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tThe paper deals with a boundary value problem for the Stokes system in a polyhedral 
one. Theauthors obtain regularity results for weak solutions in weighted L2 Sobolev spa
es and point estimatesof Green's matrix.1 Introdu
tionThe present paper is 
on
erned with a boundary value problem for the Stokes system��u+rp = f; �r � u = gin a three-dimensional polyhedral 
one, where on ea
h side �j of the 
one one of the following boundary
onditions is given:(C1) u = h (Diri
hlet 
ondition),(C2) u� = h; �p + 2"n;n(u) = �,(C3) un = h; "n;� (u) = � (free surfa
e 
ondition),(C4) �pn+ 2"n(u) = � (Neumann 
ondition).Here n denotes the exterior normal to �j , un = u � n is the normal and u� = u � unn the tangential
omponent of u. Furthermore, "(u) denotes the matrix with the 
omponents"i;j(u) = 12��ui�xj + �uj�xi �;"n(u) is the ve
tor "(u)n, "n;n = "n(u) � n its normal 
omponent and "n;� (u) its tangential 
omponent.Our goal is to obtain estimates for Green's matrix. For the 
ase of the Diri
hlet problem su
h estimateswere obtained by Maz'ya and Plamenevski�� [11℄, for the problem with boundary 
onditions (C1) and (C3)in a dihedron we refer to the paper of Maz'ya, Plamenevski��, Stupelis [12℄ and to the book of Stupelis [21℄.As in [11, 12, 21℄ we obtain point estimates of Green's matrix by means of weighted L2 estimates of thesolutions and their derivatives. However, while the problem with Diri
hlet boundary 
onditions 
an be1



handled in weighted Sobolev spa
es with so-
alled homogeneous norms, the more general boundary valueproblem 
onsidered in the present paper requires the use of weighted Sobolev spa
es with inhomogeneousnorms. Note that the estimates of Green's matrix of the Neumann problem to strongly ellipti
 se
ondorder systems in our previous paper [14℄ were also obtained by means of estimates in weighted Sobolevspa
es with homogeneous norms.We outline the main results of the paper. In Se
tion 2 we deal with the boundary value problem forthe Stokes system in a dihedron D, where on both sides �+, �� one of the boundary 
onditions (C1) and(C3) is given. We 
onsider weak solutions (u; p) 2 H�L2(D), where H is the 
losure of C10 ( �D)3 (the setof in�nitely di�erential ve
tor fun
tions on �D having 
ompa
t support) with respe
t to the normkukH = �ZD 3Xj=1 j�xjuj2 dx;�1=2and obtain regularity assertions for the solutions. The smoothness of the solutions near the edge dependson the smoothness of the data and on the eigenvalues of a 
ertain operator pen
il A(�) generated by the
orresponding problem in a two-dimensional angle. These eigenvalues 
an be 
al
ulated as the zeros of
ertain trans
endental fun
tions whi
h were established in [12, 21℄ for the boundary 
onditions (C1) and(C3) and by Orlt and S�andig [18℄ for the more general 
ase. For example, in the 
ase of the Diri
hletproblem, the set of the eigenvalues of the pen
il A(�) 
onsists of the numbers j�=� (where � is theangle at the edge and j is an arbitrary nonzero integer) and of all nonzero solutions of the equation� sin�� sin(��) = 0.One of our results is the following. Let �1 be the eigenvalue of A(�) with smallest positiv real part,and let W lÆ(D) be the 
losure of C10 ( �D) with respe
t to the normkukW lÆ(D) = �ZD Xj�j�l r2Æ j��xu(x)j2 dx�1=2; (1.1)where r denotes the distan
e to the edge. If f 2 W l�2Æ (D)3, g 2 W l�1Æ (D), and the boundary databelong to 
orresponding tra
e spa
es, where max(l � 1 � Re�1; 0) < Æ < l � 1, then we obtain �(u; p) 2W lÆ(D)3 � W l�1Æ (D) for an arbitrary smooth fun
tion � with 
ompa
t support. In some 
ases, when�1 = 1 (e.g., in the 
ase of the Diri
hlet problem, � < �), the eigenvalue �1 
an be repla
ed by the se
ondeigenvalue �2.By means of this result, we obtain point estimates for Green's matrix (Gi;j(x; �))4i;j=1. For example,if the edge of D 
oin
ides with the x3-axis, then����x0��x3���0���3Gi;j(x; �)�� � 
 jx� �j�1�Æi;4�Æj;4�j�j�j�j������ jx0jjx� �j�min(0;��j�j�Æi;4�") � j�0jjx� �j�min(0;��j�j�Æj;4�");for jx � �j � min(jx0j; j�0j), where x0 = (x1; x2), �0 = (�1; �2), � = Re�1, and " is an arbitrarily smallpositive number. Again in some 
ases the eigenvalue �1 
an be repla
ed by �2 what improves the estimatesgiven in [11, 12, 21℄.Se
tion 3 is 
on
erned with the boundary value problem in a polyhedral 
one K with vertex atthe origin and edges M1; : : : ;Mn. The smoothness of solutions in a neighborhood of an edge pointx0 2Mk depends again on the eigenvalues of 
ertain operator pen
ils Ak(�) whi
h 
an be 
al
ulated aszeros of spe
ial trans
endental fun
tions. The smoothness of solutions in a neighborhood of the vertexdepends additionally on the eigenvalues of a 
ertain operator pen
il A(�). Here A(�) is the operator ofa parameter-depending boundary value problem on the interse
tion of the 
one K with the unit sphere.Spe
tral properties of this operator pen
il are given in papers by Dauge [2℄, Kozlov, Maz'ya and S
hwab[7℄ for the Diri
hlet problem, by Kozlov and Maz'ya [4℄ for the Neumann problem and in the book byKozlov, Maz'ya and Rossmann [6℄ for boundary 
onditions (C1)-(C3). We prove the unique existen
e ofa weak solution in W 1�;0(K)3 �W 0�;0(K) if the line Re� = �� � 1=2 is free of eigenvalues of the pen
ilA(�), where W l�;0(K) is the 
losure of C10 ( �Knf0g) with respe
t to the normkukW l�;0(K) = � Xj�j�l jxj2(��l+j�j) j��xu(x)j2 dx�1=2:2



The absen
e of eigenvalues of the pen
ilA(�) guarantees also the existen
e of a Green matrix (Gi;j(x; �))4i;j=1of the boundary value problem in the 
one K su
h that the fun
tions x! �(jx��j=r(�))Gi;j(x; �) belongto W 1�;0(K) for every � 2 K, i = 1; 2; 3 and to W 0�;0(K) for i = 4. Here � is an arbitrary smooth fun
tionon [0;1) equal to one in (1;1) and to zero in (0; 12). In the last subse
tion we derive point estimates ofthis Green matrix. In the 
ase jxj=2< j�j < 2jxj we obtain analogous estimates to the 
ase of a dihedron,while in the 
ase j�j < jxj=2 the following estimate holds:����x �
�Gi;j(x; �)�� � 
 jxj���Æi;4�j�j+" j�j����1�Æj;4�j
j�"� nYk=1�rk(x)jxj �min(0;�k�j�j�Æi;4�") nYk=1�rk(�)j�j �min(0;�k�j
j�Æj;4�") ;Here rk(x) denotes the distan
e to the edge Mk, �� < Re� < �+ is the widest strip in the 
omplexplane 
ontaining the line Re� = ���1=2 but no eigenvalues of the pen
il A(�), and �k = Re�(k)1 , where�(1)k is the eigenvalue of the pen
il Ak(�) with smallest positive real part. Note again that in some 
ases,when �(1)k = 1, this eigenvalue 
an be repla
ed by the eigenvalue with smallest real part greater than 1.In a forth
oming paper, the estimates of Green's matrix obtained in this paper will be used forthe proof of weighted Lp and S
hauder estimates of solutions to Stokes and Navier-Stokes equations inpolyhedral domains.2 The problem in a dihedron (L2-theory)In the following let K be an in�nite angle in the (x1; x2)-plane given in polar 
oordinates r; ' by theinequalities 0 < r < 1; ��=2 < ' < �=2. Furthermore, let D be the dihedron fx = (x0; x3) : x0 =(x1; x2) 2 K; x3 2 Rg. The sides fx : ' = ��=2g of D are denoted by �� and the edge ��+ \ ��� isdenoted by M .We 
onsider a boundary value problem for the Stokes system, where on ea
h of the sides �� one of theboundary 
onditions (C1){(C4) is given. Let n� = (n�1 ; n�2 ; 0) be the exterior normal to ��, "�n (u)"(u)n�and "�nn(u) = "�n (u)�n�. Furthermore, let d� 2 f0; 1; 2; 3gbe integer numbers 
hara
terizing the boundary
onditions on �+ and ��, respe
tively. We put� S�u = u for d� = 0,� S�u = u� (u � n�)n�; N�(u; p) = �p+ 2"�nn(u) for d� = 1;� S�u = u � n�; N�(u; p) = "�n (u) � "�nn(u)n� for d� = 2� N�(u; p) = �pn� + 2"�n (u) for d� = 3and 
onsider the boundary value problem��u+rp = f; �r � u = g in D; (2.1)S�u = h�; N�(u; p) = �� on ��: (2.2)Here the 
ondition N�(u; p) = �� is absent in the 
ase d� = 0, while the 
ondition S�u = h� is absentin the 
ase d� = 3.2.1 Weighted Sobolev spa
esFor arbitrary real Æ we denote by V lÆ (D) the 
losure of C10 ( �DnM ) (the set of all in�nitely di�erentiablefun
tions with 
ompa
t support in �DnM ) with respe
t to the normkukV lÆ (D) = �ZD Xj�j�l r2(Æ�l+j�j) j��xu(x)j2 dx�1=2;3



where r = jx0j denotes the distan
e to the edge. For real Æ > �1 let W lÆ(D) be the 
losure of C10 (D) withrespe
t to the norm (1.1). Furthermore, let V l�1=2Æ (��) be the spa
e of tra
es of fun
tions from V lÆ (D)on ��. The norm in this spa
e iskukV l�1=Æ (��) = inffkvkV lÆ (D) : v 2 V lÆ (D); v = u on ��g:Analogously, the norm in tra
e spa
eW l�1=2Æ (��) forW lÆ(D) is de�ned. Note that the norm in V l�1=2Æ (��)is equivalent (see [9, Le.1.4℄) tokuk = �Z
� ZRZRr2Æ ���l�1x3 u(r; x3)� �l�1y3 (r; y3)��2 dx3 dy3jx3 � y3j2 dr+ ZRZ
� Z
� ��rÆ1(�l�1r u)(r1; x3)� (�l�1r u)(r2; x3)��2 dr1 dr2jr1 � r2j2 dx3+ Z�� l�1Xj=0 r2(Æ�l+j)+1 j�jru(r; x3)jp dr dx3�1=2: (2.3)If Æ is not integer, �1 < Æ < l � 1, then the tra
e of an arbitrary fun
tion u 2 W lÆ(D) on the edge Mbelongs to the Sobolev spa
e W l�Æ�1(M ) (see, e.g., [13, Le.1.1℄). Furthermore, the following lemma holds(see [13, Le.1.3℄).Lemma 2.1 1) The spa
e W lÆ(D) is 
ontinuously imbedded into W l�1Æ�1(D) if Æ > 0 and into V lÆ (D) ifÆ > l � 1.2) Let u 2 W lÆ(D), where Æ is not integer, Æ > �1. Then for the in
lusion u 2 V lÆ (D) it is ne
essaryand suÆ
ient that ��xujM = 0 for j�j < l � Æ � 1.Analogously to V lÆ (D) and W lÆ(D), we de�ne the weighted Sobolev spa
es V lÆ (K) and W lÆ(K) on thetwo-dimensional angle K. Here in the de�nition of the norms one has only to repla
e D and x by K andx0, respe
tively. For the spa
e W lÆ(K) a result analogous to Lemma 2.1 holds.2.2 Weak solutions of the boundary value problemLet L12(D) be the 
losure of the set C10 ( �D) with respe
t to the normkukL12(D) = �ZD 3Xj=1 j�xjuj2 dx�1=2 (2.4)The 
losure of the set C10 (D) with respe
t to this norm is denoted by ÆL12(D).Furthermore, let H = L12(D)3 and V = fu 2 H : S�u = 0 on ��g. In the 
ase of the Diri
hletproblem (S�u = u), we have V = ÆL12(D)3. Note that, by Hardy's inequality,ZD jxj�2juj2 dx � 12 kuk2H for u 2 C10 (D):Therefore, the norm (2.4) is equivalent to the normkuk = �ZD �jxj�2 juj2 + 3Xj=1 j�xjuj2 dx�1=2; (2.5)and H 
an be also de�ned as the 
losure of C10 (D)3 with respe
t to the norm (2.5). Obviously, everyu 2 H is quadrati
ally summable on ea
h 
ompa
t subset of D. From Hardy's inequality it follows thatkuk2L2(D) � ZD(r2Æ + r2Æ�2) juj2 dx � ZD r2Æ�juj2 + 
 jruj2� dx4



for u 2 C10 (D) and 0 < Æ < 1, where 
 depends only on Æ. Consequently, there are the 
ontinuousimbeddings W 1Æ (D) � L2(D) and W 2Æ (D)3 � H if 0 < Æ < 1.For the de�nition of weak solutions of problem (2.1), (2.2), we introdu
e the bilinear formb(u; v) = 2 ZD 3Xi;j=1 "i;j(u) "i;j(v) dx: (2.6)Then the following Green formula is satis�ed for all u; v 2 C10 ( �D)3, p 2 C10 ( �D):b(u; v)� ZD pr � v dx = ZD(��u�rr � u+rp) � v dx+X� Z��(�pn� + 2"(u)n�) � v dx: (2.7)Hen
e every solution (u; p) 2W 2Æ (D)�W 1Æ (D) of problem (2.1), (2.2) satis�es the integral equalityb(u; v)� ZD pr � v dx = ZD(f +rg) � v dx+X� Z�� �� � v dx:for all v 2 C10 (D)3 (in the 
ase S�v = v� , the fun
tion �� has to be repla
ed by ��n�).By a weak solution of problem (2.1), (2.2) we mean a pair (u; p) 2 H � L2(D) satisfyingb(u; v)� ZD pr � v dx = F (v) for all v 2 V; (2.8)�r � u = g in D; S�u = h� on ��; (2.9)where F (v) = ZD(f +rg) � v dx+X� Z�� �� � v dx; (2.10)provided the fun
tional (2.10) belongs to the dual spa
e V � of V . For example, F 2 V � if f 2 W 0Æ (D)3,g 2W 1Æ (D), �� 2W 1=2Æ (��), Æ < 1, and the supports of f; g and �� are 
ompa
t.2.3 A property of the operator divThe goal of this subse
tion is to prove that the operator div : ÆL12(D)3 ! L2(D) is surje
tive. For thisend, we show that its dual operator is inje
tive and has 
losed range. We start with an assertion in thetwo-dimensional angle K. Here ÆW1(K) denotes the 
losure of C10 (K) with respe
t to the normkukW1(K) = �ZK �juj2 + j�x1uj2 + j�x2uj2� dx�1=2and W�1(K) its dual spa
e (with respe
t to the L2 s
alar produ
t in K).Lemma 2.2 For arbitrary f 2 L2(K) there is the estimatekfkL2(K) � 
�k�x1fkW�1 (K) + k�x2fkW�1 (K) + kfkW�1(K)� (2.11)with a 
onstant 
 independent of f .Proof: For bounded Lips
hitz domains the assertion of the lemma 
an be found e.g. in [3, Ch.2,x2℄.Let Uj , j = 1; 2; : : :, be pairwise disjoint 
ongruent parallelograms su
h that �K = �U1 [ �U2 [ � � � . Thenkfk2L2(K) = 1Xj=1 kfk2L2(Uj) � 
 1Xj=1�k�x1fk2W�1 (Uj) + k�x2fk2W�1 (Uj) + kfk2W�1 (Uj)�: (2.12)5



By Riesz' representation theorem, there exist fun
tions g 2 ÆW1(K), gj 2 ÆW1(Uj) su
h thatkfkW�1(K) = kgkW1(K); ZK f �v dx = (g; v)W1 (K) for all v 2 ÆW1(K);kfkW�1(Uj ) = kgjkW1(Uj); ZUj f �v dx = (gj ; v)W1(Uj) for all v 2 ÆW1(Uj); j = 1; 2; : : : :Let gj;0 be the extension of gj by zero. Thenkgjk2W1(Uj) = ZUj f �gj dx = ZK f �gj;0 dx = (g; gj;0)W1(K) = (g; gj)W1(Uj)and, therefore kgjkW1(Uj) � kgkW1(Uj ):Consequently, 1Xj=1 kfk2W�1 (Uj) = 1Xj=1 kgjk2W1(Uj ) � 1Xj=1 kgk2W1(Uj) = kgk2W1(K) = kfk2W�1 (K)The same inequality holds for �xjf . This together with (2.12) implies (2.11).In the following lemma we give, in parti
ular, an equivalent norm in the dual spa
e L�12 (D) of ÆL12(D).Lemma 2.3 Let F (y; �) = ~f (j�j�1y; �), where ~f (x0; �) denotes the Fourier transform of f(x0; x3) withrespe
t to the last variable. Thenkfk2L2(D) = ZR��2kF (�; �)k2L2(K) d� if f 2 L2(D);kfk2L�12 (D) = ZR��4kF (�; �)k2W�1(K) d� if f 2 L�12 (D):Proof: The �rst equality follows immediately from Parseval's equality. We prove the se
ond one. ByRiesz' representation theorem, there exists a fun
tion u 2 ÆL12(D) su
h thatkfkL�12 (D) = kukL12(D); ZD f �v dx = ZDru � r�v dx for all v 2 ÆL12(D): (2.13)Furthermore, for arbitrary � 2 R there exists a fun
tion W (�; �) 2 ÆW1(K) su
h thatkF (�; �)kW�1(K) = kW (�; �)kW1(K);ZK F (y; �)V (y; �) dy = ZK �ryW (y; �) � ryV (y; �) +W (y; �)V (y; �)� dy;where V (y; �) = ~v(j�j�1y; �) and ~v is the Fourier transform with respe
t to x3 of an arbitrary fun
tionv 2 ÆL12(D). From the last equality it follows thatZK ~f (x0; �) ~v(x0; �) dx0 = ��2 ZK rx0W (j�jx0; �) � rx0~v(x0; �) + �2W (j�jx0; �) ~v(x0; �)� dx0;Comparing this with (2.13), we 
on
lude that W (j�jx0; �) = �2~u(x0; �). Consequently,ZRkF (�; �)k2W�12 (K) d� = ZR��4 kW (�; �)k2W1(K)d� = ZRZK �jrx0~u(x0; �)j2 + �2 j~u(x0; �)j2� dx0 d�= kuk2L12(D) = kfk2L�12 (D):The proof is 
omplete. 6



Theorem 2.1 1) There exists a 
onstant 
 su
h thatkfkL2(D) � 
 3Xj=1 k�xjfkL�12 (D) for all f 2 L2(D):2) For arbitrary f 2 L2(D) there exists a ve
tor fun
tion u 2 ÆL12(D)3 su
h that r � u = f andkukL12(D)3 � 
 kfkL2(D);where the 
onstant 
 is independent of f .Proof: Let f be an arbitrary fun
tion in L2(D) and F (y; �) = ~f (j�j�1y; �), where ~f denotes the Fouriertransform of f with respe
t to x3. Then, by Lemmas 2.2, 2.3, we havekfk2L2(D) = ZR��2 kF (�; �)k2L2(K) d� � 
 ZR� 2Xj=1 k�yjF (�; �)k2W�1(K) + kF (�; �)k2W�1(K)� d�= 
 3Xj=1 k�xjfk2L�12 (D):From this it follows, in parti
ular, that the range of the mappingL2(D) 3 f ! rf 2 L�12 (D)3is 
losed. Moreover, the kernel of this operator is obviously trivial. Consequently, by the 
losed rangetheorem, its dual operator u!�r � u maps ÆL12(D)3 onto L2(D). This proves the theorem.2.4 Existen
e and uniqueness of weak solutionsLemma 2.4 There exists a positive 
onstant 
 su
h that b(u; u) � 
 kuk2H for all u 2 H.Proof: We have b(u; u) + kuk2L2(D)3 � 
 kuk2Hfor all u 2 C10 (D)3; u(x) = 0 for jxj > 1 (see, e.g., [3℄). We 
onsider the set of all u 2 C10 (D)3 withsupport in the ball jxj � ". For su
h u Hardy's inequality impliesZD ju(x)j2 dx � 
1 ZD jxj2 3Xj=1 j�xju(x)j2 dx � 
1 "2 kuk2Hand, therefore, b(u; u) � 
2 kuk2Hif " is suÆ
iently small. Applying the similarity transformation x = �y, we obtain the same inequalityfor arbitrary u 2 C10 (D)3. The result follows.Theorem 2.2 Let F 2 V �, g 2 L2(D), and let h� be su
h that there exists a ve
tor fun
tion w 2 Hsatisfying the equalities S�w = h� on ��. Then there exists a unique solution (u; p) 2 H�L2(D) of theproblem (2.8), (2.9). Furthermore, (u; p) satis�es the estimatekukH + kpkL2(D) � 
�kFkV � + kgkL2(D) + kwkH�with a 
onstant 
 independent of F , g and w. 7



Proof: 1) We prove the existen
e of a solution. By our assumption on h� and by Theorem 2.1, wemay restri
t ourselves to the 
ase g = 0, h� = 0. Let V0 = fu 2 V : r � u = 0g, and let V ?0 be theorthogonal 
omplement of V0 in V . Then, by Lax-Milgram's lemma, there exists a ve
tor fun
tion u 2 V0su
h that b(u; v) = F (v) for all v 2 V0; kukH � 
 kFkV �0 � 
 kFkV � :By Theorem 2.1, the operator B : u ! �r � u is an isomorphism from V ?0 onto L2(D). Hen
e, themapping L2(D) 3 q ! `(q) def= F (B�1q)� b(u;B�1q)de�nes a linear and 
ontinuous fun
tional on L2(D). By Riesz representation theorem, there exists afun
tion p 2 L2(D)3 satisfyingZD p q dx = `(q) for all q 2 L2(D); kpkL2(D) � 
�kFkV � + kukH�:If we set q = �r � v, where v is an arbitrary element of V ?0 , we obtain� ZD pr � v dx = F (v) � b(u; v) for all v 2 V ?0 :Sin
e both sides of the last equality vanish for v 2 V0, we get (2.8). Furthermore, �r � u = 0 andS�uj�� = 0.2) We prove the uniqueness. Suppose (u; p) 2 H � L2(D) is a solution of problem (2.8), (2.9) withF = 0, g = 0, h� = 0. Then, in parti
ular, u 2 V0 and b(u; u) = 0 what, by Lemma 2.4, implies u = 0.Consequently, ZD pr � v dx = 0 for all v 2 V:Sin
e v 
an be 
hosen su
h that r � v = p, we obtain p = 0. The proof is 
omplete.Remark 2.1 The assumption on h� in Theorem 2.2 is satis�ed e.g. for h� 2 V 1=20 (��)3�d� . Then, by[9, Le.1.2℄, there exists a ve
tor fun
tion w 2 V 10 (D)3 � H satisfying S�w = h� on ��. (Note that h� isa ve
tor-fun
tion if d� � 1 and a s
alar fun
tion if d� = 2. In the 
ase d� = 1 the ve
tor h� is tangentialto ��, therefore, the 
orresponding fun
tion spa
e 
an be identi�ed with V 1=20 (��)2.)Furthermore, for h� 2 W 3=2Æ (��)3�d� , 0 < Æ < 1, satisfying a 
ompatibility 
ondition on M thereexists a ve
tor fun
tion w 2W 2Æ (D)3 � H su
h that S�w = h� on �� (see Lemma 2.6) below.2.5 Redu
tion to homogeneous boundary 
onditionsIn the sequel, we will 
onsider weak solutions of problem (2.1), (2.2) with data f 2W 1Æ (D)3, g 2W 1Æ (D),h� 2 W 3=2Æ (��)3�d� and �� 2 W 1=2Æ (��)d� , 0 < Æ < 1. The following two lemmas are 
on
erned withthe question about the existen
e of a pair (u; p) 2W 2;pÆ (D)3 �W 1Æ (D) satisfying the boundary 
ondition(2.2).Lemma 2.5 For arbitrary h� 2 V 3=2Æ (��)3�d� and �� 2 V 1=2Æ (��)d� there exists a ve
tor fun
tionu 2 V 2Æ (D)3 satisfying the boundary 
onditionsS�u = h�; N�(u; 0) = �� on �� (2.14)and the estimate kukV 2Æ (D)3 � 
X� �kh�kV 3=2Æ (��)3�d� + k��kV 1=2Æ (��)3�d� �: (2.15)Moreover, if supp h� 2 ��\U and supp �� 2 �� \U , where U is an arbitrary domain in R3, then u 
anbe 
hosen su
h that suppu 2 U . 8



Proof: For simpli
ity, we assume that �� 
oin
ides with the half-plane ' = 0 (i.e., x1 > 0, x2 = 0)and �+ with the half-plane ' = �. Then the boundary 
onditionsS�u = h�; N�(u; 0) = �� on �� (2.16)have the form u = h� on �� if d� = 0,u1 = h�1 ; u3 = h�3 ; 2�x2u = �� on �� if d� = 1;u2 = h�; �"1;2(u) = ��1 ; �"3;2(u) = ��3 on �� if d� = 2;�2"j;2(u) = ��j on �� for j = 1; 2; 3 if d� = 3:In all these 
ases, the existen
e of a ve
tor fun
tion u 2 V 2Æ (D)3 satisfying (2.16) 
an be easily de-du
ed from [9, Le.3.1℄. Analogously, there exists a fun
tion v 2 V 2Æ (D)3 satisfying S+v = h+ andN+(v; 0)v = �+ on �+. Let � = �(') be a smooth fun
tion on [0; �℄ equal to 1 for ' < �=2 and to zerofor � > 3�=4. Then the fun
tion w(x) = �(')u(x) + (1� �(')) v(x) satis�es (2.14).The analogous result in the spa
e W 2Æ holds only under additional assumptions on h+ and h�. Ifu 2 W 2Æ (D)3, then there exists the tra
e ujM 2 W 1�Æ(M )3, and from the boundary 
onditions (2.2) itfollows that S�ujM = h�jM . Here S+ and S� are 
onsidered as operators on W 1�Æ(M )3. Consequently,the boundary data h+ and h� must satisfy the 
ompatibility 
ondition�h+jM ; h�jM� 2 R(T ); (2.17)where R(T ) is the range of the operator T = (S+; S�). For example, in the 
ase of the Diri
hlet problem(d+ = d� = 0) 
ondition (2.17) is satis�ed if and only if h+jM = h�jM , while in the 
ase d� = 0; d+ = 2
ondition (2.17) is equivalent to h�jM � n+ = h+jM .Lemma 2.6 Let h� 2 W 3=2Æ (��)3�d� and �� 2 W 1=2Æ (��)d� , 0 < Æ < 1, be fun
tions vanishingfor r(x) > C. Suppose that h+ and h� satisfy the 
ompatibility 
ondition (2.17) on M . Then thereexists a ve
tor fun
tion u 2 W 2Æ (D)3 satisfying (2.14) and an estimate analogous to (2.15). Moreover, ifsupph� 2 �� \ U and supp�� 2 �� \ U , where U is an arbitrary domain in R3, then u 
an be 
hosensu
h that supp u 2 U .Proof: By (2.17), there exists a ve
tor fun
tion  2 W 1�Æ(M )3 su
h that S� = h�jM . Letv 2 W 2Æ (D)3 be an extension of  . Then the tra
e of h� � S�vj�� on M is equal to zero and,
onsequently, h� � S�vj�� 2 V 3=2Æ (��)3�d� (
f. Lemma 2.1). Furthermore, �� � N�(v; 0)j�� 2W 1=2Æ (��)d� � V 1=2Æ (��)d� . Thus, a

ording to Lemma 2.5, there exists a fun
tion w 2 V 2Æ (D)3 su
hthat S�w = h� � S�v and N�(w; 0) = �� � N�(v; 0) on ��. Then u = v + w satis�es (2.14).2.6 A priori estimates for the solutionsThe following lemma is essentially proved in [9, Th.4.1℄.Lemma 2.7 Let (u; p) be a solution of problem (2.1), (2.2), u 2W 2lo
(DnM )3\V l�1Æ�1 (D)3, p 2W 1lo
(DnM )\V l�2Æ�1 (D) l � 2. Suppose that f 2 V l�2Æ (D)3, g 2 V l�1Æ (D), and the 
omponents of h� and �� are fromV l�1=2Æ (��) and V l�3=2Æ (��), respe
tively. Then u 2 V lÆ (D)3 and p 2 V l�1Æ (D).Here W llo
(DnM ) denotes the set of all fun
tions u on D su
h that �u belongs to the Sobolev spa
eW l(D) for arbitrary � 2 C10 (DnM ). We prove the same result for l = 1, i.e., for data f 2 V �1Æ (D)3,g 2 V 0Æ (D), h� 2 V 1=2Æ (��)3�d� , �� 2 V �1=2Æ (��)d� . Here V �1Æ (D) and V �1=2Æ (��) denote the dualspa
es of V 1�Æ(D) and V 1=2�Æ (��), respe
tively. First we prove the following lemma.9



Lemma 2.8 Let �; � be in�nitely di�erentiable fun
tions with support in fx : a < r < 4a; �2a < x3 <2ag su
h that �� = � and j��x �(x)j+ j��x �(x)j < 
a�j�j for j�j � 2, where the 
onstant 
 is independentof a. Furthermore, let u 2W 1lo
(DnM )3, p 2W 0lo
(DnM ),b(u; v) � ZD pr � v dx = F (v) for all v 2 C10 (DnM )3; (2.18)�r � u = g in D, and S�u = 0 on ��. Then for arbitrary Æ, 0 < Æ < 1, there is the estimatek�ukV 1Æ (D)3 + k�pkV 0Æ (D)� 
�k�FkV�1Æ (D)3 + k�gkV 0Æ (D) + k�ukV 0Æ�1(D)3 + k�pkV�1Æ�1(D) +X� k�ukV�1=2Æ�1 (��)�with a 
onstant 
 independent of u; p and a.Proof: Partial integration yieldsb(�u; v)� ZD �pr � v dx = �(v) for all v 2 V;where �(v) = F (�v) + 3Xi;j=1ZD ui "i;j(v) �xj � dx+ 12 3Xi;j=1ZD ui �xj �vi�xj � + vj�xi�� dx� 12X� Z�� ����n u � v + (r� � u)vn� dx� ZD p v � r� dx:Furthermore, �r � (�u) = �g + u � r� in D and S�(�u) = 0 on ��. Let L1=22 (��) be the spa
e of thetra
es of fun
tions from L12(D) on ��. From Theorem 2.2 it follows thatk�ukL12(D)3 + k�pkL2(D) � 
�k�FkV � + k�gkL2(D) + 3Xi;j=1kui �xj �kL2(D) + 3Xi;j=1kui �x1�xj �k(L12(D))�+ 3Xi;j=1X� kui �xj�k(L1=22 (��))� + 3Xj=1 kp �xj�k(L12(D))��: (2.19)By the assumptions on the support of � and by Hardy's inequality, we havek�ukL12(D)3 � 
 a�Æ kukV 1Æ (D)3 and k�pkL2(D) � (4a)�Æ k�pkV 0Æ (D):Using the last estimates and the inequalityk�vk2L12(D) = ZD jr(�v)j2 dx = ZD �j�rvj2 + jr�j2 jvj2� dx � 
 ZD jrvj2 + jxj�2 jvj2� dx � 
 kvk2L12(D);we further obtaink�FkV � � supv ��(�F )(v)��kvkL12(D)3 � 
 supv ��(�F )(�v)��k�vkL12(D)3 � 
 a�Æ supv ��(�F )(v)��kvkV 1�Æ(D)3 � 
 a�Æ k�FkV�1Æ (D)3 :Here the supremum was taken over all v 2 C10 (D)3. Analogously, the inequalitiesk�gkL2(D) � 
 a�Æ k�gkV 0Æ (D); kui �xj�kL2(D) + kui �xi�xj �k(L12(D))� � 
 a�Æ k�uikV 0Æ�1(D) ;kui �xi�k(L1=22 (��))� � 
 a�Æ k�uikV�1=2Æ�1 (��); kp �xj�k(L12(D))� � 
 a�Æ k�pkV�1Æ�1(D)
an be proved. Thus, the desired estimate follows immediately from (2.19).10



Lemma 2.9 Let u 2 W 1lo
(DnM )3 \ V 0Æ�1(D)3 and p 2 W 0lo
(DnM ) \ V �1Æ�1(D) satisfy (2.18), �ru = gin D and S�u = 0 on ��, where F 2 V �1Æ (D)3, g 2 V 0Æ (D), 0 < Æ < 1. Furthermore, we assume thatuj�� 2 V �1=2Æ�1 (��)3. Then u 2 V 1Æ (D)3, p 2 V 0Æ (D), andkukV 1Æ (D)3 + kpkV 0Æ (D) � 
�kFkV�1Æ (D)3 + kgkV 0Æ (D) + kukV 0Æ�1(D)3 + kpkV�1Æ�1(D) + kukV�1=2Æ�1 (��)3�:Proof: Let �j;k be in�nitely di�erentiable fun
tions su
h thatsupp �j;k � fx : 2k�1 < r(x) < 2k+1; j � 1 < 2�kx3 < j + 1g; +1Xj;k=�1 �j;k = 1; ����x �j;k(x)�� � 
 2�kj�j:Furthermore, let �j;k = j+1Xi=j�1 k+1Xl=k�1 �i;l. Obviously, �j;k = 1 on supp �j;k. By Lemma 2.8, there is theestimatek�j;kuk2V 1Æ (D)3 + k�j;kpk2V 0Æ (D)� 
�k�j;kFk2V�1Æ (D)3 + k�j;kgk2V 0Æ (D) + k�j;kuk2V 0Æ�1(D)3 + k�j;kpk2V�1Æ�1(D) +X� k�j;kuk2V�1=2Æ�1 (��)�;with a 
onstant 
 independent of j and k. It 
an be proved analogously to [5, Le.6.1.1℄ that the norm inV lÆ (D) is equivalent to kuk = � +1Xj;k=�1k�j;kuk2V lÆ (D)�1=2:The same is true (
f. [5, Se
.6.1℄) for the norms of the dual spa
e V �l�Æ (D) and the tra
e spa
e V l�1=2Æ (��).Using this and the last inequality, we 
on
lude that u 2 V 1Æ (D)3, p 2 V 0Æ (D). Moreover, the desired esti-mate for u and p holds.Furthermore, there is the following analogon of Lemma 2.7 (
f. [14, Le.2.3℄).Lemma 2.10 Let (u; p) be a solution of problem (2.1), (2.2), and let �; � be in�nitely di�erentiablefun
tions on �D with 
ompa
t supports su
h that � = 1 in a neighborhood of supp �. Suppose that �u 2W 2lo
(DnM )3 \W l�1Æ�1(D)3, �p 2 W 1lo
(DnM ) \W l�2Æ�1(D) l � 2, �f 2 W l�2Æ (D)3, �g 2 W l�1Æ (D), and the
omponents of �h� and ��� are from W l�1=2Æ (��) and W l�3=2Æ (��), respe
tively. Then �u 2 W lÆ(D)3and �p 2W l�1Æ (D).2.7 Smoothness of x3-derivativesOur goal is to show that the solution (u; p) of problem (2.1), (2.2) belongs to W 2Æ (D)3 � W 1Æ (D) iff 2W 1Æ (D)3, g 2W 1Æ (D), h� 2W 3=2Æ (��)3�d� and ��W 3=2Æ (��)d� , 0 < Æ < 1. For this end, we show inthis subse
tion that �x3u 2 V 1Æ (D)3 and �x3p 2 V 0Æ (D) under the above assumptions on the data. Dueto Lemma 2.6, we may restri
t ourselves to the 
ase of homogeneous boundary 
onditions, i.e., h� = 0,�� = 0.Lemma 2.11 Let (u; p) 2 H � L2(D) be a solution of problem (2.8), (2.9). Suppose that g 2 V 1Æ (D),0 < Æ < 1, h� = 0, and the fun
tional F has the formF (v) = ZD f � v dx;where f 2 V 0Æ (D)3, We assume further that f and g have 
ompa
t support. Then �x3u 2 V 0Æ�1(D)3,�x3uj�� 2 V �1=2Æ�1 (��)3, �x3p 2 V �1Æ�1(D) andk�x3ukV 0Æ�1(D)3 + k�x3ukV�1=2Æ�1 (��)3 + k�x3pkV�1Æ�1(D) � 
�kfkV 0Æ (D)3 + kgkV 1Æ (D)�:11



Proof: First note that F 2 H� � V � and g 2 L2(D) under the assumptions of the lemma. Forarbitrary real h let uh(x) = h�1�u(x0; x3 + h)� u(x0; x3)�. Obviously,b(uh; v) � ZD phr � v dx = b(u; v�h)� ZD pr � v�h dx = F (v�h) = ZD fh � v dxfor all v 2 V , �r � uh = gh in D, and S�uh = 0 on ��. Consequently, by Theorem 2.2, there exists a
onstant 
 independent of u; p and h su
h thatkuhk2H + kphk2L2(D) � 
�kfhk2V � + kghk2L2(D)�: (2.20)We prove that Z 10 h2Æ�1�kfhk2V � + kghk2L2(D)� dh � 
�kfk2V 0Æ (D)3 + kgk2V 1Æ (D)�: (2.21)Indeed, let ~g(x0; �) be the Fourier transform of g(x0; x3) with respe
t to the variable x3. ThenZ 10 h2Æ�1kghk2L2(D) dh = Z 10 ZRZK h2Æ�3 jei�h � 1j2 j~g(x0; �)j2 dx0 d� dh= 
 ZRZK j�j2�2Æ j~g(x0; �)j2 dx0 d� � ZRZK r2Æ�2 (1 + r2�2) j~g(x0; �)j2 dx0 d� � 
 kgk2V 1Æ (D)Furthermore, if � is a smooth fun
tion, 0 � � � 1, � = 1 for r > h, � = 0 for r < h=2, jr�j � 
 h�1, and" is an arbitrary positive number, then��� ZD fh � v dx��� = ��� ZD f � v�h dx���� k�fkL2(D)3 kv�hkL2(D)3 + kr1�"h"�1fkL2(Dh)3 kr"�1h1�"(1� �)v�hkL2(Dh)3 ;where Dh = fx 2 D : r(x) < hg. Herekv�hk2L2(D)3 = ZD ��� Z 10 �x3v(x0; x3 � th) dt���2 dx � k�x3vk2L2(D)3 � kvk2H:Using Hardy's inequality, we further obtainkr"�1h1�"v�hk2L2(Dh)3 � 
 ZD r2"h2�2"���r(1� �)v�h��2 dx � 
 ZDr<h �jv�hj2 + j�rv�hj2� dx � 
 kvk2H:Consequently, for 0 < " < 1� Æ we obtainZ 10 h2Æ�1 kfhk2V � � 
 Z 10 �k�fkL2(D)3 + kr1�"h"�1fk2L2(Dh)3� dh� ZD jf(x)j2 �Z 2r0 h2Æ�1 dh+ r2�2" Z 1r h2Æ�3+2" dh�dx � 
 kfk2V 0Æ (D)3 :This proves (2.21). Next we prove thatkuzk2V 0Æ�1(D)3 + kpzk2V �1Æ�1(D) � 
 Z 10 h2Æ�1 �kuhk2H + kphk2L2(D)� dh: (2.22)It 
an be easily shown (see [19, Le.3℄) thatk�x3uk2V 0Æ�1(D)3 = ZRZK jx0j2Æ�2 j�j2 j~u(x0; �)j2 dx0 d�� 
 ZRZK j�j2�2Æ �j�j2 j~u(x0; �)j2 + 2Xj=1 j�xj ~u(x0; �)j2�dx0 d�= 
 ZRZK � 1Z0 h2Æ�3jei�h � 1j2 dh��j�j2 j~u(x0; �)j2 + 2Xj=1 j�xj ~u(x0; �)j2�dx0 d� = 1Z0 h2Æ�1 kuhk2H :12



Furthermore, sin
e��� ZD �x3p v dx���2 = ��� ZRZK � ~p~v dx0 d����2 � ZRZK j�j2Æ j~v(x0; �)j2 dx0 d� ZRZK j�j2�2Æ j~p(x0; �)j2 dx0 d�� ZRZK r�2Æ (1 + r2j�j2) j~v(x0; �)j2 dx0 d� ZRZK j�j2�2Æ j~p(x0; �)j2 dx0 d�� kvk2V 11�Æ(D) ZRZK j�j2�2Æ j~p(x0; �)j2 dx0 d�andZRZK j�j2�2Æ j~p(x0; �)j2 dx0 d� = 
 1Z0 ZRZK h2Æ�3jei�h � 1j2 j~p(x0; �)j2 dx0 d� dh = 
 1Z0 h2Æ�1kphk2L2(D) dh;we obtain k�x3pk2V�1Æ�1(D) � ZRZK j�j2�2Æ j~p(x0; �)j2 dx0 d� � 
 Z 10 h2Æ�1kphk2L2(D) dh:This proves (2.22). Finally, we show thatk�x3uk2V�1=2Æ�1=2(��)3 � 
 Z 10 h2Æ�1 kuhk2H dh: (2.23)First let 1=2 � Æ < 1. Sin
eZRZ 10 j�j2Æ�1j~v(r; �)j2 dr d� � ZRZ 10 r1�2Æ(1 + rj�j) j~v(r; �)j2 dr d�= ZRZ 10 r1�2Æjv(r; x3)j2 dr dx3 + Z 10 ZRZRr2�2Æ h�2jei�h � 1j2 j~v(r; �)j2 dh d� dr= ZRZ 10 r1�2Æjvj2 dr dx3 + Z 10 ZRZRr2�2Æ h�2 ��v(r; x3 + h)� v(r; x3)��2 dh dx3 dr � kvk2V 1=21�Æ(��)3(here we used the equivalen
e of the norm in V 1=2Æ (��) to (2.3)), we obtain��� Z�� �x3u � v dr dx3���2 � ZRZ 10 j�j2Æ�1 j~v(r; �)j2 dr d� ZRZ 10 j�j3�2Æ j~u(r; �)j2 dr d�� kvk2V 1=21�Æ(��)3 ZRZ 10 j�j3�2Æ j~u(r; �)j2 dr d�:Furthermore, setting ~w = j�j1�Æ~u, we getZRZ 10 j�j3�2Æ j~u(r; �)j2 dr d� = ZRZ 10 j�j �� ~w(r; �)��2dr d�= Z 10 ZRZRh�2 ��w(r; x3)� w(r; x3 + h)��2 dh dx3 dr � 
 kwk2L1=22 (��)3 � 
 kwk2H= ZRZK j�j2�2Æ �j�j2 j~u(x0; �)j2 + 2Xj=1 j�xj ~u(x0; �)j2� dx0 d�:The last expression is equal to the right-hand side of (2.23) (see the proof of (2.22)). This implies (2.23)for 1=2 � Æ < 1. Now let 0 < Æ < 1=2 and let V 1�Æ0 (D) the weighted Slobodetski�� spa
e with the normkukV 1�Æ0 (D) = �kuk2V 0Æ�1(D) + ZK ZRZRh2Æ�3 ju(x0; x3 + h) � u(x0; x3)j2 dh dx3 dx0+ ZRZK ZK jy0j2Æ�4 ju(x0 + y0; x3) � u(x0; x3)j2 dy0 dx0 dx3�1=2: (2.24)13



The tra
e spa
e V 1=2�Æ0 (��) of V 1�Æ0 (��) is 
ontinuously imbedded into the spa
e V 0Æ�1=2(��) and,therefore, also into V �1=2Æ�1 (��) (see, e.g., [20℄). Consequently, it suÆ
es to show thatk�x3uk2V 1�Æ0 (D)3 � 
 Z 10 h2Æ�1 kuhk2H dh: (2.25)The analogous estimate for the norm of �x3u in V 0Æ�1(D)3 was proved above (see (2.22)). Furthermore,ZK ZRZRh2Æ�3 ���x3u(x0; x3 + h)� �x3u(x0; x3)��2 dh dx3 dx0= ZK ZRZRh2Æ�3 jeix0� � 1j2 j�~u(x0; x3)j2 dh dx3 dx0 = 
 ZRZK j�j4�2Æj~u(x0; �)j2 dx0 d�� 
 Z 10 h2Æ�1 kuhk2H dh:The se
ond integral on the right of (2.24) 
oin
ides withZRZK ZK jy0j2Æ�4 j�j2 j~u(x0 + y0; �)� ~u(x0; �)j2 dy0 dx0 dx3:Here ZRZK ZKjy0j>1=j�j jy0j2Æ�4 j�j2 j~u(x0; �)j2 dy0 dx0 dx3 � 
 ZRZK ZK j�j4�2Æ j~u(x0; �)j2 dx0 dx3what is majorized by the right-hand side of (2.25). The same estimate holds for ~u(x0 + y0; �). Moreover,from the inequality j~u(x0 + y0; �)� ~u(x0; �)j � 2jy0j2 Z 10 2Xj=1 j�xj ~u(x0 + ty0; �)j2 dtit follows that ZRZK ZKjy0j>1=j�j jy0j2Æ�4 j�j2 j~u(x0; �)j2 dy0 dx0 dx3� 2 Z 10 ZRZK ZKjy0j>1=j�j jy0j2Æ�2 j�j2 2Xj=1 j�xj ~u(x0 + ty0; �)j2 dy0 dx0 dx3 dt� 
 ZRZK j�j2�2Æ 2Xj=1 j�xj ~u(x0; �)j2 dx0 d� � 
 1Z0 h2Æ�1 kuhk2H dh:This proves (2.25). Now the assertion of the lemma follows immediately from (2.20){(2.23).Corollary 2.1 Let the assumptions of Lemma 2.11 be satis�ed. Then �x3u 2 V 1Æ (D)3, �x3p 2 V 0Æ (D)and k�x3ukV 1Æ (D)3 + k�x3pkV 0Æ (D) � 
�kfkV 0Æ (D)3 + kgkV 1Æ (D)�:with a 
onstant 
 independent of u and p.Proof: FromLemma2.11 and well-known lo
al regularity results for solutions of ellipti
 boundary valueproblems (see [1℄) we 
on
lude that �x3u 2W 1lo
(DnM )3 \V 0Æ�1(D)3 and �x3p 2 L2;lo
(DnM )\ V �1Æ�1(D).Obviously, b(�x3u; v)� ZD �x3pr � v dx = ZD �x3f � v dx for all v 2 C10 (DnM )3;where �x3f 2 V �1Æ (D)3), �r � �x3u = �x3g 2 V 0Æ (D), and S��x3u = 0 on ��. Applying Lemma 2.9, weobtain �x3u 2 V 1Æ (D)3, �x3p 2 V 0Æ (D) and the desired inequality.14



2.8 Auxiliary problems in the angle K, operator pen
ilsSuppose (u; p) is a solution of the Stokes system (2.1) with homogeneous boundary 
onditions (2.2) whi
his independent of x3. Then u3 is a solution of the problem��x0u3 = f3 in K; u3 = 0 on �� for d� � 1; �u3�n� = 0 on �� for d� � 2; (2.26)where �x0 denotes the Lapla
e operator in the 
oordinates x0 = (x1; x2), whereas the ve
tor (u0; p) =(u1; u2; p) is a solution of the two-dimensional Stokes system��x0u0 +rx0p = f 0; �rx0 � u0 = g in K; (2.27)with the 
orresponding boundary 
onditions~S�u0 = 0; ~N�(u0; p) = 0 on 
�: (2.28)Here ~S�u0 = u0 if d� = 0, ~S�u0 = u0 � �� if d� = 1, ~S�u0 = u0 � n� if d� = 2, ~N�(u0; p) = �p +2("(u0)n�) � n� if d� = 1, ~N�(u0; p) = ("(u0)n�) � �� if d� = 2, and ~N�(u0; p) = �pn� + 2"(u0)n� ifd� = 3, by "(u0) we denote the matrix with the 
omponents "i;j(u), i; j = 1; 2.Setting u = r�U ('), p = r��1P (') we obtain a boundary value problem for the ve
tor fun
tion (U;P )on the interval (��=2;+�=2) quadrati
ally depending on the parameter � 2 C . The operator A(�) ofthis problem is a 
ontinuous mappingW 2(��2 ;+�2 ) �W 1(��2 ;+�2 )! L2(��2 ;+�2 )�W 1(��2 ;+�2 )� C 3for arbitrary �. As is known, the spe
trum of this pen
il A(�) 
onsists only of eigenvalues with �nitegeometri
 and algebrai
 multipli
ities. We give here a des
ription of the spe
trum for di�erent d� andd+. Without loss of generality, we may assume that d� � d+.1. In the 
ase of the Diri
hlet problem (d� = d+ = 0), the spe
trum of the pen
il A(�) 
onsists of thenumbers j�� , where j is an arbitrary nonzero integer, and of the nonzero solutions of the equation� sin�� sin(��) = 0: (2.29)2. d� = 0; d+ = 1: Then the spe
trum 
onsists of the numbers j�� , where j = �1;�2; : : :, and of thenonzero solutions of the equation � sin(2�) + sin(2��) = 0: (2.30)3. d� = 0; d+ = 2: Then the spe
trum 
onsists of the numbers j�2� , j = �1;�2; : : : and of the nonzerosolutions of the equation � sin(2�)� sin(2��) = 0: (2.31)4. d� = 0; d+ = 3: Then additionally to the numbers j�2� , j = �1;�2; : : :, the solutions of the equation� sin�� 
os(��) = 0 (2.32)are eigenvalues of the pen
il A(�).5. d� = d+ = 1: Then the spe
trum 
onsists of the numbers j�� , and k�� � 1, where j; k are arbitraryintegers, j 6= 0.6. d� = 1; d+ = 2: Then the spe
trum 
onsists of the numbers j�2� , and k�2� �1, where j is an arbitraryinteger and k is an arbitrary odd integer.7. d� = 1; d+ = 3: Then the numbers j�2� , j = 0;�1;�2; : : :, and all solutions of (2.31) belong to thespe
trum. 15



8. d� = d+ = 2: Then the spe
trum 
onsists of the numbers j�� , and k�� � 1, where j; k are arbitraryintegers.9. d� = 2; d+ = 3: Then additionally to the numbers j�� , j = 0;�1; : : :, the solutions of (2.30) belongto the spe
trum.10. In the 
ase of the Neumann problem (d� = d+ = 3) the spe
trum of the pen
il A(�) 
onsists of thenumbers j�� , where j is an arbitrary integer, and of all solutions of (2.29).We refer to [18℄ and for the 
ases 1 and 3 also to [6, 21℄.Note that � = 0 is an eigenvalue in the following 
ases:1. d+ = 3 and d� � 1 (or d� = 3 and d+ � 1),2. 1 � d+ = d� � 2 and � 2 f�; 2�g,3. d+ = 1; d� = 2 (or d� = 1; d+ = 2) and � 2 f�2 ; 3�2 g.The eigenve
tors 
orresponding to the eigenvalue � = 0 are of the form (U;P ) = (C; 0), where C is
onstant, and have rank 2 (i.e., have a generalized eigenve
tor).We denote by �1 = �1(�) the eigenvalue with smallest positive real part. For example, in the 
ase ofthe Diri
hlet problem (d� = d+ = 0) or Neumann problem (d� = d+ = 3) we have �1 = 1 for � < � and�1 = �+(�)� , for � > �, where �+ is the smallest positive solution of the equation sin �� + sin�� = 0. In the
ase d� = 0; d+ = 2 (Diri
hlet and free boundary 
onditions) we have �1 = 1 for � � �=2 and �1 = �2�for � > �=2. Furthermore, let � = Re�1.Lemma 2.12 Let (u; p) 2 W 10 (K)3�L2(K) be a solution of problem (2.26){(2.28) vanishing outside theunit ball. Suppose that f 2W 0Æ (K)3, g 2W 1Æ (K), 0 < Æ < 1 and that the strip 0 < Re� � 1� Æ does not
ontain eigenvalues of the pen
il A(�). Then u 2 W 2Æ (K)3, p 2 W 1Æ (K), andkukW2Æ (K)3 + kpkW1Æ (K) � 
�kfkW0Æ (K)3 + kgkW1Æ (K)�Proof: Sin
e the support of (u; p) is 
ompa
t, we have (u; p) 2 V 1" (K)3�V 0" (K) with arbitrary " > 0.Consequently, u admits the representation u = 
+ d log r+ v with 
onstant ve
tors 
; d and v 2 V 2Æ (K)3.Furthermore, p 2 V 1Æ (K) andkvkV 2Æ (K)3 + kpkV 1Æ (K) � 
�kfkV 0Æ (K)3 + kgkV 1Æ (K)�(see, e.g., [5, Th.8.2.2℄). Sin
e u 2 H, we 
on
lude that d = 0. The result follows.Analogously the following assertion holds (
f. [14, Le.2.5℄Lemma 2.13 Let (u; p) 2 W l�1Æ (K)3 � W l�2Æ (K) be a solution of (2.26){(2.28) vanishing outside theunit ball. Suppose that f 2 W l�2Æ (K)3, g 2 W l�1Æ (K), l � 2, 0 < Æ < 1, Æ is not integer, and that thestrip l� 2� Æ � Re� � l� 1� Æ does not 
ontain eigenvalues of the pen
il A(�). Then u 2W lÆ(K)3 andp 2 W l�1Æ (K).2.9 Regularity assertions for weak solutionsLemma 2.14 Let (u; p) 2 H�L2(D) be a solutions of (2.8), (2.9). We assume that the support of (u; p)is 
ompa
t, the fun
tional F has the form (2.10) with f 2 W 0Æ (D)3, g 2 W 1Æ (D), �� 2 W 1=2Æ (��)d� ,and that h� 2 W 3=2Æ (��) satisfy the 
ompatibility 
ondition (2.17). If max(1 � �; 0) < Æ < 1, then(u; p) 2W 2Æ (D)3 �W 1Æ (D) andkukW2Æ (D)3 + kpkW1Æ (D) � 
�kfkW0Æ (D)3 + kgkW1Æ (D) +X� kh�kW3=2Æ (��)3�d� +X� k��kW1=2Æ (��)3�d��;(2.33)where the 
onstant 
 is independent of f , g, h�, and ��.16



Proof: Due to Lemma 2.6, we may assume without loss of generality that h� = 0 and �� = 0. By ourassumptions on u and p, we have u(�; x3) 2W 10 (K)3 and p(�; x3) 2 L2(K) for almost all x3. Furthermore,by Corollary 2.1, (�x3u)(�; x3) 2W 1Æ (K)3 and (�x3p)(�; x3) 2 W 0Æ (K). Consequently, for almost all x3, thefun
tion u3(�; x3) is a solution of problem (2.26) with f3 + �2x3u3 � �x3p 2 W 0Æ (K) on the right-hand sideof the di�erential equation, while u0(�; x3) = (u1(�; x3); u2(�; x3)) is a solution of problem (2.27), where f 0und g have to be repla
ed by f 0 + �2x3u0 and g + �x3u3, respe
tively. Applying Lemma 2.12, we obtainu(�; x3) 2W 2Æ (K)3, p(�; x3) 2W 1Æ (K), andku(�; x3)k2W2Æ (K)3 + kp(�; x3)k2W1Æ (K) � 
�kf(�; x3)k2W0Æ (K)3 + kg(�; x3)k2W1Æ (K)+ k(�x3u)(�; x3)k2W1Æ (K)3 + k(�x3p)(�; x3)k2W0Æ (K)�with a 
onstant 
 independent of x3. Integrating this inequality with respe
t to x3 und using Corollary2.1, we obtain the assertion of the lemma.Theorem 2.3 Let �; � be smooth 
ut-o� fun
tions with support in the unit ball su
h that � = 1 in aneighborhood of supp �, and let (u; p) 2 H � L2(D) be a solutions of (2.8), (2.9). Suppose that ��jx3g 2W 1Æ (D), ��jx3h� 2 W 3=2Æ (��)3�d� for j = 0; 1; : : : ; k, h� satisfy the 
ompatibility 
ondition (2.17), andthat F is a fun
tional on V whi
h has the form (2.10) with ��jx3f 2W 0Æ (D)3 and ��jx3�� 2W 1=2Æ (��)d�for j = 0; 1; : : : ; k. If max(1��; 0) < Æ < 1, then ��kx3 (u; p) 2W 2Æ (D)3�W 1Æ (D) and there is the estimatek��kx3ukW2Æ (D)3 + k��kx3pkW1Æ (D) � 
� kXj=0�k��jx3fkW0Æ (D)3 + k��jx3gkW1Æ (D) +X� k��jx3h�kW3=2Æ (��)3�d�+X� k��jx3��kW1=2Æ (��)3�d� �+ k�ukW1Æ (D)3 + k�pkW0Æ (D)�: (2.34)Proof: 1) First we prove the theorem for k = 0. From (2.8), (2.9) it follows that (�u; �p) satis�es theequations b(�u; v)� ZD �pr � v dx = ZD ~f v +X� Z�� ~g v dx for all v 2 V;�r � (�u) = �g � (r�) � u in D; S�(�u) = �h� on ��;where ~fi = �fi � 2 3Xj=1(�xj�) "i;j(u)� 3Xj=1 �xj �ui�xj� + uj�xi�� � p�xi� 2W 0Æ (D)~gi = �gi + ���n ui + un �xi� 2W 1=2Æ (��):Applying Lemma 2.14, we obtain the assertion of the theorem for k = 0.2) Let the 
onditions of the theorem on F , g and h� with k = 1 be satis�ed. Moreover, we suppose that��jx3h� 2 V 3=2Æ (��)3�d� for j = 0 and j = 1. By � and �1 we denote smooth fun
tion su
h that � = 1 ina neighborhood of supp �, �1 = 1 in a neighborhood of supp�, and � = 1 in a neighborhood of supp�1.Furthermore, for an arbitrary fun
tion v on D or �� we set vh(x0; x3) = h�1�v(x0; x3 + h) � v(x0; x3)�.Obviously, (uh; ph) 2 H � L2(D) for arbitrary real h. Consequently, by Theorem 2.3, we havek�uhkW2Æ (D)3 + k�phkW1Æ (D) � 
�k�fhkW0Æ (D)3 + k�ghkW1Æ (D) +X� k�h�h kV 3=2Æ (��)3�d�+X� k���h kV 1=2Æ (��)3�d� + k�uhkW1Æ (D)3 + k�phkW0Æ (D)�(2.35)17



with a 
onstant 
 independent of h, where � is a smooth fun
tion, � = 1 in a neighborhood of supp �,� = 1 in a neighborhood of supp�. Here �fh = (�f)h � �hf and, for suÆ
iently small jhj we havek(�f)hk2W0Æ (D)3 = ZD r2Æ ��� Z 10 �(�f)�x3 (x0; x3 + th) dt���2 dx � k�x3(�f)k2W0Æ (D);k�hfk2W0Æ (D)3 � 
 k�fkW0Æ (D)3 :Analogous estimates hold for the norms of �gh, �h�h and ���h , �uh, and �ph on the right-hand side of(2.35). Here one 
an use the equivalen
e of the norm in V l�1=2Æ (��) with (2.3). Hen
e the right-handside and, therefore, also the limit (as h! 0) of the left-hand of (2.35) are majorized by
 1Xj=0�k��jx3fkW0Æ (D)3 + k��jx3gkW1Æ (D) +X� k��jx3h�kV 3=2Æ (��)3�d� +X� k��jx3��kV 1=2Æ (��)3�d�+k�1�jx3ukW1Æ (D)3 + k�1�jx3pkW0Æ (D)�:By the �rst part of the proof, the norm of �1�x3(u; p) in W 1Æ (D)3 �W 0Æ is majorized by the right-handside of (2.34) with k = 0. This implies (2.34) for k = 1.Suppose now that ��jx3h� 2 W 3=2Æ (��)3�d� for j = 0; 1 and the 
ompatibility 
ondition (2.17)is satis�ed. Then there exists a ve
tor fun
tion  2 W k+1�Æ(M )3 su
h that S� = (�h�)jM . Letv 2 W k+2Æ (D)3 be an extension of  . Then ��jx3(h� � S�v)jM = 0 for j = 0; : : : ; k and, 
onsequently,��jx3(h� � S�vj��) 2 V 3=2Æ (��)3�d� . Now we 
an apply the result proved above to the ve
tor fun
tion(u� v; p) and obtain ��x3 (u� v; p) 2W 2Æ (D)3 �W 1Æ (D).3) For k > 1 the theorem 
an be easily proved by indu
tion.Now it is easy to prove the following generalization of Theorem 2.3.Theorem 2.4 Let �; � be the same 
ut-o� fun
tions as in Theorem 2.3, and let (u; p) 2 H�L2(D) be asolutions of (2.8), (2.9). Suppose that ��jx3g 2 W l�1Æ (D), ��jx3h� 2 W l�1=2Æ (��)3�d� for j = 0; 1; : : : ; k,h� satisfy the 
ompatibility 
ondition (2.17), and that F is a fun
tional on V whi
h has the form (2.10)with ��jx3f 2 W l�2Æ (D)3 and ��jx3�� 2 W l�3=2Æ (��)d� for j = 0; 1; : : : ; k. If Æ is not integer andmax(l � 1� �; 0) < Æ < l � 1, then ��jx3 (u; p) 2W lÆ(D)3 �W l�1Æ (D) for j = 0; 1; : : : ; k.Proof: 1) We 
onsider �rst the 
ase k = 0, max(l � 1 � �; 0) < Æ < 1 and prove the theorem forthis 
ase by indu
tion in l. For l = 2 we 
an refer to Theorem 2.3. Suppose the assertion is provedfor a 
ertain integer l = s � 2 and the 
onditions of the theorem are satis�ed for l = s + 1. Wedenote by � and �1 the same 
ut-o� fun
tions as in the proof of theorem 2.3. Then, by the indu
tionhypothesis, we have �1(u; p) 2 W sÆ (D)3 �W s�1Æ (D) and �1�x3(u; p) 2 W s�1Æ (D)3 �W k�2Æ (D). If s � 3,then this implies that �1�x3(u; p) 2 H�L2(D) and, by the indu
tion hypothesis, we obtain ��x3(u; p) 2W sÆ (D)3 � W s�1Æ (D). For s = 2 the last in
lusion follows from Theorem 2.3. Consequently, we have��jx3(u; p) 2 W sÆ (D)3 �W s�1Æ (D) for j = 0 and j = 1. Using this result and Lemma 2.13, we 
an show,analogously to the �rst part of the proof of Theorem 2.3, that �(u; p) 2 W s+1Æ (D)3 �W sÆ (D).2) Now let k = 0 and max(l � 1 � �; �) < Æ < � + 1 for a 
ertain integer �, 1 � � � l � 2. Sin
emax(l � � � 1� �; 0) < Æ � � < 1, �f 2 W l���2Æ�� (D)3, �g 2W l���1Æ�� (D), �h� 2W l�s�1=2Æ�s (��)3�d� , and��� 2 W l���3=2Æ�� (��)d� , it follows from the �rst part of the proof that �(u; p) 2W l��Æ��(D)3�W l���1Æ�� (D).Using Lemma 2.10, we obtain the assertion of the theorem for k = 0.3) We prove the assertion for k > 0. Let �rst max(l� 1� �; l� 2) < Æ < l� 1. Then max(1� �; 0) <Æ � l + 2 < 1, and a

ording to Theorem 2.3, we have ��jx3(u; p) 2 W 2Æ�l+2(D)3 � W 1Æ�l+2(D) forj = 0; 1; : : : ; k. Using Lemma 2.10, we obtain ��jx3(u; p) 2W lÆ(D)3 �W l�1Æ (D) for j = 0; 1; : : : ; k.In the 
ase max(l�1��; 0) < Æ < l�2 we prove the assertion by indu
tion in k. Suppose the 
orollaryis proved for k�1. From parts 1) and 2) of the proof we 
on
lude that �(u; p) 2W lÆ(D)3�W l�1Æ (D) and��x3(u; p) 2 W l�1Æ (D)3 �W l�2Æ (D). The last in
lusion implies ��x3(u; p) 2 H � L2(D). Consequently,by the indu
tion hypothesis, we obtain ��jx3�x3(u; p) 2 W lÆ(D)3 �W l�1Æ (D) for j = 0; : : : ; k � 1. The18



theorem is proved.2.10 The 
ase when � = 1 is the smallest positive eigenvalue of A(�)The number � = 1 belongs to the spe
trum of the pen
il A(�) for all angles � if d+ + d� is even. Here� = 1 is the eigenvalue with smallest real part if additionally� < � for d+ = d� and � < �=2 for d+ 6= d�.In these 
ases the eigenvalue � = 1 has geometri
 and algebrai
 multipli
ity 1. For even d+ and d� thereis the eigenve
tor (U;P ) = (0; 1), for odd d+ and d� the eigenve
tor (U;P ) = (sin';� 
os'; 0; 0). Underthe above restri
tions on �, generalized eigenve
tors do not exist.In these 
ases the result of Theorem 2.4 
an be improved. However, then additional 
ompatibility
onditions on the edges must be satis�ed. We restri
t ourselves in the proof to the Diri
hlet problem��u+rp = f; �r � u = g in D; u = h� on ��: (2.36)Suppose that (u; p) 2W 3Æ (D)3�W 1Æ (D) is a solution of problem (2.36). Then the tra
es of �xju, j = 1; 2; 3on M exist. From the equations �r � u = g and uj�+ = h+ it follows that��x1u1jM � �x2u2jM = gjM + �x3h+3 jM : (2.37)Furthermore, the equations u = h� on �� imply that
os �2 �x1ujjM � sin �2 �x2ujjM = �rh�j jM for j = 1; 2; 3: (2.38)The algebrai
 system (2.37), (2.38) with the unknowns �x1ujjM and �x2uj jM , j = 1; 2; 3 is solvable if andonly if n� � �rh+jM + n+ � �rh�jM = �(gjM + �x3h+3 ) sin�: (2.39)Theorem 2.5 Let (u; p) be a solution of problem (2.36), and let �; � be the same 
ut-o� fun
tions as inTheorem 2.3. Suppose that �(u; p) 2 H�L2(D), �f 2 W l�2Æ (D)2, �g 2W l�1Æ (D), �h� = �(h�1 ; h�2 ; h�3 ) 2W l�1=2Æ (��)3, l � 3, 0 < Æ < 1, � < �, � = 1 is the only eigenvalue of the pen
il A(�) in the strip0 < Re� � l � 1 � Æ and that the 
ompatibility 
onditions h+jM = h�jM and (2.39) are satis�ed. Then�u 2 W lÆ(D)3 and �p 2W l�1Æ (D).Proof: We prove the theorem �rst for l = 3. Let �, �1 be smooth fun
tions on D su
h that � = 1 ina neighborhood of supp �, �1 = 1 in a neighborhood of supp�, and � = 1 in a neighborhood of supp�1.Then, by Theorem 2.3, we have �1�x3u 2 W 2Æ (D) and ��x3p 2 W 1Æ (D). Let 
(x3), d(x3) be ve
torssatisfying�
1(x3) � d2(x3) = g(0; x3) + (�x3h+3 )(0; x3); 
os �2 
(x3) � sin �2 d(x3) = (�rh�)(0; x3)for x3 2M \ supp � and the estimatej
(x3)j+ jd(x3)j � C �jg(0; x3)j+ j(�x3h+3 )(0; x3)j+ j(�rh�)(0; x3)j�with a 
onstant independent of x3. Furthermore, letv(x0; x3) = u(x0; x3)� h+(0; x3)� 
(x3)x1 � d(x3)x2Then with the notation v0 = (v1; v2); f 0 = (f1; f2) we have��x0v0(�; x3) +rx0p(�; x3) = F 0(�; x3); �rx0 � v0(�; x3) = G(�; x3); ��x0v3(�; x3) = F3(�; x3) in Kand v(�; x3) = H�(�; x3) on 
�, whereF 0(x) = f 0(x) + �2x3u0(x); F3(x) = f3(x) + �2x3u� �x3p;G(x0; x3) = g(x0; x3) � g(0; x3) + �x3�u3(x0; x3)� u3(0; x3)�;H�(r; x3) = h�(r; x3)� h�(0; x3)� (�rh�)(0; x3) r19



Obviously, �(�; x3)F (�; x3) 2 W 1Æ (K)3 � V 1Æ (K)3 for almost all x3 2 M \ supp�. Furthermore, sin
eG(0; x3) = 0 andH�(0; x3) = (�rH�)(0; x3) = 0, we have �(�; x3)G(�; x3) 2 V 2Æ (K) and �(�; x3)H�(�; x3) 2V 5=2Æ (��)3. Sin
e in the strip 0 < Re� � 2 � Æ there is only the eigenvalues � = 1 of the pen
il A(�)with the 
orresponding eigenve
tor (U;P ) = (0; 1) and without generalized eigenve
tors, we 
on
lude that�(�; x3)�u(�; x3)�u(0; x3)� 2 V 3Æ (K)3 and �(�; x3)�p(�; x3)�p(0; x3)� 2 V 3Æ (K) (see, e.g., [5, Th.8.2.2℄). Inparti
ular, �(�; x3)u(�; x3) 2 W 3Æ (K)3 and �(�; x3) p(�; x3) 2 W 2Æ (K). Analogously to the proof of Lemma2.14, it follows that � (u; p) 2 W 3Æ (D)3 �W 2Æ (D). Thus, the theorem is proved for l = 3. For l > 3 theresult holds analogously to Theorem 2.4 by means of Lemma 2.13.Furthermore, the following assertion holds (see the third part of the proof of Theorem 2.4).Corollary 2.2 Let (u; p) be a solution of problem (2.36), and let �; � be the same 
ut-o� fun
tions asin Theorem 2.3. Suppose that �(u; p) 2 H � L2(D), ��jx3f 2 W l�2Æ (D)2, ��jx3g 2 W l�1Æ (D), ��jx3h� 2W l�1=2Æ (��)3 for j = 0; 1; : : : ; k, where l � 3, 0 < Æ < 1, and � < �. Suppose furthermore that � = 1 isthe only eigenvalue of the pen
il A(�) in the strip 0 < Re� � l�1�Æ and that the 
ompatibility 
onditionsh+jM = h�jM and (2.39) are satis�ed. Then ��jx3(u; p) 2W lÆ(D)3 �W l�1Æ (D) for j = 0; 1; : : : ; k.Remark 2.2 The results of Theorem 2.5 and Corollary 2.2 are also valid for the boundary value problem(2.1), (2.2) if d+ + d� is even, � < � for d+ = d�, � < �=2 for d+ 6= d�. Then, of 
ourse, the boundarydata and g must satisfy other 
ompatibility 
onditions on the edge M . For example, in the 
ase of theNeumann problem (d+ = d� = 3) the boundary data �� must satisfy the 
ondition n+ � �� = n� � �+on M .2.11 Estimates of Green's matrixA matrix G(x; �) = �Gj;k(x; �)�4j;k=1 is 
alled Green's matrix for problem (2.1), (2.2) if��x ~Gk(x; �) +rxG4;k(x; �) = Æ(x� �)~ek; �rx � ~Gk(x; �) = 0 for x; � 2 D; k = 1; 2; 3 (2.40)��x ~G4(x; �) +rxG4;4(x; �) = 0; �rx � ~G4(x; �) = Æ(x� �) for x; � 2 D; (2.41)S� ~Gk(x; �) = 0; N�(�x) �~Gk(x; �); G4;k(x; �)� = 0 for x 2 ��; � 2 D; k = 1; 2; 3; 4: (2.42)Here ~Gk denotes the ve
tor with the 
omponents G1;k; G2;k; G3;k, while ~ek is the k-th unit ve
tor in R3.Theorem 2.6 1) There exists a unique Green matrix G(x; �) su
h that the fun
tion x ! Gi;j(x; �)belongs to the Sobolev spa
e W 1(Dn �U�) for i = 1; 2; 3 and to L2(Dn �U�) for i = 4, where U� is anarbitrary neighborhood of �, �U� � D.2) The fun
tions Gi;j(x; �) are in�nitely di�erentiable with respe
t to x; � 2 �DnM , x 6= �. Forjx� �j < min(jx0j; j�0j) there are the estimates����x ��� Gi;j(x; �)�� � 
 jx� �j�T�j�j�j�j; (2.43)where T = 1 for i; j = 1; 2; 3, T = 3 for i = j = 4, T = 2 else.A

ording to (2.7), the Green formulaZD(��u�rr � u+rp) � v dx� ZD(r � u) q dx+X� Z�� � � pn� + 2"(u)n�� � v dx= ZD u � (��v �rr � v +rq) dx� ZD u (r � v) dx+X� Z�� u � � � qn� + 2"(v)n�� dx (2.44)is valid for all u; v 2 C10 ( �D)3, p; q 2 C10 ( �D).Consequently, problem (2.1), (2.2) is formally self-adjoint. From this it follows thatGi;j(x; �) = Gj;i(�; x) for i; j = 1; 2; 3; 4 (2.45)20



(
f. [21, Prop.3.5.3℄ for the 
ase of Diri
hlet and free boundary 
onditions). Furthermore, it 
an be easilyshown that Gi;j(tx; t�) = t�T Gi;j(x; �) for arbitrary t > 0; x; � 2 D; (2.46)where T is the same integer number as in Theorem 2.6.Lemma 2.15 Let B be a ball with radius 1 and 
enter at x0, dist(x0;M ) � 4. Furthermore, let �; � besmooth fun
tions with support in B su
h that � = 1 in a neighborhood of supp �. If �(u; p) 2 H� L2(D),��u+rp = 0, r � u = 0 in D \ B and S�u = 0; N�(u; p) = 0 on �� \ B, thensupx2D �jx0jmax(j�j��+";0)���(x)��x0�jx3u(x)��+ jx0jmax(j�j+1��+";0) ���(x)��x0�jx3p(x)��� � 
 �k�ukH + k�pkL2(D)�Proof: Let " be su
h that � � " 2 (k; k + 1). Then Æ = k + 1 � � + " 2 (0; 1). Furthermore, let �be a fun
tion from C10 (B) su
h that �� = � and �� = �. From Theorem 2.4 it follows that �jx3(�u) 2W k+2Æ (D)`, �jx3(�p) 2W k+1Æ (D)` for j = 0; 1; : : :. Using Lemma2.10, we even get �jx3 (�u) 2W k+�+2Æ+� (D)`,�jx3(�p) 2W k+�+1Æ+� (D)`, for � = 0; 1; : : : andk�jx3(�u)kWk+�+2Æ+� (D)` + k�jx3(�p)kWk+�+1Æ+� (D)` � 
 �k ukH + k�pkL2(D)�: (2.47)In parti
ular, for k � 1 and j�j � k � 1 we have ��x0�jx3(�p) 2 W 2Æ (D). Sin
e W 2Æ (K) is 
ontinuouslyimbedded into C( �K), we 
on
lude thatsupx02K;x32R����x0�jx3(�p)(x0; x3)�� � 
 supx32Rk��x0�jx3(�p)(�; x3)kW2Æ (K)Furthermore, using the 
ontinuity of the imbedding W 12 (M ) � C(M ), we obtainsupx32Rk��x0�jx3(�p)(�; x3)kW2Æ (K) � 
�k��x0�jx3 (�p)kW2Æ (D) + k��x0�j+1x3 (�p)kW2Æ (D)�This implies supx2D ����x0�jx3(�p)(x)�� � 
�k ukH + k�pkL2(D)�If j�j � k, then we 
on
lude from (2.47) that ��x0�jx3(�p) 2 W 2Æ�k+1+j�j(D) � V 2Æ�k+1+j�j(D). Using theinequality supx02K jx0j��1 jv(x0)j � 
 kvkV 2� (K);whi
h 
an be easily dedu
ed from Sobolev's lemma, the 
ontinuity of the imbedding W 12 (M ) � C(M )and (2.47), we obtainsupx02K;x32Rjx0jÆ�k+j�j ����x0�jx3(�p)(x0; x3)�� � 
 supx32Rk��x0�jx3(�p)(�; x3)kV 2Æ�k+1+j�j(K)� 
�k��x0�jx3(�p)kV 2Æ�k+1+j�jD) + k��x0�j+1x3 (�p)kV 2Æ�k+1+j�jD)� � 
 �k ukH + k�pkL2(D)�for j�j � k. Consequently,supx2D jx0jmax(0;j�j+1��1+")���(x)��x0�jx3p(x)�� � 
 �k ukH + k�pkL2(D)�:Analogously, it 
an be shown (
f. [14, Le.2.9℄) thatsupx2D jx0jmax(0;j�j��1+")���(x)��x0�jx3p(x)�� � 
 �k ukH + k�pkL2(D)�:The proof is 
omplete.Remark 2.3 If d+ + d� is even, � < � for d+ = d�, and � < �=2 for d+ 6= d� (in this 
ase we have� = 1), then the number � in Lemma 2.15 
an be repla
ed by the real part �0 of the �rst eigenvalueof A(�) on the right of the line Re� = 1. To prove this, one has to use Corollary 2.2 and Remark 2.2instead of Theorem 2.4. 21



Theorem 2.7 For jx� �j � min(jx0j; j�0j) there is the estimate����x0��x3���0���3Gi;j(x; �)�� � 
 jx��j�T�j�j�j�j���� � jx0jjx� �j�min(0;��j�j�Æi;4�") � j�0jjx� �j�min(0;��j�j�Æj;4�");where T is the same number as in Theorem 2.6 and " is an arbitrarily small positive number.Proof: Due to (2.46), it suÆ
es to prove the estimate for jx � �j = 2. Then, under the assumptionmin(jx0j; j�0j) � jx� �j, we have max(jx0j; j�0j) � 4. Let Bx, B� be balls with 
enters x and �, respe
tively,and radius 1. Furthermore, let � and � be in�nitely di�erentiable fun
tions with supports in Bx and B�equal to one in neighborhoods of x and �, respe
tively. By Lemma 2.15 and (2.45), we have4Xj=1 j�0jmax(j�j+Æj;4��+";0) ����x0��x3���0���3Gi;j(x; �)��� 
� 3Xj=1 k�(�)��x0��x3Gi;j(x; �)kH + k�(�)��x0��x3Gi;4(x; �)kL2(D)� (2.48)for i = 1; 2; 3; 4. Let u be the ve
tor with the 
omponentsui(x) = ZD �(�)F (�) � ~Gi(�; x) d� + ZD �(�) g(�)G4;i(�; x) d�; i = 1; 2; 3;and let p(x) = ZD �(�)F (�) � ~G4(�; x) d� + ZD �(�) g(�)G4;4(�; x) d�:By (2.7) and (2.44), the ve
tor (u; p) is a solution of the problemb(u; v)� ZD pr � v dx = ZD �(x)F (x) � v(x) dx for all v 2 V; �r � u = �g in D; S�u = 0 on ��:Sin
e �F vanishes in Bx, we 
on
lude from Lemma 2.15 thatjx0jmax(j�j��+";0)����x0��x3u(x)��+ jx0jmax(j�j+1��+";0)����x0��x3p(x)�� � 
�k�ukH + k�pkL2(D)�Consequently, the mappings(F; g) ! jx0jmax(j�j��+";0)��x0��x3ui(x)= jx0jmax(j�j��+";0) ZD �(�)� 3Xj=1Fj(�) ��x0��x3Gi;j(x; �) + g(�) ��x0��x3Gi;4(x; �)�d�;i = 1; 2; 3, and(F; g) ! jx0jmax(j�j+1��+";0)��x0��x3p(x)= jx0jmax(j�j+1��+";0) ZD �(�)� 3Xj=1Fj(�) ��x0��x3G4;j(x; �) + g(�) ��x0��x3G4;4(x; �)�d�represent linear and 
ontinuous fun
tionals on V � � L2(D) for arbitrary x 2 D. The norms of thesefun
tionals are bounded by 
onstants independent of x. Therefore,3Xj=1 k�(�)��x ��x3Gi;j(x; �)kH + k�(�)��x0Gi;4(x; �)kL2(D) � 
 jx0jmin(��j�j�Æi;4�";0)for i = 1; 2; 3; 4: From this and from (2.48) we obtain the assertion of the theorem.Remark 2.4 If d+ + d� is even, � < � for d+ = d�, and � < �=2 for d+ 6= d�, then����x0��x3���0���3Gi;j(x; �)�� � 
 jx��j�T�j�j�j�j���� � jx0jjx� �j�min(0;�0�j�j�Æi;4�") � j�0jjx� �j�min(0;�0�j�j�Æj;4�")for jx��j � min(jx0j; j�0j), where �0 is the real part of the �rst eigenvalue on the right of the line Re� = 1(
f. Remark 2.3). 22



3 The boundary value problem in a polyhedral 
oneWe 
onsider the boundary value problem��u+rp = f; �r � u = g in K; (3.1)Sju = hj ; Nj(u; p) = �j on �j; j = 1; : : : ; n: (3.2)Here Sj is one of the following operator: Sju = u (then we set dj = 0), Sju = un = u � n (then weset dj = 2), Sju = u� = u � unn (then we set dj = 1). The operators Nj are de�ned as Nj(u; p) =�p+ 2"n;n(u) if dj = 1, Nj(u; p) = "n;� (u) if dj = 2, and Nj(u; p) = �pn+ 2"n(u) if dj = 3. In the 
asedj = 0 the 
ondition Nj(u; p) = �j does not appear in (3.2), whereas the 
ondition Sju = hj does notappear if dj = 3.3.1 Weighted Sobolev spa
esFor an arbitrary point x 2 K let �(x) = jxj be the distan
e to the vertex of the 
one and rj(x) thedistan
e to the edge Mj . Let l be a nonnegative integer, � 2 R, ~Æ = (Æ1; : : : ; Æn) 2 Rn, Æj > �1 forj = 1; : : : ; n. By W l�;~Æ(K) we denote the weighted Sobolev spa
e with the normkukW l�;~Æ(K) = �ZK Xj�j�l �2(��l+j�j) nYj=1 �rj� �2Æj j��xuj2 dx�1=2:The 
orresponding tra
e spa
e on the side �j of K is denoted by W l�1=2�;~Æ (�j).Note that W l+1�+1;~Æ0 (K) is 
ontinuously imbedded into W l�;~Æ(K) if Æ0j � Æj + 1 for j = 1; : : : ; n (see [14,Le.4.1℄).Using Lemma 2.6, one 
an prove the following assertion analogously to [14, Le.4.2℄.Lemma 3.1 Let hj 2 W 3=2�;~Æ (�j)3�dj and �j 2 W 1=2�;~Æ (�j)dj , j = 1; : : : ; n, be given, where Æj > 0 for allj. For every j = 1; : : : ; n let �j+ and �j� be the sides of K adja
ent to the edge Mj . We suppose that thefun
tions hj satisfy the 
ompatibility 
onditions�hj+ jMj ; hj� jMj� 2 R(Tj); (3.3)where R(Tj) is the range of the operator Tj = (Sj+ ; Sj� ) (
f. 
ondition (2.17)). Then there exists a ve
torfun
tion u 2W 2�;~Æ(K)3 su
h that Sju = hj, Nj(u; 0) = �j on �j, j = 1; : : : ; n andkukW2�;~Æ(K)3 � 
 nXj=1�khjkW3=2�;~Æ (�j)3�dj + k�jkW1=2�;~Æ (�j)dj �with a 
onstant 
 independent of hj and �j .3.2 Operator pen
ils generated by the boundary value problemWe introdu
e the following operator pen
ils A and Aj .1. Let �j� be the sides of K adja
ent to the edge Mj , and let �j be the angle at the edge Mj andlet Aj(�) be the operator pen
il introdu
ed in Se
tion 2.5, where S� = Sj� and N� = Nj� . We denoteby �(j)1 the eigenvalue with smallest positive real part and set �j = Re�(j)1 . In the 
ase when dj� + dj+is even and (jdj� � dj+ j + 2)�j < 2�, we have �j = �(j)1 = 1. Then let �0j = Re�(j)2 , where �(j)2 is theeigenvalue of Aj(�) with smallest real part greater than 1.2. Let � = jxj, ! = x=jxj, V
 = fu 2W 1(
)3 : Sju = 0 on 
j for j = 1; : : : ; ng, anda�� up �;� vq �;�� = 1log2 ZK1<jxj<2 �2 3Xi;j=1 "i;j(U ) � "i;j(V ) � Pr � V � (r � U )Q� dx;23



where U = ��u(!), V = ��1��v(!), P = ���1p(!), Q = ��2��q(!), u; v 2 V
, p; q 2 L2(
), and � 2 C .The bilinear form a(�; �;�) generates the linear and 
ontinuous operatorA(�) : V
 � L2(
)! V �
 � L2(
)by Z
A(�)� up � � � vq � d! = a�� up �;� vq �;��; u; v 2 V
; p; q 2 L2(
):As is known, the spe
trum of the pen
il A(�) 
onsists of isolated points, the eigenvalues of this pen
il.Detailed information on the spe
trum 
an be found in [6, Se
.5,6℄.We 
onsider the restri
tion of the operator A(�) to the spa
e W 2~Æ (
)3 �W 1~Æ (
). Here W l~Æ(
) is theweighted Sobolev spa
e with the normkukW l~Æ(
) = � ZK1<jxj<2 Xj�j�l nYj=1 r2Æjj j��xu(x)j2 dx�1=2where the fun
tion u is extended by u(x) = u(x=jxj) to K. The 
orresponding tra
e spa
e on the side 
jis denoted by W l�1=2~Æ (
j). By A~Æ(�) we denote the operatorW 2~Æ (
)3 �W 1~Æ (
) 3 (u; p)! �f; g; fhjg; f�jg� 2W 0~Æ (
)3 �W 1~Æ (
)� nYj=1W 3=2~Æ (
j)3�dj � nYj=1W 1=2~Æ (
j)djwhere f(!) = �2��(��U + rP ), g(!) = ��1��r � U , hj = Sju, and �j = �1��Nj(U;P ) (U;P asabove). It 
an be proved that the spe
tra of the pen
ils A(�) and A~Æ(�) 
oin
ide if max(0; 1 � �j) <Æj < 1. Furthermore, there exist positive 
onstants N and " su
h that for all � in the set f� 2 C :j�j > N; jRe�j < "jIm�g the operator A~Æ(�) is an isomorphism onto the subset of all �f; g; fhjg; f�jg�satisfying the 
ompatibility 
onditions (hj+ ; hj�) 2 R(Tj) on the 
orners Mj \ S2 of 
. For every � inthis set und every solution (u; p) 2W 2~Æ (
)3�W 1~Æ (
) of the equation A~Æ(�) (u; p) = �f; g; fhjg; f�jg� theestimate2Xj=0 j�j2�j kukW j~Æ (
)3 + 1Xj=0 j�j1�j kpkW j~Æ (
) � 
�kfkW0~Æ (
)3 + 1Xj=0 j�j1�j kgkW j~Æ (
)+ nXj=1 �khjkW3=2~Æ (
j )3�dj + j�j3=2 khjkW0~Æ (
j )3�dj + k�jkW1=2~Æ (
j )dj + j�j1=2 k�jkW0~Æ (
j )dj �� (3.4)holds with a 
onstant 
 independent of (u; p) and �. For the proof we refer to [14, Th.3.2℄.3.3 Solvability of the boundary value problemThe following theorem 
an be proved in a standard way (see, e.g., [5, Ch.6℄) using the estimate (3.4).Theorem 3.1 1) Suppose that there are no eigenvalues of the pen
il A on the line Re� = �� + 1=2and that the 
omponents of ~Æ satisfy the inequalities max(1� �j; 0) < Æj < 1. Then the boundary valueproblem (3.1), (3.2) is uniquely solvable in W 2�;~Æ(K)3�W 1�;~Æ(K) for arbitrary f 2W 0�;~Æ(K)3, g 2W 0�;~Æ(K),hj 2W 3=2�;~Æ (�j)3�dj satisfying (3.3), and �j 2W 3=2�;~Æ (�j)dj .2) Let (u; p) 2 W 2�;~Æ(K)3 � W 1�;~Æ(K) be a solution of the boundary value problem (3.1), (3.2), wheref 2 W 0�0 ;~Æ0(K)`, g 2W 1�0 ;~Æ0(K) hj 2W 3=2�0;~Æ0(�j)3�dj , and �j 2W 1=2�0;~Æ0(�k)dj . Suppose that the 
omponentsof ~Æ and ~Æ0 satisfy the inequality max(1� �j; 0) < Æ0j � Æj < 1. If there are no eigenvalues of the pen
ilA on the lines Re� = �� + 1=2 and Re� = ��0 + 1=2, then(u; p) = NX�=1 I�Xj=1 ��;j�1Xs=0 
�;j;s sX�=0 1�! (log �)� ����u(�;j;s��)(!); ����1p(�;j;s��)(!)� + (w; q) (3.5)24



where (w; q) 2 W 2�0 ;~Æ0(K)3 �W 1�;~Æ(K) is a solution of problem (3.1){(3.2), �� are the eigenvalues of thepen
il A between the lines Re� = �� + 1=2 and Re� = ��0 + 1=2 and �u(�;j;s); p(�;j;s)� are eigenve
torsand generalized eigenve
tors 
orresponding to the eigenvalue �� .Furthermore, analogously to [14, Le.4.3℄, the following assertion holds.Lemma 3.2 Let (u; p) 2 W 2�;~Æ(K)3 � W 1�;~Æ(K) be a solution of problem (3.1), (3.2). We assume that(���)�f 2 W 0�;~Æ(K), (���)�g 2 W 1�;~Æ(K), (���)�hj 2 W 3=2�;~Æ (�j)3�dj , and (���)��j 2 W 1=2�;~Æ (�j) for � =0; : : : ; k, j = 1; : : : ; n. If max(1� �j ; 0) < Æj < 1 for j = 1; : : : ; n and the line Re� = �� + 1=2 is free ofeigenvalues of the pen
il A(�), then (���)�(u; p) 2W 2�;~Æ(K)3 �W 1�;~Æ(K) for � = 0; : : : ; k.3.4 Existen
e of weak solutionsLet V� = fu 2 W 1�;0(K)3 : Sju = 0 on �j for j = 1; : : : ; ng, and let the operatorA� : V� �W 0�;0(K)! V ��� �W 0�;0(K)be de�ned ashA�(u; p) ; (v; q)i = b(u; v) � ZK pr � v dx� ZK(r � u) q dx for all v 2 V ���; q 2W 0��;0(K):Lemma 3.3 For arbitrary u 2 V� , p 2 V 0� (K), (f; g) = A�(u; p) there is the estimatekukW1�;0(K)3 + kpkW0�;0(K) � 
�kfkV ��� + kpkW0�;0(K) + kukW0��1;0(K)3 + kpkW�1��1;0(K)�with a 
onstant 
 independent of u and p. Here W�1��1;0(K) denotes the dual spa
e of W 11��;0(K).Theorem 3.2 The operator A� is an isomorphism if there are no eigenvalues of the pen
il A(�) on theline Re� = �� � 1=2.Proof: We show �rst thatkukW1�;0(K)3 + kpkW0�;0(K) � 
�kfkV ��� + kgkW0�;0(K)� (3.6)for all u 2 V�, p 2 W 0�;0(K), (f; g) = A�(u; p). Let u 2 V� � W 0��1;"�1(K)3, p 2 W 0�;0(K), w 2W 01��;1�"(K)3, and  2 W 11��;1�"(K) with suÆ
iently small positive ". By Theorem 3.1, there exists asolution (v; q) 2W 21��;1�"(K)3 �W 11��;1�"(K) of the problem��v �rr � v +rq = w; r � v =  in K; Sjv = 0; Nj(v; q) = 0 on �j ; j = 1; : : : ; nsatisfying the estimatekvkW21��;1�" ()3 + kpkW01��;1�"(K) � 
�kwkW01��;1�"(K)3 + k kW11��;1�" (K)�:From Green's formula it follows thatZK u �w dx+ ZK p dx = b(u; v) � ZK pr � v dx� ZK(r � u) q dx = hA�(u; p); (v; q)i:Hen
e, ��� ZK u �w dx+ ZK p dx��� � kA�(u; p)kV ����W0�;0(K) �kvkW1��;0(K)3 + kqkW0��;0(K)�� 
 kA�(u; p)kV ����W0�;0(K) �kvkW21��;1�" (K)3 + kqkW01��;1�"(K))�� 
 kA�(u; p)kV ����W0�;0(K) �kwkW01��;1�"(K)3 + k kW11��;1�" (K)�:25



Setting w = �2(��1)Q(rj=�)2("�1) and  = 0, we obtainkuk2W0��1;"�1(K)3 � 
 kA�(u; p)kV ����W0�;0(K) kukW0��1;"�1(K)3and, therefore, kukW0��1;0(K)3 � 
 kukW0��1;"�1(K)3 � 
 kA�(u; p)kV ����W0�;0(K):Analogously, for w = 0 and arbitrary  2 W 11��;0(K) we get��� ZK p dx��� � 
 kA�(u; p)kV ����W0�;0(K) k kW11��;1�" (K) � 
 kA�(u; p)kV ����W0�;0(K) k kW11��;0(K)what implies the inequality kpkW�1��1;0(K) � 
 kA�(u; p)kV ����W0�;0(K)Using Lemma 3.4, we arrive at (3.6).From (3.6) it follows that A� is inje
tive and its range is 
losed. By Theorem 3.1, the range of A�
ontains the setW 0��1;"�1(K)3�W 1��1;"�1(K) whi
h is dense in V ����W 0�;0(K). This proves the theorem.Let F 2 V ��� , g 2 W 0�;0(K), and let hj 2 W 1=2�;0 (�j) be su
h that there exists a ve
tor fun
tionw 2 W 1�;0(K)3 satisfying the boundary 
ondition Sjw = hj on �j . By a weak solution (u; p) 2W 1�;0(K)�W 0�;0(K) of problem (3.1), (3.2) we mean a pair (u; p) satisfyingb(u; v)� ZK pr � v dx = F (v) for all v 2 V�� (3.7)�r � u = g in K; Sju = hj on �j; j = 1; : : : ; n: (3.8)If g 2W 1�+1;~Æ(K) with Æj < 1, j = 1; : : : ; n, and the fun
tional F has the formF (v) = ZK(f +rg) v dx+ nXj=1 Z�j �j � v dx; (3.9)with f 2 W 0�+1;~Æ(K), �j 2 W 1=2�+1;~Æ(�j), then (u; p) is a strong solution of problem (3.1), (3.2). Theorem3.2 ensures the existen
e and uniqueness of weak solutions provided the line Re� = �� � 1=2 does not
ontain eigenvalues of the pen
il A(�).3.5 Regularity of weak solutionsAnalogously to [14, Th.4.4℄, the following result holds. The proof is essentially based on Theorem 2.3.Theorem 3.3 Let (u; p) 2 W 1��l+1;0(K)3 �W 0�;0(K) be a solution of problem (3.7), (3.8). Suppose thatg 2 W l�1�;~Æ (K), hj 2 W l�1=2�;~Æ (�j) satisfy the 
ompatibility 
ondition (3.3) on the edges Mj and that thefun
tional F 2 V ���+l�1 has the form (3.9), where f 2 W l�2�;~Æ (K)3 and �j 2 W l�3=2�;~Æ (�j), l � 2, Æj is notinteger, max(l � 1� �j; 0) < Æj < l � 1. Then u 2 W l�;~Æ(K)3 and p 2W l�1�;~Æ (K).Corollary 3.1 Let the assumptions of Theorem 3.3 be valid. Additionally we assume that (���)�f 2W l�2�;~Æ (K)3, (���)�g 2 W l�1�;~Æ (K), (���)�hj 2 W l�1=2�;~Æ (�j), (���)��j 2 W l�3=2�;~Æ (�j) for � = 1; : : : ; k andj = 1; : : : ; n. Then (���)�u 2W l�;~Æ(K)3 and (���)�p 2 W l�1�;~Æ (K).Proof: It suÆ
es to prove the assertion for k = 1. For k > 1 it 
an proved by indu
tion Let �rstÆj > l � 2 and, therefore, max(1 � �j; 0) < Æj � l + 2 < 1 for j = 1; : : : ; n. Then from Theorem 3.326



and Lemma 3.2 it follows that (���)�u 2 W 2��l+2;~Æ�(l�2)~1(K)3 and (���)�p 2 W 1��l+2;~Æ�(l�2)~1(K) for� = 1; : : : ; k. Using Theorem 3.3, the equations��(���u) +r(���p) = (��� + 2)f �rp 2W l�2�;~Æ (K)3; �r � (���u) = (��� + 1) � g 2W l�1�;~Æ (K) (3.10)and analogous equations for Sj(���u) and Nj(���u; ���p), we obtain ���u 2 W l�;~Æ(K)3 and ���p 2W l�1�;~Æ (K).Now let Æj < l � 2 for j1; : : : ; n. By Theorem 3.3, we have (u; p) 2 W l�;~Æ(K)3 � W l�1�;~Æ (K) and,
onsequently, ���(u; p) 2 W l�1��1;~Æ(K)3 � W l�2��1;~Æ(K). Using again Theorem 3.3 and (3.10), we obtain���(u; p) 2W l�;~Æ(K)3 �W l�1�;~Æ (K).Finally, let l� 1� Æj > 1 for some, but not all, j. Then let  1; : : : ;  n be smooth fun
tions on 
 su
hthat  j � 0,  j = 1 near Mj \S2, andP j = 1. We extend  j to K by the equality  j(x) =  j(x=jxj).Then ��x j(x) � 
 jxj�j�j. Consequently, the assumptions of the 
orollary are satis�ed for ( ju;  jp), andfrom what has been shown above it follows that ���( ju;  jp) 2 W l�;~Æ(K)3 �W l�1�;~Æ (K) for j = 1; : : : ; n.This 
ompletes the proof.Remark 3.1 If dj+ + dj� is even and, moreover, �j < � for dj+ = dj� , �j < �=2 for dj+ 6= dj� , thenthe number �j in the 
ondition max(l � 1 � �j; 0) < Æj < l � 1 on Æj of Theorem 3.3 and Corollary 3.1is equal to 1 and 
an be repla
ed by �0j . However, if Æj < l � 2, then hj� , �j� and g must satisfy 
ertainadditional 
ompatibility 
ondition on the edge Mj (
f. Theorem 2.5 and Remark 2.2).The following theorem 
an be proved analogously to [14, Cor.4.3℄.Theorem 3.4 Let (u; p) 2W 1�;0(K)3 �W 0�;0(K) be solution of problem (3.7), (3.8), where g 2W l�1�;~Æ (K),hj 2 W l�1=2�;~Æ (�j), and F 2 V ��� \ V ���0 . If there are no eigenvalues of the pen
il A(�) on the linesRe� = ���1=2 and Re� = ��0�1=2, then (u; p) admits the de
omposition (3.5), where w 2 W 1�0;0(K)3,p 2 W 0�0;0(K), and �� are the eigenvalues of A(�) between the lines Re� = ���1=2 and Re� = ��0�1=2.3.6 Estimates of Green's matrixA matrix G(x; �) = �Gi;j(x; �)�4i;j=1 is 
alled Green's matrix for problem (3.1), (3.2) if��x ~Gj(x; �) +rxG4;j(x; �) = Æ(x � �)~ej ; �rx � ~Gj(x; �) = 0 for x; � 2 K; j = 1; 2; 3 (3.11)��x ~G4(x; �) +rxG4;4(x; �) = 0; �rx � ~G4(x; �) = Æ(x� �) for x; � 2 K; (3.12)Sk ~Gj(x; �) = 0; Nk(�x) �~Gj(x; �); G4;j(x; �)� = 0 for x 2 �k; � 2 K; j = 1; 2; 3; 4; k = 1; : : : ; n:(3.13)Here ~Gj denotes the ve
tor with the 
omponents G1;j; G2;j; G3;j, while ~ej is the j-th unit ve
tor in R3.Using Theorem 3.2, one 
an prove the following assertions analogously to [10, Th.2.1℄.Theorem 3.5 Suppose that the line Re� = �� � 1=2 is free of eigenvalues of the pen
il A(�). Thenthere exists a unique Green matrix G(x; �) su
h that the fun
tion x! �(jx� �j=r(�))Gi;j(x; �) belongs toW 1�;0(K) for i = 1; 2; 3 and to W 0�;0(K) for i = 4, where � is an arbitrary smooth fun
tion on (0;1) equalto one in (1;1) and to zero in (0; 12). Furthermore, the fun
tions � ! �(jx � �j=r(x))Gi;j(x; �) belongto W 1��;0(K) for j = 1; 2; 3 and to W 0��;0(K) for j = 4. The ve
tor fun
tions ~Hi = (Gi;1; Gi;2; Gi;3) andthe fun
tions Gi;4, i = 1; 2; 3; 4, are solutions of the problems��� ~Hi(x; �) +r�Gi;4(x; �) = Æ(x� �)~ei; �r� � ~Hi(x; �) = 0 for x; � 2 K; i = 1; 2; 3��� ~H4(x; �) +r�G4;4(x; �) = 0; �r� � ~H4(x; �) = Æ(x� �) for x; � 2 K;Sk ~Hi(x; �) = 0; Nk(��) � ~Hi(x; �); Gi;4(x; �)� = 0 for x 2 K; � 2 �k; i = 1; 2; 3; 4; k = 1; : : : ; n:27



Moreover, it 
an be easily shown thatGi;j(tx; t�) = t�TGi;j(x; �) for x; � 2 K; t > 0;where T = 1 for i; j = 1; 2; 3, T = 3 for i = j = 4 and T = 2 else.The following estimates 
an be dedu
ed from the estimates of Green's matrix for the problem in adihedron.Theorem 3.6 The 
omponents of Green's matrix satisfy the following estimates for jxj=2< j�j < 2jxj.����x ��� Gi;j(x; �)�� � 
 jx� �j�T�j�j�j�j if jx� �j < min(r(x); r(�));����x �
�Gi;j(x; �)�� � 
 jx� �j�T�j�j�j�j nYk=1� jx0jjx� �j�min(0;�k�j�j�Æi;4�") nYk=1� j�0jjx� �j�min(0;�k�j
j�Æj;4�")if jx� �j > min(r(x); r(�)):Here T = 1 + Æi;4 + Æj;4 and Æi;j denotes the Krone
ker symbol.Proof: Sin
e Gi;j(tx; t�) = t�TGi;j(x; �), we may assume, without loss of generality that jxj = 1.Then 1=2 < j�j < 2, and we 
an apply Theorems 2.6 and 2.7.For the following Lemma we refer to [14, Le.4.5℄.Lemma 3.4 If u 2 W l�;~Æ(K), ���u 2 W l�;~Æ(K), l � 2, Æj 6= l � 1 for j = 1; : : : ; n, then there is theestimate ���l+3=2 nYj=1�rj� �max(Æj�l+1;0)ju(x)j � 
�kukW l�;~Æ(K) + k���ukW l�;~Æ(K))�with a 
onstant 
 independent of u.Finally we estimate Green's matrix and its derivatives in the 
ases jxj > 2j�j and j�j > 2jxj.Theorem 3.7 Let G(x; �) be Green's matrix introdu
ed in Theorem 3.5. Furthermore, let �� < Re� <�+ be the widest strip in the 
omplex plane whi
h is free of eigenvalues of the pen
il A(�) and whi
h
ontains the line Re� = �� � 1=2. Then for jxj > 2j�j there is the estimate����x �
�Gi;j(x; �)�� � 
 jxj���Æi;4�j�j+" j�j����1�Æj;4�j
j�"� nYk=1�rk(x)jxj �min(0;�k�j�j�Æi;4�") nYk=1�rk(�)j�j �min(0;�k�j
j�Æj;4�") ;where " is an arbitrarily small positive number. Analogously,����x �
�Gi;j(x; �)�� � 
 jxj�+�Æi;4�j�j�" j�j��+�1�Æj;4�j
j+"� nYk=1�rk(x)jxj �min(0;�k�j�j�Æi;4�") nYk=1�rk(�)j�j �min(0;�k�j
j�Æj;4�")for j�j > 2jxj.Proof: Suppose that jxj = 1. We denote by � and � smooth fun
tions on �K su
h that �(x) = 1 forjxj < 1=2, � = 1 in a neighborhood of supp �, and �(x) = 0 for jxj > 3=4. Furthermore, let l be aninteger, l > max�k + 1, l � 3. By Theorem 3.5, we have�(�)�����x ~Hi(x; �) +r���xGi;4(x; �)� = 0 for � 2 K;�(�)Sk��x ~Hi(x; �) = 0; �(�)Nk(��) ���x ~Hi(x; �); ��xGi;4(x; �)� = 0 for � 2 �k; k = 1; : : : ; n;28



for i = 1; 2; 3; 4. Sin
e �(�)��x ~Hi 2 W 1��;0(K)3 and �(�)��xGi;4(x; �) 2 W 0��;0(K), we 
on
lude from Corol-lary 3.1 and Theorem 3.4 that �(�) (j�j�j�j)j�
� ��x ~Hi(x; �) 2W ll�1��0+j
j;~Æ+j
j~1(K)3 and �(�) (j�j�j�j)j�
� ��x ~Gi;4(x; �) 2W 0l�1��0+j
j;~Æ+j
j~1(K) for j = 0; 1; : : :, where �0 is an arbitrary number less than ����1=2 and the 
om-ponents of ~Æ satisfy the inequalities max(l � 1� �k; 0) < Æk < l � 1: Using Lemma 3.4, we obtainj�j��0+j
j+Æj;4+1=2 nYk=1�rk(�)j�j �max(Æk+j
j�l+1+Æj;4 ;0) ����x �
�Gi;j(x; �)��� 
�k�(�)��x ~Hi(x; �)kW1��;0(K)3 + k�(�)��xGi;4(x; �)kW0��;0(K)� (3.14)for i; j = 1; 2; 3; 4, where 
 is independent of x and �. By Theorem 3.2, the problemb(u; v) � ZK pr � v = ZK �(x)F (x) � v(x) dx for all v 2 V���r � e = �g in K; Sku = 0 on �khas a unique solution (u; p) 2 V� �W 0�;0(K) whi
h van be written in the formui(y) = ZK �(�) �F (�) � ~Hi(y; �) + g(�)Gi;4(y; �)� d�; i = 1; 2; 3;p(y) = ZK �(�) �F (�) � ~H4(y; �) + g(�)G4;4(y; �)� d�:Let �1 and �2 be smooth 
ut-o� fun
tion, �2 = 1 in a neighborhood of x, �1 = 1 in a neighborhood of�2, �1(y) = 0 for jx� yj > 1=4. Sin
e �1 and � have disjun
t supports, we have�1(��u+rp) = 0; �1r � u = 0; �1Sku = 0; �1Nk(u; p) = 0:Consequently, from Corollary 3.1 and Theorem 3.4 it follows that �2(���)j��xu 2 W l�0;~Æ+j�j~1(K)3 and�2(���)j��x p 2W l�1�0;~Æ+j�j~1(K)3 for j = 0; 1; : : :. Thus, by Lemma 3.4,nYk=1 rk(x)max(Æk+j�j�l+1;0) j��xu(x)j+ nYk=1 rk(x)max(Æk+j�j�l+2;0) j��xp(x)j� 
 �kFkV ��� + kgkW0�;0(K)�:This means that the fun
tionalsV ��� �W 0��;0(K) 3 (F; g)! nYk=1 rk(x)max(Æk+j�j�l+1;0)��xui(x)= nYk=1 rk(x)max(Æk+j�j�l+1;0) ZK �(�) �F (�) � ��x ~Hi(x; �) + g(�) ��xGi;4(x; �)�d�;i = 1; 2; 3, andV ��� �W 0��;0(K) 3 (F; g)! nYk=1 rk(x)max(Æk+j�j�l+2;0)��x p(x)= nYk=1 rk(x)max(Æk+j�j�l+2;0) ZK �(�) �F (�) � ��x ~H4(x; �) + g(�) ��xG4;4(x; �)� d�;are 
ontinuous and their norms are bounded by 
onstants independent of x. Consequently,k�(�)��x ~Hi(x; �)kV�� + k�(�)��xGi;4(x; �)kW0��;0(K) � 
 nYk=1 rk(x)min(l�1�j�j�Æk;0)29



for i; 1; 2; 3 andk�(�)��x ~H4(x; �)kV�� + k�(�)��xG4;4(x; �)kW0��;0(K) � 
 nYk=1 rk(x)min(l�2�j�j�Æk;0):Combining the last two inequalities with (3.14) and putting �0 = ��� � 12 � ", Æk = l � 1 � �k + ", weobtain the assertion of the theorem for j�j < jxj=2. The proof for the 
ase j�j > 2jxj pro
eeds analogously.Remark 3.2 The estimates in Theorems 3.6, 3.7 
an be improved by means of Theorem 2.7 and Corollary3.1 if the dire
tion of the derivative is tangential to the edges. In parti
ular, we havej��Gi;j(x; �)j � 
 jx� �j�2�Æi;4�Æj;4 nYk=1� jx0jjx� �j�min(0;�k�Æi;4�") nYk=1� j�0jjx� �j�min(0;�k�Æj;4�")if jxj=2 < j�j < 2jxj, jx� �j > min(r(x); r(�)),����Gi;j(x; �)�� � 
 jxj���1�Æi;4 j�j����1�Æj;4�" nYk=1�rk(x)jxj �min(0;�k�Æi;4�") nYk=1�rk(�)j�j �min(0;�k�Æj;4�")if jxj > 2j�j and����Gi;j(x; �)�� � 
 jxj�+�1�Æi;4�" j�j��+�1�Æj;4+" nYk=1�rk(x)jxj �min(0;�k�Æi;4�") nYk=1�rk(�)j�j �min(0;�k�Æj;4�")if j�j > 2jxj.Remark 3.3 If dk+ + dk� is even and, moreover, �k < � for dk+ = dk� , �k < �=2 for dk+ 6= dk� , thenthe numbers �k in the estimates of Theorems 3.6, 3.7 and Remark 3.2 
an be repla
ed by �0k. To provethis, one has to employ the result of Remark 3.1.Referen
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