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ABSTRACT. On a quaternionic Kahler manifold (M*" ¢, Q), of positive reduced
scalar curvature v, a gradient vector field Z = gradf which preserves the quater-
nionic structure @ is studied. The corresponding potential f is proved to be an
eigenfunction of the Laplacian with the eigenvalue y = 2v(n + 1). A second order
differential equation for the 1-form £ = df is established. We prove that this equation
is equivalent to the Obata-Blair equation for the pull-back ¥ = 7*¢ of the 1-form
¢ on the total space of the Sasakian SOs-principal bundle = : F© — M associated
with (M*7” g, Q). Using the results of Obata, Blair and Ishihara we characterize the
quaternionic projective space as the unique quaternionic Kahler manifold of posi-
tive scalar curvature which satisfies one of the following properties: i) there exists a
non Killing vector field Z which preserves Q: ii) there exists an eigenfunction of the
Laplacian with the eigenvalue pu

1. Quaternionic Kahler manifolds (basic definitions).

A quaternionic Kéhler manifold is a 4n-dimensional Riemannian manifold (M, ¢)
with a 3-dimensional sub bundle @) of the bundle EndTM of endomorphisms, which
satisfies the following conditions:

1) @ is spanned locally by three anticommuting almost complex structures Jy, Ja,
Js = JiJo. (A base f = (Jy)2, Jofas J3)2) of a fiber @, of @ will be called an
admissible base in a point @ € M).

2) The Riemannian metric ¢ is @-Hermitian, that is all endomorphisms from @
are skew-symmetric with respect to g¢;

3) The sub bundle @ is invariant with respect to the Levi-Civita connection V9
of ¢.

The condition 3) may be written as

ViJa =wy(X)Jg —wp(X)J, X €TM
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where wy,a = 1,2, 3, are local 1-forms and («, 3,v) stand for a cyclic permutation
of (1,2,3).

We will assume n > 1. Then ¢ is an Einstein metric:
Ric(g) = (K /4n)g

where K = 4n(n+2)v is the scalar curvature and v is a constant called the reduced
scalar curvature, and the following structure equations hold:

(1) dw, + wg A W~y = —Vgo ]a(: _yg(]a.7 ))

(2) [RX,Y), Jo] = (g(X, J,Y )]s — g(X, J3Y)],) X, Y eTM

where R is the curvature tensor. (Here we use conventions: dw, = 2Alt(Vw,) and
w ANwy = 2AlH(wg @ w-)).

We will assume that the scalar curvature K of the metric ¢ is positive.

Then M is compact and simply connected [4]. Rescaling the metric ¢ we may
assume that v = 1.

We note that the case of non positive scalar curvature was studied in [14]; see

also [3].

Definition. 1) a transformation ¢ of a quaternionic Ké&hler manifold (M, ¢, Q) is
called to be quaternionic if it preserves the quaternionic structure @) : ¢*Q = Q.

2) A vector field Z € x(M) is called to be quaternionic if it generates a (local)
one-parameter group of quaternionic transformations.

We denote by aut(Q) (resp., aut(g)) the Lie algebra of all quaternionic (resp.,
Killing) vector fields on (M, g,Q). Since we assume that v > 0 and n > 1, the
quaternionic structure @) is completely determined by the metric ¢ (see [4]) and,
hence aut(g) C aut(Q).

2. Characterization of a gradient quaternionic vector field.
For any Z € aut(Q) we set

fz =—[1/2(n + 1)]divZ

where divZ = V?Z" is the divergence.
In [3] we proved the following

Proposition 1. The mapping
praut(Q)> Z w— Z — gradfy
is the projection of the space aut(Q) of quaternionic vector fields onto the space
aut(g) of Killing vector fields.
2) Denote by P the kernel of p. Then

aut(Q) = aut(g)+ P
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18 a reductive decomposition:

[aut(g),P] C P

and the space P consists of all gradient quaternionic vector fields. Moreover,
3) the map

P3Zw— fy

is the 1somorphism of P onto the eigenspace F(2v(n+1)) of the Laplacian with the
ergenvalue 2v(n 4+ 1). The inverse mapping s

grad : F2v(n+1)) 3 f— Z = gradf.

Now we characterize a gradient quaternionic vector field Z € P in terms of
associated 1-form £ = g o Z.

Proposition 2. Let Z be a vector field and £ = g o Z 1is the associated 1-form.
Then the following conditions are equivalent:

i) Z eP

i) € is closed and the bilinear form VI is the Q-Hermitian

i) € satisfies the equation

(3) (VDR yé=-(w/4HP(X.Y)E VXY €TM
where P 1is the parallel (1,3) tensor field on M defined by

PX,) Y)Y =2{X)goY +&(Y)goX +g(X,Y )¢
Y EJaY)go JuX =Y g(JaX,Y)E0 Ty

«

£eT*M, X,YeT*M

Proof. The equivalence of conditions i), ii) was proved in [3] (see also [2]). In [3]
we proved also that 1) implies iii); now we show that, conversely, iii) implies ii). We
note that for a solution ¢ of (3) one has V9d¢{ = 0 and VIV™E = 0, where V¢
is the skew-@)-Hermitian part of bilinear form VY¢; in particular 6dé = 6V~E = 0.
Then statement follows by compactness of M and by observing that the restriction
of the divergence ¢ to a skew-Q-Hermitian bilinear forms is the (formal) adjoint of

Vv—.
3. The main theorems.

We prove the following

Theorem 1. Let (M,g,Q) be a 4n-dimensional (n > 1) quaternionic Kdihler man-
ifold with positive scalar curvature K = 4n(n 4 2)v. If there exists a non zero
solution £ € A'M of the equation (3), then (M, g) is isometric to the quaternionic
projective space HP™ with the standard metric of the same scalar curvature K.

As a Corollary, we obtain



4 D.V. ALEKSEEVSKY, S. MARCHIAFAVA

Theorem 2. A quaternionic Kdihler manifold (M, g, Q) with K > 0 us isometric
to HIP™ if one of the following conditions holds:

i) there exists a quaternionic non-Killing vector field on M;

i) there exists an eigenfunction of the Laplacian with the eigenvalue 2(n 4+ 1)v.

Other corollary of the Theorem 1 will be derived in [3].

For proving Theorem 1, we consider the pull-back ¥ of a solution £ of (3) onto
the principal Sasakian SOs-bundle 7 : F' — M associated with (M, g, Q) and show
that ¥ satisfies some equation stated by M. Obata, [13]. Then the Theorem follows
directly from the results of M. Obata and S. Ishihara, [10]

4. The Sasakian bundle associated with a quaternionic Kahler manifold.
Let (M,g,Q) be a quaternionic Kahler manifold. We will assume that the
reduced scalar curvature v = 1. Denote by F the set of all admissible bases
f = (J1,J2,J3 = J1.J3) of the quaternionic structure @ (in all point @ € M).
The group SO;3 acts naturally on F' with the orbit space M. We will refer the
principal SOs-bundle 7 : F' — M as the Sasakian bundle associated with (M, g, Q)
(see Remark below) and denote by E, the vertical fundamental vector fields on f
corresponding to the standard base ey, = 1,2, 3, of the Lie algebra SO;

with
[eq, €3] = €.

(Here and below (a, 3,7) is a cyclic permutation of (1,2,3)).

Levi-Civita connection V9 of ¢ preserves the bundle F' C End(TM) and hence,
induces a connection V" in 7. We denote by n : TF — so3 the connection form of
VI and by Q : A2TF — sos its curvature form defined by

Q=dn+(1/2)[n,n]

We may write

where 14, Qo(a = 1,2, 3) are scalar forms. Then
Na(Es) = dag, o = dna +ng Ay
Denote by H = Kern the horizontal distribution of VI and by
T =Ty H—TM

the restriction to H of the natural projection 7, : TF — TM.
We define the tautological operators I, and horizontal 2-forms &, on F' by

Ly =7g 0Jaom, ®qp=—75(goJa)
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or

B, (X,Y) = g(m X, Jom,Y), VX,Y € T}F.

Since the tensor fields I, ®, are SO3-equivalent

[A*I, =) ALL, A*®, =) A%, A€ SO

p p

their Lie derivatives with respect to the vector fields E, are given by:
Ea‘Ia:(), Ea'Iﬁ:I,W Eﬁ-]—a:—]—,Y

The equation (1) implies

Lemma 1. The following structure equations hold:

(4) ®o = Qo = dna +ng A1y

(5) Ao = Qg Ay —np A2y

Following J. Vilms (see [4], page 249), we define a Riemannian metric h on F by
h=7"g+> Na®na

and denote by V the Levi-Civita connection of h. For any vector field X € y(M)
we denote by X = 7TI_{1X the horizontal lift of X. We define operators

L,:=VE, a=1,2,3

The relations between h, E,, I, ®, are described by the following lemma

Lemma 2. 1) &, =—hol,
2) Eo,a = 1,2,3, are orthonormal Killing vector fields of the Riemannian man-
ifold (F,h) and
Na =hoEo(=hijEaj)

3) Lo = VEo = ~(1/2)Ia + By ©ng — Eg @ ns). ho Ly = Vg = (1/2)dna =

(1/2)[®a — 15 A1+
4) Ve, X=VxEy=—(1/2)LoX = —(1/2)[.X VX € x(M)

5)VxY =VLY —(1/2)Y, 2(X,Y)E, VX.,Y € x(M)

Proof. 1), 2) are checked directly; 3) follows from the structure equations (1) and
implies 4),5).

Remarks. 1) The projection n : (F,h) — (M,g) is a Riemannian submersion,
with totally geodesic fibers; hence 3)-5) may be obtained also by using O’Neill
formulas (see [4], page 240).

2) The triple (Ey, E2, E3) is strictly related to a canonical 3-Sasakian structure
of F' (See for example [10], [7]).
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5. Calculation of the second covariant derivatives of 1-form ¥ on F.

To derive a differential equation for the pull back 7*¢ of a solution £ € A'M
of the equation (3), we calculate now the second derivatives V2¥ of any 1-form
U = 7*¢, where € is a 1-form on M as follows.

Proposition 3. Let £ € A'M be a 1-form on M and U = 7n*¢ is its pull-back to
F. Then

1) Vy ¥ =7*(V3E) +(1/2) 3, ¥(LaY)na

2) Ve, ¥=(1/2)%ol,

3)

Vix¥ =7 (VX8 +(1/2) Y lae(Yom Lo X) + ag(X, 7 LaY)]na

«

+(1/4)) UL Y)Ps 0 X +(1/4))  @u(X,Y)T o I,

4)VE, ¥ =1)2)ac(Y, mla) + ag(mer meLaY )] — (1/4) % (Y )4
5) Vi g, ¥ =—lag(X,m o) + ag(me, mIaX)] — (1/2)U(X)na
6) V%Q’Eﬁ\ll =0
7) V%Q’EQ\I/ =—(1/4)¥
where ag(X,Y) = (Vx&)(Y) and X, Y € x(M).

Proof of Proposition. 1),2) follows from 5),4) of Lemma 2. Now we indicate the
idea for proving 3)-7). Let s : x + s(x) = (Jc(f)) be a local section of 7. We define
the horizontal lift J, of the almost complex structure Jc(f), a=1,2,3 by

£|f:7rﬁlo,]c(f)o7r* VieF,nf=x

The proof of 3)-7) comes straightforwardly by derivation of 1),2) and basing on the
following

Lemma 3. Let J, be the horizontal lift of a local section s : x — s(x) = (]C(f)).
Then

1)Vy Ju=VyI — (12000 S, (Julo Z) NE,  VZ € (M)

2) Vi, Jo = =(1/2)[5, Ja]

3) Jals(z) = Lals(a)

4) If the section s is horizontal in a point v € M, that is Tepys(M) = Hy(yy (the

horizontal subspace in the point s(x)), then

VixJalstry = Vxlalswy VX €M

6. Proof of Theorem 1.

Assume now that 1-form ¢ € A'M is a solution of the equation (3). Then the
terms in the bracket [ ] in the formulas 4),5) of Proposition 3 vanish, since V¢ is
@-Hermitian, and the following result is checked directly
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Proposition 4. Let £ € A'M be a solution of (3). Then I-form ¥ = 7*¢ on F
satisfies the following equation

(6) Vi ¥ = —(1/4)2¥(X)ho Y + ¥(Y)ho X + h(X,Y)¥]

for any Z,X € TF.
Now Theorem 1 follows from the following results of M. Obata and S.Ishihara.

Theorem (M. Obata [13]). Let (F,h) be a simply connected Riemannian mani-
fold. Then there exists a non trivial solution ¥ of (6), where VU is a closed 1-form,
iof and only of (F,h) is isometric to the Euclidean sphere of radius 2.

Theorem (Ishihara [10]). Let (M,g) be a quaternionic Kdihler manifold and
(F,h) s the total space of the associate Sasakian bundle. Assume that (F,h) s
isometric to the Euclidean sphere of radius 2. Then (M,g) is 1sometric to the
quaternionic projective space with standard metric §eqan of reduced scalar curvature
v=1.

Note that to prove the last Theorem one computes the curvature tensor of (M, ¢g)
from curvature tensor of (F, k) by using O’Neill formula (see [4], page 241):

RM(X,Y,Z,T)=RI'(X,Y,Z,T) - 2h(AxY, AzT)
+ WAy Z,AxT)—h(AxZ, AyT)

where, by 5) of Lemma 1,

AxY = —(1/2)) @u(X,YE,) VXY € &(M).

Then

RM(X,Y)Z =(1/4)[g(Y, 2)X — g(X,Z)Y
+ Y (9(X JaZ) oY = g(Y, JaZ) T X

+29(X, JuY)TuZ]
which characterizes (HP™, gcqn)-
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