
ESI The Erwin Schr�odinger International Pasteurgasse 4/7Institute for Mathematical Physics A-1090 Wien, Austria
Optical Geometries andRelated StructuresPawe l Nurowski

Vienna, Preprint ESI 135 (1994) September 22, 1994Supported by Federal Ministry of Science and Research, AustriaAvailable via WWW.ESI.AC.AT



OPTICAL GEOMETRIES AND RELATEDSTRUCTURES �Pawe l NurowskiSISSA - ISASScuola Internazionale Superiore di Studi AvanzatiVia Beirut 4, 34014 Trieste, ItalyandICTPInternational Center for Theoretical PhysicsStrada Costiera 11, 34014 Trieste, ItalySeptember 27, 1994AbstractIn this work we interpret known facts from the twsitor theory in the languageof optical geometry.Two natural optical geometries on the space P of all null directions over a 4-dimensional Lorentzian manifold M are de�ned and studied. One of this ge-ometries is never integrable and the other is integrable i� the metric of M isconformally 
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1 IntroductionIn 1922 E. Cartan [4] observed that in any conformally non
at Lorentzian 4-manifoldthere exists at most four preferred by geometry null directions. Any such direction isnow called a principal null direction and is generated by a nonvanishing vector �ledk� satisfying k[�C�]��[�k�]k�k� = 0; (1)where C���� is the Weyl tensor. Cartan's observation was then independently notedby a number of authors. In particular, R. Penrose found principal null directionsreformulating General Relativity in terms of spinors [22].An e�cient method of �nding principal null directions on a 4-dimensional manifoldM equipped with a a Lorentzian conformally non
at metric g uses Newman-Penroseformalism. This associates a null tetrad (k, l, m, �m) with g in such a way that	4 6= 0, where 	i (i=0,1,2,3,4) denote Weyl scalars. A principal null direction is thengenerated by a null vector �eldk(z) = k + z�zl � zm� �z �m; (2)with a complex function z on M being any solution to the equation	0(�z) = 	0 � 4�z	1 + 6�z2	2 � 4�z3	3 + �z4	4 = 0: (3)Since Cartan's discovery there was a growing interest in studying null objects.The simplest of them, a null congruence in an oriented spacetime, de�nes quite a richstructure - `optical geometry' of A. Trautman [36]. This notion, de�ned previouslyonly in 4-dimensions, is now generalized to even-dimensional Lorentzian manifolds ofhigher dimension [12]. Higher dimensional optical geometries appear naturally in thetwistor theory. One �nds that there is a precise way of de�ning two optical geome-triesO� on Penrose's [23] 6-dimensional space of all null directions over 4-dimensionalLorentzian manifold. These optical geometries are studied in this paper (Sections 2,4 and 5). Their integrability properties correspond to certain properties of the metricof spacetime. Our studies of O+ form an optical geometric reformulation of facts onnatural objects on space of null directions known to R. Penrose [24] (see also a noteabout this in references [18] and [34]).On studying integrability conditions of O+, we �nd in Section 5 that slightly modi�edconditions correspond to the vanishing of the traceless part of the Ricci tensor of thespacetime metric. The geometrical meaning of this fact is not known to us.Section 7 presents a way of understanding optical geometries as objects that are2



analogous to almost Hermitean structures. We develop Trautman's proposal [37] ofinspecting known facts in both Hermitean and optical sectors, and �nding their mu-tual counterparts from the point of view of this analogy. Finally, we present a fewopen problems related to Trautman's proposal.We use the following notations and conventions.IfM denotes a manifold then TM (respectively, T�M) denotes its tangent (respec-tively, cotangent) bundle; TxM (respectively, T�xM) denotes tangent (respectively,cotangent) space at x 2 M. If K, L denote vector bundles over M, then �(K)denotes the set of all sections of K, and [�(K);�(L)] denotes a set consisting of allcommutators of the form [k; l], where k; l are sections of K, L, respectively.If � : M ! M0 is a di�eomorphism between two manifolds M and M', then ��denotes the transport of contravariant tensor �elds from M to M'. Transport ofcovariant tensor �elds fromM' toM is denoted by ��. Transport of tensor �elds ofgeneral type is denoted by ~�.A metric with signature (+ + :::+) (respectively, (+ + :::+ �)) is called Euclidean(respectively, Lorentzian). In the Lorentzian case we apply Newman-Penrose formal-ism as presented in reference [11], pp. 82-87. 1 Note, that equations (2) and (3) arein agreement with this convention.2 Natural optical geometries on twistor bundle.Let M be a 4-dimensional oriented manifold equipped with a Lorentzian metric g.Consider set Sx of all null directions outgoing from a given point x 2 M. This setis topologically a sphere - celestial sphere of an observer situated at x. The pointsof this sphere can be parametrized by a complex number z belonging to the Argandplane C [ f1g. A direction associated with z 6= 1 is generated by a vector k(z)of (2); with z = 1 we associate a direction generated by vector l. Conversely, anynull direction from x is either parallel to vector l or can be represented by only onesuch null vector k(z) that g(k(z); l) = �1. It follows that such k(z) has nessecarilyform (2), and de�nes certain z 2 C. If a direction is parallel to l we associate with itz =1.We de�ne a �ber bundle P = [x2MSx over M, so that 2-dimensional spheres Sx areits �bers. Canonical projection � : P !M is de�ned by �(Sx) = x. Note that any1A Euclidean analog of this formalism is presented in [20].3



complex function z = z(x) onM de�nes, via our parametrization of Sx by a points ofthe Argand plane, a section z :M 3 x 7! (x; z(x)) 2 P of bundle P. It correspondsto certain �eld of null directions. From now on we identify sections of bundle P with�elds of null directions on M. I will call bundle P as "Penrose's twistor space", or`twistor bundle'. It can naturally be endowed with a structure of optical geometry ofA. Trautman [36]. Such geometry is de�ned on any 2m-dimensional (m � 2) manifoldX equipped with Lorentzian metric g by1) choosing a null congruence on X , which de�nes a vector bundle K over X withnull �bers of dimension 1,2) de�ning an almost complex structure J in the vector bundle H = K?=K in sucha way, that J is orthogonal with respect to the metric g0 induced in H by g.We endow P with optical geometry in four steps. They use the Levi-Civita con-nection associated with g on M to de�ne objects on P.Step 1. Horizontal space in P.Consider a vector w at a point x 2 M. Let 
(t), such that 
(0) = x, be any tangentcurve to w. Let p 2 P be a point from a �ber over x (i. e. �(p) = x). A horizontallift of w to a vector ~w at p is de�ned as follows.By de�nition point p describes a null direction outgoing from x. We now use a parallelpropagator associated with the Levi-Civita conection of g to transport this directionfrom x along 
(t). In this way we obtain one parameter family of directions p(t). Dueto the properties of the parallel transport these new directions are null. Hence p(t)can be interpreted as a curve in P such that p(0) = p. A horizontal lift of w is such avector ~w among vectors tangent at p to this curve that ��( ~w) = w. It turns out thatde�nition of ~w does not depend on the choice of the tangent curve 
(t) at x. It followsthat horizontal lifts of linearly independent vectors at x are linearly independent atp. Hence the whole TxM at x can be lifted to some 4-dimensional vector space Hpat p. Hp is called a horizontal space at p 2 P, and its 2-dimensional complement Vpto TpP is called a vertical space. It follows that Vp is also tangent to the �ber Sx atthe point p. In this way for any point p 2 P we have a natural splitting of its tangentspace into direct sum TpP = VpLHp. Moreover, Vp is identical with a tangent spaceto a certain point on 2-dimensional sphere.Step 2. Lorentzian metric on P.A Lorentzian metric ~g can be de�ned on P by the requirements thati) a scalar product of any two horizontal vectors is in ~g the same as the scalar productin g of their push forwards to M, 4



ii) a scalar product of any two vertical vectors is in ~g equal to their scalar product ina natural metric on 2-dimensional sphere (this is consistent since vertical vectors canbe considered tangent vectors to S2),iii) any two vectors such that one is horizontal and the other is vertical are orthogonalin ~g.If wi (i=1, 2) are two vectors at a point p 2 P, vi, hi denote their vertical and hori-zontal components, respectively and � denote a natural metric on S2 then de�nitionof ~g can be written more precisely as~g(w1; w2) = g(��(h1); ��(h2)) + �(v1; v2):Step 3. Null spray on P.A natural congruence on P is related to the horizontal lifts of null directions fromM. It is de�ned by the following receipee. Take a null vector k at x 2 M. Thisrepresents certain null direction p(k) outgoing from x. Correspondingly, this de�nesa point p = p(k) in the �ber ��1(x). Lift k horizontally to p. This de�nes ~k whichgenerates a certain direction outgoing from p 2 P. Repeating this procedure for alldirections outgoing from x 2 M we attach to any point of ��1(x) a unique direction.If we do it for all points of M, we de�ne a �eld of directions on P which, accordingto its construction and properties of ~g, is null. Integral curves of this �eld form a nullcongruence required in point 1) of de�nition of optical geometry. This congruence iscalled null spray on P [34].Step 4. Almost complex structure in screen space.In any point p 2 P tangent vectors to the null spray span 1-dimensional vector spaceKp, which is null with respect to ~g. In this way null spray de�nes a vector bundleK = [p2PKp with null �bers of dimension 1. A bundle orthogonal to it in ~g is de-noted by K?. This is of �ber dimension 5, and has K as its subbundle. A quotientbundle H = K?=K has �bers of dimension 4 and is called a screen space for the nullspray. Since ~g is degenerate on K then it descends to a Euclidean metric ~g0 in H. Tocomplete de�nition of the optical geometry on P we need to de�ne such an almostcomplex structure J in H, that it is orthogonal with respect to ~g0.Let k denotes a null vector at x 2 M. Consider a subspace k? of TxM which ing is orthogonal to k. A space Rk spaned in TxM by k is its subspace. Hence wecan de�ne vector space � = k?=Rk. This 2-dimensional space is naturally endowedwith an orientation induced from that ofM and with the metric g0 induced by g. Anorientation-clockwise rotation of any vector from � to a vector orthogonal to it de�nesa complex structure jx in �. Horizontal lifts of � and jx to the point p = p(k) 2 P5



are de�ned as follows. Denote respectively by ~k? and ~Rk spaces k? and Rk liftedhorizontally to the point p. A horizontal lift ~�p of � is ~�p = ~k?= ~Rk. Spaces � and~�p are naturally isomorphic, and one can use jx and this isomorphism to de�ne acomplex structure jp in ~�p. Since ~Rk is precisely a direction of null spray at p, andsince ~k? is a subspace of the �ber K?p of K?, then we see that ~�p is a subspace ofa �ber Hp of bundle H. To identify the complement of ~�p in Hp we note, that Vp isalways orthogonal to null spray and, being vertical, does not contain Kp. Thereforeit descends to a 2-dimensional subspace (also denoted by Vp) in the �ber Hp of thequotient bundle H. Now, it is easy to see that so de�ned Vp is a complement of ~�p inHp. Moreover, these two spaces are orthogonal in the metric ~g0. Rememebering thatVp can be identi�ed with the tangent space of the 2-dimensional sphere, we endow itwith the complex structure ip, that comes from the natural complex structure on S2.In this way, we arrived at the split Hp = VpL ~�p and we have well de�ned complexstructures jp in ~�p and ip in Vp. This gives two possibilities of de�ning complex struc-ture in Hp. These are J+p = ip + jp and J�p = ip � jp, where addition is understoodas a direct sum. This, point by point, de�nes two almost complex structures J+ andJ� in the bundle H. It is easy to check that both structures are orthogonal withrespect to the metric ~g0.Summing up, we de�ned two natural structures O+ = (K; ~g; J+) and O� =(K; ~g; J�) of optical geometries on P. One can view them as the following sequenceK ,! K? �! H = K?=K�ber dimension 1 5 4of real vector bundles, and di�er them precising which of two natural orthogonal al-most complex structures J+ or J� is given in H.3 Optical geometries and CR-structures. Generaltheory.We ended last section with two natural optical geometries O� on P. Although theydi�er only by an almost complex structure in the bundle H, their properties aretotally di�erent. To see this di�erence we return to the general case of 2m-dimensionalmanifold X with Lorentzian metric g. An optical geometry O on it is de�ned by6



1) the following sequence K ,! L = K? �! H = L=K�ber dimension 1 2m� 1 2m� 2of real vector bundles among which K is a null subbundle of TX ,and2)an almost complex structure J in H which is orthogonal with respect to the metricg0 induced by g in H.Suppose now that we have an optical geometry O that satis�es the folowing con-ditions a) [�(K);�(K)] � �(K);b) [�(K);�(L)] � �(L);c) if �k is a flow generated by any section k of K then~�kJ = J :Condition a) is always satis�ed. It says that �(K) de�nes a foliation of X by 1-dimensional manifolds - integral curves of any nonvanishing section k 2 �(K). Theseform a null congruence on X . Condition b) says that any line of this congruenceis geodesic in the metric g. Any point x 2 X belongs to precisely one line of thecongruence. We de�ne an equivalence relation "�" on X identifying points on thesame line. More precisely, any two points x; x0 2 X are in the relation "�" i�x0 = �k(x).We assume that in a considered region U of X a quotient space Q def= U= � is a(2m�1)-dimensional manifold. This quotient manifold has some additional structure.Let � denotes the canonical projection � : U ! U= �. If a) � c) holds then thisprojection de�nes H0 def= ��H and J 0 def= ~�J . One checks that H0 is a subbundle ofTQ with �bers of dimension 2(m� 1) and J 0 is an almost complex structure in H0.Now, let X 0; Y 0 be any two real sections of the bundle H0. Note that X 0; Y 0 are nowvector �elds on Q. Extending J 0 to C 
H0 by linearity one can ask whend) J 0 [X 0 + iJ 0X 0; Y 0 + iJ 0Y 0] = �i [X 0 + iJ 0X 0; Y 0 + iJ 0Y 0]:7



This condition generalizes classical Newlander-Nirenberg integrability conditions [19]of an almost complex structure, in the sense that if H0 de�nes a foliation of Q by(2m� 2)-dimensional manifolds then J 0 restricted to these manifolds and satisfyingd) is a complex structure there.We say that an optical geometry O is inetgrable if and only if it satis�es the aboveconditions a)� d). For obvious reasons, optical geometry satisfying only conditionsa)� b) is called geodesic.There is a relation between integrable optical geometries and CR-structures.A Cauchy-Riemann (CR) structure is a real (2m � 1)-dimensional manifold Qtogether with(1) a real subbundle H0 � TQ of �bers of dimension 2(m� 1),(2) an almost complex structure J 0 in H0.If in addition CR structure satis�es integrability condition d) then it is called anintegrable CR structure.Two CR-structures (Q; H; J ) and (Q0; H0; J 0) are called (locally) equivalent i�there exists a (local) di�eomorphism � : Q ! Q0 such that��H = H0and ~�J = J 0:There exist nonequivalent CR-structures on the same manifold Q.We have the following theorem.Theorem 3.1(1) A real 2m-dimensional manifold X equipped with an integrable optical geometryis locally di�eomorphic to R �Q where Q is a (2m � 1)-dimensional integrable CRstructure.(2) Given a (2m� 1)-dimensional integrable CR-structure Q one can de�ne an inte-grable optical geometry on R�Q.Proof. Point (1) is obvious in view of what we have said so far. The local factor Rin R�Q is associated with integral curves of any nonvanishing section k of K.We prove (2) by giving a construction of an integrable optical geometry. Let � denotes8



the projection � : R �Q ! Q. Denote by S a subbundle of T �Q annihilating H0.S has one dimensional �bers, hence it is generated by a nonvanishing section, say�0. We de�ne a nonvanishing 1-form � on R � Q by � = ��(�0). We de�ne k as anonvanishing vector �eld on R�Q which is tangent to the �bers ��1(x), x 2 Q. Wede�ne K as a bundle generated by k, and L def= ker�; both K and L are subbundlesof T (R�Q). Due to the construction ��(L=K) = H0. Therefore we can de�ne J inH = L=K by J ( [l] ) = J 0(��( [l] )), where [l] 2 L=K. Let g0 be any Euclidean metricin H0 such that J 0 is orthogonal in it. We de�ne a Lorentzian metric on R�Q byg = ��(g0)� ��;where � is any 1-form on R�Q such that the metric g is nondegenerate. One checksthat (K; g; J ) is an integrable optical geometry with g as a metric on R�Q. 2For m = 2 the above theorem was formulated in [29]. In somewhat di�erent contextit also appeared in [18], [32], [33], [35].Note that the metric g in the proof of Theorem 3.1 is not uniquely de�ned. It followsfrom this proof that an optical geometry admits a whole class of so called adaptedmetrics. A Lorentzian metric G on X is said to be adapted to the optical geometry(K; g; J ) if, relative to GI) K is null,II) K? is orthogonal to K,III) J is orthogonal with respect to metric G0 induced by G in H.We note that the case m = 2 is di�erent from cases m > 2 in the following sense.If m = 2 and X is oriented then any optical geometry can be de�ned by choosing anull congruence on X . All vector �elds tangent to the congruence form the bundleK and due to the dimension of X , the bundle H = K?=K has 2-dimensional �bers.Then the orientation of X and the metric g0 in H uniquely de�ne a complex structureJ in H. The integrability conditions a) - d) for so obtained optical geometry areequivalent to the geodesic and shear-free property of the congruence [29], [30]. If theyare satis�ed in one of the adapted metrics they are also valid in any other adaptedmetric.This is not in general true if m > 2. In such cases a null congruence also de�nes Kand K? as before but, since the �ber dimension of H = K?=K is greater or equalthan 4, there is no natural way of de�ning J in H. Therefore if m > 2 the choiceof a null congruence does not su�ce for a de�nition of an optical geometry. More-over, the integrability conditions a) - d) say nothing about the shear-free property of9



the congruence generated by sections of the bundle K. It may happen that in someadapted metrics the congruence has shear and in some others no [28].4 Integrability conditions for O� on P.. In Section 3 we mentioned that two natural optical geometries O+ and O� ontwistor bundle P are di�erent. To be more precise we have the following theorem.Theorem 4.11) Both optical geometries O� are geodesic.2) O� is never integrable.3) O+ is integrable if and only if the metric g on base manifold M is conformally
at.Sketch of the proof.One checks integrability conditions a) � d) for optical geometries O� by a straight-forward calculations. Remarkably, one �nds that in addition to a trivially satis�edcondition a) also condition b) is satis�ed automatically. Since these two conditionsare independent of the choice of J in H then this proves point 1) of the theorem.Note that this, in particular, means that the null spray on P is geodesic. This justi�esa name `null geodesic spray', that some people use instead of null spray [34].Inspecting condition c) one �nds the main di�erence between optical geometries O+and O�. It turns out that O� never satis�es condition c). This means that indepen-dently of the properties of the metric g onM geometry O� is not integrable. On theother hand one �nds that O+ satisfy condition c) if and only if the metric g on Mis conformally 
at. To be more speci�c, we parametrize any point p 2 P by (x, z),where x = �(p) and z is a number from the Argand plane as de�ned in Section 2.Then one �nds that condition c) is satis�ed if and only if the following expression	0(�z) = 	0 � 4�z	1 + 6�z2	2 � 4�z3	3 + �z4	4vanishes for any z. This means that all Weyl scalars 	i (i = 0; 1; 2; 3; 4) of the metricg vanish. Hence g must be conformally 
at.Now, restricting ourselves to conformally 
at metrics on M we �nd quite unexpec-tadly that condition d) for O+ associated with such metrics is satis�ed automatically.10



This completes the proof.It follows from the sketch of the proof that the whole set of integrability conditionsa)� d) for the optical geometry O+ is equivalent to the only one identity 	0(�z) � 0.One can also ask about those z's for which we have 	0(�z) = 0. There are at mostfour such z's. These are precisely the same that via (2) correspond to principal nulldirections on M. They de�ne special sections z : M 3 x 7! (x; z(x)) 2 P of thetwistor bundle on which conditions a)� d) are satis�ed. The set of all such sectionsis called a set of zeroes of integrability conditions for O+. It consists of at most fourelements. Due to our identi�cation of sections of P with �elds of null directions onM we have the following theorem.Theorem 4.2 Principal null directions on a 4-dimensional Lorentzian manifold areidentical with the set of zeroes of integrability conditions for optical geometry O+.This theorem can be considered a geometrical de�nition of principal null directions.5 Encoding traceless part of the Einstein equa-tions on PA following reformulation of integrability conditions a)� d) for optical geometry O+is possible.Fix a metric g on the base manifold M of P. Let N be any nonvanishing vector�eld tangent to the null spray on P. Let � be a real one form on P de�ned by� = ~g(N). It is speci�ed up to a multiplication by a real function on P (�! �0 6= 0s. t. �0 ^ � = 0). With the horizontal space in P one associates another one form.This is such a complex one form E on P that i) it anihilates horizontal space andii) E ^ �E 6= 0. This is also de�ned up to a multiplication by a complex function onP (E ! E 0 6= 0 s. t. E 0 ^ E = 0). It is easy to see that the metric ~g on P can beexpressed as ~g = 2(a2E �E + �S + b2F �F)with some nonvanishing functions a; b and some 1-forms S (real) and F (complex) onP. The above expression can be considered a de�nition of the form F . It is given upto such transformations F ! F 0 that F 0 ^ F ^� = 0 and F 0 ^� 6= 0. One can checkthat the following theorem is true. 11



Theorem 5.1 Optical geometry O+ on P is integrable i�(LNE) ^ E ^ F ^ � = 0: (4)The proof of this theorem consists of simple calculations. Here we mention only thatintegrability condition b) of O+ is equivalent to (LN�) ^ � = 0 and is, of course,satis�ed trivially. We also know that the only condition to be satis�ed is c). Onechecks that it splits into automatically satis�ed part(LNF ) ^ E ^ F ^ � = 0; (5)and condition (4), which is satis�ed if and only if the metric g of the base manifoldM is conformally 
at.The fact that integrability conditions for O+ imply conformal 
atness of the basemetric g is discouraging. One would rather like to have these kind of conditionsto code Einstein equations for g. That this is not so hopeless shows the followingtheorem.Theorem 5.2 The following condition(LNE) ^ E ^ �F ^ � = 0 (6)is equivalent to the Einstein equationsR�� = �g�� (7)with cosmological constant �.Our proof of this theorem is by direct calculations. We mention only that condition(6) is equivalent to condition�00(z) = �00�2z�01�2�z ��01+4z�z�11+z2�02+�z2��02�2�zz2�12�2z�z2��12+z2�z2�22 � 0;(8)which must be satis�ed identically for all z's. Details will be presented in [21].Comparing conditions (4) and (6) one sees that they di�er only by interchangingF and �F . That this symmetry can be missleading follows from the fact, that onehas to remmember about condition (5), if one wants to interpret (6) as integrabilityconditions for some other optical geometry, say O0. It is interesting to ask whether12



there exists some structure on P for which (6) can be interpreted as integrabilitycondition.We close this section with the following remark. If one asks about sections of thetwistor bundle on which condition (6) vanishes one �nds that they correspond tothe principal null directions of the traceless Ricci tensor. (Note similarity between	0(�z) = 0 and �00(z) = 0:)6 Optical and Hermitean geometries - an analogy.There is a striking analogy between optical and Hermitean geometries [9], [37]. Todescribe this we consider a general 2m-dimensional manifold X with Lorentzian orEuclidean metric g. In the complexi�cation of TX , equipped with the complexi�-cation of the real metric g, consider such a subbundle N , that any of its �bers is atotally null vector space of maximal dimension. It turns out that N \ �N = C 
 Kwhere K is a real bundle of �ber dimension 0 or 1, depending on whether g is Euc-lidean or Lorentzian, respectively. Moreover, since N + �N = C 
 K? then L = K?is a subbundle of TX with �bers of codimension 0 (in the Euclidean case) or 1 (inthe Lorentzian case). In both cases we have a natural almost complex structure J inH def= L=K. To de�ne this we observe that any section l of L is of the form l = n+ �nwhere n is some section of N . If [l] denotes an equivalence class associated with l inH we de�ne J by J ( [l] ) = J ( [n+ �n] ) def= [�i (n� �n) ]: (9)One proves that J is well de�ned and orthogonal with respect to the descended met-ric g' in H. Therefore N de�nes either almost Hermitean or optical geometry over X ,depending on whether the signature of g is Euclidean or Lorentzian, respectively. Theconverse is also true. Any orthogonal almost complex structure or optical geometryover X can be obtained in this manner.Thus we have an analogy between almost complex and almost optical geometries. Dueto this, integrability conditions a)�d) for optical geometries and classical Newlander-Nirenberg integrability conditions for Hermitean geometries have a uniform descrip-tion. These are equivalent [37] to[�(N );�(N )] � �(N ): (10)13



The above analogy leads to the following programme of A. Trautman. Find alloptical geometric counterparts of known theorems and constructions in Hermiteangeometry. The same programme can be also applied in the opposite direction. Wehave only partial knowledge in this matter. We know, in particular, that O+ on Pis analogous to the Atiyah-Hitchin-Singer construction [1], of a natural almost Her-mitean structure on the spaceA of all almost Hermitean structures over 4-dimensionalEuclidean manifold. 2A fact that well known to relativists Goldberg-Sachs theorem [8] has a Hermiteancounterpart [27] is somewhat surprising to us 3. This result states neccessary and su�-cient conditions for local existence of integrable Hermitean structure on 4-dimensionalEuclidean manifolds satisfying Einstein equations (7). Such structures can exist i�the metric of the manifold is algebraically special, in the sense of the Euclidean analogof Petrov classi�cation (see also [20]).More facts concerning the analogy between optical and Hermitean structures are givenbelow. In the following list M is an oriented, Lorentzian or Euclidean, respectively,4-dimensional manifold.Optical geometry { Hermitean geometry1) null vector �eld k on M { almost Hermitean structure J onM2) two spheres of null directions outgoing from or ingoing to x 2 M { two spheres ofalmost Hermitean structures at x 2 M3) shear-free and geodesic property for k { integrability for J4) P { A5) O+ { standard almost Hermitean structure J+ on A6) O� { non-standard almost Hermitean structure J� on A2In ref. [1] space A is called twistor bundle. It is the reason why we also assign this name to P.Relativists twistorians prefer a name `spin bundle' for P.3For example, up to our knowledge it is not noted in A. Besse's book [2].14



7) Theorem 4.1 { theorem of ref. [1] on integrability of J�8) principal null directions of E. Cartan [4] { sections on which integrability con-ditions for J+ vanish9) Kerr theorem { which Hermitean structures leave in self-dualM10) Goldberg-Sachs theorem [8] { Przanowski-Broda theorem [27]11) degenerate points of Rovelli-Smolin loop variables [7] { Kahlerian 4-manifolds12) integrability of CR-structure associated with congruence of twisting shear-freeand null geodesics on EinsteinM [17] { existence of holomorphic vector �eld on Ein-stein algebraically special conformally non
at and not KahlerianM [5], [26] 413) ? { construction of instantons [1]14) ? { Salamon's construction [31] of harmonic maps using J�15) Fe�erman metric [6] for 3-dimensional CR-structure { some self-dual class of4-dimensional Euclidean metrics (?)One can continue this list. The following remarks are in order.A). According to J. Lewandowski [15] our formulation (6) of the traceless part of theEinstein equations in terms of distinguished forms on P seems to have no Euclideancounterpart.B). P. Kobak [10] ask as to whether one can use O� to �nd an analog of Salamon'sharmonic map construction. In Salamon's paper [31] a crucial role was played by theuse of J� on A. This suggests that also O� can be useful for solving certain nonlinearequations on Lorentzian 4-manifolds.C). For any nondgenerate 3-dimensional CR-structure Q we can de�ne the Fe�ermanconformal class of Lorentzian metrics on the �ber bundle overQ. This class of metricsis always of Petrov type N [13]. All Feferman metrics can be also de�ned as one ofthe two subclasses of 4-dimensional Lorentzian metrics that admit nonzero solution4I thank J. Lewandowski for showing me this point. See also [16].15



to the twistor equation 5 [14]. Euclidean metrics that admit solutions to the twistorequation must be self-dual [15]. Does there exist a Euclidean analog of the Fe�erman[6] (or, mor likely, of the Burns, Diederich and Schnider [3]) construction of Fe�ermanmetrics? If yes, does it provide us with a new class of self-dual Hermitean metrics?7 AcknowledgementsThis work is a report on my collaboration with A. Trautman in Warszawa, Triesteand Wien. I wish to thank J. Lewandowski for many hints and comments that helpedme to understand structures on P. I am also grateful to I. Robinson for hosting me inDallas, where part of this work was performed, and P. Kobak for helpful discussions.I acknowledge the �nancial support of KBN (in Poland), ICTP and SISSA (in Italy)and Erwin Schrodinger Institut (in Austria).

5Metrics that admit solution to the twistor equation possess shear-free congruence of nullgeodesics. This congruence is always twisting in the case of the Feferman metrics.16
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