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tA nonholonomi
 me
hani
al system is given by a 
on�guration spa
e Qn endowed with a riemannianmetri
 h ; i, a potential V , and a totally nonholonomi
 
onstraint distribution H � TQ. Passing to theJa
obi metri
, we may assume that V = 0, so the traje
tories are geodesi
s of a (non metri
) 
onne
tionrNH whi
h mimi
s the Levi-Civita 
onne
tion. The dynami
al system 
an also be des
ribed in terms ofan almost Poisson tensor f ; gNH with non-zero Ja
obinizer. The paper is divided into two parts, relatedby the use of moving frames in Q. In the �rst part we explore the 
onne
tion viewpoint, and is devotedto the lo
al geometri
 invariants obtained via Cartan's method of equivalen
e; as an spe
i�
 example, weanalyze Engel's (2-4) distribution. In the se
ond part, we explore the almost Hamiltonian des
ription.When a Lie symmetry group G is present, the dynami
s 
an be either redu
ed (in the 
ase of internalsymmetries) or 
ompressed (transversal symmetries). Important spe
ial 
ases are G-Chaplygin systems,in whi
h the 
onstraints are given by a 
onne
tion on a prin
ipal bundle, with total spa
e Q and baseS = Q=G. These systems \
ompress" to the 
otangent bundle T �S of the base; in favorable 
ases, the
ompressed system is hamiltonizable. Hamiltonization of a nH system with internal symmetry 
an alsoo

ur on a redu
ed stage. Chaplygin's homogeneous sphere, a perfe
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kground, outline, results, and queriesSin
e Cartan [1926℄ moving frames have been an important tool in Riemannian geometry1; as it is wellknown, one of the 
lassi
 appli
ations was Chern's 
onstru
tion of 
hara
teristi
 
lasses. But in Analyti
alMe
hani
s, the moving frames method goes ba
k to Poin
ar�e [1901℄, a
tually mu
h earlier, to Euler's rigidbody equations.Moving frames. What is the advantage of a moving frame based \operational system" for geometri
me
hani
s? The philosophy in Koiller, Rios and Ehlers [2002℄ is to abolish Darboux's di
tatorship, at leastin a 
otangent bundle T �Q. Take a lo
al 
oframe �i i = 1; :::; n on Qn, so that any element pq 2 T �Q 
anbe written as pq =P mi �i(q). The natural 1-form � in T �Q keeps the familiar expression� := pdq = m� : (1.1)Consequently, the 
anoni
al symple
ti
 form 
 := d� 
an be written as (for short a summation is impli
itlyunderstood): 
 := dp^ dq = dm ^ � +md� : (1.2)1There is a re
ent English translation of the Russian translation (Cartan [2001℄).



1 Ba
kground, outline, results, and queries 3The se
ond term md�, whi
h deviates from Darboux's format, is not a nuisan
e; a
tually it 
arries mostvaluable information. For instan
e, the Kostant-Arnold-Kirillov-Sourier bra
ket 
an be instantly visualized.It suÆ
ies to use a (left or right) invariant 
oframe and apply H. Cartan's \magi
 formula" on d�.Moving frames are ideally suited when Lie symmetries are present in a me
hani
al system2.Nonholonomi
 systems. The aim of this paper is to dis
uss two aspe
ts of nonholonomi
 systems(heretofore abreviated nH), using the moving frames method3:� Geometri
 equivalen
e, using Cartan's des
ription of nH systems in terms of aÆne 
onne
tions (Cartan[1928℄), and� Compression, hamiltonization and redu
tion of Chaplygin systems, extending Chaplygin's method(Chaplygin [1911℄) of the \redu
ing fa
tor" via aÆne symple
ti
 stru
tures.A nH system is given by a 
on�guration spa
e Qn endowed with a riemannian metri
 g, a potentialV , and a totally nonholonomi
 
onstraint distribution H � TQ (or equivalently by the 
o-distributionHo � T �Q anihilating H). By totally nonholonomi
 we mean that the �ltrationH � H1 � H2 � :::(where the next sub-bundle is obtained from the previous by adding 
ombinations of all possible Lie bra
ketsof ve
tor�elds) ends in TQ. To avoid interesting 
ompli
ations we assume that all have 
onstant rank. Asusual, the metri
 de�nes a kineti
 energy T , and the Lagrangian is of natural type, L = T � V (in passingto the Ja
obi metri
, there is no loss in generality in assuming there is no potential energy). A

ording toSommerfeld [1952℄, the d'Alembert-Lagrange prin
iple is the most natural foundation for Me
hani
s:[L℄ := ddt �L� _q � �L�q 2 Ho ; _q 2 H : (1.3)It simply states that 
onstraint for
es exert no work on admissible motions _q 2 H.For a survey of re
ent developments in geometri
 me
hani
s (with emphasis in nH systems) see Cendra,Marsden and Ratiu [2001℄ and Koiller [2003℄. For a histori
al a

ount on nH systems, from a somewhat \anti-redu
ionist" perspe
tive, see Borisov and Mamaev [2002℄, and from the engineering viewpoint, Papastavridis[2002℄. Re
ent books of interest, both from the mathemati
al and from the applied side, are Cushman andBates [1997℄, Blo
h [2003℄, Cort�es [2002℄ and Oliva [2002℄. As it is 
lear from the bibliography, Reportson Mathemati
al Physi
s has been publishing papers on nH me
hani
s on a regular basis, and Regularand Chaoti
 Dynami
s devoted large parts of vols. 1/2 (2002) to the theme. For older eastern Europeanliterature see PMM USSR, J. Applied Math. and Me
hani
s.Cartan equivalen
e. In the �rst part of the paper, we analyze nH systems under the aÆne 
onne
tionperspe
tive. We pursue the (lo
al) 
lassi�
ation programme for nH systems proposed by Cartan [1928℄using his equivalen
e method4. Take adapted orthonormal 
oframes and write the stru
ture equations. The2As we learned from Alan at the banquet, the etymology for symple
ti
 is \
apable to join", themes and people. The latteris an important aspe
t of the sympe
ti
 \
reed". Question: taking moving frames adapted for a given mathemati
al stru
ture,would the non-Darboux term provide a lo
al symple
ti
 invariant?3In Engineering, e.g. Hamel [1949℄, Papastavridis [2002℄, the keyword \moving frame" also disguises under the keyword\quasi
oordinates".4See Koiller, Rodrigues and Pitanga [2001℄ and Tavares [2002℄, for a rewrite of Cartan's paper in modern language.



1 Ba
kground, outline, results, and queries 4method of equivalen
e is an iterative pro
ess, whereby taking exterior derivatives and suitably absorbingterms (in a more or less systemati
 way invented by Cartan) one ends up with the invariants of the theory.In Ehlers [2002℄ nH systems in a 3-manifold with a 
onta
t distribution were 
lassi�ed. Here we go one stepfurther, looking at Engel's distribution in 4-manifolds. This is the �rst su
h study for a distribution thatis not strongly nonholonomi
. Next, we plan to study the famous Cartan's 2-3-5 distribution from the nHviewpoint.Changing ta
k, in the se
ond part of the paper we look at nH systems from the almost Hamiltonianviewpoint. If there is a Lie symmetry group G, it is natural to take adapted frames whi
h are invariantunder the group a
tion.External symmetries, G-Chaplygin systems, Compression. External (or transversal) symmetriesappear frequently as a prin
ipal bundle a
tion Gr ,! Qn ! Sm; m + r = n. The in�nitesimal generators�Q; � 2 G, whi
h span the tangent spa
e of the �bers G:q, are assumed to be Killing for the metri
. The
onstraint distribution H is formed by the horizontal spa
es of a 
onne
tion in the bundle. In general,horizontal and verti
al spa
es are not orthogonal. These systems are 
alled G � Chaplygin; Chaplygin
onsidered the abelian 
ase5.It is 
lear from symmetry that the dynami
s 
an be 
ompressed to T �S. It takes the form of a Lagrangianwith a gyros
opi
 for
e; alternatively, of a geodesi
 spray of a non metri
 
onne
tion, see Koiller [1992℄. Forour purposes it is more 
onvenient use an almost Hamiltonian des
ription (Koiller, Rios and Ehlers [2002℄):iX
NH = dH ; H = H� : T �S ! < ; 
NH = 

an + (J:K) : (1.4)Here (J:K) is a semi-basi
 2-form on T �S whi
h in general is not 
losed. To de�ne the 
ompressed Hamil-tonian H� we use the 
onne
tion 1-form �. As one may guess, J is the momentum map, and K is the
urvature of the 
onne
tion. Ambiguities 
an
el, sin
e J is Ad� while K is Ad-equivariant. Moreover, the
onstru
tion is independent of the point q on the �ber over s.Internal symmetries and Noether's theorem. An internal symmetry o

urs when a Killing ve
tor�eld�Q for the metri
 g belongs to the distribution H. It is easy so see that Noether's theorem from un
onstrainedme
hani
s still holds. The argument (
f. Arnold, Kozlov, and Neishtadt [1988℄) goes as follows: denoteby ��(s) the 1-parameter group generated by � and let �(s; t) = ��(s):q(t), so �0 = dds� = �Q(�). Hereq(t) is 
hosen as a traje
tory of the nonholonomi
 system. Di�erentiating with respe
t to s the identitlyL(�(s; t); ddt�(s; t)) = 
onst:, after a standard integration by parts we getddt (�L� _q �0) = [L℄�0 :This vanishes pre
isely when �0 = �Q 2 H and in this 
aseI� : = �L� _q � � (1.5)is an integral of motion. } Redu
tion of internal symmetries is des
ribed in �Sniaty
ki [1998℄.5A \histori
al" remark (by JK). Near the end of my post-do
toral year in Berkeley, way ba
k in 1982, I be
ame interested innH systems, in parti
ular with symmetries. Alan dire
ted me to two wonderful books: Hertz [1899℄ Foundation of Me
hani
sand the treatise Neimark and Fufaev [1972℄. In the latter I learned about Chaplygin systems, presented in 
oordinates. WhenI mentioned to Alan that I would like to examine the more general 
ase of non-abelian group symmetries, Alan made a pi
tureon his bla
kboard, and told me: \well, then, the 
onstraints are given by a 
onne
tion on a pri
ipal bundle". This was thestarting point of Koiller [1992℄.



1 Ba
kground, outline, results, and queries 5Terminology. Sin
e Bates and �Sniaty
ki [1993℄, and Blo
h, Krishnaprasad, Marsden and Murray [1996℄,several authors have 
alled attention on these two types of symmetries. Using them for redu
tion by stageshas also been (at least impli
itly) proposed. To stress the di�eren
e, redu
tion of external symmetries willbe 
alled here 
ompression. The word redu
tion will be used only for internal symmetries. For G-Chaplyginsystems we advo
ate that this redu
tion should be done after 
ompression.Hamiltonization. AÆne symple
ti
 stru
tures. Sin
e the �rst 
onta
t with symple
ti
 geometryone is stru
k by the power of the 
losedness 
ondition of the symple
ti
 form (equivalently, the vanishingof the Poisson tensor Ja
obinizer). Among many other things, this implies that the Poisson bra
ket of twointegrals of a Hamiltonian ve
tor�eld is again an integral of motion (Abraham and Marsden [1994℄, Arnold[1989℄). Virtually all of the wonderful properties of symple
ti
 geometry depend on 
losedness.Nh systems have a reputation of having pe
uliar (even rebellious) dynami
 behaviour (Arnold, Kozlov,and Neishtadt [1988℄), and the general theory is way behind the theory of holonomi
 systems. Althoughthe groundwork for an Hamilton-Ja
obi theory for nH systems has been set up in Weber [1986℄, not mu
hhas been a
hieved sin
e then. This undoubtly has to do with non-
losedness. Nonetheless, in some spe
ialG-Chaplygin systems, !NH is 
onformally symple
ti
 (Koiller and Rios [2001℄); in su
h 
ases we say thatthe 
ompressed system is Hamiltonizable and it be
omes possible to use all of the standard symple
ti
te
hniques. Indeed, there is a well established theory of 
onformally symple
ti
 forms, where one 
an res
uethe symple
ti
 ma
hinery (Vaisman [1985℄, Wade [2000℄, Haller and Rybi
ki [1999℄, Haller and Rybi
ki[2001℄).Distilling a 
onstru
tion in Stan
henko [1985℄ we suggest 
onsidering aÆne symple
ti
 stru
tures, whereone 
an add a 2-form 
o whi
h is not \seen" by X , that is, iX
o = 0. Thus iX=f(f
NH � 
o) = dH , andwe must seek for an f > 0 and an 
o su
h that d(f
NH �
o) = 0. Assuming an edu
ated guess for f , wegive a simple 
riterium: X = XNH is hamiltonizable () iXd(f
NH) = 0 : (1.6)Question: It would be interesting to tie the \hamiltonizable" question with the invariants from the Cartanequivalen
e viewpoint.Invariant measures and density fun
tions for G-Chaplygin systems. In spite of many similarities,there are striking di�eren
es between nH and holonomi
 systems. For instan
e, nH systems do not have(in general) a smooth invariant measure. Ne
essary and suÆ
ient 
onditions were given (expli
itly in
oordinates) by Bla
kall [1941℄. In Kupka and Oliva [2001℄ and Kobayashi and Oliva [2003℄ a spe
ial
ontext is 
onsidered (but in an invariant formulation). Namely, they �nd 
onditions insuring that theRiemann measure in TQ indu
ed by the metri
 g is an invariant measure for the nH system. In the 
aseof Chaplygin systems, a ne
essary and suÆ
ient 
ondition for the existen
e of an invariant measure forthe 
ompressed system is given in Cantrijn, Cort�es, de L�eon, and de Diego [2002℄, see Theorem 7.5. Thisis a very useful result for our purposes, be
ause the density fun
tion produ
es a natural 
andidate for the
onformal fa
tor alluded above.On Chaplygin's sphere: to be or not to be (Hamiltonizable), that's the question. It wasvery sho
king for us to realize that nH Chaplygin systems possessing an invariant measure may not beHamiltonizable. Consider a round sphere (possibly with di�erent moments of inertia) rolling without



1 Ba
kground, outline, results, and queries 6slipping on a horizontal plane; it is assumed that the 
enter of mass 
oin
ides with the geometri
 
enter6.A detailed a

ount of the algebrai
 integrability is given in Duistermaat [2000℄. The 
on�guration spa
e isQ = R2 � SO(3). This problem has two external and three internal symmetries7. This would immediatelyimply integrability of the 
ompressed system in T �SO(3) system, if it were Hamiltonizable. This dynami
alsystem has an invariant measure, whi
h gives us an edu
ated guess f to use in the 
riterion iXd(f
NH) = 0.However, it is NOT veri�ed even in the homogeneous 
ase, where f � 1. These observations are ina

ordan
e with the opening statement in Duistermaat's paper:\Although the system is integrable in every sense of the word, it neither arises as a Hamiltoniansystem, nor is the integrability an immediate 
onsequen
e of the symmetries".However, there is still hope to Hamiltonize Chaplygin's sphere, when redu
ed to T �S2. We show thatis Hamiltonizable in the homogeneous 
ase, where it redu
es to an isotropi
 os
illator plus a Lorenz for
e.Higher dimensional Chaplygin spheres, Q = <n � SO(n) n � 3, also have invariant measures, but it is notknown if they are integrable.Question: Is the redu
ed system to T �Sn�1 ; Sn�1 = SO(n)=SO(n� 1) hamiltonizable? If the answeris positive, the integrability question may be addressed from a fresh perspe
tive.Ja
obi's last multiplier and Hamiltonization on a redu
ed level. Integrability of Chaplygin'ssphere stems from the existen
e of the invariant measure, whi
h allows integration by Ja
obi's last multipliermethod. Suppose a dynami
al system on a phase spa
e Mn has an invariant measure and n � 2 integrals.Take a 
oordinate system (x1; x2) on a given invariant surfa
e. The restri
ted system has the form _x =f1(x; y); _y = f2(x; y), with an indu
ed measure � = F (x; y) dx ^ dy. As we learn in elementary 
al
ulus,the density F is the \integrating fa
tor" and the system is de
lared integrable8. There is (at least lo
ally)a fun
tion G su
h that Ff1 = �G=�x2 ; Ff2 = ��G=�x1. This is true be
ause the 
ondition for F to bean invariant measure is pre
isely d� = 0; where � = �Ff2dx1 + Ff1dx2 :One 
ould introdu
e a Poisson stru
ture f ; g on the phase spa
e M , in whi
h the original integrals areall Casimirs, and the symple
ti
 leaves are two dimensional. The system is manifestly Hamiltonian, _m =fm;�g. The only proviso is that � may not be exa
t (it will be exa
t, though, on a suitable 
overing spa
e).In this sense, all systems integrable by Ja
obi's last multiplier te
hnique are Hamiltonizable. However, forseveral reasons we want a more restri
ted de�nition of Hamiltonizable. We do not want a drasti
 
hangeof Poisson stru
ture as to 
hange the Hamiltonian H to a totally di�erent one G. It is also preferable tohave symple
ti
 leaves with dimension as high as possible; we would like to apply symple
ti
 redu
tion afterHamiltonization, as a way to integrate the system. At any rate, we 
an rea
h a 
ompromise and relax a bitthe Hamiltonization question. We say that a nH system is Hamiltonizable when some redu
tion of it hasthe form i ~X=f ~
 = d ~H ; d ~
 = 0 : (1.7)Question: �nd suÆ
ient (ideally also ne
essary) 
onditions in terms of the original system.6Cartan [1928℄ 
onsidered only the honest 
ase (i.e., homogeneous), unaware perhaps that Chaplygin had shown in 1903that even the dishonest 
ase is integrable (see the reprint of the original paper in Chaplygin [2002℄).7Chaplygin's sphere is an example of a LR (left-right) nH system on a Lie group, where the metri
 is left invariant, but the
onstraints are right invariant (see Fedorov and Jovanovi
 [2003℄ for a very re
ent paper).8More pre
isely, a re
ent trend in 
omputer algebra is to �nd 
riteria for expli
it solutions in given 
lasses of fun
tions.



2 Equivalen
e problem of nonholonomi
 geometry on Engel manifolds 72 Equivalen
e problem of nonholonomi
 geometry on Engel manifoldsOutline. A nonholonomi
 stru
ture is a triple (Q; ds2 = h � ; � i;H) whereM is an n-dimensional manifoldendowed with a Riemannian metri
 ds2 and a rank r, totally nonholonomi
 distribution H. The motivationfor studying su
h a stru
ture is a free parti
le moving in Q, nonholonomi
ally 
onstrained toH, with kineti
energy T = 12h � ; � i. The nonholonomi
 geodesi
 equations are obtained by 
omputing a

elerations usingthe Levi-Civita 
onne
tion asso
iated with ds2 and orthogonally proje
ting the result onto H. This is 
alleda nonholonomi
 
onne
tion (Lewis [1998℄), and was introdu
ed by Cartan [1928℄. A programme to 
lassifynH stru
tures using the Cartan equivalen
e was outlined in Koiller, Rodrigues and Pitanga [2001℄, andapplied in Ehlers [2002℄ to the simplest 
ase of a 
onta
t distribution. Here we des
ribe the next 
ase, Engelmanifolds.The main question we address is the following. Given two nonholonomi
 stru
tures (Q; ds2;H) and( �Q; �ds2; �H), is there a (lo
al) di�eomorphism f : U � Q ! �U � �Q 
arrying nonholonomi
 geodesi
s tononholonomi
 geodesi
s? In Cartan's approa
h, this question is re
ast as an equivalen
e problem. Thenonholonomi
 stru
ture is en
oded into a subbundle of the frame bundle over Q, 
alled a G-stru
ture.The di�eomorphism f exists if the two 
orresponding G-stru
tures are lo
ally equivalent. Ne
essary andsuÆ
ient 
onditions for the G-stru
tures to be equivalent are given in terms of di�erential invariants foundusing the method of equivalen
e.Our main example is the equivalen
e problem for nonholonomi
 geometry on an Engel manifold. AnEngel distribution is a rank two distribution with growth ve
tor (2; 3; 4). By an Engel manifold, we simplymean a four dimensional manifold endowed with an Engel distribution. We derive all lo
al invariants andapply the framing lemma, (lemma 2.4) to show that the symmetry group of su
h a stru
ture has dimensionat most four.We begin by des
ribing the nonholonomi
 geodesi
 equations. In the spirit of Cartan's program, weexpress them in terms of 
onne
tion one-forms and (
o)frames adapted to the distribution. This formulationis parti
ularly well suited to the problem at hand; the nonholonomi
 geodesi
 equations are obtained by
omputing the Levi-Civita 
onne
tion form and 
rossing out terms 
orresponding to dire
tions 
omplimen-tary to H. We set up the equivalen
e problem for nonholonomi
 geometry, give a brief des
ription of theequivalen
e method and apply it to the 
ase of nonholonomi
 geometry on Engel manifolds.Histori
al remarks. (Cartan [1928℄) introdu
ed the equivalen
e problem for nonholonomi
 geometryand studied the 
ase of manifolds endowed with strongly nonholonomi
 distributions. A distribution H isstrongly nonholonomi
 if any basis of ve
tor �elds spanning H on U � Q, together with their Lie bra
kets,span the entire tangent spa
e over U . In his address, Cartan warned against attempts to study other 
asesbe
ause of the \plus 
ompliqu�es" 
omputations involved. In the meantime strides have been made in theequivalen
e method by Robert Gardner and his students that allow 
omputations to be made at the Liealgebra level rather than at the group level (Gardner [1989℄). This together with symboli
 
omputationpa
kages make equivalen
e problems tra
table in many important 
ases. The equivalen
e problem fornonholonomi
 geometry was revisited in Koiller, Rodrigues and Pitanga [2001℄ and the generalization toarbitrary nonholonomi
 distributions was dis
ussed. Engel manifolds provide the simplest example involvingdistributions that are not strongly nonholonomi
.



2.1 Nonholonomi
 geometry 82.1 Nonholonomi
 geometryIn this se
tion we review some basi
 fa
ts 
on
erning nonholonomi
 distributions and the nonholonomi
geodesi
 equations.Totally nonholonomi
 distributions. A distribution H is a ve
tor subbundle of the tangent bundleT (Q) over Q. A path 
 : R! Q is horizontal if _
(t) 2 H
(t) for all t. H is totally nonholonomi
 if, for anybasis of tangent ve
tor �elds fX1; :::Xrg spanning H, we have spanfXi; [Xi; Xj℄; [Xi; [Xj; Xk℄℄; :::g= T (Q):Chow's theorem implies that if H is totally nonholonomi
 then any two points in Q 
an be joined by ahorizontal path (see Montgomery [2002℄). At the other extreme, the 
lassi
al theorem of Frobenius impliesthat H is integrable, whi
h is to say that Q is foliated by submanifolds whose tangent spa
e 
oin
ides withH at ea
h point, if and only if [Xi; Xj ℄ 2 H for all i and j (Warner [1971℄).As a spe
i�
 example, 
onsider the Engel distribution H on R4 with 
oordinates (x; y; z; w), spannedby fX1 = ��w ; X2 = ��x + w ��y + y ��zg. There are, in fa
t, lo
al 
oordinates on any Engel manifold so thatthe distribution is given by this normal form, see Montgomery [2002℄. Then fX1; X2; X3 = [X1; X2℄g spansa three-dimensional distribution H(1), and fX1; X2; X3; X4 = [X2; X3℄g spans the entire tangent spa
e ofR4.In what follows we will need a des
ription of distributions in terms of 
oframes and di�erential ideals.Details 
an be found in Warner [1971℄ or Montgomery [2002℄. Let I be the ideal in ��(Q) 
onsisting of thedi�erential forms annihilating H. If H is rank r, then I is generated by n� r independent one-forms. The�rst derived ideal of I is the ideal (I)0 := f� 2 I j d� � 0 mod (I)g: (2.1)The �rst derived ideal (I)0 annihilates the distribution H(1) = spanfXi; [Xi; Xj℄g. If we set I(0) = I andI(n+1) = (I(n))0 we obtain a de
reasing �ltrationI = I(0) � I(1) � � � � � 0:The �ltration terminating with the 0 ideal is equivalent to the assumption that the distribution is 
ompletelynonholonomi
. At the other extreme, the di�erential ideal version of the Frobenius theorem implies that His integrable if and only if (I)0 � I (Warner [1971℄).For the Engel example, the one forms �1 = dy �wdx and �2 = dz� ydx generate the ideal I(0). Noti
ethat d�2 = �1 ^ dx so �2 2 I(1) but d�1 
annot be written in terms of �1 or �2 therefore �1 =2 I(1).The nonholonomi
 geodesi
 equations. There are two di�erent geometries 
ommonly de�ned on anonholonomi
 stru
ture (Q; ds2 = h � ; � i;H): subriemannian geometry vs. nonholonomi
 geometry. Insubriemannian geometry one is interested in the shortest paths. The length of a path 
 : [a; b℄! Q joiningpoints x and y is `(
) = R ph _
; _
idt. The distan
e from x to y is d(x; y) = inf(`(
)) taken over all pathsjoining x to y that are tangent to H. In nonholonomi
 geometry one is interested in straightest paths, whi
hare solutions to the nonholonomi
 geodesi
 equations. Hertz [1899℄ was the �rst to noti
e that shortest 6=straightest unless the 
onstraints are holonomi
. The nonholonomi
 geodesi
 equations are motivated byD'Alembert's prin
iple:Let 
 : R! Q represent the position of a parti
le. Consider the me
hani
al system with kineti
energy T = 12ds2( _
; _
) and applied for
es F , subje
t to the 
onstraint _
 2 H
(t). Let r be the Levi-Civita 
onne
tion asso
iated with ds2. Then the 
onstraining for
e r _
 _
�F is ds2�perpendi
ularto the 
onstraint subspa
e H
(t) sin
e it does not produ
e work.



2.1 Nonholonomi
 geometry 9Notations. We will assume that there are no applied for
es so the equations of motion redu
e to thenonholonomi
 geodesi
 equations. They are obtained by 
omputing the a

eleration using the Levi-Civita
onne
tion and orthogonally proje
ting the result onto H. It is 
onvenient to adopt the following indi
ial
onventions: 1 � I; J;K � n1 � i; j; k � r (= rank(H)) (2.2)r + 1 � � � nLet e = feIg be a lo
al orthonormal frame for whi
h the ei span H, and let � = f�Ig be the dual 
oframede�ned by �I(eJ ) = ÆIJ , the Krone
ker delta fun
tion. We note that the �� annihilate H and the metri
,restri
ted to H is ds2jH = �1
 �1+ � � �+ �r 
 �r. The Levi-Civita 
onne
tion r 
an be expressed in termsof lo
al one-forms !IJ = �!JI satisfying Cartan's stru
ture equation d� = �! ^ �:A path 
 : R!M is a nonholonomi
 geodesi
 if it satis�es the nonholonomi
 geodesi
 equations24 ddt (vi) +Xj vj!ij( _
)35 ei = 0; (2.3)where 1 � i; j;� r and vi = �i( _
) are the quasivelo
ities (Koiller, Rodrigues and Pitanga [2001℄).Example: the verti
al rolling penny. A standard example of a me
hani
al system modeled by anonholonomi
 Engel system is that of a penny rolling without slipping on the plane. Consider a 
oin ofradius a rolling verti
ally on the xy-plane. The lo
ation of the 
oin is represented by the 
oordinates(x; y; �; �). The state spa
e 
an be identi�ed with the Lie group SE(2)� SO(2). The point of 
onta
t ofthe 
oin with the plane is (x; y), the angle made by the 
oin with respe
t to the positive x-axis is �, andthe angle made by the point of 
onta
t, the 
enter of the 
oin, and a point marked on the outer edge ofthe 
oin is �. The mass of the 
oin is m, the moment of inertia in the � dire
tion is J and the moment ofinertia in the � dire
tion is I . The kineti
 energy, whi
h de�nes a Riemannian metri
 on the state spa
e, isds2 := 12(dx
 dx+ dy 
 dy) + J2 d� 
 d� + I2d�
 d�: (2.4)The penny rolls without slipping giving rise to the 
onstraints_x = (a 
os�) _� ; _y = (a sin �) _� : (2.5)Consider the orthonormal frame (X1; X2; X3; X4) whereX1 := r 2ma2 + I �a 
os � ��x + a sin � ��y + �d��X2 := r 2J ��� (2.6)X3 := r 2m �� sin � ��x + 
os � ��y�X4 := r 2m �
os � ��x + sin � ��y� :



2.2 The equivalen
e problem for nonholonomi
 geometry. 10Note that the 
onstraint subspa
e H = spanfX1; X2g, and H(1) = spanfX1; X2; X3g). The dual 
oframe is(�1; �2; �3; �4) where �1 := rma2 + I2 d��2 := rJ2 d� (2.7)�3 := rm2 (� sin �dx+ 
os �dy)�4 := rm2 (
os �dx + sin �dy � d�): (2.8)To 
ompute the Levi Civita 
onne
tion form we determine ! = [!IJ ℄ su
h that !IJ = �!JI andd� = �! ^ �: Using simple linear algebra we �nd! = 0BBBBBBBBBBBB� 0 1p2q mJ(ma2+I) �3 1p2q mJ(ma2+I) �2 0� 1p2q mJ(ma2+I) �3 0 � 1p2q mJ(ma2+I) �1 0� 1p2q mJ(ma2+I) �2 1p2q mJ(ma2+I) �1 0 �p2pJ �20 0 p2pJ �2 0 1CCCCCCCCCCCCA (2.9)so in parti
ular !12 = �!21 = 12r mJ(ma2 + I ) �3:Let 
 : R ! Q be a nonholonomi
 geodesi
 given by _
(t) = v1(t)X1 + v2(t)X2: From the stru
tureequations we see immediately that !12( _
(t)) = �!21( _
(t)) = 0 and the nonholonomi
 geodesi
 equationsredu
e to ddt(v1) = ddt(v2) = 0: The nonholonomi
 geodesi
s are solutions to ( _x; _y; _�; _�) = AX1 + BX2: Inparti
ular, _x = p2Aa 
os �(t)pma2 + I ; _y = p2Aa sin �(t)pma2 + I ; _� = p2Apma2 + I ; _� = p2BpJ : (2.10)The traje
tories are spinning in pla
e (A = 0), rolling along a line (B = 0), or 
ir
les (A;B 6= 0).2.2 The equivalen
e problem for nonholonomi
 geometry.Cartan's method of equivalen
e starts by en
oding a geometri
 stru
ture in terms of a subbundle of the
oframe bundle 
alled a G-stru
ture. We begin this se
tion by des
ribing the G-stru
ture for nonholonomi
geometry. This G-stru
ture was �rst presented by Cartan in his 1928 address to the International Congressof Mathemati
ians (Cartan [1928℄). We then give a brief outline of some of the main ideas behind themethod of equivalen
e as it is applied in our example of nonholonomi
 geometry on an Engel manifold.Details 
an be found in Gardner [1989℄, Montgomery [2002℄, or Bryant [1994℄. We derive the invariantsasso
iated with a nonholonomi
 stru
ture on a 4-dimensional manifold endowed with an Engel distribution.



2.2 The equivalen
e problem for nonholonomi
 geometry. 11Initial G-stru
ture for nonholonomi
 geometry. A 
oframe �(x) at x 2 Qn is a basis for the 
otangentspa
e T �x (Q). Alternatively, we 
an regard a 
oframe as a linear isomorphism �(x) : Tx(Q)! Rn where Rnis represented by 
olumn ve
tors. The set of all 
oframes at x is denoted F �x (Q) and has the 
anoni
al footpoint mapping � : F �x (Q) ! x. The 
oframe bundle F �(Q) is the union of the F �x (Q) as x varies over Q.A 
oframe is a smooth (lo
al) se
tion � : Q ! F �(Q) and is represented by a 
olumn ve
tor of one-forms(�1; :::; �n)tr, where \tr" indi
ates transpose. A 
oframe 
an then be multiplied by a matrix on the leftin the usual way. F �(Q) is a right Gl(n)-bundle with a
tion Rg� = g�1� where g is a matrix in Gl(n).De�nition 2.1. If G is a matrix subgroup of Gl(n), then a G-stru
ture is simply a G-subbundle of F �(Q).We now des
ribe the G-stru
ture en
oding the nonholonomi
 geometry asso
iated with a nonholonomi
stru
ture fQ; ds2;Hg. Given a nonholonomi
 stru
ture (Q; ds2;H) we 
an 
hoose an orthonormal 
oframe� = (�i; ��)tr on U � Q so that the �� annihilate H and use this 
oframe to write down the nonholonomi
geodesi
 equations as des
ribed above. On the other hand, given a 
oframe �� = (��i; ���)tr on Q we 
an
onstru
t a nonholonomi
 stru
ture (Q; �ds2 = � ��i 
 ��i + ��� 
 ��� ; �H) where �H is annihilated by the ��� .How is �� related to � if it is to lead to the same nonholonomi
 geodesi
 equations as �? In order to preserveH we must have �� � ��� = 0 (mod I). In matrix notation, any modi�ed 
oframe �� must be related to � by� ��i��� � = � A b0 a �� �i�� � : (2.11)where A 2 Gl(r), a 2 Gl(n � r), and b 2 M(k; n � r). If we were studying the geometry of distributionsthere would be no further restri
tions. In order to preserve the metri
 restri
ted to H, we must furtherinsist that A 2 O(r). We would then have the starting point for the study of subriemannian geometry (seeMontgomery [2002℄, Hughen [1995℄, or Moseley [2001℄).It is important to observe that that in nonholonomi
 geometry we need the full metri
 and not just itsrestri
tion to H (as in subriemannian geometry) to obtain the equations of motion. Cartan [1928℄) showedthat in order to preserve the nonholonomi
 geodesi
 equations, we 
an only add 
ove
tors that are in the�rst derived ideal to the �i.Sin
e this fa
t is 
entral to our analysis, we sket
h the argument here (see Koiller, Rodrigues and Pitanga[2001℄). Suppose �� = g� with 
onne
tion one-form de�ned by d�� = ��! ^ ��. For simpli
ity assume thatA = id, then �j � ��j (mod I). The geodesi
 equations are preserved if and only if !ij(T ) = �!ij(T ) forall T 2 H, in other words !ij � �!ij (mod I). Note also that ��� � 0 (mod I). Subtra
ting the stru
tureequations for d�i and d��i we getd�i � d��i = �!ij ^ �j � !i� ^ �� + �!ij ^ ��j + �!i� ^ ���� 0 (mod I):Now ��i = �i + bi��� so we also haved�i � d��i = d�i � (d�i + dbi��� + bi�d��)� �bi�d�� (mod I)Therefore bi�d�� � 0 (mod I) or equivalently bi��� 2 I(1). This 
ompletes the argument. }We further subdivide our indi
ial notation: letr + 1 � � � ss+ 1 � � � n: (2.12)



2.3 A 
rash 
ourse on the method of equivalen
e 12Adapted 
oframes. A 
ove
tor � = (�i; ��; ��)tr) arranged so that1. The �� and �� generate I ,2. ds2jH =P �i 
 �i,3. The �� generate the �rst derived ideal I(1),is said to be adapted to the nonholonomi
 stru
ture. In matrix notation, the most general 
hange of 
oframesthat preserves the nonholonomi
 geodesi
 equations is of the form �� = g� whereg = 0� A 0 b0 a1 a20 0 a3 1A (2.13)with A 2 O(k), b 2 M(n � s; k), a1 2 Gl(s� k), a2 2 Gl(n� s; s � k), and a3 2 Gl(n� s). The set of allsu
h blo
k matri
es form a matrix subgroup of Gl(n) whi
h we shall denote G0.De�nition 2.2. The initial G-stru
ture for nonholonomi
 geometry on (Q; ds2;H) is a subbundle B0(Q) �F �(Q) (or simply B0 if there is no risk of 
onfusion) with stru
ture group G0 de�ned above. All lo
alse
tions of B0(Q) lead to the same nonholonomi
 geodesi
 equations. In this way, the initial G-stru
tureB0(Q) 
ompletely 
hara
terizes the nonholonomi
 geometry.Two G-stru
tures, B(M) �M! M and B(N) �N! N , are said to be equivalent if there is a di�eomorphismf :M ! N for whi
h f1(B(M)) = B(N) where f1 is the indu
ed bundle map. If we think of b 2 B(M) as alinear isomorphism b : T�M (b)M ! Rn then f1(b) = b Æ (f�)�1 where f� is the di�erential of f . Our originalquestion of whether there is a lo
al di�eomorphism that 
arries nonholonomi
 geodesi
s to nonholonomi
geodesi
s 
an be answered by determining whether the two asso
iated G-stru
tures are lo
ally equivalent.2.3 A 
rash 
ourse on the method of equivalen
eNe
essary and suÆ
ient 
onditions for the equivalen
e between G-stru
tures are given in terms of di�erentialinvariants whi
h are derived using the method of equivalen
e. In this se
tion we brie
y des
ribe some ofthe main ideas behind the method of equivalen
e as it is applied in our example. Details and other fa
ets ofthe method together with many examples 
an be found in the ex
ellent text by Robert Gardner (Gardner[1989℄).One of the prin
ipal obje
ts used in the method of equivalen
e is the tautologi
al one-form. Let B(M) �!M be a G-stru
ture with stru
ture group G whose Lie Algebra is G. The tautologi
al one-form 
 on B(M)is an Rn-valued one-form de�ned as follows. Let � : U � M ! B(M) be a lo
al se
tion of B(M) and
onsider the inverse trivialization U � G0 ! B(M) de�ned by (x; g)! g�1�(x). Relative to this se
tion,the tautologi
al one-form is de�ned by 
(b) = g�1(���) (2.14)where b = g�1�. From (2.14) one 
an verify that the tautologi
al one-form is semi-basi
 (i.e. 
(v) = 0for all v 2 ker(��)), has the reprodu
ing property ���
 = �� where �� is any lo
al se
tion of B(M), and isequivariant: R�g
 = g�1
. The 
omponents of the tautologi
al one-form provide a partial 
oframing forB(M) and form a basis for the semi-basi
 forms on B(M).The following proposition redu
es the problem of �nding an equivalen
e between G-stru
tures to �ndinga smooth map that preserves the tautologi
al one-form. (See Gardner [1989℄ or Bryant [1994℄ for a proof.)



2.3 A 
rash 
ourse on the method of equivalen
e 13Proposition 2.3. Let B(M) and B(N) be two G-stru
tures with 
orresponding tautologi
al one-forms 
Mand 
N , and let F : B(M) ! B(N) be a smooth map. If G is a 
onne
ted and F �(
N) = 
M then thereexists a lo
al di�eomorphism f :M ! N for whi
h F = f1, i.e. the two G-stru
tures are equivalent.To �nd the map F in this proposition we would like to apply Cartan's te
hnique of the graph (
f.Warner [1971℄): if we 
ould �nd an integral manifold � � B(M)�B(N) of the one-form � = 
M �
N thatproje
ts di�eomorphi
ally onto ea
h fa
tor, then � would be the graph of a fun
tion h :M ! N for whi
hh�1
N = 
N . By the above proposition the G-stru
tures would then be equivalent. We generally 
annotapply this idea dire
tly be
ause 
M and 
N do not provide full 
oframes on B(M) and B(N) as is requiredin the te
hnique of the graph. In the example of nonholonomi
 geometry on Engel manifolds, and indeed inmany important examples (see Gardner [1989℄, Hughen [1995℄, Moseley [2001℄, Montgomery [2002℄, Ehlers[2002℄ ), appli
ation of the method of equivalen
e leads to a new G-stru
ture 
alled an e-stru
ture. Ane-stru
ture is a G-stru
ture endowed with a 
anoni
al 
oframe.Di�erentiating both sides of (2.14) one 
an verify that d
 satis�es the stru
ture equationd
 = �� ^ 
+ T (2.15)where T is a semi-basi
 two-form on B(M) and � is a 
alled a pseudo
onne
tion: a G-valued one-form onB(M) that agrees with the Mauer-Cartan form on verti
al ve
tor �elds. Here, G is the Lie Algebra of G.summarizing, Pseudo
onne
tion : � = g�1dg + semibasi
 G�valued one form: (2.16)Intrinsi
 torsion, redu
tion and prolongation. The 
omponents of the pseudo
onne
tion togetherwith the tautologi
al one-form do provide a full 
oframe on the G-stru
ture, but unlike the tautologi
al one-form, the pseudo
onne
tion is not 
anoni
ally de�ned. Understanding how 
hanges in the pseudo
onne
tiona�e
t the torsion is at the heart of the method of equivalen
e. For any G-stru
ture, that part of the torsionthat is left un
hanged under all possible 
hanges of pseudo
onne
tion is known as the intrinsi
 torsion.The intrinsi
 torsion is the only �rst order di�erential invariant of the G-stru
ture (Gardner [1989℄). As anexer
ise, we would en
ourage the interested reader to 
ompute the intrinsi
 torsion for the G-stru
ture forgeneral distributions. See (2.11) above for the initial G-stru
ture. The result, as found by Cartan [1910℄, isthat the intrinsi
 torsion is the dual 
urvature of the distribution (see also Montgomery [2002℄).There are two major steps in the equivalen
e method: redu
tion and prolongation (see Gardner [1989℄ orMontgomery [2002℄). In the 
ase of nonholonomi
 geometry on an Engel manifold a sequen
e of redu
tionslead to an e-stru
ture. A brief outline of the redu
tion pro
edure is as follows. The �rst step involveswriting out the stru
ture equations for the tautologi
al one-form 
. A semi-basi
 G-valued one-form isadded to the pseudo
onne
tion to make the torsion as simple as possible. Gardner [1989℄ 
alls this stepabsorption of torsion. The a
tion of G on the torsion is dedu
ed by di�erentiating both sides of the identityR�g(
) = g�1
. The a
tion of G is used to simplify part of the torsion. The isotropy subgroup of that 
hoi
eof simpli�ed torsion is then the stru
ture group of the redu
ed G-stru
ture. In the 
ase of nonholonomi
geometry on an Engel manifold this pro
edure is repeated until an e-stru
ture is obtained.Suppose that 
 is the 
anoni
al 
oframing on the resulting a manifold B. The 
i form a basis for theone-forms on B so we 
an write d
i =Xj<k 
ijk
j ^ 
k : (2.17)Relationships between the 
ijk are found by di�erentiating this equation. The resulting torsion fun
tionsprovide the \
omplete invariants" for the geometri
 stru
ture (see Gardner [1989℄ p.59, Bryant [1994℄ pp.9-10, or Cartan [2001℄).



2.4 The nonholonomi
 geometry on an Engel manifold. 14Many important examples have integrable e-stru
tures. An e-stru
ture is integrable if the 
ijk are 
onstant(Gardner [1989℄). In this 
ase we 
an apply the following result whi
h we quote from Montgomery [2002℄:Lemma 2.4. Let B be an n-dimensional manifold endowed with a 
oframing 
. Then the (lo
al) group Gof di�eomorphisms of B that preserves this 
oframing is a �nite-dimensional (lo
al) Lie group of dimensionat most n. The bound n is a
hieved if and only if the e-stru
ture is integrable. In this 
ase the 
ijk are thestru
ture 
onstants of G, G a
ts freely and transitively on B, and the 
oframe 
an be identi�ed with the leftinvariant one-forms on G.The Ja
obi identities are found by di�erentiating d
i = Pj<k 
ijk
j ^ 
k. Lie's third fundamentaltheorem then implies that we 
an, at least in prin
iple, re
onstru
t the groupG using the stru
ture 
onstants.In some 
ir
umstan
es one 
an also 
on
lude that B itself is a Lie group (see Gardner [1989℄ p.72).2.4 The nonholonomi
 geometry on an Engel manifold.The initial G stru
ture for nonholonomi
 geometry on fM;H; ds2g where H is an Engel distribution on afour-dimensional manifold M is the subbundle B0 � F �(M) with stru
ture group G0 
onsisting of matri
esof the form 0BB� A11 A12 0 B14A21 A22 0 B240 0 a33 a340 0 0 a44 1CCA (2.18)where A = [AIJ ℄ 2 O(2), a33a44 6= 0, and B14 and B24 are arbitrary.Let 
 = (
1;
2;
3;
4)tr be the tautologi
al one-form on B0. The stru
ture equations ared0BB� 
1
2
3
4 1CCA = �0BB� 0 
 0 �14�
 0 0 �240 0 �33 �340 0 0 �44 1CCA ^0BB� 
1
2
3
4 1CCA+0BB� T 113
1 ^ 
3 + T 123
2 ^ 
3T 213
1 ^ 
3 + T 223
2 ^ 
3T 312
1 ^ 
2T 413
1 ^ 
3 + T 423
2 ^ 
3 1CCA (2.19)where we have 
hosen the pseudo
onne
tion so that the remaining T ijk are zero. 
4 2 I(1) so d
4 = 0 mod(
3;
4) and we must therefore have T 412 = 0. Also, 
3 =2 I(1) so d
3 6= 0 mod (
3;
4) therefore the torsionfun
tion T 312 
annot equal zero. The pseudo-
onne
tion for this 
hoi
e of torsion is not unique. We 
an, forinstan
e, add arbitrary multiples of 
4 to the �i4 and �i4.Following Cartan's pres
ription, we investigate the indu
ed a
tion of G0 on the torsion. Let g 2 G0.To simplify notation, fun
tions and forms pulled ba
k by Rg will be indi
ated by a hat so, for instan
e,R�g
 = 
̂ = (
̂1; 
̂2; 
̂3; 
̂4)tr and R�g(T kij) = T̂ kij. We have0BBB� 
̂1
̂2
̂3
̂4 1CCCA = 0BB� ##det(a�1)(a44
3 � a34
4)det(a�1)(a33
4) 1CCA : (2.20)To determine the indu
ed a
tion of G0 on the torsion we di�erentiate both sides of the identity R�g
3 =
̂3. For 
3 we 
ompute R�g(d
3) = �̂33 ^ 
̂3 + �̂34 ^ 
̂4 + T̂ 312
̂1 ^ 
̂2= det(A�1)T̂ 312
1 ^ 
2 (mod 
3;
4)



2.4 The nonholonomi
 geometry on an Engel manifold. 15and d
̂3 = det(a�1)(a44d
3 � a34d
4) (mod 
3;
4)= det(a�1)(a44T 312
1 ^ 
2) (mod 
3;
4) :The indu
ed a
tion of G0 on T 312 is thereforeR�g(T 312) = det(A)a33 T 312 (2.21)Sin
e T 312 6= 0 we 
an for
e it to equal 1 using the a
tion of G0. The stabilizer subgroup G1 for this 
hoi
eof torsion 
onsists of matri
es of the form (2.18) with a33 = � where � = det(A).The stru
ture equations for the G1-stru
ture B1 ared0BB� 
1
2
3
4 1CCA = �0BB� 0 
 0 �14�
 0 0 �240 0 0 �340 0 0 �44 1CCA ^0BB� 
1
2
3
4 1CCA+0BB� T 113
1 ^ 
3 + T 123
2 ^ 
3T 213
1 ^ 
3 + T 223
2 ^ 
3T 313
1 ^ 
3 + T 323
2 ^ 
3 + 
1 ^ 
2T 413
1 ^ 
3 + T 423
2 ^ 
3 1CCA (2.22)Let g 2 G1. We write the inverse of g asg�1 = 0BB� A11 A21 0 �B14A12 A22 0 �B240 0 �a33 �a340 0 0 �a44 1CCA (2.23)so in parti
ular �a33 = �, �a34 = ��a34(a44)�1, and �a44 = (a44)�1. We haveR�g
 = 0BBB� 
̂1
̂2
̂3
̂4 1CCCA = 0BB� A11
1 + A21
2 + �B14
4A12
1 + A22
2 + �B24
4�a33
3 + �a34
4�a44
4 1CCA (2.24)For the next redu
tion we di�erentiate both sides of the identity R�g
4 = 
̂4. We haveR�gd
4 = �̂44 ^ 
̂4 + T̂ 413
̂1 ^ 
̂3 + T̂ 423
̂2 ^ 
̂3 (mod 
4)= �a33((A11T̂ 413 + A12T̂ 423)
1 ^ 
3 + (A21T̂ 413 + A22T̂ 423)
2 ^ 
3) (mod 
4)On the other hand d
̂4 = �a44d
4= �a44(T 413
1 ^ 
3 + T 423
2 ^ 
3) (mod 
4) :The indu
ed a
tion of G1 on the torsion plane (T 413; T 423) is therefore� T̂ 413T̂ 423 � = �a44A�1� T 413T 423 � : (2.25)



2.4 The nonholonomi
 geometry on an Engel manifold. 16The torsion plane (T 413; T 423) 6= (0; 0) sin
e I(2) = 0 implies that d
4^
4 6= 0 and we have already establishedthat T 412 = 0. We 
an therefore use the a
tion to for
e (T 413; T 423) = (0; 1). To determine the subgroup thatstabilizes this 
hoi
e of torsion, we investigateR�g � 01 � = �a44A�1� 01 � = � 01 � : (2.26)As A 2 O(2) it must be of the form � �1�2 00 �2 � (2.27)where �1; �2 2 f�1; 1g. We must also have a44 = �1�2 so that the stabilizer subgroup G2 
onsists of matri
esof the form 0BB� �1�2 0 0 B140 �2 0 B240 0 �1 a340 0 0 �1�2 1CCA (2.28)where �1; �2 2 f�1; 1g and B14, B24 and a34 2 R. We 
omputeR�g
 = 0BBB� 
̂1
̂2
̂3
̂4 1CCCA = 0BB� �1�2
1 � B14
4�2
2 � B24
4�1
3 � �2a34
4�1�2
4 1CCA (2.29)The stru
ture equations are nowd0BB� 
1
2
3
4 1CCA = �0BB� �14 ^ 
4�24 ^ 
4�34 ^ 
40 1CCA+0BB� T 112
1 ^ 
2 + T 113
1 ^ 
3 + T 123
2 ^ 
3T 212
1 ^ 
2 + T 213
1 ^ 
3 + T 223
2 ^ 
3
1 ^ 
2 + T 313
1 ^ 
3 + T 323
2 ^ 
3T 414
1 ^ 
4 +
2 ^ 
3 + T 424
2 ^ 
4 + T 434
3 ^ 
4 1CCA (2.30)B2 is not an e-stru
ture so again we di�erentiate both sides of the identity R�g
 = 
̂ to determine the a
tionof G2 on the torsion. After some 
omputation, we �nd thatd
̂1 = �1�2(T 113
1 ^ 
3 + T 123
2 ^ 
3 + T 112
1 ^ 
2)�B14
2 ^ 
3 (mod 
4)d
̂2 = �2(T 213
1 ^ 
3 + T 223
2 ^ 
3 + T 212
1 ^ 
2)� �1B24
2 ^ 
3 (mod 
4)d
̂3 = �1(T 313
1 ^ 
3 + T 323
2 ^ 
3 +
1 ^ 
2)� �2a34
2 ^ 
3 (mod 
4):Also, R�g(d
1) = �2T̂ 113
1
3 + �1�2T̂ 123 + �1T̂ 112
1 ^ 
2 (mod 
4)R�g(d
2) = �2T̂ 213
1
3 + �1�2T̂ 223 + �1T̂ 212
1 ^ 
2 (mod 
4)R�g(d
3) = �1T̂ 313
1
3 + �1�2T̂ 323 + �1
1 ^ 
2 (mod 
4):



2.4 The nonholonomi
 geometry on an Engel manifold. 17Mat
hing the 
2 ^ 
3 terms we �nd thatT̂ 123 = T 123 � �1�2B14;T̂ 223 = �1T 223 � �2B24; (2.31)T̂ 323 = �2T 323 � �1a34 :We 
an therefore use the a
tion of G1 to for
e T 123 = T 223 = T 323 = 0. The stabilizer subgroup Gfinal for this
hoi
e of torsion 
onsists of matri
es of the form0BB� �1�2 0 0 00 �2 0 00 0 �1 00 0 0 �1�2 1CCA (2.32)The redu
ed stru
ture group is dis
rete so we now have an e-stru
ture Bfinal. The tautologi
al one-form(
1;
2;
3;
4)tr provides a full 
oframing for Bfinal. The Bfinal stru
ture equations ared0BB� 
1
2
3
4 1CCA = 0BB� T 112 T 113 T 114 0 T 124 T 134T 212 T 213 T 214 0 T 224 T 2341 T 313 T 314 0 T 324 T 3340 0 T 414 1 T 424 T 434 1CCA0BBBBBB� 
1 ^ 
2
1 ^ 
3
1 ^ 
4
2 ^ 
3
2 ^ 
4
3 ^ 
4 1CCCCCCA (2.33)where the T kij are fun
tions on Bfinal. What remains is to determine any se
ond order relations betweenthe torsion fun
tions. To determine these we use the fa
t that d2 = 0. After some 
omputation, we �ndthat T 414 = T 212 + T 313. } We summarize these results in the following theorem:Theorem 2.5. Asso
iated to any nonholonomi
 Engel stru
ture fM;H; ds2 = h � ; � ig there is a 
anoni
alG �= Z2 � Z2-stru
ture Bfinal. The tautologi
al one-form (
1;
2;
3;
4)tr provides a 
anoni
al 
oframingfor Bfinal. The Bfinal stru
ture equations ared0BB� 
1
2
3
4 1CCA = 0BB� T 112 T 113 T 114 0 T 124 T 134T 212 T 213 T 214 0 T 224 T 2341 T 313 T 314 0 T 324 T 3340 0 T 212 + T 313 1 T 424 T 434 1CCA0BBBBBB� 
1 ^ 
2
1 ^ 
3
1 ^ 
4
2 ^ 
3
2 ^ 
4
3 ^ 
4 1CCCCCCA (2.34)A

ording to the framing lemma (lemma 2.4) the largest Lie group of symmetries of a nonholonomi
stru
ture on an Engel manifold is of dimension 4. An example of su
h a stru
ture is given by the rollingpenny.



2.4 The nonholonomi
 geometry on an Engel manifold. 18The rolling penny (Continued). A Bfinal-adapted 
oframe for the penny-table system is�1 = rma2 + I2 d��2 = rJ2 d� (2.35)�3 = pJ(ma2 + I)2 (� sin �dx+ 
os �dy)�4 = rm2 (
os �dx+ sin �dy � d�)The stru
ture equations are d�1 = 0d�2 = 0 (2.36)d�3 = �1 ^ �2 �rma2 + Im �2 ^ �4d�4 = 2J r mma2 + I �2 ^ �3The torsion fun
tions are 
onstant so by the framing lemma (lemma 2.4) we 
an identify these 
onstantswith the stru
ture 
onstants Lie group of symmetries of this system. We re
ognize them as the stru
ture
onstants for the Lie algebra of the group SE(2)�SO(2) whi
h is isomorphi
 to the 
on�guration spa
e ofthe penny-table system.Bfinal-adapted frames and 
oframes. The e-stru
ture Bfinal has a 
anoni
al 
oframing whi
h des
endsto a 
oframing and hen
e a framing, up to signs, onM . It was pointed out by Ri
hard Montgomery (personal
ommuni
ation) that there should be a relationship between this framing and a 
anoni
al line �eld possessedby any Engel manifold. In this se
tion we brie
y des
ribe this relationship. If M and H are both oriented,then M is parallelizable and the following 
onstru
tions 
an be made globally (Montgomery [2002℄).Let � be a Bfinal adapted 
oframe on U � M with dual frame X = fXIg de�ned by �I(XJ) = ÆIJ . If�� is any other Bfinal-adapted 
oframe with dual frame �Xon U , then, by theorem 2.5, � is related to � by��1 = �1�2�1, ��2 = �2�1, ��3 = �1�3, ��4 = �1�2�4. The dual frames are related in pre
isely the same way:�X1 = �1�2X1, �X2 = �2X2, �X3 = [ �X1; �X2℄ = �1X3, and �X4 = [ �X2; �X3℄ = �1�2X4.An important feature of an Engel distribution is the presen
e of a 
anoni
al line �eld L � H (Mont-gomery [2002℄, Kazarian, Montgomery and Shapiro [1997℄). L is de�ned by the 
ondition that [L;H(1)℄ �H(1). Here we are abusing notation, using L for the line �eld or a ve
tor �eld spanning L. We haveCorollary 2.6. Let � = �I be a Bfinal-adapted 
oframe. Let X = fXIg be the dual frame de�ned by�I(XJ) = ÆIJ , then L = span(X1).Proof. Suppose L is spanned by the ve
tor �eld Y = aX1 + bX2. Sin
e �4 annihilates H(1) we have�4([X3; Y ℄) = 0. Then0 = �4([X3; Y ℄) = X3�4(Y )� Y �4(X3)� d�4(X3; Y ) = �d�4(X3; Y ):



3 Symmetries, 
ompression, redu
tion, Hamiltonization 19But d�4 � �2 ^ �3 mod (�4) so we must have0 = �2 ^ �3(X3; Y ) = �2(X3)�3(Y )� �3(X3)�2(Y )= ��3(X3)�2(Y )= �b:L is therefore spanned by X1. }There is a natural metri
, asso
iated with Bfinal, on M given by ds2nat = ~�1 
 ~�1 + � � �~�4 
 ~�4 where~� is any Bfinal-adapted 
oframe. Clearly all Bfinal-adapted 
oframes indu
e this same metri
; using thesubriemannian metri
 ds2natjH we form L? within H so that H = L� L?. By 
onstru
tion, X2 spans L?.3 Symmetries, 
ompression, redu
tion, HamiltonizationWe now 
hange ta
k, looking at nH systems from the point of view of almost Hamiltonian stru
tures.3.1 AÆne symple
ti
 stru
turesExamples show Koiller and Rios [2001℄ that some interesting nH systems with symmetry, after 
ompression,are 
onformally symple
ti
.Almost Hamiltonian systems. Let 
 be a non-degenerate (but in general, non-
losed) 2-form on M2n,and H be a fun
tion on M . Denote by X = XH (as usual) the skew-gradient ve
tor�eld de�ned byiX
 = dH . We say XH is almost Hamiltonian. If � is a 
losed 1-form, the ve
tor�eld X = X� de�nedby iX
 = � is 
alled lo
ally almost Hamiltonian. We formalize a de�nition based on Stan
henko [1985℄,extending the notion of 
onformally symple
ti
 stru
tures.De�nition 3.1. The 2-form 
 is 
alled H (or �)- aÆnely symple
ti
 if there is a fun
tion f > 0 on M anda two form 
o su
h that i) iX
o � 0 ; ii) 
� 
o is non-degenerate, and iii) ~
 = f(
� 
o) is 
losed.The �rst 
ondition implies thatX does not \see" 
o and together with the third, we get ~
(X=f; �) = dHso the ve
tor�eld X=f is (truly) Hamiltonian with respe
t to the symple
ti
 form ~
. In other words,X is Hamiltonian after a 
oordinate dependent time reparametrization.Being aÆnely symple
ti
 allows using the full power of symple
ti
 geometry. To say the least, X=fadmits a smooth invariant positive measurefn(
� 
o) ^ :::^ (
� 
o)(n times):When 
o � 0, then this de�nition be
omes of a 
onformally symple
ti
 stru
ture9. Let us take a qui
klook at the 
ontra
tion 
ondition. At any point where X 6= 0, one gets d = 2n 
onditions on d(d � 1)=2unknowns (lo
al 
oordinate 
oeÆ
ients of 
o). This allows an extra 
han
e to Hamiltonize X rather thanjust requiring 
onformality of 
. The 
losedness 
ondition 
an be restated asd(
� 
o) = (
� 
o) ^ � ; where � = df=f : (3.1)When (3.1) holds with � a 
losed (but not ne
essarily exa
t) 1-form, we say that 
 is lo
ally aÆne symple
ti
.9A 
aveat: the hamiltonian plays a role in the 
onstru
tion of 
NH, so it is relevant also in the 
onformally symple
ti
 
ase(
o = 0). One should not feel un
onfortable with the presen
e of a spe
i�
 fun
tion H in the de�nition of an aÆne symple
ti
stru
ture. This is inherent in the nature of the game being played here.



3.2 G-Chaplygin nonholonomi
 systems 20Poisson and/or Dira
 versions. Let (P 2n+r ; f ; g; H) a manifold P equiped with a 
ontravariant tensorof rank 2n, but not satisfying the Ja
obi identity. f ; g is 
alled an almost-Poisson stru
ture. The tensorf ; g is H-aÆne Poisson if there is a fun
tion f on P and a 2-
ontravariant tensor f ; go su
h that i)fdH; �go � 0 ; (H is a Casimir); and ii) f(f ; g � f ; go) is Poisson (satis�es Ja
obi). When f ; go � 0we have a 
onformally Poisson stru
ture. Mashke and van der S
haft [1994℄ introdu
ed the almost-Poissonstru
ture for nH systems and proved that the MS-bra
ket satis�es the Ja
obi identity if and only if the
onstraints are holonomi
. In the examples presented in Koiller and Rios [2001℄ this situation persistsunder a 
onformal 
hange of the bra
ket; we 
onje
ture that the MS no-go result is robust under aÆnetransformations of f ; g, but we have not attempted to 
he
k this fa
t.The main result in this se
tion is a
tually very easy to prove:Theorem 3.2. Given a lo
ally almost hamiltonian system (
; �) and a 
andidate f > 0 for 
onformalfa
tor, an aÆne term 
o exists so that d(f
� 
o) = 0 if and only if iX d(f
) = 0.Proof. The ve
tor�eld X satis�es iX
 = �. The same equation holds by repla
ing X by X=f and 
 byf
, so to expedite notation we may assume f � 1. Let us prove that 
o exists under the hypothesis thatiXd
 = 0. Sin
e d(iX 
) = d� = 0, we see that the Lie derivative LX
 = 0. Consider a regular point ofX . By the 
ow box theorem there are 
oordinates so that X = �=�x1. Sin
e LX
 = 0, the 
oeÆ
ients ofthis 2-form do not depend on the 
oordinate x1 (but there may exist terms with a dx1 fa
tor). However,our hypothesis i�=�x1 d
 = 0 ensures that there are no terms 
ontaining a dx1 fa
tor in d
. Thus d
 
anbe thought as a 3-form in the spa
e of the remaining 
oordinates. By Poin
are's theorem d
 = d
o, where
o is a 2-form in the spa
e of the remaining 
oordinates. Hen
e iX
o = 0 and d(
� 
o) = 0, as desired.}.3.2 G-Chaplygin nonholonomi
 systemsWere re
all the setting:De�nition 3.3. A G-Chaplygin nH system is given by the data (G;Q; S; L; �), where G ,! Q ! S isa prin
ipal bundle with 
onne
tion given by the Lie algebra Lie(G)-valued 1-form �, and L = T � V aG-equivariant natural me
hani
al system on Q (we will assume V = 0 without great loss of generality). The
onstraint distribution is formed by the horizontal spa
es of the 
onne
tion.Hamiltonian viewpoint. Compressing to on T �S, we obtain an almost Hamiltonian systemdH� = 
NH(XH ; �); 
NH nondegenerate ; d
NH 6= 0 (in general):H = H� is 
alled the 
ompressed Hamiltonian. More pre
isely10, M = T �S is endowed with a non-degenerate, non-
losed 2-form 
�NH := 

an + (J:K) (3.2)where 

an is the 
anoni
al 2-form of T �S and the (J:K) term is a semi-basi
 two form, whi
h in general isnon-
losed, 
ombining the following ingredients:� The momentum mapping J of the G-a
tion on T �Q,� The 
urvature K of the 
onne
tion.10For details, see Koiller, Rios and Ehlers [2002℄, Koiller and Rios [2001℄. The Hamiltonian 
ompression for Chaplyginsystems was �rst explored by Stan
henko [1985℄, where the non-
losed term was des
ribed as a semi-basi
 2-form, dependinglinearly on the �ber 
oordinate in T �S, but its geometri
 
ontent was not indi
ated.



3.3 Tutorial example: free parti
le on Heisenberg's distribution 21The 
lo
kwise diagram. The 
orresponden
e between tangent and 
otangent spa
es is given by thefollowing \
lo
kwise diagram", starting on a ps 2 T �S and ending in Pq 2 Leg(H) � T �Q, for every q onthe �ber ��1(s) of Q over s. H � TQ �! Leg(H) � T �QLeg"hjTS  � T �S(Leg�)�1 (3.3)By taking di�erentials of all maps in (3.3) we obtain an indu
ed prin
ipal 
onne
tion �̂ in the bundleG ,! Leg(H)! T �S :Let v; w; z 2 Tps(T �S), V;W; Z horizontal lifts at Pq 2 Leg(H), and denote by K̂ the 
urvature of thisindu
ed 
onne
tion. The following result is due to Bates and �Sniaty
ki [1993℄.Proposition 3.4. d (J:K)(v; w; z) = 
y
li
(dJ(V ); K(W;Z)) : (3.4)Lagrangian and 
onne
tion viewpoints. A gyros
opi
 for
e 
orresponds to the (J:K) term oftheHamiltonian viewpoint. The dynami
s in TS is written in terms of the Levi-Civita 
onne
tion rS of theindu
ed metri
 in S, given by h _s; _si := hhor( _s); hor( _s)iQ (3.5)(where hor means lifting to the horizontal spa
es). The redu
ed equation of motion is given by (Koiller[1992℄) rS_s _s = �gradV + Fgyr (3.6)with an added gyros
opi
 like for
e Fgyr, whose expression was expli
itly derived. This \nonholonomi
"for
e represents, philosophi
ally, a \
on
eiled for
e" in Hertz [1899℄ sense, having a de�nite geometri
 origin.This for
e vanishes in some spe
ial 
ases, not ne
essarily requiring the 
onstraints being holonomi
. In anequivalent viewpoint, the dynami
s is TS is given by the geodesi
 spray of a modi�ed 
onne
tion. One addsto the Levi-Civita 
onne
tion a 
ertain tensor B(X; Y ), and we obtain the nH 
onne
tion, whi
h in generalis non-metri
.The full system 
an be re
overed from the 
ompressed dynami
s by horizontal lifting the traje
tories via�, sin
e the admissible paths horizontal relative to the 
onne
tion. This last step is not \just" a quadrature;a
tually, in the non-abelian 
ase, it is a path-ordered integral. For the G = SO(3), see Levi [1996℄.3.3 Tutorial example: free parti
le on Heisenberg's distributionOur \operational system" is somewhat roundabout, but has the advantage of being totally algorithmi
;moreover, the dynami
s 
ome in a stru
tured form. The methodology is based on moving frames for 
otan-gent bundles, see Koiller, Rios and Ehlers [2002℄. As a guide for deriving 
ompressed system (T �S;
NH ; H),



3.3 Tutorial example: free parti
le on Heisenberg's distribution 22we take the simplest possible example11, a free parti
le L = 12( _x2+ _y2+ _z2) under the 
onta
t (Heisenberg)
onstraint H : _z = x _y. [First, we do a dire
t derivation. From d'Alembert-Lagrange prin
iple one gets�x = 0 ; �y = ��x ; �z = � :The multiplier � 
an be eliminated by di�erentiating the 
onstraint equation, �z = x�y + _x _y, and� = _x _y1 + x2 =) �x = 0 ; �y = � _x _y1 + x2x ; _z = x _y ℄: (3.7)The 
on�guration spa
e Q = <3 is the total spa
e of the prin
ipal G = < bundle (�bers are the z-lines)over S = <2 (the xy-plane). The 
onstraint distribution is given by the 
onne
tion � = dz � xdy.Step 1. The un
ompressed Legendre transform Leg. We do the Legendre transform of from TQto T �Q via L, and take note of the image distribution H� = Leg(H). HerePx = _x ; Py = _y ; Pz = _zand 
ompose with the horizontal lifts from TS to TQ. In the example:Px = _x ; Py = _y ; Pz = x _y : (3.8)Step 2. Compressed Lagrangian and Hamiltonian. An indu
ed metri
 on <2 is de�ned by takinghorizontal lifts of ve
tors. In pra
ti
e, one repla
es _z by x _y, soL� = 12( _x2 + (1 + x2) _y2)Take the Legendre transform of L� from TS to T �S. We getH� = 12(p2x + 11+x2 p2y) (3.9)px = _x ; py = (1 + x2) _y :Step 3. Going around 
lo
kwise in (3.3). We lift a 
otangent ve
tor ps 2 T �S to an uniquely de�nedPq 2 T �Q for every q on the �ber ��1(s) of Q over s. In our example,Px = px ; Py = 11 + x2 py ; Pz = x1 + x2 py (3.10)Step 4. The semi-basi
 2-form (J:K) on T �S. Re
all that J : T �Q! Lie(G)� is the Ad�-equivariantmomentum map asso
iated to the a
tion of G on Q, and K is the 
urvature of the 
onne
tion, an Ad-equivariant Lie(G)-valued 2-form on Q. We pull ba
k this 2-form to T �Q via the proje
tion T �Q! Q. Inthis example, J = Pz ; and K = �dxdy, so(J:K) = � x1 + x2 py dx ^ dyThe 
ompressed almost-Hamiltonian system is (H� ; 
NH) with
NH = 

an + (J:K)and where 

an is the 
anoni
al 2-form in T �S:11This example has been used at nauseum and we are no ex
eption.



3.3 Tutorial example: free parti
le on Heisenberg's distribution 23Step 5. The equations of motion. It is easy to 
he
k that equations (3.11) are indeed equivalent to(3.7) under the 
ompressed Legendre transform (3.9).0BB� _x_y_px_py 1CCA = 0BB� 0 0 1 00 0 0 1�1 0 0 � xpy1+x20 �1 xpy1+x2 0 1CCA 0BBB� � xp2y(1+x2)20pxpy1+x2 1CCCA (3.11)One observes that the 
onservation law_px = xp2y(1 + x2)2 � xp2y(1 + x2)2 = 0 (3.12)seems to 
ome from a mira
ulous 
an
ellation.Hamiltonization. In this example 
NH is 
onformally symple
ti
, Koiller and Rios [2001℄. Indeedd
NH = d(J:K) = � x1 + x2 dpy dx dy : (3.13)Our ansatz is that the 
onformal fa
tor f is a fun
tion of x only. For
ing d(f
NH) = 0 yieldsf 0f = �x=(1 + x2) =) f = (1 + x2)�1=2 : (3.14)With the 
hange of position variables and momentumx = sinh(u) ; py = I 
osh(u) (3.15)we get (1 + x2)�1=2(dpxdx+ dpydy � x1 + x2 py dxdy) = dpxdu+ dIdy ; H = 12(p2x + I2) (3.16)the fee parti
le on the plane (u; y).The 
onserved quantity px 
omes of 
ourse from the nH-Noether theorem, sin
e �1 = �=�x is Killingfor T and belongs to H. But the other ve
tor�eld x�=�z + �=�y is not a symmetry of the metri
. So,from where does the other 
onserved quantity I 
omes from? It turns out that �2 = f(x�=�z+ �=�y) is anin�nitesimal symmetry of T (the veri�
ation is straightforward but not automati
) and Noether's theoremgives I = ( _x; _y; _x) � (1 + x2)�1=2(x�=�z + �=�y) = py=p1 + x2 : (3.17)Although �2 looks ugly, it is no worse than �1.A lesson to be learned here. In the new time s
ale � su
h that dt=d� = p1 + x2, there are two equallyvalid ways to redu
e the 
ompressed, time-res
aled system to a one degree of freedom system, either to(x; px) or to (y; I). Sin
e we want a
tually to have the solution written in terms of the original time, theformer redu
tion must be 
hosen, be
ause the time res
aling depends only on x.



3.4 Chaplygin's sphere 24\Exer
ise". Consider the following example from Iliyev [1985℄:T = 12 � _q21 + _q22 + _q23 + _q24 + _q25� ; _q4 = _q2 tan q1 ; _q5 = _q3 tan q1 (3.18)This is a Chaplygin system with G = f(q4; q5)g and S = f(q1; q2; q3)g. The momentum map is J = (P4; P5)and the 
onne
tion form � = (dq4�tan q1 dq2 ; dq5�tan q1 dq3) has 
urvatureK = � se
2 q1 (dq1dq2; dq1dq3).Th 
ompressed Hamiltonian is H� = 12 �p21 + 
os2 q1(p22 + p23)� and
NH = p1dq1 + p2dq2 + p3dq3 + (J:K) ; (J:K) = � tan q1 (p2 dq1 ^ dq2 + p3 dq1 ^ dq3) (3.19)This system is also 
onformally symple
ti
 with f = 
os q1.3.4 Chaplygin's sphereGeometri
al setting, equations of motion, invariant measure. Chaplygin's sphere is a perfe
tlyround sphere of radius r and mass � rolling without slipping on a horizontal plane. The 
onstraintsare _x = r!1 ; _y = �r!2 ; where ~! is the angular velo
ity (in the spa
e frame). The 
enter of mass isassumed to be at the geometri
 
enter; but the inertia matrix A = diag(I1; I2; I3) may have unequalentries. The 
on�guration spa
e is the produ
t of the plane <2 with the orthogonal group SO(3). The
onstraints de�ne a <2-equivariant distribution of three dimensional spa
es. The sub-distribution withverti
al rotations removed has Cartan's (2-)3-5 growth numbers. We regard the 
onstraint distribution asan abelian 
onne
tion on the bundle with base spa
e S = SO(3) and �ber G = <2; it is given by� := (dx� r�2 ; dy + r�1) (3.20)We will denote by �1 the right invariant forms and by �i the left invariant forms on SO(3). The standardbasis Xi 2 sO(3) = TISO(3); i = 1; 2; 3 (in�nitesimal rotations around the x; y; z-axis), 
an be either rightor left transported as moving frames for SO(3). The �'s and �'s are the respe
tive dual 
oframes.Poisson a
tion of S1 on SO(3). Consider the left S1 a
tion on SO(3) given by� �R := S�R (3.21)where S� is the rotation matrix about the z-axis:S� := 0� 
os(�) � sin(�) 0sin(�) 
os(�) 00 0 1 1A ; S(��)S 0(�) = 0� 0 �1 01 0 00 0 0 1A = X3 : (3.22)Two matri
es are in the same equivalen
e 
lass if their third row, denoted 
, are the same:R1 � R2 () R�11 k̂ = R�11 k̂ = 
 2 S2 :So we have a prin
ipal bundle � : SO(3)! S2,
 = �(R) = R�1k̂ = Ry k̂ (3.23)
 (
alled the \Poisson ve
tor") is the third row of R, so we really have a \forgetting map\. The derivativeof � is _
 = ��( _R) = �(R�1 _RR�1)k = �(R�1 _R)(R�1)k = �[
℄
 = �~
� 
 = 
 � ~
 (3.24)where we used the 
ostumary identi�
ation [
℄ 2 SO(3) $ ~
 2 <3, Arnold [1989℄. We will drop the [�℄and ~� in the sequel, and mix the notations. Equation (3.24) is one half of Chaplygin's ODEs.



3.4 Chaplygin's sphere 25Conne
tion on the S1 ,! SO(3) ! S2 prin
ipal bundle. We take the bi-invariant metri
 << ; >>on SO(3) so that both fX lefti g and fXrighti g are orthonormal frames. The tangent ve
tors to the �bers are(d=d�)S(�) �R = Xright3 . We 
onsider the me
hani
al 
onne
tion asso
iated to << ; >>, so the horizontalspa
es are generated by Xright1 and Xright2 . Therefore the 
onne
tion form is � = �3. The horizontal lift of_
 to R is the tangent ve
tor _R su
h that 
hor = R�1 _R = [ _
 � 
℄ (3.25)Note that 
hor is the -90 degrees rotation of _
 inside T
S2. In the sequel, the +90 rotation operator (fromthe Kahler stru
ture in S2) will be denoted J
 . The 
urvature of this 
onne
tion is the area form of thesphere, �
( _
1 ; _
2) = (
 ; 
1 � 
2 ) (3.26)Equations of motion and invariant measure. The angular momentum at the 
onta
t point, ~̀ (in thespa
e frame), is 
onstant. An engineer would say that this is be
ause both gravity and fri
tion produ
e notorque at that point; a mathemati
ian would use the fa
t that the admissible ve
tor�elds Vi 2 H given byV1 := �r �=�y +Xright1 ; V2 := r �=�x+Xright2 ; V3 := Xright3 (3.27)preserve the Lagrangian; he would then apply the nH version of Noether's theorem. Using Arnold's notation(ve
tors in body frame denoted by 
apital letters), we have ` = RL. Di�erentiating, we get 0 = R _L+ _RL = 0,so _L = �R�1 _RL = �
 � L, where 
 is the angular velo
ity ve
tor in the body frame. Likewise, sin
eR
 = k (we should use the notation 
 = K, but we won't), we get _
 = �
 � 
. These two di�erentialequations form a 
oupled system, sin
e 
 is a linear fun
tion of L depending only on 
. This 
an be derivedin several ways. One is to look at the total energy2T = (!; `) = (
; L) = (A
;
)+ �( _x2 + _y2) = (A
;
)+ �r2(!21 + !22) (3.28)whi
h 
an be also written as2T = (A
;
)+ �r2(! � k)2 = (A
;
)+ �r2(
� 
)2or 2T = (
; L) = (A
;
)+ �r2(
 ; 
 � (
� 
) ) = (
 ; A
+ �r2
 � (
� 
) ) ) (3.29)The expression 
 � (� � 
) represents the proje
tion in the plane perpendi
ular to 
. Thus de�ning~A := A+ �r2id (3.30)we have L = L = A
+ �r2
 � (
� 
) = ~A
� �r2(
;
)
 : (3.31)This allows an ansatz for the inverse,
 = 
(L; 
) = ~A�1L+ �(L) ~A�1(
) : (3.32)Substituting, after a simple 
al
ulation one gets�(L) = �r2 (
; ~A�1L)1� �r2(
; ~A�1 
) : (3.33)



3.4 Chaplygin's sphere 26The denominator f(
) := 1� �r2(
; ~A�1
) (3.34)was found by Chaplygin to appear in the density of an invariant measure in <6. We summarize in thefollowingProposition 3.5. Chaplygin's equations are_
 = 
 � 
 ; _L = L� 
 ; (3.35)where 
 = 
(L; 
) = ~A�1L+ �r2 (
; ~A�1L)1� �r2(
; ~A�1 
) ~A�1(
) : (3.36)This system has the invariant measure�<6 = [1� �r2(
; ~A�1
)℄�1=2 d
1d
2d
3dL1dL2dL3 (3.37)For the proof, see Duistermaat [2000℄ or Fedorov and Kozlov [1995℄.Almost Hamiltonian des
ription. We know that after 
ompression we get an almost Hamiltoniansystem, with H given by the Legendre transform of (3.29), and a non-
losed, non-degenerate 2-form 
NHin T �SO(3). Were (T �SO(3);
NH; H) hamiltonizable, obviously it would be integrable be
ause of thethree independent �rst integrals H; `3; `21 + `22; `23. We will show in the next se
tion that (unfortunately?)
NH is not aÆne symple
ti
, even in the homogeneus 
ase. At any rate, Stan
henko [1985℄, showed thatChaplygin's density fun
tion of the system in <6 also gives an invariant measure on T �SO(3),�T �SO(3) = [f(
)℄�1=2d�1d�2d�3dL1dL2dL3 :See also Duistermaat [2000℄, se
tion 7. Integrability follows from \Ja
obi's last multiplier" pro
edure: theinvariant measure, taken together with the three integrals of motion (H�; `3; j`j2).The 
lo
kwise map is given here byT (SO(3)�<2) �! T �(SO(3)� <2) (
; _x; _y) 7! (M = A
; Px = � _x; Py = � _y)Leg" "h hj jTSO(3)  � T �SO(3) 
  L(Leg�)�1 (3.38)where ( _x; _y) = a! � k , and (Px; Py) = �a! � k . We now evaluate the \gyros
opi
" 2-form:(J;K) = a(�pxd�2 + pyd�1) = �a(� _xd�2 + _yd�1) = ��a2(!2d�2+ !1d�1) (3.39)We must write !1 and !2 as fun
tions on T �SO(3), using the Legendre transformation. We have! = R
 = RA�1M (3.40)so that, as expe
ted, (J;K) will be 
ombinations of the basi
 forms �3 ^ �1 ; �2 ^ �3, with 
oeÆ
ients linearin M and fun
tions of R. A 
ru
ial observation is that (3.39), written in terms of the left-invariant forms,will depend only on the Poisson ve
tor 
:



3.4 Chaplygin's sphere 27Proposition 3.6. An equivalent expression for (J;K) is:(J;K) = �a2 (
 � (
(L; 
)� 
) ; d�) (3.41)where � = (�1; �2; �3)y are the standard left-invariant 1-forms in SO(3).Proof. As we present the derivation, we 
larify our notations. We write[�℄ = dRR�1 = 0� 0 ��3 �2� 0 ��1� � 0 1A () � = 0� �1�2�3 1A (3.42)[�℄ = R�1dR = 0� 0 ��3 �2� 0 ��1� � 0 1A () � = 0� �1�2�3 1A (3.43)In passing: if one takes the exterior derivative of the identity R� = � well known results will be reprodu
ed.Indeed, we get d� = (d�1; �2; �3)y = dR^ �+ Rd�so R�1d� = R�1dR ^ �+ d� :Now from the Cartan stru
ture equations of SO(3),d� = �(�2 ^ �3; �3 ^ �1; �1 ^ �2 )y (3.44)hen
e R�1d� = [�℄^ �� (�2 ^ �3; �3 ^ �1; �1 ^ �2 )ywhi
h gives, after a short examination, R�1d� = �d� (3.45)We know that R[�℄R�1 = [�℄ is equivalent to R� = � (the latter written as a 
olumn ve
tor). Now,denote p = (px; py; 0)y ; d� = (d�1; d�2; d�3)y :We rewrite (3.39) as (J;K) = �ak � (p� d�) :Sin
e the mixed produ
t is invariant under the a
tion of SO(3) we have(J;K) = �a
 � (R�1p� d�) :But R�1p = �a
 � 
 and (3.41) follows from inserting (3.45), and 
orre
tly keeping tra
k of signs.S1 invarian
e. We 
laim that 
NH is invariant under the S1 a
tion lifted to T �SO(3). For the 
anoni
alpart this is a standard symple
ti
 fa
t. Let us show that the (J;K) term is invariant as well. Re
all that theS1 a
tion is generated by the right invariant ve
tor�eld Xright3 . This a
tion maintains the proje
tion 
 �xed,and by general nonsense, we know that the right invariant ve
tor�elds preserve the left invariant forms:R�� �i = �i : (A dire
t proof: (R�� �i)( _R) = �i(R�R[
℄) = 
i). Sin
e under the left S1 a
tion (a
tuallyunder the left a
tion of SO(3) on SO(3)) the value of 
 remains un
hanged, the (J;K) term is preserved.Therefore it is possible to redu
e by the S1 symmetry. However, the usual MW redu
tion method mustbe modi�ed. But not be
ause d
NH 6= 0. The trouble is that the Xright3 ve
tor�eld is the Hamiltonianve
tor�eld of H = JX3 = `3, relative to the 
anoni
al symple
ti
 form, not to 
NH . This issue is dis
ussedin the next se
tion.



4 Comments on Chaplygin's sphere 284 Comments on Chaplygin's sphereChaplygin showed that the 3d problem is integrable in ellipti
 
oordinates; for n > 3 the problem is open.For basi
 informations, see Fedorov and Kozlov [1995℄, p. 147-149, on the 3-d 
ase and p. 153-156 for thegeneral n-dimensional 
ase. S
hneider [2002℄ analyzed 
ontrol theoreti
al aspe
ts. For a detailed a

ounton the algebrai
 integrability of \Chaplygin's Chaplygin sphere", see Duistermaat [2000℄.Dis
laimer. Hopefully we give here additional geometri
al 
ontextualization, and highlight some aspe
tsof Duistermaat's paper. Our elementary observations are \elementary" also in P. Erd�os sense: we do notmake use of its expli
it integration in terms of hyperellipti
 integrals and Ja
obi Theta fun
tions.4.1 Redu
tion to T �S2.Equations (3.35) redu
es to TS2 using the 
onne
tion � = �3 des
ribed above. The indu
ed kineti
 energyis T�( _
) = T (
hor) = 12( ~A(J
( _
) ; J
( _
)) = �12(J
 ~AJ
 _
 ; _
) : (4.1)We will now do a seemingly adho
 
onstru
tion. Consider the tangent ve
tor a 2 TS2 de�ned bya := 
 � L 2 T
S2 : (4.2)Then L 
an be re
overed via L = a� 
 + b
 ; where b = (L; 
) = `3 : (4.3)We 
ompute _a = _
 � L+ 
 � _L = (
 � 
)� L+ 
 � (L� 
)Proposition 4.1. Chaplygin's equations redu
e to T �S2:_
 = 
 � 
 ; _a = �2H 
 + (
;
) � (a� 
 + `3 
) (4.4)whith 
 = 
(a; 
; `3) = ~A�1L+ �r2 (
; ~A�1L)1� �r2(
; ~A�1 
) ~A�1(
) :and where insert (4.3).Geometri
al meaning of a. Consider the \mixed" 
oframe in SO(3), given by the forms �3 and d
,where the latter is interpreted as the pullba
k via ��. We get (4.2) and (4.3) from the identityL1�1 + L2�2 + L3�3 = a � d
 + b`3 : (4.5)One question in whi
h we are interested (but have not yet solved) is the following: �nd the S1 redu
tionof 
NH, giving an almost Hamiltonian formulation for equations (4.4). Note: This is easy to do if we allow\right hand sides". We would like to avoid them.



4.2 Hamiltonization of the homogeneous 
ase 294.2 Hamiltonization of the homogeneous 
aseIn this 
ase it is simpler to write everything in terms of the right 
oframe:
NH = d`1�1 + d`2�2 + d`3�3 + `1�2�3 + `2�3�1 + `3�1�2 � �r2(!2�3�1 + !1�2�3) (4.6)This formula holds in general (i.e, also in the nonhomogeneous 
ase), but one must write !1 and !2 in termsof L (or `) and R 2 SO(3): ! = R
 = R

(R�1`)whi
h is a quite involved expression. But in the homogeneous 
ase, life is mu
h easier. >From (3.40), weget ! = R 1�IR�1m = 1I m (4.7)so the dependen
e of ! on R disappears. The Hamiltonian is given byH = 12 � `21 + `22I + �r2�+ `23I (4.8)where `1 = (1 + �r2I )m1 ; `2 = (1 + �r2I )m2 ; `3 = m3 ; !1 = m1I ; !2 = m2I ; !3 = m3I :The 3� 3 matrix E whi
h gives the non-Darboux blo
k is skew-symmetri
 withE12 = `3E13 = �`2 + �r2!2 = �m2 �m2�r2=I + �r2=Im2 = �I!2 (4.9)E23 = `1 � �r2!1 = m1 +m1�r2=I �m1�r2=I = I!1and the equations of motion be
ome0BBBBBB� !1!2!3_̀1_̀2_̀3 1CCCCCCA = 0BBBBBB� 0 0 0 1 0 00 0 0 0 1 00 0 0 0 0 1�1 0 0 0 `3 �I!20 �1 0 �`3 0 �I!10 0 �1 I!2 �I!1 0 1CCCCCCA �0BBBBBB� 000!1!2!3 1CCCCCCA (4.10)where we have used H`1 = `1=(I + �r2) = m1=I = !1 ;and similarly, H`2 = !2 ; H`2 = !2 : This gives, as one should expe
t:_̀1 = (I!3)H`2 � I!2H`3 = 0 ; _̀2 = ::: = 0 ; _̀3 = ::: = 0 :Thus !i = mi=I = 
onst ; i = 1; 2; 3and the ve
tor�eld is simply (no 
omponents in the �ber dire
tions �=�mi):X = !1Xright1 + !2Xright2 + !3Xright3 : (4.11)



4.2 Hamiltonization of the homogeneous 
ase 30Summarizing, the dynami
s in the homogeneous 
ase is embarrassingly simple. The angular velo
ity inspa
e being 
onstant, the attitude matrix R evolves as a 1-parameter group R = exp([!℄t), so ~
 = ~! =
onst: The ve
tor 
(t) des
ribes a 
ir
le in the sphere perpendi
ular to !, and L(t) the 
urve given byL(t) = (I + �r2)! � !3 
(t). Provided ` is not verti
al, L and 
 are never parallel. The invariant tori arealways foliated by 
losed 
urves and the two frequen
ies 
oin
ide. >From the 
onstraint equations we seethat the motion of the 
onta
t point in the plane is a straight line. Shooting pool with a perfe
t Chaplyginball is very dull12 .Hamiltonization is not possible in T �SO(3). We use 
riterion 3.2. The nonholonomi
 two form isgiven by 
NH = d`1�1 + d`2�2 + d`3�3 + I(!1�2�3 + !2�3�1 + !3�1�2) (4.12)or, using m as 
oordinates,
NH = (1 + �r2I ) (dm1�1 + dm2�2) + dm3�3 + (m1�2�3 +m2�3�1 +m3�1�2)so that d
NH = ��r2I (dm1�2�3 + dm2�3�1) : (4.13)It is easy to see that the equation d
nH = 
NH ^ � has no solution. Indeed, suppose� = A1dm1 +A2dm2 + A3dm3 +B1�1 +B2�2 +B3�3 :Taking the exterior produ
t, and looking at terms like dm1dm2�2 we see that all the A's must be zero.Examining the 
oeÆ
ient of �1�2�3 we see that B1m1 + B2m2 +B3m3 � 0 so all the B's are also zero.This shows that the homogeneous Chaplygin sphere has no 
onformal symple
ti
 stru
ture. In fa
t, itdoes not have an aÆne symple
ti
 stru
ture either. A simple 
al
ulation shows thatiXd
NH = �r2I2 (�dm1m2�3 + dm1�2m3 � dm2m3�1 + dm2�3m1) 6= 0:We have also done the 
al
ulation for the non homogeneous 
ase and things only get worse. But, it stillremains a possibility: is the redu
ed system to T �S2 Hamiltonizable? The answer is yes, at least for thehomogeneous 
ase.Hamiltonization of the S1 redu
tion to T �S2. Alan Weinstein 
ommented in more than one o

asionthat \unredu
tion" is sometimes even ni
er than redu
tion: unredu
ing a non-trivial system may lead toan trivial one. Alan 
redits this moto to Guillemin and Sternberg; one referen
e 
ould be Guillemin andSternberg [1980℄. We just arrived at the following 
on
lusion:12We found the following relevant information in www.ot.
om/skew/�ve/myths.html (Top Ten Myths in Pool or the Lawsof Physi
s Do Apply): \4. If the 
ue is kept level, 
onta
ting the 
ueball purely left or right of its 
enter will make it 
urveas it rolls. (No! The rolling 
ue ball 
an have two 
ompletely independent 
omponents to its angular momentum. Basi
ally,this means that it 
an rotate in the manner of a top while rolling slowly forward along a straight line. In general, spin on a
ue ball is of two types; follow/draw is the spin like tires on a 
ar, while English is the spin like a 
hild's toy 'top'. Seperately,neither one will make a ball 
urve! If they are 
ombined - e.g., strike low-left giving left English and draw - then the spin is
alled masse (mass-ay), and the ball will 
urve as it travels.)"



4.3 Bobylev's 
ase, and the general 
ase of three unequal inertia. 31Proposition 4.2. The homogeneous Chaplygin sphere is hamiltonizable when redu
ed to T �S2 : Equations(4.4) be
ome _
 = 1I + �r2 a ; _a = !3 a� 
 � 1I + �r2 jaj2
 (4.14)We get an isotropi
 3d-os
illator with an arbitrary (in
luding zero) Lorenz for
e.Proof. One observes immediately that (a; 
) = 0 and that jaj2 is 
onserved.Question. Sin
e Kepler's problem in spa
e is equivalent (up to time reparametrization) to the isotropi
os
illator in 4-dimensions, via the Kustaanheimo-Stiefel transformation. Is there a relation of the homoge-neous 4d Chaplygins sphere with the 4d os
illator?4.3 Bobylev's 
ase, and the general 
ase of three unequal inertia.Bobylev's 
ase I1 = I2 6= I3 is dis
ussed in Cendra, La
omba and Reartes [2001℄, but the authors didnot write a detailed des
ription of the redu
ed equations. Bobylev's dynami
s is des
ribed in Duistermaat[2000℄, se
tion 6.The following formulae, expressing 
NH in terms of �3 and d
, 
ould be useful for redu
tion. In themixed 
oframe for SO(3) (4.5) we impose the relations (a; 
) � 0 and (
; d
) � 0. >From (4.5) and (4.3)we get, taking L = i; j; k respe
tively:�1 = 
1 �3 + (
 � i) � d
 ; �2 = 
2 �3 + (
 � j) � d
 ; �3 = 
3 �3 + (
 � k) � d
 (4.15)The 
anoni
al form writes as
T �SO(3)
an = d(L � �) = da ^ d
 + d`3 ^ �3 + `3d�3 : (4.16)A short 
al
ulation gives, as expe
ted,d�3 = 
 � 12(d
 � d
) (S2 area form of S2 ):Moreover, (J:K) = �r2 (
 � (
� 
); d�) = �r2 (
 � 
) � (
 � d�) (4.17)where a dire
t 
al
ulation gives 
 � d� = (
 � d
) �3 : (4.18)Question. Is the redu
ed system (4.4) aÆne symple
ti
 also in the 
ase of di�erent moments of inertia?We give one more argument for that possibility that Chaplygins sphere 
ould be Hamiltonizable whenredu
ed to T �S2. We make a dimension 
ount. Suppose the base S of a Chaplygin system has dimensionm. The redu
ed symple
ti
 form 
NH in T �S satis�es(
NH)m = �Liouville = dp1:::dpmds1:::dsm (4.19)Suppose F � �Liouville is an invariant measure for nH ve
tor�eld X in T �S, so thatd(FiX�Liouville) = 0



4.4 Re
onstru
tion 32(sin
e iXd will give zero in the maximum dimension). If g is a 
andidate for a 
onformal fa
tor (i.e, wehope that g
NH is 
losed) , then (g
NH)m = gm�Liouvilleis preserved by X=g . Hen
e d(iX=ggm �Liouville) = d(gm�1iX �Liouville) = 0 :Comparing, we get : F = gm�1 :In the 
ase of Chaplygin's sphere, the 
andidate for 
onformal fa
tor must beg = F = [1� �r2(
; ~A�1
)℄�1=2 ;be
ause from Duistermaat [2000℄, proposition 8.3 and 
orollary 8.4, the ve
tor�eld X=F des
ribe the torilinearly. Hen
e: n = 2 . Hamiltonization, if it ever o

urs, must happen at this level.4.4 Re
onstru
tionIn this se
tion we highlight some results in Duistermaat [2000℄.Average motion in the plane. Chaplygin's system is integrable, so after a time reparametrizationdt=d� = pf(
) (see (3.34), most traje
tories (
(�);
(�)) are quasi-periodi
, �lling 2-tori densely andlinearly. One 
ould think13 that by lifting the nonperiodi
 traje
tories to the plane (x; y) we would gettraje
tories that, in average, return always to the starting point. Here is the argument, although (perhapsunfortunately) is it 
awed. We write the 
onstraint 
ondition as:0� _x_y0 1A = a! � k = exp(i )(R(
)
� k) (4.20)where R(
) is any se
tion of the bundle SO(3)! S2, for instan
e, the matrix with rows e1; e2; e3 = 
, withe1 = 1p
21 + 
22 (
2;�
1; 0) ; e2 = e3 � e1 = 1p(
21 + 
22)(
1
3; 
2
3;�(
21 + 
22)) : (4.21)We repla
e time averages by spa
e averages Arnold [1989℄. Integration is done on 3-dimensional tori,but the integral over 
oordinate � separates out. For every �xed (
;
), R(
)
�k is a ve
tor on the plane.Then, averaging over � would give zero.Where is the 
aw? It is not ne
essarily true that  
overs the whole 
ir
le, and in fa
t it does not if `is not verti
al14. So  has a mean value  , and( _x; _y) = R( ) �R(
)
� k 6= 0 :This 
an be seen even more 
learly in the 
ase of periodi
 motion, using a tri
k we learned in Montgomery[1991℄. Suppose 
(T ) = 
(0) and L(T ) = L(0). We may assume that R(0) = identity so R(T ) preservesboth k and `. If we assume ` is not verti
al, then R(T ) must be also the identity (the only orthogonalmatrix with two di�erent eigenve
tors with eigenvalue 1). Sin
e the initial 
onditions are reprodu
ed aftertime T , then there is a \geometri
 phase" (here meaning a translation) in the plane, �z = (�x;�y). FromDuistermaat [2000℄, se
tion 11, one knows this dire
tion:13A
tually, we did; thanks to Hans Duistermaat (personal 
ommuni
ation) mu
h embarrassment was avoided.14The 
ase where ` is verti
al is analyzed in detail in Duistermaat [2000℄, se
tion 5.
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onstru
tion 33Proposition 4.3. In average, �z moves in the dire
tion of `� k.In the normal dire
tion k�(`�k) there is a \swaying motion", with zero average, see Duistermaat [2000℄,(11.71), and remark 11.11. This result depends on the expli
it solution in terms of ellipti
 
oordinates, butthe zero average 
an be proved in a more elementary way, see Duistermaat, se
tion 8.2. In the dire
tion` � k one has ddt (z(t); `� k) = r (! � k ; `� k) = r (! ; `� `3 k) = r (2T � `3!3 ) > 0 :Duistermaat [2000℄ shows (se
tion 9.2) that by a suitable 
hange of 
oordinates, one may assume that`3 = 0, so in this equivalent problem, the velo
ity in this dire
tion is simply 2rT . We will indi
ate below apossible alternative route to estimate dire
tly the average value of !3.Solution in terms of ellipti
 
oordinates. The invariant tori have two 
ommuting ve
tor�elds, givenby pf (
 � 
 ; L� 
) ; pf (
 � ~A
 ; L� ~A
 ) (4.22)see Duistermaat, se
tion 8.1. Linearizing 
ordinates are the ellipti
 
oordinates in the sphere, given by(Duistermaat, se
tion 11): 3Xi=1 x2iai � � = 1 ; 
i = xi=pai ; ai = 1=Ii : (4.23)The Poisson sphere 
orresponds to �1 = 0, and the 
onfo
al quadri
 
oordinates �2, �2 give the separationof variables 
oordinates. Chaplygin's sphere relates to a geodesi
 
ow on SE(3) (se
tion 9.1) and a Lax pair(se
tion 9.4).Re
onstru
tion of the rotational motion from 
(t); a(t). Denote Rh(t) the lift of 
(t) to SO(3)using the 
onne
tion � = �3. Write the rotational motion as R(t) = R(�(t))Rh(t). Then[
(t)℄ = _�R�1h X3Rh + R�1h _Rh = _� 
 +
h (4.24)so that _� = (
 ; 
) = !3(t) ; 
 = !3 
 + _
 � 
 (4.25)In !3 = (
 
), 
 
an be writen as a fun
tion of a(t) and 
(t), depending on `3 as a parameter.All this looks rather 
umbersome. But Levi [1996℄ has shown that the non-
ommutativity of SO(3) 
anbe 
ir
umvented, by taking parallel transports along 
ertain spheri
al 
urves 
omposed together with totalrotations Z t !3(t) dt ; Z t j _
 � 
j = j _
j dt = ar
 length :For 
losed 
urves the �rst integral 
an be related to the (algebrai
) area en
losed bu 
(t), see Montgomery[1991℄. Finding a geometri
al des
ription of re
osntru
tion 
ould be an interesting proje
t.



5 Questions 345 Questions5.1 Almost Poisson, almost Dira
 approa
hesMashke and van der S
haft [1994℄ were the �rst to des
ribe a nH system via an almost-Poisson stru
ture15,_xi = fxi; HgMSwith a \non Ja
obi" bra
ket on the manifold P = Leg(H) � T �Q, where Leg : TQ! T �Q is the Legendretransformation. They proved the following \no-go" result: the MS-bra
ket satis�es the Ja
obi identity ifand only if the 
onstraints are integrable (so the system was already Hamiltonian). In Koiller, Rios andEhlers [2002℄ we gave a moving frames based approa
h to derive the bra
kets. For some re
ent work in thestudy of the MS-bra
ket and Dira
 estru
tures (the latter introdu
ed in Courant [1990℄), see Cantrijn, deL�eon, de Diego [1999℄, Koon and Marsden [1998℄, Ibort, de L�eon, Marrero and de Diego [1999℄, Clemente-Gallardo, Mas
hke and van der S
haft [2001℄. In spite of these advan
es, the general theory for the generalNH bra
ket geometry (i.e, regardless of spe
ial features) is still in order16.5.2 G-Chaplygin systems via aÆne 
onne
tionsIt was shown in Koiller [1992℄, see also Vershik and Fadeev [1981℄ that the traje
tories of the 
ompressedalmost Hamiltonian system in T �S 
an be des
ribed in an equivalent way as the geodesi
s of an aÆne
onne
tion rNH in S. For ba
kground in this approa
h, see Lewis [1998℄ and referen
es therein. Considerthe parallel transport operator along 
losed 
urves; if the holonomy group is always 
onjugate to a subgroupof S0(m), then the 
onne
tion is metrizable. This means that there is a metri
 su
h thatrNH is pre
isely theLevi-Civita 
onne
tion of this metri
. More generally, one may want to know when the geodesi
s ofrNH are,up to time reparametrization, the geodesi
s of a Riemannian metri
. This is a traditional area in di�erentialgeometry, whose roots go ba
k to the 19th 
entury, and goes under the name of proje
tively equivalent
onne
tions (Cartan [1937℄, Eisenhart [1925℄, Kobayashi and Nomizu [1963℄, Sharpe [1997℄). For a re
entpaper, studying integrability via the equivalen
e method, see Grossman [2000℄. In our setting, one would beinterested to �nd 
onditions for the nH 
onne
tion to be proje
tively equivalent to a riemannian 
onne
tion,in terms of the original data (G;Q; h ; i;H). It would be also interesting to tie the hamiltonization questionwith the 
anoni
al system and invariants of the Cartan equivalen
e method. When an internal symmetrygroup is present, it would be desirable to 
onstru
t a proje
ted 
onne
tion in S for ea
h set of 
onservedmomenta, and address these issues in the redu
ed level.5.3 Integrability of nH systemsAlthough a number of interesting problems have been solved using, say, Abelian fun
tions, a pre
ise de�ni-tion for integrability of a nH system is still la
king (Bates and Cushman [1999℄).Examples suggest that the existen
e of an invariant measure must be imposed as a ne
essary (althoughnot suÆ
ient) 
ondition, see Kozlov [2002℄. We list a few papers: Veselov and Veselova [1988℄, Veselov andVeselova [1986℄, Fedorov [1989℄, Cushman, Hermans and Kemppainen [1995℄, Zenkov [1995℄, Zenkov and15Physi
ists are never shy to use the word \super" in their endeavours; on the other hand we, mathemati
ians, prefer to uselow key terminology, like \almost-quasi-twisted-(freakaz-)-`oid's"; this 
ertainly does not help our image problem with appliedpeople, see Papastavridis [2002℄ and Koiller [2003℄.16Remarks at their talks at Alanfest by J. Marsden (joint work with H. Yoshimura), and by C.Marle, in the Courant-Weinstein-Dira
 
ontext, may represent important steps in this dire
tion.



5.4 Redu
tion of nH Chaplygin systems 35Blo
h [2000℄, Dragovi
, Gaji
 and Jovanovi
 [1998℄, Jovanovi
 [2003℄, Fedorov and Jovanovi
 [2003℄. Ourviews are very 
ongenial to the latter. Most examples have enough integrals of motion (due to symmetries)that the dynami
s o

urs on invariant 2-dimensional tori. Moreover, due to the invariant measure, the
ow be
omes linear in these tori after a time res
aling., in view of Kolmogorov's theorem Arnold [1989℄and Ja
obi's \last multiplier tri
k". Time reparametrization sinalizes the possibility of an aÆne symple
ti
stru
ture, but this seems to be an ex
essively strong requirement. Nonetheless, we believe that 
hara
ter-izing nH systems possessing an aÆne symple
ti
 stru
ture (after some redu
tion) 
ould be an interestingproje
t. As a �rst step, one 
oud re-examine the literature to see whi
h examples �t.5.4 Redu
tion of nH Chaplygin systemsAs we mentioned in the introdu
tion, it seems natural to do 
ompression (of external symmetries) �rstand redu
tion (of internal) symmetries on a se
ond stage. For Hamiltonizable systems, Marsden-Weinsteinredu
tion (Marsden and Weinstein [1974℄) is dire
tly appliable pro
edure, spe
ialized to the 
otangent bundleKummer [1981℄.In general, what is the diÆ
ulty for redu
tion of 
NH? Suppose G is a Lie group of internal symmetriesfor (1.4). Attempting to mimi
 the MW redu
tion pro
edure, ween
ounter the following problem: XJ� ; � 2G, the ve
tor�elds used for 
otangent bundle symple
ti
 redu
tion, are de�ned via the 
anoni
al symple
ti
form 

an, but 
NH has the extra term (J:K).The diÆ
ulties for redu
tion of general nH systems are explained in �Sniaty
ki [2002℄. A few referen
esin this rapidly developing theme, besides those already mentioned in the text, are: Bates and �Sniaty
ki[1993℄, Bates [2002℄, Cushman, Kemppainen, �Sniaty
ki and Bates [1995℄, S�niaty
ki [2001℄, �Sniaty
ki [1998℄,Cushman and �Sniaty
ki [2002℄, Koon and Marsden [1997℄, Koon and Marsden [1998℄, Cantrijn, de L�eon,Marrero and de Diego [1998℄, Cort�es and de L�eon [1999℄, Marle [1998℄, Marle [2003℄. So we feel it isappropriate to �nish this paper withA quote from Marsden and Weinstein [2001℄.\Nonholonomi
 me
hani
al systems (su
h as systems with rolling 
ontraints) provide a veryinteresting 
lass of systems where the redu
tion pro
edure has to be modi�ed. In fa
t thisprovides a 
lass of systems that give rise to an almost Poisson stru
ture, i.e, a bra
ket whi
hdoes not ne
essarily satisfy the Ja
obi identity. Redu
tion theory for nonholonomi
 systems hasmade a lot of progress, but many interesting questions still remain".A
knowledgements. Thanks to Ri
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