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tion\Momentum" usually refers to quantities whose 
onservation under the time evolution of a physi
alsystem is related to some symmetry of the system. Noether [28℄, in the 
ourse of developing ideas ofEinstein and Klein in general relativity theory, found a very general equivalen
e between symmetriesand 
onservation laws in �eld theory; this is now known as Noether's theorem. Fo
using on therelation between symmetries and 
onserved quantities, the study of momentum maps has re
eivedmu
h attention in the last three de
ades, 
ontinuing to the present with the formulation of newnotions of symmetry. In geometri
 terms, a phase spa
e with a symmetry group 
onsists of asymple
ti
 (or Poisson) manifold P and a Hamiltonian a
tion of a Lie group G. By the latter, wemean a symple
ti
 (or Poisson) a
tion of G on P together with an equivariant map J : P ! g�su
h that for ea
h X 2 g, the 1-parameter group of transformations of P generated by X isthe 
ow of the Hamiltonian ve
tor �eld with Hamiltonian hJ(x); Xi 2 C1(P ). The map J is
alled the momentum (or moment) map of the Hamiltonian a
tion. One very important aspe
t ofthe momentum theory is the study of Marsden-Weinstein (or symple
ti
) redu
tion, whi
h is thesimultaneous use of symmetries and 
onserved quantities to redu
e the dimension of a Hamiltoniansystem.With the advan
e of physi
s and mathemati
s, new notions of symmetry and momentum haveappeared. For instan
e, a Poisson group symmetry is the 
lassi
al limit of a \quantum groupsymmetry" in quantum group theory [12℄. Lu's momentum map theory [19℄ for Poisson Lie groupa
tions is a theory adapted from the usual Hamiltonian theory whi
h in
orporates the Poissonstru
ture on the symmetry group G. Computations of the symple
ti
 stru
tures on moduli spa
esof 
at 
onne
tions on surfa
es have led to another notion of Hamiltonian symmetry known asquasi-Hamiltonian. In this new theory, the 2-form ! on the phase spa
e is neither 
losed nornon-degenerate, but these \defe
ts" are 
ompensated for by the presen
e of an auxiliary stru
tureon the group. This is the starting point of the theory of quasi-Hamiltonian G-spa
es with group-valued momentum maps of Alekseev{Malkin{Meinrenken (AMM) [2℄. All these momentum maptheories share many similarities, but involve di�erent te
hniques and proofs. It is also known thatsome of these momentum theories are equivalent to one another. For instan
e, for 
ompa
t groups,the AMM group-valued momentum map theory is equivalent to the Hamiltonian momentum maptheory of loop groups of Meinrenken-Woodward [23, 24, 25℄, and for 
ompa
t Bruhat-Poissongroups, Lu's momentum map theory is equivalent to the usual Hamiltonian theory [1℄. However,2



these results are fragmentary and their geometri
 signi�
an
e remains un
lear. It is thereforenatural to investigate the relations between these theories, and seek a uniform framework, whi
his an open question raised by Weinstein [34℄. Su
h a uni�ed approa
h would be to develop asingle momentum map theory whi
h redu
es to those theories already established under spe
ial
ir
umstan
es. While ne
essarily generalizing the problem, this would allow a dire
t 
omparison ofthe features of these momentum maps in a more intrinsi
 manner. The importan
e of su
h a singlemomentum map theory is not merely to give another interpretation of these existing momentummap theories, but rather to explore the intrinsi
 ingredients of these theories so that te
hniques inone theory 
an be applied to another. This is parti
ularly important in the study of group-valuedmomentum map theory, where there are still many open problems, in
luding the quantizationproblem, whi
h we believe will be the main appli
ation of our approa
h.The approa
h taken in this paper involves extending the notion of symmetry from a
tions ofgroups to a
tions of groupoids. This was motivated by the work of Mikami-Weinstein [26℄ whoshowed that the usual Hamiltonian momentum map is in fa
t equivalent to the symple
ti
 a
tionof the symple
ti
 groupoid T �G � g�, whi
h integrates the Lie Poisson stru
ture on g�. In [35℄,Weinstein and the author proved a similar result for the momentum map theory of Lu, using thesymple
ti
 groupoid G � G� � G� integrating the dual Poisson group G� [20℄. By a symple
ti
a
tion of a symple
ti
 groupoid � �M on a symple
ti
 manifold P , we mean a map J : P !Mequipped with a �-a
tion ��M P ! P whi
h is 
ompatible with the symple
ti
 stru
tures [26℄. Inthis 
ase P is 
alled a Hamiltonian-� spa
e.There is strong eviden
e that the AMM group-valued momentum map is 
losely related to thetransformation groupoid G�G� G. Here G a
ts on itself by 
onjugation. However, G� G� Gis no longer a symple
ti
 groupoid sin
e the 
losed 3-form, i.e., the Cartan form 
 on G, must nowplay a role. In fa
t, one 
an show that the standard AMM 2-form ! 2 
2(G � G) together with
 2 
3(G) gives a 3-
o
y
le of the total de Rham 
omplex of the groupoid, and de�nes a nontrivial
lass in the equivariant 
ohomology H3G(G) [6℄.This example suggests that one must enri
h the notion of a symple
ti
 groupoid in order toin
lude su
h \twisted" symple
ti
 stru
tures on the groupoids. Thus we arrive at quasi-symple
ti
groupoids, the main subje
t of the present paper. A quasi-symple
ti
 groupoid is a Lie groupoid�� P equipped with a 2-form ! 2 
2(�) and a 3-form 
 2 
3(P ) su
h that ! +
 is a 3-
o
y
leof the de Rham 
omplex of the groupoid, where ! must satisfy a weak non-degenera
y 
ondition.When ! is honestly non-degenerate, this is the so 
alled twisted symple
ti
 groupoids studiedby Cattaneo and the author [10℄ as the global obje
ts integrating the twisted Poisson stru
turesof Severa-Weinstein [30℄. In parti
ular, when 
 vanishes, they redu
e to ordinary symple
ti
groupoids.It turns out that mu
h of the theory of Hamiltonian �-spa
es of a symple
ti
 groupoid � 
anbe generalized to the present 
ontext of quasi-symple
ti
 groupoids. In parti
ular, one 
an performredu
tion and prove that J�1(O)=� is a symple
ti
 manifold (even though !X 2 
2(X) maybe degenerate), where O � P is an orbit of the groupoid. More generally, one 
an introdu
e the
lassi
al intertwiner spa
e (X1�PX2)=� between two Hamiltonian �-spa
es X1 andX2, generalizingthe same notion studied by Guillemin-Sternberg [14℄ for the ordinary Hamiltonian G-spa
es. Oneshows that this is a symple
ti
 manifold (whenever it is a smooth manifold).As for symple
ti
 groupoids, one 
an also introdu
e Morita equivalen
e for quasi-symple
ti
groupoids. In parti
ular, we prove the following main result. (i) Morita equivalent quasi-symple
ti
groupoids give rise to equivalent momentum map theories in the sense that there is a bije
tion3



between their Hamiltonian spa
es; (ii) the symple
ti
 manifold (X1 �P X2)=� is independent ofthe Morita equivalen
e 
lass of �. As a result, we re
over various well-known results 
on
erningequivalen
e of momentum maps in
luding the Alekseev{Ginzburg{Weinstein linearization theoremand Alekseev{Malkin{Meinrenken equivalen
e theorem for group valued momentum maps. Theyare essentially due to the Morita equivalen
e between the Lu-Weinstein symple
ti
 groupoid (K �K� � K�; !0) and the standard 
otangent symple
ti
 groupoid (T �K � k�; !), where K is a
ompa
t simple Lie group equipped with the Bruhat Poisson group stru
ture, and the Moritaequivalen
e between the symple
ti
 groupoid (LG � Lg � Lg; !LG�Lg) and the AMM quasi-symple
ti
 groupoid (G�G� G; ! +
), respe
tively.Another main motivation of the present work is the quantization problem. It is natural tostudy the geometri
 quantization of the symple
ti
 redu
ed spa
e J�1(O)=� or more generallythe symple
ti
 intertwiner spa
e (X1 �P X2)=�, and the Guillemin-Sternberg 
onje
ture that\[Q;R℄ = 0" for Hamiltonian �-spa
es. As an appli
ation, our uniform framework naturally leads tothe following 
onstru
tion of prequantizations. A prequantization of the quasi-symple
ti
 groupoid(�� P; ! +
) is a gerbe over the sta
k 
orresponding to the groupoid �� P , while a prequanti-zation of a Hamiltonian �-spa
e is a line bundle L on whi
h the gerbe a
ts. A prequantization ofthe symple
ti
 intertwiner spa
e (X1�P X2)=� 
an be 
onstru
ted using these data. For symple
-ti
 groupoids, su
h a prequantization was studied in [37℄. Details of this 
onstru
tion for quasi-symple
ti
 groupoids will appear elsewhere [17℄. Note that in the usual Hamiltonian 
ase, sin
e thesymple
ti
 2-form de�nes a zero 
lass in the third 
ohomology group of the groupoid T �G � g�,whi
h in this 
ase is the equivariant 
ohomology H3G(g�), gerbes do not appear expli
itly. However,for a general quasi-symple
ti
 groupoid (for instan
e the AMM quasi-symple
ti
 groupoid), sin
ethe 3-
o
y
le ! +
 may de�ne a nontrivial 
lass, gerbes are inevitable in the 
onstru
tion.For a quasi-Manin triple (d; g; h), Alekseev and Kosmann-S
hwarzba
h introdu
ed a momentummap theory with target spa
eD=G [4℄. It would be interesting to investigate what the 
orrespondingquasi-symple
ti
 groupoid is. In parti
ular, di�erent 
hoi
es of 
omplements h should give rise toMorita equivalent quasi-symple
ti
 groupoids.Finally we note that re
ently Bursztyn-Craini
-Weinstein-Zhu showed that in�nitesimally quasi-symple
ti
 groupoids (whi
h are 
alled twisted presymple
ti
 groupoids in [8℄) 
orrespond to twistedDira
 stru
tures. They also studied the in�nitesimal version of our Hamiltonian �-spa
es. We referto [8℄ for details.A
knowledgments. We would like to thank several institutions for their hospitality while workon this proje
t was being done: RIMS/Kyoto University, E
ole Polyte
hnique, Erwin S
hr�odingerInstitute and University of Geneva. We also wish to thank many people for useful dis
ussions and
omments, in
luding Anton Alekseev, Philip Boal
h, Henrique Bursztyn, E
khard Meinrenken, JimStashe� and Alan Weinstein. Some results of the paper were presented in Poisson 2002, Lisbon.We would like to thank the organizers for inviting him and giving him the 
han
e to present thework. Spe
ial thanks go to Laurent-Gengoux family, who generously provides a fantasti
 workingenvironment during the S�eminaire Itin�erant GAP, Normandie 2003, where this work was 
ompleted.2 Quasi-symple
ti
 groupoidsIn this se
tion, we introdu
e quasi-symple
ti
 groupoids and dis
uss their basi
 properties.4



2.1 Quasi-presymple
ti
 groupoidsA simple and 
ompa
t way to de�ne a quasi-presymple
ti
 groupoid is to use the de-Rham double
omplex of a Lie groupoid. First, let us re
all its de�nition below.Let �� �0 be a Lie groupoid. De�ne for all p � 0�p = � ��0 : : :��0 �| {z }p times ;i.e., �p is the manifold of 
omposable sequen
es of p arrows in the groupoid � � �0. We havep+ 1 
anoni
al maps �p ! �p�1 (ea
h leaving out one of the p+ 1 obje
ts involved a sequen
e of
omposable arrows), giving rise to a diagram: : :�2 ////// �1 //// �0 : (1)In fa
t, �� is a simpli
ial manifold. Consider the double 
omplex 
�(��):� � � � � � � � �
1(�0)d OO � // 
1(�1)d OO � // 
1(�2)d OO � // � � �
0(�0)d OO � // 
0(�1)d OO � // 
0(�2)d OO � // � � � (2)Its boundary maps are d : 
k(�p)! 
k+1(�p), the usual exterior derivative of di�erentiable formsand � : 
k(�(p)) ! 
k(�(p+1)), the alternating sum of the pull-ba
k maps of (1). We denote thetotal di�erential by Æ = (�1)pd+ �. The 
ohomology groups of the total 
omplex C�(��)HkDR(��) = Hk�
�(��)�are 
alled the de Rham 
ohomology groups of �� �0.We now introdu
e the followingDe�nition 2.1 A quasi-presymple
ti
 groupoid is a Lie groupoid � � P equipped with a twoform ! 2 
2(�) and a three form 
 2 
3(P ) su
h thatd
 = 0; d! = �
; and �! = 0: (3)In other words, ! +
 is a 3-
o
y
le of the total de-Rham 
omplex of the groupoid �� P .Remark 2.2 It is simple to see that the last 
ondition �! = 0 is equivalent to that the graph ofthe multipli
ation � � � � � � �� is isotropi
. In this 
ase, ! is said to be multipli
ative.ByA! P we denote the Lie algebroid of �� P , and the an
hor map is denoted by a : A! TP .For any � 2 �(A), by �!� and  �� we denote its 
orresponding right-and left-invariant ve
tor �eldson � respe
tively.The following properties 
an be easily veri�ed (see also [10℄).5



Proposition 2.3 1. ��! = 0, where � : P ! � is the natural embedding;2. i�! = �!, where i : �! � is the groupoid inversion;3. for any �; � 2 �(A), !(�!� ;�!� ) = �!( �� ; �� ); !(�!� ; �� ) = 0;4. for any �; � 2 �(A), !(�!� ;�!� ) is a right invariant fun
tion on �, and !( �� ; �� ) is a leftinvariant fun
tion on �.Proof. (1). For any Æ0m; Æ00m 2 TmP , sin
e (Æ0m; Æ0m; Æ0m); (Æ00m; Æ00m; Æ00m) 2 T�, it follows that!(Æ0m; Æ00m) = 0.(2). 8x 2 � and 8Æ0x; Æ00x 2 Tx�, it is 
lear that (Æ0x; i�Æ0x; s�Æ0x); (Æ00x; i�Æ00x; s�Æ00x) 2 T�. Thus using(1), we have !(Æ0x; Æ00x) + !(i�Æ0x; i�Æ00x) = 0;and therefore (2) follows.(3). Sin
e i��!� = � �� and i��!� = � �� , from (1) it follows that !(�!� ;�!� ) = �!( �� ; �� ). Nowsin
e both ve
tors (�!� (x); 0t(x);�!� (x)) and (0x; �� (t(x)); �� (x)) are tangent to �, we thus have!(�!� (x); �� (x)) = 0.(4). For any �; � 2 �(A), it is simple to see that (�!� (x); 0y;�!� (xy)), (�!� (x); 0y;�!� (xy)) 2 T�.Thus !(�!� (x);�!� (x))� !(�!� (xy);�!� (xy)) = 0:Hen
e !(�!� ;�!� ) is a right invariant fun
tion on �. Similarly, one proves that !( �� ; �� ) is a leftinvariant fun
tion on �. �We next investigate the kernel of ! along the unit spa
e P . For any m 2 P , there are twoways to identify elements of Ajm as tangent ve
tors of �, namely ve
tors tangent to the t-�ber� !�!� (m), or to the s-�ber: � ! �� (m). Write�!A jm = f�!� (m)j8� 2 Ajmg; and  �A jm = f �� (m)j8� 2 Ajmg: (4)Thus we have the following de
omposition of the tangent spa
e:Tm� = �!A jm � TmP = �A jm � TmP: (5)Corollary 2.4 For any m 2 P ,1. ker!m = (ker!m \ �!A jm)� (ker!m \ TmP );2. if �!� (m) 2 ker!m, then a(�) 2 ker!m; and3. for any � 2 Ajm, �!� (m) 2 ker!m if and only if  �� (m) 2 ker!m.6



Proof. To prove (1), it suÆ
es to show that if �!� (m) + v 2 ker!m where � 2 Ajm and v 2 TmP ,then both �!� (m) and v belong to ker!m. A

ording to Proposition 2.3, for any u 2 TmP , we have!(�!� (m); u) = !(�!� (m) + v; u) = 0:On the other hand, for any � 2 Ajm, we have !(�!� (m); �� (m)) = 0 a

ording to Proposition 2.3(3). Thus it follows that �!� (m) 2 ker!m, whi
h also implies that v 2 ker!m.(2) Note that a(�) = �!� (m)� �� (m). Hen
e for any � 2 Ajm, we have!(a(�);�!� (m)) = !(�!� (m)� �� (m);�!� (m)) = !(�!� (m);�!� (m))� !( �� (m);�!� (m)) = 0:It thus follows that a(�) 2 ker!m sin
e ��! = 0.(3) follows from (2) sin
e a(�) = �!� (m)� �� (m). �2.2 Quasi-symple
ti
 groupoidsLet us set ker!m \Am = f� 2 Amj�!� (m) 2 ker!mg: (6)Corollary 2.4 implies that the an
hor indu
es a well-de�ned map from ker!m \Am to ker!m \TmP . Now we are ready to introdu
e the non-degenera
y 
ondition.De�nition 2.5 A quasi-presymple
ti
 groupoid (� � P; ! + 
) is said to be quasi-symple
ti
 ifthe following non-degenera
y 
ondition is satis�ed: the an
hora : ker!m \Am ! ker!m \ TmPis an isomorphism.Given a quasi-presymple
ti
 groupoid (� � P; ! + 
), the two-form ! indu
es a well-de�nedlinear map: !b : TmP �! A�m; h!b(v); �i= !(v;�!� (m)); 8v 2 TmP; � 2 Am:Indeed one may easily see that !b indu
es a well-de�ned map:� : TmPker!m \ TmP �! ( Amker!m \ Am )�;h�[v℄; [�℄i= h!b(v); �i= !(v;�!� (m)); 8v 2 TmP; � 2 Am: (7)The following result plays an essential role in understanding the non-degenera
y 
ondition.Proposition 2.6 Assume that (� � P; ! + 
) is a quasi-presymple
ti
 groupoid. Then � is alinear isomorphism.Proof. Assume that �[v℄ = 0 for v 2 TmP . Then !(v;�!� (m)) = 0; 8� 2 Am, whi
h implies thatv 2 ker!m sin
e ��! = 0. Hen
e [v℄ = 0. So � is inje
tive.Conversely, assume that � 2 Am satis�es the property that h�[v℄; [�℄i = 0; 8v 2 TmP . Hen
e!(�!� (m); v) = 0; 8v 2 TmP . This implies that �!� (m) 2 ker!m. Therefore � 2 ker!m \ Am, or[�℄ = 0. This implies that � is surje
tive. � 7



An immediate 
onsequen
e is the following result, whi
h gives a useful way of 
hara
terizing aquasi-symple
ti
 groupoid.Proposition 2.7 A quasi-presymple
ti
 groupoid (� � P; ! + 
) is quasi-symple
ti
 groupoid ifand only if1. the an
hor a : ker!m \Am ! ker!m \ TmP is inje
tive, and2. dim� = 2 dimP .Proof. By using Proposition 2.6 and dimension 
ounting, we havedim(ker!m \ Am)� dim(ker!m \ TmP ) = dim� � 2 dimP: (8)Assume that (� � P; ! + 
) is a quasi-symple
ti
 groupoid. Eq. (8) implies that dim � =2 dimP . The 
onverse is proved by working ba
kwards. �A spe
ial 
lass of quasi-symple
ti
 groupoids are the so 
alled twisted symple
ti
 groupoids [10℄,whi
h are quasi-presymple
ti
 groupoids (�� P; !+
) su
h that ! is honestly non-degenerate. Inparti
ular, symple
ti
 groupoids [32℄ are always quasi-symple
ti
. In the next subse
tion, we willdis
uss another 
lass of quasi-symple
ti
 groupoids motivated by the Lie group valued momentummap theory of Alekseev{Malkin{Meinrenken [2℄.2.3 AMM quasi-symple
ti
 groupoidsFirst of all, let us �x some notations. Assume that a Lie group G a
ts on a smooth manifold Msmoothly from the left. By a transformation groupoid, we mean the groupoid G�M �M , wherethe sour
e and target maps are given, respe
tively, by s(g; x) = gx; t(g; x) = x, 8(g; x) 2 G�M ,and the multipli
ation is (g1; x) � (g2; y) = (g1g2; y), where x = g2y.Let G be a Lie group equipped with an ad-invariant non-degenerate symmetri
 bilinear form(�; �). Consider the transformation groupoid G� G � G, where G a
ts on itself by 
onjugation.Following [2℄, we denote by � and �� the left and right Maurer-Cartan forms on G respe
tively, i.e.,� = g�1dg and �� = dgg�1. Let 
 2 
3(G) denote the bi-invariant 3-form on G 
orresponding tothe Lie algebra 3-
o
y
le 112(�; [�; �℄)2 ^3g�:
 = 112(�; [�; �℄) = 112(��; [��; ��℄) (9)and ! 2 
2(G�G) the two-form:!j(g;x) = �12[(Adx pr�1 �; pr�1 �) + (pr�1 �; pr�2(� + ��))℄; (10)where (g; x) denotes the 
oordinate in G�G, and pr1 and pr2 : G�G! G are natural proje
tions.Proposition 2.8 Let G be a Lie group equipped with an ad-invariant non-degenerate symmetri
bilinear form (�; �). Then the transformation groupoid (G�G � G; ! + 
) is a quasi-symple
ti
groupoid, 
alled the AMM quasi-symple
ti
 groupoid.8



Proof. First, one needs to 
he
k that ! + 
 is a 3-
o
y
le. This 
an be done by a tedious
omputation, and is left for the reader.It remains to 
he
k the non-degenera
y 
ondition, whi
h is in fa
t embedded in the proof ofProposition 3.2 [2℄.For 
ompleteness, let us sket
h a proof below.The Lie algebroid A of G� G � G is a transformation Lie algebroid: g � G ! G, where thean
hor map a : g � G ! TG is given by a(�; x) = rx(�) � lx(�), 8� 2 g. Therefore a(�; x) = 0 ifand only if Adx� = �. On the other hand, for any � 2 g being identi�ed with an element in Ax, wehave �!� j(1;x) = (�; 0) 2 T t(1;x)(G�G). For any Æx 2 TxG, let Æ(1;x) = (0; Æx) 2 T(1;x)(G�G). ClearlyÆ(1;x) is a tangent ve
tor to the unit spa
e.It follows from Eq. (10) that!(�!� j(1;x); Æ(1;x)) = !((�; 0); (0; Æx)) = �12Æx (�; (�+ ��)):Therefore we have ��(�!� j(1;x) !) = 12(�; (�+��)). Hen
e, �!� j(1;x) ! = 0 if and only if (Adx+1)� = 0.This implies that a : ker!x \ Ax ! ker! \ TxG is inje
tive. Therefore it follows from Proposition2.7 that (G� G� G; ! + 
) is indeed a quasi-symple
ti
 groupoid. �Remark 2.9 From the above proposition, we see that [! + 
℄ de�nes a 
lass in the equivariant
ohomology H3G(G). When G is a 
ompa
t simple Lie group with the basi
 form (�; �), [! + 
℄is a generator of H3G(G). In Cartan model, it 
orresponds to the 
lass de�ned by the dG-
losedequivariant 3-form �G(�) = 
� 12h� + ��; �i : g �! 
�(G); 8� 2 g (see [8, 22℄).3 Hamiltonian �-spa
es3.1 De�nitions and propertiesIn this subse
tion, we introdu
e the notion of Hamiltonian �-spa
es for a quasi-symple
ti
 groupoid�, whi
h generalizes the usual notion of Hamiltonian spa
es of symple
ti
 groupoids in the senseof Mikami-Weinstein [26℄.First, we need the following:De�nition 3.1 Given a quasi-symple
ti
 groupoid (� � P; ! + 
), let J : X ! P be a left �-spa
e, i.e., � a
ts on X from the left. A two-form !X 2 
2(X) is said to be 
ompatible with thegroupoid a
tion if1. d!X = J�
;2. the graph of the a
tion � = f(r; x; rx)jt(r) = J(x)g � ��X �X is isotropi
 with respe
t tothe two form ! � !X � !X .In the sequel, we simply refer to the se
ond 
ondition as to \the graph of the a
tion � � ��X�Xis isotropi
", where the bar on the last fa
tor X indi
ates that the opposite two form is used.To illustrate the intrinsi
 meaning of the above 
ompatibility 
ondition, let us elaborate it interms of groupoids. Let Q := � �P X � X denote the transformation groupoid 
orresponding to9



the �-a
tion, and pr : Q! � the natural proje
tion. It is simple to see thatQ
�� ��

pr // �
�� ��X J // P (11)is a Lie groupoid homomorphism. Therefore it indu
es a map, i.e. the pull-ba
k map, on the levelof de-Rham 
omplex (here, in order to be 
onsistent, we use the same notation pr to denote themap J on the unit spa
es): pr� : 
�(��)! 
�(Q�):Proposition 3.2 Let (�� P; !+
) be a quasi-symple
ti
 groupoid and J : X ! P a left �-spa
e.A two-form !X 2 
2(X) is 
ompatible with the a
tion if and only ifpr�(! +
) = Æ!X : (12)Proof. Note that Æ!X = (s�!X � t�!X) + d!X ;where s; t : � �P X ! X are the sour
e and target maps of the groupoid � �P X � X . So Eq.(12) is equivalent to s�!X � t�!X = pr� !; and d!X = J�
:It is simple to see that the �rst equation above is equivalent to that the graph of the a
tion� � � � X � X is isotropi
 by using the sour
e and target maps s(r; x) = r � x and t(r; x) = x,8(r; x) 2 ��P X . �Remark 3.3 As a 
onsequen
e, pr� : H3DR(��)! H3DR(Q�) maps [!+
℄ into zero. When [!+
℄is of integral 
lass, it de�nes an S1-gerbe over the sta
k X� 
orresponding to the groupoid �� P ,the above proposition implies that the pull-ba
k S1-gerbe on XQ is always trivial.If � is the symple
ti
 groupoid T �G� g�, Q 
an be identi�ed with the transformation groupoidG�X � X and the groupoid homomorphism pr : Q (�= G�X)! � (�= G� g�) is simply givenby pr = id � J . In this 
ase, H3DR(��) �= H3G(g�) and H3DR(Q�) �= H3G(X). In Cartan model, Eq.(12) is equivalent to dG!X = J��G(�):Here �G 2 
3G(g�) is an equivariant 3-form de�ned as �G(�) = �dha; �i, where a : g� ! g� is theidentity map. Similarly, if � is the AMM quasi-symple
ti
 groupoid G � G� G, Q is isomorphi
to the transformation groupoid G � X � X . Then the relevant dG-
losed equivariant 3-form�G 2 
3G(G) is �G(�) = 
� 12h� + ��; �i:See Remark 2.1 of [2℄.Note that in the �rst 
ase, �G 2 
3G(g�) de�nes a zero 
lass in H3G(g�), while in the 
ase of theAMM quasi-symple
ti
 groupoid, �G 2 
3G(G) de�nes a non-zero 
lass in H3G(G). This fa
t is thekey ingredient for explaining the di�eren
e of their quantization theories, while in the latter 
ase,gerbes are inevitable in the 
onstru
tion. 10



As is well known, a Lie groupoid a
tion indu
es a Lie algebroid a
tion, 
alled the in�nitesimala
tion, whi
h 
an be des
ribed as follows. For any x 2 X and any � 2 Am where J(x) = m, let
(t) be a path in the t-�ber t�1(m) of � through the point m su
h that _
(0) = �!� (m), and de�ne�̂(x) 2 TxX to be the tangent ve
tor 
orresponding to the 
urve 
(t) � x through the point x. Inthis way one obtains a linear map Am �! TxX; � ! �̂(x)
alled the in�nitesimal a
tion. In parti
ular this a
tion indu
es a Lie algebra homomorphism�(A)! X(X). One also easily 
he
ks thata(�) = J��̂(x); 8� 2 Am:The following lemma follows easily from the 
ompatibility 
ondition in De�nition 3.1 (2).Lemma 3.4 If a �-spa
e J : X ! P equipped with a two-form !X satis�es the 
ompatibility
ondition in De�nition 3.1 (2), then for any x 2 X su
h that J(x) = m and any � 2 Am, we haveJ���(�!� (m) !) = �̂(x) !X : (13)Proof. It is simple to see that for any � 2 Am, (�!� (m); 0; �̂(x)) is tangent to �. On the otherhand, 8Æx 2 TxX , (J�Æx; Æx; Æx) is also tangent to �. Thus it follows that!(�!� (m); J�Æx)� !X(�̂(x); Æx) = 0:Eq. (13) thus follows immediately. �From this lemma, one easily sees that if �!� (m) 2 ker!, then �̂(x) automati
ally belongs to thekernel of !X . As in [2℄, we impose the following minimum non-degenera
y 
ondition.De�nition 3.5 Let (�� P; !+
) be a quasi-symple
ti
 groupoid. A quasi-Hamiltonian �-spa
eis a left �-spa
e X ! P equipped with a 
ompatible two-form !X su
h thatker!X(x) = f�̂(x)j�!� (m) 2 ker!g: (14)By Axx, we denote the linear subspa
e of AJ(x) 
onsisting of those ve
tors � 2 AJ(x) su
h that�̂(x) = 0.Lemma 3.6 Assume that (� � P; ! + 
) is a quasi-symple
ti
 groupoid and J : X ! P is a�-spa
e equipped with a 
ompatible two-form !X . Then1. dim J�(TxX) � rankA� dimAxx;2. if moreover (J : X ! P; !X) is a Hamiltonian �-spa
e, thena. ker!J(x) \AJ(x) ! ker!X(x), � ! �̂(x) is an isomorphism; andb. kerJ� \ ker!bX = 0. 11



Proof. (1) 8Æx 2 TxX and � 2 Axx, we haveh�[J�Æx℄; [�℄i = !(J�Æx;�!� (J(x))) = �!X(�̂(x); Æx) = 0;where � is the linear isomorphism de�ned by Eq. (7). This implies that�[pr1(J�(TxX))℄ � (pr2Axx)?;where pr1 : TJ(x)P ! TJ(x)Pker!J(x) \ TJ(x)Pand pr2 : AJ(x) ! AJ(x)ker!J(x) \AJ(x)are proje
tions.Se
ondly, we note that pr2 is inje
tive when being restri
ted to Axx. To see this, we only needto show that Axx \ (ker!J(x) \AJ(x)) = 0. Assume that � 2 Axx \ (ker!J(x) \AJ(x)). Then we have�̂(x) = 0 and �!� (J(x)) ! = 0. Hen
e a(�) = J��̂(x) = 0, whi
h implies that � = 0 by De�nition2.5. As a 
onsequen
e, we have dim(pr2Axx) = dimAxx. Hen
e,dim J�(TxX)� dim(ker!J(x) \ TJ(x)P )� dim pr1(J�(TxX)) (sin
e � is a linear isomorphism)= dim�[pr1(J�(TxX))℄� dim(pr2Axx)?= [rankA� dim(ker!J (x) \AJ(x))℄� dim(pr2Axx)= [rankA� dim(ker!J (x) \AJ(x))℄� dimAxx:Thus (1) follows immediately sin
e � is a quasi-symple
ti
 groupoid.(2) (a). By the minimum non-degenera
y assumption, we know that the mapker!J(x) \ AJ(x) ! ker!X(x); � ! �̂(x);is surje
tive. To show that it is inje
tive, assume that � 2 ker!J(x) \ AJ(x) su
h that �̂(x) = 0.Then a(�) = J��̂(x) = 0. Sin
e ! is non-degenerate in the sense of De�nition 2.5, we have � = 0.(b). Assume that Æx 2 kerJ� \ ker!bX . Sin
e J : X �! P is a Hamiltonian �-spa
e, byassumption, we have Æx = �̂(x), where � 2 AJ(x) su
h that �!� (J(x)) ! = 0. Hen
e a(�) =J��̂(x) = J�Æx = 0, and therefore � = 0 sin
e � is a quasi-symple
ti
 groupoid. This 
ompletes theproof. �For a subspa
e V � TxX , by V !X we denote its !X -orthogonal subspa
e of V . As a 
onsequen
e,we have the following proposition whi
h plays a key role in our redu
tion theory.Proposition 3.7 Assume that (�� P; !+
) is a quasi-symple
ti
 groupoid, and (X J! P; !X) aHamiltonian �-spa
e. Then (kerJ�)!X = f�̂(x)j8 � 2 AJ(x)g: (15)12



Proof. It is simple to see that (kerJ�)!X = [!bX(kerJ�)℄?. Therefore it follows thatdim(kerJ�)!X= dimX � dim[!bX(kerJ�)℄ (sin
e !bX is inje
tive when being restri
ted to kerJ�)= dimX � dim ker J�= dim J�(TxX) (by Lemma 3.6)� rankA� dimAxx= dimf�̂(x)j8 � 2 AJ(x)gOn the other hand, 
learly we havef�̂(x)j8 � 2 AJ(x)g � (kerJ�)!Xa

ording to Eq. (13). Thus Eq. (15) follows immediately. �3.2 Two fundamental examplesWe end this subse
tion with the following two examples of Hamiltonian �-spa
es, whi
h naturallyarise from a quasi-symple
ti
 groupoid.Proposition 3.8 Assume that (�� P; ! + 
) is a quasi-symple
ti
 groupoid. Then1. J : � ! P � P is a Hamiltonian � � �-spa
e, where J(r) = (s(r); t(r)); 8r 2 �, and thea
tion is de�ned by (r1; r2) � x = r1xr�12 ; t(r1) = s(x); t(x) = t(r2):2. Given any orbit O � P , there is a natural two-form !O 2 
2(O) so that the natural in
lusioni : O ! P de�nes a Hamiltonian �-spa
e under the natural �-a
tion.Proof. (1) It is 
lear, from de�nition, that d! = J�
. The other 
ompatibility 
ondition betweenthe two-form ! and the groupoid a
tion is equivalent to saying thatf(r1; r2; x; r1xr�12 )j t(r1) = s(x); t(x) = t(r2)g � � � ��� �� ��is isotropi
. This 
an be proved using the multipli
ativity assumption on !, i.e., �! = 0, as in [33℄.To 
he
k the minimum non-degenera
y 
ondition, note that for any �; � 2 �(A), the ve
tor �eld on� generated by the in�nitesimal a
tion of (�; �) is given by �!� (x)� �� (x). Next, note that for anyÆx 2 Tx�; � 2 �(A), we have!( �� (x); Æx) = !( �� (t(x)); t�Æx); !(�!� (x); Æx) = !(�!� (s(x)); s�Æx): (16)These equations essentially follow from Eq. (13) sin
e s : �! P equipped with the natural left�-a
tion (or t : �! P with the left �-a
tion: r � x = xr�1, respe
tively) satis�es the hypothesis ofLemma 3.4. 13



Now assume that Æx 2 ker!x. Then t�Æx 2 ker! by Eq. (16), sin
e P is isotropi
. By thenon-degenera
y assumption, we have t�Æx = a(�), where �!� (t(x)) 2 ker!. Hen
e both �!� (x) and �� (x) belong to ker! a

ording to Eq. (16). Let Æ0x = Æx + �� (x). Then,t�Æ0x = t�Æx + t� �� (x) = t�Æx � a(�) = 0:Also we know that Æ0x is in ker!. Therefore one 
an write Æ0x = �!� (x) where �!� (s(x)) 2 ker!. Wethus have proved that Æx = �!� (x)� �� (x), where �!� (t(x)) 2 ker! and �!� (s(x)) 2 ker!.(2) Let O � P be the groupoid orbit through the point m 2 P . It is standard that t�1(m) s! Ois a �mm-prin
ipal bundle, where �mm denotes the isotropy group at m. From the multipli
ativityassumption on !, it is simple to see that !jt�1(m), the pull-ba
k of ! to the t-�ber t�1(m), isindeed basi
 with respe
t to the �mm-a
tion. Hen
e it des
ends to a two-form !O on O. That is,!jt�1(m) = s�!O. It thus follows thats�d!O = (s�
� t�
)jt�1(m);whi
h implies that d!O = i�
. It is also 
lear that the two-form !O is 
ompatible with the groupoid�-a
tion sin
e ! is multipli
ative. To show the minimal non-degenera
y 
ondition, assume thatx 2 t�1(m) is an arbitrary point, and Æx 2 Txt�1(m) su
h that [Æx℄ = s�Æx 2 ker!O. By de�nition,!(Æx; Æ0x) = 0; 8Æ0x 2 Txt�1(m). It thus follows that !(rx�1Æx; rx�1Æ0x) = 0. Let �; � 2 Am, wherem = J(x), su
h that rx�1Æx = �!� (m) and rx�1Æ0x = �!� (m). Thus, we have !(�!� (m);�!� (m)) =0; 8� 2 Am. Therefore!(a(�);�!� (m)) = !(�!� (m)� �� (m); �!� (m)) = !(�!� (m);�!� (m)) = 0:Sin
e !(a(�); TmP ) = 0, it thus follows that a(�) 2 ker!. That is, a(�) 2 ker! \ TmP . Bythe non-degenera
y assumption on ! (see De�nition 2.5), we dedu
e that there exists �1 2 Amsu
h that �!�1(m) 2 ker! and a(�1) = a(�). So � � �1 belongs to the isotropy Lie algebra atm. As a result, it follows that the minimal non-degenera
y 
ondition is indeed satis�ed sin
e[Æx℄ = s�Æx = �̂(x) = �̂1(x). �3.3 Examples of various Hamiltonian �-spa
esIn this subse
tion, we list various examples of momentum maps appeared in the literature, whi
h
an be 
onsidered as spe
ial 
ases of our Hamiltonian �-spa
es. In fa
t, our de�nition is a naturalgeneralization of Hamiltonian �-spa
es of symple
ti
 groupoids of Mikami{Weinstein [26℄, whi
hin
lude the usual Hamiltonian momentum maps and Lu's momentummaps of Poisson group a
tionsas spe
ial 
ases.Example 3.9 Consider the symple
ti
 groupoid (T �G� g�; !), where ! is the standard 
otangentsymple
ti
 stru
ture. Then its Hamiltonian spa
es are exa
tly the Hamiltonian G-spa
es J : X !g� in the ordinary sense.Example 3.10 When P = G�, the dual of a simply 
onne
ted 
omplete Poisson Lie group G, itssymple
ti
 groupoid � is a transformation groupoid: G � G� � G�, where G a
ts on G� by leftdressing a
tions [20℄. In this 
ase, Hamiltonian �-spa
es 
an be des
ribed in terms of the so-
alledPoisson G-spa
es. Re
all that a symple
ti
 (or more generally a Poisson) manifold X with a left14



G-a
tion is 
alled a Poisson G-spa
e if the a
tion map G �X ! X is a Poisson map. A Poissonmorphism J : X ! G� is said to be a momentum map for the Poisson G-spa
e [19℄, ifX 2 g 7! ��#X(J�(Xr)) 2 X(X) (17)is the in�nitesimal generator of the G-a
tion, where Xr denotes the right-invariant one-form on G�with value X 2 g� at the identity, and �X is the Poisson tensor on X . An expli
it relation betweenHamiltonian �-spa
es and Poisson G-spa
es 
an be established as follows [35℄. If J : X ! G� is aHamiltonian �-spa
e, then X is a Poisson G-spa
e with the a
tion:gx = (g; J(x)) � x; (18)for any g 2 G and x 2 X , where (g; J(x)) is 
onsidered as an element in � = G� G� and the doton the right hand side refers to the groupoid �-a
tion on X . Then J is the momentum map ofthe indu
ed Poisson G-a
tion, in the sense of Lu [19℄. Conversely, if a symple
ti
 manifold X is aPoisson G-spa
e with a momentum mapping J : X ! G�, Eq. (18) de�nes a Hamiltonian �-spa
e.Example 3.11 Let (�; �) be an ad-invariant non-degenerate symmetri
 bilinear form on g. It iswell-known that (�; �) indu
es a Lie algebra 2-
o
y
le � 2 ^2(Lg�) on the loop Lie algebra de�nedby [29℄: �(X; Y ) = 12� 2�Z0 (X(s); Y 0(s))ds; 8X(s); Y (s) 2 Lg; (19)and therefore de�nes an aÆne Poisson stru
ture on Lg. Its symple
ti
 groupoid � 
an be identi�edwith the transformation groupoid LG� Lg� Lg, where LG a
ts on Lg by the gauge a
tion [6℄:g � � = Ad�g�1� + g0g�1; 8g 2 LG; � 2 Lg: (20)This is the standard gauge transformation when Lg is identi�ed with the spa
e of 
onne
tions onthe trivial bundle over the unit 
ir
le S1. The symple
ti
 stru
ture on LG�Lg 
an be obtained asfollows. By fLg we denote the 
orresponding Lie algebra 
entral extension. Assume that � satis�esthe integrability 
ondition (i.e., the 
orresponding 
losed two-form !LG 2 
2(LG)LG is of integer
lass). It de�nes a loop group 
entral extension S1 �!gLG ��! LG. Consider e� :gLG�Lg! LG�Lg, where e� = �� id. Let i denote the embedding gLG�Lg �=gLG�(Lg�f1g)�gLG�fLg �= T �gLG.Then e��!LG�Lg = i�!T �gLG:In this 
ase, the 
orresponding Hamiltonian �-spa
es are exa
tly Hamiltonian spa
es of loopLie group studied extensively by Meinrenken{Woodward [23, 24, 25℄.Example 3.12 Let � be the AMM quasi-symple
ti
 groupoid (G� G � G; ! + 
). It is simpleto see that Hamiltonian �-spa
es 
orrespond exa
tly to q-Hamiltonian spa
es with a group valuedmomentum map J : X ! G in the sense of [2℄, namely those G-spa
es X equipped with a G-invariant two-form !X 2 
(X)G and an equivariant map J 2 C1(X;G)G su
h that:(B1) The di�erential of !X is given by: d!X = J�
:15



(B2) The map J satis�es �̂ !X = 12J�(�; � + ��):(B3) At ea
h x 2M , the kernel of !X is given byker!X = f�̂(x)j � 2 ker(AdJ(x)+1)g:3.4 Hamiltonian bimodulesA useful way to study Hamiltonian �-spa
es is via the Hamiltonian bimodules.De�nition 3.13 Given quasi-symple
ti
 groupoids (G� G0; !G+
G) and (H � H0; !H +
H),a Hamiltonian G-H-bimodule is a manifold X equipped with a two-form !X 2 
2(X) su
h that1. G0 � X �! H0 is a left G-spa
e and a right H-spa
e, and the two a
tions 
ommute;2. X ����! G0 � H0 is a Hamiltonian G � H-spa
e, where the a
tion is given by (g; h) � x =gxh�1; 8g 2 G; h 2 H; x 2 X su
h that t(g) = J(x) = s(h).In parti
ular, a Hamiltonian �-spa
e 
an be 
onsidered as a Hamiltonian �-�-bimodule, where� denotes the trivial groupoid �� �.Given a Hamiltonian G-H-bimodule G0 � X �! H0, let Q� X be the transformation groupoidQ := (G�H)�(G0�H0) X � X:Then the natural proje
tions pr1 : Q! G and pr2 : Q! H are groupoid homomorphisms. As animmediate 
onsequen
e of Proposition 3.2, we have the followingProposition 3.14 If (G� G0; !G+
G) and (H � H0; !H+
H) are quasi-symple
ti
 groupoids,and G0 � X �! H0 is a Hamiltonian G-H-bimodule, thenpr�1(!G + 
G)� pr�2(!H +
H) = Æ!X :Therefore, on the level of 
ohomology, we havepr�1[!G +
G℄ = pr�2[!H + 
H ℄;where pr�1 : H3DR(G�)! H3DR(Q�) and pr�2 : H3DR(H�)! H3DR(Q�) are the morphisms of 
ohomol-ogy groups indu
ed by the groupoid homomorphisms pr1 : Q! G and pr2 : Q! H , respe
tively.Let (G � G0; !G + 
G), (H � H0; !H + 
H), and (K � K0; !K + 
K) be quasi-symple
ti
groupoids. Assume that G0 �1 X �1! H0 is a Hamiltonian G-H-bimodule, and H0 �2 Y �2! K0 aHamiltonian H-K-bimodule. Moreover, we assume that the �ber produ
t X �H0 Y is a manifold(for instan
e, this is true if �1 � �2 : X � Y ! H0 � H0 is transversal to the diagonal) and thediagonal H-a
tion on X �H0 Y ! H0, h � (x; y) = (x � h�1; h � y), is free and proper so that thequotient spa
e is a smooth manifold, whi
h is denoted by X �H Y . That isX �H Y := X �H0 YH :16



Let �3 : X �H Y ! G0 and �3 : X �H Y ! K0 be the maps given by �3([x; y℄) = �1(x) and�3([x; y℄) = �2(y), respe
tively. De�ne a left G-a
tion and a right K-a
tion on X �H Y byg � [x; y℄ = [g � x; y℄ and [x; y℄ � k = [x; y � k℄; (21)whenever they are de�ned. It is 
lear that G0 �3 X �H Y �3! K0 be
omes a left G- and rightK-spa
e, and that these two a
tions 
ommute with ea
h other.To 
ontinue our dis
ussion, we need to introdu
e a te
hni
al notation �rst.De�nition 3.15 We say that two smooth maps �i : Xi !M , i = 1; 2, are 
lean, if1. the �ber produ
t X1 �M X2 is a smooth manifold; and2. for any (x1; x2) 2 X1 �M X2, f�T(x1;x2)(X1 �M X2) is equal to either �1�Tx1X1 or �2�Tx2X2,where f : X1 �M X2 !M is de�ned as f(x1; x2) = �1(x1) = �2(x2).For instan
e, two maps are 
lean if one of them is a submersion. The main theorem is thefollowingTheorem 3.16 Let (G � G0; !G + 
G), (H � H0; !H + 
H), and (K � K0; !K + 
K) bequasi-symple
ti
 groupoids. Assume that G0 �1 X �1! H0 is a Hamiltonian G-H-bimodule, andH0 �2 Y �2! K0 is a Hamiltonian H-K-bimodule. If Z := X �H Y is a manifold, then1. the two form i�(!X � !Y ) 2 
2(X �H0 Y ), where i : X �H0 Y ! X � Y is the naturalin
lusion, des
ends to a two-form !Z on Z; and2. if moreover assume that �1 and �2 are 
lean, then (Z; !Z), equipped with the left G- and rightK-a
tions as in Eq. (21), is a Hamiltonian G-K-bimodule.Proof. First, note that for any (x; y) 2 X �H0 Y , the tangent spa
e to the H-orbit is spanned byve
tors of the form (�̂(x); �̂(y)), 8� 2 AH jm, where AH is the Lie algebroid of H , and m = �1(x) =�2(y). Here we let H a
t on X from the left: h �x = xh�1, and �̂(x) denotes the in�nitesimal ve
tor�eld generated by this a
tion. Now(�̂(x); �̂(y)) i�(!X � !Y )= �̂(x) !X + �̂(y) !Y= ���1��(�!� (m) !H) + ��2��(�!� (m) !H)= 0:Se
ondly, let L be any lo
al bise
tion of H � H0. Then L indu
es a lo
al di�eomorphism onboth X and Y , denoted by �L. By the left multipli
ation, L also indu
es a lo
al di�eomorphismon H itself, whi
h again is denoted by �L. We need to prove that��L[i�(!X � !Y )℄ = i�(!X � !Y ): (22)Given any tangent ve
tors (Æix; Æiy) 2 T(x;y)(X �H0 Y ), i = 1; 2, let ui = �1�Æix = �2�Æiy 2 TmH0,where m = �1(x) = �2(y), and Æih = �L�ui 2 ThH . It is simple to see that (0; Æih; Æix;�L�Æih) 2 T�117



and (Æih; 0; Æiy;�L�Æiy) 2 T�2, where �1 � G � H � X � X and �2 � H � K � Y � Y are the
orresponding graphs of the groupoid a
tions. From the 
ompatibility 
ondition, it follows that�!H(Æ1h; Æ2h) + !X(Æ1x; Æ2x)� !X(�L�Æ1x;�L�Æ2x) = 0;and !H(Æ1h; Æ2h) + !Y (Æ1y ; Æ2y)� !Y (�L�Æ1y ;�L�Æ2y) = 0:Thus we have(!X � !Y )((Æ1x; Æ1y); (Æ2x; Æ2y)) = (!X � !Y )((�L�Æ1x;�L�Æ1y); (�L�Æ2x;�L�Æ2y)):Eq. (22) thus follows. Therefore we 
on
lude that there is a two-form !Z on Z := X �H Y su
hthat ��!Z = i�(!X � !Y );where � : X �H0 Y ! Z is the proje
tion.It is straightforward to 
he
k thatd!Z = (�3 � �3)�[
G � 
K ℄and the two-form !Z is 
ompatible with the a
tion of the quasi-symple
ti
 groupoid G � K �G0 �K0.It remains to prove the minimal non-degenerate 
ondition. First we need the followingLemma 3.17 Let (G � G0; !G + 
G) and (H � H0; !H + 
H) be quasi-symple
ti
 groupoids,G0 � X �! H0 a Hamiltonian G-H-bimodule with !X 2 
2(X). Then(ker��)!X = f�̂(x)j� 2 AGj�(x)g+ ker!X ; and (23)(ker��)!X = f�̂(x)j� 2 AH j�(x)g+ ker!X ; (24)where AG and AH denote the Lie algebroid of G and H respe
tively.Proof. It is obvious that f�̂(x)j� 2 AGj�(x)g+ ker!X � (ker��)!X . Nowdim(ker��)!X = dimX � dim!bX(ker��)= dim ��(TxX) + dim ker�� � dim!bX(ker��)= dim ��(TxX) + dim(ker!X \ ker��) (by Lemma 3.6 (1))� rankAG � dim(AGjxx) + dim(ker!X \ ker��)= dimf�̂(x)j� 2 AGj�(x)g+ dim(ker!X \ ker��):On the other hand, using Lemma 3.6 (2), it is easy to 
he
k that(ker!X \ ker��)� (ker!X \ f�̂(x)j� 2 AGj�(x)g) = ker!X : (25)18



To prove this equation, �rst one easily sees that ker!X 
an be written as the sum of the twosubspa
es on the left hand side. To show that this is a dire
t sum, it suÆ
es to show that theinterse
tion of these two subspa
es is zero. This is be
ause(ker!X \ ker��)\ f�̂(x)j� 2 AGj�(x)g� ker!X \ ker �� \ ker ��= ker!X \ ker(�� �)� (by Lemma 3.6 (2) b)= 0:From Eq. (25), it follows thatdim(f�̂(x)j� 2 AGj�(x)g+ ker!X)= dimf�̂(x)j� 2 AGj�(x)g+ dim ker!X � dim(ker!X \ f�̂(x)j� 2 AGj�(x)g)= dimf�̂(x)j� 2 AGj�(x)g+ dim(ker!X \ ker��):Thus Eq. (23) follows immediately. Similarly Eq. (24) 
an be proved. This 
on
ludes the proof ofthe lemma. �Assume that [(Æx; Æy)℄ 2 T[(x;y)℄Z, where (Æx; Æy) 2 T(x;y)(X �H0 Y ) is in the kernel of !Z . Then!X(Æx; Æ0x) + !Y (Æy ; Æ0y) = 0; 8(Æ0x; Æ0y) 2 T(x;y)(X �H0 Y ): (26)By letting Æ0y = 0, it follows that !X(Æx; Æ0x) = 0 for any Æ0x 2 ker�1�. Therefore, a

ording toLemma 3.17, we have Æx 2 (ker�1�)!X = f�̂(x)j� 2 AH j�1(x)g+ ker!X :It thus follows that we 
an always write Æx = �̂(x) + �̂1(x) for some � 2 AGj�1(x) and �1 2 AH j�1(x)su
h that �!� (�1(x)) 2 ker!G.Similarly, one shows that Æy = �̂2(y) + �̂(y), for some �2 2 AH j�2(y) and � 2 AK j�2(y) su
h that�!� (�2(y)) 2 ker!K .Now �1�Æx = �aAH (�1) and �2�Æy = aAH (�2). Thus we have �1� �2 2 ker aAH . From Eqs. (26)and (13), it follows that!G(�!� (m); �1�Æ0x)� !H(�!�1(n); �1�Æ0x) + !H(�!�2(n); �2�Æ0y)� !K(�!� (p); �2�Æ0y) = 0;where m = �1(x), n = �1(x) = �2(y) and p = �2(y). Hen
e !H(����!�1 � �2(n); Æn) = 0 for anyÆn 2 f�T(x;y)(X �H0 Y ), where f : X �H0 Y ! H0 is the map f(x; y) = �1(x). By the 
leanassumption, we may assume that f�T(x;y)(X �H0 Y ) = �1�(TxX) (or �2�(TyY ), in whi
h 
ase, asimilar proof 
an be 
arried out). Thus we have !H(����!�1 � �2(n); �1�(TxX)) = 0, whi
h implies that�̂1(x)� �̂2(x) 2 ker!bX . On the other hand, sin
e (�1� �1)�(�̂1(x)� �̂2(x)) = aAH (�1� �2) = 0, wehave �̂1(x)� �̂2(x) = 0 a

ording to Lemma 3.6 (2b). It thus follows that[(Æx; Æy)℄ = [(�̂(x) + �̂1(x); �̂2(y) + �̂(y)℄ = [(�̂(x) + �̂2(x); �̂2(y) + �̂(y)℄ = [(�̂(x); �̂(y))℄;whi
h implies the minimal non-degenera
y 
ondition. This 
ompletes the proof. �19



3.5 Redu
tionTheorem 3.16 has many useful 
onsequen
es. As an immediate 
onsequen
e, we have the followingredu
tion theorem.Theorem 3.18 Let (� � P; ! + 
) be a quasi-symple
ti
 groupoid, and (X J! P; !X) a Hamil-tonian �-spa
e. Assume that m 2 P is a regular value of J and �mm a
ts on J�1(m) freely andproperly, where �mm denotes the isotropy group at m. Then J�1(m)=�mm is a symple
ti
 manifold.More generally, if (�i � Pi; !i+
i), i = 1; 2, are quasi-symple
ti
 groupoids, (X J1�J2�! P1�P2; !X)is a Hamiltonian �1 � �2-spa
e, m 2 P is a regular value for J2 : X �! P2, and (�2)mm a
ts onJ�12 (m) freely and properly, then J�12 (m)=(�2)mm is naturally a Hamiltonian �1-spa
e.Proof. Note that (X J1�J2�! P1 � P2; !X) being a Hamiltonian �1 � �2-spa
e is equivalent to Xbeing a �1-�2-bimodule by 
onsidering X as a right �2-spa
e. Let O � P2 be the groupoid orbitof �2 through m. Then P2 i �O ! � is a Hamiltonian �2-�-bimodule a

ording to Proposition3.8. The 
lean assumption is satis�ed sin
e J2 : J�12 (O) ! O is a submersion. By Theorem 3.16,X ��2 �O is a Hamiltonian �1-�-Hamiltonian bimodule, i.e., a Hamiltonian �1-spa
e. It is easy tosee that X ��2 �O is naturally di�eomorphi
 to J�12 (m)=(�2)mm. �Remark 3.19 As a 
onsequen
e, P=� (assuming being a smooth manifold) is naturally a Pois-son manifold. One should also be able to see this using the redu
tion of Dira
 stru
tures, as aHamiltonian �-spa
e in�nitesimally 
orresponds to some parti
ular Dira
 stru
ture [8℄.Another immediate 
onsequen
e of Theorem 3.16 is the following:Theorem 3.20 Let (� � P; ! +
) be a quasi-symple
ti
 groupoid, and (X J1! P; !X), and (Y J2!P; !Y ) be Hamiltonian �-spa
es. Assume that J1 : X ! P and J2 : Y ! P are 
lean. Then X��Yis a symple
ti
 manifold.We will 
all X��Y the 
lassi
al intertwiner spa
e between X and Y . When �� P is the symple
ti
groupoid T �G � g�, this redu
es to the 
lassi
al intertwiner spa
e (X � Y )0 of Hamiltonian G-spa
es [14℄. We refer the reader to [37℄ for the detailed study of 
lassi
al intertwiner spa
es ofsymple
ti
 groupoids.4 Morita equivalen
eThis se
tion is devoted to the study of Morita equivalen
e of quasi-symple
ti
 groupoids. Themain result is that Morita equivalent quasi-symple
ti
 groupoids de�ne equivalent momentum maptheories. See Theorem 4.19 and Corollary 4.20.4.1 Morita equivalen
e of quasi-symple
ti
 groupoidsMorita equivalen
e is an important equivalen
e relation for groupoids. Indeed groupoids moduliMorita equivalen
e 
an be identi�ed with the so 
alled sta
ks, whi
h are useful in the study ofsingular spa
es su
h as moduli spa
es. Morita equivalen
e of symple
ti
 groupoids were studiedin [36℄. Here we will generalize this notion to quasi-symple
ti
 groupoids. Let us �rst re
all thede�nition of Morita equivalen
e of Lie groupoids [18, 36℄.20



De�nition 4.1 Lie groupoids G � G0 and H � H0 are said to be Morita equivalent if thereexists a manifold X together with two surje
tive submersionsG0 � X �! H0;a left a
tion of G with respe
t to �, a right a
tion of H with respe
t to � su
h that1. the two a
tions 
ommute with ea
h other;2. X is a lo
ally trivial G-prin
ipal bundle over G0 � X ; and3. X is a lo
ally trivial H-prin
ipal bundle over X �! H0In this 
ase, G0 � X �! H0 is 
alled an equivalen
e bimodule between the Lie groupoids G and H .It is known that de-Rham 
ohomology groups are invariant under Morita equivalen
e.Proposition 4.2 [5, 7, 15℄ If G� G0 and H � H0 are Morita equivalent Lie groupoids, thenHkDR(G�) ��! HkDR(H�)De�nition 4.3 Quasi-symple
ti
 groupoids (G� G0; !G+
G) and (H � H0; !H +
H) are saidto be Morita equivalent if there exists a Morita equivalen
e bimodule G0 � X �! H0 between theLie groupoids G and H , together with a two-form !X 2 
2(X) su
h that X is also a HamiltonianG-H-bimodule.Suppose that G � G0 and H � H0 are Morita equivalent Lie groupoids with equivalen
ebimodule G0 � X �! H0. We say that m 2 G0 and n 2 H0 are related if ��1(m) \ ��1(n) 6= ;.The following are basi
 properties [36℄.Proposition 4.4 If G � G0 and H � H0 are Morita equivalent quasi-symple
ti
 groupoids withequivalen
e bimodule G0 � X �! H0. Assume that m0 2 G0 and n0 2 H0 are related. Then1. dimG+ dimH = 2dimX,2. the element n 2 H0 is related to m0 if and only if n lies in the same groupoid orbit as n0;and 
onversely, m 2 G0 is related to n0 if and only if m lies in the same groupoid orbit asm0, and3. the isotropy groups at m0 and n0 are isomorphi
.Theorem 4.5 Morita equivalen
e is indeed an equivalen
e relation for quasi-symple
ti
 groupoids.Proof. From Proposition 3.8 (1), we know that Morita equivalen
e is re
e
tive. If G0 � X �! H0is a Hamiltonian bimodule de�ning the Morita equivalen
e between (G � G0; !G + 
G) and(H � H0; !H + 
H), then H0 � X �! G0, with the reversed a
tions, is a Hamiltonian bimodulede�ning the Morita equivalen
e between (H � H0; !H + 
H) and (G � G0; !G + 
G). So thesymmetry follows. As for the transitivity, let (G � G0; !G + 
G), (H � H0; !H + 
H), and(K � K0; !K + 
K) be quasi-symple
ti
 groupoids. Assume that G0 �1 X �1! H0 is a G-H21



equivalen
e bimodule, and H0 �2 Y �2! K0 an H-K-equivalen
e bimodule, respe
tively. It isknown that Z = X �H Y is a bimodule de�ning the Morita equivalen
e between the groupoidsG� G0 and K � K0. A

ording to Theorem 3.16, Z is also a Hamiltonian G-K-bimodule. Thus,(G� G0; !G+
G) and (K � K0; !K +
K) are Morita equivalent quasi-symple
ti
 groupoids. �In what follows, we dis
uss some useful 
onstru
tions of produ
ing Morita equivalent quasi-symple
ti
 groupoids.Let � � P be a Lie groupoid, and !i + 
i 2 
2(�) � 
3(P ), i = 1; 2, be two 
ohomologous3-
o
y
les. This means that there are B 2 
2(P ) and � 2 
1(�) su
h that(!1 +
1)� (!2 +
2) = Æ(B + �):Following [9℄, we say that !1 +
1 and !2 +
2 di�er by a gauge transformation of the �rst type if(!1 +
1)� (!2 +
2) = ÆB, i.e.,!1 � !2 = s�B � t�B; 
1 � 
2 = dB:And we say that !1 + 
1 and !2 + 
2 di�er by a gauge transformation of the se
ond type if(!1 +
1)� (!2 +
2) = Æ�, i.e.
1 = 
2 !1 = !2 � d�; for some � 2 
1(�) su
h that �� = 0:It is simple to see that gauge transformations of the �rst type transform quasi-symple
ti
groupoids into quasi-symple
ti
 groupoids (also see [8℄). Below we see that the resulting quasi-symple
ti
 groupoids are indeed Morita equivalent (see [9℄ for the 
ase of symple
ti
 groupoids).Proposition 4.6 Assume that (�� P; ! +
) is a quasi-symple
ti
 groupoid. Then (�� P; !0 +
0), where !0 = ! + s�B � t�B and 
0 = 
 + dB, for any B 2 
2(P ), is a Morita equivalentquasi-symple
ti
 groupoid.Proof. First, we need to show that !0 is non-degenerate in the sense of De�nition 2.5. ByProposition 2.7, it suÆ
es to show that a : ker!0m \Am ! ker!0m \TmP is inje
tive. Assume that� 2 ker!0m \Am su
h that a(�) = 0. Then we have for any v 2 TmP ,0 = !0(�!� ; v) = (! + s�B � t�B)(�!� ; v) = !(�!� ; v) + B(a(�); v) = !(�!� ; v):Thus we have � 2 ker!m \ Am, whi
h implies that � = 0.To prove the Morita equivarian
e, let X = � and !X = ! + s�B. We let (� � P; !0 + 
0) a
ton X from the left by left multipli
ations and let (�� P; ! +
) a
t on X from the right by rightmultipli
ations. It is simple to 
he
k that these a
tions are 
ompatible with the quasi-symple
ti
stru
tures. It remains to 
he
k the minimal non-degenera
y 
ondition. Assume that Æx 2 ker!X .Then for any � 2 As(x), we have,!X(Æx; �� ) = !(Æx; �� ) +B(s�Æx; s� �� ) = 0;whi
h implies that !(Æx; �� ) = 0 sin
e s� �� = 0. The latter is equivalent to that !(t�Æx; �� (t(x))) =0 a

ording to Eq. (16), whi
h is equivalent to t�Æx 2 ker!. Therefore t�Æx = a(�), where22



�!� (t(x)) 2 ker!. Set Æ0x = Æx+ �� (x). Thus t�Æ0x = t�Æx+ t� �� (x) = t�Æx�a(�) = 0. Hen
e we maywrite Æ0x = �!� (x). Moreover, a simple 
omputation yields that�!� (x) !0 = Æ0x !0 = Æx !X � Æ0x t�B = 0:Thus �!� (s(x)) 2 ker!0. This 
on
ludes the proof. �Remark 4.7 Note that quasi-symple
ti
 groupoids are in general not preserved under gauge trans-formations of the se
ond type. For instan
e, the symple
ti
 stru
ture ! on the symple
ti
 groupoidT �G � g� is d�, where � 2 
1(T �G) is the Liouville one-form. It is simple to see that � satis�esthe 
ondition �� = 0. However T �G� g� with the zero two-form is 
learly not quasi-symple
ti
.For a Lie groupoid � � P and a surje
tive submersion � : Y ! P , we denote by �[Y ℄ thesubgroupoid of (Y � Y )� � 
onsisting of f(y1; y2; 
)j s(r) = �(y1); t(r) = �(y2)g, 
alled the pull-ba
k groupoid. Clearly the proje
tion pr : �[Y ℄! � de�nes a groupoid homomorphism. By abuseof notations, we also use pr to denote the 
orresponding map on the unit spa
es � : Y ! P .Proposition 4.8 Assume that (� � P; ! + 
) is a quasi-symple
ti
 groupoid, and � : Y ! Pa surje
tive submersion. Then (�[Y ℄ � Y; pr� ! + pr�
) is a quasi-symple
ti
 groupoid Moritaequivalent to (�� P; ! + 
).Proof. It is obvious that pr� ! + pr�
 is a 3-
o
y
le sin
e pr is a Lie groupoid homomorphism.By AY , we denote the Lie algebroid of �[Y ℄� Y . It is simple to see thatAY jy = f(Æy; �)jÆy 2 TyY; � 2 A�(y) su
h that ��Æy = a(�)g;with the an
hor aY : AY ! TY being given by the proje
tion (Æy; �) ! Æy , where A is the Liealgebroid of �. Therefore, an element (Æy ; �) 2 AY , where ��Æy = a(�), belongs to ker(pr� !) if andonly if � 2 ker!. This implies that aY : ker(pr� !) \ AY ! ker(pr� !) \ TY is indeed inje
tive. Itthus follows that (�[Y ℄� Y; pr� !+pr� 
) is a quasi-symple
ti
 groupoid by a dimension 
ounting.To show the Morita equivalen
e, let X := � �t;P;� Y and !X = p�!, where p : X ! � isthe natural proje
tion. It is standard that P � X �! Y is a �-�[Y ℄-bimodule de�ning a Moritaequivalen
e between these two groupoids, where�(r; y) = s(r); and �(r; y) = yand the left �-a
tion is er � (r; y) = (err; y); t(er) = s(r) (27)while the right �[Y ℄-a
tion is(r; y) � (y1; y2; er) = (rer; y2); y = y1; t(r) = �(y) = �(y1) = s(er): (28)It is also simple to 
he
k that !X is 
ompatible with the � � �[Y ℄-a
tion. For the minimalnon-degenera
y 
ondition, assume that (Ær; Æy) 2 T(r;y)X su
h that (Ær; Æy) !X = 0, whi
h isequivalent to that Ær ! = 0. By Proposition 3.8, we have Ær = �!� (r)� �� (r), where �!� (t(r)) and�!� (s(r)) 2 ker!. Thus (Ær; Æy) = �̂(r; y) � �̂0(r; y), where �0 = (Æy ; �) 2 AY 
learly satis�es the
ondition that �!�0(t(r)) 2 ker!0. This 
on
ludes the proof. �23



A 
ombination of Propositions 4.6 and 4.8 leads toTheorem 4.9 Let (G� G0; !G+
G) and (H � H0; !H +
H) be quasi-presymple
ti
 groupoids,whi
h are Morita equivalent as Lie groupoids with an equivalen
e bimodule G0 � X �! H0. If��(!G+
G) and ��(!H +
H), as 3-
o
y
les of the groupoid G[X ℄ �= H [X ℄� X, di�er by a gaugetransformation of the �rst type, then if one is quasi-symple
ti
, so is the other. Moreover, they areMorita equivalent as quasi-symple
ti
 groupoids.4.2 Generalized homomorphisms of quasi-symple
ti
 groupoidsRe
all that a generalized homomorphism from a Lie groupoid G � G0 to H � H0 is given by amanifold X , two smooth maps G0 � X �! H0, a left a
tion of G with respe
t to �, a right a
tionof H with respe
t to �, su
h that the two a
tions 
ommute, and X is a lo
ally trivial H-prin
ipalbundle over G0 � X [18℄. In parti
ular, � : X ! G0 must be a surje
tive submersion, and the(right) H-a
tion on X is free and proper.Generalized homomorphisms 
an be 
omposed just like the usual groupoid homomorphisms;thus there is a 
ategory G whose obje
ts are Lie groupoids and morphisms are generalized homo-morphisms [15, 16, 31℄, where isomorphisms in the 
ategory G are just Morita equivalen
es [27, 36℄.Similarly, we 
an introdu
e the notion of generalized homomorphisms between quasi-symple
ti
groupoids.De�nition 4.10 A generalized homomorphism from a quasi-symple
ti
 groupoid (G� G0; !G +
G) to a quasi-symple
ti
 groupoid (H � H0; !H + 
H) is a Hamiltonian G-H-bimodule G0 � X �! H0, whi
h is, in the same time, also a generalized homomorphism from G to H .Theorem 3.16 implies the following:Theorem 4.11 There is a 
ategory, whose obje
ts are quasi-symple
ti
 groupoids, and morphismsare generalized homomorphisms of quasi-symple
ti
 groupoids. The isomorphisms in this 
ategory
orrespond exa
tly to Morita equivalen
es of quasi-symple
ti
 groupoids.It is known that a stri
t homomorphism of Lie groupoids must be a generalized homomorphism.For quasi-symple
ti
 groupoids, one 
an also introdu
e the notion of stri
t homomorphisms.De�nition 4.12 A stri
t homomorphism of quasi-symple
ti
 groupoids from (G� G0; !G +
G)to (H � H0; !H + 
H) is a groupoid homomorphism � : G! H satisfying1. ��(!H + 
H) = !G + 
G, and2. if � 2 AH satis�es the properties that aH(�) = 0 and ��(�!� !H) = 0, then � = 0, where AHis the Lie algebroid of H � H0 and aH : AH ! TH0 denotes its an
hor map.Proposition 4.13 For quasi-symple
ti
 groupoids, stri
t homomorphisms imply generalized homo-morphisms. 24



Proof. Assume that � : G ! H is a stri
t homomorphism of quasi-symple
ti
 groupoids from(G � G0; !G + 
G) to (H � H0; !H + 
H). Let X = G0 ��;H0;s H , and set �(g0; h) = g0,�(g0; h) = s(h). De�ne a left G- and a right H-a
tion on X , respe
tively, byg � (g0; h) = (s(g); �(g)h); and (g0; h) � h0 = (g0; hh0):One 
he
ks that this de�nes a generalized homomorphism from G � G0 to H � H0 [18℄. Let!X = i�(0; !H), where i : G0 ��;H0;s H � G0 �H is the embedding. It is simple to see that !X is
ompatible with the G-H-bi-a
tions so that (X;!X) is a Hamiltonian G-H-bimodule. It remainsto prove the minimum non-degenera
y 
ondition. Note that for any � 2 �(AG) and � 2 �(AH),the ve
tor �eld on X generated by the in�nitesimal a
tion of (�; �) is given by\(� � �)(g0; y) = (aG(�)(g0);�!���(y)� �� (y)):Assume that Æx = (Æg0 ; Æh) 2 ker!X , where x = (g0; h) 2 X . This implies that��Æg0 = s�Æh (29)!H(Æh; Æ0h) = 0; 8Æ0h 2 ThH su
h that s�Æ0h 2 Im(��): (30)In parti
ular, for any � 2 �(AH), sin
e s� �� (h) = 0, whi
h is always in the image of ��, we have!H(Æh; �� (h)) = 0. From Eq. (16), it thus follows that !H(t�Æh; �� (t(h))) = 0, whi
h implies thatt�Æh 2 ker!H . By the non-degenera
y assumption, we have t�Æh = aH(�), where �!� (t(h)) 2 ker!H .Hen
e both �!� (h) and  �� (h) belong to ker! a

ording to Eq. (16). Let eÆh = Æh + �� (h). Then wehave t�eÆh = t�Æh + t� �� (h) = t�Æh � aH(�) = 0. Thus eÆh = �!�1(h) for some �1 2 �(AH), and hen
ewe have Æh = �!�1(h)� �� (h). On the other hand, for any � 2 �(AG), sin
e s��!���(h) = aH(���) =��aG(�) 2 Im��, we have !H(Æh;�!���(h)) = 0 by Eq. (30). Now!H(Æh;�!���(h)) = !H(�!�1(h)� �� (h);�!���(h)) = !H(�!�1(h);�!���(h)) = !H(s��!�1(h);�!���(s(h)));where we used Eq. (16) in the last equality.Now s��!�1(h) = s�(Æh +  �� (h)) = s�Æh = ��Æg0 . Therefore we have !H(��Æg0 ;�!���(s(h))) =0; 8� 2 �(AG). It thus follows that Æg0 2 ker(��!H). Sin
e (G � G0; ��!H + ��
H) is quasi-symple
ti
, by the non-degenera
y assumption, we 
on
lude that Æg0 = aG(�), where �!� (g0) 2ker(��!H). Finally, sin
eaH(�1 � ���) = s��!�1(h)� aH(���) = s�Æh � ��(aG�) = s�Æh � ��Æg0 = 0;and!H(�!�1(h)��!���(h); ��Æ0g0) = !H(�!�1(h) ��Æ0g0) = !H(Æh+ �� (h); ��Æ0g0) = !H(Æh; ��Æ0g0) = 0; 8Æ0g0 2 Tg0G0;thus it follows that �1� ��� = 0. Therefore, we 
on
lude that Æx = (Æg0 ; Æh) =\(� � �)(g0; y), where�!� (g0) 2 ker(��!H) and �!� (t(h)) 2 ker!H . �Remark 4.14 Note that the se
ond assumption in De�nition 4.12 is ne
essary for Proposition4.13 to hold. For instan
e, given a quasi-symple
ti
 groupoid H � H0 and a �xed point in H0,one may always think of this point as a groupoid homomorphism from � � � to H � H0. The�rst 
ondition is satis�ed automati
ally. However, � � H �! H0 is, in general, not a generalizedhomomorphism of quasi-symple
ti
 groupoids sin
e H is not, in general, a Hamiltonian H-spa
eunder the H-a
tion. 25



The following proposition des
ribes the pre
ise relation between generalized homomorphismsand stri
t homomorphisms for quasi-symple
ti
 groupoids.Proposition 4.15 Any generalized homomorphism of quasi-symple
ti
 groupoids is equivalent tothe 
omposition of a Morita equivalen
e with a stri
t homomorphism.Proof. The inverse dire
tion follows from Proposition 4.13 and Theorem 4.11, so it remains toprove the other dire
tion.Assume that G0 � X �! H0 is a generalized homomorphism of quasi-symple
ti
 groupoids from(G� G0; !G +
G) to (H � H0; !H +
H).Consider the transformation groupoid Q := (G�H)�(G0�H0) X � X as in Proposition 3.14.One easily 
he
ks that Q � X is isomorphi
 to G[X ℄ � X , where the isomorphism is givenby (g; h; x) ! (x; g�1xh; g), 8(g; h; x) 2 (G � H) �(G0�H0) X . Therefore we have two groupoidhomomorphisms pr1 : G[X ℄! G and pr2 : G[X ℄! H . Equip G[X ℄� X with the three 
o
y
le!G[X℄ + 
G[X℄ := pr�1(!G + 
G)� Æ!X :By Theorem 4.9, we know that (G[X ℄� X;!G[X℄+
G[X℄) is Morita equivalent to (G� G0; !G +
G). On the other hand, a

ording to Proposition 3.14, we have !G[X℄+
G[X℄ = pr�2(!H +
H). Itthus follows from Theorem 3.16 that X � X �i�;H0;s H �! H0 is a Hamiltonian G[X ℄-H bimodulede�ning a generalized homomorphism of quasi-symple
ti
 groupoids from (G[X ℄ � X;!G[X℄ +
G[X℄) to (H � H0; !H+
H). Here the two-form !Z on Z : X�i�;H0;sH is given by !Z = i�(0; !H)where i : Z ! X � H is the embedding. By Lemma 3.6 2(b), one easily sees that 
ondition (2)in De�nition 4.12 is satis�ed so that pr2 : G[X ℄ ! H is indeed a stri
t homomorphism of quasi-symple
ti
 groupoids. This 
ompletes the proof. �The proof of the above proposition also yields the followingCorollary 4.16 If f : G0 � X �! H0 is a generalized homomorphism of quasi-symple
ti
 groupoidsfrom (G� G0; !G +
G) to (H � H0; !H +
H), then f�[H � H0; !H +
H ℄ = [!G +
G℄, wheref� : H3(H�)! H3(G�) is the indu
ed homomorphism of the De Rham 
ohomology groups.In parti
ular, if (G � G0; !G + 
G) and (H � H0; !H + 
H) are Morita equivalent quasi-symple
ti
 groupoids, then [!G+
G℄ and [!H+
H ℄ de�ne the same 
lass under the isomomorphismH3(G�) ' H3(H�).4.3 Hamiltonian �-spa
es for Morita equivalent quasi-symple
ti
 groupoidsDe�nition 4.17 Assume that (G� G0; !G+
G) and (H � H0; !H +
H) are Morita equivalentquasi-symple
ti
 groupoids with an equivalen
e bimodule G0 � X �! H0. Let � : F ! G0 be aHamiltonian G-spa
e, and  : E ! H0 a Hamiltonian H-spa
e. We say that F and E are a pair ofrelated Hamiltonian spa
es if there is an isotropy submanifold 
 � X � F � E, su
h that1. 
 is a graph over X �G0 F and also a graph over X �H0 E; and2. (yx�1) � f = y(x�1(f)) and (x�1z) � e = x�1(z(e)), whenever either side is de�ned for anyx; y 2 X; e 2 E and f 2 F , where by x�1(f) (or y(e) resp_), we denote the unique element inE (or F resp_) su
h that (x; f; x�1(f)) 2 
 (or (y; y(e); e) 2 
 resp_), and yx�1 (or x�1z resp_)denotes the 
orresponding element [y; x℄ (or [x; z℄ resp_) in the groupoid G (or H resp_) underthe identi�
ation: G �= (X �H0 X)=H (or H �= G n (X �G0 X) resp_)26



The following property follows immediately from the de�nition above:Proposition 4.18 1. x�1(x(e)) = e and x(x�1(f)) = f for all 
omposable x 2 X; e 2 E andf 2 F ;2. for all 
omposable g 2 G; x; y 2 X; h 2 H; f 2 F and e 2 E,(g � x)�1(f) = x�1(g�1 � f); (g � y)(e) = g � y(e);(x � h)�1(f) = h�1 � (x�1(f)); (y � h)(e) = y(h � e):We are now ready to prove the main result of this se
tion.Theorem 4.19 Suppose that (G� G0; !G +
G) and (H � H0; !H + 
H) are Morita equivalentquasi-symple
ti
 groupoids with an equivalen
e bimodule G0 � X �! H0. Then,1. 
orresponding to any Hamiltonian G-spa
e � : F ! G0, there is a unique (up to isomorphism)Hamiltonian H-spa
e  : E ! H0 su
h that F and E are a pair of related Hamiltonian spa
esand vi
e versa.2. let �i : Fi ! G0, i = 1; 2, be Hamiltonian G-spa
es and  i : Ei ! H0, i = 1; 2, their relatedHamiltonian H-spa
es. If �1 and �2 are 
lean, then  1 and  2 are 
lean, and the 
lassi
alintertwiner spa
es F1 �G F2 and E1 �H E2 are symple
ti
ally di�eomorphi
.Proof. The proof is a simple modi�
ation of Theorem 4.2 of [36℄.(1) Suppose that � : F ! G0 is a Hamiltonian G-spa
e. Then G0 � F ! � is a HamiltonianG-�-bimodule. Sin
e H0 � X �! G0 is a Hamiltonian H-G-bimodule, from Theorem 3.16 it followsthat E := X �G F is a Hamiltonian H-�-bimodule, i.e., a Hamiltonian H-spa
e. Here  : E ! H0and the H-a
tion on E are de�ned by  ([x; f ℄) = �(x)and h � [x; f ℄ = [x � h�1; f ℄:Let 
 = f(x; f; [x; f ℄)j8(x; f) 2 X �G0 Fg � X � F � E. It is straightforward to 
he
k that
 is an isotropy submanifold, and is indeed a graph over both X �G0 F and X �H0 E. Hen
e� : F ! G0 and  : E ! H0 are a pair of related Hamiltonian spa
es. Conversely, one easily seesthat F �= X �H E by working ba
kwards.(2). Let 
i � X � Fi �Ei, i = 1; 2, be as in (1). Then 
1 � 
2 � X � F1 �E1 �X � F2 �E2is an isotropy submanifold, whi
h is a graph over X �G0 F1 � X �G0 F2. Given any [(f1; f2)℄ 2F1 �G F2, take any element x 2 X su
h that �(x) = �1(f1) = �2(f2). Let e1 2 E1, and e2 2 E2su
h that (x; f1; e1; x; f2; e2) 2 
1 � 
2. Then it is simple to see that (e1; e2) 2 E1 �H0 E2 and[e1; e2℄ 2 E1 �H E2 is independent of the 
hoi
e of x and (f1; f2). Thus, we obtain a well-de�nedmap: � : F1 �G F2 ! E1 �H E2; [f1; f2℄! [e1; e2℄:It is simple to 
he
k that � is a bije
tion, whi
h is indeed a symple
ti
 di�eomorphism by usingthe fa
t that 
1 � 
2 is isotropi
. � 27



Corollary 4.20 Assume that (G� G0; !G +
G) and (H � H0; !H +
H) are Morita equivalentquasi-symple
ti
 groupoids, and � : F ! G0 and  : E ! H0 are a pair of related Hamiltonian G-and H-spa
es respe
tively. Let n 2 H0 and m 2 G0 be a pair of related points. Then the redu
edspa
es ��1(m)=Gmm and  �1(n)=Hnn are symple
ti
ally di�eomorphi
.Remark 4.21 Corollary 4.20 indi
ates that the redu
tion of Hamiltonian spa
es of quasi-symple
ti
 groupoids is of sta
k natural.In fa
t, the same argument in the proof of Theorem 4.19 leads to the following more generalresult.Theorem 4.22 Assume that f : G0 � X �! H0 is a generalized homomorphism of quasi-symple
ti
 groupoids from (G� G0; !G + 
G) to (H � H0; !H + 
H). Then1. if � : E ! H0 is a Hamiltonian H-spa
e, and the maps � and � are 
lean, then  : F ! G0,where F = X �H E, is a Hamiltonian G-spa
e, 
alled the pull-ba
k Hamiltonian spa
e anddenoted by f�E;2. let �i : Ei ! H0, i = 1; 2, be Hamiltonian H-spa
es and  i : Fi ! G0, i = 1; 2, theirpull-ba
k Hamiltonian G-spa
es. If �1 and �2 are 
lean, then  1 and  2 are 
lean, andmoreover there exists a natural symple
ti
 immersion between their 
lassi
al intertwiner spa
esF1 �G F2 ! E1 �H E2.4.4 ExamplesIn this subse
tion, we will dis
uss various examples of Morita equivalent quasi-symple
ti
 groupoidsand derive some familiar 
onsequen
es. We start with a general set-up.Let (� � P; ! + 
) be a quasi-symple
ti
 groupoid and � : Y ! P a surje
tive submersion.Consider (�[Y ℄� Y; !0+
0), where !0 = (B;B; !) 2 
2(�[Y ℄) and 
0 = ��
�dB (in appli
ations,normally ��
 = dB for some B 2 
2(Y ), so 
0 = 0) A

ording to Propositions 4.6 and 4.8, thisis a quasi-symple
ti
 groupoid Morita equivalent to (� � P; ! + 
). Applying Theorem 4.19, weobtain the following:Proposition 4.23 1. There is a bije
tion between Hamiltonian �-spa
es and Hamiltonian �[Y ℄-spa
es.More pre
isely, if (M J! P; !M) is a Hamiltonian �-spa
e, then (N eJ! Y; !N) is a Hamiltonian�[Y ℄-spa
e, where N is the �ber produ
t Y �P M , eJ : N ! Y is the proje
tion to the �rstfa
tor, and !N = � eJ�B + p�!M . Here p : N !M is the proje
tion to the se
ond fa
tor.Conversely, if (N eJ! Y; !N) is a Hamiltonian �[Y ℄-spa
e, its 
orresponding �-spa
e (M J!P; !M) is given as follows. M is the quotient spa
e N=�[Y ℄0, where �[Y ℄0 is the subgroupoidof �[Y ℄ 
onsisting of all elements (y1; y2; u) with y1; y2 2 Y , �(y1) = �(y2) = u, J : M ! Pis given by J([n℄) = (�Æ eJ)(n), and the two-form !M on M is de�ned by the equation:��!M = !N + eJ�B:Here � : N !M denotes the natural proje
tion map.28



2. If (M J! P; !M ) and (N eJ! Y; !N) are a pair of Hamiltonian �- and �[Y ℄-spa
es as above, andO � P and OY � Y are a pair of related groupoid orbits, then the redu
ed spa
es J�1(O)=�and eJ�1(OY )=�[Y ℄ are symple
ti
 di�eomorphi
.Proof. As in the proof of Propositions 4.6 and 4.8, the Morita equivalen
e Hamiltonian bimoduleis given by P � X �! Y , where X = ��t;P;�Y and !X = (!;B). The left �- and right- �[Y ℄-a
tionsare given by Eqs. (27)-(28) respe
tively.Now we are ready to apply Theorem 4.19. If J : M ! P is a Hamiltonian �-spa
e, then its
orresponding Hamiltonian �[Y ℄-spa
e is N = X �� M , whi
h is the quotient by � of the spa
ef(r; y;m)jt(r) = �(y); J(m) = s(r)g. It is simple to see that the latter is di�eomorphi
 to the �berprodu
t Y �P M , and, under this di�eomorphism, the two-form on X��M goes to � eJ�B+p�!M .Conversely, assume that eJ : N ! Y is a Hamiltonian �[Y ℄-spa
e. Then M = X ��[Y ℄ N �=(X�Y N)=�[Y ℄. NowX�YN = f(r; y; n)jt(r) = �(y); eJ(n) = yg. It is simple to see that, under the�[Y ℄-a
tion, any element in X�Y N is equivalent to (u; y; n) where y = eJ(n) and u = �( eJ(n)). Anytwo su
h elements (u; y; n) and (u0; y0; n0) are equivalent if and only if n0 = 
 0 � n where 
 0 2 �[Y ℄0.As a result, M 
an be identi�ed with N=�[Y ℄0, and the two-form (!;B; !N) on X �Y N goes to!N + eJ�B under the identi�
ationf(u; y; n)j8n 2 N; y = eJ(n); u = �( eJ(n))g ��! N:Therefore we have ��!M = !N + eJ�B.The rest of the 
laims follows easily from Theorem 4.19. �We now 
onsider various spe
ial 
ases of the above proposition.Let K be a 
ompa
t 
onne
ted Lie group equipped with the Bruhat-Poisson group stru
ture[21℄, and k be its Lie algebra. By K� we denote its simply-
onne
ted dual Poisson group. It isknown that there exists a di�eomorphism [1, 3℄:E : k� ! K�;whi
h is K-equivariant with respe
t to the 
oadjoint a
tion on k� and the left dressing a
tion onK�. Let us re
all the 
onstru
tion brie
y. Here we follow the presentation of [3℄.Let � : g ! g be the Cartan involution given by 
omplex 
onjugation of g = kC , and lety : g ! g be the anti-involution �y = ��(�). We also denote by y the indu
ed anti-involution ofG, 
onsidered as a real group. Let B℄ : k� ! k be the isomorphism indu
ed by the Killing form B.For any � 2 k�, the element g = exp(iB℄(�)) 2 G admits a unique de
omposition g = lly, for somel 2 K�. Then E is de�ned by E(�) = l.Let � 2 
1(k�) be the one-form [3℄� = 12iH�E�BC (�; �y)� (31)where � 2 
1(K�)
 k� is the left-invariant Maurer-Cartan form, and �y its image under the mapy : k� � g ! g, H : 
?(k�) ! 
?�1(k�) is the standard homotopy operator for the de Rhamdi�erential. Let B = d� 2 
2(k�).The following proposition also follows from Ginzburg-Weinstein theorem [13℄.29



Proposition 4.24 The Lu-Weinstein symple
ti
 groupoid (K�K� � K�; !0) is Morita equivalentto the standard 
otangent symple
ti
 groupoid (T �K � k�; !).Proof. Sin
e E : k� ! K� is K-equivariant, the pull-ba
k groupoid (K � K�)[k�℄ is 
learlyisomorphi
 to the transformation groupoid K�k� � k�, whi
h is naturally isomorphi
 to T �K � k�.Moreover, from Lemma 2 (2) in [1℄ (or Proposition 3.1 in [3℄), it follows thatE�!0 � ! = �B:Therefore, these two symple
ti
 groupoids are Morita equivalent sin
e dB = 0. �As an appli
ation, we are lead to Alekseev linearization theorem [1℄.Corollary 4.25 1. (M;!M) is a Hamiltonian Poisson group K-spa
e with K�-momentum mapJ : M ! K� if and only if (M;!0M) is a Hamiltonian K-spa
e with k�-momentum mapeJ :M ! k�, where J = EÆ eJ; !0M = !M � eJ�B:2. If eO is a 
oadjoint orbit in k� and O = E( eO) is its 
orresponding dressing orbit in K�, thenthe redu
ed spa
es eJ�1( eO)=K and J�1(O)=K are symple
ti
ally di�eomorphi
.Next we 
onsider the AMM quasi-symple
ti
 groupoid (G�G� G; !+
). Let Hol : Lg �! Gbe the holonomy map, i.e., the time-1 map of the di�erential equation:Hols(r)�1 ��sHols(r) = r; Hol0(r) = e:Then we have Hol�
 = d�, where � is the two-from on Lg [2℄:� = 12 1Z0 hHol�s ��; ��sHol�s ��)ds;where �� 2 
1(G)
 g is the right Maurer-Cartan form.The pull-ba
k groupoid of the AMM-groupoid under the holonomy map is isomorphi
 to thetransformation groupoid LG� Lg� Lg, where LG a
ts on Lg by the gauge transformation (20).To see this, note that(G�G)[Lg℄ �= f(r1(s); r2(s); g)jr1(s); r2(s) 2 Lg; g 2 G su
h that g�1Hol(r1)g = Hol(r2)gDe�ne � : (G� G)[Lg℄! LG� Lg; (r1(s); r2(s); g)! (r1(s); g(s)); (32)where g(s) is de�ned by Adg(s)�1r1(s)� dg(s)ds g(s)�1 = r2(s); g(0) = g: (33)It is simple to see that � is indeed a di�eomorphism, under whi
h the groupoid stru
ture on(G�G)[Lg℄ be
omes the transformation groupoid LG� Lg� Lg.30



Proposition 4.26 [6℄ The symple
ti
 groupoid (LG� Lg � Lg; !LG�Lg) is Morita equivalent tothe AMM quasi-symple
ti
 groupoid (G� G� G; ! + 
).Proof. From the above dis
ussion, we know that LG � Lg � Lg is the pull-ba
k groupoidof G � G � G under the holonomy map Hol. Denote by f the groupoid homomorphism fromLG � Lg � Lg to G � G � G, where on the spa
e of morphisms and the spa
e of obje
ts, f isgiven, respe
tively, by f(g(s); r(s)) = (g(0);Hol(r)) and f(r(s)) = Hol(r), 8g(s) 2 LG; r(s) 2 Lg.Then a simple 
omputation yields that!LG�Lg � f�(! + 
) = Æ�:Thus the 
on
lusion follows from Propositions 4.6 and 4.8 immediately. �Remark 4.27 The above result was used in [6℄ to 
onstru
t an equivariant S1-gerbe over the sta
kG=G.An immediate 
onsequen
e is the following equivalen
e theorem of Alekseev{Malkin{Meinrenken [2℄.Corollary 4.28 1. There is a bije
tion between Hamiltonian LG-spa
es and q-Hamiltonian G-spa
es.More pre
isely, if (M J! G; !M) is a q-Hamiltonian G-spa
e, then (N eJ! Lg; !N) is a Hamil-tonian LG-spa
e, where N is the �ber produ
t Lg �G M , eJ : N ! Lg is the proje
tion mapto the �rst fa
tor, and !N = � eJ�� + p�!M . Here p : N !M is the proje
tion to the se
ondfa
tor.Conversely, if (N eJ! Lg; !N) is a Hamiltonian LG-spa
e, its 
orresponding q-HamiltonianG-spa
e (M J! G; !M) is given as follows. M is the quotient spa
e N=
G, where 
G is thebased loop group 
G � LG, J : M ! G is given by J([n℄) = (HolÆ eJ)(n), and the two-formon M is de�ned by ��!M = !N + eJ��;where � : N !M denotes the proje
tion.2. Let (M J! G; !M) and (N eJ! Lg; !N) be as above. Then the redu
ed spa
es J�1(e)=G andeJ�1(0)=LG are symple
ti
ally di�eomorphi
.Proof. This essentially follows from Proposition 4.23. Note that under the isomorphism (32), thesubgroupoid (G�G)[Lg℄0 of (G�G)[Lg℄ 
orresponds to the transformation groupoid Lg� 
G�Lg. �Referen
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