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ZERO INDEX OF PAIR OF PROJECTORSAND EXPANSIONS BY RESONANCE STATESFOR OPERATORS WITH BAND SPECTRUMB. PavlovInternational Erwin Schr�odinger Institute for Mathematical PhysicsOctober 17, 1994The eigenfunctions expansions technique is well developed and largely used forselfadjoint and nonselfadjoint operators. But it could not be applied directly tooperator-functions, since the main tool of it - the Hilbert identity - is absent there.The typical situation of this sort appears when considering resonances which ariseas singularities of the analytical continuation of the compressed resolvent of givenselfadjoint Hamiltonian A from the `physical sheet' �+ of the spectral parameter ,(1) PK(A � �I)�1=K � (A(�) � �I)�1across absolutely continuous spectrum �a of A onto the so-called `nonpysical sheet'f��g of the spectral parameter �. The choice of the subspace K is de�ned bythe physical content of the problem, and the operator-function A(�), formally de-�ned by (1), is called the Livshiĉ-matrix. (see [1]). The bilinear decomposition ofresidues of the compressed resolvent at the poles of its analytical continuation ontof��g de�nes the vectors in K, which are called resonance states, see [2], [3]. Theproblems of completeness of the family of all resonance states and of the correspond-ing spectral decomposition are typical nonstandard problems of spectral analysis.Other ones are connected with completeness and basis properties of exponentialsystem fexp(iknx)g on a �nite interval in L2(0; a), see [4,5,6]. An elegant approachto the spectral analysis of resonances was suggested by P. Lax and R. Phillips in[7]. Based on the harmonic analysis in the upper half plane Im� > 0 (or in theunit disc), they developed spectral theory of compressed semigroupPK exp(iAt)jK; t > 0;supposing, that the unitary evolution group exp(iAt) has orthogonal incoming andoutgoing subspaces D�;D+ ? D�eiAtD+ � D+; t > 0(2) eiAtD� � D�; t < 0e�iAtD� ! 0; t!1Supported by the Federal Ministry of Science and Research, Austria Typeset by AMS-TEX



2 B. PavlovIn this case the Livshiĉ matrix proves to be constant, hence the Hilbert identity isvalid for the compressed resolvent in K. Unfortunately the class of operators, forwhich this assumption is ful�lled looks rather narrow: it consists of the operatorshaving a part, which is unitarily equivalent to the momentum 1=i ddx , hence thespectrum of A contains a branch, �lling the real axis with a constant multiplicity.Thus the spectral properties of resonances for band spectrum cannot be studied bythis method.In what follows, we develop an approach to the spectral analysis of resonances,which is applicable to the operators with the band spectrum. Our approach isbased on a version of harmonic analysis on the Riemann surface of �nite genus tosubstitute the standard Lax-Phillips theory, and one simple assertion concerningpairs of `skew-connected' subspaces in Hilbert spaces (see[8]). The last is equiv-alent to the well known zero-index condition for pairs of orthogonal projectors(see[9,10,11,12,13,14]). Both ingredients are independent in some way, the secondbeing more elementary. For this reason we demonstrate it �rst in a problem, rel-evant to the Friedrichs model, i.e. a compactly perturbed multiplication operatorwith one-band-spectrum .The second part contains the application of the developedtechniques to the compactly perturbed semi in�nite Jacobian matrix, which has aband spectrum of constant multiplicity. The appendix contains a review of resultsin harmonic analysis, which we systematically use in the text. Our approach is validalso for operators with a threshold spectrum,e.g. for a compactly perturbed orthog-onal sum of semi in�nite Jacobian matrices with star-like graphs for con�gurationspace. The corresponding material will be published elsewhere.1. Preliminaries. The T. Kato zero-indexcondition for the spectral analysis of resonancesin frames of the standard Lax-Phillips theoryThe index of the pair of projectors P1; P2 was initially de�ned asdimP1 � dimP2 = trace(P1 � P2) = index (P1 � P2)It is obvious, that two �nite dimensional projectors P1; P2 can be intertwined if andonly if index (P1 � P2) = 0. In [9] T. Kato proved it for the in�nite dimensionalsupposing(3) jP1 � P2j < 1New interesting properties of pairs of projectors, which have zero index, are de-scribed in [9,10,11]. In what follows we use the following simple fact.. The following statements are equivalent 1. P1; P2 is a Fredholm pair of orthogonalprojectors and the norm-estimate is ful�lled:jjP1 � P2jj < 1:2. Both operators (P1P2)P1H, (P2H are invertible in P1H;P2H correspondingly,and jj(P1P2P1)�1P1H jj <1; jj(P2P1P2)�1P2H jj <1



Projectors and Expansions 33. The skew projectors P jj(1�P1)HP2Honto P2H parallel to (1 � P1)H, andP jj(1�P2)HP1Honto P1H parallel to (1 � P2)H are bounded and given by the next formulasP jj(1�P1)HP2H = (P2P1P2)�1P2P1;P jj(1�P2)HP1H = (P2P1P2)�1P1P2:Proof. It follows from 1, that jjP1P2P1 � P1jj < 1, jjP2P1P2 � P2jj < 1. Hence1! 2 by the Banach principle, 2! 3 by the direct calculation, e.g.:(P2P1P2)�1P2P1e2 = e2; e2 2 P2H;(P1P2P1)�1P2P1e?1 = 0; e1 2 (1� P1)H;P jj(1�P1)HP2H jj � jj(P2P1P2)�1P2Hjj� 11� jjP2P1P2 � P2jj � 11� jjP1 � P2jj :Vice versa, if both skew projectors are bounded, then the following estimates fora minimal angle are truesin(P2H; (1 � P1)H) � �1 = jjP jj(1�P1)HP2H jj�1;sin(P1H; (1 � P2)H) � �2 = jjP jj(1�P2)HP1H jj�1hence, cos(P2H; (1�P1)H) �p1� �21, cos(P;H; (1�P2)H) �p1� �22. Thus, forevery pair e?1 2 (1�P1)H; e2 2 P2H we have the estimate j < e2; e?1 > j �p1� �21and for e1 2 P1H; e?2 2 (1 � P2)H similarly we have the estimatej < e1; e?2 > j �q1� �22These estimates implyjj(1� P1)P2jj = jjP2(1� P1)jj �q1� �21 ;jj(1� P2)P1jj = jjP1(1� P2)jj �q1� �22 :Let us write the operator P1 � P2 = P1(1 � P2) + (P1 � 1)P2 in a form of amatrix, connecting two orthogonal decompositions of H, H = P2H � (1� P2)H =P1H � (1� P1)H: P1 � P2 , � 0 P1(1� P2)�(1� P1)P2 0 �



4 B. PavlovThis matrix representation implies obviously the estimatejjP1 � P2jj � max�q1� �21 ;q1� �22� :Hence 3! 1.>From the Assertion 1, and standard Lax-Phillips approach follows the represen-tation for the Livshiĉ matrix of a selfadjoint operator with a one-band spectrum,having uniform multiplicity. We derive here the corresponding formula for thediscrete Lax-Phillips picture only.Theorem 1. Let U l be a unitary group l 2 Z, in a Hilbert space H, which ful�llsthe Lax-Phillips properties:a. There exist two orthogonal invariant subspaces of U l, D�, D+ ? D�, suchthat U�D+ � D+;U+D� � D�b. U lD+ ! 0, U�lD� ! 0, l!1then the operator A = 1=2(U + U+) is bounded and selfadjoint in H, and itsresolvent, being compressed onto the translation invariant subspace K = H	fD��D+g of the group fU lg can be represented as a linear combination of resolvents ofgenerators T; T+ of the corresponding Lax-Phillips compressing semigroupsT = PkU jK; T+ = PkU jK:and has singularities at eigenvalues of them on the nonphysical sheet.Proof. Denoting the spectral parameter of U by �, we can take the natural spectralparameter of A in the form of � = 1=2(� + 1=�), assuming, that the outside of theunit disc j�j > 1 corresponds to the spectral sheet of �� = �+p�2 � 1:Then the resolvent of A can be written in the following form:(A� �I)�1 = 2[(U � �I)�1(1� U+��1)�1] = 2U��2 � 1 [(U � �I)�1 + �(1� �U)�1]:Now we use the crucial fact of the Lax-Phillips theory that compressions of semigroups fU lg, l � 0; f(U+)lg l � 0; are contracting semigroups; e.g. for l > 1:PKU lPK = PKU l�1(PD+ + PD� + PK)UPK= PKU l�1(PD� + PK)KPK= PKU l�1PKUPK + (PKU+PD�(U+)l�1PK)= PKU l�1PKUPK = (PKUPK )l:



Projectors and Expansions 5Hence for j�j > 1PKU(U � �I)�1jK = �PK 1X1 ��lU ljK = T (T � �I)�1;PKU�(1 � U�)�1jK = �PK 1X0 (U+)l��ljK = �(I � T+��1)�1(4) PK(A � �I)�1jK = 2�(�2 � 1) � TT � �I + �T+ � �I �The formula (4) gives the compressed resolvent representation on the spectral sheet�+(j�j > j). The members, staying in the right side have analytical continuationonto ��. The domain of analyticity of it is actually the intersection of the resolventsets of T; T+ hence the compressed resolvent staying on the left side can be con-tinued analytically onto it. The residues of the compressed resolvent at the polescoincide with corresponding spectral projectors of T of T+, hence the resonancestates are just the eigenfunctions of T; T+.Note, that the system of all resonance states, de�ned above, is obviously surpluscomplete. But when we con�ne the consideration exclusively by the discrete spec-trum of T and T+, it could be complete and !-linearly independent (in the sense ofM. Krein ), and even form a Riesz-Basis in K. Let us assume now, that the abso-lutely continuous spectrum of T; T+ is empty. Then the characteristic function ofT is an inner function in the unit disc, see [15] . According to the main result of thefunctional model theory, see [15] the invariant subspaces of T , which correspondto a discrete and singular continuous spectrum, are de�ned by the Blaschke factor� and singular factor �s of characteristic function see correspondingly. In a scalarcase when dim(1� T+T ) = 1:� = � l0�l �l � �1� ��l� ��l� ; l0 2 fZ+ [ 0g;�s = exp�Z � + t� � td�(s)�where �l are the eigenvalues of T and � is a singular measure on a circle, supportedby a singular spectrum of T (see appendix). If the absolutely continuous spectrumis absent,then the characteristic function of T is just a product of Blaschke factorand singular factor S(�) = �(�)�s(�); j�j < 1:Writing down the operators T T+ in terms of `incoming' spectral representation ofU , we get in this case (see [1]5)D� = H2�;D+ = SH2+;K = H2+ 	 SH2+and for the invariant subspaces of T; T+, which correspond to the discrete spectrumMd;M+d



6 B. Pavlovand singular continuous spectrum Ms;M+swe get (see [1]5) M+d = H2+ 	�H2+;Md = �sM+d ;M+s = H2 	 �sH2+;Ms = �M+sthe conditions of the separability of spectral components is discussed in [8] , wheresu�cient conditions for positivity of minimal angles betweenM+d ;bMs+;Md;bMsare proved. The problem of joint (combined) completeness(5) M+d +Md = Kwith a positive angle between Md;M+d was discussed in [4] and in [5]. It is rele-vant to the classical problem of exponential system completeness and Riesz-basisproperties on a �nite interval.Theorem 2. The joint completeness condition (5) is ful�lled if and only if thereexist an analytic function f (with possible singularities on the unit circle C andoutside of unit disc) which admits the following factorizations(6) f = � f+e �; j�j < 1;f�e �s; j�j > 1;where f�e (�) = exp��ZC s+ �s� � lnjf jdm(s)�are corresponding outer factors inside (+) and outside (�) at the unit disc j�j < 1,m = 12� args, with modulo ful�lling the Muckenhaupt conditionsup 1� Z� jf j2dm 1� Z jf j�2dm <1 (A2)Proof. repeats basically the considerations from [5], being founded on the famousMuckenhaupt criterion of the boundedness of Gilbert transforms in weighted classes,see [1]6. Notice that the Cauchy type integral, which can be written in a form ofa convolution with reproducing kernel ks = (1� ��s)�1 gives orthogonal projectionfrom L2(C) onto the Hardy class H2+ of all analytic functions inside D, squareintegrable over C. <; ks >= PH2+:Being edged by multiplications by f; f�1 it gives formally the skew projector onto�H2+ parallel to �sH2�(7) P jj�sH2��H2+ = fPH2+f�1



Projectors and Expansions 7similarly(8) P jj�H2��sH2+ = �f�1PH2+ �f :The operators, given formally by formulae (7), (8) should be de�ned �rst on appro-priate dense lineals L2 \ fe+L2, L2 \ ( �fe+)�1L2 correspondingly. Then they shouldbe continued by closure onto L2, due to the Muckenhaupt condition, which guar-antees the boundedness of the resulting operators (7), (8). On the other hand theboundedness of the skew projectors (7), (8), is equivalent to the su�ciant zero-indexconditions for pairs of orthogonal projectors (see the assertion 1):fP�H2+; P�H2+g; fP�H2� ; P�H2�g :jP�H2+�P�H2+j < 1;jP�H2��P�H2� j < 1:Since � and � are mutually prime (have no common factors), we have�H2+ \ �H2+ = ��H2+;�H2� \ �H2� = (�H2+)? \ (�H2+)?= (�H2� + �H2+)? = H2�hence our zero-index conditions are ful�lled for the projectors onto complements of��H2+, H2�: jP�(H2+ 	 �H2+)�P�(H2+ 	�H2+)j < 1;jPH2+	�H2+�PH2+	�H2+j < 1:since the normalized reproducing kernelsp1� j�lj2k(z; �l) = p1� j�lj21� z�l ; �(�l) = 0;form a complete system in H2+ 	 �H2+, the orthogonal projections of them ontoH2+ 	 �H2+ 1� ��(�l)1� z�l p1� j�lj2form a complete system there. On the other hand, also due to the Assertion 1, thejoint system at eigenfunctions of T and T+ is complete in KV � 11� �ez ; ��z � �e� = KConversely, if the joint completeness conditions (5) is ful�lled, then the anglesbetween the components are positive and the corresponding parallel projectors arebounded. Hence Muckenhaupt condition is ful�lled.



8 B. PavlovNote.The conditional statement of the preceding theorem can be reformed into ex-plicite one, if we produce the generating function f just from observation of innerfactors �; �.Theorem 3. If the inner factors �;� ful�l the following condition on Carg� � arg� � L1(C);then the generating function f exists and is represented by each of the factorizations(6), with lnjf j = �Z ctg�'s � '32 � [arg� � arg�]dm(s)The generating function is de�ned uniquely up to the constant unitary factor.Proof. The factorizations (6) imply the equation for a:e: �; j�j = 1�(�) exp�ZC s+ �s� � lnjf jdm(s)�= �(�) exp�Z s + �s � � lnjf jdm(s)�where the integrations in the left side and in the right side are performed in oppositedirections. Hence a:e: on Carg� � arg� = Z ctg�'s � '�2 � lnjjjf jdm(s)Since the Hilbert transformation G is an invertible operator in L1 and G2 = �1,we have lnjf j = �Z ctg�'s � '32 � [arg� � arg�]dm(s):then both f+e ; f�e are calculated by the usual formulaef�e (3) = exp��Zc s+ �s� � lnjf jdm(s)� :'n(�) = ('+n;e(�) �n(�); j�j < 1;'�n;e(�) �n(�); j�j > 1;where 'n; e+ are outer functions inside and outside of the unit disc D (�n is aBlaschke product, �n is a singular inner function).



Projectors and Expansions 9Theorem 4. If P j�nj <1 and in�nite products� = �1n=1�n; � = �1n=1�nare convergent on D and R jang�� ang�jd' <1 than the operatorU = ��n�1 + 2i�n1� i�nPn�exist and is unitary in L2(C). The corresponding unitary group fU lg possess in-coming and outgoing subspaces D+ = �H2+D� = �H2+The spectrum of U is absolutely continuous and covers the unit circle with a con-stant multiplicity 1. The corresponding eigenfunctions are represented in forms ofscattered waves,which have an asymptotics at the singular points, parameterized byre
ection coe�cient R(�)U = � ;  �= 1z � �(1� 0) +R(�) 1z � �(1 + 0) z ! �R(�) playing a role of Schr�odinger scattering matrix. The re
ection coe�cient Ris unitary on C and can be factorized in a formR(�) = D(�)D(�) :where D is a perturbation determinant.If considering Lax-Phillips scattering problems for the pair of orthogonal incom-ing and outgoing subspaces D��D�+ = D+ \ D?� = ��H2+D�� = D?+ \ D� = H2�;then the corresponding Lax-Phillips scattering matrix (in spectral incoming repre-sentation) is combined with �;�; R the following wayS = �R� � � = DD��It is analytic in the unit circle and can be factorized in the formD�D� ;where � is a generating function for the pair of subspaces �H2�; �H2+, constructedby the method described in Theorem 3.The proof of the similar theorem in a one dimensional case, �1��, �i = 0, i 6= 1,is given in [1]7. The proof in a general case will be published elsewhere.



10 B. PavlovTheorem 5. The operator formed in L2(C) from U;U+ asA = 12(U + U+)is selfadjoint. The corresponding resolvent is compressed onto the translation-invariant subspace K = L2(C) 	 [D�� �D�+] is represented in the form of a linearcombination of resolvents of generators T; T+,T = PKU jK;PK [A� 1=2(� + ��1)]�1jK = 2��2 � 1 � �T � �I + T+T+ � � � j�j < 1and possess an analytical continuation on the second sheet of the spectral parameter,which corresponds to the inside of the unit disc. j�j < 1. The analytically continuedcompressed resolvent has poles at the eigenvalues �l of T and �l of T+. The systemsof resonance states is a combined system of eigenvectors T; T+. It is complete inK and direct decomposition is validK =M+d uM+d ; (MbdM+d > 0);if and only if the Lax-Phillips scattering matrix factors D' ful�l the Muckenhauptcondition:(9) ��1 Z� jD�j2d' ��1 Z� jD�j�2d' � C <1:The proof is a combination of Theorems 2 and 4.Note.. All previous theorems concern the case of simple zeros of �. Treating of themultiple zeros case is similar, with the only di�erence that then we should speakabout completeness of root-vectors, forming a base for the Jordan form matrix.Expansions by resonances require the completeness and the Riesz-basis propertyfor the joint system of eigenvalues both T and T+. The conditions for that aregiven by the next statement, which follows from Theorems 2,4,5.Theorem 6. If the Blaschke factor of the analytical function D� in the unit discful�lls the Carleson conditioninfm �l6=m ���� �l � �m1� �l��m ���� > 0and the outer factor of it ful�lls the Muckenhaupt condition (9), then the jointsystem of eigenvectors of T; T+ is complete in K which is spectrally represented byH2+ 	 SH2+, S = D�(D�)�1, and forms the Riesz-basis there.Note at last, that the operatorA in consideration can be regarded as a generalizedFriedrichs model - a compactely perturbed operator of multiplication by a realfunction in a weighted L2(�) space. In factA = z�l �1 + 2i�l1� i�lPl�+��1� 2i�l1 + i�lPl� z�1 = 12(z + z) �+U�; z = ei';



Projectors and Expansions 11where V is a compact selfadjoint operator in L2(C) = L2(0; 2�). The change ofvariable cos' = u produces a measure transformationd' = � dup1� u2and corresponding isometry J of the Hilbert spaces, resulting in similarity of A:A! Au = u �+Vu; L2(C)! L2( (1)p1� u2 )where Vu = JV J+.The spectrum of the Friedrich model A or Au is purely continuous � = [�1; 1],but the structure of resonances could be highly nontrivial, especially if severalaccumulation points of them on the [�1; 1] are present.3. Functional model for periodicalJacobian matrix. Lax-Phillips approachLet A be three-diagonal hermitian n-periodic Jacobian matrix in l2(Z), with ablock-period A0A0 =0BB@ a11 a12 0 0 0a21 a22 a23 0 00 a32 . . . 00 0 1CCA ; A = 0BBBBBBB@A0 ��� A0 ��� A01CCCCCCCAThen A could be obviously Fourier-represented in L2[(0; 2�); En] by the matrixmultiplication operator A(�) = A0 +0@ ��0�� 1A� = ei', 0 < ' < 2�. The spectrum �(A) of A is de�ned by solutions of theequation on the real axis �:(13) 12[� + ��] = 1j�jP (�) � = ei('+arg�)If the eigenvalues of A0 are simple and the coupling constant � is small enoughthen the spectrum of A is absolutely continuous and consists of n bands, 
s lyingnear eigenvalues of A0: �(A) = n[s=1
s



12 B. PavlovThe �rst sheet of spectral variable �+ is a complex plane with n cuts 
s along thebands. For our considerations we need a double-Riemann surface � = �+ [ �� oftwo sheets, joined by cuts 
s. Let us denote by b�(1) a Blaschke factor on �+,which has only one simple root at in�nity (see Appendix), � is the correspondingquasimomentum vector � = (�1; �2; : : : �n�1). The function �, de�ned on the �rstsheet �+ as a compressing solution of the equation(14) 12 [� + ��1] = 1j�jP (�)j�(�)j < 1, j�jj� = 1 ,should have a root of order n at in�nity1+, hence� = bn�up to the constant unitary factor, which we omit now. It means that �n =0k mod 2�. Let us form an l2 vector of reproducing kernels h�(�;1) for Hardyclasses H2�;+(�+):� = f: : : ; h�(�;1); h���(�;1)b�; : : :h��(n�1)�bn�1� ; h�(�;1)�; h���(�;1)�b� ;	which can be regarded as a sequence of n-vectors:f�l�g = f�l(h�(�;1); h���(�;1)b�; : : : ; h��(n�1)�bn�1� )g1l=�1the following statement, proved in paper [1]8 describes the `functional model' forthe Jacobian matrix with a n-band spectrum.Theorem7. Let us consider the space L2 of all functions on �, which are squareintegrables in respect to the harmonic measure m on �,m = 12�i db�b� = 12�in d�� :Then the transformation T for some �f T�!< f;� >l�= 1X�1 �l < ~fl; ~� >= ~fmaps l2 into L2(m) isometrically in such a way that,f = I � < f; � >l2 dm;A�f = I �� < f; � >l2 dmInstead of � = �+ one can use another system �� = �+. Note that the eigen-functions � have a form of Bloch waves with the quasimomentum exponent �. Theyare obviously parameterized by the vector �, which is a parameter of the isospectral



Projectors and Expansions 13deformation. Changing �, we get a family of operators with the same spectrum�(A�) = �. It is obvious, but important, that a shift Tn by n steps (by period ofA) can be represented in terms of spectral decomposition by the same Bloch waves:Tn = I ��+ < f;� > dm = I ��1�� < f;�� > dm>From the spectral representations for both Tn; A and the dispersion equation (14)follows the analog of the Caley equation[Tn + T+n ] = 2P(A):To develop the index approach for resonances in a case of band spectrum, we needa construction of an evolution group, generated by a discrete wave equation incorresponding energy-bound space of Cauchy-data.Let us consider the discrete wave equation in l2(En). Denoting by T the shiftby one step in l2(En) (which is equivalent to the shift Tn by the period in l2) andby T the shift by one step in discrete time, we write the discrete wave equation inthe form(15) (T + T +)u = (T + T+)uThe role of the Cauchy-data for it is played by the vectors in l2(En) � l2(En):(16) ~u = � u(T � T +)u� � �u0u1�The following statement belongs to P. Kurasov (private communication).Theorem 8. The quadratic formj~uj2� = 12 h��(T � T+)u���2l2(En) + ��u1��l2(En)iplays a role of energy norm in a space E of all Cauchy-data. The solution ofwave equation with �xed initial Cauchy-data having �nite energy norm, exists andis uniquely de�ned.: The solution is generally represented in the form of a linearcombination of D'Alambertian waves, which dependence of time is trivialT u = Tu or T u = T+u;for the waves moving to the right or to the left correspondingly, with the Cauchy-data �� u(T � T+)u�� or �� u(T+ � T )u��The energy norm of these solution is conserved: at any moment it is equal to theenergy of initial data.



14 B. PavlovThe Cauchy data of Dalambertian waves are orthogonal in energy norm.We'll need also the following result, containing in paper [2]0, which gives a basefor Lax-Phillips approach to the discrete wave equation. Let us consider the one-step generator for Cauchy-data of the wave equationL : u(� )! u(� + 1)L = 12 � T + T+ I(T � T+)2 T + T+�= 12 � 2P(A) I4[P2(A) � I] 2P(A)�Theorem 9. . The generator L is unitary in E and has a complete orthogonal inenergy norm systems of eigenfunctions	+ = � 1��+��1 �+�+ � ; L	+ = ��	+;	� = � 1��+��1 ���� � ; L	� = ��	�;The spectral representation of L is given by the following formula~u! � < ~u;	+ >E< ~u;	� >E>� = �~u+~u��;~u = I (	+~u+ +	�~u�)dm;L~u! ��~u+~u��:4. Resonances for a compactly perturbed latticeLet us consider the Jacobian matrix A, described in a previous section, restrictedonto a non negative halt lattice Z+A+ = 0BB@a00 a01 0 0 0 0 : : :a10 a11 a12 0 0 0 : : :0 a21 a22 a23 0 0 : : :... ... ... ... ... ... 1CCATo escape di�culties with denoting, we assume A+ is real aik = aik. Let E be aseparable Hilbert space, B�a selfadjoint operator acting in it, and e�a generatingvector of B, jej = 1. Denoting the �rst orth (1; 0; 0; 0 : : : ) in l�(Z+) by e0, weswitch on the `interaction' between A+ and B, constructing the perturbed operatorAB in � = l�(Z+)�E the following way for given � = �+ � �E:AB��E�+� = �B�E + �e < �+; e0 >l2(Z+)�e0 < �E ; e >E +A+�+ � ; � = ��



Projectors and Expansions 15Theorem 10. The operator AB is selfadjoint in L2 � E and it's absolutely con-tinuous spectrum �a(AB) coincides with �a(A) [ �a(B).The rest part of the spectrum coincides with the support of the singular part ofpositive measure, de�ning the following R-type functions on �+:D(�) = fa1b�1� (�;1)h��(n�1)�(�;1)h�1� (�;1) � j�j2 < (B � �)�1e; e >Eg�1:The eigenfunctions of the branch of absolutely continuous spectrum, coinciding with�a(A), are represented in the form of scattered waves, which have a Z+ componentof the following form ��+ = �+ +R��and E-component of the form(16) ��;E = (B � �I)�1e < ��+e0 >where the re
ection coe�cient R is equal to(17) R = �h�(�;1)h�)�;1 � D(�)D(�)The absolutely continuous part of the spectrum has the multiplicity of 1, correspond-ing scattered waves �� are orthogonal and normalized in �, and the correspondingspectral projector is equal to(18) P+ = Z �� <;�� >� dm;where m coincides with the spectral measure of Bloch waves for unperturbed operatorA , m = (2i�n)�1d�=�.Proof. The proof is basically standard, but rather bohring, being based on thecoordinates resolvent asymptotics and the Hilbert identity. In the two-band case,see [2]1 for details.We discuss now the wave equation, connected with the operator AB(19) (T+ + T )u = �P(AB);with the same polynomial P , which was used in a previous section for A in thecorresponding Caley identity. The Cauchy data and energy metric are de�ned byP in a usual way.~u =� u0(T � T +)u� � �u0u1� � (l2 �E)� (l2 �E);(20) j~uj2E = 12 �4 < (I �P2(AB))u0; u0 > + < u1; u1 >	Generally the energy metric could be non positive, since the rest of the spectrum�(AB)n�(A) could be nontrivial. But we con�ne our considerations by the part



16 B. Pavlovof the perturbed operator, which is generated by incoming and outgoing subspacesspanned by scattering waves in the spectral subspace E+ = P+E. The energy metric(20), associated with our problem, is automatically non-negative in E+. It can beeasily checked, that the one-step generator L for the time-evolution, described bythe wave-equation (19) is given by the formulaL = 12 � 2P(AB) I2[P2(AB)� 1] 2P(AB)�It is unitary in energy metric (20).We consider only the part of L, generated by corresponding scattered waves.Theorem 11. ( [2]0)The distribution Cauchy data�� = � 1���� �� � ;with � given by formula (16), are the eigenfunctions of absolutely continuous spec-trum of L L�� = ����and the corresponding spectral representation of the part of L is given by the formulaL� = I ��� <;�� >� dm:The similar spectral representation holds for the other part of L, generated byanother branch of distributions of Cauchy data�+ = � 1���� ���� � ;which are eigenfunctions of L also,L�+ = ���+:The corresponding spectral representation of the part of L is given byL+ = I ��+ <;�+ >� d�The minimal part of L, containing both L� can be written in symmetrical spectralrepresentation Jsym : u! �< u;�+ >E< u;�� >E � � ~uin the form of multiplication by � in corresponding weighted space of square inte-grable functions L2� I �RR 1 �



Projectors and Expansions 17with the norm j~uj = �I < � 1 �RR I � ~u; ~u > dm�1=2Notice, that the suggested spectral representation is an analog of symmetrical spec-tral representation for the Lax-Phillips generators with a nontrivial absolutely con-tinuous spectrum, see [2]0. It is used for constructing a symmetrical variant ofNagy- Foias functional model. In our case it opens a way for construction a func-tional model of a family of commuting contractions with an absolutely continuousspectrum, which could be interpreted as an absolutely continuous spectrum of res-onances. We omit this attractive possibility now, and discuss the special case of aunitary scattering matrix, jRj j� = 1.Theorem 12. If the spectrum of the operator B is discrete , then the re
ectioncoe�cient and corresponding scattering matrix are unitary. The scattering matrixis an analytic (�2�)-automorphic function on �+, and the incoming and outgoingspaces of data in E, supported by the positive halt lattice Z+ are spectrally repre-sented by H2�;(��), S�2�H2+;(�) � H2+;��.Proof. We calculate here only the spectral representation of Dright�Dright� = � u0(T+ � T )u0� ; supu0 � Z+:The calculation of the energy scalar product with distribution �� gives< u;�� >E = 12 �< (T � T+)u0; (T � T+)(�� � �)�1(�+ +R��) >L2(En)+ < (T+ � T )u0; �+ +R�� >L2(En)	 :Using the equations T�+ = ���+; T�� = ���, we get< u;�� >� = 12 �< u0; (�� � �)�1(�+ +R��) >l�(En)+ < u0; (�� � �)�+ +R(� � ��)�� >l�(En)= (�� � �) < u0; �+ >L�(En)2 (1 � �2)H2�;��	 :Using the choice of u0, we see that lineal < u;�� >E coveres (1 � �2)H2�;�� andthe closure of it coincides with H2�;��, since 1 � �2is an outer function.AnalysisconcerningD+ can be acomplished in a similar way. Following the Lax-Phillips ideawe can compress the unitary evolution group (L)n onto the translation invariantsubspace K 0 = H2+(��) 	 S�2�H2+;(+�);or K = L2 	 [S�2�H2+;(+�) �H2�;(��)];in the second case the translation invariant subspace is enlarged due to adding thedefectM0 = L2	fH2�;(��)�H2+;(��)g see Appendix. In both cases the restrictiongives contracting oneparametrical semigroups fT 0ng fTngT = PKLjK;T 0 = PK0LjK 0:



18 B. PavlovThe spectra of generators T; T 0 correspond to the singularities of the inverse scatter-ing matrix S = �R for T 0 and, possibly contain some additional isolated eigenvalues,caused by the defect M0. Now we con�ne ourselves to the simplest case T 0.Theorem 13. The compressed resolvent of LPK0 (L � �I)�1jK 0coincides for j�j > j, j�j < j with resolvents of T 0; f(T 0)+g�1 and hence possesses ananalytical continuation from the outside of the unit disc onto the inside of it withpoles at eigenvalues fteg of T and from the inside of the unit disc to the outsideof it with the poles at f�teg�1. The corresponding systems of eigenvectors form aRiesz-basis in linear hulls if and only if the Carleson condition for fteg is ful�lled(see appendix).The system of eigenvectors of T 0; T 0+ are jointly complete in K 0M0d uM0d+ = K 0with a positive angle between components, if and only if the factors of the re
ectioncoe�cient ful�l the Muckenhaupt condition,1�(�) I� ��h�(�;1)�1D(�)��2 dm � 1�(�) I� ���h�1�(�;1)D(�)����2 � dm <1:The proof is based on the �-automorphic version of the Muckenhaupt condition,which shall be published later on.Let us consider the completeness and the expansion by resonances for the per-turbed selfadjoint Jacobian matrix, which is represented spectrally by a multipli-cation operator in the space of Cauchy data:AB � ~AB = Z z�� <;�� > dmThe resolvent of ~AB is obviously an analytic function on the �rst sheet !+ of theRiemann surface and is represented by the Cauchy kernel1z � �Considering compressed resolventPK0 (z � �)�1jK 0we should prove, that it possesses an analytic continuation onto a nonphysicalsheet !� with singularities de�ned by the scattering matrix.According to the Stout-Fedorov result quoted in Appendix, the algebra of allbounded analytic functions on !+ is generated by three multiplication operators��, �1�; � � 2� by Blaschke products, which represent unitary one step evolutionoperators in the energy space �� � L0



Projectors and Expansions 19�� � L1�� � L2Let us denote by T; T1; T2 the compressions of them onto translation-invariantsubspace K 0 PK0L0jK 0 = T;PK0L1jK 0 = T1PK0L2jK 0 = T2>From the quoted Stout-Fedorov result follows the next Assertion.. . For every bounded analytic function � on !+, represented through �; �1�2�(z) = � = �(�; �1�2)the compressed multiplication operator is represented as an analytic function ofT; T1T2: PK�(�; �1; �2)jK = �(T; T1T2)The similar result is valid for the class of bounded analytic functions on !�.Theorem 14. The compressed resolvent of ~AB possesses an analytical continu-ation onto a nonphysical sheet as a linear combination of resolvents T; T+ withcoe�cients, including T1; T+1 ; T2; T+2 correspondingly, with the poles at the roots �sof the scattering matrix and conjugate points f��sg.Proof. Using the Hamilton-Caley equation� + ��1 = 2P(z);we can write the spectrally-represented resolvent of ~AB in the following form1z � � = Pn�1(z; �)� + ��1 � [�(�) + ��1(�)]= Pn�1(z; �) � 1� � �(�) + �(�)1� � � �(�) �� � �(�)�2(�)� 1 :Here Pn�1 = 2(z � �)�1[P(z) �P(�)] is a polynomial of the order n� 1, which isreal and symmetric in respect to the change of variables z $ �Pn�1 = n�1Xs=0 as(zs + b1szs�1�+ � � �+ b1szs�1�s�1 + �s)The products Pn�1�, Pn�1�� are bounded analytic functions of z on !+, !� corre-spondingly , hence the following decomposition is true:1z � � = �(�)�2(�) � 1 � Pn�1�1� � � �(�) �(�) + Pn�1 + Pn�1��1� �� � �(�) �(�)� ;



20 B. Pavlovwhere the �rst term in the square bracket is an analytical function on !+, the thirdterm is an analytical function on !�, and the middle one is a symmetric polynomialin variables �; z. Using the previous assertion, we get the following representationfor the compressed resolventP 0K 1z � � j0K = �(�)�2(�) � 1 � �(�)1� T � �(�)P 0K (Pn�1�)jK 0+ �(�)1� T+�(�)PK0 (Pn�1��)jK 0 + PK0Pn�1PK0�The last term in a bracket is just an operator polynomial in �. According to Stout-Fedorov result, quoted above the family of generators �; �1 can be enlarged byadding a new generator �2 to distinguish all the points on the �rst sheet !+.Everyanalytic function �+ on the �rst sheet can be represented as a superposition ofsome function, analytic in polidisc j�j < 1; j�1j < 1j�2j < 1 with functions ��1�2�+ = �+(��1�2)Then the operator-functionsPK0Pn�1�jK 0 �PK0�+jK 0PK0Pn�1��jK 0 �PK0�jK 0are represented as polynomials in � with operator coe�cientsP 0K�+jK 0 = �+(T; T1; T2; �)P 0K��jK 0 = ��(T+; T+1 ; T2; �);hence PK0 1z � � jK 0 = �(�)�2(�) � 1 � �(�)1� T�(�)�+(T; T1; T2; �)+ �(�)1� T+�(�)��(T+; T+1 ; T+2 �) + PKPn�1PK0�The right part of the last equation is obviously an analytical function in � on !+since the factor �(�) suppresses possible polynomial poles of order n� 1 at in�nity;the analytical continuation onto !� in � meets poles at the eigenvalues of T; T+T's = �+(�s)'s = ��1� (�s)'sT+'+s = �+(�s)'+s = 1��(�s)'+slocalized at the roots �s of the scattering matrix and conjugate points. Thus wesee, that the poles of the �rst addenda lie at the roots �s of the scattering matrix,the poles of the second ones lie in complex conjugate points. The corresponding



Projectors and Expansions 21residues of the analytically continued resolvent are composed of eigenfunctions (orroot functions) of T , T+ respectively. The theorem is proved.Let us discuss at last the completeness of the resonance states, basing on theTheorem 14, and the index approach.According to the general index approach (see the �rst part of the paper), weshould consider a multiplication operator by the analytic function f , which posessestwo factorizations on the universal cover 
+ [ 
�f = � �fe+ Z 2 
+;�fe� Z 2 
�;such, that in L2(@
+) fH2� = �H2�fH2+ = �H2+We use this approach for the classes of �-automorphic functions (on the universalcover 
+ of the �rst sheet). The essential di�erence of the theory of �- auto-morphic Hardy classes H2+;� on 
+ from the standard one is that there exists ann-dimensional defect M0 ,n = 1 + genusf!� [ !+gL2;�(@l+) = H�2+;� �H�2+;� �M0(�)Here H�2+;� is the Hardy class of �-automorphic functions, vanishing at in�nity1+ � !+, H��;� = H�+;�� and M0 - a subspace, which consists of �-automorphicfunctions, which have poles on !+ and !� as well. For (��)- automorphic functionf the following factorization are assumedf�� = � ���0fe+;��+�0 ; z 2 
+;���00fe�;�+�00 ; z 2 
�;They imply f��H2+;+� = ���0H2+;+�0;f��(H2�;+� �M0;+�) = ���00(H2�;+�00 �M0;+�00)Similarly, the factorizations for ( �f��)�1(�z) are assumed( �f��)�1 = ( ���00( �fe�;��+�00)�1 = ���00 f̂e+;��+�00 ;���0 ( �fe+;��+�00)�1 = ���0 f̂e�;��+�0 ;They imply the equations ( �f��)�1H2� = ���00H2+;+�00 ;( �f��)�1(H2�)1 = ���0 (H2�;+�0 �M0;+�0):



22 B. PavlovWe use for f the renormalized perturbation determinant of our scattering problem.f�� = Dh�The corresponding Muckenhoupt condition guarantees the completeness of reso-nance states of T; T+ in K 0 (see Theorem 14)Ma uM+a = (H2+;� 	���0H+;�+�0)u(���00(H2+;�00+� 	���0H+;�0+�00+�)) = KCombining the results of Theorems 13 and 14, we get the following statement.Theorem 15. If the Muckenhoupt condition is ful�lled for the renormalized per-turbation determinant Dh�1� , then the compressed resolvent of perturbed Jacobianmatrix can be continued analytically onto the nonphysical sheet with poles at theroots �s of the scattering matrix and at the conjugate points ��s. The system ofresonance state, composed of eigenvectors of compressed Lax-Phillips generatorsT; T+, forms a complete system in K.Note that additional Carleson conditions for �(�s)infs � ����� �(�s)� �(�t)1� �(�s)�(�t) ����� > �on every sequence �s, accumulating on a spectral bands, implies Riesz-basis prop-erty for resonances states. This fact follows from the harmonic analysis, developedin [2]0,22, combined with spectral analysis of the generator T , similarly to thecorresponding fact in [1]7.The most part of this work was written in the Erwin Schr�odinger Institute forMathematical Physics during my two months stay there. The author is gratefulto the institute for the excellent working conditions and to the organizer of thesemester professor T. Ho�mann-Ostenhof for the invitation. The author is deeplygrateful to professor W. Thirring for his interest in the results and stimulatingdiscussions. The paper is dedicated to academician Ludvig Faddeev for his 60birthday. The aesthetic principles of Ludvig Faddeev in choosing and selectingmathematical problems which are worth of discussing allways impressed the authorvery much.Appendix. Some preliminary facts and assertions fromharmonic analysis in the circle and on a Riemann surfaceThe orthogonal basis in a space L2(C) of all square integrable functions onthe unit circle C = fz : jzj = 1g is formed by powers of independent variablez = exp(i'), 0 < ' � 2�, fz�g1�=�1. The Hardy classes of all functions from



Projectors and Expansions 23L2(C), which can be continued analytically inside of the unite circleH2+, and outsideof it, H2� can be de�ned as linear hullsH2+ = V1�=0fz�g;H2� = V �1�=�1fz�g;the reproducing kernel h(z) for H2+ is given by the formulah(z; �) = (1� ��z)�1; j�j < j;and possesses the property of Cauchy integrals< f; h(�) >L2= f(�); f 2 H2+:The analytic function S is called an inner function in the unit discD = fz : jzj < 1g,if it is almost everywhere unitary on the unit circle and compressing inside D ,jS(z)j jC = 1; jS(Z)j jD � 1:Generally the inner functions are represented as a combination of `Blaschke prod-ucts', B(z) = � �k � z1 � ��kz ��kj�kj ; Xk f1�Bnj2g <1;and `singular inner functions', generated by some positive measures d�, supportedby the unit circle and singular in respect to the Lebesque measure dm�(z) = exp��Zc � + z� � z d�(')� ; V ar� <1:Thus every inner function is characterized by the distribution of its zeros inside Dand the density of asymptotic zeros at the boundary, given by �:S(z) = zl0B(z)�(z):An analytical function f is called outer function in D, if the corresponding multi-plication operator is quasi-invertible in H2+. The outer functions are represented inthe form f(�) = exp�Zc � + z� � z lnjf(z)jd'2�� ;In what follows we consider the analytic functions in D, which anyway ful�l thecondition Zc ln jf(z)jjdm <1These functions can be factorised in the form of the product of inner and outerfactors f(z) = S(z) � fe+(z) z 2 D:



24 B. PavlovThe similar representation holds for functions analytic outside of D. If f 2 H2�,then fe� 2 H2�. The shift operator in L2(C)U : f(z) ! zf(z)is unitary and possesses a lattice of invariant subspaces Ds+, Ds+ � H2+, parameter-ized by �(T ) = �(TK ) = f�eg [ supp�;the eigenfunctions of the compression onto the translation-invariant subspaceK;K = H2 	 SH2T = PKU jKare given by 	l(z) = S(z)�l � z ; T	l = �l	lThe biorthogonal system is formed by reproducing kernels, which serve eigenfunc-tions of T+: 	+l (z) = k�(z); T+	+l = ��l	+l :For multiple zeros of S the Jordan cell basis is formed by derivatives of 	;	+ inrespect of the spectral parameter 3.The system of eigenvectors f	g (as far as 	+e ) is complete in K if and only if thesingular factor in S is absent. In this case each of the systems f	eg, f	+e g formsa Riesz-basis in K if and only if the following Carleson condition is trueinfn Yl6=n ���� �l � �n1� ��l�n ���� > 0;the corresponding spectral decomposition for T is given by the interpolation seriesf =Xl 	l < f;	+l > �	�1l (�l):For properly normalized eigenfunctions systems the additional factor 	l(�l) coin-cides with Carleson's constant Cn =Yl6=n �l � �n1� ��e�n :Let us consider `outgiong' subspace generated by the inner function SDs+ = SH2+The orthogonal projections on it is given by Cauchy integrals edged by multiplica-tions on S;S+ from both sides:PDs+ = SPH2+S+ = S < �; h� > S+; PDs+f(�) = S(�)2i� ZC f(z) �S(z)z � � dz



Projectors and Expansions 25Every simple contracting operator T which is rank one non unitarydim(1� T+T ) = 1; Tn s�! 0;is unitarily equivalent to the corresponding Nagy-Foias functional model, generatedby some inner function S on the `translation-invariant' subspace K = H2+ 	 SH2+:T � PKzjK � TK ; Tn � PKznjK;n � 0The shifts group fzng is a `unitary dilation' of the model contracting semigroupPKznjK;n � 0. The spectrum of the generator T (or TK) consists of all singularitiesof S�1. In a case, when the conditionTn s�! 0is not ful�lled, the absolutely continuous spectrum of T is present. The correspond-ing spectral analysis see [8]. All mentioned facts are contained in [1]5 Not so muchis known about harmonic analysis of operators on Riemann surfaces. Let �+ bea double surface genus r, r � 1. We realize it as a joining of sheets �+ [ �� byr + 1 two-sided cuts � = [
s The Green function of the �rst sheet ��n� with thezero boundary conditions on � (Friedrichs extension of corresponding Laplacian) isa real part of an analytic function Gg(z; �) = Re:G(z; �);de�ned on the universal cover 
+ of �+. The corresponding Blaschke factor de�nedon 
+ as b(z; �) = expG(z; �)proves to be �-automorphic function on 
+ in respect to the sheets overlappinggroup. It means, that being reduced to � ,b(z; �) achieves a factor exp 2i��s afterz going around the cut 
s s = 1; 2; : : : r,b(z; �) = b~�(z; �)with only �1; : : : �r independent, �r+1 = �Pr1 �sj mod Z. Here �s = �s(�) is aharmonic function of the parameter � on �+n�, which ful�lls the following boundaryconditions �s(�) = � 1; � 2 
s0; � 2 
i; i 6= sthe corresponding harmonic measure is12i� dbb = d�(�) = � 12� @g@nd
;and �(
s; �) = �s(�)



26 B. PavlovGenerally �-automorphic functions play a crucial role in harmonic analysis on theRiemann surface. For given vector � the Hardy space of the all square integrablefunctions can be formed on 
+ (and on �+), H2+;�(�+). The corresponding repro-ducing kernel h�(z; �) is given by averaging over the action of the overlapping groupG of the sheets on �+: k�(z; �) = XfGsg e2�i<�;s>h(z;Gs�)The �-automorphic inner and outer functions are de�ned on 
+ (and �+) as func-tions which are transformed under the overlapping group's action according to therule f(GsZ) = e2i�<�;s>f(z):The invariant subspaces of the multiplication operator by the bounded analyticfunction ��. (0-automorphic on �+) are represented in the formD+ = S��H2+;�(�+)where H+;�+2 (�+) is a space of (�)-automorphic functions on �, which are square-integrable in respect to the �xed harmonic measure � = �(�0), which are 0-analyticon 
+ and transformed properly under the overlapping group's actions, and S� isan inner (��)-automorphic function on 
+(�+).The main di�erence of harmonic analysis on the Riemann surface from the har-monic analysis in a unit disc is the non triviality of the overlapping group. Theoperator of multiplication by bounded analytic (0-automorphic) function in L2(�)has a spectrum of multiplicity � r + 1. That is why we need another function, toconstruct a `complete system of quantum observables'- the family of multiplicationoperators which is a generating a double commutant, containing multiplication by�0. In the simplest case of two symmetric cuts this family is formed by two func-tions, which are invariant in respect to some automorphisms of the �rst sheet,� = [�1:� �2]U [�2; 1] G1 : z ! �z;G2 : z ! ��z;�0(G1z) = �0(Z); �1(G2z) = �1(z)�1(G1z) = ��1(Z) : �0(G2z) = �0 �0 � �0(0)1� �0�0(0)the sheet's overlapping group is oneparametrical group represented by mobius trans-formations of universal cover 
+ = D. Then, de�ning H2� as linear hulls of basisf�l0; �1�l0gl2Z;H2+(�) = Vl�0f�0; �1�l0g;H2�(�) = Vl>0f��l0 ; ��11 ; ��11 ��lg;L2(�) = H2�(��)�H2+(�+)� f1=zg;



Projectors and Expansions 27here the element 1=z = �1�0��0(0) �const is a defect caused by nontrivial (oneparamet-rical) overlapping group. It is a derivative of the corresponding abelian di�erentialof the second kind in respect to the harmonic measure . Generally for the doubleRiemann surface genus r, there exist r-parametrical overlapping groups acting on
+, and the defect of H2+ � H2� in L2(�) is r-dimensional and the base in it iscalculated as derivatives of abelian di�erentials of the second kind in respect to theharmonic measure. In paper of E Stout [2]3 was shown, that generally on Riemannsurface there exist three functions ,which are inner functions on the �rst sheet andseparating all points of the �rst sheet. In the papers of S. Fedorov [2]2 an expliciteconstruction for them was suggested. There was shown also, that any analytic func-tion on the �rst sheet can be represented as a superposition of an analytic functionin polydisc and the corresponding generators �0; �1; �2 . We use these results asa basement for representation of Livshiĉ matrix in form of linear combination ofresolvents of generators of Lax- Phillips semigroups.For two cuts the analog of shift groups is given by f�m00 �m11 gm 2 Z2. Thisdiscrete group possesses a nontrivial property�21 = �0 �0 � �0(�)1� �0(0)�(a) � �0 � �0(G�);caused by speci�c behaviour of �0;1 under transformations G1;2. But being reducedto some translation-invariant subspaceK = H2+(�+) 	 S��H2;�(�+)it produces contracting semigroups, similar to the Lax-Phillips onesT l00 T l11 = PK�l00 �l11 jK:If the inner function S� is a Blaschke product, then the spectra of T0; T1 are discreteand are given by the formulae ts0;1 = �0;1(�s);where �s are the roots of S��. The corresponding adjoint operators T+0;1 have thecomplex conjugate eigenvalues and reproducing kernels R0(Z;�s) for eigenvectors.The basis property for them is guaranteed by `splitted' Carleson conditions in termsof �0 Yl6=m ����� �0(�l) � �0(�m)1� �0(�l)�0(�m)T l00 ����� � 0;for �m ! 
�, and for �m ! 
+ separately. The analysis of general hyperellipticRiemann surface was done in [2]2 . For other results concerning Harmonic analysison Riemann surfaces see papers [2]2,26,27 ,28, the book of S. Fisher [2]5 and theliterature, quoted there . Another facts concerning Harmonic analysis of operatorsand applications to di�erential operators can be found in [2]9 30 .
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