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The eigenfunctions expansions technique is well developed and largely used for
selfadjoint and nonselfadjoint operators. But it could not be applied directly to
operator-functions, since the main tool of it - the Hilbert identity - is absent there.
The typical situation of this sort appears when considering resonances which arise
as singularities of the analytical continuation of the compressed resolvent of given
selfadjoint Hamiltonian A from the ‘physical sheet” Ay of the spectral parameter .

(1) Pr(A— A7V K = (A(\) — M)~

across absolutely continuous spectrum o, of A onto the so-called ‘nonpysical sheet’
{A_} of the spectral parameter A\. The choice of the subspace K is defined by
the physical content of the problem, and the operator-function A(\), formally de-
fined by (1), is called the Livshi¢-matrix. (see [1]). The bilinear decomposition of
residues of the compressed resolvent at the poles of its analytical continuation onto
{A_} defines the vectors in I, which are called resonance states, see [2], [3]. The
problems of completeness of the family of all resonance states and of the correspond-
ing spectral decomposition are typical nonstandard problems of spectral analysis.
Other ones are connected with completeness and basis properties of exponential
system {exp(ik,x)} on a finite interval in Ly(0, a), see [4,5,6]. An elegant approach
to the spectral analysis of resonances was suggested by P. Lax and R. Phillips in
[7]. Based on the harmonic analysis in the upper half plane ImA > 0 (or in the
unit disc), they developed spectral theory of compressed semigroup

Prexp(iAt)|K, t>0,

supposing, that the unitary evolution group exp(iAt) has orthogonal incoming and
outgoing subspaces Dy, Dy — D_

(2) e MDy Cc Dy, >0
eMD_cD_, t<0

e:l:iAtD:t N 07 t — 50
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2 B. PaviLov

In this case the Livshi¢ matrix proves to be constant, hence the Hilbert identity is
valid for the compressed resolvent in K. Unfortunately the class of operators, for
which this assumption is fulfilled looks rather narrow: it consists of the operators
having a part, which is unitarily equivalent to the momentum 1/i%, hence the
spectrum of A contains a branch, filling the real axis with a constant multiplicity.
Thus the spectral properties of resonances for band spectrum cannot be studied by
this method.

In what follows, we develop an approach to the spectral analysis of resonances,
which is applicable to the operators with the band spectrum. Our approach is
based on a version of harmonic analysis on the Riemann surface of finite genus to
substitute the standard Lax-Phillips theory, and one simple assertion concerning
pairs of ‘skew-connected’ subspaces in Hilbert spaces (see[8]). The last is equiv-
alent to the well known zero-index condition for pairs of orthogonal projectors
(see[9,10,11,12,13,14]). Both ingredients are independent in some way, the second
being more elementary. For this reason we demonstrate it first in a problem, rel-
evant to the Friedrichs model, i.e. a compactly perturbed multiplication operator
with one-band-spectrum .The second part contains the application of the developed
techniques to the compactly perturbed semi infinite Jacobian matrix, which has a
band spectrum of constant multiplicity. The appendix contains a review of results
in harmonic analysis, which we systematically use in the text. Our approach is valid
also for operators with a threshold spectrum,e.g. for a compactly perturbed orthog-
onal sum of semi infinite Jacobian matrices with star-like graphs for configuration
space. The corresponding material will be published elsewhere.

1. Preliminaries. The T. Kato zero-index
condition for the spectral analysis of resonances
in frames of the standard Lax-Phillips theory

The index of the pair of projectors Py, P, was initially defined as
dim Py, — dim P» = trace(P, — P3) = index (P; — Py)

It is obvious, that two finite dimensional projectors Py, P, can be intertwined if and
only if index (P; — P2) = 0. In [9] T. Kato proved it for the infinite dimensional
supposing

(3) [P — P <1
New interesting properties of pairs of projectors, which have zero index, are de-
scribed in [9,10,11]. In what follows we use the following simple fact.

The following statements are equivalent 1. Py, Py 15 a Fredholm pair of orthogonal
projectors and the norm-estimate 18 fulfilled:

2. Both operators (P1P2)p, i, (p,u are invertible in PyH, Py H correspondingly,
and

I(PLP2Pr)p || < 00, [[(PaPLPa) g, gl < 0
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3. The skew projectors
pllA=P)H
PyH

onto PoH parallel to (1 — Py)H, and
Pl
onto Py H parallel to (1 — Py)H are bounded and given by the next formulas
PR = (PP Py) T PP
731|3|1(}J_P2)H = (PP P) ' PP

Proof. 1t follows from 1, that ||[P1P.Py — Pi|| < 1, ||PoP1P, — Py|| < 1. Hence
1 — 2 by the Banach principle, 2 — 3 by the direct calculation, e.g.:
(P2P1P2)_1P2P162:€2, GQEPQH,
(P1P2P1)_1P2P161_:0, €1 E(l—Pl)H,
—P)H —
Phi < P PPy |

< ! < ! -
1—||PoPi P — P|| = 1—||P — P2

Vice versa, if both skew projectors are bounded, then the following estimates for
a minimal angle are true

sin(PH, (1= Pr)H) 2 8 = [Pl 17
sin(P H, (1 — Po)H) > 6, = |[PR )~
hence, cos(PoH,(1—P)H) < /1 — 67, cos(P,H,(1— Py;)H) < /1 — 63. Thus, for

every pair e] € (1—Py)H, ey € P,H we have the estimate | < ez, e] > | < /1 — (5%
and for e € PyH,e; € (1 — P)H similarly we have the estimate

| <ep,ey > <4/1—62
These estimates imply

(1= PPl = ||Pa(1 = P)I| < \/1— 62,
(1= PP = [|[P(1 = Po)l| < \/1— 6.

Let us write the operator Py — P» = Pi(1 — Py)+ (P; — 1)P; in a form of a
matrix, connecting two orthogonal decompositions of H, H = P,H @& (1 — P»)H =
Plﬂ@(]_—Pl)H
0 P (1—P)
]31_]32(:){—(1—131)132 0
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This matrix representation implies obviously the estimate

HH—RHgmmgﬁ—ﬁﬂﬁ—%>

Hence 3 — 1.

. From the Assertion 1, and standard Lax-Phillips approach follows the represen-
tation for the Livshi¢ matrix of a selfadjoint operator with a one-band spectrum,
having uniform multiplicity. We derive here the corresponding formula for the
discrete Lax-Phillips picture only.

Theorem 1. Let U' be a unitary group | € Z, in a Hilbert space H, which fulfills
the Lax-Phillips properties:
a. There exist two orthogonal invariant subspaces of U', Dy, Dy — D_, such
that
U*Dy C Dy,

UTD_ Cc D_

b. U'Dy -0, U 'D_ - 0,1 -

then the operator A = 1/2(U + U™) is bounded and selfadjoint in H, and its
resolvent, being compressed onto the translation invariant subspace K = HO{D_ @
Dy} of the group {U'} can be represented as a linear combination of resolvents of
generators T, TT of the corresponding Laz-Phillips compressing semigroups

T=PU|K, T"=PRPUK

and has singularities at ergenvalues of them on the nonphysical sheet.

Proof. Denoting the spectral parameter of U by (, we can take the natural spectral
parameter of A in the form of A = 1/2(¢ 4+ 1/(), assuming, that the outside of the
unit disc || > 1 corresponds to the spectral sheet of A

C=A+vA2 1.

Then the resolvent of A can be written in the following form:

(A=ADT =20 = ()7 A= U = SRS - DT (- ()7,

Now we use the crucial fact of the Lax-Phillips theory that compressions of semi
groups {U'}, 1> 0; {(UT)'} 1 > 0; are contracting semigroups; e.g. for [ > 1:
PrU'Pg = PgU™ (Pp, + Pp_ + P)UPx
= PxU'""'(Pp_ + Px)KPg
= PrU'"'PRUPk + (PxUT Pp_(UT)™ Py)
= PxU'""'PrUPK = (PrUPk)".
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Hence for (] > 1

PrUU = ¢I)7 !k = —Px Z U =T(T - D)7,
1

(. @)

PKUC(l — UC)_1|K = —PI(Z(U—F)IC_”K = _(I - T+C_1)_1

0

R T G
(4) PK(A—/\I) 1|K— (Cz_l) [T—CI—I_ T—I—_C[

The formula (4) gives the compressed resolvent representation on the spectral sheet
A4(|¢| > |). The members, staying in the right side have analytical continuation
onto A_. The domain of analyticity of it is actually the intersection of the resolvent
sets of T, T hence the compressed resolvent staying on the left side can be con-
tinued analytically onto it. The residues of the compressed resolvent at the poles
coincide with corresponding spectral projectors of T of T, hence the resonance
states are just the eigenfunctions of T, TT.

Note, that the system of all resonance states, defined above, is obviously surplus
complete. But when we confine the consideration exclusively by the discrete spec-
trum of T and T, it could be complete and w-linearly independent (in the sense of
M. Krein ), and even form a Riesz-Basis in K. Let us assume now, that the abso-
lutely continuous spectrum of T, T7T is empty. Then the characteristic function of
T is an inner function in the unit disc, see [15] . According to the main result of the
functional model theory, see [15] the invariant subspaces of T, which correspond
to a discrete and singular continuous spectrum, are defined by the Blaschke factor

IT and singular factor €5 of characteristic function see correspondingly. In a scalar
case when dim(1 — T7T) = 1:

G=C G
1-q¢ ¢’
0, = exp{ ﬂdl/(s)}

IT = ¢TI, lo € {Z4 U0},

C—t

where (; are the eigenvalues of T and v is a singular measure on a circle, supported
by a singular spectrum of T (see appendix). If the absolutely continuous spectrum
is absent,then the characteristic function of T is just a product of Blaschke factor
and singular factor

S(¢) =TI(¢)8s(¢), I¢| < 1.

Writing down the operators T T in terms of ‘incoming’ spectral representation of
U, we get in this case (see [1]5)

D_=H> Dy = SH_2|_,K = H_2|_ ) SH_2|_
and for the invariant subspaces of T, TT, which correspond to the discrete spectrum

Mg, MF
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and singular continuous spectrum

Mg, MT

we get (see [1]5)
M} = H} olIH} My =6, M],
MP=H*560,H; M, =TIM}
the conditions of the separability of spectral components is discussed in [8] , where

sufficient conditions for positivity of minimal angles between MT "M +; My, M
are proved. The problem of joint (combined) completeness

(5) M;—I—Md =K

with a positive angle between My, MT was discussed in [4] and in [5]. It is rele-
vant to the classical problem of exponential system completeness and Riesz-basis
properties on a finite interval.

Theorem 2. The joint completeness condition (5) us fulfilled iof and only if there
exist an analytic function f (with possible singularities on the unit circle C' and
outside of unit disc) which admits the following factorizations

frO, ¢l < 1,

(6) f= { S

where

s+¢
50 = e {£ [ il flamis)|
cs—¢
are corresponding outer factors inside (+) and outside (—) at the unit disc || < 1,
m = %args, with modulo fulfilling the Muckenhaupt condition

1 1 _
swp [ AfPam 5 (17 am < oo ()
A

Proof. repeats basically the considerations from [5], being founded on the famous
Muckenhaupt criterion of the boundedness of Gilbert transforms in weighted classes,
see [1]6. Notice that the Cauchy type integral, which can be written in a form of
a convolution with reproducing kernel ||s = (1 — (5)™! gives orthogonal projection
from L,(C) onto the Hardy class H of all analytic functions inside D, square
integrable over C'.

<lls >= Ppe.

Being edged by multiplications by f, f~! it gives formally the skew projector onto
HH_2|_ parallel to 6,H?%

16,52 _
(7) Pusy =Pz f™!
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similarly

nH? T =
(®) Py = Py f.

The operators, given formally by formulae (7), (8) should be defined first on appro-
priate dense lineals Ly N f{ Ly, Ly N (fj’_)_ng correspondingly. Then they should
be continued by closure onto Ly, due to the Muckenhaupt condition, which guar-
antees the boundedness of the resulting operators (7), (8). On the other hand the
boundedness of the skew projectors (7), (8), is equivalent to the sufficiant zero-index
conditions for pairs of orthogonal projectors (see the assertion 1):

{PHHiapeHi};{PHHiapeHi} :

|Prims —Porz | <1,
[Pz —Pyp2 | < 1.
Since IT and 6 are mutually prime (have no common factors), we have
IIHY N6H; =TI6HY,
IIH? N6H? = (IIHY)” N(6H3)™
= (IH? + 6HY)” = H?
hence our zero-index conditions are fulfilled for the projectors onto complements of
I6H3, H?:
2 2
| Prirz ©0HL )= Py OTIHY )| <1,
1Pz conz —Przenms | < 1.
since the normalized reproducing kernels
V1=IGl?
V1I=1GPG, ) = ~——=—, (&) =0,
1—2G
form a complete system in H_2|_ o HH_2|_, the orthogonal projections of them onto

H3 ©60H:

1000 e

1—2G
form a complete system there. On the other hand, also due to the Assertion 1, the
joint system at eigenfunctions of T' and T'" is complete in K

V{ 1_, o1 }:K
]—_CeZ Z_Ce

Conversely, if the joint completeness conditions (5) is fulfilled, then the angles

between the components are positive and the corresponding parallel projectors are
bounded. Hence Muckenhaupt condition is fulfilled.
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Note.

The conditional statement of the preceding theorem can be reformed into ex-
plicite one, if we produce the generating function f just from observation of inner
factors II, 6.

Theorem 3. If the inner factors 6,11 fulfil the following condition on C

argll —argf C L1(C),

then the generating function f exists and is represented by each of the factorizations

(6), with
In|f| = —/ctg (%) [argIl — argfldm(s)

The generating function s defined uniquely up to the constant unitary factor.

Proof. The factorizations (6) imply the equation for a.e. ¢, || =1

s+
¢ exp{/c 8_€ln|f|dm(3)}

— 6(C)exp { / %zmﬂdm(s)}

where the integrations in the left side and in the right side are performed in opposite
directions. Hence a.e. on C

argll — argf = /ctg (%) In|f|dm(s)

Since the Hilbert transformation G is an invertible operator in L; and G? = —1,

we have
In|f| = —/ctg <998 ; 993) [argIl — argfldm(s).

then both ff, f7 are calculated by the usual formulae

+ = X ﬂn mS}
s = [ i) |

.
pal) = {son,e(c) 9Hn<<>, <1,

@;,e(C) Tl(C)? |C| > 17

where ,,,eT are outer functions inside and outside of the unit disc D (IT,, is a
Blaschke product, 6, is a singular inner function).
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Theorem 4. If Y |a,| < oo and infinite products
M=% 0, 6=I%6,

are convergent on D and [ |angll — angb|de < oo than the operator

9
U = (T, (1 4 Zan Pn>
1 —an

exist and is unitary in Lo(C). The corresponding unitary group {U'} possess in-
coming and outgoing subspaces

Dy = 9H_2|_
2

D_=1IH;
The spectrum of U 1is absolutely continuous and covers the unit circle with a con-
stant multiplicity 1. The corresponding eigenfunctions are represented in forms of
scattered waves,which have an asymptotics at the singular points, parameterized by
reflection coefficient R(()
1

Up=Cy, ¢v= ;-I-R(C)m

z=((1-0)

R(C) playing a role of Schridinger scattering matriz. The reflection coefficient R
18 unitary on C and can be factorized in a form

where D 1s a perturbation determainant.
If considering Lax-Phillips scattering problems for the pair of orthogonal incom-
ing and outgoing subspaces DL

DS =Dy NDZ = 6IIH}

D? =Dy ND_=HZ,

then the corresponding Laz-Phillips scattering matriz (in spectral incoming repre-
sentation) is combined with 6,11, R the following way

S—RI-6=2mg
D

It s analytic in the unit circle and can be factorized in the form

Do

D’
where ® 1s a generating function for the pair of subspaces ILH2 6HZ , constructed
by the method described in Theorem 3.

The proof of the similar theorem in a one dimensional case, a1 —a, a; =0, ¢ # 1,
is given in [1]7. The proof in a general case will be published elsewhere.



10 B. Paviov
Theorem 5. The operator formed in L2(C) from U, U™ as
1

18 selfadjoint.  The corresponding resolvent is compressed onto the translation-
invariant subspace K = Ly(C') © [D2 & D] is represented in the form of a linear
combination of resolvents of generators T,TT,

T = PLU|K,

Prld =12+ K = o | T e <
K 1 |T—(T " T+—¢
and possess an analytical continuation on the second sheet of the spectral parameter,
which corresponds to the inside of the unit disc. |(| < 1. The analytically continued

compressed resolvent has poles at the eigenvalues (; of T and ¢; of TT. The systems
of resonance states 1s a combined system of eigenvectors T, TT. It is complete in
K and direct decomposition s valid

K = Myq+ M5 (MM > 0),

if and only if the Laz-Phillips scattering matriz factors Do fulfil the Muckenhaupt
condition:

(9) A—l/ Do *d,, A—l/ D®|?d, <C <.
A A

The proof is a combination of Theorems 2 and 4.
Note.

. All previous theorems concern the case of simple zeros of II. Treating of the
multiple zeros case is similar, with the only difference that then we should speak
about completeness of root-vectors, forming a base for the Jordan form matrix.

Expansions by resonances require the completeness and the Riesz-basis property
for the joint system of eigenvalues both T and TT. The conditions for that are
given by the next statement, which follows from Theorems 2,4.5.

Theorem 6. If the Blaschke factor of the analytical function DP® in the unit disc
fulfills the Carleson condition

and the outer factor of it fulfills the Muckenhaupt condition (9), then the joint
system of eigenvectors of T, Tt is complete in K which is spectrally represented by
HI 6 SHZ, S =D®D®)"", and forms the Riesz-basis there.

Note at last, that the operator A in consideration can be regarded as a generalized
Friedrichs model - a compactely perturbed operator of multiplication by a real
function in a weighted Ly (p) space. In fact

210 — 210 1 1 _ <
A=zII; (1 P II(1-— P, — U _ iy
z l( —I—l—iozl l>—|- ( 11 ia; l)Z 2(27—|-27)>|<—|- ¥, 2=eT,
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where V' is a compact selfadjoint operator in Ly(C) = Ly(0,27). The change of
variable cos ¢ = u produces a measure transformation

du

dp = —
4 1—u

2

and corresponding isometry J of the Hilbert spaces, resulting in similarity of A:

A— Ay =ux+V,, Ly(C) — Lz(%)

where V,, = JV.JT.

The spectrum of the Friedrich model A or A, is purely continuous o = [—1,1],
but the structure of resonances could be highly nontrivial, especially if several
accumulation points of them on the [—1,1] are present.

3. Functional model for periodical
Jacobian matrix. Lax-Phillips approach

Let A be three-diagonal hermitian n-periodic Jacobian matrix in /3(Z), with a

block-period Ay

Ap
all aig 0 0 0 a
azy azp azz 0 0 @
Ay = JA = Ay
0 as9g 0 a
0 0 o
Ap

Then A could be obviously Fourier-represented in L3[(0,27), E,] by the matrix
multiplication operator

of
A(0) = Ap + 0
o

6 = e¥, 0 < ¢ < 27. The spectrum o(A) of A is defined by solutions of the
equation on the real axis A:

(13) %[9 18 = L P(h) 6= ciletarsa)

If the eigenvalues of Ay are simple and the coupling constant « is small enough
then the spectrum of A is absolutely continuous and consists of n bands, v, lying
near eigenvalues of Ay:
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The first sheet of spectral variable A4 is a complex plane with n cuts v, along the
bands. For our considerations we need a double-Riemann surface A = Ay U A_ of
two sheets, joined by cuts vs. Let us denote by b.(c0) a Blaschke factor on Ay,
which has only one simple root at infinity (see Appendix),  is the corresponding
quasimomentum vector kK = (K1, Kz2,...kp—1). The function 6, defined on the first
sheet A} as a compressing solution of the equation

1 1
14 S[0 467" = —P()
(14) 0+071) = POy
|6(N)] < 1, |0]||r = 1 ,should have a root of order n at infinity coy, hence
6 =107

up to the constant unitary factor, which we omit now. It means that xn =
0|l mod 2=- Let us form an I, vector of reproducing kernels (,(A,c0) for Hardy
classes H. | (Ay):

Y=o (N 00), (N, 00Dy .
(um(n—1ywbi s (u(A, 00)8, (un (N, 00) 00, }

which can be regarded as a sequence of n-vectors:

{9;} = {el(<u(/\7 OO)? <u—f€(/\7 Oo)bfiv SRR <u—(n—1)fibz_1)}loi—oo
the following statement, proved in paper [1]8 describes the ‘functional model” for

the Jacobian matrix with a n-band spectrum.

Theorem7. Let us consider the space Lo of all functions on T', which are square
integrables in respect to the harmonic measure m on T,

1 db, 1 dé

= 27i b, ~ 2min 6

Then the transformation T for some
7 >0
f=<fx>.=) 8 <fi>=f
—0o0
maps ly into La(m) isometrically in such a way that,
f=fx<f,x>l2dm,

Aufzfxx<f,x>l2 dm

Instead of y = y4+ one can use another system y_ = Y. Note that the eigen-
functions y have a form of Bloch waves with the quasimomentum exponent 6. They
are obviously parameterized by the vector p, which is a parameter of the isospectral
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deformation. Changing p, we get a family of operators with the same spectrum
o(A,) =T. It is obvious, but important, that a shift T, by n steps (by period of
A) can be represented in terms of spectral decomposition by the same Bloch waves:

Tn:fl%g_<f,x>dm:f9_lx_<f,x_>dm

i From the spectral representations for both T,,, A and the dispersion equation (14)
follows the analog of the Caley equation

[T, +T;F] = 2P(A).

To develop the index approach for resonances in a case of band spectrum, we need
a construction of an evolution group, generated by a discrete wave equation in
corresponding energy-bound space of Cauchy-data.

Let us consider the discrete wave equation in l2(E,). Denoting by T the shift
by one step in l2(E,) (which is equivalent to the shift T, by the period in /3) and
by 7 the shift by one step in discrete time, we write the discrete wave equation in
the form

(15) (T +TH)u=(T+THu

The role of the Cauchy-data for it is played by the vectors in l2(E,) & l2(E,,):

o = (ir 7o) = ()

The following statement belongs to P. Kurasov (private communication).

Theorem 8. The quadratic form

?2(En) + ‘“1‘12(&1)}

1
e =5 [[(7 - THe

plays a role of energy morm in a space &€ of all Cauchy-data. The solution of
wave equation with fized initial Cauchy-data having finite energy norm, exists and
18 uniquely defined.: The solution 1s generally represented in the form of a linear
combination of D’Alambertian waves, which dependence of time 1s trivial

Tu="Tu or Tu=TTu,

for the waves mowving to the right or to the left correspondingly, with the Cauchy-

data {((T _uT+)u>} or {<(T+ ﬁwu)}

The energy norm of these solution 1s conserved: at any moment it 18 equal to the
enerqy of imitial data.
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The Cauchy data of Dalambertian waves are orthogonal in energy norm.

We'll need also the following result, containing in paper [2]0, which gives a base
for Lax-Phillips approach to the discrete wave equation. Let us consider the one-
step generator for Cauchy-data of the wave equation

L:u(r)—u(lr+1)
1/ T+Tt I
_§<(T—T+)2 T+T+>
_ 1( 2P(A) I >
2 \ 4[P%(A) — 1] 2P(A)

Theorem 9. . The generator L s unitary in € and has a complete orthogonal in

energy norm systems of eigenfunctions

1 _
¥y = ( AL X+> ;o LUy =60y,
X+
1 _
U_ = ( —9;9-1 X‘) . LU =6T_,

The spectral representation of £ is given by the following formula

<U, Uy >¢
<U, P >e>

—

U —

(

)=

U
U_

)

17 = f(\:[/+ﬁ+ —|— \I/_ﬁ_)dm,

4. Resonances for a compactly perturbed lattice

U
U_

/317—>9<

Let us consider the Jacobian matrix A, described in a previous section, restricted
onto a non negative halt lattice Z

apo  aopr 0 0 0 0
ag a1 a2 0 0 0
Ay = 0 0

To escape difficulties with denoting, we assume A is real a;; = ;. Let E be a
separable Hilbert space, B — a selfadjoint operator acting in it, and e — a generating
vector of B, |e|] = 1. Denoting the first orth (1,0,0,0...) in [,(Z4+) by eg, we
switch on the ‘interaction’ between A4 and B, constructing the perturbed operator
Apin € =1,(Z4) @ E the following way for given & = &, & $p:

) _ (B(I)E + ae < @4 e >l2(Z+)> a

«
aeg < Ppe>p +AL P,
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Theorem 10. The operator Ap 1s selfadjoint in Lo B E and 1t’s absolutely con-
tinwous spectrum oq,(Ap) coincides with o,(A) U o.(B).

The rest part of the spectrum coincides with the support of the singular part of
positive measure, defining the following R-type functions on AL :

D(A) = {arb " (X, 00) (u—(ne1)u( X, 00) (1 (AN, 00) — o> < (B—=X)""e,e >p} "

The eigenfunctions of the branch of absolutely continuous spectrum, coinciding with
oq.(A), are represented in the form of scattered waves, which have a Z1 component
of the following form

Pr, =X+ + Bx-

and E-component of the form
(16) Prp=(B-MN)"le<®r e >
where the reflection coefficient R 1s equal to

_ hee) DO
(17) R= s D0y

The absolutely continuous part of the spectrum has the multiplicity of 1, correspond-
ing scattered waves @y are orthogonal and normalized in &, and the corresponding
spectral projector 1s equal to

(18) P_|_:/CI))\ <, Py >e dm,

where m coincides with the spectral measure of Bloch waves for unperturbed operator

A m = (2imn)~1do/6.

2

Proof. The proof is basically standard, but rather bohring, being based on the
coordinates resolvent asymptotics and the Hilbert identity. In the two-band case,
see [2]1 for details.

We discuss now the wave equation, connected with the operator Ap

(19) (T4 + T)u = aP(AR),

with the same polynomial P ., which was used in a previous section for A in the
corresponding Caley identity. The Cauchy data and energy metric are defined by
P in a usual way.

Ug

(20 i=(ir )= () cteomo @ o)
il = 5 {4 < (I = P*(Ap)uo, o > + < w1y >}

Generally the energy metric could be non positive, since the rest of the spectrum
o(Ap)\o(A) could be nontrivial. But we confine our considerations by the part
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of the perturbed operator, which is generated by incoming and outgoing subspaces
spanned by scattering waves in the spectral subspace £ = P;&. The energy metric
(20), associated with our problem, is automatically non-negative in £;. It can be
easily checked, that the one-step generator £ for the time-evolution, described by
the wave-equation (19) is given by the formula

1/ 2P(4p) I
£=3 (2[7>2(AB) C ) 27><AB>>

It is unitary in energy metric (20).
We consider only the part of £, generated by corresponding scattered waves.

Theorem 11. ([2]0)The distribution Cauchy data

with ® given by formula (16), are the eigenfunctions of absolutely continuous spec-
trum of L

and the corresponding spectral representation of the part of L 1s given by the formula
L_ = fGCD_ <@ > dm.

The similar spectral representation holds for the other part of £, generated by
another branch of distributions of Cauchy data

1%
d, = -6
+ ( o )7
which are eigenfunctions of £ also,
LD, =6D,.

The corresponding spectral representation of the part of £ is given by
,C_|_ = fGCIhr <,(I)_|_ >e d/,L

The minimal part of £, containing both £4 can be written in symmetrical spectral

representation
< u > ~
Jsym : u — X+ 78 — g
< U, X- >¢

in the form of multiplication by 8 in corresponding weighted space of square inte-

I R
(2 1)

grable functions
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|a|:{f< (11% ?)ﬁ,ﬁ>dm}l/2

Notice, that the suggested spectral representation is an analog of symmetrical spec-
tral representation for the Lax-Phillips generators with a nontrivial absolutely con-
tinuous spectrum, see [2]0. It is used for constructing a symmetrical variant of
Nagy- Foias functional model. In our case it opens a way for construction a func-
tional model of a family of commuting contractions with an absolutely continuous
spectrum, which could be interpreted as an absolutely continuous spectrum of res-
onances. We omit this attractive possibility now, and discuss the special case of a
unitary scattering matrix, |[R| |r = 1.

with the norm

Theorem 12. If the spectrum of the operator B is discrete , then the reflection
coefficient and corresponding scattering matriz are unitary. The scattering matrix
is an analytic (—2p)-automorphic function on Ay, and the incoming and outgoing

spaces of data in &, supported by the positive halt lattice Z4 are spectrally repre-
sented by H? (—p)? S_y, H? y C H_2|_

+,(n
Proof. We calculate here only the spectral representation of D

ri u
pright ((T+ —OT)u0> ,supug C Z4.

The calculation of the energy scalar product with distribution ®_ gives

YT
right

1 _
<, @ >e = S {< (T =T )uo, (T =TT)(0 = ) (x4 + BX-) >1,,)
+ <(TF = T)ug, x+ + Rx— >1,E,)} -

Using the equations Ty, = fyy,Tx_ = Oy_, we get

1 o
<, @ > =5 {<uo, (007 (Xt + Bx-) >1.m,)
+ < ug, (0 —)x+ + RO —0)x— >k,

= (0—6) <wo.xt >1,(m)€ (1 -0 )H. _,}.
Using the choice of ug, we see that lineal < u,®_ >¢ coveres (1 — 92)H3’_N and
the closure of it coincides with H?—, —pu, since 1 — #%*is an outer function.Analysis
concerning D can be acomplished in a similar way. Following the Lax-Phillips idea
we can compress the unitary evolution group (£)" onto the translation invariant
subspace

-1 2 2
K= Hy( ) O S-2ully (1)
or
- 2 2 )

K =Ly & [S-2uy (1) B HZ ()
in the second case the translation invariant subspace is enlarged due to adding the
defect My = Ly & {H? (—py @ H_zi_ (—u)} see Appendix. In both cases the restriction

gives contracting oneparametrical semigroups {T' "} {T"}

T = PL|K, T = P L|K'.
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The spectra of generators T, T" correspond to the singularities of the inverse scatter-
ing matrix S = R for T' and, possibly contain some additional isolated eigenvalues,
caused by the defect M. Now we confine ourselves to the simplest case T".

Theorem 13. The compressed resolvent of L
Pio (£ — (IR

coincides for |C| > |, |C| < | with resolvents of T',{(T")T}~! and hence possesses an
analytical continuation from the outside of the unit disc onto the inside of it with
poles at eigenvalues {t.} of T and from the inside of the unit disc to the outside
of it with the poles at {t.}~1. The corresponding systems of eigenvectors form a
Riesz-basis in linear hulls of and only if the Carleson condition for {t.} us fulfilled
(see appendiz).

The system of eigenvectors of T',T/+ are jointly complete in K'

i+ My =K

with a positive angle between components, if and only of the factors of the reflection
coefficient fulfil the Muckenhaupt condition,

f‘ (A, 00) 1D(/\)‘ f‘u(koo) ‘ 2-dm<oo.

The proof is based on the p-automorphic version of the Muckenhaupt condition,
which shall be published later on.

Let us consider the completeness and the expansion by resonances for the per-
turbed selfadjoint Jacobian matrix, which is represented spectrally by a multipli-
cation operator in the space of Cauchy data:

ABNAB:/ZcI)_ <, ®_ > dm

The resolvent of Ap is obviously an analytic function on the first sheet w4 of the
Riemann surface and is represented by the Cauchy kernel

1
z— A

Considering compressed resolvent
Pri(z — )7 HK

we should prove, that it possesses an analytic continuation onto a nonphysical
sheet w_ with singularities defined by the scattering matrix.

According to the Stout-Fedorov result quoted in Appendix, the algebra of all
bounded analytic functions on w4 is generated by three multiplication operators
0%, 61*,0 — 2x by Blaschke products, which represent unitary one step evolution
operators in the energy space

G*N,Co
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G*N,Cl
G*N,CQ

Let us denote by T,T,T> the compressions of them onto translation-invariant
subspace K’

P[(//:,()|I/’l = T, P[(/,Cl |I/’l = T1P[(//:,2|IX’I =1
JFrom the quoted Stout-Fedorov result follows the next Assertion.

. . For every bounded analytic function ® on wy, represented through 6,60
(I)(Z) =& = @(9,9192)

the compressed multiplication operator is represented as an analytic function of
T, T1T2.'
PKCI>(9,91,92)|K = (I)(T, T1T2)

The similar result is valid for the class of bounded analytic functions on w_.

Theorem 14. The compressed resolvent of Ap possesses an analytical continu-
ation onto a nonphysical sheet as a linear combination of resolvents T,TT with
coefficients, including Ty, T, Ty, Ty correspondingly, with the poles at the roots A,
of the scattering matriz and conjugate points {\s}.

Proof. Using the Hamilton-Caley equation
64671 =2P(2),

we can write the spectrally-represented resolvent of Ap in the following form

1 B ,Pn—l(Zv /\)
TN G40 =N oM
) o))
= Pr_1(z,\) 960\ 1% ()
6-6(\)
() -1

Here P,—1 = 2(z — \)7'[P(z) — P(A)] is a polynomial of the order n — 1, which is

real and symmetric in respect to the change of variables z « A

n—1

Prn—1 = Z ag(z5 + 012574 bl L))

s=0

The products Pp_18, P,_16 are bounded analytic functions of z on wy, w_ corre-
spondingly , hence the following decomposition is true:

1 6()) Pro_1f Po_rf
z—A 02N -1

5ot P+ T o )
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where the first term in the square bracket is an analytical function on w,, the third
term is an analytical function on w_, and the middle one is a symmetric polynomial
in variables A, z. Using the previous assertion, we get the following representation
for the compressed resolvent

1 () () .
P, ———1- = Pi-(Prn_10)|K'
KTk 2(\)—1 |1—T 6\ i (Pa-16)|K
6(N) -
7F < FTL— 9 I/’I—I—P(lz:n_ P(/
T gy K Prot O P Por B

The last term in a bracket is just an operator polynomial in A. According to Stout-
Fedorov result, quoted above the family of generators 6,6; can be enlarged by
adding a new generator 65 to distinguish all the points on the first sheet w, .Every
analytic function @ on the first sheet can be represented as a superposition of
some function, analytic in polidisc |6 < 1,]61] < 1|62| < 1 with functions 66, 6,

(I)_|_ = (I)_|_(991 92)
Then the operator-functions

Pro Py 16| =Pyer @y |
Py Pn_1é|ffl =Pr (I)|A’I

are represented as polynomials in A with operator coefficients

PII(CI)_|_|I”I = (I)_|_(T, Tl,TQ,/\)
PII(CI)—|I” = (I)—(T+7T1+7T27/\)7

hence
1 () ()
P K' = &, (T, Ty, s, A
3 = oy o1 [To e THE T B )
+&@_(T+ T T \) + PiPp—1 P
1—T+H()) o2

The right part of the last equation is obviously an analytical function in A on w4
since the factor 8(\) suppresses possible polynomial poles of order n — 1 at infinity;
the analytical continuation onto w_ in A meets poles at the eigenvalues of T, T

Tys = 9-1—(/\3)993 = :1(/\3)993
1

THef =0:(\)ef = N

¥s

o_(%)

localized at the roots Ay of the scattering matrix and conjugate points. Thus we
see, that the poles of the first addenda lie at the roots A4 of the scattering matrix,
the poles of the second ones lie in complex conjugate points. The corresponding



PROJECTORS AND EXPANSIONS 21

residues of the analytically continued resolvent are composed of eigenfunctions (or
root functions) of T', T respectively. The theorem is proved.

Let us discuss at last the completeness of the resonance states, basing on the
Theorem 14, and the index approach.

According to the general index approach (see the first part of the paper), we
should consider a multiplication operator by the analytic function f, which posesses
two factorizations on the universal cover Q4 U Q_

fo e 7ZeQy,
Clefre zZzeq,

such, that in Lo(0€4)

fH? =6H?

2 2
We use this approach for the classes of py-automorphic functions (on the universal
cover )4 of the first sheet). The essential difference of the theory of u- auto-

morphic Hardy classes H—zi—,u on 4 from the standard one is that there exists an
n-dimensional defect My ,n =1+ genus{w_ Uwy}

Ly (1) = Hj—z,u & Hiz,u D Mo

Here H—(i)—z,u is the Hardy class of p-automorphic functions, vanishing at infinity

oo Cwy, H2 |, = Fj—,—u and My - a subspace, which consists of p-automorphic

M
functions, which have poles on wy and w_ as well. For (—u)- automorphic function

f the following factorization are assumed

fon= { H_lei’_ﬂ-l-u’v z €y,
- =
e_ﬂ”fi,u-l-u’” zZ € Q—,

They imply

2 _ 2
f—NH—I—,—I—u - H—N’H—I—,—I—u’?

f_N(HE,-FM @ MO’+N) — G_NII(HE’_i_N// @ MO,+H«”)

Similarly, the factorizations for (f_,)~!(z) are assumed

7 { e_ull(fi’_u—i—u”)_l = 0w fS s

I (f—T—,—u—i-u")_l = H—N'fi,—u—i-u”

(f—u)_l =
They imply the equations

(f_“)_lﬂi - e—u”H-ZI-,-I-u”a
(f_ﬂ)_l(Hi)l = H_NI(HE,‘i‘NI D MO,+N’)'
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We use for f the renormalized perturbation determinant of our scattering problem.

b
(u

The corresponding Muckenhoupt condition guarantees the completeness of reso-
nance states of 7,77 in K' (see Theorem 14)

f—u:

M, + Mj— = (H—zi—,u O Hy g )+
(e—u”(H—zi—,u"—i—u SH_wHy yigprgpn)) =K

Combining the results of Theorems 13 and 14, we get the following statement.

Theorem 15. If the Muckenhoupt condition s fulfilled for the renormalized per-
turbation determinant D(;l, then the compressed resolvent of perturbed Jacobian
matriz can be continued analytically onto the nonphysical sheet with poles at the
roots \s of the scattering matriz and at the conjugate points \,. The system of
resonance state, composed of eigenvectors of compressed Lax-Phillips generators
T, T, forms a complete system in K.

Note that additional Carleson conditions for (\s)

0(As) = B(A\)
1—8(2)8(\)

mnfII

Ll

> 0

on every sequence Ay, accumulating on a spectral bands, implies Riesz-basis prop-
erty for resonances states. This fact follows from the harmonic analysis, developed
in [2]0,22, combined with spectral analysis of the generator T, similarly to the
corresponding fact in [1]7.

The most part of this work was written in the Erwin Schrodinger Institute for
Mathematical Physics during my two months stay there. The author is grateful
to the institute for the excellent working conditions and to the organizer of the
semester professor T. Hoffmann-Ostenhof for the invitation. The author is deeply
grateful to professor W. Thirring for his interest in the results and stimulating
discussions. The paper is dedicated to academician Ludvig Faddeev for his 60
birthday. The aesthetic principles of Ludvig Faddeev in choosing and selecting
mathematical problems which are worth of discussing allways impressed the author
very much.

Appendix. Some preliminary facts and assertions from
harmonic analysis in the circle and on a Riemann surface

The orthogonal basis in a space L2(C) of all square integrable functions on
the unit circle C = {z : |z| = 1} is formed by powers of independent variable
z = exp(ip), 0 < ¢ < 2w, {2V}52 The Hardy classes of all functions from

Vv=—00"
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L,(C), which can be continued analytically inside of the unite circle HY , and outside
of it, H? can be defined as linear hulls
HY = V2, {="},
HZ =V,Z {"},

v=—

the reproducing kernel ((z) for H3 is given by the formula

(0=0-C)"" K<,

and possesses the property of Cauchy integrals

< F{(€) >1.= f(C),  f € HY.

The analytic function S is called an inner function in the unit disc D = {z : |z| < 1},
if it 1s almost everywhere unitary on the unit circle and compressing inside D

1S le=1, |S(Z)] |p<1.

Generally the inner functions are represented as a combination of ‘Blaschke prod-
ucts’,

Ck_ZE_k . 2 0
oAt ij{l Bo|*} < oo,

and ‘singular inner functions’, generated by some positive measures dv, supported
by the unit circle and singular in respect to the Lebesque measure dm

B(z)=1I

(+=z
CC_Z

Thus every inner function is characterized by the distribution of its zeros inside D

8(z) = exp {_ dy(¢)} Vary < co.

and the density of asymptotic zeros at the boundary, given by v:
S(z) = 2" B(2)8(z2).

An analytical function f is called outer function in D, if the corresponding multi-
plication operator is quasi-invertible in H%. The outer functions are represented in
the form

(+=z dep
s ).

In what follows we consider the analytic functions in D, which anyway fulfil the

F(O) = exp {

condition

/ln |f(2)]]dm < o

These functions can be factorised in the form of the product of inner and outer
factors

F(z) = S(=)- filz) =z €D.
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The similar representation holds for functions analytic outside of D. If f € H%,
then f$ € H3. The shift operator in Ly(C')

U:f(z) = 2f(2)
is unitary and possesses a lattice of invariant subspaces D%, D C H_2|_, parameter-
ized by
o(T) = o(Tk) = {Cc} U suppr,
the eigenfunctions of the compression onto the translation-invariant subspace
K, K =H?c SH?
T = PrU|k

are given by

S(z
Uy(2) = Q() ¥, =Yy
The biorthogonal system is formed by reproducing kernels, which serve eigenfunc-
tions of T: B
(o) = |le(2). TTO = 2/

For multiple zeros of S the Jordan cell basis is formed by derivatives of ¥, U in
respect of the spectral parameter 3.

The system of eigenvectors {¥} (as far as U1 ) is complete in K if and only if the
singular factor in S is absent. In this case each of the systems {W¥,.}, {¥F} forms
a Riesz-basis in K if and only if the following Carleson condition is true

G —
lnf H ‘ Cl Cn

the corresponding spectral decomposition for T is given by the interpolation series

>0,

=) U< £UF > 07HG)

{

For properly normalized eigenfunctions systems the additional factor ¥;((;) coin-
cides with Carleson’s constant

H ]—_CeCn

Let us consider ‘outgiong’ subspace generated by the inner function S
D} = SH;

The orthogonal projections on it is given by Cauchy integrals edged by multiplica-
tions on S, ST from both sides:

Pp, = SP2 St =85 <+(c> 5%, Py f(C _m/f (2)
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Every simple contracting operator T' which is rank one non unitary

Ll

dim(1 - T%T) =1,T" = 0,

is unitarily equivalent to the corresponding Nagy-Foias functional model, generated
by some inner function S on the ‘translation-invariant’ subspace K = H3 & SHZ:

T ~ PKZ|I&’ = T[(,Tn ~ PKZn|I(7n >0

The shifts group {z"} is a ‘unitary dilation’ of the model contracting semigroup
Prz"|K,n > 0. The spectrum of the generator T' (or T ) consists of all singularities
of S7!. In a case, when the condition

T 250

is not fulfilled, the absolutely continuous spectrum of 7' is present. The correspond-
ing spectral analysis see [8]. All mentioned facts are contained in [1]5 Not so much
is known about harmonic analysis of operators on Riemann surfaces. Let Ay be
a double surface genus r, r > 1. We realize it as a joining of sheets AL U A_ by
r 4+ 1 two-sided cuts I' = Uy, The Green function of the first sheet Ap\I' with the
zero boundary conditions on I' (Friedrichs extension of corresponding Laplacian) is
a real part of an analytic function G

g(z,() = Re.G(z,(),

defined on the universal cover {24 of Ay. The corresponding Blaschke factor defined
on {1y as

b(Zv C) = €Xp G(Zv C)

proves to be p-automorphic function on €24 in respect to the sheets overlapping
group. It means, that being reduced to A ,b(z,() achieves a factor exp 2irpus after
z going around the cut v, s =1,2,...7,

b(ZvC) = bﬁ(Zvc)

with only g1, ..., independent, piy41 = — D1 ps| mod Z. Here ps = ps(¢) is a
harmonic function of the parameter ( on A \I', which fulfills the following boundary

conditions
17 C E 78

07 C€7i7 Z#S

the corresponding harmonic measure is

1s(C) :{

and
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Generally p-automorphic functions play a crucial role in harmonic analysis on the
Riemann surface. For given vector u the Hardy space of the all square integrable
functions can be formed on Q4 (and on A1), H3 ,(A4). The corresponding repro-
ducing kernel (,(z,() is given by averaging over the action of the overlapping group
G of the sheets on I';:

lu(z,¢) = Y TS ((2,GsC)
{G.)

The p-automorphic inner and outer functions are defined on Q4 (and A4) as func-
tions which are transformed under the overlapping group’s action according to the
rule

F(GLZ) = #m<me fz),

The invariant subspaces of the multiplication operator by the bounded analytic
function -6. (0-automorphic on A4 ) are represented in the form

Dy =S_Hj ,(Ay)

where H , +%(A4) is a space of (u)-automorphic functions on I', which are square-
integrable in respect to the fixed harmonic measure y = p((p), which are 0-analytic
on {14 and transformed properly under the overlapping group’s actions, and S, is
an inner (—p)-automorphic function on Q4 (Ay).

The main difference of harmonic analysis on the Riemann surface from the har-
monic analysis in a unit disc is the non triviality of the overlapping group. The
operator of multiplication by bounded analytic (0-automorphic) function in Ls(T")
has a spectrum of multiplicity > r + 1. That is why we need another function, to
construct a ‘complete system of quantum observables’- the family of multiplication
operators which is a generating a double commutant, containing multiplication by
fy. In the simplest case of two symmetric cuts this family is formed by two func-
tions, which are invariant in respect to some automorphisms of the first sheet,

I =[-1.-a?U[a*1] Gi:z— —2,Gy:2— —az,
eo(GlZ) = eo(Z), 91(G22) = 91(2)
6o — 60(0)

91(G12) == —91(Z) : eo(GQZ) == 90

1 — 6460(0)

the sheet’s overlapping group is oneparametrical group represented by mobius trans-
formations of universal cover 4 = D. Then, defining H3 as linear hulls of basis

(65,6160 }iez,
H3(A) = Vizo{6o, 6165},
H2(A)=Viso{by ', 67767167,
Ly(T) = HZ(Ao) @ HE(Ay) @ {1/2},
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an .
60—8q(0)

rical) overlapping group. It is a derivative of the corresponding abelian differential
of the second kind in respect to the harmonic measure . Generally for the double

here the element 1/z = const is a defect caused by nontrivial (oneparamet-

Riemann surface genus r, there exist r-parametrical overlapping groups acting on
Q4, and the defect of H_2|_ @& H? in Ly(T") is r-dimensional and the base in it is
calculated as derivatives of abelian differentials of the second kind in respect to the
harmonic measure. In paper of E Stout [2]3 was shown, that generally on Riemann
surface there exist three functions ,which are inner functions on the first sheet and
separating all points of the first sheet. In the papers of S. Fedorov [2]2 an explicite
construction for them was suggested. There was shown also, that any analytic func-
tion on the first sheet can be represented as a superposition of an analytic function
in polydisc and the corresponding generators 6y, 61,6: . We use these results as
a basement for representation of Livshi¢ matrix in form of linear combination of
resolvents of generators of Lax- Phillips semigroups.

For two cuts the analog of shift groups is given by {6;°6{"'}m € Z,. This
discrete group possesses a nontrivial property

6o — 60(6)

=T g

=6 - 90(Ga)7

caused by specific behaviour of 6y ; under transformations G; 2. But being reduced
to some translation-invariant subspace

K = H2(Ay) & S_, H*"(A4)
it produces contracting semigroups, similar to the Lax-Phillips ones
TloTh = Prologl K.

If the inner function S, is a Blaschke product, then the spectra of Tj, T} are discrete
and are given by the formulae

to.1 = 00,1(As),

where A, are the roots of S_,. The corresponding adjoint operators To"i"l have the
complex conjugate eigenvalues and reproducing kernels Ro(Z, A;) for eigenvectors.
The basis property for them is guaranteed by ‘splitted” Carleson conditions in terms

of 90

H 90(/\1) - 90(/\m) Tolo > ()

#m 1— 90(/\1)90(/\m)

Y

for Ay, — v—, and for \,, — 4 separately. The analysis of general hyperelliptic
Riemann surface was done in [2]2 . For other results concerning Harmonic analysis
on Riemann surfaces see papers [2]2,26,27 ,28, the book of S. Fisher [2]5 and the
literature, quoted there . Another facts concerning Harmonic analysis of operators
and applications to differential operators can be found in [2]9 30 .
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