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THE KLEIN SOLUTION TO PAINLEV�E'S SIXTH EQUATIONPHILIP BOALCHAbstra
t. We will des
ribe a method for 
onstru
ting expli
it algebrai
 solutions tothe sixth Painlev�e equation. There are basi
ally two steps: First we explain how to
onstru
t �nite braid group orbits of triples of elements of SL2(C ) out of triples ofgenerators of three-dimensional 
omplex re
e
tion groups. (This involves the Fourier{Lapla
e transform for 
ertain irregular 
onne
tions.) Then we adapt a result of Jimbo toprodu
e the Painlev�e VI solutions. (In parti
ular this solves a Riemann{Hilbert problemexpli
itly.)Ea
h step will be illustrated using the 
omplex re
e
tion group asso
iated to Klein'ssimple group of order 168. This leads to a new algebrai
 solution with seven bran
hes. Wewill also prove that, unlike the algebrai
 solutions of Dubrovin{Mazzo

o and Hit
hin,this solution is not equivalent to any solution 
oming from a �nite subgroup of SL2(C ).1. Introdu
tionKlein's quarti
 
urve X3Y + Y 3Z + Z3X = 0 � P2(C )is of genus three and has the maximum possible number 84(g � 1) = 168 of holomorphi
automorphisms. Klein found these automorphisms expli
itly (in terms of 3� 3 matri
es).They 
onstitute Klein's simple group K � PGL3(C ) whi
h is isomorphi
 to PSL2(7).Lifting to GL3(C ) there is a two-fold 
overing group bK � GL3(C ) of order 336 whi
h isa 
omplex re
e
tion group|there are 
omplex re
e
tions(1) r1; r2; r3 2 GL3(C )whi
h generate bK. (Re
all a pseudo-re
e
tion is an automorphism of the form \oneplus rank one", a 
omplex re
e
tion is a pseudo-re
e
tion of �nite order and a 
omplexre
e
tion group is a �nite group generated by 
omplex re
e
tions. Here, ea
h generatorri has order two|as for real re
e
tions.)Using the general tools to be des
ribed in this paper we will 
onstru
t, starting fromthe Klein 
omplex re
e
tion group bK, another algebrai
 
urve with aÆne equation(2) F (y; t) = 0given by a polynomial F with integer 
oeÆ
ients. This 
urve will be a seven-fold 
overof the t-line bran
hed only at 0; 1;1 and su
h that the fun
tion y(t), de�ned impli
itlyby (2), solves the Painlev�e VI di�erential equation.One upshot of this will be to 
onstru
t an expli
it rank three Fu
hsian system of lineardi�erential equations with four singularities (at 0; t; 1;1, for some t) on P1, and withmonodromy group equal to bK in its natural representation (so the monodromy aroundea
h of the �nite singularities 0; t; 1 is a generating re
e
tion).1



2 PHILIP BOALCHIn general the 
onstru
tion of linear di�erential equations with �nite monodromy groupis reasonably straightforward provided one works with rigid representations of the mon-odromy groups. In our situation the representation is minimally non-rigid; it lives in a
omplex two-dimensional moduli spa
e, and this is the basi
 reason the (se
ond order)Painlev�e VI equation arises.Apart from the many physi
al appli
ations, from a mathemati
al perspe
tive our basi
interest in the Painlev�e VI equation is that it is the expli
it form of the simplest isomon-odromy (=non-abelian Gauss{Manin) 
onne
tion. In brief, the isomonodromy 
onne
-tions arise by repla
ing the 
losed di�erential forms and periods appearing in the usual(abelian) Gauss{Manin pi
ture, by 
at 
onne
tions and monodromy representations, re-spe
tively.Indeed one may view the Painlev�e VI equation as a natural nonlinear analogue of theGauss hypergeometri
 equation. From this point of view the thrust of this paper is towards�nding the analogue of S
hwartz's famous list of hypergeometri
 equations with algebrai
solutions.Before 
arefully des
ribing the 
ontents of this paper we will brie
y re
all exa
tly howthe sixth Painlev�e equation arises.Consider a Fu
hsian system of di�erential equations (with four singularities) of the form(3) d�dz = A(z)�; A(z) = 3Xi=1 Aiz � aiwhere the Ai's are 2�2 tra
eless matri
es. We wish to deform (3) isomonodromi
ally|i.e.when the pole positions (a1; a2; a3) are moved in C 3 n diagonals we wish to vary the 
oef-�
ients Ai su
h that the 
onjuga
y 
lass of the 
orresponding monodromy representationis preserved. Su
h isomonodromi
 deformations are governed by S
hlesinger's equations:(4) �Ai�aj = [Ai; Aj℄ai � aj if i 6= j; and �Ai�ai = �Xj 6=i [Ai; Aj℄ai � aj :Let us view these more geometri
ally as a nonlinear 
onne
tion on a �bre-bundle. Firstobserve that S
hlesinger's equations preserve the adjoint orbit Oi 
ontaining ea
h Ai andare invariant under overall 
onjugation of (A1; A2; A3; A4), where A4 = �A1�A2�A3 isthe residue of (3) at in�nity. Thus one sees that S
hlesinger's equations amount to a 
at
onne
tion, the isomonodromy 
onne
tion, on the trivial �bre bundle(5) M� := (O1 �O2 �O3 �O4)==G �B�!Bover B := C 3 n diagonals, where the �bre (O1 � � � � �O4)==G is the quotient ofn (A1; A2; A3; A4) 2 O1 �O2 �O3 �O4 �� XAi = 0 oby overall 
onjugation by G = SL2(C ). (Generi
ally this �bre is two dimensional and hasa natural 
omplex symple
ti
 stru
ture.)Now for ea
h point (a1; a2; a3) of the base B one 
an also 
onsider the set(6) HomC(�1(C n faig); G)=Gof 
onjuga
y 
lasses of representations of the fundamental group of the four-pun
turedsphere, where the representations are restri
ted to take the simple loop around ai intothe 
onjuga
y 
lass Ci := exp(2�p�1Oi) � G (i = 1; : : : ; 4; a4 = 1). These spa
es



THE KLEIN SOLUTION TO PAINLEV�E'S SIXTH EQUATION 3of representations are also generi
ally two dimensional (and 
omplex symple
ti
) and �ttogether into a �bre bundle M�!B:Moreover this bundle M has a 
omplete 
at 
onne
tion de�ned lo
ally by identifying rep-resentations taking the same values on a �xed set of fundamental group generators. Theisomonodromy 
onne
tion is the pullba
k of this 
omplete 
onne
tion along the naturalbundle map � :M��!Mde�ned by taking the systems (3) to their monodromy representations (
f. [18, 5℄).To obtain Painlev�e VI one 
onsiders the double 
over 
M� of M� (de�ned by 
hoosingan ordering of the eigenvalues of A4) and lifts the isomonodromy 
onne
tion to 
M�.Upon 
hoosing spe
i�
 lo
al 
oordinates x; y on the �bres of 
M� and restri
ting the polepositions to (a1; a2; a3) = (0; t; 1), the isomonodromy 
onne
tion then amounts to two�rst order 
oupled nonlinear equations for x(t); y(t). Eliminating x yields (
f. e.g. [23℄)the sixth Painlev�e equation1 (PVI):d2ydt2 = 12 �1y + 1y � 1 + 1y � t��dydt�2 ��1t + 1t� 1 + 1y � t� dydt+y(y � 1)(y � t)t2(t� 1)2 �� + � ty2 + 
 (t� 1)(y � 1)2 + Æ t(t� 1)(y � t)2� :The four parameters �; �; 
; Æ 2 C here are dire
tly related to the 
hoi
e of the adjointorbits Oi. From another viewpoint, we will see the monodromy spa
es (6) are aÆne 
ubi
surfa
es and Iwasaki [21℄ has re
ently pointed out that the four parameters 
orrespond tothe moduli of su
h surfa
es, appearing in the Cayley normal form.The sixth Painlev�e equation has 
riti
al singularities at 0; 1;1 and is remarkable inthat any of its solutions have wonderful analyti
 
ontinuation properties: any lo
ally-de�ned solution y(t) may be analyti
ally 
ontinued to a meromorphi
 fun
tion on theuniversal 
over of the three-pun
tured sphere P1nf0; 1;1g. (This is the so-
alled Painlev�eproperty.)From the geometri
 viewpoint, the monodromy of PVI (i.e. the analyti
 
ontinuation ofsolutions around P1nf0; 1;1g) 
orresponds to the monodromy of the nonlinear 
onne
tionon 
M�. In turn this 
onne
tion is the pullba
k of the 
omplete 
onne
tion on the bundleM . Being 
omplete, the monodromy of the 
onne
tion on M amounts to an a
tion ofthe fundamental group of the base B on the standard �bre (6). In other words: themonodromy of solutions to PVI is governed by the standard a
tion of the pure three-string braid group P3 = �1(B) on the spa
e (6) of monodromy data.Our main 
on
ern in this paper is to 
onstru
t algebrai
 solutions to PVI. One knowsthat, for generi
 values of the four parameters, any solution of PVI is a `new trans
endentalfun
tion' on the universal 
over of the three-pun
tured sphere. However, for spe
ialvalues of the parameters it is possible that there are solutions expressible in terms ofstandard trans
endental fun
tions, or even solutions whi
h are algebrai
|i.e. are de�nedby polynomial equations. For example there are the algebrai
 solutions of Hit
hin [19, 20℄,1The general PVI equation was �rst written down by R. Fu
hs (son of L. Fu
hs) and it was added tothe list of Painlev�e equations by Painlev�e's student B. Gambier.



4 PHILIP BOALCHDubrovin [11℄ and Dubrovin{Mazzo

o [13℄ related to the dihedral, tetrahedral, o
tahedraland i
osahedral groups.The problem of 
onstru
ting algebrai
 solutions may be broken into two steps. First,the algebrai
 solutions will have a �nite number of bran
hes and so one may start bylooking for �nite orbits of the P3 a
tion on the spa
e of monodromy data (6).Clearly if we start with a linear system (3) whose monodromy is a �nite subgroup ofSL2(C ), then the 
orresponding braid group orbit will be �nite. The solutions of Hit
hin,Dubrovin and Mazzo

o mentioned above are equivalent to solutions arising in this way.The basi
 idea underlying the present paper is that PVI also arises as the equation forisomonodromi
 deformations of 
ertain rank three Fu
hsian systems. Namely we repla
eA1; A2; A3 in (3) by 3 � 3 matri
es B1; B2; B3 ea
h of rank one. Then the 
orrespond-ing moduli spa
es are still of dimension two, and one �nds again that PVI governs theisomonodromi
 deformations (and that any PVI equation arises in this way). Note thatthe rank one 
ondition implies the 
orresponding monodromy group will be generated bya triple of pseudo-re
e
tions in GL3(C ).Rather than work throughout with this equivalent 3� 3 representation of PVI, we willpass between the two pi
tures in order to use existing ma
hinery developed in the 2 � 2framework (in parti
ular the work of Jimbo [22℄).Our starting point will be to des
ribe a method of 
onstru
ting �nite braid grouporbits of triples of elements of SL2(C ) starting from any triple of 
omplex re
e
tionsgenerating a 
omplex re
e
tion group in GL3(C ). In general this will yield more exoti
�nite braid group orbits than those from �nite subgroups of SL2(C ). The key idea behindthis 
onstru
tion is to use the Fourier{Lapla
e transformation to 
onvert the rank threeFu
hsian system into a rank three system with an irregular singularity, then to apply asimple s
alar shift and transform ba
k, so that the resulting Fu
hsian system is redu
ible,and we take the irredu
ible rank two quotient or subsystem. Of 
ru
ial importan
e here isBalser{Jurkat{Lutz's 
omputation [1℄ of the a
tion of the Fourier{Lapla
e transformationon monodromy data, relating the monodromy data of the Fu
hsian system to the Stokesdata u� of the irregular system. This 
orresponden
e may be des
ribed by the expli
itformula r3r2r1 = u�1� t2u+(dating ba
k at least to Killing) for the Birkho� fa
torisation of the produ
t of generatingre
e
tions, and enables us to 
ompute the a
tion of the s
alar shift on the re
e
tions.Lots of �nite braid group orbits of SL2(C ) triples are obtained in this way: We re
allthat Shephard{Todd [30℄ have 
lassi�ed all the 
omplex re
e
tion groups and showedthat in three-dimensions, apart from the real re
e
tion groups, there are four irredu
ible
omplex re
e
tion groups generated by triples of re
e
tions, of orders 336, 648, 1296 and2160 respe
tively, as well as two in�nite families G(m; p; 3);m � 3; p = 1;m of groupsof orders 6m3=p. For m = 2 and p = 1; 2 these would be the symmetry groups of theo
tahedron and tetrahedron respe
tively. (In general, for other p dividing m, G(m; p; 3)is not generated by a triple of re
e
tions.) The main example we will fo
us on, the Kleingroup, is thus the smallest non-real ex
eptional 
omplex re
e
tion group. This leads toa P3 orbit of size seven whi
h we will prove is not isomorphi
 to any orbit 
oming from a�nite subgroup of SL2(C ).



THE KLEIN SOLUTION TO PAINLEV�E'S SIXTH EQUATION 5The se
ond step in the 
onstru
tion of algebrai
 solutions is to pass from the �nite braidgroup orbit to the expli
it solution. For this we adapt (and 
orre
t) a result of Jimbo [22℄giving an expli
it formula for the leading term in the asymptoti
 expansion at zero of thesolution y(t) on ea
h bran
h. By using the PVI equation this is suÆ
ient to determinethe solution 
urve pre
isely.The general strategy of this paper is the same as the paper [13℄ of Dubrovin{Mazzo

o.Indeed part of our motivation was to extend their work to (a dense open subset of) thefull four parameter family of PVI equations. Re
all that [13℄ dealt with the real three-dimensional re
e
tion groups and for this it was suÆ
ient to only 
onsider a one-parameterfamily of PVI equations (
orresponding to �xing ea
h of A1; A2; A3 to be nilpotent, so theremaining parameter is the 
hoi
e of orbit of A4).In relation to [13℄ the key results of the present paper are �rstly to see how to extendtheir method of passing from generating triples of real re
e
tions to �nite P3 orbits of(unipotent) SL2(C ) triples. (Reading the earlier papers [11, 12℄ of Dubrovin was helpfulto fully understand this aspe
t of [13℄.)Se
ondly we were able to �x Jimbo's asymptoti
 formula. (Dubrovin{Mazzo

o did notuse Jimbo's asymptoti
 result, but adapted Jimbo's argument to prove a version of itfor their nilpotent situation). The key point here was to �nd a sign error hidden in thedepths of Jimbo's asymptoti
 formula|perhaps we should emphasize that without the
orre
tion the 
onstru
tion of this paper will not work at all. (Namely at some point weneed to obtain pre
ise rational numbers out of the trans
endental formulae.) This sign isalso important be
ause it is needed to obtain the 
orre
t 
onne
tion formulae for solutionsof the Painlev�e VI equation.The two main tools of this paper (
onstru
tion of �nite P3 orbits of SL2(C ) triples, andJimbo's formula) are independent and will have separate appli
ations. For example onemay take any triple of elements of a �nite subgroup of SL2(C ) and try to apply Jimbo'sformula to �nd solutions to PVI. (E.g. in [2℄ we have 
lassi�ed the inequivalent P3 orbitsof generators of the binary i
osahedral group and, as a further test of Jimbo's formula,
onstru
ted an algebrai
 solution to PVI with 12 bran
hes, involving 105 twenty digitintegers|this is the largest genus zero i
osahedral solution and is interesting sin
e itsparameters lie on none of the re
e
ting hyperplanes of Okamoto's aÆne F4 a
tion.)The layout of this paper is as follows. In se
tion 2 we explain in a dire
t algebrai
 fashionhow to obtain �nite braid group orbits of (
onjuga
y 
lasses of) triples of elements ofSL2(C ) from triples of generators of three-dimensional 
omplex re
e
tion groups. Se
tion3 (whi
h 
ould be skipped on a �rst reading) then explains how the formulae of se
tion2 were found. This is somewhat more te
hni
al, involving the a
tion of the Fourier{Lapla
e transform on monodromy data, but is ne
essary to understand the origin of thepro
edure of se
tion 2. We also mention in passing (Remark 23) the relation with theGLn(C ) quantum Weyl group a
tions. Next, in se
tion 4, we give Jimbo's formula forthe leading term in the asymptoti
 expansion at zero of the PVI solution y(t) on thebran
h spe
i�ed by a given SL2(C ) triple. This is applied in se
tion 5 to �nd the Kleinsolution expli
itly. Se
tion 6 then proves that the Klein solution is not equivalent (underOkamoto's aÆne F4 a
tion) to any solution 
oming from a �nite subgroup of SL2(C ).Finally in se
tion 7 we explain how to re
onstru
t, from su
h a PVI solution, an expli
it



6 PHILIP BOALCHrank three Fu
hsian system with monodromy group generated by the triple of 
omplexre
e
tions we started with in se
tion 2.It should be mentioned that, in the short paper [3℄, we previously showed by a di�erentmethod that the equations for isomonodromi
 deformations of the 3�3 Fu
hsian systemsmentioned above are equivalent to PVI|this was written before Jimbo's formula was�xed and also does not give the relation between the rank two and three monodromydata.A
knowledgments. The Klein solution was found whilst the author was a J.F. Ritt assistantprofessor of Mathemati
s at Columbia University, New York, and was announ
ed at the April2003 AMS meeting at the Courant Institute. This has been an ongoing proje
t for many years,various other parts of whi
h were done whilst the author was a member of DPMMS (Cambridge),The Mathemati
al Institute (Oxford), SISSA (Trieste) and IRMA (Strasbourg, supported bythe EDGE Resear
h Training Network HPRN-CT-2000-00101). The author is grateful to AntonAlekseev for inviting him to visit the University of Geneva Mathemati
s Department and theErwin S
hr�odinger Institute (Vienna) during the summer of 2003, where this paper was written(supported by the Swiss National S
ien
e Foundation and the ESI respe
tively). Finally, thanksare due to Nigel Hit
hin, Boris Dubrovin and Marta Mazzo

o for useful 
onversations.2. Braid group orbitsIn this se
tion we will explain how to obtain some interesting �nite braid group orbitsof triples of elements of SL2(C ) from triples of generators of three-dimensional 
omplexre
e
tion groups.The motivation is simply the fa
t that bran
hes of a solution to PVI are parameterisedby pure braid group orbits of 
onjuga
y 
lasses of triples of elements of SL2(C ). Clearlyany algebrai
 solution of PVI has a �nite number of bran
hes and so the �rst step towards�nding an algebrai
 solution is to �nd a �nite braid group orbit, whi
h is what we will dohere.2� 2 
ase.Let G = SL2(C ) and 
onsider the standard a
tion of the three-string braid group B3 onG3 generated by(7) �1(M3;M2;M1) = (M2;M�12 M3M2;M1)�2(M3;M2;M1) = (M3;M1;M�11 M2M1)where Mi 2 G. We are interested in the indu
ed a
tion of B3 on the set of 
onjuga
y
lasses of su
h triples.First we re
all some basi
 fa
ts (
f. e.g. [26℄). To begin with note that the sevenfun
tions m1 := Tr(M1); m2 := Tr(M2); m3 := Tr(M3);(8) m12 := Tr(M1M2); m23 := Tr(M2M3); m13 := Tr(M1M3)m321 := Tr(M3M2M1):on G3 are invariant under the diagonal 
onjugation a
tion of G and in fa
t generate thering of invariant polynomials. Indeed the ring of invariants is isomorphi
 to the quotient ofC [m1;m2;m3;m12;m23;m13;m321℄ by the (ideal generated by the) so-
alled Fri
ke relation:(9) m2321 � Pm321 +Q = 4



THE KLEIN SOLUTION TO PAINLEV�E'S SIXTH EQUATION 7where P;Q are the following polynomials in the �rst six variables:P = m1m23 +m2m13 +m3m12 �m1m2m3Q = m21+m22+m23+m212+m223+m213+m12m23m13�m1m2m12�m2m3m23�m1m3m13:(This relation appears in the book [14℄ of Fri
ke and Klein.) That there is pre
iselyone relation �ts ni
ely with the rough dimension 
ount of 3 � 3 � 3 = 6 for the spa
e of
onjuga
y 
lasses of triples. Viewed as a quadrati
 equation for m321 the other root of (9)is Tr(M1M2M3) so in parti
ular we have(10) Tr(M1M2M3) = P �m321:Note that, upon �xing m1;m2;m3;m321, the Fri
ke relation is a 
ubi
 equation in theremaining three variables; the six dimensional variety we are studying is essentially auniversal family of aÆne 
ubi
 surfa
es [21℄.Now, the indu
ed B3 a
tion on 
onjuga
y 
lasses of triples indu
es an a
tion on the in-variant fun
tions, and we will des
ribe this a
tion in terms of the seven 
hosen generators.Clearly m321 is �xed by both �i, and the mi are just permuted:�1(m1;m2;m3) = (m1;m3;m2); �2(m1;m2;m3) = (m2;m1;m3):Lemma 1. The indu
ed B3 a
tion on the quadrati
 fun
tions is�1(m12;m23;m13) = (m2m321 +m1m3 �m13 �m12m23;m23;m12)�2(m12;m23;m13) = (m12;m13;m1m321 +m2m3 �m23 �m13m12)Proof. The se
ond formula follows from the �rst by permuting indi
es. For the �rstformula the hard part is to establishTr(M�12 M3M2M1) = m2m321 +m1m3 �m13 �m12m23:One way to do this (whi
h will extend to the 3�3 
ase below) is to writeMi = "i(1+ei
�i)for some rank one matrix ei 
 �i and number "i 2 C � . Then Tr(M�12 M3M2M1) 
an beexpanded in terms of the numbers �i(ej) and the terms of the resulting expression 
an beidenti�ed as terms in the expansions of the seven invariant fun
tions. �Before moving on to the higher rank 
ase we point out the evident fa
t that if (M3;M2;M1)are a triple of generators of a �nite subgroup of G then the 
orresponding braid grouporbit is �nite (and in turn the indu
ed a
tion on 
onjuga
y 
lasses of triples is also �nite).3� 3 
ase.Now we wish to �nd analogous formulae for the 
orresponding a
tion of B3 on 
onjuga
y
lasses of triples of pseudo-re
e
tions in GL3(C ).Suppose r1; r2; r3 are pseudo-re
e
tions in GL3(C ), so thatri = 1 + ei 
 �ifor some ei 2 V; �i 2 V � where V = C 3. Choose six non-zero 
omplex numbersn1; n2; n3; t1; t2; t3 su
h that ti is a 
hoi
e of square root of det(ri) (i.e. t2i = 1 + �i(ei)),that the produ
t r3r2r1 has eigenvalues fn21; n22; n23g and that these square roots are 
hosenso that(11) t1t2t3 = n1n2n3



8 PHILIP BOALCH(whi
h is a square root of the equation Q(det ri) = det r3r2r1). These square roots (andthe 
hoi
e of ordering of eigenvalues of r3r2r1) will not be needed to des
ribe the braidgroup a
tions here, but will be 
onvenient later.Now 
onsider the following eight GL3(C )-invariant fun
tions on the set of triples ofpseudo-re
e
tions: t21; t22; t23;(12) t12 := Tr(r1r2)� 1; t23 := Tr(r2r3)� 1; t13 := Tr(r1r3)� 1;t321 := n21 + n22 + n23; t0321 := (n1n2)2 + (n2n3)2 + (n1n3)2:(Note that t2i = Tr(ri) � 2; t321 := Tr(r3r2r1) and t0321 = det(r3r2r1)Tr(r3r2r1)�1.) Thesubtra
tions of 1 or 2 in this de�nition turn out to simplify the formulae below. Thea
tion of B3 on triples of pseudo-re
e
tions is generated by(13) �1(r3; r2; r1) = (r2; r�12 r3r2; r1);�2(r3; r2; r1) = (r3; r1; r�11 r2r1):Now 
onsider the indu
ed a
tion on 
onjuga
y 
lasses of triples. First, it is 
lear thatt321; t0321 are B3-invariant sin
e r3r2r1 is �xed. Also, as before, the fun
tions t2i are justpermuted: �1(t21; t22; t23) = (t21; t23; t22); �2(t21; t22; t23) = (t22; t21; t23):Lemma 2. The indu
ed B3 a
tion on the fun
tions (t12; t23; t13) is as follows:�1(t12; t23; t13) = (t321+ t21 + t23 � t13 + (t0321 � t12t23)=t22; t23; t12)�2(t12; t23; t13) = (t13; t23; t321+ t22 + t23 � t23 + (t0321� t13t12)=t21):Proof. The non-obvious part is to establishTr(r�12 r3r2r1) = t321+ t21 + t23 � t13 + (t0321 � t12t23)=t22:For this we �rst observe r�1i = 1� ei 
 �i=t2i . Then expanding Tr(r�12 r3r2r1) yieldst321 + 1� t22 � u12u21 � u23u32 � (u12u23u31 + u23u32u12u21)=t22where uij := �i(ej). To simplify this we �rst use the following identities (obtained byexpanding the tra
es tij):(14) uijuji = tij � t2i � t2j if i 6= j:Then, to �nish, we use the identity (analogous to (10)):u12u23u31 = t23t12 + t22t13 + t21t23 � (t1t2)2 � (t2t3)2 � (t1t3)2 � t0321;whi
h is obtained by expanding Tr(r�11 r�12 r�13 ) = Tr ((r3r2r1)�1) = n�21 + n�22 + n�23 : �Again we have the evident fa
t that if (r3; r2; r1) are a triple of generators of a �nitesubgroup of GL3(C ), i.e. if they are generators of a three-dimensional 
omplex re
e
tiongroup, then the 
orresponding braid group orbit is �nite (and in turn the indu
ed a
tionon 
onjuga
y 
lasses of triples is also �nite).



THE KLEIN SOLUTION TO PAINLEV�E'S SIXTH EQUATION 9Remark 3. A rough dimension 
ount gives 3 � 5� 8 = 7 for the spa
e of 
onjuga
y 
lassesof pseudo-re
e
tions, so we expe
t there to be a relation amongst the eight invariantfun
tions. This is the analogue of the Fri
ke relation and 
omes from the identity(u12u23u31)(u32u21u13) = (u23u32)(u12u21)(u13u31):Rewriting ea
h bra
keted term in terms of the eight fun
tions yields the desired relation:�t23t12 + t22t13 + t21t23 � (t1t2)2 � (t2t3)2 � (t1t3)2 � t0321��(t321+ t21 + t22 + t23 � t12 � t13 � t23)(15) = (t12 � t21 � t22)(t13 � t21 � t23)(t23 � t22�t23):From 3� 3 to 2� 2.Now we will de�ne a B3-equivariant map from the spa
e of triples of pseudo-re
e
tionsto the spa
e of SL2(C ) triples. The main appli
ation of this here is just the observationthat we will then obtain more exoti
 �nite SL2(C ) braid group orbits from any triple ofgenerators of a 
omplex re
e
tion group.Suppose we are given the datat := (t1; t2; t3; n1; n2; n3; t12; t23; t13)asso
iated to a triple of pseudo-re
e
tions. (We extend the B3-a
tion to the set of su
hdata|i.e. with square root 
hoi
es et
.|in the obvious way, permuting the ti and �xingthe ni.) De�ne a map ' taking t to the SL2(C ) data m given by:m1 := t1n1 + n1t1 ; m2 := t2n1 + n1t2 ; m3 := t3n1 + n1t3 ;(16) m12 := t12t1t2 ; m23 := t23t2t3 ; m13 := t13t1t3 ;m321 := n2n3 + n3n2 :Theorem 1. The map ' is B3-equivariant. In parti
ular �nite B3-orbits of SL2(C ) triplesare obtained from triples of generators of three-dimensional 
omplex re
e
tion groups.Proof. This may be proved by dire
t 
al
ulation (a less dire
t proof will be given inse
tion 3, along with a des
ription of the origins of the above formulae). For example ifwe write m0 = �1('(t)) and m00 = '(�1(t)), then the tri
ky part is to see m012 = m0012.However it is straightforward to show that the expression obtained for m012 �m0012 (usingthe above formulae) has a fa
tor of t1t2t3� n1n2n3 in its numerator, whi
h is zero due to(11). (Similarly for �2.) �Remark 4. It is possible to 
he
k dire
tly (using Maple) that the map ' is well-de�ned;i.e. that '(t) satis�es the Fri
ke relation (9) provided that t satis�es both (11) and (15).



10 PHILIP BOALCHGroup Degrees xi + 1 (�1; �2; �3; �4)G(m;m; 3) 3;m; 2m (m� 2;m� 2;m� 2;m)=2mG(m; 1; 3) m; 2m; 3m (m� 2;m� 2; 2m � 4; 4m)=6mI
osahedral 2; 6; 10 (0; 0; 0; 4=5)G336 4; 6; 14 (2; 2; 2; 4)=7G648 6; 9; 12 (0; 0; 0; 1=2)G1296 6; 12; 18 (4; 7; 7; 12)=18G2160 6; 12; 30 (5; 5; 5; 9)=15Table 1. Parameters for solutions from standard generating triples.Painlev�e parameters.The Painlev�e VI equation that arises by performing isomonodromi
 deformations of therank 2 Fu
hsian system with monodromy data M1;M2;M3;M4 (where M4M3M2M1 = 1)has parameters(17) � = (�4 � 1)2=2; � = ��21=2; 
 = �23=2; Æ = (1� �22)=2where the �j (j = 1; 2; 3; 4) are su
h that Mj has eigenvalues exp(��i�j); i.e.Tr(Mj) = 2 
os(��j):Now suppose the Mj arise under the map ' from some data t asso
iated to a three-dimensional pseudo-re
e
tion group. We 
an then relate the Painlev�e parameters to theinvariants of the pseudo-re
e
tion group (
f. [3℄ Lemma 3). If we 
hoose (for j = 1; 2; 3)�j ; �j su
h that(18) tj = exp(�i�j); nj = exp(�i�j); X�i =X�ithen we have:Lemma 5. The Painlev�e parameters 
orresponding to the data t under the map ' are(19) �i = �i � �1 (i = 1; 2; 3); �4 = �3 � �2:Proof. From the de�nition (16) of ' we have Tr(Mi) = mi = 2 
os �(�i � �1) andTr(M4) = m321 = 2 
os �(�3 � �2). �In parti
ular if we are 
onsidering a 
omplex re
e
tion group G that is generated by atriple of re
e
tions, then, by 5.4 of [30℄, we may 
hoose a generating triple (r1; r2; r3) su
hthat the �i are related to the exponents x1 6 x2 6 x3 of the group G as follows:�i = xi=h; (i = 1; 2; 3) h := x3 + 1:This result enables us to 
ompile Table 1 of parameters of the Painlev�e equations 
orre-sponding to the standard generators of the three-dimensional 
omplex re
e
tion groups,where a suitable permutation of f�ig has been used in ea
h 
ase and we have taken ea
h�i to be positive (sin
e negating any �i leads to equivalent PVI parameters). (Not ev-ery three-dimensional 
omplex re
e
tion group may be generated by three re
e
tions butthose that 
an be are listed.)



THE KLEIN SOLUTION TO PAINLEV�E'S SIXTH EQUATION 11Example. Let us 
onsider the re
e
tions generating the Klein 
omplex re
e
tion group.Expli
itly the standard generators (from [30℄ 10.1) are:r1 = 12 0� 1 �1 �a�1 1 �a�a �a 0 1A ; r2 = 0�1 0 00 1 00 0 �11A ; r3 = 0�1 0 00 0 10 1 01A ;where a := (1 + ip7)=2. These are order two 
omplex re
e
tions so det(ri) = �1 andare ordered so that the exponents f3; 5; 13g of the group appear in the eigenvalues of theprodu
t r3r2r1. Namely r3r2r1 has eigenvalues fexp(2�i 314); exp(2�i 514); exp(2�i1314)g. Alsowe 
ompute: Tr(r1r2) = 1; Tr(r2r3) = 1; Tr(r1r3) = 0:Thus if we set �1 = �2 = �3 = 1=2; �1 = 3=14; �2 = 5=14; �3 = 13=14 so thatt1 = t2 = t3 = i; n1 = exp 3�i14 ; n2 = exp 5�i14 ; n3 = exp 13�i14then the image of this data under ' ism1 = m2 = m3 = 2 
os(2�=7); m321 = 2 
os(4�=7); m12 = m23 = 0; m13 = 1:Clearly (
f. Lemma 5) the parameters of the 
orresponding Painlev�e equation are:�1 = �2 = �3 = 2=7; �4 = 4=7 and so (�; �; 
; Æ) = (9;�4; 4; 45)=98:The 
orresponding braid group orbit is easy to 
al
ulate by hand; Observe ea
h ofm1;m2;m3;m321 is �xed by B3, and that, sin
e 4 
os(2�=7) 
os(4�=7) + 4 
os2(2�=7) = 1,the formula for the a
tion on the quadrati
 fun
tions simpli�es to�1(m12;m23;m13) = (1 �m13 �m12m23;m23;m12);�2(m12;m23;m13) = (m12;m13; 1 �m23 �m13m12):In this way we �nd the B3 orbit has size seven, with values(20) m12 m23 m130 0 00 0 10 1 00 1 11 0 01 0 11 1 0:Upon restri
tion to the pure braid group P3 � B3 generated by �21; �22, we �nd theorbit still has size seven. Thus the 
orresponding solution of Painlev�e VI has sevenbran
hes and, via (20), the bran
hes of the solution are 
onveniently labeled by the(binary) numbers from zero to six. The pure braid group generators are represented bythe following permutations of the seven bran
hes:�21 : (05)(14)(236)�22 : (03)(12)(465)



12 PHILIP BOALCHwhose produ
t also has two 2-
y
les and a 3-
y
le. This should be the monodromy repre-sentation of the solution 
urve as a 
over of P1 bran
hed at 0; 1;1. Using the Riemann{Hurwitz formula we thus see the solution 
urve has genus zero. Also, for example, one
an 
al
ulate the monodromy group of the 
over; the subgroup of the symmetri
 groupgenerated by these (even) permutations is as large as possible, namely A7. This gives a
lear pi
ture of the solution 
urve topologi
ally as a 
over of the Riemann sphere. Ournext aim (after explaining how the formulae of this se
tion were found) will be to �nd anexpli
it polynomial equation for the solution 
urve and for the fun
tion y on it solvingPainlev�e VI.Remark 6. Given the data 
orresponding to any of these bran
hes one 
an easily solvethe seven equations (8) to �nd a 
orresponding SL2(C ) triple. For example for bran
hzero it is straightforward to �nd the triple:(21) M1 = �� 00 ��1� ; M2 = � w x�x w� ; M3 = � w �x�x=� w� ;where � = e2�i=7, w = 1+�2���3 , x = p1� jwj2 2 R>0 and � = (r + ip4� r2)=2 wherer = (1+�2)21��2 2 [0; 1℄ � R.Lemma 7. The group generated by M1;M2;M3 is an in�nite subgroup of SU2.Proof. By 
onstru
tion the Mi are in SU2 (somewhat surprisingly). Sin
e the groupis nonabelian and 
ontains elements of order seven we are still to 
he
k it is not somelarge dihedral group. Let " be an eigenvalue of M41M2, so that " + "�1 = � where� = �(1+�2)(�+�4+�6) and so " = (� �p� 2 � 4)=2. Thus " is some algebrai
 numberof modulus one and we 
laim it is not a root of unity. To see this we take the produ
t ofz � "0 over all the Galois 
onjugates of " and �nd the minimal polynomial of " isp(z) = z6 � 3z5 � z4 � 7z3 � z2 � 3z + 1:Thus if "N = 1 for some integer N we would have that p divides zN � 1 so all the rootsof p are roots of unity. However 
learly p(1) = �13 so p has a real root greater than 1. �(Note also that triples in the same braid group orbit generate the same group.)Some properties of '.Before moving on to the Fourier{Lapla
e transform we will des
ribe some properties ofthe map '; we will show that the di�erent 
hoi
es of square roots et
. give isomorphi
 P3orbits and also examine the �bres of '. This motivates the de�nition of '.First of all, the 
onjuga
y 
lass of a triple of pseudo-re
e
tions only determines thevalues of the fun
tions t21; t22; t23; t12; t23; t13 and the symmetri
 fun
tions in the n2i , whereasthe map ' involves ea
h ti; ni. Thus we must make a 
hoi
e of ordering of the eigenvaluesn2i of r3r2r1 and of the square roots ti; ni su
h that t1t2t3 = n1n2n3 in order to obtainthe 2 � 2 data. In general di�erent 
hoi
es lead to di�erent 2 � 2 data (
f. Remark 14).However the pure braid group orbits obtained via di�erent 
hoi
es are all isomorphi
:Lemma 8. Let � be a permutation of f1; 2; 3g and 
hoose signs "i; Æi 2 f�1g for i = 1; 2; 3su
h that "1"2"3 = Æ1Æ2Æ3. Consider the map � on the set of datat = (t1; t2; t3; n1; n2; n3; t12; t23; t13)



THE KLEIN SOLUTION TO PAINLEV�E'S SIXTH EQUATION 13(satisfying (11) and (15)) de�ned by�(t) := ("1t1; "2t2; "3t3; Æ1n�(1); Æ2n�(2); Æ3n�(3); t12; t23; t13):Then map � 
ommutes with the a
tion of the pure braid group P3 � B3, and in parti
ularthe P3 orbits through '(t) and '(�(t)) are isomorphi
.Proof. The pure braid group a
tion is generated by �21 ; �22 and so �xes the ti; ni point-wise. From Lemma 2 the a
tion on the fun
tions (t12; t23; t13) is independent of the signand ordering 
hoi
es. �We also wish to 
he
k that the di�erent possible sign/ordering 
hoi
es lead to Painlev�eVI equations with parameters whi
h are equivalent under the a
tion of the aÆne F4 Weylgroup symmetries de�ned by Okamoto [29℄. To this end we lift the map � to a
t on thedata � := (�1; �2; �3; �1; �2; �3) of (18) as�(�) = (�1 + a1; �2 + a2; �3 + a3; ��(1) + b1; ��(2) + b2; ��(3) + b3)where ai; bi are integers su
h that P ai =P bi and � is a permutation of f1; 2; 3g.Lemma9. The Painlev�e VI parameters asso
iated to � = (�1; �2; �3; �1; �2; �3) in Lemma5 are equivalent, under Okamoto's aÆne F4 Weyl group a
tion, to those asso
iated to�(�).Proof. Sin
e the set of su
h �'s forms a group it is suÆ
ient to 
he
k the lemma ongenerators. The translations and the permutations may be dealt with separately sin
ethe group is a semi-dire
t produ
t. First for the translations (�xing � to be the trivialpermutation) this is straightforward; for example it is easy to express the 
orrespondingtranslations of the �'s in terms of the translations of [28℄ (34). For the permutation justswapping �2 and �3 this amounts to negating �4 whi
h is obtained by the transformationT�1$2 T 2$1s1 in the terminology of [28℄. Finally the permutation just swapping �1 and �2 isobtained from the transformation (s0s3s4)s2(s0s3s4) in the terminology of [28℄. �Remark 10. Perhaps it is helpful to re
all that there are several symmetry groups of PVI
onsidered in the literature, amongst whi
h we haveaÆne D4 < extended aÆne D4 < aÆne F4the �rst two of whi
h are for example 
onsidered in [28℄. In brief2 the �rst two di�erby the Klein four-group and do not involve 
hanging the time parameter t, whereas thefull aÆne F4 a
tion of Okamoto involves 
hanging t (by automorphisms of P1 permuting0; 1;1). In fa
t only the extended aÆne D4 symmetries were used above, although thefull F4 a
tion will be 
onsidered in se
tion 6.Next we will examine the �bres of '. From our rough dimension 
ounts we see these�bres should be one dimensional. The 
ontinuous part of the �bres arises as follows.De�ne an a
tion of C � on the pseudo-re
e
tion data ftg by de
laring h 2 C � to a
t as(22) ti 7! hti; ni 7! hni; tij 7! h2tij:2I am grateful to M. Noumi for 
larifying this to me.



14 PHILIP BOALCHObserve that this does indeed a
t within the �bres of ', i.e. that '(ht) = '(t) for anyh 2 C � . Moreover a simple dire
t 
al
ulation shows this C � a
tion 
ommutes with theB3 a
tion on ftg. (The simpli
ity of this a
tion is de
eptive sin
e we 
arefully 
hose thefun
tions ti; tij.)Thus, for example, we 
an always use this a
tion to move to the (B3-invariant) subsetof the pseudo-re
e
tion data having n1 = 1.Lemma 11. The map ' is surje
tive, and the restri
tion of ' to the subset of the pseudo-re
e
tion data ftg having n1 = 1 is a �nite map.Proof. Given arbitrary SL2(C ) datam we just try to solve for t (having �rst set n1 = 1).One �nds a solution always exists and there are �ve sign 
hoi
es, so a generi
 �bre has32 points. �Remark 12. One may 
he
k algebrai
ally that if t has n1 = 1, satis�es n2n3 = t1t2t3 andis su
h that '(t) satis�es the Fri
ke relation (9) then t satis�es the 3 � 3 analogue (15)of the Fri
ke relation.Moving to the subset of the data on whi
h n1 = 1 implies we are for
ing 1 into thespe
trum of the produ
t r3r2r1. This implies that the representation (of the free groupon three letters) de�ned by (r3; r2; r1) is redu
ible: This is 
lear if ri = 1 + ei 
 �i forsome ei whi
h are not a basis of C 3 (sin
e the span of the ei is an invariant subspa
e).Otherwise we haveLemma 13 (
f. [7℄ 10.5.6, [8℄ 3.7). If ri := 1+ ei
�i for a basis e1; e2; e3 of V = C 3 andv 2 V satis�es r3r2r1v = v then riv = v for i = 1; 2; 3.Proof. If r3r2r1v = v then r2r1v � v = r�13 v � v;the lefthand side of whi
h is a linear 
ombination of e2; e1, and the righthand side is amultiple of e3, sin
e r�13 = 1�e3
�3=t23. Thus both sides vanish so r3v = v and r2r1v = v.Then similarly we see both sides r1v � v = r�12 v � v vanish. �Thus we 
an use the C � a
tion to move to a redu
ible triple. The map ' is de�nedsimply by �rst moving to a redu
ible triple by setting h := n�11 so that we 
an write theri in blo
k upper triangular form. In general there will then be a size two and a size oneblo
k (with entry 1) on the diagonal. We then de�ne 
Mi 2 GL2(C ) to be the size twoblo
k, whi
h will have eigenvalues f1; (ti=n1)2g. Hen
e de�ning Mi = n1
Mi=ti yields anSL2(C ) triple. Computing the various tra
es then gives the stated formulae for the map'. (In more invariant language we take the proje
tion to SL2(C ) of the rank two part ofthe `semisimpli�
ation' of the redu
ible representation.)Thus we have motivated the map ' in terms of the C � a
tion. In the next se
tion wewill motivate this a
tion as the image under the Fourier{Lapla
e transform of a simples
alar shift.Real re
e
tion groups.Let us 
he
k that the unipotent 2� 2 monodromy data and the real three-dimensionalre
e
tion groups 
onsidered by Dubrovin{Mazzo

o in [13℄ are related by the map 'de�ned in (16).



THE KLEIN SOLUTION TO PAINLEV�E'S SIXTH EQUATION 15The monodromy data in [13℄ is parameterised by four numbers (x1; x2; x3; �) related bythe 
onditionm = 2 
os(2��) where m := 2 + x1x2x3 � (x21 + x22 + x23);whi
h is equivalent to [13℄ (1.21). The degenerate 
ases m = �2 are ruled out. Althoughthe main interest is in real re
e
tion groups the formulae here make sense for 
omplexvalues of the parameters; e�e
tively we are restri
ting ' to a 
omplex three-dimensionalsli
e.Without loss of generality one may assume x1 6= 0 and then the 2� 2 monodromy datais given by the triple ([13℄ (1.20)):(23) M1 = �1 �x10 1 � ; M2 = � 1 0x1 1� ; M3 = �1 + x2x3=x1 �x22=x1x23=x1 1 � x2x3=x1� :Note that, generi
ally, ea
h of these matri
es is 
onjugate to ( 1 10 1 ), and in all 
ases mj :=Tr(Mj) = 2. Also, straightforward 
omputations give thatm12 = 2 � x21; m23 = 2� x22; m13 = 2� x23; m321 = m:(By nondegenera
y there is always some index j su
h that xj 6= 0 and one may obtainthe same values of the invariant fun
tions from an analogous 2� 2 triple.)The 
orresponding 3� 3 re
e
tions 
onsidered in [13℄ are ([13℄ (1.51)):r1 = 0��1 �x1 �x30 1 00 0 1 1A ; r2 = 0� 1 0 0�x1 �1 �x20 0 1 1A ; r3 =0� 1 0 00 1 0�x3 �x2 �11Awhi
h preserve the nondegenerate symmetri
 bilinear form given by the matrix0� 2 x1 x3x1 2 x2x3 x2 21A :Immediate 
omputation then gives thatt21 = t22 = t23 = �1;t12 = x21 � 2; t23 = x22 � 2; t13 = x23 � 2t321 = �m� 1 = �t0321:The 
hara
teristi
 polynomial of r3r2r1 is(�+ 1)(�2 +m�+ 1)whi
h has rootsn21 = �1; n22 = � exp(2�i�); n23 = � exp(�2�i�):Now we 
laim that if we 
hoose the square roots appropriately then the map ' of (16)takes this 3 � 3 data onto the unipotent 2 � 2 data above. Indeed setting n1 = t1 =t2 = t3 = i 
learly gives the 
orre
t values mj = i=i+ i=i = 2 and mjk = tjk=i2 = �tjk.Also if we set n2 = i exp(�i�) and n3 = i exp(��i�) then n2=n3 = exp(2�i�) and som321 = n2=n3 + n3=n2 = 2 
os 2�� = m as required. Thus the map ' does indeed extendthe above 
orresponden
e used by Dubrovin{Mazzo

o.



16 PHILIP BOALCHRemark 14. If instead we 
hoose to order the eigenvalues of r3r2r1 asn21 = � exp(2�i�); n22 = �1; n23 = � exp(�2�i�)then we 
laim that, with appropriate square root 
hoi
es, the 
orresponding 2�2 data (un-der ') has the remarkable property that the four lo
al monodromiesM1;M2;M3;M3M2M1all lie in the same 
onjuga
y 
lass: Namely if we 
hoose n2 = t1 = t2 = t3 = i, let n1 beany square root of � exp(2�i�) and de�ne n3 := 1=n1 then we �ndm1 = m2 = m3 = m321 = i=n1 + n1=i = �2 
os(��):Thus if this 
ommon value is not �2, the 
orresponding SL2(C ) matri
es are regularsemisimple and we have established the 
laim. However if this value is �2, it follows thatn21 = �1 and then that m = 2 
ontradi
ting the nondegenera
y assumption.Su
h `symmetri
' SL2(C ) triples have been studied in this 
ontext by Hit
hin (
f. [20℄),and that they arise from real re
e
tion groups was known to Dubrovin{Mazzo

o (
f.[13℄ Remark 0.2). It is interesting to note that, from triples of generating re
e
tions ofthe real three-dimensional tetrahedral, 
ubi
al, and i
osahedral groups, one obtains inthis way triples of generators of �nite subgroups of SL2(C ). However, rather bizarrely,the tetrahedral and 
ubi
al groups are swapped in the pro
ess: the tetrahedral re
e
tiongroup maps to the binary 
ubi
al/o
tahedral subgroup of SL2(C ) and vi
e-versa; the
ubi
al re
e
tion group maps to the binary tetrahedral subgroup of SL2(C ). The threeinequivalent triples of generating re
e
tions of the i
osahedral re
e
tion group do all mapto triples of generators of the binary i
osahedral group though.3. Isomonodromi
 deformationsThe main aim of this se
tion is to see how the C � a
tion of (22) on the invariants of thepseudo-re
e
tion data arises, and, on the other side of the Riemann{Hilbert 
orrespon-den
e, to des
ribe the 
orresponding C a
tion on the rank three Fu
hsian systems.This is the key ingredient needed to motivate the map ' of (16). As a 
orollary we willsee why ' is B3-equivariant.We will work in a somewhat more general 
ontext in this se
tion than the rest of thepaper; the reader interesting mainly in the 
onstru
tion of algebrai
 solutions to PVI
ould skip straight to the next se
tion.Apart from the desire to explain how the pro
edure of se
tion 2 was found, the motiva-tion for this se
tion is to enable us to see (in se
tion 7) how one may work ba
k from anexpli
it solution to PVI to an expli
it rank three system of di�erential equations. Thiswill give a me
hanism for 
onstru
ting new non-rigid systems of di�erential equationswith �nite monodromy group. (Ex
ept for this the proofs given in the other se
tions areindependent of the results of this se
tion.)Let us begin with some generalities on isomonodromi
 deformations of Fu
hsian systemsand the S
hlesinger equations. Let V = C n and suppose we have matri
esB1; : : : ; Bm�1 2End(V ) and distin
t points a1; : : : ; am�1 2 C . Then 
onsider the following meromorphi

onne
tion on the trivial rank n holomorphi
 ve
tor bundle over the Riemann sphere:(24) r := d��B1 dzz � a1 + � � �+Bm�1 dzz � am�1� :



THE KLEIN SOLUTION TO PAINLEV�E'S SIXTH EQUATION 17This has a simple pole at ea
h ai and at in�nity. WriteBm = B1 := �(B1 + � � �+Bm�1)for the residue matrix at in�nity. Thus, on removing disjoint open dis
s D1; : : : ;Dm fromaround the poles and restri
ting r to the m-holed sphereS := P1 n (D1 [ � � � [Dm);we obtain a (nonsingular) holomorphi
 
onne
tion. In parti
ular it is 
at and so, taking itsmonodromy, a representation of the fundamental group of the m-holed sphere is obtained.This pro
edure de�nes a holomorphi
 map, whi
h we will 
all the monodromy map orRiemann{Hilbert map, from the set of su
h 
onne
tion 
oeÆ
ients to the set of 
omplexfundamental group representations:�(B1; : : : ; Bm) �� XBi = 0	 RH�! �(M1; : : : ;Mm) �� Mm � � �M1 = 1	where appropriate loops generating the fundamental group of S have been 
hosen and thematrix Mi 2 G := GLn(C ) is the automorphism obtained by parallel translating a basisof solutions around the ith loop.The S
hlesinger equations are the equations for isomonodromi
 deformations of the
onne
tion (24). Suppose we move the pole positions a1; : : : ; am�1. Then we wish tovary the 
oeÆ
ients Bi, as fun
tions of the pole positions, su
h that the monodromy data(M1; : : : ;Mm) only 
hanges by diagonal 
onjugation by G. This is the 
ase if the Bi varya

ording to S
hlesinger's equations:(25) �Bi�aj = [Bi; Bj℄ai � aj if i 6= j; and �Bi�ai = � Xj 6=i;m [Bi; Bj℄ai � ajwhere i = 1; : : : ;m�1. Observe that these equations imply that the residue at in�nityBmis held 
onstant. Also note that the S
hlesinger equations are equivalent to the 
atnessof the 
onne
tion(26) d��B1dz � da1z � a1 + � � � +Bm�1dz � dam�1z � am�1 � :In terms of di�erential forms S
hlesinger's equations may be rewritten as(27) dBi = � Xj 6=i;m[Bi; Bj℄dijwhere d is the exterior derivative on faig and dij := d log(ai� aj) = (dai� daj)=(ai� aj).In turn it will be 
onvenient to rewrite this as(28) dBi = [Li; Bi℄ where Li := Xj 6=i;mBjdij :Note that if we have a lo
al solution of S
hlesinger's equations and we 
onstru
t theLi from the formula (28) then �rstly we have that ri := d � Li is a 
at 
onne
tion andse
ondly that Bi is a horizontal se
tion of ri (in the adjoint representation).Now let us spe
ialise to the 
ase where the dimension n equals the number m � 1 of�nite singularities, and where ea
h of the �nite residues B1; : : : ; Bn is a rank one matrix.Thus Bi = fi 
 �i for some fi 2 V; �i 2 V �:



18 PHILIP BOALCHThen we may lift the S
hlesinger equations from the spa
e of residues Bi to the spa
eof fi's and �i's. Namely, suppose we have a lo
al solution of the S
hlesinger equations onsome polydis
 D. Then we 
an write Bi = fi
�i for i = 1; : : : ; n at some base-point andthen evolve fi; �i over D, as solutions to the equations:(29) dfi = Lifi d�i = ��iLiwhere the Li are de�ned in terms of the given S
hlesinger solution. Then one �ndsimmediately that the fi 
 �i solve (28), and so fi 
 �i = Bi throughout D (sin
e theyagree at the basepoint and solve S
hlesinger's equations). Alternatively one 
an view(29) as a 
oupled system of nonlinear equations for ffi; �ig, by de�ning Li in terms ofthe Bj := fj 
 �j as in (28). We will refer to these as the lifted equations (they wereintrodu
ed in [24℄ and further studied in [16℄). The above 
onsiderations show:Proposition 15. Any solution of the S
hlesinger equations (25) may be lifted to a solutionof the lifted equations (29) by only solving linear equations. Conversely any solution ofthe lifted equations proje
ts to a solution of (25) by setting Bi = fi 
 �i.Now we wish to de�ne an a
tion of C whi
h will be the additive analogue of the C �a
tion of (22).Suppose we have a lo
al solution fB1(a); : : : ; Bn(a)g of S
hlesinger's equations on somepolydis
D, where a = (a1; : : : ; an), su
h that the images of theBi are linearly independent(i.e. for any 
hoi
e of fi; �i su
h that Bi = fi 
 �i, the fi make up a basis of V ). Thenwe 
an de�ne the following a
tion of the 
omplex numbers on the set of su
h solutions:Proposition 16. For any 
omplex number � 2 C the matri
eseBi := Bi + �fi 
 bfi
onstitute another solution to S
hlesinger's equations on D, where bf1; : : : ; bfn 2 V � are thedual basis de�ned by bfi(fj) = Æij.Proof. First note that this is well-de�ned sin
e the proje
tors fi 
 bfi are independentof the 
hoi
e of fi's. Then lift the Bi arbitrarily to a solution ffi(a); �i(a)g of (29) overD. Straightforward 
omputations then give that bfi satis�es d bfi = �Pj 6=i �i(fj) bfjdij andusing this one easily 
on�rms d eBi = [eLi; eBi℄ where eLi = Li + �Pj 6=i fj 
 bfjdij: �Remark 17. One arrives at this a
tion as follows. Given a lo
al solution ffi(a); �i(a)g ofthe lifted equations one may 
he
k that the matrix B 2 End(V ) de�ned by (B)ij = �i(fj)satis�es the nonlinear di�erential equation(30) dB = �B; ad�1A0 ([dA0; B℄)�where A0 := diag(a1; : : : ; an). (Note that adA0 : End(V ) ! End(V ) is invertible whenrestri
ted to the matri
es with zero diagonal part and that [dA0; B℄ has zero diagonalpart.) This is the 'dual' equation to the S
hlesinger equations in the present 
ontext (inthe sense of Harnad [16℄) and arises as the equation for isomonodromi
 deformations ofthe irregular 
onne
tion(31) d ��A0w2 + Bw� dw;
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h, after an appropriate 
oordinate 
hange, appears as the (twisted) Fourier{Lapla
etransform of the original Fu
hsian system (
f. [1℄ and referen
es therein). Equation (30)appears in the theory of Frobenius manifolds [11℄ for skew-symmetri
 B and is relatedto quantum Weyl groups [6℄. Note that equation (30) is equivalent to the S
hlesingerequations in that its solutions may also be lifted to solutions of (29) by only solving thelinear equations dfi =Xj 6=i (B)jifjdij d�i = �Xj 6=i (B)ij�jdijwhere B(a) solves (30).Now from the form of (30) it is transparent that repla
ing B by B+� maps solutions tosolutions (where � 2 C is 
onstant). (Observe this 
orresponds to tensoring the irregular
onne
tion (30) by the meromorphi
 
onne
tion d� �dww on the trivial line bundle.) If Bis translated in this way, then (provided the fi are a basis) we 
an see how to 
hange the
orresponding S
hlesinger solutions as follows. First note:Lemma 18. Suppose f1; : : : ; fn 2 V is an arbitrary basis, �i 2 V � is arbitrary, Bi =fi 
 �i 2 End(V ) and (B)ij = �i(fj). Then(B1; : : : ; Bn) is 
onjugate to (E1B; : : : ; EnB)where Ei 2 End(V ) has (i; i) entry 1 and is otherwise zero.Proof. De�ne g 2 GL(V ) to have ith 
olumn fi. Then observe that g�1Big = EiB. �Now repla
ing B by B + � 
hanges Bi = gEiBg�1 to Bi+ �gEig�1 = Bi+ �fi 
 bfi andso we dedu
e the a
tion of Proposition 16.The next step is to �nd the a
tion on monodromy data 
orresponding to the C a
tionabove. Suppose Bj = fj 
 �j for j = 1; : : : ; n and ea
h�j := Tr(Bj) = �j(fj)is not an integer. Then one knows that the monodromy matrixMj around aj is 
onjugateto exp(2�iBj) and so is a (diagonalisable) pseudo-re
e
tion. We will writerj =Mj = 1 + ej 
 �j where ej 2 V; �j 2 V �for this pseudo-re
e
tion. Clearly the non-identity eigenvalue of rj is exp(2�i�j) so settingtj = exp(�i�j) (as in (18)) implies t2j = det(rj) agreeing with the de�nition (12).Now from Lemma 18 we see that the residue at in�nityB1 = �(B1 + � � � +Bn) is 
onjugate to � (E1B + � � �+ EnB) = �B:Thus translating B by � implies that the translated residue at in�nity eB1 is 
onjugateto B1 � �. Thus the monodromy around a large positive loop is just s
aled:(32) ern � � � er2er1 is 
onjugate to rn � � � r2r1h2where h := exp(�i�) 2 C � ;at least if B1 is suÆ
iently generi
 (no distin
t eigenvalues di�ering by integers). (Hereer1; : : : ;ern are the monodromy data of the 
onne
tion obtained by repla
ing ea
h ea
h Biby eBi in (24).)



20 PHILIP BOALCHIn brief the additive a
tion was determined by the fa
t that sumPBi was just translatedby � (assuming the fi make up a basis, whi
h is held �xed). We will see below that themultipli
ative a
tion (i.e. the a
tion on monodromy data) is determined by the fa
t thatthe produ
t rn � � � r1 is just s
aled by h2 (assuming the ei make up a basis, whi
h is held�xed).First let us re
all a basi
 algebrai
 fa
t about pseudo-re
e
tions.Suppose e1; : : : ; en are a basis of V and �1; : : : ; �n 2 V � are su
h that ri := 1+ ei
�i 2GL(V ), i.e. 1 + �i(ei) 6= 0. De�ne two n � n matri
es t2; u byt2 := diag(1 + �1(e1); : : : ; 1 + �n(en)); (u)ij = �i(ej):(We do not need to 
hoose a square root t of t2 at this stage, but it is 
onvenient to keepthe notation 
onsistent with other se
tions of the paper.) Then let u+; u� be the twounipotent matri
es determined by the equation(33) t2u+ � u� = uwhere u+ is upper triangular with one's on the diagonal and u� is lower triangular withone's on the diagonal.Theorem 2 (Killing [25℄, Coxeter [9℄, Coleman [8℄). The matrix representing the produ
trn � � � r1 (in the ei basis) is in the big-
ell of GLn(C ), and so may be written uniquely asthe produ
t of a lower triangular, a diagonal and an upper triangular matrix. Moreoverthis fa
torisation is given expli
itly by u�1� t2u+:(34) rn � � � r2r1 = u�1� t2u+:Remark 19. The history of this result is dis
ussed by Coleman [8℄ (
f. Corollary 3.4).Coxeter proves this for genuine re
e
tions|i.e. 
oming from a symmetri
 bilinear form in[9℄. The starting point of this paper was the simple observation that Coxeter's argumentmay be extended to the pseudo-re
e
tion 
ase. Dubrovin had used Coxeter's version inrelation to Frobenius manifolds (
f. [12℄) and the author was interested in extendingDubrovin's pi
ture to the general 
ase (
f. [4℄). Despite asking various 
omplex re
e
tiongroup experts the author only found Coleman's paper (and hen
e the link to Killing) sin
e[8℄ is in the same volume as a well-known paper of Beukers{He
kman.It is worth 
larifying the fa
t that generi
ally the matrix u determines (r1; : : : ; rn) upto 
onjuga
y:Lemma 20. If det(u) 6= 0 then there is a matrix g 2 GL(V ) su
h that, for i = 1; : : : ; nwe have ri = g(1 + eoi 
 
i)g�1where 
i 2 V � is the ith row of the matrix u and eoi is the standard basis of V .Proof. By de�nition of u, if det(u) 6= 0 then the ei are a basis of V . Then the resultfollows sin
e we know the a
tion on a basis: ri(ej) = ej + uijei. �Note that if we de�ne u�; t2 by the equation u = t2u+ � u� then the 
ondition thatdet(u) 6= 0 is equivalent to saying 1 is not an eigenvalue of u�1� t2u+, sin
e det(u) =det(t2u+ � u�) = det(u�1� t2u+ � 1).Thus generi
ally the n-tuple (r1; : : : ; rn) is determined up to overall 
onjuga
y by thematrix u, and in turn by the produ
t rn � � � r1, by Theorem 2. From (32) the obvious guess



THE KLEIN SOLUTION TO PAINLEV�E'S SIXTH EQUATION 21is therefore that that ern � � � er1 = u�1� t2u+h2 = u�1� h2t2u+ so that e�i(eej) = h2t2u+ � u�,whi
h should determine (er1; : : : ; ern) up to overall 
onjuga
y. The following theorem saysthat this is indeed the 
ase, at least generi
ally. Suppose ea
h �i and ea
h eigenvalue ofPBi is not an integer (and that the same holds after translation by �). Then we have:Theorem 3 (Balser{Jurkat{Lutz [1℄). Let eu be the the matrixeu = h2t2u+ � u�where u�; t2; h are as de�ned above. Then there is a basis eei of V = C n and e�1; : : : e�n 2 V �su
h that eri = 1 + eei 
 e�i and (eu)ij = e�i(eej) for all i; j.Remark 21. This is not written down in pre
isely this way in [1℄ so we will des
ribehow to extra
t it in Appendix A. The key point is that the matri
es u� are essentiallythe Stokes matri
es of the irregular 
onne
tion (31) and are easily seen to be preservedunder the s
alar shift. Then one 
omputes bases of solutions of the Fu
hsian 
onne
tionas Lapla
e transforms of standard bases of solutions of (31) and this enables the Stokesmatri
es to be related to the pseudo-re
e
tion data u as in equation (33). The observationthat this implies the Fu
hsian monodromy data and the Stokes data are then related bythe beautiful equation (34) in Theorem 2 does not seem to appear in [1℄. In summarywe see that equation (34) is the manifestation of the Fourier{Lapla
e transformationon monodromy data, relating the monodromy data of the Fu
hsian 
onne
tion to themonodromy/Stokes data of the 
orresponding irregular 
onne
tion.In other words: in general the matrix u determines (r1; : : : ; rn) up to overall 
onjugationand Theorem 3 explains how the matrix u varies: the lower triangular part is �xed, theupper triangular part is s
aled by h2, and the diagonal part t2 � 1 be
omes h2t2� 1. Letus make this more expli
it in the n = 3 
ase. We start with a 
onne
tion(35) d� 3X1 Biz � aidzwhere, up to overall 
onjugation:B1 = 0��1 b12 b130 0 00 0 0 1A ; B2 = 0� 0 0 0b21 �3 b230 0 0 1A ; B3 =0� 0 0 00 0 0b31 b32 �31Afor some numbers bij with i 6= j. Then we take the monodromy data of this and obtainpseudo-re
e
tions r1; r2; r3 whi
h, up to overall 
onjugation, are of the formr1 = 0�t21 u12 u130 1 00 0 1 1A ; r2 = 0� 1 0 0u21 t22 u230 0 1 1A ; r3 =0� 1 0 00 1 0u31 u32 t231Awhere tj = exp(�i�j). Then we repla
e �i by �i + � in (35) for ea
h i, and Theorem 3says that the monodromy of the resulting 
onne
tion is 
onjugate to(36) er1 = 0�h2t21 h2u12 h2u130 1 00 0 1 1A ; er2 = 0� 1 0 0u21 h2t22 h2u230 0 1 1A ; er3 = 0� 1 0 00 1 0u31 u32 h2t231Awhere h := exp(�i�).



22 PHILIP BOALCHTaking the various tra
es yields the fa
t that the invariant fun
tions of the monodromymatri
es are related as:et2i = h2t2i ; etij = h2tij; et321 = h2t321; et0321 = h4t0321:These equations hold for any � sin
e the invariants are analyti
 fun
tions of the 
oeÆ
ientsBi and so vary holomorphi
ally with the parameter �. This motivates the de�nition ofthe C � a
tion in (22), and in turn this yields the de�nition of the map ' as explainedjust after Lemma 13, by taking the proje
tion to SL2(C ) of the rank two part of thesemisimpli�
ation of (36) when � = ��1.Braid group a
tions.Let us 
he
k that the C � a
tion 
ommutes with the braid group a
tion on the level ofthe matri
es u. (One suspe
ts this is the 
ase sin
e the braid group a
tions are obtainedby integrating the isomonodromy equations, and we have seen in Proposition 16 that the
orresponding C a
tion 
ommutes with the S
hlesinger 
ows.)The standard braid group a
tion of the n-string braid group Bn on n-tuples of pseudo-re
e
tions may be given by generators 
1; : : : ; 
n�1 with 
i a
ting as
i(rn; : : : ; r1) = (: : : ; ri+2; ri; r�1i ri+1ri; ri�1; : : :)only a�e
ting ri; ri+1 and preserving the produ
t rn � � � r1. (For n = 3 we previously labeledthe generators di�erently: �1 = 
2; �2 = 
1.) Now suppose we write ri = 1 + ei 
 �i withei 2 V; �i 2 V �, where V = C n . Let us restri
t to the 
ase where the ri are linearlyindependent (in the sense that any su
h ei form a basis of V ). Then it is easy to lift theabove Bn a
tion to an a
tion on the 2n2-dimensional spa
e(37) W := f (en; : : : ; e1; �n; : : : �1) �� feig a basis of V , �i 2 V �; �i(ei) 6= �1 gby letting 
i �x all ej; �j ex
ept for j = i; i+ 1:
i(: : : ; ei+1; ei; : : : ; �i+1; �i; : : :) = (: : : ; ei; r�1i ei+1; : : : ; �i; �i+1 Æ ri; : : :)where ri := 1 + ei 
 �i 2 GL(V ). (We think of W as the multipli
ative analogue of thespa
e on whi
h the lifted equations (29) were de�ned.) It is simple to 
he
k this a
tion iswell-de�ned on W .Now we may proje
t this lifted Bn-a
tion to the spa
e of the matri
es u. Re
all then�n matrix u was de�ned by setting uij = �i(ej). By a straightforward 
omputation we�nd that, if we set u0 = 
i(u) then u0jk = ujk unless one of j or k equals i or i+ 1, andu0ii = ui+1i+1; u0i+1i+1 = uiiu0ii+1 = t2iui+1i; u0i+1i = uii+1=t2iu0ij = ui+1j + ui+1iuij; u0ji = uji+1 � ujiuii+1=t2iu0i+1j = uij; u0ji+1 = ujifor any j 62 fi; i+ 1g where t2i := 1 + uii.In turn u 
ontains pre
isely the same data as the matrixu�1� t2u+ 2 G0 � GLn(C )where u�; t2 are determined by the equation u = t2u+ � u�, and G0 denotes the big-
ell,
onsisting of the invertible matri
es that may be fa
torised as the produ
t of a lowertriangular and an upper triangular matrix. Thus the Bn-a
tion on fug is equivalent to
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tion on G0. Let us des
ribe this. First let Pi 2 GLn(C ) denote the permutationmatrix 
orresponding to the permutation swapping i and i+1. Thus Pi equals the identitymatrix ex
ept in the 2 � 2 blo
k in the i; i+ 1 position on the diagonal, where it equals( 0 11 0 ). Also for any unipotent upper triangular matrix u+, let �i(u+) denote the matrixwhi
h equals the identity matrix ex
ept in the 2 � 2 blo
k in the i; i+ 1 position on thediagonal, where it equals �1 (u+)ii+10 1 � :(This map �i de�nes a homomorphism from U+ to the root group of GLn(C ) 
orrespondingto the ith simple root|
f. e.g. (3.10) [6℄.)Proposition 22. The indu
ed Bn-a
tion on G0 is given by the formula
i(a) = Pi�i(u+)a�i(u+)�1Pi:where a = u�1� t2u+ 2 G0.Proof. Lifting ba
k up to W , write rj = 1 + ej 
 �j and denote(: : : ; e0i+1; e0i; : : : ; �0i+1; �0i; : : :) = 
i(: : : ; ei+1; ei; : : : ; �i+1; �i; : : :):Note that the produ
t R := rn � � � r1 2 GL(V ) is �xed by the Bn a
tion. By Theorem 2the matrix for R in the ej basis of V is a = u�1� t2u+, and in the e0j basis the matrix for Ris 
i(a). Thus 
i(a) = S�1aS where S is the matrix for the 
hange of basis from fejg tofe0jg. From the formula for the a
tion on the ej, S equals the identity matrix ex
ept inthe 2� 2 blo
k in the i; i+ 1 position on the diagonal, where it equals��uii+1=t2i 11 0� = �1 uii+1=t2i0 1 ��1�0 11 0� :Finally from the equation u = t2u+ � u� we see uii+1=t2i = (u+)ii+1 so S = �i(u+)�1Pi. �Remark 23. This Bn a
tion on the big-
ell also appears as the 
lassi
al limit of the so-
alled quantum Weyl group a
tions (
f. [10℄ and [6℄ Remark 3.8), provided we use thepermutation matri
es rather than Tits' extended Weyl group. Thus we have shown, forGLn(C ), how the 
lassi
al a
tion of the quantum Weyl group is related to the standarda
tion of Bn on n-tuples of pseudo-re
e
tions. Presumably this is related to ToledanoLaredo's proof [31℄, for GLn(C ) of the Kohno{Drinfeld theorem for quantumWeyl groups.Corollary 24. The C � a
tion on fug 
ommutes with the Bn-a
tion de�ned above.Proof. On passing to G0, we re
all that the C � a
tion just s
ales t2 and leaves bothu� �xed. However t2 does not appear in the formula of Proposition 22 for the Bn a
tion. �One 
an now see dire
tly why the map ' will be B3 equivariant. Upon using the C �a
tion to make 1 an eigenvalue of r3r2r1 we know that the ri are all blo
k triangular insome basis. Then we just note the obvious fa
t that the braid group a
tion (13) on thepseudo-re
e
tions restri
ts to the a
tion (7) in the 2 � 2 blo
k on the diagonal.



24 PHILIP BOALCH4. Jimbo's leading term formulaSo far we have des
ribed how to �nd some SL2(C ) triples living in �nite orbits of thebraid group, and read o� some properties of the 
orresponding solution to Painlev�e VI (inparti
ular we saw that the set of bran
hes of the solution 
orrespond to the orbit under thepure braid group of the 
onjuga
y 
lasses of su
h triples). In this se
tion and the next wewill des
ribe a method to �nd the 
orresponding solution expli
itly. This method is quitegeneral and should work with any suÆ
iently generi
 SL2 triple in a �nite braid grouporbit|in parti
ular it is not a priori restri
ted to any one-parameter family of Painlev�eVI equations. (One just needs to 
he
k 
onditions b),
),d) below for ea
h bran
h of thesolution.)The 
ru
ial step is the following formula:Theorem 4. (M. Jimbo [22℄) Suppose we have four matri
es Mj 2 SL2(C ); j = 0; t; 1;1satisfyinga) M1M1MtM0 = 1,b) Mj has eigenvalues fexp(��i�j)g with �j =2Z,
) Tr(M0Mt) = 2 
os(��) for some nonzero � 2 C with 0 � Re(�) < 1,d) None of the eight numbers�0 � �t � �; �0 � �t � �; �1 � �1 � �; �1 � �1 � �is an even integer.Then the leading term in the asymptoti
 expansion at zero of the 
orresponding Painlev�eVI solution y(t) on the bran
h 
orresponding to [(M0;Mt;M1)℄ is(38) (�0 + �t + �)(��0 + �t + �)(�1 + �1 + �)4�2(�1 + �1 � �)bs t1��where bs = 
� s; s = a+ bda = e�i�(i sin (��) 
os (��1t)� 
os (��t) 
os (��1)� 
os (��0) 
os (��1))b = i sin (��) 
os (��01) + 
os (��t) 
os (��1) + 
os (��1) 
os (��0)d = 4 sin��2 (�0 + �t � �)� sin��2 (�0 � �t + �)� sin ��2 (�1 + �1 � �)� sin��2 (�1 � �1 + �)�
 = (� (1� �))2 b� (�0 + �t + �) b� (��0 + �t + �) b� (�1 + �1 + �) b� (��1 + �1 + �)(� (1 + �))2 b� (�0 + �t � �) b� (��0 + �t � �) b� (�1 + �1 � �) b� (��1 + �1 � �)where b�(x) := �(12x+1) (with � being the usual gamma fun
tion) and where �jk 2 C (forj; k 2 f0; t; 1g) is determined by Tr(MjMk) = 2 
os(��jk); 0 � Re(�jk) � 1, so � = �0t.Remark 25. The formula (38) is 
omputed dire
tly from the formula [22℄ (2.15) for theasymptoti
s as t! 0 for the 
oeÆ
ients of the isomonodromi
 family of rank two systems.The formulae for bs and s are as in [22℄ ex
ept for a sign di�eren
e in s. Sin
e this formulais 
ru
ial for us and sin
e s is not derived in [22℄ we will give a derivation in the appendix.
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omputations in [15℄ Se
tion 8.3 and Appen-dix, but did not redu
e the formula to as short a form; see [15℄ (A.6) and (A.30) (butnote (A.30) is not quite 
orre
t but is easily 
orre
ted by examining (A.28) and (A.29)).However we 
an state that the 
orre
ted version of Jimbo's formula agrees numeri
allywith the 
orre
ted version of Guzzetti's (at least for the values of the parameters usedin this paper, and for those of several hundred randomly 
hosen SL2(C ) triples). It ispuzzling that Guzzetti does not state that his formula does not agree with Jimbo's.3Remark 27. To agree with Jimbo's notation we are thus relabeling the triples (M1;M2;M3)as (M0;Mt;M1) as well as the � parameters (�1; �2; �3; �4) 7! (�0; �t; �1; �1). To keep tra
kof this it is perhaps simplest to bear in mind the 
orresponding monodromy relationsM4M3M2M1 = 1 and M1M1MtM0 = 1:5. The Klein solutionFor the Klein solution � is either 1=2 or 1=3 depending on the bran
h. If the solution isto be algebrai
 then Jimbo's formula will give the leading term in the Puiseux expansionat 0 of ea
h bran
h of the solution. Thus we �nd the leading term on the jth bran
h isof the form Cjt1��j where Cj = 5728bsjon the four bran
hes with � = 1=2 (j = 0; 1; 2; 3) andCj = 475308bsjon the other three bran
hes, having � = 1=3 (j = 4; 5; 6). Now we would like to evaluatethese pre
isely on ea
h bran
h and identify them as algebrai
 numbers. A simple numeri
alinspe
tion shows that C0 has argument �=4, C6 is real and negative,C1 = �iC0; C2 = iC0; C3 = �C0and C4 = exp(�2�i=3)C6; C5 = exp(2�i=3)C6:Thus we would hope that C40 and C36 are rational numbers. Using Maple we 
al
ulate thevarious bsj's numeri
ally and then dedu
e:C40 = �7=34; so that C0 = (1 + i)71=43p2C36 = �53=14; so that C6 = �5141=3 :Thus we now know pre
isely the leading 
oeÆ
ient Cj of the Puiseux expansion at 0of ea
h bran
h of the solution y(t). By substituting ba
k into the Painlev�e VI equationthese leading terms determine, algebrai
ally, any desired term in the Puiseux expansion.If the solution is to be algebrai
 it should satisfy an equation of the formF (t; y(t)) = 03Also there is some 
onfusion as to the range of validity of Jimbo's work: namely the restri
tion 0 �Re(�) < 1, is equivalent to Tr(M0Mt) 62 R��2 rather than the mu
h stronger 
ondition jTr(M0Mt)j � 2and ReTr(M0Mt) 6= �2 appearing in [15℄ (1.30).



26 PHILIP BOALCHfor some polynomial F (t; y) in two variables. Sin
e the solution has 7 bran
hes F shouldhave degree 7 in y. Let us write F in the formF = q(t)y7 + p6(t)y6 + � � �+ p1(t)y + p0(t)for polynomials pi; q in t and de�ne rational fun
tions ri(t) := pi=q for i = 0; : : : ; 6. Ify0; : : : ; y6 denote the (lo
ally de�ned) solutions on the bran
hes then for ea
h t we havethat y0(t); : : : ; y6(t) are the roots of F (t; y) = 0 and it follows thaty7 + r6(t)y6 + � � �+ r1(t)y + r0(t) = (y � y0(t))(y � y1(t)) � � � (y � y6(t)):Thus, expanding the produ
t on the right, the rational fun
tions ri are obtained as sym-metri
 polynomials in the yi:r0 = �y0 � � � y6; : : : ; r6 = �y0 � � � � � y6:Sin
e the ri are global rational fun
tions, the Puiseux expansions of the yi give the Laurentexpansions at 0 of the ri. Clearly only a �nite number of terms of ea
h Laurent expansionare required to determine ea
h ri, and indeed it is simple to 
onvert these trun
atedLaurent expansions into global rational fun
tions. Clearing the denominators then yieldsthe solution 
urve: F (t; y) =�162 t3 � 243 t2 � 243 t + 162� y7 + ��567 t3 + 2268 t2 � 567 t� y6+��1701 t3 � 1701 t2� y5 + �1407 t4 + 2856 t3 + 1407 t2� y4+�14 t5 � 2849 t4 � 2849 t3 + 14 t2� y3 + ��21 t5 + 3444 t4 � 21 t3� y2+��567 t5 � 567 t4� y + (125 t6 � 88 t5 + 125 t4):One may easily 
he
k on a 
omputer that this 
urve has pre
isely the right monodromyover the t-line (and in parti
ular is genus zero, and has monodromy group A7). Also one�nds that it has 10 singular points; 6 double points over C n f0; 1g and 4 more serioussingularities over the bran
h points. Finally sin
e it is a genus zero 
urve we 
an look fora rational parameterisation. Using the CASA pa
kage [17℄ we �nd the solution may beparameterised quite simply as:y = �(8 s2 � 18 s + 81) (8 s2 � 36 s + 81) (s � 9)227 s (2 s � 9) (2 s + 9) (4 s2 � 27 s + 81) ;t = �2 (8 s2 � 18 s + 81)2 (s� 9)3(4 s2 � 27 s + 81)2 (2 s + 9)3 :Note that the polynomial F de�ning the solution 
urve is quite 
anoni
al but thereare many possible parameterisations. Using the parameterisation it is easy to 
arry outthe ultimate test and substitute ba
k into the Painlev�e VI equation (with parameters(�; �; 
; Æ) = (9;�4; 4; 45)=98) �nding that we do indeed have a solution.



THE KLEIN SOLUTION TO PAINLEV�E'S SIXTH EQUATION 276. Inequivalen
e TheoremWe know (
f. Remark 14 above and [13℄ Remark 0.2) that the �ve `platoni
' solutionsof [13℄ are equivalent (via Okamoto transformations) to solutions asso
iated to �nitesubgroups of SL2(C ). In other words, even though the unipotent matri
es (23) generatean in�nite group, there is an equivalent solution with �nite 2 � 2 monodromy group.This raises the following question: Even though the 2� 2 monodromy data (21) asso
i-ated to the Klein solution generates an in�nite group, is there an equivalent solution with�nite 2� 2 monodromy? We will prove this is not the 
ase:Theorem 5. Suppose there is an algebrai
 solution of some Painlev�e VI equation whi
h isequivalent to the Klein solution under Okamoto's aÆne F4 a
tion. Then the 
orresponding2� 2 monodromy data (M1;M2;M3) also generate an in�nite subgroup of SL2(C ).Proof. First the parameters (�1; �2; �3; �4) should be equivalent to the 
orrespondingparameters (2; 2; 2; 4)=7 of the Klein solution. If (M1;M2;M3) generate a binary tetra-hedral, o
tahedral or i
osahedral group then we will not be able to get any sevens inthe denominators (sin
e these groups have no elements of order seven) so any solutionasso
iated to these groups is inequivalent to the Klein solution. (This uses the simpleobservation that Okamoto's transformations a
t within the ring Z[12; �1; �2; �3; �4℄ so thatif the �i are rational numbers with no sevens in the denominators, then no equivalent setof parameters has a seven in any denominator.)Next, suppose F (y; t) = 0 is the 
urve de�ning the Klein solution and F1(y1; t1) = 0is the 
urve de�ning the equivalent solution. Then we know ([29℄ p.361) that t, t1 arerelated by a Mobius transformation permuting 0; 1;1.Lemma 28. There is an isomorphism of the 
urves F (y; t) = 0 and F1(y1; t1) = 0 
overingthe automorphism of the proje
tive line mapping t to t1.Proof. Let us re
all some fa
ts about Okamoto's transformations from [29, 28, 27℄.First write q := y; q1 := y1. Then, from the formulae for the a
tion of the Okamototransformations [28℄ Table 1, [27℄ (7.14), we see that q1 is a rational fun
tion of q; p; t,where p is the 
onjugate variable to q in the Hamiltonian formulation of Painlev�e VI(
f. [29℄ (0.6)). The �rst of Hamilton's equations says dqdt = �H�p , where H = HV I isthe Hamiltonian [29℄ p.348. By observing that H is a quadrati
 polynomial in p (andrational in t and polynomial in q) we dedu
e immediately that p is a rational fun
tion ofdqdt ; q and t. Moreover sin
e q = y satis�es the polynomial equation F (y; t) = 0 impli
itdi�erentiation enables us to express dqdt as a rational fun
tion of q; t. Thus p is a rationalfun
tion of just q; t and so in turn q1 is a rational fun
tion of just q; t.Now by the symmetry of the situation the same argument also shows q is a rationalfun
tion of q1; t1. This sets up an isomorphism between the �elds C (q; t) �= C (q1; t1) ex-tending the isomorphism C (t) �= C (t1) given by mapping t to t1. Dualising this gives thedesired isomorphism of the 
orresponding 
urves. �In parti
ular we see that F1 must have degree seven in y1, sin
e the 
urves have thesame number of bran
hes. This implies (M1;M2;M3) 
annot generate a 
y
li
 group, sin
e
y
li
 groups are abelian and so the pure braid group a
ts trivially; all su
h solutions havejust one bran
h.



28 PHILIP BOALCHFinally we need to rule out the binary dihedral groups whi
h will need more work. Writethe elements of the binary dihedral group of order 4d as℄I2(d) = f1; �; : : : ; �2d�1; �; � �; : : : ; � �2d�1gwhere � := ( " "�1 ) ; � := ( 0 �11 0 ) and " = exp(�i=d).Below we will abbreviate ��a as just �a and �a as a.The basi
 strategy is to go through all possible triples of elements and show in ea
h
ase that, on 
onjuga
y 
lasses, the generators p1 := �21; p2 := �22 of the pure braid groupa
tion 
annot have two two-
y
les and a three-
y
le.The basi
 relations we will use repeatedly are:��k = ��k�; �2d = 1:First let us re
ord the formulae for the a
tion of p1 on all possible pairs of elements. (Here�1 a
ts by mapping a pair (x; y) of elements to (y; y�1xy), and p1 is the square of �1.)Lemma 29. Suppose a; b are arbitrary integers. Then, in abbreviated form:p1(a; b) = (a; b);p1(�a; b) = (� (a+ 2b);�b);p1(a; �b) = (�a; � (b� 2a));p1(�a; �b) = (� (2b� a); � (3b� 2a)):Proof. Straightforward 
omputation. �Now, on triples, �1 (respe
tively �2) maps (x; y; z) to (y; y�1xy; z) (resp. (x; z; z�1yz)).Immediately we see that any triple of the form(a; b; 
); (�a; b; 
); or (a; b; �
)will be �xed by one or both of p1; p2. Thus the 
orresponding permutation representationwill have a one-
y
le, whi
h is not permitted.In general the triples of elements of ℄I2(d) fall into eight `types' depending on if ea
helement 
ontains a � or not. From Lemma 29 the pure braid group 
learly takes triplesto triples of the same type. After the three types already dealt with the next four are:(a; �b; 
); (�a; �b; 
); (a; �b; �
); (�a; b; � 
):For ea
h of these one �nds, from Lemma 29, that either p21 or p22 (or both) a
t trivially.This implies that there will be no three-
y
les in the permutation representation of oneor both of p1 or p2 on 
onjuga
y 
lasses of su
h triples.Finally we need to rule out the triples of type (�a; �b; �
). First let us note that the
onjuga
y 
lass of � has size d and 
ontains the elements � (2a) for any integer a, and the
onjuga
y 
lass of �� has size d and 
ontains the elements � (2a+1). It follows that, uptooverall 
onjuga
y, we have:(39) p1(�a; �b; �
) �= (�a; �b; � (
� k)) where k := 2(b� a), andp2(�a; �b; �
) �= (� (a� l); � b; � 
) where l := 2(
� b).Moreover the only (possibly distin
t) triple of the form (�p; �b; �q) that is 
onjugate to(�a; �b; �
) is (� (2b� a); � b; � (2b� 
)), whi
h is obtained by 
onjugating by �b.



THE KLEIN SOLUTION TO PAINLEV�E'S SIXTH EQUATION 29Lemma 30. Let o(k) be the order of the element �k where k = 2(b � a). Then in thepermutation representaion of p1 the 
onjuga
y 
lasses of the triple through (�a; �b; �
) liesin a 
y
le of length o(k).Proof. First if �a = � (2b�a) then �k = 1 so o(k) = 1 and (39) says the 
onjuga
y 
lassof (�a; �b; �
) is �xed by p1.Se
ondly if �a 6= � (2b � a), i.e. o(k) > 1 then by (39) we see pr1(�a; �b; �
) �=(�a; �b; � (
 � rk)). This is 
onjugate to (�a; �b; �
) if and only if ��rk = 1 (using thefa
t that � (2b� a) 6= �a) i.e. if and only if r is divisible by o(k). Thus we are in a 
y
leof length o(k). �Similarly if o(l) is the order of � l where l = 2(
�b) then the 
onjuga
y 
lass of (�a; �b; �
)is an a 
y
le of p2 of length o(l).Thus in order to be equivalent to the Klein solution we need o(k); o(l) 2 f2; 3g for allthe possible k's and l's that o

ur in the orbit. It is straightforward to 
he
k this is notpossible: First from (39) note that p1 maps the pair of integers [k; l℄ to [k; l � 2k℄ andsimilarly p2[k; l℄ = [k + 2l; l℄. Thus:i) If o(k) = o(l) = 2 then o(l�2k) = o(k+2l) = 2 and, repeating, we see only two-
y
lesappear in the orbit, whereas we need a three-
y
le.ii) If o(k) = 2; o(l) = 3 then o(k + 2l) = 6 and so we get an unwanted six-
y
le.(Similarly if o(k) = 3; o(l) = 2.)iii) If o(k) = o(l) = 3 then �k+2l; � l�2k ea
h have order either one or three. Thus eitheran unwanted one-
y
le appears or we only get three 
y
les; no two-
y
les appear.Thus we 
on
lude that the Klein solution is not equivalent to any solution 
oming froma �nite subgroup of SL2(C ). �7. Re
onstru
tionGiven a triple r1; r2; r3 of generators of a three-dimensional 
omplex re
e
tion group, wehave explained how to obtain an SL2(C ) triple M1;M2;M3 (in an isomorphi
 braid grouporbit) and then how, if Jimbo's formula is appli
able, to obtain an algebrai
 solution y(t)to the sixth Painlev�e equation.In this se
tion we will explain how to obtain from y(t) a rank three Fu
hsian systemwith four poles on P1 and monodromy 
onjugate to the original 
omplex re
e
tion group(generated by three re
e
tions).First we re
all (from [23℄) that the solution y(t) and its derivative determine algebrai
allyan sl2 two system(40) d�dz = A(z)�; A(z) = 3Xi=1 Aiz � aiwith monodromy (M1;M2;M3), where (a1; a2; a3) = (0; t; 1), with respe
t to some 
hoi
eof loops generating the fundamental group of the four-pun
tured sphere. (The exa
tformulae will be given below.) Now de�nebAi = Ai + �i=2



30 PHILIP BOALCHfor i = 1; 2; 3, so that bAi has rank one (and eigenvalues f0; �ig). Then the system(41) ddz � 3Xi=1 bAiz � aihas monodromy (
M1;
M2;
M3) where 
Mi = Mi exp(�p�1�i), whi
h are pseudo-re
e
tionsin GL2(C ). Write these rank one matri
es asbAi = hi 
 
i for some hi 2 C 2; 
i 2 (C 2)�; i = 1; 2; 3:In general the span of the hi will be two dimensional and without loss of generality wewill suppose that h1; h2 are linearly independent (otherwise we 
an relabel below). Now
onsider the three 3� 3 rank one matri
es given byBi := 0� bAi 00
i
i 01A i = 1; 2; 3for some 
onstants 
1; 
2; 
3 and the 
orresponding rank three system(42) ddz � 3Xi=1 Biz � ai :By overall 
onjugation, sin
e h1; h2 are linearly independent, we 
an always assume 
1 =
2 = 0. Now if 
3 = 0 then (42) is blo
k diagonal and redu
es to (41). However if 
3 6= 0we obtain a rank three system with Bi = fi 
 �ifor a basis fi of V := C 3|namely:f1 = �h10 � ; f2 = �h20 � ; f3 = �h2
3� ; �i = �
i 0� :Moreover, up to overall 
onjugation this system is independent of the 
hoi
e of nonzero
3 (sin
e 
onjugating by diag(1; 1; 
) s
ales 
3 arbitrarily).In parti
ular the invariant fun
tions of the monodromy of the system (42) are indepen-dent of 
3 and are equal to the invariants of the monodromy of the limiting system with
3 = 0, sin
e the invariants are holomorphi
 fun
tions of any parameters.Now we 
an perform the s
alar shift of se
tion 3 in reverse. Namely, in the fi basis(B1; B2; B3) have the form(43) B1 = 0�e�1 b12 b130 0 00 0 0 1A ; B2 = 0� 0 0 0b21 e�3 b230 0 0 1A ; B3 = 0� 0 0 00 0 0b31 b32 e�31Afor some numbers bij;e�i. Then the s
alar shift just translates ea
h e�i by the same s
alar.If (as we are assuming) we started with a solution y(t) as 
onstru
ted with the pro
edureof this paper then e�i = �i� �1, where �i; �i are related as in (18) to the original 
omplexre
e
tions r1; r2; r3.



THE KLEIN SOLUTION TO PAINLEV�E'S SIXTH EQUATION 31Theorem 6. The system obtained by repla
ing ea
h e�i by �i in (43) has monodromy
onjugate to (r1; r2; r3). In other words there is a 
hoi
e of fundamental solution � andof simple positive loops li around ai for i = 1; 2; 3 generating �1(P1 n fa1; a2; a3;1g) su
hthat � has monodromy ri around li.Proof. Consider the system obtained by repla
ing e�i by �i + � for ea
h i, for varying �(so � = ��1 is the original system). Writebt(�) = (t2i (�); tij(�); t321(�); t0321(�))for the invariant fun
tions of the monodromy of the 
orresponding system. These fun
-tions vary holomorphi
ally with � for any � 2 C .Write r0i = 1 + ei 
 �i; uij = �i(ej) for the monodromy data at � = 0. By 
onstru
tionthe eigenvalues of r01; r02; r03 and of the produ
t r03r02r01 are the same as those of the ri (sin
ethey are determined by the residues of the Fu
hsian system).Now the invariants bt(0) are easily expressed in terms of u (
f. proof of Lemma 2) andwe know how u varies with � (Theorem 3). It follows that(44) bt(�) = (h2t2i ; h2tij; h2t321; h4t0321)where (t2i ; tij; t321; t0321) = bt(0) and h = exp(�i�).By 
onstru
tion we know the invariants bt(��1) of the original system, namely theyequal the invariants of the blo
k diagonal monodromy data�
M1 1� ; �
M2 1� ; �
M3 1� ;whi
h is the monodromy of the limiting system with 
3 = 0.But this was set up pre
isely so that bt(0) (obtained by inverting (44) when � = ��1)are the invariants of the original 
omplex re
e
tion group generators.Finally we remark that the 
onjuga
y 
lass of (r1; r2; r3) is uniquely determined by thevalue of the invariants bt. This will be 
lear in the example below and follows in generalfrom the fa
t that the invariants bt generate the ring of 
onjugation invariant fun
tions ontriples of pseudo-re
e
tions, and that the triple (r1; r2; r3) is irredu
ible. �Remark 31. Having established that the resulting system has the 
orre
t monodromy, letus re
ord a more dire
t way to go from the bAi to the Bi of (43). The key point is thatthe pairwise, and three-fold, tra
es of distin
t B 0is are independent of the s
alar shift �(and that the 
onstant 
3 does not 
ontribute). Thus if i 6= j then we �ndbijbji = Tr(BiBj) = Tr( bAi bAj);b32b21b13 = Tr(B3B2B1) = Tr( bA3 bA2 bA1):In general these are suÆ
ient to determine (B1; B2; B3) uniquely up to 
onjuga
y.Now we will re
all (from [23℄) the formulae for the bAi in terms of y; y0. Let us �rst goin the other dire
tion, and then invert. Consider the following rank one matri
esbA1 := � z1 + �1 �uz1(z1 + �1)=u �z1 � ; bA2 := � z2 + �2 �wz2(z2 + �2)=w �z2 � ; bA3 := � z3 + �3 �vz3(z3 + �3)=v �z3 �



32 PHILIP BOALCHso that bAi has eigenvalues f0; �ig for i = 1; 2; 3. Now if we de�nek1 := (�4 � �1 � �2 � �3)=2; k2 := (��4 � �1 � �2 � �3)=2and impose the equations(45) z1+z2+z3 = k2; uz1+vz3+wz2 = 0; (z1+�1)=u+(z3+�3)=v+(z2+�2)=w = 0then bA1+ bA2+ bA3 = �diag(k1; k2), and the 
orresponding sl2 matri
es satisfy A1+A2+A3 = �diag(�4;��4).Now we wish to de�ne two T -invariant fun
tions x; y on the set of su
h triples ( bA1; bA2; bA3),where the one-dimensional torus T � SL2(C ) a
ts by diagonal 
onjugation. (The fun
tionx is denoted ez in [23℄.) First note that the (1; 2) matrix entry ofbA := bA1z + bA2z � t + bA3z � 1is of the form p(z)z(z�1)(z�t) for some linear polynomial p(z). Thus bA12 has a unique zero onthe 
omplex plane and we de�ne y to be the position of this zero. Expli
itly one �nds:(46) y = tuz1(t+ 1)uz1 + tvz3+ wz2 :Then we de�ne(47) x = z1y + z2y � t + z1y � 1 :To motivate x we note that if we set z = y then bA is lower triangular and its �rsteigenvalue (i.e. its top-left entry) is x+ �1y + �2y�t + �3y�1 : so x is 
learly T -invariant.Now the fa
t is that we 
an go ba
kwards and express the six variables fz1; z2; z3; u; v; wgin terms of y; x. That is, given y; x we wish to solve the �ve equations (45), (46), (47)in the six unknowns fz1; z2; z3; u; v; wg. To �x up the expe
ted one degree of freedom weimpose a sixth equation (t+ 1)uz1 + tvz3+ wz2 = 1so that (46) now says y = tuz1. (This degree of freedom 
orresponds to the torus a
tionmentioned above.) One then �nds, algebrai
ally, that these six equations in the sixunknowns admit the unique solution:z1 = yE � k22(t+ 1)t�4 ; z2 = (y � t)E + t�4(y � 1)xk22 � tk1k2t(t� 1)�4z3 = �(y � 1)E + �4(y � t)x� k22t� k1k2(t� 1)�4 ;u = ytz1 ; v = � y � 1(t� 1)z3 ; w = y � tt(t� 1)z2whereE = y(y� 1)(y � t)x2+ ��3(y� t) + t�2(y� 1)� 2k2(y� 1)(y � t)�x+ k22y� k2(�3+ t�2):Finally we re
all that if y(t) solves PVI then the variable x is dire
tly expressible interms of the derivative of y (
f. [23℄ above C55):



THE KLEIN SOLUTION TO PAINLEV�E'S SIXTH EQUATION 33x = 12 � t(t� 1)y0y(y � 1)(y � t) � �1y � �3y � 1 � �2 + 1y � t � :Thus given a solution y(t) to PVI we may use these formulae to re
onstru
t the matri
esbA1; bA2; bA3 upto overall 
onjugation by the diagonal torus.Example. For the Klein solution, suppose we set the parameter s = 3 (this is 
hosento give reasonably simple numbers below). Then t = 121=125 and the above formulaeyield (
f. Remark 31):b12b21 = 3224 ; b23b32 = 2492464 ; b13b31 = 5176 ;b32b21b13 = 211408 :These values determine (B1; B2; B3) uniquely upto 
onjuga
y, and it is easy to �nd arepresentative triple:Corollary 32. LetB1 =0�12 3224 2114080 0 00 0 0 1A ; B2 = 0�0 0 01 12 51760 0 0 1A ; B3 = 0� 0 0 00 0 033249 1 121A :Then the Fu
hsian system ddz ��B1z + B2z � 121125 + B3z � 1�has monodromy equal to the Klein 
omplex re
e
tion group, generated by re
e
tions.Appendix AWe wish to explain how to extra
t Theorem 3 from the paper [1℄ of Balser, Jurkat andLutz.Let us brie
y re
all the set-up of [1℄. Given an n� n matrix A1 and a diagonal matrixB0 = diag(b1; : : : ; bn) (with the bi pairwise distin
t) one 
onsiders the Fu
hsian 
onne
tion([1℄ (0.2))(48) d� (B0 � z)�1(1 +A1)dz = d� nXi=1 �Ei(1 +A1)z � bi dzwhere Ei is the n � n matrix with a one in its i; i entry and is otherwise zero. (To avoid
onfusion with other notation of the present paper we have relabelled t 7! z;� 7! B0; �i 7!bi from [1℄.) Write �0 = diag(�01; : : : ; �0n) for the diagonal part of A1 and suppose thati) No �0i is an integer, and thatii) No eigenvalue of A1 is an integer.Condition i) implies that ea
h residue of (48) is rank one and has non-integral tra
e.Now one 
hooses an admissible bran
h 
ut dire
tion � and 
uts the 
omplex z-planefrom ea
h bi to 1 along the dire
tion �, leaving a simply 
onne
ted domain P� � C . (Infa
t ([1℄ p.694) one takes � 2 R and uses � to give logarithm 
hoi
es on P� near ea
h bi.)The dire
tion � is said to be `admissible' if none of these 
uts overlap, and the inadmissible



34 PHILIP BOALCH� in the interval (��=2; 3�=2℄ are labelled �0; : : : ; �m�1 (with �i+1 < �i). This labelling isextended to all integral subs
ripts � by setting �� = ��+km + 2�k for any integer k.Now, given an admissible � one may 
anoni
ally 
onstru
t a 
ertain fundamental solu-tion Y �(z) of (48) on P� and de�ne an n�nmatrix C = C(�), with one's on the diagonal,su
h that (by [1℄ Lemma 1): After 
ontinuing Y � along a small positive loop around bk(and 
rossing the kth 
ut), Y � be
omesY �(1 + C�k )where C�k is zero ex
ept for its kth 
olumn whi
h equals the kth 
olumn of C eD, whereeD := exp(�2�i�0)� 1.If � varies through admissible values then C(�) does not 
hange. Thus we 
hoose aninteger � and let C = C� be C(�) for any � 2 (��+1; ��), as in [1℄ Remark 3.1 p.699.Thus if we suppose ([1℄ p.697) that, when looking along � towards in�nity, that bk+1 liesto the right of bk for k = 1; : : : ; n� 1, then the monodromy of Y � around a large positiveloop en
ir
ling all the bi is the produ
t of pseudo-re
e
tions(1 + C�1 ) � � � (1 + C�n):The main fa
ts we need from [1℄ now are:1) That the Stokes matri
es C�� of the irregular 
onne
tiond��B0 + A1x � dxare determined by C� by the equation(49) C�D = C+� � e2�i�0C��where D := 1� exp 2�i�0. (This is equation (3.25) of [1℄, and that the C�� are the Stokesmatri
es is the 
ontent of [1℄ Theorem 2, p.714.)2) That the Stokes matri
es are un
hanged if A1 undergoes a s
alar shift A1 7! A1 � �([1℄ Remark 4.4, p.712).This is suÆ
ient to determine how the pseudo-re
e
tions 1 + C�k vary under the s
alarshift; one doesn't need to know how the Stokes matri
es are de�ned, only that they aretriangular matri
es with one's on the diagonal. The main subtlety one needs to appre
iateis that: in the above 
onvention (with bk+1 to the right of bk) then(50) C+� is lower triangular and C�� is upper triangular:Indeed ([1℄ p.701, paragraph before (3.16)) C+=�� are upper/lower triangular respe
tivelyif b1; : : : ; bn are ordered a

ording to the dominan
e relation on S 0�+1. This dominan
erelation is de�ned (top of p.699) so that it 
oin
ides with the natural ordering of theindi
es if b1; : : : ; bn are ordered so that the jth 
ut (along the dire
tion � 2 (��+1; ��)) liesto the right of the kth 
ut whenever j < k (again looking along � towards in�nty). Thisis opposite to the previous ordering of the bi. Thus sti
king to our original ordering wededu
e (50).In summary if we set V = C n and write 1+C�k = 1+vk
�k (where f�ig is the standardbasis of V � and vk 2 V is the kth 
olumn of v := C� eD, so vij = �i(vj)) thenv = C� eD = (C+� � e2�i�0C�� )D�1 eD � e�2�i�0C+� � C��



THE KLEIN SOLUTION TO PAINLEV�E'S SIXTH EQUATION 35where we note that e2�i�0 eD = D and where � is de�ned so that A � B if there is aninvertible diagonal matrix s su
h that A = sBs�1. (This 
onjugation by s just 
orrespondsto di�erent 
hoi
es of vk; �k su
h that 1 +C�k = 1+ vk 
 �k and so 
learly does not a�e
tthe 
orresponding pseudo-re
e
tions.)Thus under the s
alar shift, the upper triangular part of v is �xed, the lower triangularpart is s
aled by exp(2�i�) and the diagonal part e�2�i�0 � 1 is 
hanged to e�2�i(�0��)� 1.Finally let us relate this ba
k to our 
onventions in the body of the paper. Namely wehave a 
onne
tion d�X Biz � aidzwith rank one residues, monodromy ri around ai and monodromy rn � � � r1 around a largepositive loop. The images of the Bi make up a basis of V so we may 
onjugate (B1; : : : ; Bn)su
h that ea
h Bi is zero ex
ept in row (n� i+ 1).Then we set bi = an�i+1 and de�ne A1 = �1�PBi so that�Ei(1 +A1)z � bi = Bn�i+1z � an�i+1for ea
h i and that (1 + C�1 ; : : : ; 1 + C�n) = (rn; : : : ; r1)upto overall 
onjugation. Thus if we write ri = 1 + ei 
 �i and de�ne u by uij = �i(ej)we have that u � 
v
where 
 is the order reversing permutation matrix (
ij = Æin�j+1). Note that we denotedthe tra
e of Bi as �i so that the diagonal part �0 of A1 is�0 = �1� 
�
where � := diag(�1; : : : ; �n). Thus, if we writeu = t2u+ � u�with t2 diagonal and u+=� upper/lower triangular with one's on the diagonal, we havethat, upto overall 
onjugation by a diagonal matrix:u+ = 
C+� 
; u� = 
C�� 
and t2 = exp(2�i�). Therefore under the s
alar shift both u� are �xed and so u is 
hangedto h2t2u+ � u�, establishing Theorem 3.Remark 33. One 
an 
he
k independently that it is the upper triangular part of u thatshould be s
aled by h2, rather than the lower triangular part, sin
e we know that theeigenvalues of rn � � � r1 should be s
aled by h2. Indeed if we expandTr(rn � � � r1) = n +Xi uii +Xi>j uijuji + Xi>j>k uijujkuki + � � � + unn�1un�1n�2 � � � u21un1=Xi ti +Xi>j uijuji + Xi>j>k uijujkuki + � � �+ unn�1un�1n�2 � � �u21un1we see that s
aling just the upper triangular part of u (and the ti) s
ales ea
h term hereby h2 as required, and otherwise one obtains higher powers of h.



36 PHILIP BOALCHAppendix BWe will explain how to derive the formula for the parameter s in Jimbo's formula (38).This formula is stated in
orre
tly, and not derived, in [22℄. Sin
e it is not immediately
lear how to derive the formula we sket
h the main steps here, and point out the (probablytypographi
al) error. (We remark that the whole pro
edure des
ribed in the present paperdoes not work without this 
orre
tion.)Suppose we have four matri
es Mj 2 SL2(C ); j = 0; t; 1;1 satisfying(51) M1M1MtM0 = 1;and Mj has eigenvalues fexp(��i�j)g where �j =2Z. Write "1 = exp(�i�1) and supposeM1 is a
tually diagonal (M1 = diag("1; "�11 )). De�ne �jk 2 C with 0 � Re(�jk) � 1(for j; k 2 f0; t; 1;1g) by Tr(MjMk) = 2 
os(��jk);and let � := �0t and " := exp(�i�).Under the further assumptions that � is nonzero, that 0 � Re(�) < 1 and that none ofthe eight numbers�0 � �t � �; �0 � �t � �; �1 � �1 � �; �1 � �1 � �is an even integer, Jimbo [22℄ p.1141 points out that, up to overall 
onjuga
y by a diagonalmatrix, M0;Mt;M1 are given, for some s 2 C �, by:(is�)M0 = C�1� "
0 � 
t 2s�0
0�2s�1� 0Æ0 �"�1
0 + 
t�C; (is�)Mt = C�1� "
t � 
0 �2s"�0
02s�1"�1�0Æ0 �"�1
t + 
0�C(is1)M1 = �
� � "�11 
1 �2"�11 �
2"1�Æ �
� + "1
1� ; where C = �Æ �� 
�and we have used the temporary notation:
j := 
os(��j); 
� := 
os(��); sj := sin(��j); s� := sin(��);� = sin �2 (�1��1+�); � = sin �2 (�1+�1+�); 
 = sin �2 (�1+�1��); Æ = sin �2 (�1��1��);�0 = sin �2 (�0��t+�); � 0 = sin �2 (�0+�t+�); 
 0 = sin �2 (�0+�t��); Æ0 = sin �2 (�0��t��):Noti
e that �01 and �1t do not appear in these formulae; The idea now is to ex-press the parameter s in terms of �01; �1t (and the other parameters). Naively we 
anjust 
al
ulate Tr(M0M1) and Tr(M1Mt) from the above formulae, equate them with2 
os(��01); 2 
os(��1t) respe
tively and try to solve for s. However this yields a 
om-pli
ated expression in the trigonometri
 fun
tions and a simple formula looks beyondrea
h.The key observation to simplify the 
omputation is that the above parameterisation ofthe matri
es is su
h that CMtM0C�1 is diagonal and equal to � := diag("; "�1) (and alsoequal to CM�11 M�11 C�1 by (51)). Thus we �nd(52) 2 
os(��01) = Tr(M0M1) = Tr�CM�11 C�1��1(CM0C�1)�(53) 2 
os(��1t) = Tr(M1Mt) = Tr�CM�11 C�1��1(CMtC�1)�



THE KLEIN SOLUTION TO PAINLEV�E'S SIXTH EQUATION 37whose right-hand sides are more manageable expressions in the trigonometri
 fun
tions,and are linear in 1; s; s�1. If we take the 
ombination (52)+"(53) then the s�1 terms
an
el and upon rearranging we �nd:2idet(C)s�(
01 + "
1t) =(
Æ"�11 � ��"1)("� "�1)
2+(
Æ"1 � ��"�11 )("2 � 1)
0 + 2s�
�0
0("1 � "�11 )("� "�1):(54)where 
01 = 
os(��01) and 
1t = 
os(��1t). To pro
eed we note:Lemma 34.a) 
Æ � �� := det(C) = �s1s�b) 
Æ"�11 � ��"1 = is1("
1 � 
1)
) 
Æ"1 � ��"�11 = is1(
1 � "�1
1)Proof. A few appli
ations of standard trigonometri
 formulae yield�� = (
1 � (
1
� � s1s�))=2; 
Æ = (
1 � (
1
� + s1s�))=2whi
h gives a) immediately and also enable b); 
) to be easily dedu
ed. �Substituting these into (54) and 
an
elling a fa
tor of 2s�s1 = �("� "�1)("1� "�11 )=2yields the desired formula:s = "(is�
1t � 
t
1 � 
0
1) + is�
01 + 
t
1 + 
1
04�
�0
0 :This di�ers from formula (1:8) of [22℄ in a single sign, in �, whi
h was 
ru
ial for us.Referen
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