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In 
ase when there is no magneti
 �eld, our results extend the dis-
reteness of spe
trum and positivity 
riteria by A. Mol
hanov (1953) andV. Maz'ya (1973).1 Introdu
tion and main resultsThe main obje
t of this paper is the magneti
 S
hr�odinger operator in Rn whi
hhas the form(1.1) Ha;V = nXj=1P 2j + V;where Pj = 1i ��xj + aj ;and aj = aj(x), V = V (x), x = (x1; : : : ; xn) 2 Rn. We assume that aj and Vare real-valued fun
tions. Denote alsorau = ru+ iau = � �u�x1 + ia1u; : : : ; �u�xn + ianu� :We will assume a priori that V 2 L1lo
(Rn) and a 2 L2lo
(Rn) (whi
h will bea shorthand for saying that aj 2 L2lo
(Rn) for all j = 1; : : : ; n). This allows tode�ne the quadrati
 form(1.2) ha;V (u; u) = ZRn (jrauj2 + V juj2)dxon fun
tions u 2 C1
 (Rn). A stronger lo
al requirement on a will be imposedfor the dis
reteness of spe
trum results. (For example, it will be suÆ
ient torequire that a 2 L1lo
(Rn).) We will also assume that V � 0 (the 
ase when Vis semi-bounded below by another 
onstant is easily redu
ed to the 
ase whenV � 0 for the dis
reteness of spe
trum results). Then we 
an de�ne Ha;V asthe operator de�ned by the 
losure of this quadrati
 form. This 
losure is wellde�ned [22℄.We will say that Ha;V has a dis
rete spe
trum if its spe
trum 
onsists ofisolated eigenvalues of �nite multipli
ities. It follows that the only a

umulationpoint of these eigenvalues 
an be +1. Equivalently we may say that Ha;V hasa 
ompa
t resolvent.Our �rst goal is to provide ne
essary and suÆ
ient 
onditions for the dis-
reteness of the spe
trum ofHa;V . We will write � = �d instead of the statementthat the spe
trum of Ha;V is dis
rete.Let us re
all some fa
ts 
on
erning the S
hr�odinger operator H0;V = ��+Vwithout magneti
 �eld (i.e. the operator (1.1) with a = 0).2



It is a 
lassi
al result of K. Friedri
hs [9℄ (see also e.g. [31℄, Theorem XIII.67,or [2℄, Theorem 3.1) that the 
onditionV (x)! +1 as x!1implies � = �d (for H0;V ).A. Mol
hanov [30℄ found a ne
essary and suÆ
ient 
ondition for the dis
rete-ness of spe
trum. It is formulated in terms of the Wiener 
apa
ity. The 
apa
ityof a 
ompa
t set F will be denoted 
ap (F ) (see Se
tion 2 for the de�nition and[7, 19, 27℄ for ne
essary properties of the 
apa
ity, expositions of Mol
hanov'swork and more general results).Let B(x; r) denote the open ball in Rn with the radius r > 0 and the 
enterat x, �B(x; r) denote the 
orresponding 
losed ball.In 
ase n = 2 the 
apa
ity of a set F � �B(x; r) is always taken relative toa ball B(x; 2r). The value of r is usually 
lear from the 
ontext. In 
ase n � 3su
h a de�nition would be equivalent to the usual Wiener 
apa
ity (relative toRn).In 
ase n = 2 we 
an also use 
apa
ities of sets F � �B(x; r) with respe
tto the ball B(x;R) where r 2 (0; R=2) and R > 0 is �xed, but this 
ompli
atessome formulations.Similarly we 
an use 
losed 
ubes (squares if n = 2) Qd, where d > 0 meansthe length of the edge and the edges are assumed to be parallel to the 
oordinateaxes. The interior of Qd will be denoted ÆQd. In this paper we prefer to use 
ubesinstead of balls, but balls are more 
onvenient in 
ase of manifolds. In 
ase n = 2the 
apa
ity of a 
ompa
t set F � Qd will be always de�ned relative to ÆQ2d,where Qd and Q2d have the same 
enter.Let us de�ne the Mol
hanov fun
tional(1.3) M
(Qd;V ) = infF (ZQdnF V (x)dx����� 
ap (F ) � 
 
ap (Qd)) :Here we will always assume that 0 < 
 < 1. Due to the standard properties ofthe 
apa
ity, the in�mum in (1.3) will not 
hange if we only restri
t it to thesets F whi
h are 
losures of open subsets of Qd with a smooth boundary.A. Mol
hanov proved that there exists 
 = 
n > 0 su
h that H0;V has adis
rete spe
trum if and only if for every d > 0(M
) M
(Qd;V )! +1 as Qd !1;where Qd ! 1 means that the 
enter of the 
ube Qd goes to in�nity (withd �xed). He a
tually established this result with a spe
i�
 
onstant 
n (seealso [19℄), namely, 
n = (4n)�4n( 
ap (Q1))�1 for n � 3, but it is by no meanspre
ise and we will not be interested in the pre
ise value of this 
onstant (itseems beyond the rea
h of the existing te
hnique).The 
ase n = 2 was not dis
ussed in [30℄, though it 
an be 
overed by thesame methods with minor modi�
ations.3



Note that (M
) implies (M
0) for every 
0 < 
. The arguments in [30℄ a
tuallyshow that it suÆ
es to assume that (M
) is satis�ed for all suÆ
iently small
 > 0. Hen
e we 
an equivalently formulate a ne
essary and suÆ
ient 
onditionof the dis
reteness of spe
trum for H0;V by writing that (M
) is satis�ed for all
 2 (0; 
0) with a positive 
0.Note also that 
ap ( �B(x; r)) 
an be expli
itly 
al
ulated. It equals 
nrn�2(with a di�erent 
n > 0). The 
apa
ity of a 
ube Qd is 
ndn�2 (with yetanother 
n > 0). Hen
e in the formulation of the Mol
hanov 
ondition (M
) we
an repla
e 
ap (Qd) by dn�2.A simple argument given in [1℄ (see also Corollary 1.4 in [20℄) shows that ifH0;V has a dis
rete spe
trum, then the same is true forHa;V whatever the ve
torpotential a. Therefore the 
ondition (M
) together with V � 0 is suÆ
ient forthe dis
reteness of spe
trum of Ha;V . This means that a magneti
 �eld 
an onlyimprove the situation from our point of view. Papers by J. Avron, I. Herbstand B. Simon [1℄, Y. Colin de Verdi�ere [4℄, A. Dufresnoy [6℄ and A. Iwatsuka[14℄ provide some quantitative results whi
h show that even in 
ase V = 0the magneti
 �eld 
an make the spe
trum dis
rete. (This situation is 
alledmagneti
 bottle.)The results of [1, 6, 14℄, were improved in [20℄. In parti
ular, some suÆ
ient
onditions for the spe
trum of Ha;V to be dis
rete were given. The 
apa
itywas added into the pi
ture, so in most 
ases these 
onditions be
ome ne
essaryand suÆ
ient in 
ase when there is no magneti
 �eld, i.e. when a = 0. Alsoboth ele
tri
 and magneti
 �elds were made to work together to a
hieve thedis
reteness of spe
trum.However no ne
essary and suÆ
ient 
onditions of the dis
reteness of the spe
-trum with both �elds present were provided in [20℄. Here we will give su
h 
on-ditions whi
h a
tually separate the in
uen
e of the ele
tri
 and magneti
 �elds.If the magneti
 �eld is absent then our 
onditions turn into the Mol
hanov 
on-dition (M
) or into some weaker 
onditions, improving Mol
hanov's suÆ
ien
yresult.We will need the bottoms �(G;Ha;V ) and �(G;Ha;V ) of Diri
hlet and Neu-mann spe
tra for the operator Ha;V in an open set G � Rn. They are de�nedin terms of its quadrati
 form ha;V as follows (see e.g. [5℄, [16℄):(1.4) �(G;Ha;V ) = infu �ha;V (u; u)G(u; u)G ; u 2 C1
 (G) n f0g� ;(1.5) �(G;Ha;V ) = infu �ha;V (u; u)G(u; u)G ; u 2 (C1(G) n f0g)\ L2(G)� ;where in both 
ases ha;V (u; u)G is given by the formula (1.2) with the integralsover G (instead of Rn) i.e.ha;V (u; u)G = ZG(jrauj2 + V juj2)dx;4



and (u; u)G means square of the L2-norm of u in G. However in the future wewill often skip the subs
ript G sin
e it will be 
lear from the 
ontext whi
h Gis used.We will also use these notations for G = Qd in whi
h 
ase �(Qd;Ha;V ) is un-derstood as �( ÆQd;Ha;V ), whereas �(Qd;Ha;V ) 
an be understood as �( ÆQd;Ha;V )as well as dire
tly by the formula (1.5) (i.e. with the use of fun
tions u whi
hare C1 on the 
losed 
ube) whi
h gives the same result.In both (1.4) and (1.5) we 
an also use lo
ally Lips
hitz test fun
tions insteadof C1 fun
tions u, whi
h does not 
hange the result. (Of 
ourse we should takefun
tions with 
ompa
t support in G in 
ase of �(G;Ha;V ).)We will also need the quantity(1.6) �0 = �0(Qd) = �0(Qd; a) = �(Qd;Ha;0);whi
h we will 
all the lo
al energy of the magneti
 �eld (in Qd). Here the �rstthree terms are de�ned by the last one, but we will use the shorter notationswhen the 
hoi
e of Qd and a is 
lear from the 
ontext. Obviously �0 � 0. Also,�0 is gauge invariant i.e. �0(Qd; a) = �0(Qd; a+ d�);as soon as a; a + d� 2 L1lo
(Qd), � is a lo
ally Lips
hitz fun
tion, and a isidenti�ed with the 1-form a = nXj=1 ajdxj:Therefore �0(Qd; a) depends only on the magneti
 �eld B = da whi
h is under-stood as a 2-form with distributional 
oeÆ
ients. It is easy to see that �0(Qd; a)vanishes if and only if B vanishes on ÆQd. This justi�es 
alling �0 lo
al energyof the magneti
 �eld.We will also use a normalized lo
al energy of the magneti
 �eld in Qd de�nedas(1.7) ~�0 = ~�0(Qd) = ~�0(Qd; a) = �0d2:De�nition 1.1 A 
lass F 
onsists of fun
tions f : [0;+1) ! (0;+1) whi
hare 
ontinuous and de
reasing on [0;+1).A 
lass G 
onsists of fun
tions g : (0; d0) ! (0;+1) su
h that g(� ) ! 0 as� ! 0 and (g(d))�1d2 � 1 for all d 2 (0; d0).The pair (f; g) 2 F � G is 
alled n-admissible if f satis�es the inequalityf(t) � fn(t) for all t � 0, where(1.8) fn(t) = (1 + t)(2�n)=2 if n � 3; f2(t) = (1 + log(1 + t))�1:Now we 
an formulate our main result about the dis
reteness of spe
trum.5



Theorem 1.2 Let us assume that a 2 L1lo
(Rn). There exists 
n > 0 su
h thatfor every n-admissible pair (f; g) the following 
onditions on Ha;V are equiva-lent:(a) The spe
trum of Ha;V is dis
rete.(bf;g) There exists d0 > 0 su
h that for every d 2 (0; d0)(1.9) �0(Qd) + d�nM
(Qd;V )! +1 as Qd !1;where(1.10) 
 = 
(�0; d) = 
nf(~�0)g(d)�1d2:(
f;g) There exists d0 > 0 su
h that for every d 2 (0; d0)(1.11) lim infQd!1 ��0(Qd) + d�nM
(Qd;V )� � g(d)�1;where 
 is as in (1.10).Note that f(~�0) = f(�0d2) is de
reasing in �0 and tends to 0 as �0 ! 1(with d �xed). So the 
ondition on V is weaker at the pla
es where the lo
alenergy of the magneti
 �eld is larger.Remark 1.3 Assuming that the magneti
 �eld is absent (a = 0, Ha;V =H0;V = ��+ V ) we obtain 
nf(~�0) = 
nf(0) = 
 > 0. Now taking g(d) = d2we see that the 
ondition (1.9) be
omes the Mol
hanov 
ondition (M
). So The-orem 1.2 strengthens Mol
hanov's theorem [30℄ whi
h 
laims the equivalen
e of(a) and (bf;g) for this parti
ular 
ase.Corollary 1.4 All 
onditions (bf;g), (
f;g ), taken for di�erent n-admissiblepairs (f; g) are equivalent.In parti
ular, this Corollary applied in 
ase a = 0 (no magneti
 �eld) givesan equivalen
e of di�erent 
onditions on the s
alar potential V � 0. This seemsto be a new purely fun
tion-theoreti
 property of 
apa
ity.The following 
orollaries provide examples of more expli
it ne
essary andseparately suÆ
ient 
onditions whi
h easily follow from Theorem 1.2.Corollary 1.5 Let us assume that the spe
trum of Ha;V is dis
rete. Then forevery �xed d > 0(1.12) �0(Qd) + 1dn ZQd V (x)dx! +1 as Qd !1:The 
ondition (1.12) 
orresponds to the 
ase 
 � 0 in (bf;g) in Theorem 1.2.It is known that it is not suÆ
ient for the dis
reteness of the spe
trum, even inthe 
ase when there is no magneti
 �eld [30℄.6



Corollary 1.6 Let us assume that there exist 
 > 0; d1 > 0 su
h that for every�xed d 2 (0; d1)(1.13) �0(Qd) + d�nM
(Qd;V )! +1 as Qd !1:Then the spe
trum of Ha;V is dis
rete.It follows from Theorem 1.7 below that the 
ondition (1.13) is not ne
essaryfor the dis
reteness of spe
trum of Ha;V .SuÆ
ient 
onditions (for � = �d) whi
h do not in
lude 
apa
ity, 
an beobtained if the 
apa
ity is repla
ed by the Lebesgue measure in the restri
tionon F in the de�nition ofM
(Qd;V ) { see Se
tion 6.1 in [19℄ for a more detailedargument.Other, more e�e
tive suÆ
ient 
onditions (whi
h do not in
lude �0) andrelated results (in parti
ular, asymptoti
s of eigenvalues under appropriate 
on-ditions) 
an be found in [4, 6, 8, 11, 12, 13, 14, 15, 20, 23, 29, 32, 34℄.Some ne
essary and suÆ
ient 
onditions of dis
reteness of spe
trum for theS
hr�odinger operators 
an be obtained by 
onsidering them as 1-dimensionalS
hr�odinger operators with operator 
oeÆ
ients (see e.g. [25, 3℄ and referen
esin [3℄). An interesting feature of this approa
h is that it allows to 
onsideroperators whose potentials are not ne
essarily semi-bounded below.The following Theorem shows that the 
onditions on f in Theorem 1.2 arealmost pre
ise.Theorem 1.7 There exists an operator Ha;V with a dis
rete spe
trum and withthe following property. Let f : [0;+1) ! (0; 1) be a de
reasing fun
tion, su
hthat in 
ase n � 3(1.14) f(t) = (1 + t) 2�n2 h(t);and in 
ase n = 2(1.15) f(t) = (1 + log(1 + t))�1h(t);where in both 
ases h(t) ! +1 as t ! +1. Then, for every �xed d > 0, the
ondition (1.9) with 
 = f(�0d2) is not satis�ed. So the 
ondition (1.9) withthe fun
tion f having the form given above, is not ne
essary for the dis
retenessof spe
trum, whatever g and 
n. In parti
ular, the exponents in (1.8) are thebest possible.Now we will give a positivity 
riterion for the operators Ha;V . We will saythat su
h an operator is stri
tly positive if Ha;V � "I for some " > 0, or,equivalently, that its spe
trum is in [";1) for some " > 0. If V � 0, then thisis equivalent to saying that 0 is not in the spe
trum of Ha;V .Theorem 1.8 Let us assume that V � 0. There exist positive 
onstants 
n; ~
nsu
h that the following 
onditions on Ha;V are equivalent:7



(a) Ha;V is stri
tly positive.(b) There exist positive 
onstants 
; d1; d su
h that for every 
ube Qd � Rn(1.16) �0(Qd) + d�nM
(Qd;V ) � 1d21 :(
) There exist positive 
onstants d1; d su
h that for every 
ube Qd � Rn(1.17) �0(Qd) + d�nM
n (Qd;V ) � 1d21 :(d) There exist positive 
onstants 
; ~
; d2 su
h that for every d > d2 andevery 
ube Qd � Rn(1.18) �0(Qd) + d�nM
(Qd;V ) � ~
d2 :(e) There exist d2 > 0 su
h that for every d > d2 and every 
ube Qd � Rn(1.19) �0(Qd) + d�nM
n (Qd;V ) � ~
nd2 :In 
ase when there is no magneti
 �led (i.e. a = 0, Ha;V = H0;V = ��+V )this theorem is essentially 
ontained in [27℄, Se
t. 12.5.Remark 1.9 The dis
reteness of spe
trum and stri
t positivity are gauge in-variant. More pre
isely, if we repla
e a 2 L1lo
(Rn) by another magneti
 poten-tial a0 2 L1lo
(Rn) whi
h has the form a0 = a+ d�, then the spe
trum does not
hange, i.e. the spe
tra of Ha;V and Ha0;V 
oin
ide (see [21℄). (Here � is a lo-
ally Lips
hitz fun
tion.) So in fa
t the spe
trum depends not on the magneti
potential a itself but on the magneti
 �eld B = da.Remark 1.10 Theorem 1.2 holds on every manifold of bounded geometry, with
ubes repla
ed by balls in the formulation (see [19℄ and Se
tion 6 in [20℄ forne
essary adjustments whi
h should be done to treat the more general 
ase
ompared with the 
ase of operators on Rn). However it is not at all 
lear howto extend Theorem 1.8 to this 
ase.Remark 1.11 In Se
tion 7 we will formulate results whi
h extend Theorems 1.2and 1.8 and their Corollaries to the 
ase when the operator Ha;V is 
onsidered inL2(
) for an arbitrary open set 
 � Rn with the Diri
hlet boundary 
onditionson �
. Note that the dis
reteness of spe
trum and stri
t positivity in this 
asemay be in
uen
ed or even 
ompletely determined by the geometry of 
. Inparti
ular, the results are non-trivial even for the pure Lapla
ian H0;0 = ��.8



2 PreliminariesIn this se
tion we will list some important te
hni
al tools whi
h will be usedlater. They were a
tually useful even in 
ase of vanishing magneti
 �eld (see[27℄), when they provide simpler proofs and stronger versions for the Mol
hanovdis
reteness of spe
trum 
riterion, as well as for the Maz'ya stri
t positivity
riterion for usual S
hr�odinger operators with non-negative s
alar potentials.For every subset 
 � Rn denote by Lip(
) the spa
e of (
omplex-valued)fun
tions satisfying the uniform Lips
hitz 
ondition in 
, and by Lip
(
) thesubspa
e in Lip(
) of all fun
tions with 
ompa
t support in 
 (this will be onlyused when 
 is open). By Liplo
(
) we will denote the set of fun
tions on (anopen set) 
 whi
h are Lips
hitz on any 
ompa
t subset K � 
.If F is a 
ompa
t subset in an open set 
 � Rn, then the Wiener 
apa
ityof F relatively to 
 is de�ned as(2.1) 
ap
(F ) = inf �ZRn jru(x)j2dx ���� u 2 Lip
(
); ujF = 1� :We will also use the notation 
ap (F ) for 
apRn (F ) if F � Rn, n � 3, andfor 
ap ÆQ2d (F ) if F � Qd � R2, where the squares Qd and Q2d have the same
enter and the edges parallel to the 
oordinate axes in R2.Note that if we allow only real-valued fun
tions u in (2.1), then the in�mumwill not 
hange. To see this it suÆ
es to note that jrjujj � jruj a.e. (almosteverywhere) for every 
omplex-valued Lips
hitz fun
tion. Moreover, the in�-mum does not 
hange if we restri
t ourselves to the Lips
hitz fun
tions u su
hthat 0 � u � 1 everywhere (see e.g. [27℄, Se
t. 2.2.1).The following Lemmas are parti
ular 
ases of mu
h more general results from[27℄. We supply the simpli�ed formulations for the 
onvenien
e of the readers.Lemma 2.1 ([27℄, Theorem 10.1.2, part 1). There exists Cn > 0 su
h that thefollowing inequality holds for every 
omplex-valued fun
tion u 2 Lip(Qd) whi
hvanishes on a 
ompa
t set F � Qd (but is not identi
ally zero on Qd):(2.2) 
ap (F ) � Cn RQd jru(x)j2dxd�n RQd ju(x)j2dx :Lemma 2.2 ([27℄, Lemma 12.1.1). Let V 2 L1lo
(Rn), V � 0. For everyu 2 Lip(Qd) and 
 > 0(2.3) ZQd juj2dx � Cnd2
 ZQd jruj2dx+ 4dnM
(Qd;V ) ZQd V juj2dx;(The last term is de
lared to be +1 if its denominator vanishes.)Remark 2.3 Both Lemmas 2.1 and 2.2 hold also if we repla
e r by ra. In-deed, we 
an �rst apply the inequalities (2.2) and (2.3) to juj and then use thediamagneti
 inequality jrjujj � jrauj (see e.g. [17, 24, 33℄).9



The following lemma is somewhat inverse to Lemma 2.1. It follows frompart 2 of Theorem 10.1.2 in [27℄.Lemma 2.4 There exists positive 
n; 
0n; 
00n su
h that for every 
ompa
t subsetF 0 � Qd satisfying(2.4) 
ap (F 0) � 
n 
ap (Qd);there exists  2 Lip(Qd) with the following properties: 0 �  � 1,  = 0 in aneighborhood of F 0,(2.5) 
ap (F 0) � 
0n ZQd jr j2dxand(2.6) d�n ZQd  2dx � 14 ;hen
e(2.7) 
ap (F 0) � 
00n RQd jr j2dxd�n RQd  2dx :For the 
onvenien
e of the reader we provide self-
ontained proofs of thelemmas above in Appendix to this paper.3 Dis
reteness of spe
trum: suÆ
ien
y.In this se
tion we will 
onsider operators Ha;V with V 2 L1lo
(Rn), V � 0 anda 2 L1lo
(Rn).We will start with the following proposition whi
h gives a general (albeit
ompli
ated) suÆ
ient 
ondition for the dis
reteness of spe
trum.Proposition 3.1 Given an operator Ha;V , let us assume that the following
ondition is satis�ed:9 "0 > 0; 8 " 2 (0; "0); 9 d = d(") > 0; R = R(") > 0; 8 Qd withQd \ (Rn nB(0; R)) 6= ;; 9
 = 
(�0; d; ") � 0; su
h that(3.1) �0 + 
Cnd2 � "�1 and �0 + d�nM
(Qd;V ) � "�1;where �0 = �0(Qd), Cn is the 
onstant from (2.3). Then � = �d.10



Proof. We 
an assume without loss of generality that V � 1. De�ne(3.2) L = �u ����u 2 C1
 (Rn); ZRn (jrauj2 + V juj2)dx � 1� :By the standard fun
tional analysis argument (see e.g. Lemma 2.3 in [19℄) thespe
trum of Ha;V is dis
rete if and only if L is pre
ompa
t in L2(Rn), whi
h inturn holds if and only if L has \small tails", i.e. for every " > 0 there existsR > 0 su
h that(3.3) ZRnnB(0;R) juj2dx � " for all u 2 L:This will hold if we establish that there exists d > 0 su
h that(3.4) ZQd juj2dx � " ZQd(jrauj2 + V juj2)dx;for all 
ubes Qd su
h that Qd \ (Rn nB(0; R)) 6= ;.To prove (3.4) note �rst that if 
 = 0 then �0 � "�1 due to the �rst inequalityin (3.1), hen
e (3.4) follows from the de�nition of �0 (even if we skip the termwith V in the right-hand side). So from now we will assume that 
 > 0.Let us look at the inequality(3.5) ZQd juj2dx � Cnd2
 ZQd jrauj2dx+ 4dnM
 (Qd;V ) ZQd juj2V dx(see Lemma 2.2 and Remark 2.3). For every �xed " > 0 we 
an divide all 
ubesQd into the following two types:Type I: �0(Qd) > (2")�1;Type II: �0(Qd) � (2")�1.For a Type I 
ube Qd the inequality (3.4) holds with 2" instead of ", as wasexplained above.For a Type II 
ube it follows from the 
onditions (3.1) thatCnd2
 � 2"; 4dnM
(Qd;V ) � 8";so the inequality (3.4) follows with 8" instead of ". �Instead of requiring that the 
onditions of Proposition 3.1 satis�ed for all" 2 (0; "0), it suÆ
es to require it for a sequen
e "k ! +0. Keeping this in mindwe 
an repla
e the dependen
e d = d(") by the inverse dependen
e " = g(d),so that g(d) > 0 and g(d) ! 0 as d ! +0 (and here we 
an also restri
t to asequen
e dk ! +0). This leads to the following11



Proposition 3.2 Given an operator Ha;V with V � 0, let us assume that thefollowing 
ondition is satis�ed:9 d0 > 0; 8 d 2 (0; d0); 9 R = R(d) > 0; 8 Qd withQd \ (Rn nB(0; R)) 6= ;; 9
 = 
(�0; d) � 0; su
h that(3.6) �0 + 
Cnd2 � g(d)�1 and �0 + d�nM
(Qd;V ) � g(d)�1;where �0 = �0(Qd), Cn is the 
onstant from (2.3), g(d) > 0 and g(d) ! 0 asd! +0. Then � = �d.Proposition 3.3 Let us assume that V � 0, f 2 F , g 2 G (in the notationsof De�nition 1.1) and one of the 
onditions (bf;g), (
f;g) from Theorem 1.2 issatis�ed. Then the spe
trum of Ha;V is dis
rete.Proof. Clearly, (bf;g) implies (
f;g). So it remains to prove that (
f;g)implies that � = �d. To this end it is suÆ
ient to prove that it implies that the
onditions of Proposition 3.2 are satis�ed.Note that it suÆ
es to establish that the inequalities (3.6) hold with anadditional positive 
onstant fa
tor, independent on d (but possibly dependenton f; g), in the right hand sides.Clearly, the se
ond inequality in (3.6), with an additional fa
tor 1=2 in theright hand side, is satis�ed for distant 
ubes Qd due to (1.11). So we need onlyto take 
are for the �rst inequality in (3.6). It obviously holds if �0 � g(d)�1.On the other hand, if we assume that �0 � g(d)�1, thenf(�0d2) � f(g(d)�1d2);hen
e 
Cnd2 = 
nCn f(�0d2)g(d)�1 � 
nCn f(g(d)�1d2)g(d)�1 � 
nCnf(1)g(d)�1;be
ause g(d)�1d2 � 1 a

ording to De�nition 1.1. Therefore we 
an applyProposition 3.2. �Remark 3.4 No domination requirement (like f � fn in De�nition 1.1) isimposed on f in Proposition 3.3.Remark 3.5 It is 
lear from the proof that to establish the dis
reteness ofspe
trum of an operator Ha;V , it suÆ
es to 
he
k the 
ondition (bf;g) (or (
f;g))from Theorem 1.2 for every d 2 (0; d0) on the 
ubes Qd whi
h form a tiling ofRn (instead of all 
ubes Qd).Remark 3.6 Let us 
onsider the 
ase of vanishing magneti
 �eld (a � 0) andtake g(d) = ds with 0 < s < 2. Then the 
onditions (bf;g), (
f;g) providesuÆ
ient 
onditions for the dis
reteness of spe
trum of the S
hr�odinger operator12



H0;V = �� + V whi
h are mu
h better than the Mol
hanov 
ondition (M
)whi
h 
orresponds to the 
ondition (bf;g) with g(d) = d2. The 
onditions (bf;ds )in this 
ase impose weaker requirements on the 
apa
ity of negligible sets forsmall d. With the same requirements on the negligible sets the 
ondition (
f;ds )goes even further: it does not require the fun
tionalM
 (Qd;V ) to go to in�nityfor �xed d, it only requires it to be
ome large for distant 
ubes and small d.4 Dis
reteness of spe
trum: ne
essity.We will use the notations from Se
tion 1. We impose here the same restri
tionson Ha;V as in Se
tion 3, i.e. V 2 L1lo
(Rn), V � 0, a 2 L1lo
(Rn). Let us �x anarbitrary d0 > 0. We need to prove that the dis
reteness of spe
trum for Ha;Vimplies the 
ondition (bf;g) in Theorem 1.2. This will follow fromProposition 4.1 There exist 
 = 
n > 0, C = Cn > 0 su
h that for everyoperator Ha;V with V � 0 and every 
ube Qd(4.1) �(Qd;Ha;V ) � CE�1 + 1fn(~�0)dn�2M
fn(~�0)(Qd;V )� ;where E = �0(Qd) + d�2, ~�0 is de�ned by (1.7), and fn is de�ned by (1.8).Proof of Theorem 1.2. Clearly (bf;g) implies (
f;g ). The suÆ
ien
y ofthe 
ondition (
f;g) for the dis
reteness of spe
trum was proved in Se
tion 3. Sowe only need to prove that � = �d implies (bf;g) for every n-admissible pair f; g(see De�nition 1.1). It is suÆ
ient to 
onsider the spe
ial 
ase f = fn, g(d) = d2be
ause this 
ase 
orresponds to the maximal allowed value of 
(�0; d), thereforeto the strongest possible 
ondition (bf;g) among all possible n-admissible pairs(f; g).So let us assume that Ha;V has a dis
rete spe
trum. We need to prove thatthe 
ondition (bf;g) holds for f = fn, g(d) = d2. For brevity sake denote this
ondition by (N ).A

ording to the Lo
alization Theorem 1.2 in [20℄ it follows from the dis-
reteness of spe
trum that(4.2) �(Qd;Ha;V )! +1 as Qd !1;for every �xed d > 0. This implies that the right hand side of (4.1) tends to+1 as Qd ! 1 with any �xed d > 0. This implies that the 
ondition (N )is satis�ed. Indeed, if (N ) does not hold for some d > 0, then there exists asequen
e of 
ubes Qd !1 su
h thatE + d�nM
fn(~�0)(Qd;V ) � Calong this sequen
e. But then both terms in the left hand side are bounded,hen
e the right hand side of (4.1) is bounded, whi
h 
ontradi
ts (4.2). �13



Now we will start our proof of Proposition 4.1. Let us 
hoose u 2 Lip(Qd)su
h that(4.3) ha;0(u; u) = ZQd jrauj2dx � Edn;and(4.4) kuk2Qd = ZQd juj2dx = dn:Note that due to the diamagneti
 inequality we have(4.5) ZQd jrjujj2dx � Edn:For every k � 0 de�ne a set Ek � Qd byEk = fxj ju(x)j � kg;and estimate the 
apa
ity of Ek. This estimate is given in the following Lemma,and it 
an be also obtained from Theorem 10.1.3 in [27℄.Lemma 4.2 For every k > 0(4.6) 
ap (Ek) � CnEk�2dn:Proof. Let us take v(x) = max(k�ju(x)j; 0). Then v 2 Lip(Qd), 0 � v � k,and vjEk = 0. Using Lemma 2.1, we get(4.7) 
ap (Ek) � Cn RQd jrvj2dxd�n RQd v2dx :Note that jrvj � jrjujj almost everywhere, so (4.5) implies that(4.8) ZQd jrvj2dx � Edn:Let us estimate the denominator in (4.7) from below. We havekkk � kk � jujk+ kuk � k(k � juj)+k+ 2kuk = kvk + 2kuk;where k � k is the norm in L2(Qd). Thereforekvk � kkk � 2kuk = (k � 2)dn=2:and the desired inequality (4.6) follows from (4.7) and (4.8) provided k � 3. Italso obviously holds for k < 3 be
ause E � d�2. �14



To 
ontinue the proof of Proposition 4.1 note that the desired inequality(4.1) holds if and only if the estimate(4.9) �(Qd;Ha;V ) � CnE 1 + 1fn(~�0)dn�2 ZQdnF V dx!holds for every 
ompa
t F � Qd su
h that(4.10) 
ap (F ) � � 
ap (Qd);where � = 
fn(~�0). Let us 
hoose su
h a 
ompa
t set F and denote F 0 = Ek[F .Then(4.11) 
ap (F 0) � � 
ap (Qd) +CnEk�2dndue to the subadditivity of 
apa
ity and Lemma 4.2.We would like to apply Lemma 2.4 to the set F 0. Using (4.11), we see thatit is suÆ
ient to assume that(4.12) � � 
n=2 and k2 � CnEdn� 
ap (Qd) = ~CnEd2� ;where Cn; 
n are the 
onstants from (4.11) and (2.4). We will assume in thefuture that the relations (4.12) are satis�ed. Then(4.13) 
ap (F 0) � 2� 
ap (Qd):Now we 
an 
hoose a fun
tion  as in Lemma 2.4 and de�ne(4.14) u0 =  u;where u 2 Lip(Qd) satis�es (4.3) and (4.4). Clearly, u0jF 0 = 0 by the de�nitionof  .To see that we do not 
ut o� too mu
h, we need to estimate the 
apa
ity ofthe set(4.15) R = �x : x 2 Qd; j (x)j � 14� :Clearly R � F 0, so 
ap (R) � 
ap (F 0). The following Lemma establishes anopposite estimate.Lemma 4.3 There exists Cn > 0 su
h that(4.16) 
ap (R) � Cn 
ap (F 0):Proof. Take ~ = maxfj j � 14 ; 0g, where  is 
onstru
ted by Lemma 2.4.Then ~ jR = 0, ~ � 0 and(4.17) ZQd jr ~ j2dx � ZQd jr j2dx � Cn 
ap (F 0);15



where we used (2.5). On the other hand, using (2.6) we obtaindn4 � ZQd j j2dx � ZQd (j ~ j+ 14)2dx � 2 ZQd j ~ j2dx+ dn8 ;hen
e d�n ZQd j ~ j2dx � 116Together with (4.17) and Lemma 2.1 this implies the desired inequality (4.16).� Now let us re
all the following inequalities whi
h relate the 
apa
ity of a
ompa
t set F � Qd with its Lebesgue measure mesF :(4.18) 
ap (F ) � 
n[mesF ℄(n�2)=n; n � 3;with 
n = !�2=nn n(2�n)=n(n� 2)�1, !n is the (n� 1)-volume of the unit spherein Rn;(4.19) 
ap ÆQd0 (F ) � 
2 �log d20mesF ��1 ; n = 2; d0 � 2d;with 
2 = (4�)�1 (see e.g. [27℄, Se
t. 2.2.3). They 
an be rewritten as follows:(4.20) mesF � Cn[ 
ap (F )℄n=(n�2); n � 3;(4.21) mesF � d20 exp0�� 1C2 
ap ÆQd0 (F )1A ; n = 2; d0 � 2d:If n = 2, then we only need d0 = 2d, whi
h will be assumed below. Then
ap ÆQd0 (F ) = 
ap ÆQ2d(F ) = 
ap (F ) a

ording to our 
onventions.Lemma 4.4 Let R be a 
ompa
t subset in Qd. If n � 3, then(4.22) ZR juj2dx � Cn(mesR)2=n ZRn jruj2dx; u 2 Lip
(Rn):If n = 2, then(4.23) ZR juj2dx � C2mesR log� 4d2mesR�ZQ2d jruj2dxfor any u 2 Lip(Q2d) with uj�Q2d = 0. (Here Qd and Q2d are assumed to havethe same 
enter.) 16



Proof. It is 
lear from the inequality jrjujj � jruj that without loss ofgenerality we 
an assume that u � 0. Denote for any t � 0Nt = fxju(x) � tg \R:A

ording to Theorem 2.3.1 from [27℄, for any open 
 � Qd(4.24) Z 10 
ap 
(Nt)d(t2) � 4 Z
 jruj2dx; u 2 C1
 (
):Using this for 
 = Rn together with (4.18), we obtain for n � 3:ZR u2dx = Z 10 mesNt d(t2) � (mesR)2=n Z 10 (mesNt)(n�2)=nd(t2)� 
�1n (mesR)2=n Z 10 
ap (Nt)d(t2) � 4
�1n (mesR)2=n ZRn jruj2dx;where 
n is the 
onstant from (4.18). So (4.22) follows with Cn = 4
�1n .Let us 
onsider the 
ase n = 2. We 
an assume u = 0 on R2 n Q2d. Usingthe inequalities (4.19), (4.24) and the fa
t that the fun
tion � 7! � log(b=� ) isin
reasing on (0; b=e), b > 0, we obtainZR u2dx = Z 10 mesNt d(t2)� mesR log� 4d2mesR�Z 10 �log 4d2mesNt��1 d(t2)� 4�mesR log� 4d2mesR�Z 10 
ap (Nt)d(t2)� 16�mesR log� 4d2mesR�ZQ2d jruj2dx;so we get (4.23) with C2 = 16�. �Corollary 4.5 There exist positive 
onstants Cn, n � 2, su
h that if R is a
ompa
t subset in Qd then for any u 2 Lip(Qd)(4.25) ZR juj2dx � Cn(mesR)2=n�ZQd jruj2dx+ d�2 ZQd juj2dx� ;if n � 3, and(4.26) ZR juj2dx � C2mesR log� 4d2mesR��ZQd jruj2dx+ d�2 ZQd juj2dx� ;if n = 2. 17



Proof. The result will follow if we apply Lemma 4.4 to the fun
tion v = �U ,where U 2 Lip(Q3d) is an extension of u by re
e
tions, su
h thatZQ3d jU j2dx � 3n ZQd juj2dx; ZQ3d jrU j2dx � 3n ZQd jruj2dx;and � 2 Lip(Q3d), � = 1 on Qd, � = 0 on Q3dnQ2d, 0 � � � 1, jr�(x)j � 2d�1for all x. �Remark 4.6 In 
ase n � 3 another proof of the estimate (4.22) 
an be obtainedif we use the Sobolev inequality(4.27) �ZRn juj2n=(n�2)dx�(n�2)=n � Cn ZRn jruj2dx; u 2 Lip
(Rn):(See e.g. [24℄, Se
t. 8.3.) By the H�older inequalityZR juj2dx � (mesR)2=n�ZR juj2n=(n�2)dx�(n�2)=n :Combining this with (4.27), we obtain (4.22).Proof of Proposition 4.1. Let us return to the fun
tion u satisfying (4.3)(hen
e (4.5)) and (4.4). We would like to apply Corollary 4.5 to the set Rde�ned by (4.15) and to the fun
tion juj in order to establish that(4.28) ZR juj2dx � 14 ZQd juj2dx = 14dn:The inequalities in Corollary 4.5 (applied to juj) and the diamagneti
 inequalityimply for this uZR juj2dx � Cn(mesR)2=n�ZQd jrauj2dx+ d�2 ZQd juj2dx�(4.29) � Cn(mesR)2=n(E + d�2) ZQd juj2dx � 2CnE(mesR)2=n ZQd juj2dx;if n � 3, and(4.30) ZR juj2dx � 2C2EmesR log� 4d2mesR�ZQd juj2dx;if n = 2.Note that Lemma 4.3 and (4.13) imply(4.31) 
ap (R) � 2Cn� 
ap (Qd):18



Now for n � 3, using the estimate (4.29), we see that (4.28) will follow ifE(mesR)2=n � 
n8with a suÆ
iently small 
n > 0. Due to (4.20), this will hold ifE[ 
ap (R)℄2=(n�2) � 
n8(possibly with a di�erent 
n). Re
alling (4.31), we see that it suÆ
es to take� � 
n(Ed2)(2�n)=2 = 
nfn(�0d2) = 
nfn(~�0):with a small 
n > 0.Now let us assume that n = 2 and use the estimates (4.30), (4.31). Takinginto a

ount that 
ap (Qd) = 
ap (Q1) does not depend on d, we see that itsuÆ
es to have� � 
2 �1 + log(Ed2)��1 = 
2f2(�0d2) = 
2f2(~�0)with a suÆ
iently small 
2 > 0.In both 
ases we see that the 
ondition(4.32) � � 
nfn(~�0)with fn as in De�nition 1.1, is suÆ
ient for the estimate (4.28) to hold. Thenwe 
on
lude that ZQdnR juj2dx � 14dn:It follows that for u0 =  u, as in (4.14),ZQd ju0j2dx � 116 ZQdnR" juj2dx � 164dn;whenever " 2 (0; 1=4℄. Let us take " = 1=4. Then we get(4.33) ZQd ju0j2dx � 164dn:Now we 
an use u0 as a test fun
tion to estimate �(Qd;Ha;V ). We obviouslyhave �(Qd;Ha;V ) � ha;0(u0; u0)Qd + (V u0; u0)Qdku0k2Qd(4.34) = RQd jrau0j2dx+ RQd V ju0j2dxRQd ju0j2dx19



Let us estimate the terms in the right hand side turn by turn. Sin
e 0 �  � 1,we obtainha;0(u0; u0)Qd = ZQd jrau0j2dx = ZQd j rau+ ur j2dx� 2 ZQd jrauj2dx+ 2 ZQd jur j2dx:The �rst term in the right hand side is estimated by 2Edn by the 
hoi
e of u(see (4.3) and (4.4)), whereas the se
ond one is estimated, with the use of (2.7),by 2k2 ZQd jr j2dx � Cnk2 
ap (F 0)d�n ZQd j j2dx � Cnk2 
ap (F 0):Taking into a

ount (4.13), we see that the right hand side here is estimatedby Cnk2� 
ap (Qd). Now we 
an 
hoose k so that the inequality (4.12) be
omesequality, i.e. k2 = ~CnEdn� 
ap (Qd) :With this 
hoi
e we get k2 
ap (F 0) � ~CnEdn, so we �nally get(4.35) ha;0(u0; u0)Qd � CnEdn:We also obviously have(V u0; u0)Qd = ZQd V ju0j2dx � k2 ZQdnF 0 V dx(4.36) � k2 ZQdnF V dx = ~CnEdn� 
ap (Qd) ZQdnF V dx;where we used that V � 0, 0 �  � 1 and  jF 0 = 0.Substituting the estimates (4.35) and (4.36) into (4.34) and taking into a
-
ount (4.33), we obtain�(Qd;Ha;V ) � CnE 1 + 1� 
ap (Qd) ZQdnF V dx! :Re
alling the restri
tion (4.32), we see that it is best to take � = 
nfn(~�0) withan appropriate (suÆ
iently small) 
onstant 
n. Thus we arrive at the inequality(4.9) whi
h proves Proposition 4.1, hen
e Theorem 1.2. �Remark 4.7 The 
ondition a 2 L1lo
(Rn) 
an be substantially relaxed. Indeed,it was only used to guarantee that the set L given by (3.2) (we assume thatV � 1) is pre
ompa
t in L2(B(0; R)) for any R 2 (0;1). Let us assumethat jaj 2M (H1(Rn)! L2lo
(Rn)), the spa
e of pointwise multipliers mapping20



H1(Rn) into L2lo
(Rn). (Here H1(Rn) is the standard Sobolev spa
e of fun
tionsu 2 L2(Rn) su
h that ru 2 L2(Rn).) This means that for any R 2 (0;1)ZB(0;R) jaj2jvj2dx � 
(R)(krvk2 + kvk2); v 2 C1
 (Rn);where k � k is the norm in L2(Rn). Applying this to v = juj, we obtain by thediamagneti
 inequalityZB(0;R) jaj2juj2dx � 
(R) for all u 2 L:Therefore,kruk2L2(B(0;R)) � 2krauk2L2(B(0;R)) + 2kjajuk2L2(B(0;R)) � 2(1 + 
(R)); u 2 L:It remains to note that the setfu 2 C1
 (Rn)j kruk2L2(B(0;R)) + kuk2L2(B(0;R)) � 3 + 2
(R)gis pre
ompa
t in L2(B(0; R)) due to the Relli
h Lemma.The spa
e M (H1(Rn) ! L2lo
(Rn)) 
an be des
ribed analyti
ally in var-ious ways (see [26℄, Corollary 2.3.3 in [27℄, [18℄, [28℄). For example, jaj 2M (H1(Rn)! L2lo
(Rn)) if and only if for any unit ball B(x; 1)supF RF jaj2dx
ap (F ) � 
(x);where the supremum is taken over all 
ompa
t subsets F � �B(x; 1), and 
 = 
(x)is 
ontinuous on Rn.Using the inequalities (4.18) and (4.19), we see that it is suÆ
ient to requirethat a satis�es the 
onditionZF jaj2dx � 
(x)(mes (F ))(n�2)=n; n > 2;and ZF jaj2dx � 
(x)�log 4mes (F )��1 ; n = 2:It is easy to see that that the following 
ondition on a is stronger, hen
e alsosuÆ
ient: a 2 Lnlo
(Rn) if n > 2 and jaj2 log+ jaj 2 L1lo
(R2) if n = 2.Due to the gauge invarian
e it suÆ
es that one of the 
onditions above issatis�ed for some a0 = a + d� with a s
alar fun
tion (or a distribution) �.5 Ne
essity: pre
isionIn this se
tion we will 
onstru
t an operator Ha;V whi
h will provide a proof ofTheorem 1.7, in parti
ular, the pre
ision of the exponents in (1.8).21



Let us 
onsider a hyperplane(5.1) L = fxj x1 + x2 + � � �+ xn = 0g � Rn:It divides its 
omplement in Rn into two parts(5.2) L� = fxj � (x1 + x2 + � � �+ xn) > 0g:Let us take two operators H~a;0 andH0;eV inRn, so that ea
h of them has dis
retespe
trum in Rn, and then de�ne Ha;V as follows:(5.3) Ha;V = H~a;0 in L�; Ha;V = H0;eV in L+:So a and V are obtained by restri
tion of ~a and eV to L� and L+ respe
tively,with subsequent extensions by 0 to the 
omplementary half-spa
es L+ and L�.Theorem 1.7 will immediately follow fromProposition 5.1 The operator Ha;V , de�ned by (5.3), has a dis
rete spe
trum,and satis�es the 
ondition formulated in Theorem 1.7.Proof. We will establish the dis
reteness of spe
trum of Ha;V by the ne
es-sary and suÆ
ient 
onditions from Theorem 1.2. To this end we 
an use tiling
ubes with one of the fa
es parallel to L, and with interiors in one of the half-spa
es L� (see Remark 3.5). Then the dis
reteness of the spe
trum of Ha;Vimmediately follows from the 
orresponding properties of the operators H~a;0and H0;eV .Now let us 
hoose arbitrary d > 0, and a de
reasing fun
tion f : [0;+1)!(0; 1) satisfying (1.14) in 
ase n � 3 and (1.15) in 
ase n = 2. We 
laim thenthat the 
ondition(1.9) (with 
n = 1) is not satis�ed for the 
ubes Qd withthe edges parallel to the 
oordinate axes (where the hyperplane L has the form(5.1)).We will 
onsider only the 
ubes Qd whi
h have \small" interse
tion withL+, with x1 + x2 + � � �+ xn = Æ > 0 at the 
orner of the 
ube where the sumx1+x2+ � � �+xn is maximal. We will assume that Æ � d. Then the interse
tionof Qd with �L+ (the 
losure of L+) will be a tetrahedron whi
h is isometri
 tothe tetrahedron 8<:x = (x1; : : :xn)j xj � 0; nXj=1 xj � Æ9=; :Clearly(5.4) 
ap (Qd \ �L+) = 
(1)n Æn�2; n � 3;(5.5) C�12 �log�2dÆ ���1 � 
ap (Qd \ �L+) � C2 �log�2dÆ ���1 ; n = 2:22



Sin
e Qd \ �L+ is free of magneti
 �eld (a = 0 there) and 
ontains a ball ofdiameter 
(2)n Æ, then, taking only test fun
tions from C1
 ( ÆQd \ L+), we obtain(5.6) �0(Qd) � CnÆ�2;if Cn > 0 is suÆ
iently large.Now we would like the sets Qd\ �L+ to be negligible in the sense of Theorem1.2 with the use of the fun
tion f , i.e.(5.7) 
ap (Qd \ �L+) � f(�0d2) 
ap (Qd):If this is the 
ase, then we will have M
 (Qd;V ) = 0 and(5.8) �0(Qd) + d�nM
 (Qd;V ) � CnÆ�2:with 
 = f(�0d2). The 
ondition (1.9) means that the left hand side of (5.8)tends to +1 as Qd !1. This will not hold if we are able to provide a sequen
eof 
ubes Qd !1 satisfying (5.8) with a �xed Æ > 0. This, in turn, will followif we �nd Æ > 0 (suÆ
iently small) and a sequen
e of 
ubes, 
onstru
ted bythe pro
edure above, su
h that the negligibility 
ondition (5.7) holds for these
ubes.Due to the monotoni
ity of f and the estimate (5.6) , the 
ondition (5.7)will follow if we have(5.9) 
ap (Qd \ �L+) � 
nf  Cn�Æd��2! dn�2;where 
n = 
ap (Q1). Now using (5.4) and (1.14) in 
ase n � 3 we 
an rewritethis 
ondition in the form(5.10) 
(1)n �Æd�n�2 � 
n 1 + Cn�Æd��2!(2�n)=2h Cn� Æd��2! ;so it obviously holds if Æ=d is suÆ
iently small, be
ause h(t)! +1 as t! +1.In 
ase n = 2, due to (5.5) and (1.15), the inequality (5.9) will be ful�lled ifwe require that(5.11) C2 �log�2dÆ ���1 � "1 + log C2� Æd��2!#�1 h C�12 �Æd��2!for a suÆ
iently large C2 > 0. This again holds if Æ=d is suÆ
iently small. �6 PositivityIn this se
tion we will prove Theorem 1.8. We will 
onsider operators Ha;V withV 2 L1lo
(Rn), V � 0, a 2 L2lo
(Rn). 23



The proof will be essentially based on the same arguments as the proof ofTheorem 1.2, ex
ept that the large 
ubes are essential here (instead of small
ubes).We will use the notations from Se
tion 1 and start with the following lo
al-ization result:Proposition 6.1 For an operator Ha;V the following 
onditions are equivalent:(a) There exists d1 > 0 su
h that Ha;V � d�21 I, or, equivalently, 0 is notin the spe
trum of Ha;V in L2(Rn) (i.e. the spe
trum is in ["0;+1) for some"0 > 0).(b) There exist d > 0 and d1 > 0 su
h that �(Qd;Ha;V ) � d�21 for every 
ubeQd � Rn.(
) There exist d1 > 0 and d2 > 0 su
h that for every d > d2 we have�(Qd;Ha;V ) � d�21 for every 
ube Qd � Rn.(d) There exists d1 > 0 su
h that for every d > 0 we have �(Qd;Ha;V ) � d�21for every 
ube Qd � Rn.(e) There exists d1 > 0; d2 > 0 su
h that for every d > d2 we have�(Qd;Ha;V ) � d�21 for every 
ube Qd � Rn.Proof. The equivalen
e of (a), (d) and (e) follows from the fa
t that thequadrati
 form ha;V of Ha;V is obtained as the 
losure from the original domainC1
 (Rn).Using the inequality ([30, 19, 20℄)(6.1) �(Qd;Ha;V ) � �(Qd;Ha;V ) � An�(Qd;Ha;V ) + Bnd2 ;where An > 0, Bn > 0, we immediately see that (d) implies that�(Qd;Ha;V ) � A�1n ��(Qd;Ha;V ) � Bnd2 � � A�1n � 1d21 � Bnd2 � � 12And21 ;if d > d2 > 0 with d22 � 2Bnd21. So (d) implies (
). Obviously (
) implies (b).Now we see that the Proposition will be proved if we establish that (b)implies (a). So let us assume that (b) holds. Then we have(6.2) kuk2Qd � d21ha;V (u; u)Qd ; u 2 Lip(Qd);for every 
ube Qd with d > 0 taken from the 
ondition (b). If we take anarbitrary u 2 Lip
(Rn) and sum up the inequalities (6.2) over a tiling of Rn by
ubes Qd, we will get the inequality kuk2 � d21ha;V (u; u) whi
h proves (a). �Proof of Theorem 1.8. Clearly the following impli
ations hold:(e) =) (
) =) (b) and (e) =) (d) =) (b):So it suÆ
es to prove the following two impli
ations:24



(b) =) (a) (suÆ
ien
y of (b)) and (a) =) (e) (ne
essity of (e)).Proof of the impli
ation (b) =) (a). Let us assume that there exist
 > 0, d1 > 0 and d > 0 su
h that the inequality (1.16) holds for all 
ubes Qd.The desired stri
t positivity will follow if we prove the inequality(6.3) ZRn juj2dx � d22 ZRn �jrauj2 + V juj2� dx; u 2 C1
 (Rn):Note �rst that for every u 2 Lip(Qd)(6.4) �0(Qd) ZQd juj2dx � ZQd jrauj2dx � ZQd �jrauj2 + V juj2� dx:As we did in the proof of Proposition 3.1, let us split the 
ubes Qd from atiling of Rn into two types:Type I (large energy of the magneti
 �eld in Qd):�0(Qd) > 12d21 ;Type II (small energy of the magneti
 �eld in Qd):�0(Qd) � 12d21 :For a type I 
ube Qd we obtain from (6.4) that for every u 2 Lip(Qd) theinequality (6.2) holds with 2d21 instead of d21.Now let Qd be a type II 
ube. Then we haved�nM
(Qd;V ) � 12d21 :Due to Lemma 2.2 and Remark 2.3 we obtain for every u 2 Lip(Qd) and 
 > 0ZQd juj2dx � Cnd2
 ZQd jrauj2dx+ 4dnM
(Qd;V ) ZQd juj2V dx;and we get ZQd juj2dx � Cd2 ZQd jrauj2dx+ 8d21 ZQd juj2V dx;where C = Cn=
. Taking d2 > 0 su
h thatd22 = max�Cd2; 8d21� ;we obtain (6.2) with d22 instead of d21.So we obtained the inequalities (6.2) (with d22 instead of d21) for both typesof 
ubes. This means that the 
ondition (b) in Proposition 6.1 is satis�ed, hen
ethe spe
trum of Ha;V is dis
rete. � 25



Proof of the impli
ation (a) =) (e) . We will use Proposition 4.1 in thesame way as in the proof of Theorem 1.2. Re
all the notation E = �0(Qd)+d�2whi
h was introdu
ed in the formulation of Proposition 4.1, and will be usedhere too, though for large d when the di�eren
e between E and �0(Qd) be
omessmall.A

ording to Proposition 6.1 we 
an assume that its 
ondition (
) is satis�ed,i.e. �(Qd;Ha;V ) � d�23 for every 
ube Qd with d > d4, where d3; d4 > 0 aresuÆ
iently large. Then due to (4.1) we have for su
h d(6.5) �0(Qd) + Ef(~�0)dn�2M
nfn(~�0)(Qd;V ) � 1Cnd23 � 1d2 � 1d2 ;provided d2 � 2Cnd23.Now note that in the 
ase when�0(Qd) � 1d2 ;the desired inequality (1.19) be
omes obvious (with ~
n = 1). So from now onwe 
an assume that �0(Qd) � 1d2 :This implies that fn(~�0) = fn(�0d2) � fn(1) > 0; n � 2:We also have in this 
ase E � 2d�2. It follows that the 
oeÆ
ient in front ofM
nfn(~�0)(Qd;V ) in (6.5) is bounded from above by Cnd�n. Hen
e the left handside in (6.5) is bounded from above by ~Cn[�0(Qd) + d�nM
n (Qd;V )℄ and thedesired inequality (1.19) follows with ~
n = min( ~C�1n ; 1). This ends the proof ofTheorem 1.8. �7 Operators in domainsIn this se
tion we will dis
uss the dis
reteness of spe
trum and stri
t positivityfor the magneti
 S
hr�odinger operators in arbitrary open subsets 
 � Rn withthe Diri
hlet boundary 
onditions on �
. It o

urs that the methods developedabove 
an be extended to this 
ase and provide ne
essary and suÆ
ient 
on-ditions so that the results of the previous se
tions appear as a parti
ular 
asewhen 
 = Rn. Note that the geometry of the domain may 
ontribute to thedis
reteness of spe
trum or stri
t positivity and even be the only 
ause of theseproperties.Let Ha;V be the magneti
 S
hr�odinger operator de�ned as in Se
tion 1 butin L2(
). We will assume that V 2 L1lo
(
), V � 0, a 2 L2lo
(
). For the dis-
reteness of spe
trum results we will assume that a is bounded in 
\B(0; R) forevery R > 0, though this 
ondition may be substantially weakened as explainedin Remark 4.7. The operator Ha;V is de�ned by the quadrati
 form (1.2) onfun
tions u 2 C1
 (
). 26



We will de�ne the Mol
hanov fun
tional in 
 as followsM
;
(Qd;V ) = infF (ZQdnF V dxj 
ap (F ) � 
 
ap (Qd); F � Qd \ (Rn n
)) ;where 0 < 
 < 1, F is a 
losed subset in Qd. By de�nition it is +1 if there isno sets F satisfying the 
ondition in the bra
es, i.e. if(7.1) 
ap (Qd \ (Rn n
)) > 
 
ap (Qd):The numbers �(Qd;Ha;V ) and �(Qd;Ha;V ) should be repla
ed by the numbers�
(Qd;Ha;V ) and �
(Qd;Ha;V ) whi
h are de�ned by the same formulas (1.4),(1.5) (with G = Qd) but with an additional requirement on u to vanish in aneighborhood of Qd \ (Rn n 
). Then the same lo
alization results (see e.g.Theorems 1.1{1.3 in [20℄) hold. For example, Ha;V has a dis
rete spe
trum inL2(
) if and only if for any �xed d > 0�
(Qd;Ha;V )! +1 as Qd !1:The appropriate modi�
ation of �0 (the lo
al energy of the magneti
 �eld)is �0;
 = �0;
(Qd) = �0;
(Qd; a) = �
(Qd;Ha;0):With these notations the following theorems are obtained by simple repeti-tion of arguments given in the previous se
tions.Theorem 7.1 Theorem 1.2 holds for Ha;V in L2(
) if we repla
e �0 by �0;
and M
 (Qd;V ) by M
;
(Qd;V ).Theorem 7.2 Theorem 1.8 holds for Ha;V in L2(
) if we repla
e �0 by �0;
and M
 (Qd;V ) by M
;
(Qd;V ).The appropriate modi�
ations of Corollaries 1.5 and 1.6 hold as well. Thesame repla
ements of �0 by �0;
 and M
 by M
;
 should be made in the for-mulations, and the integral in (1.12) should be repla
ed by M0;
(Qd;V ) whi
his equal to this integral if Qd � 
 and to +1 otherwise.Now we will formulate some more spe
i�
 
orollaries of Theorem 7.1, whi
htreat the 
ases when one or both �elds vanish. We will start with the 
ase whena � 0; V � 0.Corollary 7.3 There exists 
n > 0 su
h that for every fun
tion g 2 G (seeDe�nition 1.1) the following 
onditions are equivalent:(a) The spe
trum of the operator H0;0 = �� in L2(
) with the Diri
hletboundary 
onditions on �
 is dis
rete.(bg) 9 d0 > 0, 8 d 2 (0; d0), 9 R = R(d) > 0, 8 Qd su
h thatQd \ (Rn nB(0; R)) 6= ;, the inequality (7.1) is satis�ed with 
 = 
ng(d)�1d2.In parti
ular, all 
onditions (bg) for di�erent g 2 G are equivalent.27



Instead of (bg) we 
an equivalently write that 9 d0 > 0, 8 d 2 (0; d0)liminfQd!1 
ap (Qd \ (Rn n
))
ap (Qd) > 
;with the same 
 as above (we 
an repla
e 
n by a smaller positive number).Note that the 
ondition (bg) is a purely geometri
 
ondition on the open set
 � Rn. The equivalen
e of these 
onditions for di�erent fun
tions g 2 G is anon-trivial geometri
 property of the 
apa
ity.The next 
orollary treats the 
ase when a � 0, i.e. there is no magneti
 �eld.Corollary 7.4 There exists 
n > 0 su
h that for every g 2 G the following
onditions are equivalent:(a) The spe
trum of the operator H0;V = ��+V in L2(
) with the Diri
hletboundary 
onditions on �
 is dis
rete.(bg) 9 d0 > 0, 8 d 2 (0; d0)M
;
(Qd;V )! +1 as Qd !1;where 
 = 
ng(d)�1d2.(
g) 9 d0 > 0, 8 d 2 (0; d0)liminfQd!1 d�nM
;
(Qd;V ) � g(d)�1;with the same 
 as in (bg).In parti
ular, all 
onditions (bg); (
g) for di�erent g 2 G are equivalent.Finally, we 
onsider the 
ase when V � 0. To this end we need the quantity�(
)0;
(Qd) whi
h is de�ned as �0;
(Qd) if 
ap (Qd \ (Rn n
)) � 
 
ap (Qd) and+1 otherwise (i.e. if (7.1) is satis�ed).Corollary 7.5 There exists 
n > 0 su
h that for every n-admissible pair (f; g)(see De�nition 1.1) the following 
onditions are equivalent:(~a) The spe
trum of the operator Ha;0 in L2(
) with the Diri
hlet boundary
onditions on �
 is dis
rete.(~bg) 9 d0 > 0, 8 d 2 (0; d0)�(
)0;
(Qd)! +1 as Qd !1;where 
 = 
nf(�0;
d2)g(d)�1d2.(~
g) 9 d0 > 0, 8 d 2 (0; d0)liminfQd!1�(
)0;
(Qd) � g(d)�1;with the same 
 as in (~bg).In parti
ular, all 
onditions (~bg); (~
g) for di�erent g 2 G are equivalent.We skip formulations of similar Corollaries of Theorem 7.2.28



Appendix: Proofs of Lemmas 2.1, 2.2, 2.4.In this appendix, for the 
onvenien
e of the readers, we will provide proofs ofLemmas 2.1, 2.2, 2.4. These proofs are simpler 
ompared with the proofs givenin [27℄ due to the fa
t that the 
orresponding results in [27℄ have mu
h biggergenerality.Let us re
all the following 
lassi
al Poin
ar�e inequality (see e.g. [10℄, Se
t.7.8, or [19℄, Lemma 5.1):(A.1) jju� �ujj2Qd � d2�2 ZQd jru(x)j2dx;where k � kQd is the norm in L2(Qd), u 2 Lip(Qd), and�u = d�n ZQd u(x) dxis the mean value of u on Qd.Proof of Lemma 2.1. Let us normalize u byd�n ZQd ju(x)j2dx = 1;i.e. juj2 = 1 (we will 
all it the standard normalization). By the Cau
hy-S
hwarzinequality we obtain(A.2) juj � �juj2�1=2 = 1Repla
ing u by juj does not 
hange the denominator and may only de
reasethe numerator in (2.2). Therefore we 
an restri
t ourselves to Lips
hitz fun
tionsu � 0.Let us denote � = 1� u. Then � = 1 on F , and �� = 1� �u � 0 due to (A.2).Let us estimate �� from above. Obviously�� = d�n=2(kuk � k�uk) � d�n=2ku� �uk;where k � k means the norm in L2(Qd): So the Poin
ar�e inequality gives�� � ��1d�n=2+1kruk = ��1d�n=2+1kr�k;hen
e ��2 � 1�2 d2�n ZQd jr�j2dx:Using the Poin
ar�e inequality again, we obtaink�k2 = k(�� ��) + ��k2 � 2k�� ��k2 + 2k��k2 � 4d2�2 ZQd jr�j2dx;29



or(A.3) ZQd �2dx � 4d2�2 ZQd jr�j2dx:Let us extend � outside Qd by symmetries in the fa
es of Qd, so that theextension ~� satis�esZQ3d jr~�j2dx = 3n ZQd jr�j2dx; ZQ3d j~�j2dx = 3n ZQd j�j2dx:Denote by � a 
ontinuous pie
ewise linear fun
tion, su
h that � = 1 on Qd,� = 0 outside Q2d, 0 � � � 1 and jr�j � 2d�1. Then
ap (F ) � ZQ2d jr(~��)j2dx � 2 � 3n�ZQd jr�j2dx+ 4d�2 ZQd �2dx� :Taking into a

ount that jr�j = jruj and using (A.3), we obtain
ap (F ) � Cn ZQd jruj2dx;whi
h is equivalent to the desired estimate (2.2). �Proof of Lemma 2.2. Let M� = fx 2 Qd : ju(x)j > �g; where � � 0.Sin
e juj2 � 2�2 + 2(juj � � )2 on M� ;we have for all � ZQd juj2dx � 2�2dn + 2 ZM� (juj � � )2dx:Let us take �2 = 14dn ZQd juj2dx;i.e. � = 12 �juj2�1=2. Then for this parti
ular value of � we obtain(A.4) ZQd juj2dx � 4 ZM� (juj � � )2dx:Assume �rst that 
ap (QdnM� ) � 
 
ap (Qd). Using (A.4) and applying Lemma2.1 to the fun
tion (juj � � )+, whi
h equals juj � � on M� and 0 on Qd nM� ,we see that
ap (Qd nM� ) � Cn RM� jr(juj � � )j2dxd�n RQd juj2dx � Cn RQd jruj2dxd�n RQd juj2dx ;30



where Cn is 4 times the one in (2.2). ThereforeZQd juj2dx � Cndn RQd jruj2dx
ap (Qd nM� ) � Cndn RQd jruj2dx
 
ap (Qd)Taking into a

ount that 
ap (Qd) = 
ndn�2 we see that(A.5) ZQd juj2dx � Cnd2
 ZQd jruj2dxwith yet another 
onstant Cn.Now 
onsider the opposite 
ase 
ap (Qd nM� ) � 
 
ap (Qd). Then we 
anwriteZQd juj2V dx � ZM� juj2V dx � �2 ZM� V dx = 14dn ZQd juj2dx � ZM� V dx� 14dn ZQd juj2dx � infF ZQdnF V dx;where the in�mum should be taken over all 
ompa
t sets F � Qd su
h that
ap (F ) � 
 
ap (Qd), so it be
omes M
(Qd;V ). Finally we obtain in this 
ase(A.6) ZQd juj2dx � 4dnM
 (Qd;V ) ZQd V juj2dx:The resulting inequality (2.3) follows from (A.5) and (A.6). �Proof of Lemma 2.4. We start with a fun
tion � 2 Lip
(Rn) su
h that0 � � � 1, � = 1 in a neighborhood of F 0, � = 0 outside Qd0 (where for n = 2we take d0 = 2d), and(A.7) 
ap (F 0) � 
0n ZQd0 jr�j2dxwith 
0n > 0. It follows that
ap (F 0) � 
0n ZQd jr�j2dx:Now take  = 1� �, so 0 �  � 1 and  jF 0 = 0. Then jr j = jr�j, hen
e the
ondition (2.5) is obviously satis�ed. Now our goal will be a
hieved if we provethat (2.6) holds provided (2.4) is satis�ed with a suÆ
iently small 
n > 0.To prove (2.6), note �rst that Lemma 4.4 with R = Qd gives(A.8) ZQd j�j2dx � Cnd2 ZQd0 jr�j2dx;Hen
e, using (A.7), we obtain�2 = d�n ZQd �2dx � Cnd2�n ZQd0 jr�j2dx � ~Cn(
0n)�1 
ap (F 0)
ap (Qd) � ~Cn(
0n)�1
n;where 
n is the 
onstant from (2.4). Now we 
an adjust 
n so that we have~Cn(
0n)�1
n � 1=4. Then (2.6) follows from the triangle inequality. �31
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