and e < a A b. Consider the intervals (a @ e*, a®b), (b e*, bde). If
a < a®e*, then a ® e < a which is false. Similarly if b < b ® e*. Hence
a€(a@e*, adb), be(boe*, bde). Nowlet z € (a®e*, a®b), y €
boe*, bde). Then,a©e*dboe* <zxdy. lfadGe ®boe* < u,
then a @b < u® 2e < a ®b. Therefore u < x @ y. If I = (u, 1], then
x@y €l CO. If I = (u, v) we can modify e so that we also have
a®2 <wv. Inthiscase u < zPy < adbad2e < v. Ergo, choose
O1=(a®e*, ad®b), Oy =(boOe*, bde).

Lemma 3.1.1, together with the obvious fact that * is always continuous
on a linearly ordered algebra, imply that all linearly ordered MV-algebras
are topological.

Proposition 3.1.4. Let A be an MV-chain endowed with its interval
topology. For a € A, O open, the set O ® a™ is open or O ® a~ = {0}.
Proof.

First, we claim that for x € A that if © ® a # 0, then the set x ® a™ =
(x®a)”. Clearly x ®a~ C (x ® a)”. Suppose then that 0 < u < z ® a.
Consider x ® (u@® z*) =z Au=u. If a < u®z*, then 2 ©® a < u. Hence
u®dzr* <aandsou®z* € a”. Therefore z© (udz*) =u € x©®a” and we
see that 0 a”™ = (x®a)”. Now, O©a” =Ucor®a™ = Upeplz ®a)”
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which is open or O ®a~™ = {0} if t ®a =0 for all x € O.

Lemma 3.1.2. Let A be an MV-chain endowed with its interval topol-
ogy. Let a, b, r € A. Then, a®b>riffa™ @ b+ CrT.
Proof.

Suppose first that a®b > r. Let z € a™, y € b*. Then zdy > adb > r.
Equality implies that a @ b = 1. But then a™ & T = {1} Crt.

Conversely, suppose that a™ @ bT C rT. If A is atomic, then a™ =
[a, 1], bT =[b, 1] and so a b € rt; that is, a ® b > r. Assume, then, that
A is atomless. If a® b < r we can find an e > 0, a ® b P 2e < r. But then
(a®e)® (bde) <r which violates the assumption a™ & bt C rt

Proposition 3.1.5. Let A be an MV-chain endowed with its interval
topology. Let I, I’ be intervals with I @ I’ C r+ for some r, 0 < r. Then
there exist a, b € A such that I Ca*, I' CbT and a ® b > r.

Proof.

Let 0 < r < 1. Suppose first that 0 € I. Then I = u— for some u.
Now I' = {0} @I’ Cr*. AsT C 0t =0, 1] and 0 & r > r we have
what’s needed. Similarly if 0 € I’. Suppose then that 0 ¢ I U I’. Assume
I =a", I' = b". By Lemma 3.1.2 we have a © b > r. Assume then
that I = a™, I’ = (b, ¢), b < c. Then I &bt C r*; as I’ C b and the
Lemma 3.1.2 gives a & b > r we have what we need. Finally suppose that
I=(a, da), I'=(b, V). ThenI Cat, I' Cb" and a* @ bT C r. Again,
invoking the Lemma 3.1.2 we have a ® b > r.

Suppose now that » = 1. If A is atomless this doesn’t apply since r* = ().
If A is atomic, r* =17 = {1}. Thus 0 € I U I'. Therefore I, I’ are closed
intervals, say, I = [a, c], I' = [b, d]. But then, as I & I’ C r* we have
a®b=1; moreover, I Ca™, I’ C b" and the proof is complete.

Proposition 3.1.6. Let A be a topological MV-chain which is locally
compact with respect its interval topology. Let K be a frame and f, g € Ak.
Then the following equality holds:

(f @ 9) (") = Samizr (F(57) A g(t7))

Proof.

Suppose first that s & ¢ > r. Then, sT & ¢* C r. Therefore (f(s*) A
g(t*) is a summand of (f @ g)(r™). Conversely, assume that O; & Oy C
r*, 01, Oy € F. Now Oy = U;Ij, O2 = U, 1}, I, I, intervals, so
we see that O1 © Oy = U; ,,,(I; @ I,); thus, I; © I}, C r* for all j, m.
As, f(O1) = 3;f(I;), g(O2) = ., f(I),). We have, therefore, f(O1) A
9(02) =% wm(f(I;) A g(I},)). Thus it suffices to show that f(I) A g(I') <
Sserorf(s) Ag(th), 18T C 1.
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By Proposition 3.1.5, if I, I’ are intervals with I & I’ C r™, then there
are s, t € Asuch that I C st, I’ Ct* and s@t > r. But then f(I)Ag(I') <
(F(sT)) Ag(tT) < Zsgesr(f(sT) Ag(th)) and the proof is complete.

3.2. Some ideal theory in Ak

Again we assume A to be a topological MV-chain which is locally com-
pact in its interval topology, F = Q(A) the frame of open subsets of A and
K a frame.

Let S be a subset of Ak. Let Fp = {O €e F | 0€ O, 1 ¢ O}. Set
Xs={f(O)| fe8S, OeFy} CK and ®(S) be the filter of K generated
by Xg. So we can map a subset S of Ak on a filter ®(S) of K. Moreover,
let T be a subset of K, we set I(T) = {f € Ak | f(O) € T for all O € Fy}.

Proposition 3.2.1. Let A be a topological MV-chain which is locally
compact in its interval topology, K a frame, J a subset of A and F' a
subset of K. Then, with the above notations, the following statements hold:

(i) If F is a filter of K then I(F) is an ideal of Ak;

(i) If F' is a proper filter of K then I(F') is a proper ideal of Ak.

(iii) If F'is a filter of K and I(F') is proper ideal of Ak, then F' is proper.
(iv) If J is an ideal of Ak then Xj is a filter base of K;

(v) If J is an ideal of Ak, then ®(J) is proper iff J is proper.

(vi) If J is an ideal of Ak, then J C I(®(J)).

(vii) If M is a maximal ideal of Ak, then M = I(®(M)).

(viii) If F is a filter of K, then ®(I(F')) C F.

(ix) If F' a minimal filter of K then ®(I(F)) = F.

(x) Suppose that F; C F», where each Fj is a filter of K. Then I(F}) C
2

(xi) If M is a maximal ideal of Ak, then there is a maximal filter F' C K
such that M = I(F).

Proof.

(i):Let F be a filter in K. Then I(F) # 0 since ¢o € I(F'). Let f, g €
I(F'), O € Fy. Then (f®9)(0) = £0,80,co(f(O1)Ag(02)). If Ais atomless
it is easy to find O, O2 € Fy with O1 @ O3 C O. Then f(O1) Ag(O2) € F.
But f(O1) A g(O2) < (f ® g)(O). Hence f @ g € I(F). On the other hand,
if A is atomic let O1 = Oy = {0}. Again O1, Oy € Fy, O1 @02 C O and as
above we can infer f @ g € I(F).

Suppose now that ¢ < f € I(F). Let O € Fy. For some r > 0, let
7= C 0. Thus, f(r) = (fVg)(r~) = f(r) A g(r) < gr) < 9(O). As
r~ € Fop and f(r~) € F we see that g(O) € F and so g € I(F'). We have
then that I(F) is an ideal of Ak.
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(ii): Assume is a proper filter of K. By (i), I(F) is ideal of Ak. Since,
by hypothesis O € Fy, then ¢; € I(F).

(iii): Assume that F'is a filter of K and that I(F') is proper ideal of Ak.
If 0 € F, then for all O € Fy we have ¢;(0) = 0 € F. Hence c; € I(F)
which is absurd.

(iv): Let J be ideal of Ak. Suppose that f(O1), g(O2) € X3, f, g €
J, O1, Oy € Fy. Now 0 € O; so for some ; > 0, (r;)” € O;. Let r = r1Ars.
Then v~ C O1 N 0. As (fVg) € J and r~ € Fy we have (fVg)(r~) € Xj.
That is, (fVg)(r~) = f(r7) Ag(r™) < f(O1) A g(O3). Therefore Xj is a
filter base.

(v): Assuming ®(J) proper means that 0 ¢ Xy. Now 1 = ¢; € J implies
c1(17) =0 € Xj. Thus ®(J) proper implies J proper. Conversely, suppose
that J is proper ideal. Then for f € J we have ordf = oo and so f(r~) >0
for all » > 0. Consequently, if O € Fy we have f(O) > 0 and therefore
0¢& P(J).

(vi) Let J be an ideal of Ak. Let f € J; then for all O € Fy we have
f(O) € ®(J). Consequently, f € I(P(J)).

(vii):If M is a maximal ideal of Ak, then M = I(®(M)), from the above
statement.

(viii):Let « € ®(I(F')) Then for some f € I(F), O € Fy we have f(O) <
z. But f € I(F'). So O € Fy means that f(O) € F. Hence z € F.

(ix):For a minimal filter F' of K we have, by (viii) that ®(I(F)) = F

(x): Let f € I(F1). Then for all O € Fy, f(O) € Fy. Since Fy C F» we
see that f € I(Fy).

(xi): We have a proper filter ®(M) C K. We know that M = I(®(M)).
Let F' be a maximal extension of ®(M). By (x) we may infer M = I(F).

Proposition 3.2.2. Let A be an MV-chain which is locally compact in
its interval topology, K a frame and J a prime filter of K. Then I(J) is a
prime ideal of Ak.

Proof.

Let J be a prime filter of K, f A g € I(J) and assume that f & I(J).
Then for some O' € Fy, we have f(O') ¢ J. Since 0 € O’ we have an
ro > 0 such that (ro)~ € O'. Thus f(r9) € J. Let O € Fy. Again, there
is an r > 0 with r— C O. Since r; € Fo, we know that (fAg)((ro)”) =
f((ro)”) ANg((ro)~) € J. Hence, as J is prime, g(r,) € J. If 7o < r, then
g((ro)™) < g(r7) < g(0), and so ¢g(O) € J. If r < 1o, then f(r=) & J,
therefore g(r~) € J and again it follows that g(O) € J. We may infer, then,
that g € I(J).
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Proposition 3.2.3. Let A be an MV-chain which is topological and
locally compact in its interval topology and K a linearly ordered frame.
Then, Ak is an MV-chain.

Proof.

If K is linearly ordered, then {1} is a prime filter of K. Hence by (5)
of Proposition 3.2.2, I({1}) is a prime ideal of Ak. Let f € I({1}). Then
for every O € Fy we have f(O) € {1}; that is f(O) = 1. Therefore for all
r >0, f(r7) =1=co(r”). Also, for r > 0, v~ Nr™ = . Therefore 0 =
Fr)NF(rT)=f(rT) =co(rT). Forr =0, r* =Asol= f(rt)=co(rt).
Hence by Proposition 3.3(iv), f = ¢o. Thus {0} is a prime ideal of Ak and
so Ak is linearly ordered.

3.3 Spatial Frames and MV-chains

Throughout this section we assume A to be an MV-chain which is topo-
logical and locally compact in its interval topology and K to be a frame.

If L is a prime ideal of K, then F' = K — L is a prime filter. Thus if x €
pt(K) we have an associated prime filter F,, = K — id(z), and consequently
a prime ideal I(F,). Thus we have a map 6 : pt(K) — Spec(Ak) given by
x — I(Fy).

Proposition 3.3.1. Let A be an MV-chain which is topological and
locally compact in its interval topology. Let K be a frame. Then, with the
above notations we have that the following hold:

(1) The map 6 is continuous.

(2) If K is spatial, then §(pt(K)) is a dense subset of Spec(Ak)

(3) If K is spatial we have an embedding C(0(pt(K), A) — C(pt(K), A).

Proof.

(1): Firstly we have the following:

Claim: For z € pt(K), f ¢ 0(z) iff f(01) & id(x).

Indeed, assuming that x € pt(K) we can make the following observa-
tion: f & O(x) iff f & I(Fy) iff f(O) ¢ F, for some O € Fy iff f(O) €
id(z) for some O € Fy.

If O € Fy we know that for some r > 0, r— C O. Thus if f(O) € id(z)
sois f(r~). But then f(0") € id(x). For A=r"U0"so 1= f(r~)V f(07).

Viceversa, suppose that f(07) & id(z). If A is atomless we have that
0" = Uperrt and f(01) = Zoop f(rT). As id(z) is complete, for some
r>0, f(r*) €id(z). Now 0 =r~Nrt so0= f(r~)A f(r*) € id(z). Since
id(z) is prime we have that f(r~) € id(z); as r— € Fy we see that f & 0(z).

If A is atomic, with atom a, we have 0T = [a, 1]. As above we have
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f(a™) €id(x), a= = {0}. But a™ in this case is open and therefore in Fy.
In both cases then, f ¢ 0(x) iff f(0+) ¢ id(z). So the Claim is proved.

Let Uy = {P € Spec(Axk) | f € P} be a basic open set in Spec(Ak).
Then, by the Claim we have: 071 (Uy) = {z € pt(K) | f & 0(z)} = {z €
pt(K) | f(07) € id(z)}. But the latter set is an open set in pt(K).

(2): Suppose K is spatial. Since K is a complete lattice we have an
zo = Wz | = € pt(K)}. As z < y implies id(z) C id(y) it follows that
xo € id(x) for all z € pt(K). Therefore ¢(z9) = 0 = ¢(0). Since ¢ is an
isomorphism we infer that zo = 0.

Let f € 6(x); then f(O) € K —id(x) for all O € Fy, in particular for
O =r~, r> 0. Thus for all » > 0 we have f(r~) € id(z). Since r~Nr*t =10
and id(x) is prime, we see that f(r*) € id(z) for all r > 0.

Suppose now that h € {0(z) | x € pt(K)}. Then for all x € pt(K) we
have h(r*) € id(z) for all » > 0. Thus for all z € pt(K), h(r*) < z for
all > 0. Hence, h(r™) = 0 for all r > 0. Now let O € F. Suppose that
0 € O; then for some s > 0, s~ C O. If there is an r > 0, r < s we have
1="nh(r")Vh(s™)=h(s") < h(O). If s is an atom we have A = {0} U s™
and again 1 = h(s™) vV h({0}) = h({0}) < h(O). If 0 € O, then O C 0" if A
is atomless, and 0+ = Uy, 7" thus h(0") = Zo<, h(rt) = 0. If A is atomic
with atom a we have O C a™ so h(O) < h(a™) = 0. It follows that h = cy,
that is {0(z) | z € pt(K)} = {co}.

(3): By (1), above, we have a continuous map 6 : pt(K) — Spec(Ak).
We know if K is spatial, then #(pt(K)) is a dense subset of Spec(Ax). Let f :
O(pt(K)) — A be a continuous map, (pt(K)) with the subspace topology.
Then f o6 : pt(K) — A is continuous. Thus we obtain a map f — fo6
from the algebra of continuous functions from 6(pt(K)) to A to the algebra
of continuous functions from pt(K) to A. That is from C(8(pt(K)), A) —
C(pt(K), A).

Suppose we have f, g € C(6(pt(K)), A) and fof# = go 6. Then for
all z € pt(K) we have f o f(z) = go6(x), hence f(0(x)) = g(f(x)). So
(g0 /)B(x)) =0 = (f"og)(@(x)) for all z € pt(K). Hence for all such
x, d(f, g) € 0(x) where d(f, g) = (f*og)®(¢g* o f). Therefore, by (2), if K
is spatial, we may infer that f = g. So the mapping f — f o8 is injective.

Now given f € C(0(pt(K)), A) we have f* — f*of. Let z € pt(K); then
[700(z) = (F(0(x))* = (fob(x))* = (fo0)*(2). 1f g € C(OPLK)), A), z €
pt(K) then ((f & g) 0 0)(x) = ( 0 0)(x) & (g 0 6)(z) = ( 0 6 g 0 0)(x).

3.3.1. Semisimplicity of Ak
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Proposition 3.3.1.1 Let A be a locally finite and divisible MV-algebra
and K a frame. If A is topological and locally compact in its interval topol-
ogy, then Ak is semisimple.

Proof.

First we observe that for any f € Ak, n > 1, r € A, r < 1 we have
F(EF) < (nf)(rT). Indeed, we know that n(Z) = r, thus if O; = (£)*
fori =1, 2, ..., n, then O1 ® O ® --- ® O, C r™. Hence f(LF) =
f(O1N---NOy) < (nf)(rt) by Proposition 3.1.9. Now let F be a prime filter
in K. By Proposition 3.2.2, we know that M = I(F') is a prime ideal of Ak.
Suppose that f € Ak, f & M. Then for some O’ € Fy we have f(O') ¢ F.
Since 0 € O’ there is an 19 € A, 19 > 0, 7y, € O. As f(ry) < f(O') we
also have f(ry) ¢ F. Let n > ord(rg). Let r € A, » > 0. Then r* < 1.

Therefore = < 7y since n(%-) = r < 1. Moreover, f(%+) < (nf)((r*)*).
Now (r*)* = v(r~) so we obtain f(%+) < (nf)(w(r7)) = (nf)*(r7) =
(f*)™(r=). Also, A = %Jr U (rp)” and so 1 = f(%+) V f(ro)”) € F. As F
is prime and f(ro) ¢ F we see that f((%)~) € F. But then, (f*)"(r~) € F.
Now if O € Fg there is an r € A, r > 0 with »— C O. Therefore since
(f*)™(r~) € F we also have f(O) € F. It follows that (f*)” € M and so M

is a maximal ideal.

Now let R = RadA and again let F' be a prime filter of K. Then
R C M = I(F). Consider the filter ®(R) C K. Clearly ®(R) C ®(M). By
Proposition 3.2.1 (viii), ®(R) C F. Therefore ®(R) C ("{F' | F a prime filter in K}.
Hence, ®(R) = {1}.

Now let f € R. then for all r € A, r > 0 we have f(r7) =1=co(r™).
Now let s € A, s > 0; choose an 7, 0 < r < s. Then ) = r— Ns™ .
Thus 0 = f(r~) A f(sT) = f(sT). Therefore f(s*) = co(sT), s > 0. Now
0" =UsspsT and so f(07) = Ees0f(sT) =0 =co(0T). By Proposition 3.3
(iv) we infer that f = co. Hence R = {cp} = 0.

Now, the condition of A being locally finite, divisible together with lo-
cally compact determines A completely. In fact A must be [0, 1] as we now
show.

Proposition 3.3.1.2. Let A be an MV-algebra such that

1) A is locally finite

2) A is divisible

3) A is locally compact in the interval topology

Then, A = [0, 1].

We shall prove this in a series of results. As A is locally finite we can
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consider A as a subalgebra of [0, 1].
First we show,

Lemma 3.3.1.1. A is dense in [0, 1].
Proof.

Suppose there is a (u, v) C [0, 1] such that (u, v)NA =0, u <wv. If
for all z € A, x # 0 we have u < z, then there is an m such that max =1
for all 0 # x € A, just choose m =ordu. But since A is divisible there
is a y € A such that (m + 1)y = x; this forces A = {0, 1} which is not
divisible. Thus we can find an z € A, 0 < x < u. There is an n such
that (n — 1)z < u < v < nz. Therefore nz - (z*)*~1 > v-u* > 0. Now
nz-(x*)" 1 =z A(2*)"! > v-u*. Hence v-u* < x. It follows then that for
allz € A, x # 0 that 0 # v - u* < x. As above there is an integer m such
that max =1 for all z € A, x # 0 and this violates divisibility.

Lemma 3.3.1.2. Suppose that A contains a closed interval [u, v] of the
algebra [0, 1]. Then A = [0, 1].
Proof.

First note that [0, v-u*] C A. forlet x € [0, v-u*], thenu <u Gz <wv
soudzreA Butthenz =z Au* =u*- (udx) € A

Secondly, assume for some a € A, a # 0, that [0, a] C A. Let n be an
integer and consider = € [0, na|, and assume that [0, (n — 1)a] € A. Then
z- (@)t <na- (@) =aA(a*)" <a, Soz-(a*)"t €0, a] C A.
Thus, (n —Da®@x- (@) =2V (n—1)a€ A If x> (n—1)a € A, then
x=zV(n—1)ae€ A;if x < (n—1)a, then z € [0, (n — 1)a] C A by the
induction assumption. Hence [0, na] C A.

Applying this result to [0, v-u*] we see that for any n, [0, n(v-u*)] C A.
As v - u* has finite order we infer that [0, 1] C A.

Now let a € A; we know there is a compact neighborhood I4 of A with
a € I4. Thus there are u, v € A with a € (u, v)4 C I4. Suppose that
A #]0. 1]. Then [u, v] € A; thus there is a w € (u, v) — A. By the
density of A in [0, 1] we can find an increasing sequence of elements a,, € A
such that v < wu, and sup{up|n} = w. Similarly, there is a decreasing
sequence vy, of elements of A such that v, < v and inf{v,|n} = w. Now
[0, u1)aUU,,(u, un)a U, (vn, v)aU(v1. 1]4 covers I4. But no finite subcover
can contain all of the a,, or b,.

It now follows that A = [0, 1].

Corollary 3.3.1.1 Under the same hypotheses as in Proposition 3.3.1.1,
if K is linearly ordered, then Ag = [0, 1].
Proof.
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We know from Proposition 3.2.3 that Ak is linearly ordered. Since it’s
semisimple we must have A C [0, 1]. But [0, 1] C Ak so Ak = A.

4. The atomic chain case

Proposition 4.1. Let A be a topological atomic MV-chain endowed
with its interval topology and K a connected frame. Then Ak is isomorphic
to A.

Proof.

Since A is an atomic chain, then Q(A) is just the set of all subsets
of A. For any a € A we have ) = {a} Nco(a), A = {a} Uco(a) where
co(a) = A—{a}. Hence for any f € Ak, we have 0 = f({a})A f(co(a)), 1 =
f({a}) v f(co(a)).

We see then that f({a}) is a complemented element of K with comple-
ment f(co(a)). Suppose now that for some a, b € A that f({a}) = f({b}) =
1. Then 0 = f({a}) A f(co(a)) = f(co(a)). If b # a, then b € co(a) and so
f({b}) =0. Thus, f({a}) = f({b}) =1 implies a = b. Now, let a € A, then,
from above, we see that f({a}) is complemented with complement f(co(a)).
As K is connected we have f({a}) =0 or f({a}) = 1.

Suppose then that f({a}) = 1, Then f(co(a)) = 0. In this case we
see that f = c,. Suppose then that f({a}) = 0. Then f(co(a)) = 1.
Now co(a) = U{{r} | r € co(a)} and therefore f(co(a)) = X{f({r}) | r €
co(a)} = 1. Since each f({r}) € {0, 1} we must have a w € co(a) with
f({w}) = 1. From the discussion above, w is unique, and f = ¢,,. Thus we
have that Ax = {c, | a € A} = A.

Proposition 4.2. Let n be a positive integer, A the finite topological
MV-chain with n + 1 elements, K a frame and F' a prime filter of K. Then
the following statements hold:

(1) f € I(F) iff f({0}) € F.

(2) I(F) is a maximal ideal of Ak.

Proof.

We have, for a € A, that 0 = {a} N co( ), A= {a}Uco(a) and so, for

f e Ak we get 0 = f({a}) A f(co(@)), 1 = f({a}) V f(co(a)). That is,
f({a}) is complemented with complement f (co(a)).

Now if O € Q(A), then O = {ry,...,r;} and consequently f(O) =
fHrmYU---U{r} =Z;f({ri}). Aseach f({r;}) is complemented so is their
sum. That is f(O) is complemented.

As Q(A) is finite, we see that for each f € Ak the range of f lies in the
boolean subalgebra of K.
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So, assume that F' C K is a prime filter and that f € Ag. If f € I(F),
then for some o € Fy we have that f(O) ¢ F. As 0 € O and {0} C O we
see that f({0}) &€ F.

Conversely, suppose that f({0}) ¢ F. Since {0} € Fo,we see that f ¢
I(F). Therefore, we get (1).

Suppose then that f € I(F) and that for all & > 0, (f*)* ¢ I(F). Then
for all k > 0, (f*)k({0}) ¢ I(F).

Now (f*)*({0}) = (kf)*({0}) = (kf)(¥({0})). But v({0}) = {z* |z =
0} = {1}. Consequently we have that (kf)({1}) € F. Hence (kf)(17) € F
for all £ > 0.

Using Proposition 3.6, we know that (kf)(17) = Xp,5..e0,c1-f(O1 N
+++NOg). Now let k >n. fO1@---®Of C 17, then some O; C {0}, that is
some O; = {0}. Hence O1N---NO;, C {0} and therefore f(O1N---NO) <
f({0}). It follows that (kf)(17) < f({0}). But since (kf)(17) € F we see
that f({0}) € F. This contradiction shows that for some k > 0, (f*)* ¢
I(F). So we have proved (2).

Proposition 4.3. Let n be a positive integer, A the finite topological
MV-chain with n + 1 elements and K a frame. Then Ak is semisimple.
Proof.

Let R = RadAk and let F be a prime filter of K. Then R C M = I(F).
Consider the filter ®(R) C K, ®(R) the filter generated by {f(O) | O €
Fo, f € R}. Clearly ®(R) C ®(M). By Proposition 3.2.1 (viii), ®(R) C F.
Therefore ®(R) C N{F' | F' a prime filter in K}. Hence, ®(R) = {1}.

Now let f € R. then for all r € A,,, r > 0 we have f(r7) =1=co(r™).

Now let r € A, r > 0. Then 9 =7~ Nr*. Thus 0 = f(r ) A f(r*) =
f(rT). Therefore f(r*) = co(r™), r > 0. Now 0+ = U,~or+ and so
f(0+) = Xos0f(r+) = 0 = ¢o(0"). By Proposition 3.3 (iv) we infer that
f =co. Hence R = {cp} = 0.

Proposition 4.4. Let n be a positive integer, A the finite topologi-
cal MV-chain with n + 1 elements and K a frame. Then f € Ak is an
idempotent iff f({0}) and f({1}) are complements in K.

Proof.

Let f € Ak, O € Q(A). We know that (f @ f)(0) = Zo,80,cof (01 N
Oz2). In particular, (f @ f)({a}) = X0,@0.cfa} f(O1 N O2).

Now O1 ® Oy C {a} iff O; = {0}, O2 = {a} or vice-versa. In either case,
01N Oy = ) and we may infer that (f @ f)({a}) = 0.

Suppose then that f @ f = f. From the above we see that f({a}) = 0.
Assume now that 0 < ka # 1 and that f({la}) = 0 for | < k. Then,
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(f ® f){ka}) = EOl@Ozg{ka}f(Ol N Oz). Now O1 @ O2 C {ka} iff O; =
{0}, O; = {ka} or O; = {ma}, O; = {la}, m+1 = k, where i, j €
{1, 2}, i # 7.

Except in the case that m = [ we have O1 N Oy = (. Hence, (f @
f){ka}) = f(ma), and as m < k, f(ma) = 0. Therefore for 0 < ka < 1
we have f({ka}) = 0. It now follows that f({0}) Vv f({1}) = 1. Since
FHOH) A f({1}) = 0 we may conclude, that if f € Ak is an idempotent,
then f({0}), f({1}) are complements in K.

Suppose now that f({0}), f({1}) are complements, so that f({0}) v
f({1}) = 1. Let 0 < ka < 1; then we have f({ka}) = f({ka}) A f({1}) V
f({ka}) N F{1Y) = f({ka} N{0}) V f({ka} N {1}) = 0.

Let O € Q(A). Then f(O) = f(ON{0})V f(ON{1}). Thus,

1)if 0, 1 € O then f(O) =1,

2) if neither of 0, 1 are in O, then f(O) = 0;

3)if0€ 0, 1¢ 0, then f(O) = f({0});

4)if 0 O, 1€ O, then f(O) = f{1}).

Consider then, (f & f)(0) = X0,00,cof(0O1 N O7).

1) if 0, 1 € O then there’s a summand for the index {0, 1} & {0, 1} and
the summand f({0, 1}) =1, so (f & f)(O) = 1;

2’) if neither of 0, 1 are in O, then 0, 1 are not in at least one of the
O;, i = lor 2 so each summand f(O; N Oz) =0 by 2) above;

3)if0€ 0, 1¢ 0, then 1 ¢ 0;UOs and 0 € O1NO0s and so f(01N0s) =
f({0}) or 0 ¢ O1 N O2 and f(O; N O2) = 0 by 2) above. In either case
(f & £)(0) = f({0});

4’) if0Z£0,1€0,then0 ¢ O1NO0s. If 1 € O1NO3, then f(OlmOz) =1
by 4) above, and if 1 ¢ O1 N Oy then f(O; N O2) = 0 by 1) above. In any
case the result is (f & f)(O) = f({1}).

Comparing 1) to 4) with 1’) to 4’) we have proved the proposition.

Since f({0}) A f({1}) = 0 always, with the above notations, we have,
Corollary 4.1. f € Ak is idempotent iff f({0})V f({1}) = 1.

For a finite MV-chain A with n+1 elements C(X, A) it’s the case that n f
is an idempotent for every f € C(X, A). That is C(X, A) is quasi-boolean
of index n. The same is true for Ak.

Proposition 4.5. Let n be a positive integer, A the finite topological
MV-chain with n + 1 elements and K a frame. Then for every f € Ak, nf
is an idempotent.

Proof.
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Let 0 < ka < 1. Suppose we have O1 & Oz--- ® O, C {ka}. Then
some O; must equal {0}. For if not, we would have 0 < z; € O; for each i
and so X;z; = 1 € {ka} which is absurd. Also, for some j, we must have
0 & Oj as otherwise 0 € {ka}. Consequently O1NOs---NO,, = (). Therefore

(nf)({ka}) =0. But 1 = X—o" f({ka}) = f({0}) VvV f({1}). By the corollary
above we see that nf is idempotent.

With the above notations, we have the following:
Corollary 4.2. Ak is quasi-boolean of finte index n.
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