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MACDONALD'S IDENTITIES AND THE LARGE N LIMITOF YM2 ON THE CYLINDERSTEVE ZELDITCHAbstra
t. The purpose of this paper is to determine the large N asymptoti
s of the freeenergy FN (a; U jA) of Y M2 (two-dimensional Yang Mills theory) with gauge group GN =SU (N ) on a 
ylinder where a is a so-
alled prin
ipal element of type �. Mathemati
ally,FN (U1; U2jA) = 1N2 logHGN (A=2N;U1; U2)is the 
entral heat kernel of GN . We �nd thatFN (aN ; UN jA) � NA �(d�; d�)where � is an expli
it quadrati
 fun
tional in the limit distribution d� of eigenvalues ofUN , whi
h depends only on the integral geometry of SU (2). The fa
tor of N appears to
ontradi
t some predi
tions in the physi
s literature on the large N limit of YM2 on the
ylinder (due to Gross-Matytsin, Kazakov-Wynter others).1. Introdu
tionThe purpose of this note is to determine the large N asymptoti
s of many 
ases of thefree energy FN(UC1; UC2 jA) of YM2 (two-dimensional Yang Mills theory) with gauge groupSU(N) on a 
ylinder. Interest in this large N limit problem was raised around ten yearsago in a series of physi
s papers by Douglas, Kazakov, Wynter, Gross, Matytsin and others[DK, KW, GM1, GM2℄. They predi
ted, on the basis of physi
al and formal mathemati
alarguments, that the large N limit of FN(UC1 ; UC2jA) should be well-de�ned and related to thea
tion along a path of the 
omplex Burgers equation with boundary densities determined bythe limiting eigenvalue densities of UC1 ; UC2. In 
ertain 
ases they predi
t a phase transitionbetween a weak 
oupling and a strong 
oupling regime.Our results give the asymptoti
s of FN(aN ; UN jA) where aN is a prin
ipal element of type� of SU(N) in the sense of [Ko℄ (see Se
tion 2), and where the se
ond sequen
e fUNg 
anbe any sequen
e of elements of SU(N) whi
h possesses limiting eigenvalue density d�. Thelimiting eigenvalue density of aN is uniform measure d� on S1. Our asymptoti
s reveal somesurprising results:� FN(UC1 ; UC2 jA) � NA �(d�; d�) for a 
ertain (expli
it) fun
tional �, unlike the pre-di
tions that it tend to a limit fun
tional as N !1. The extra fa
tor of N signalsan error in some of the heuristi
 physi
s arguments, and (as emphasized to the authorby M. Douglas and C. Vafa) 
alls into question whether the large N of YM2 on the
ylinder is a
tually a string theory as dis
ussed in [GM1, GM2, KW℄ and elsewhere.Date: O
tober 22, 2003.Resear
h partially supported by NSF grant #DMS-9703775 .1



2 STEVE ZELDITCHAt least, it indi
ates that extra hypotheses on the matrix pairs UC1 ; UC2 are ne
essaryfor the 
onje
tured pi
ture to be 
orre
t.� The prin
ipal asymptoti
 term is visibly analyti
 in A, i.e. it never exhibits a phasetransition to leading order, even though d� 
ould be any probability measure onS1. This aspe
t of the results is 
onsistent with the physi
s predi
tions, in that theboundary 
ondition d� puts the system in its strong 
oupling regime and it shouldtherefore not exhibit a phase transition between weak and strong 
oupling [D℄.The 
al
ulation presented here appears to be the �rst rigorous 
al
ulation of the large Nlimit of the partition fun
tion for YM2 on the 
ylinder. Hen
e, it is un
lear at this timewhether the anomalous fa
tor of N only o

urs in the spe
ial 
ase where UC1 = aN is aprin
ipal element of type � or whether it holds more generally in this 
ontext.We should emphasize that the other rigorous mathemati
al results (of whi
h we are aware)have largely 
on�rmed the large N limit pi
ture developed in [DK, GM1, GM2, KW℄ andelsewhere. The Douglas-Kazakov phase transition of the genus 0 partition fun
tion at A = �2has been proved by Boutet de Monvel - Sh
herbina in [BS℄. A large deviations analysis ofspheri
al integrals by Guionnet-Zeitouni in [GZ℄ justi�es some of the predi
tions by Matytsin[M℄ and Gross-Matytsin [GM1℄ on the asymptoti
s of 
hara
ters �R(U). However, the resultsof [GZ℄ pertain to the analyti
 
ontinuation of �R to positive elements of GL(N; C ) and it ispossible that Matytsin's predi
tions fail when U = aN . We intend to explore this questionin a future arti
le.To state our results, we introdu
e some notation. The partition fun
tion of YM2 on a
ylinder, with gauge group equal to G, is given by Migdal's formula (see [W, W2℄):ZG(U1; U2jA) =XR2 bG�R(U1)�R(U�2 )e� A2N C2(R) (1)Here, A � 0 is the area of the 
ylinder, and the sum runs over the irreps (irredu
iblerepresentations) of G, with �R the 
hara
ter of R and with C2(R) equal to the eigenvalueof the Casimir � in the irrep R. Thus, ZG is the value at time t = A2N of the 
entral heatkernel of G: HG(t; U1; U2) =XR2 bG�R(U1)�R(U�2 )e�tC2(R); (2)i.e. the kernel of the heat operator a
ting on the spa
e of 
entral fun
tions on SU(N). Itis obtained from the usual heat kernel by averaging both variables over 
onjuga
y 
lasses.Sin
e ZG(U1; U2jA) is 
onjuga
y invariant, one may assume that U1; U2 are diagonal and wewrite Uj = D(ei�j1 ; : : : ; ei�j̀), where ` is the rank of G (i.e. the dimension of its maximaltorus). The main quantity of interest is the free energy, de�ned byFG(UC1 ; UC2jA) = 1N2 lnZG(UC1 ; UC2jA): (3)We now 
onsider the large N limit of the partition fun
tion and free energy. The largeN limit refers to an in
reasing sequen
e GN of groups, e.g. the 
lassi
al groups GN =U(N); SU(N); SO(N); Spin(N): For the sake of simpli
ity we restri
t attention to SU(N)and we abbreviate FSU(N) by FN (et
.) The limit we are interested in is a pointwise limit ofthe 
entral heat kernel, whi
h obviously requires some dis
ussion sin
e the spa
e on whi
hthe heat kernel is de�ned 
hanges with N .



MACDONALD'S IDENTITIES AND THE LARGE N LIMIT OF Y M2 ON THE CYLINDER 3The largeN limit of FN is de�ned as follows: take a pair of sequen
es fUNjg; UNj 2 SU(N)(j = 1; 2) of elements whose eigenvalue distributionsd�Nj := 1̀N `NXk=1 Æ(ei�Njk ) 2 M(S1)tend to a limit measures �j. Here, `N = N � 1 denotes the rank of the group, and M(S1)denotes the probability measures on the unit 
ir
le, and 
onvergen
e is in the weak sense ofmeasures. We will denote this situation by UNj ! �j. That is,UNj ! �j () 1̀N `NXk=1 Æ(ei�Njk )! �j 2 M(S1); (j = 1; 2): (4)Conje
ture 1.1. [GM1℄ (pages 8-9) Assume that U1 ! �1; U2 ! �2. ThenFN(U1; U2jA)! F (�1(�); �2(�)jA) = S(�1(�); �2(�)jA)�12 RS1 RS1 �1(�)�1(�) log j sin ���2 jd�d�� 12 RS1 RS1 �2(�)�2(�) log j sin ���2 jd�d�;where the fun
tional S is a solution of the Hamilton Ja
obi equation�S�A = 12 Z 2�0 �1(�)[( ��� ÆSÆ�1(�))2 � �23 �21(�)℄:It is often assumed in the physi
s arti
les that the limit measures have densities. Thefun
tion S 
an be identi�ed as the a
tion along the solution of the boundary value problemfor Hopf-Burgers equation 8<: �f�t + f �f�x = 0;=f(0; x) = �1; =f(A;x) = �2:Under 
ertain assumptions on the limit densities, it is further 
onje
tured that a thirdorder phase transition between the weak and strong 
oupling regimes should o

ur. In the
ase of the dis
 (the 
ylinder with U1 = I), Kazakov-Wynter and Gross-Matytsin havepredi
ted a phase transition point atA = �2�(�) ; �(�) := Z d�(�0)� � �0 ;Here, d� is the limit distribution for U2 and the integral is presumably to be understoodas the Hilbert transform on S1 (although it is written as the Hilbert transform on R). Theweak 
oupling regime is 
hara
terized by a gap in the support of the limit density (i.e. aninterval of S1 on whi
h d�1 vanishes).The mathemati
al eviden
e for these 
onje
tures is largely based on approximating thedis
rete sum (1) over R 2 Ĝ by a 
ontinuous (and only partially de�ned) integral over aspa
e of \densities of Young tableaux", to whi
h the saddle point method is applied (
f.x3). These arguments are not rigorous and also make some impli
it assumptions (see thedis
ussion after Theorem 1.3).The main observation of the present arti
le is that there exists a simple, rigorous alternativefor 
al
ulating the large N limit when one of the arguments is a so-
alled prin
ipal element



4 STEVE ZELDITCHof type �. This alternative method is based on the use Ma
Donald's identities (in Kostant'sformulation) to fa
tor the partition fun
tion as a produ
t over positive roots. Ba
kgroundon Ma
Donald's identities will be provided in x2 (see also [MAC, Ko, F, PS℄).The �rst result one obtains this way is a limit formula in whi
h the time variable in thepartition fun
tion is not res
aled. We use the notation d� � �d�(x) for the measure de�nedby ZS1 f(eix)d� � �d�(x) := ZS1 ZS1 f(ei(x�y))d�(x)d�(y): (5)Thus, � denotes 
onvolution of measures and d�� is short for d�(�x). For notational simpli
itywe sometimes denote eix 2 S1 more simply by x.Theorem 1.2. Let kN 2 su(N) be diagonal matri
es with entries �Nj , and assume d�N :=1`N P`Nj=1 Æ(ei�Nj )! �: Then, as N !1,1N2 logHSU(N)(t; aN; ekN ) ! �12 log �(it) + 12 RRlogHSU(2)(t; eix; e i�2 )d� � �d�(x):Here, HSU(2) is the 
entral heat kernel of SU(2) and eix is short for the diagonal ma-trix D(eix; e�ix). The element a is the prin
ipal element of type � of SU(2), namelya = D(e i�2 ; e� i�2 ).As dis
ussed in [F℄ (Proposition 1.3), the 
entral heat kernel of SU(2) at these spe
ialvalues is given by HSU(2)(t; eix; e i�2 ) = �1(ei�x; it)2e��t=4 sin�x (6)where �1(z; t) = 2 1Xn=0(�1)n sinf(2n + 1)zge��(n+1=2)2t (7)is Ja
obi's theta fun
tion. Ma
Donald's identities are more often stated in terms of Ja
obitheta fun
tions, but we �nd it easier to work dire
tly with heat kernels. We note that thefa
tor of � in the exponent �(n + 1=2)2t is responsible for the appearan
e of �t in manyexpressions to follow in the heat kernel.At �rst sight, this result seems to explain the normalization 1N2 logZN . However, the largeN limit 
onje
tures 
on
ern the s
aling limit of the 
entral heat kernel under t! A2N . Thisputs into play a simultaneous limit pro
ess in d�N � �d�N ! d�� �d� and in the asymptoti
s oftheta fun
tions. We �nd that for our 
ases of the problem, this res
aling 
hanges the growthrate of the free energy.Theorem 1.3. Suppose that ekN is a sequen
e su
h that d�N ! d�. Then,FN(aN ; ekN j A2N ) = 12 RS1 logHSU(2)(A=2N; eix; e i�2 )d�N � d�N (eix)� 12 log �( iA2N ) +O(1=N)� �NA fRS1 1� minfd(eix; ei�=2); d(eix; e�i�=2)g2d� � d�(eix)� �12g;where d(eix; eiy) is the distan
e along S1.The minimal distan
e above arises as the distan
e d(C(a); eix) in SU(2) of the diagonalelementD(eix; e�ix) to the 
onjuga
y 
lass C(a) of a of the prin
ipal element of type �, whi
his 
onjugate to D(ei�=2; e�i�=2).



MACDONALD'S IDENTITIES AND THE LARGE N LIMIT OF Y M2 ON THE CYLINDER 5We note that there are two terms of opposite sign in the leading order term. We note thatthe terms 
an
el when U1 = a = U2, sin
e then d� � d� = d�2� and the �rst term redu
es to�NAf 1� 42� 13(�2 )3 � �12g = 0: This appears to be the kind of 
ase studied in [GM1℄. But thetwo terms 
annot 
an
el in all 
ases, and indeed, the leading term does not not 
an
el in thesimplest 
ase, where kN = 0 for all N , i.e. where U2 = Id. We then have (see [F1℄ or [F℄,Proposition 1.2) HSU(N)(t; aN ; I) = e�dimSU(N) t=24�(it)dimSU(N); (8)where �(t) is Dedekind's �-fun
tion. As is easy to see (and will be veri�ed below), theeigenvalue distribution of aN tends to d�2� , while that of I is obviously Æ1. In this 
ase, theasymptoti
 mass equals 1 and the 
ontinuous term equals zero. We separate out this spe
ial
ase sin
e the result is most easily 
he
ked on this example:Proposition 1.4. When U1 = aN and U2 = I, so that �1 = d�; �2 = Æ1, then1N2 logZSU(N)(e4�i�; 1jA) = �2NA f �12g � 12 log( A2N )�A=48N +O(e�
N ):Note that Theorem 1.3 redu
es to Proposition 1.4 when d� = Æ0.Some �nal 
omments on the anomalous extra fa
tor ofN . The predi
tion that 1N2 logZN (A)should have a limit determined by a variational problem is one of many predi
tions of thiskind in �eld theory and statisti
al me
hani
s and it seems very strange that an extra fa
torof N should appear in our 
al
ulations. It is a mystery how it would appear in the graphi
alor diagrammati
 
al
ulations whi
h initially suggested that the large N limit of gauge theoryis a string theory, i.e. without using (1). It seems best to leave it to the string theorists tode
ide how mu
h the anomalous fa
tor of N a�e
ts the pi
ture of the large N limit of gaugetheory as a string theory.We are on somewhat safer ground in trying to a

ount for the extra fa
tor of N in theformal 
al
ulations based on (1). From dis
ussions with M. Douglas and V. Kazakov, it seemsplausible that the anomaly is due to the unusual behavior of the 
hara
ter values �R(a) atthe prin
ipal element of type �. It was proved by Kostant [Ko℄ that the only 
hara
ter valuesat this element are �R(a) = �1; 0; 1 and it is reasonable to expe
t that the value os
illatesregularly between these values. It appears that the physi
s predi
tions impli
itly assumed aless os
illatory behaviour in 
hara
ter values, and in parti
ular less os
illation in the signs of
hara
ter values. The heuristi
 
al
ulations in [GM1, GM2, KW℄ of the large N limit of thefree energy on the 
ylinder were based on spe
ial 
ases (su
h as U2 = U�1 ) whi
h do not havesu
h os
illations in sign. The sign os
illation 
auses mu
h more 
an
ellation than expe
ted,and this 
ould explain why our asymptoti
s have the form e�N3� rather than e�N2�. Thesespe
ial values �R(a) might also be in
onsistent with Matytsin's 
hara
ter asymptoti
s, andwe plan to 
he
k this in the future.This paper is organized as follows. In Se
tion 2, we review Ma
Donald's identity andasso
iated obje
ts whi
h we will use in the proof of the main result. The main results areproved in Se
tion 3. In Se
tion 4, we dis
uss some aspe
ts of the proof and mention someother results whi
h 
ould be proved by the methods of this paper.A
knowledgements The author would like to thank M. Douglas, P. Etingof, V. Kaza-kov, B. Kostant, N. Reshtikhin, T. Tate, and C. Vafa for going over some of the detailsof the 
al
ulations and for 
omments (quoted above) on the relations between our results



6 STEVE ZELDITCHand the predi
tions in the physi
s papers. This work was partially supported by the ClayMathemati
s Insititute.2. Ba
kground on Ma
Donald's identitiesIn this se
tion, we review the � fun
tion and Ma
Donald's identity. Our main referen
esare the arti
les [Fr℄ of I. Frenkel and those [F, F1℄ of H. Fegan. Sin
e the arti
les employvery di�erent, possibly 
onfusing, notational 
onventions, we highlight the main ones:� In [Fr℄, the �-fun
tion is de�ned in a non-standard way in the lower half-plane (seex4.4) and 
onsequently the heat kernel is evaluated at time t = 4�ib where =b < 0.We will quote results of [Fr℄ in terms of t and we will use the usual de�nition of � asa modular form on the upper half plane.� In [Fr℄, the spe
ial element of type � is denoted e4�i�, but the exponent refers to thedual element of the Cartan subalgebra rather than the linear fun
tional �. To avoid
onfusion, we denote it simply by a as in [F℄.� Fegan works with the S
hrodinger equation rather [F1℄ (1.1) rather than the heatequation, so our formulae di�er from his in that his it is our t.2.1. � fun
tion. The Dedekind eta-fun
tion [I, A℄ is de�ned by�(z) = e2�iz=24 �1n=1(1� e2�inz); =z > 0: (9)It is a modular 
usp form of weight 1=2, i.e. it satis�es�(
z) = �(
)j
(z)1=2�(z); if 
 2 SL(2;Z);where �(
) is a 
ertain multiplier whi
h we will not need to know in detail (see [I℄, x2.8).When 
z = �1=z, we have �(�1z ) = (iz)1=2�(z):In studying the free energy, we are parti
ularly interested in log �(iy) as y ! 0+. Thetransformation law for log �(iy) goes as follows [A℄: For real numbers y > 0 we have:log �(iy) = � �12y � 12 log y +P1m=1 1m 11�e2�m=y : (10)2.1.1. Ja
obi's theta fun
tion. Although we mainly use the heat kernel parametrix on SU(2)to obtain asymptoti
 formulae, the alternative in terms of Ja
obi's theta fun
tion (6) 
an beused to 
he
k the details. The small time expansion of the heat kernel 
an be obtained formJa
obi's imaginary transformation law:�1(�x=�;�1=� ) = i(�i� )1=2e�ix2=��(x; � ):Thus, we have: �1(x; iA2N ) = i(2NA )1=2e�2x2N=A� �1(2iNA x; 2iNA ) (11)Here, we use that � = iA2N =) �1=� = i2NA =) e�� A2N ! e�� 2NA :The large N or small time asymptoti
s now follow from (7).



MACDONALD'S IDENTITIES AND THE LARGE N LIMIT OF Y M2 ON THE CYLINDER 72.2. Central heat kernels. Let G be any 
ompa
t, 
onne
ted Lie group. We denote by Rthe root system of (gC ;hC ), where h is its Cartan subalgebra. We denote by R+ the positiveroots, by P the latti
e of weights and by P++ � P the dominant weights.We re
all that the eigenvalue of the Casimir operator (bi-invariant Lapla
ian) � of G inthe representation with highest weight � is equal to�jV� = (jj� + �jj2 � jj�jj2)IdjV�; � = 1=2 X�2R+ �:The fundamental solution of the heat equation is given by k(t; x; y) = �(xy�1; t) where�(g; t) = X�2P++(dimV�) ��(g)e�t=2(jj�+�jj2�jj�jj2); (12)As in [Fr℄, x4.3 it then follows that the 
entral heat kernel is given byHG(t; h; k) = X�2P++ ��(eh)��(e�k)e�t=2(jj�+�jj2�jj�jj2): (13)This is simply a di�erent notation for (2).2.3. SU(2). As was re
ognized 
learly by H. Fegan and others, the 
entral heat kernel ofSU(2) plays an important role in Ma
Donald's identities. There is one positive root �,whi
h 
an be identi�ed with 1 if we 
hoose it as the basis of the Cartan dual subalgebra.Then � = 12 and the Killing form is B(x; y) = 12xy: In this 
ase, the prin
ipal element aof type � has eigenvalues e� i�2 . The weight latti
e is 12Z. The 
hara
ter of the irredu
iblerepresentation of highest weight � is ��(x) = sin(2�+1)xsin�x : We have:��(a) = 8>>>><>>>>: �1; � is an odd integer0; is not an integer1; is an even integerThe eigenvalues of the Casimir are 
(�) = 12�(� + 1).The 
entral heat kernel H(t; a; y) at the spe
ial point a may be expressed in terms ofJa
obi's theta fun
tion as in (6). As a spe
ial 
ase of Ma
Donald s identities, we furtherhave (
f. [F1℄, (3.12)): HSU(2)(t; a; 1) = (e��t=12�(it))3: (14)2.4. Ma
Donald identities. We brie
y review Ma
Donald's identities for a 
ompa
t, semi-simple, simply 
onne
ted Lie group G and its relation (proved by Kostant [Ko℄) to the 
entralheat kernel. They are thus valid for SU(N). We follow [F, F1, Fr℄.Ma
Donald's identity involves a 
onjuga
y 
lass Ca of spe
ial elements of G, whi
h wewill denote by a, whi
h are 
onjugate to e2x� where x� is dual under the Killing form to�. Su
h elements are 
alled `prin
ipal elements of type �'. A prin
ipal element of type �is 
hara
terized in [Ko℄ (see 1.3 p. 181) as a regular element su
h that the order of Ad(a)



8 STEVE ZELDITCHequals h (the order of the Coxeter element). One has h = N for SU(N), so the eigenvaluesof Ad(a) must be distin
t Nth roots of unity. Hen
eaN ! d�2�; (15)i.e. the eigenvalues of aN be
ome uniformly distributed in the large N limit. A detaileddes
ription of su
h elements 
an be found in [Ko, F1, AF℄.In Kostant's formulation, as des
ribed by Frenkel, the Ma
Donald's identities take theform ([Fr℄, Proposition (4.4.5))�(k; 4�it) = �(k) X�2P++ ��(a)��(e�k)e�t=2jj�+�jj2; (16)where (see [Fr℄, (1.1.8) �(k) = ��2R+(eh�;ki=2 � e�h�;ki=2);where �(k; it) is the theta-fun
tion de�ned in De�nition (4.4.1) of [Fr℄: For t > 0,�(k; it) = e�2�jj�jj2��2R+(e h�;ki2 � e� h�;ki2 )� �1n=1(1� e�2�nt)`��2R(1 � e�2�nt+h�;ki) (17)For our purposes the key formula is the following ([Fr℄, Proposition (4.4.4)):�(k; it) = �(it)�jR+j+`��2R+�1(h�; ki); it): (18)We put ~�(x; it) = �1(x;it)2e�t=4 sin�x : The following is the version of Ma
Donald's identities provedin Theorem 1.5 of [F1℄ (together with its Proposition 1.3). As above, an element ei� isidenti�ed with a diagonal element D(ei�; e�i�) of SU(2).Lemma 2.1. Let G be 
ompa
t, 
onne
ted, semi-simple and simply 
onne
ted, and let a bean element of type �. ThenHG(t; a; e�k) = (e��t=12�(it))�jR+j+`��2R+HSU(2)(t; eih�;ki; ei�=2):Proof. Puttting together (16), (18) and (13), we getHG(t; a; e�k) = �(k)�1eA=4N jj�jj2�(k; it)= etjj�jj2�(it)�jR+j+`��2R+~�(h�; ki; it): (19)The stated result now follows from (6). �As mentioned above, the simplest 
ase (20) 
omes from 
ombining Lemma 2.1 and (14):HG(t; a; I) = e�dimG t=24�(it)dimG; (20)



MACDONALD'S IDENTITIES AND THE LARGE N LIMIT OF Y M2 ON THE CYLINDER 93. Large N limit of ZSU(N)(a; U jA): Proof of Theorem 1.33.1. Simplest 
ase. We �rst 
onsider the simplest 
ase (20). Sin
e k = 0 (i.e. U2 = I), weare essentially dealing with YM2 on the dis
. This 
ase is dis
ussed in detail in [GM2℄, x4.Proposition 3.1. When U1 = a and U2 = 1, so that �1 = d�; �2 = Æ1, then1N2 logZSU(N)(a; 1;A) = �2NA �24 � 12 log( A2N )�A=48N +O(e�
N ):Thus, no phase transition o

urs.Proof. Ma
donald's identity gives:ZSU(N)(a; 1;A) = e�� dimSU(N)A=24N�(iA=2N)dimSU(N); : (21)The free energy is then1N2 logHSU(N)(A=2N; a; I) = dimSU(N)N2 f� A�48N + log �(iA=2N)g: (22)We note that dimSU(N)N2 = 12 +O( 1N ): We substitute y = A=2N in the right side of (10) toget: log �(iA=2N) = �2NA �24 � 12 log( A2N ) + 1Xm=1 1m 11� e4N�m=A (23)The summand of the sum P1m=1 1m 11�e4N�m=A is smaller than 1=2e�4N(�=A)m) for N suÆ-
iently large, so we may bound the sum by the geometri
 series and obtain a bound of11� e�4N(�=A) � 1 � Ce�4N(�=A); for N suÆ
iently large:Thus, the sum is an exponentially small 
orre
tion, and we have1N2 logZSU(N)(a; 1;A) = dimSU(N)N2 f�A=48N � �N6A � 12 log( A2N )g+ O(e�
N=A):� � �24 2NA � 12 log( A2N )�A=48N: (24)�We see 
learly the anamolous fa
tor of N . Also, we see that there is no phase transition,despite the fa
t that the two eigenvalues densities, Æ(1); d� have very di�erent support prop-erties. In almost exa
tly this 
ase, the la
k of phase transition is predi
ted by Gross-Matytsinin [GM2℄, x4. They explain that when the support of �1 is the whole 
ir
le and the supportof �2 is a single point, then the system is always in the strong 
oupling phase.They further explain that when �1 = Æ(� = 0), the solution of the Hopf equation 
an beobtained as the solution of the integral equation(1� tA)f(t; �) = ��A + Z �1(�0)d�0� � �0 � tf(t; �) :In our 
ase, �1 = 1 so the equation is simply(1 � tA)f(t; �) = ��A � log(� � tf(t; �)):It would be interesting to solve this equation and 
he
k that the solution is analyti
 in A.



10 STEVE ZELDITCH3.2. Proof of Theorem (1.2). We may take ek to be a diagonal matrix with entriese2�i�j(N). First, we put t = A=2N . By Lemma 2.1 we have:1N2 logHSU(N)(t; a; ek) = 1N2f(�jR+j+N)[� �t12 + log �(�it=4�)g+ 1N2 P�>0 logHSU(2)(t; eih�;ki; ei�=2) (25)We note that both sides of this equation are real, so that we take take the real part < without
hanging the equation.We now spe
ialize to the 
ase of SU(N). Its roots are ei� ej and its positive roots satisfyi < j. Hen
e, h�; ki = �i � �j : Hen
eP�2R+ logHSU(2)(t; eih�;ki; ei�=2) = Pi<j logHSU(2)(t; ei(�i��j); ei�=2)= 12Pi6=j logHSU(2)(t; ei(�i��j); ei�=2): (26)In the last equality we use that HSU(2)(t; ei(�i��j); ei�=2) = HSU(2)(t; ei(�j��i); ei�=2):We further haveXi6=j logHSU(2)(t; ei(�i��j); ei�=2) =Xi;j logHSU(2)(t; ei(�i��j); ei�=2)�N logHSU(2)(t; 1; ei�=2):Sin
e `N � N for SU(N), we have1N2 P�2R+ logHSU(2)(t; eih�;ki; ei�=2) = RS1 RS1 logHSU(2)(t; eix; ei�=2)d�N (ei(x�x0))d�N (eix0)� 1N logHSU(2)(t; 1; ei�=2)= RS1 logHSU(2)(t; eix; ei�=2)d�N � d�N (eix)� 1N logHSU(2)(t; 1; ei�=2)where d�N � d�N(eix) = ZS1 d�N (ei(x�x0)) d�N (eix0):If �N := 1̀N `NXj=1 Æ(e2�i�j(N))! � 2 M(S1);then d�N � d�N ! d� � d�;sin
e the Fourier 
oeÆ
ients of the left side tend to those of the right side. Thus, we obtainthe stated limit.3.3. Proof of Theorem 1.3. We now re-do the 
al
ulation but make the s
aling t = A2N .We thus haveFSU(N)(a; ek;A) = 12 RS1 logHSU(2)( A2N ; eix; ei�=2)d�N � d�N(eix)� 1N logHSU(2)( A2N ; 1; ei�=2) (27)



MACDONALD'S IDENTITIES AND THE LARGE N LIMIT OF Y M2 ON THE CYLINDER 11We now obtain the limit by using the uniform o�-diagonal asymptoti
s of the 
entral heatkernel.The 
entral heat kernel is related to the a
tual heat kernel bylog HSU(2)(t; eix; a) = log ZSU(2) kSU(2)(t; eix; g�1ag)dgwhere kSU(2)(t; x; y) is the heat kernel. Therefore, we are interested in the uniform asymp-toti
s of log HSU(2)( A2N ; eix; a) = log ZSU(2) kSU(2)( A2N ; eix; g�1ag)dg (28)in x for ea
h A. There exists a uniform heat kernel parametrix for kSU(2) given by:kSU(2)(t; u; v) � t�3=2e� d(u;v)2�t V (t; u; v) (29)where V (t; u; v) �P1j=0 Vj(u; v)tj. The amplitude V is to leading order the volume densityin normal 
oordinates. We will never be evaluating it at a pair of 
onjugate points, so it isuniformly bounded below by a positive 
onstant and introdu
es only lower order terms intothe logarithm. See for instan
e [Ka℄ for general results of this kind. Instead of a parametrix,the reader might prefer to use the (6) in terms of Ja
obi's theta fun
tion. This formula andalso (14) 
an be used to 
he
k the various 
onstants in the formula.Thus, we havelog HSU(2)( A2N ; eix; a) � logf(NA )3=2 ZSU(2) e� 2N�Ad(eix;g�1ag)2V (A=2N; eix; g�1ag)dgg; (30)where V (A=2N; eix; g�1ag) is a semi
lassi
al amplitude in N . The asymptoti
s are deter-mined by the minimum point of the phase d(eix; g�1ag)2, namely by the distan
e d(eix; Ca)from eix to the 
onjuga
y 
lass of a. We note that the 
onjuga
y 
lass C(a) = fg�1ag : g 2SU(2)g is a great (equatorial) 2-sphere of radius �=2 from (the north pole) I.There is a somewhat di�erent expansion a

ordingly as eix = �1, eix 2 C(a) or for eix notof this form, whi
h we will 
all a general element. If eix is a general element, then there is aunique 
losest point g�1ag and the phase is non-degenerate, so we obtainRSU(2) e� 2N�Ad(eix;g�1ag)2V (A=2N;x; g�1ag)dg� A�3=2 e� 2N�Ad(eix ;Ca)2 � 1pdetHess(A�1 d(eix ;g�1ag)2) : (31)We note that the powers of A 
an
el. If eix 2 C(a), then sin
e eix also represents a point inthe maximal torus, eix = a or eix = a�1, hen
e the unique point of minimal distan
e to eixin C(a) is of 
ourse eix itself. There is no essential 
hange in the 
al
ulation ex
ept that theexponent vanishes. We now 
onsider the behavior of 1pdet Hess(d(eix ;g�1ag)2) as eix ! �1. Inthe 
ase eix ! 1), for instan
e, detHess(A�1 d(eix; g�1ag)2) � jxj3 and hen
elog detHess(d(eix; g�1ag)2) � log jxj as x! 0:At eix = �1, the entire C(a) be
omes a 
riti
al manifold for the phase. Exa
tly at the poles,we have HSU(2)(t;�1; a) = kSU(2)( A2N ;�1; a) � (NA )3=2e�2N�2=4�A: (32)



12 STEVE ZELDITCHThus, as eix ! 1, HSU(2)( A2N ; eix; a) �8<: jxj�3=2e� 2N�Ad(eix ;Ca)2; x 6= 0(NA )3=2e�2N�2=4�A; x = 0: (33)Similarly at x = �:We note that the exponent is 
ontinuous and only the power of N 
hangesat the spe
ial points x = 0; �:Sin
e we are interested in log asymptoti
s, the fa
tor e� 2N�Ad(eix;Ca)2 is dominant as longas the remainder 
an be integrated against d�N � d��N . If this measure has a point mass ateither 0 or �, there are singularities at x = 0; � in the 
oeÆ
ients of the asymptoti
s whi
hare not integrable d� � d��. We now dis
uss this point in detail.We �x a positive 
onstant C > 0 and break up the integral (35) asRS1n[�C=N;C=N ℄[[��C=N;�+C=N ℄ logHSU(2)( A2N ; eix; ei�=2)d�N � d�N (eix)+ R[�C=N;C=N ℄[[��C=N;�+C=N ℄ logHSU(2)( A2N ; eix; ei�=2)d�N � d�N (eix): (34)It follows from the pointwise asymptoti
s in (33) thatRS1n[�C=N;C=N ℄[[��C=N;�+C=N ℄ logHSU(2)( A2N ; eix; ei�=2)d�N � d�N (eix)� �2N�A RS1n[�C=N;C=N ℄[[��C=N;�+C=N ℄ d(C(a); eix)2d�N � d�N (eix): (35)For the se
ond integral of (34) over [�CN ; CN ℄ and [� � C=N; � + C=N ℄, we use the s
alingasymptoti
s of the heat kernel rather than its pointwise asymptoti
s. Sin
e the details aresimilar for both intervals we only 
arry them out around the interval [�CN ; CN ℄. Namely, wewrite x = uN with juj � C. We have:d(ei uN ; g�1ag)2 = (�2 )2 + uN Q(u;N;A; g�1ag)for a bounded smooth fun
tion Q, hen
elog HSU(2)( A2N ; ei uN ; a) � f(NA )3=2e� 2N�A �24 RSU(2) e�Q(u;A;N)g�1ag)2V (A=2N; ei uN ; g�1ag)dgg� (NA )3=2e� 2NA �24 [q(u;A) + 1N q1(u;A) + � � � ) (36)where q = e�Q(u;A;0) is stri
tly positive. Substituting (36) into the se
ond term of (34), weget [�2N�A�24 � 32 log(NA )℄Z C�C d�N � d��N ( uN )� Z C�C Q(u;A)d�N � d��N ( uN ): (37)Sin
e Q is bounded and d�N( uN ) � d��N( uN ) has mass at most 1, the last term is O(1) asN !1. Thus, the �rst term of (37) dominates. Thus, we haveR[�C=N;C=N ℄[[��C=N;�+C=N ℄ logHSU(2)( A2N ; eix; ei�=2)d�N � d�N(eix)� [�2N�A �24 � 32 log(NA )℄ R =N�C=N d�N � d��N : (38)



MACDONALD'S IDENTITIES AND THE LARGE N LIMIT OF Y M2 ON THE CYLINDER 13We note that d(Ca; 1) = d(Ca;�1) = �2 . Sin
e d(Ca; eix) is 
ontinuous, we may rewrite(37)-(38) to leading order as�2N�A Z C=N�C=N d(eix; Ca)2 d�N � d��N : (39)We add this ba
k to (35) to obtain the leading order term�2N�A ZS1 d(C(a); eix)2d�N � d�N (eix) (40)plus the 
anoni
al terms 1N logHSU(2)(A=2N; 1; a) and log �( iA2N ) whi
h are independent ofd�. We then re
ognize that d(eix; Ca) = minfd(eix; e�i�=2)g; 
ompleting the proof. �Remark:� It would be interesting to know when the leading order term 
an
els, but even this
an
ellation would not 
ure the anomoly, sin
e there is no 
ontrol over the rate ofthe weak 
onvergen
e d�N ! d�. Hen
e, there is no well-de�ned growth rate of thelower order terms.� As noted above, the exponent in (33) is 
ontinuous. Sin
e we are taking the logarithm,only the exponent is important to leading order, and that is why we obtain a uni�edformula, even when d� has a point mass at eix = �1:4. Final RemarksSome �nal 
omments and remarks.� It would of 
ourse be desirable to remove the assumption that one of the matri
es U1should be a prini
pal element of type �. In [F2℄, H. Fegan states a produ
t formulafor the full fundamental solution, but unfortunately this formula is erroneous. Itwould be interesting to see if there exists some form of Ma
Donald's identities forthe full 
entral heat kernel.� It would also be desirable to extend the results of this paper to more general groupssu
h as U(N); SO(N); Sp(N). We spe
ialize to GN = SU(N) be
ause it amply illus-trates the main point of this paper. Further, Ma
Donald's identities pertain to simply
onne
ted 
ompa
t semi-simple groups, and presumably require some modi�
ationsfor U(N); SO(N) et
.� If we ignore the unexpe
ted growth in N , the phase transition 
onje
ture suggeststhat the limit free energy should equalS(d�; d�jA)� 12 RS1 RS1 log j sin ���2 jd�(�)d�(�)� 12 RS1 RS1 log j sin ���2 jd�d�;The last two terms 
an be obtained from our limit formula by unravelling the denom-inator in the logarithm. Thus, aside from orders of magnitude, the phase transition
onje
ture appears to state in these 
ases thatS(d�; d�jA) = 12A ZS1 d(C(a); eix)2d� � d�(eix):
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s predi
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omplex Burghers equation.� In addition to 
onsidering `pointwise' asymptoti
s of the partition fun
tion, one 
ould
onsider weak asymptoti
s where one averages in various ways over the variablesU1; U2, 
onsiders the varian
e of the integrals and so on.� As mentioned in the introdu
tion, it is possible that an anomaly also o

urs inMatytsin's 
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