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GRADIENT QUATERNIONIC VECTORFIELDS AND A CHARACTERIZATION OFTHE QUATERNIONIC PROJECTIVE SPACEDmitry V. Alekseevsky, Stefano MarchiafavaInternational Erwin Schr�odinger Institute for Mathematical PhysicsOctober 17, 1994Abstract. On a quaternionic K�ahler manifold (M4n; g; Q), of positive reducedscalar curvature �, a gradient vector �eld Z = gradf which preserves the quater-nionic structure Q is studied. The corresponding potential f is proved to be aneigenfunction of the Laplacian with the eigenvalue � = 2�(n + 1). A second orderdi�erential equation for the 1-form � = df is established. We prove that this equationis equivalent to the Obata-Blair equation for the pull-back 	 = ��� of the 1-form� on the total space of the Sasakian SO3-principal bundle � : F ! M associatedwith (M4n; g; Q). Using the results of Obata, Blair and Ishihara we characterize thequaternionic projective space as the unique quaternionic K�ahler manifold of posi-tive scalar curvature which satis�es one of the following properties: i) there exists anon Killing vector �eld Z which preserves Q: ii) there exists an eigenfunction of theLaplacian with the eigenvalue �1. Quaternionic K�ahler manifolds (basic de�nitions).A quaternionic K�ahler manifold is a 4n-dimensional Riemannian manifold (M;g)with a 3-dimensional sub bundle Q of the bundle EndTM of endomorphisms, whichsatis�es the following conditions:1) Q is spanned locally by three anticommuting almost complex structures J1; J2;J3 = J1J2. (A base f = (J1jx; J2jx; J3jx) of a �ber Qx of Q will be called anadmissible base in a point x 2M).2) The Riemannian metric g is Q-Hermitian, that is all endomorphisms from Qare skew-symmetric with respect to g;3) The sub bundle Q is invariant with respect to the Levi-Civita connection rgof g.The condition 3) may be written asrgXJ� = !
(X)J� � !�(X)J
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2 D.V. ALEKSEEVSKY, S. MARCHIAFAVAwhere !�; � = 1; 2; 3, are local 1-forms and (�; �; 
) stand for a cyclic permutationof (1; 2; 3).We will assume n > 1. Then g is an Einstein metric:Ric(g) = (K=4n)gwhere K = 4n(n+2)� is the scalar curvature and � is a constant called the reducedscalar curvature, and the following structure equations hold:(1) d!� + !� ^ !
 = ��g � J�(= ��g(J��; �))(2) [R(X;Y ); J�] = �(g(X;J
Y )J� � g(X;J�Y )J
) X;Y 2 TMwhere R is the curvature tensor. (Here we use conventions: d!� = 2Alt(r!�) and!� ^ !
 = 2Alt(!� 
 !
)).We will assume that the scalar curvature K of the metric g is positive.Then M is compact and simply connected [4]. Rescaling the metric g we mayassume that � = 1.We note that the case of non positive scalar curvature was studied in [14]; seealso [3].De�nition. 1) a transformation ' of a quaternionic K�ahler manifold (M;g;Q) iscalled to be quaternionic if it preserves the quaternionic structure Q : '�Q = Q.2) A vector �eld Z 2 �(M) is called to be quaternionic if it generates a (local)one-parameter group of quaternionic transformations.We denote by aut(Q) (resp., aut(g)) the Lie algebra of all quaternionic (resp.,Killing) vector �elds on (M;g;Q). Since we assume that � > 0 and n > 1, thequaternionic structure Q is completely determined by the metric g (see [4]) and,hence aut(g) � aut(Q).2. Characterization of a gradient quaternionic vector �eld.For any Z 2 aut(Q) we setfZ = �[1=2(n+ 1)�]divZwhere divZ = rgiZi is the divergence.In [3] we proved the followingProposition 1. The mappingp : aut(Q) 3 Z 7! Z � gradfZis the projection of the space aut(Q) of quaternionic vector �elds onto the spaceaut(g) of Killing vector �elds.2) Denote by P the kernel of p. Thenaut(Q) = aut(g) + P



GRADIENT QUATERNIONIC VECTOR FIELDS 3is a reductive decomposition: [aut(g);P] � Pand the space P consists of all gradient quaternionic vector �elds. Moreover,3) the map P 3 Z 7! fZis the isomorphism of P onto the eigenspace F(2�(n+1)) of the Laplacian with theeigenvalue 2�(n+ 1). The inverse mapping isgrad : F(2�(n+ 1)) 3 f 7! Z = gradf:Now we characterize a gradient quaternionic vector �eld Z 2 P in terms ofassociated 1-form � = g � Z.Proposition 2. Let Z be a vector �eld and � = g � Z is the associated 1-form.Then the following conditions are equivalent:i) Z 2 Pii) � is closed and the bilinear form rg� is the Q-Hermitianiii) � satis�es the equation(3) (rg)2X;Y � = �(�=4)P (X;Y )� 8X;Y 2 TMwhere P is the parallel (1,3) tensor �eld on M de�ned byP (X;Y )� = 2�(X)g � Y + �(Y )g �X + g(X;Y )��X� �(J�Y )g � J�X �X� g(J�X;Y )� � J�� 2 T �M; X;Y 2 T �MProof. The equivalence of conditions i), ii) was proved in [3] (see also [2]). In [3]we proved also that i) implies iii); now we show that, conversely, iii) implies ii). Wenote that for a solution � of (3) one has rgd� = 0 and rgr�� = 0, where r��is the skew-Q-Hermitian part of bilinear form rg�; in particular �d� = �r�� = 0.Then statement follows by compactness of M and by observing that the restrictionof the divergence � to a skew-Q-Hermitian bilinear forms is the (formal) adjoint ofr�.3. The main theorems.We prove the followingTheorem 1. Let (M;g;Q) be a 4n-dimensional (n > 1) quaternionic K�ahler man-ifold with positive scalar curvature K = 4n(n + 2)�. If there exists a non zerosolution � 2 �1M of the equation (3), then (M;g) is isometric to the quaternionicprojective space HPn with the standard metric of the same scalar curvature K.As a Corollary, we obtain



4 D.V. ALEKSEEVSKY, S. MARCHIAFAVATheorem 2. A quaternionic K�ahler manifold (M;g;Q) with K > 0 is isometricto HPn if one of the following conditions holds:i) there exists a quaternionic non-Killing vector �eld on M ;ii) there exists an eigenfunction of the Laplacian with the eigenvalue 2(n+ 1)�.Other corollary of the Theorem 1 will be derived in [3].For proving Theorem 1, we consider the pull-back 	 of a solution � of (3) ontothe principal Sasakian SO3-bundle � : F !M associated with (M;g;Q) and showthat 	 satis�es some equation stated by M. Obata, [13]. Then the Theorem followsdirectly from the results of M. Obata and S. Ishihara, [10]4. The Sasakian bundle associated with a quaternionic K�ahler manifold.Let (M;g;Q) be a quaternionic K�ahler manifold. We will assume that thereduced scalar curvature � = 1. Denote by F the set of all admissible basesf = (J1; J2; J3 = J1J2) of the quaternionic structure Q (in all point x 2 M).The group SO3 acts naturally on F with the orbit space M . We will refer theprincipal SO3-bundle � : F !M as the Sasakian bundle associated with (M;g;Q)(see Remark below) and denote by E� the vertical fundamental vector �elds on fcorresponding to the standard base e�; � = 1; 2; 3, of the Lie algebra SO3e1 = 0@0 0 00 0 �10 1 0 1A ; e2 = 0@ 0 0 10 0 0�1 1 01A ; e3 = 0@ 0 �1 01 0 00 0 01A ;with [e�; e� ] = e
 :(Here and below (�; �; 
) is a cyclic permutation of (1,2,3)).Levi-Civita connection rg of g preserves the bundle F � End(TM) and hence,induces a connection rF in �. We denote by � : TF ! so3 the connection form ofrF and by 
 : �2TF ! so3 its curvature form de�ned by
 = d� + (1=2)[�; �]:We may write � =X�e� 
 ��; 
 =X�e� 
 
�:where ��;
�(� = 1; 2; 3) are scalar forms. Then��(E�) = ���; 
� = d�� + �� ^ �
:Denote by H = Ker� the horizontal distribution of rF and by�H = ��jH : H ! TMthe restriction to H of the natural projection �� : TF ! TM .We de�ne the tautological operators I� and horizontal 2-forms �� on F byI�jf = ��1H � J� � ��; ��jf = ���H(g � J�)



GRADIENT QUATERNIONIC VECTOR FIELDS 5or ��(X;Y ) = g(��X;J���Y ); 8X;Y 2 TfF:Since the tensor �elds I��� are SO3-equivalent[A�I� =Xp A��Ip; A��� =Xp A����; A 2 SO3]their Lie derivatives with respect to the vector �elds E� are given by:E� � I� = 0; E� � I� = I
 ; E� � I� = �I
The equation (1) impliesLemma 1. The following structure equations hold:(4) �� = 
� � d�� + �� ^ �
(5) d�� = 
� ^ �
 � �� ^ 

Following J. Vilms (see [4], page 249), we de�ne a Riemannian metric h on F byh = ��g +X� �� 
 ��and denote by r the Levi-Civita connection of h. For any vector �eld X 2 �(M)we denote by X = ��1H X the horizontal lift of X. We de�ne operatorsL� := rE� � = 1; 2; 3The relations between h;E�; I�;�� are described by the following lemmaLemma 2. 1) �� = �h � I�2) E�; � = 1; 2; 3, are orthonormal Killing vector �elds of the Riemannian man-ifold (F; h) and �� = h �E�(= hijE�j)3) L� � rE� = �(1=2)[I� +E
 
 �� �E� 
 �
], h � L� = r�� = (1=2)d�� =(1=2)[�� � �� ^ �
 ]4) rE�X = rXE� = �(1=2)L�X = �(1=2)I�X 8X 2 �(M)5) rXY = rgXY � (1=2)P���(X;Y )E� 8X;Y 2 �(M)Proof. 1), 2) are checked directly; 3) follows from the structure equations (1) andimplies 4),5).Remarks. 1) The projection � : (F; h) ! (M;g) is a Riemannian submersion,with totally geodesic �bers; hence 3)-5) may be obtained also by using O'Neillformulas (see [4], page 240).2) The triple (E1; E2; E3) is strictly related to a canonical 3-Sasakian structureof F (See for example [10], [7]).



6 D.V. ALEKSEEVSKY, S. MARCHIAFAVA5. Calculation of the second covariant derivatives of 1-form 	 on F .To derive a di�erential equation for the pull back ��� of a solution � 2 �1Mof the equation (3), we calculate now the second derivatives r2	 of any 1-form	 = ���, where � is a 1-form on M as follows.Proposition 3. Let � 2 �1M be a 1-form on M and 	 = ��� is its pull-back toF . Then1) rY	 = ��(rgY �) + (1=2)P�	(I�Y )��2) rE�	 = (1=2)	 � I�3) r2Y ;X	 = ��((rg)2X;Y �) + (1=2)X� [a�(Y; ��I�X) + a�(X;��I�Y )]��+ (1=4)X� 	(I�Y )�� �X + (1=4)X� ��(X;Y )	 � I�4) r2E�;Y	 = (1=2)[a�(Y; ��I��) + a�(���; ��I�Y )]� (1=4)	(Y )��5) r2X;E�	 = �[a�(X;��I��) + a�(���; ��I�X)]� (1=2)	(X)��6) r2E�;E�	 = 07) r2E�;E�	 = �(1=4)	where a�(X;Y ) = (rX�)(Y ) and X;Y 2 �(M).Proof of Proposition. 1),2) follows from 5),4) of Lemma 2. Now we indicate theidea for proving 3)-7). Let s : x 7! s(x) = (J (x)� ) be a local section of �. We de�nethe horizontal lift J� of the almost complex structure J (x)� , � = 1; 2; 3, byJ�jf = ��1H � J (x)� � �� 8f 2 F; �f = xThe proof of 3)-7) comes straightforwardly by derivation of 1),2) and basing on thefollowingLemma 3. Let J� be the horizontal lift of a local section s : x 7! s(x) = (J (x)� ).Then1) rZ J� = rgZJ (x)� � (1=2)h �P�(J�I�Z) ^E� 8Z 2 �(M)2) rE�J� = �(1=2)[I�; J�]3) J�js(x) = I�js(x)4) If the section s is horizontal in a point x 2M , that is Ts(x)s(M) = Hs(x) (thehorizontal subspace in the point s(x)), thenrXJ�js(x) = rXI�js(x) 8X 2 TxM6. Proof of Theorem 1.Assume now that 1-form � 2 �1M is a solution of the equation (3). Then theterms in the bracket [ ] in the formulas 4),5) of Proposition 3 vanish, since r� isQ-Hermitian, and the following result is checked directly



GRADIENT QUATERNIONIC VECTOR FIELDS 7Proposition 4. Let � 2 �1M be a solution of (3). Then 1-form 	 = ��� on Fsatis�es the following equation(6) r2X;Y	 = �(1=4)[2	(X)h � Y +	(Y )h �X + h(X;Y )	]for any Z;X 2 TF .Now Theorem 1 follows from the following results of M. Obata and S.Ishihara.Theorem (M. Obata [13]). Let (F; h) be a simply connected Riemannian mani-fold. Then there exists a non trivial solution 	 of (6), where 	 is a closed 1-form,if and only if (F; h) is isometric to the Euclidean sphere of radius 2.Theorem (Ishihara [10]). Let (M;g) be a quaternionic K�ahler manifold and(F; h) is the total space of the associate Sasakian bundle. Assume that (F; h) isisometric to the Euclidean sphere of radius 2. Then (M;g) is isometric to thequaternionic projective space with standard metric gcan of reduced scalar curvature� = 1.Note that to prove the last Theorem one computes the curvature tensor of (M;g)from curvature tensor of (F; h) by using O'Neill formula (see [4], page 241):RM (X;Y;Z; T ) = RF (X;Y ;Z; T ) � 2h(AXY ;AZT )+ h(AY Z;AXT )� h(AXZ;AY T )where, by 5) of Lemma 1,AXY = �(1=2)X� ��(X;Y E�) 8X;Y 2 �(M):Then RM (X;Y )Z = (1=4)[g(Y;Z)X � g(X;Z)Y+X� [g(X;J�Z)J�Y � g(Y; J�Z)J�X+ 2g(X;J�Y )J�Z]which characterizes (HPn; gcan). References1. D.V. Alekseevsky, S. Marchiafava, Quaternionic-like structures on a manifold:Note 1. 1-integrability and integrability conditions, Note 2. Automorphism groups and their interrela-tions, Rend.Mat.Acc.Lincei s9,v4 (1993), 43-52,53-61.2. D.V. Alekseevsky, S. Marchiafava, Transformation groups of a quaternionic manifold, inpreparation.3. D.V. Alekseevsky, S. Marchiafava, Quaternionic transformations and the �rst eigenvalue ofLaplacian on a quaternionic K�ahler manifold, ESI preprint (1994).4. A. Besse, Einstein manifolds, Springer Verlag, Berlin and New York, 1987.5. D. Blair, On the characterization of complex projective space by di�erential equations, J.Math. Soc. Japan 27, no.1 (1975), 9-19.
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