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Abstract
The paper deals with a boundary value problem for the Stokes system in a polyhedral cone. The

authors obtain regularity results for weak solutions in weighted L2 Sobolev spaces and point estimates
of Green’s matrix.
1 Introduction
The present paper is concerned with a boundary value problem for the Stokes system
—Au+Vp=f —V-u=gyg

in a three-dimensional polyhedral cone, where on each side I'; of the cone one of the following boundary
conditions is given:

(C1) w = h (Dirichlet condition),

(C2) ur = h,  —p+2enn(u) =9,

(C3) un =h, en-(u)=¢ (free surface condition),
(Ca)

C4) —pn + 2e,(u) = ¢ (Neumann condition).

Here n denotes the exterior normal to I';, 4, = u - n is the normal and u, = u — u,n the tangential
component of u. Furthermore, £(u) denotes the matrix with the components

0 =3 (75 + )

en(u) is the vector e(u)n, £, n = €, (u) - n its normal component and ¢, ;(u) its tangential component.
Our goal is to obtain estimates for Green’s matrix. For the case of the Dirichlet problem such estimates
were obtained by Maz’ya and Plamenevskii [11], for the problem with boundary conditions (C;) and (Cs)
in a dihedron we refer to the paper of Maz’ya, Plamenevskii, Stupelis [12] and to the book of Stupelis [21].
As in [11, 12, 21] we obtain point estimates of Green’s matrix by means of weighted Lo estimates of the
solutions and their derivatives. However, while the problem with Dirichlet boundary conditions can be



handled in weighted Sobolev spaces with so-called homogeneous norms, the more general boundary value
problem considered in the present paper requires the use of weighted Sobolev spaces with inhomogeneous
norms. Note that the estimates of Green’s matrix of the Neumann problem to strongly elliptic second
order systems in our previous paper [14] were also obtained by means of estimates in weighted Sobolev
spaces with homogeneous norms.

We outline the main results of the paper. In Section 2 we deal with the boundary value problem for
the Stokes system in a dihedron D, where on both sides I't|, T~ one of the boundary conditions (C;) and
(C3) is given. We consider weak solutions (u,p) € H x Lao(D), where H is the closure of C§°(D)? (the set
of infinitely differential vector functions on D having compact support) with respect to the norm

3
[l = (/Z|3xju|2dx’)l/2
p J=1

and obtain regularity assertions for the solutions. The smoothness of the solutions near the edge depends
on the smoothness of the data and on the eigenvalues of a certain operator pencil A(A) generated by the
corresponding problem in a two-dimensional angle. These eigenvalues can be calculated as the zeros of
certain transcendental functions which were established in [12, 21] for the boundary conditions (C;) and
(C3) and by Orlt and Sandig [18] for the more general case. For example, in the case of the Dirichlet
problem, the set of the eigenvalues of the pencil A(A) consists of the numbers jm/a (where o is the
angle at the edge and j is an arbitrary nonzero integer) and of all nonzero solutions of the equation
Asin a £ sin(Aa) = 0.

One of our results is the following. Let A; be the eigenvalue of A(A) with smallest positiv real part,

and let W}(D) be the closure of C§°(D) with respect to the norm

1/2
llullw(py = (/D Z 2 |3§‘u(l‘)|2dl‘) , (1.1)
|

a| <l

where r denotes the distance to the edge. If f € Wé_Z(D)B, g € Wé_l(D), and the boundary data
belong to corresponding trace spaces, where max(! — 1 — Re A;,0) < d <! — 1, then we obtain ((u,p) €
WHD)? x Wé_l(D) for an arbitrary smooth function ¢ with compact support. In some cases, when
A1 = 1 (e.g., in the case of the Dirichlet problem, a < 7), the eigenvalue A; can be replaced by the second
eigenvalue As.

By means of this result, we obtain point estimates for Green’s matrix (Gi,j(l’ag))?,j:y For example,
if the edge of D coincides with the zsz-axis, then

|3g13533?3g3(;i7j(1,’€)| < cle— g|—1—6,,4—5j,4—|04|—|/3|—0—7
X( |l‘/| )min(O,u—|oc|—6,)4—a)( |€/| )min(O,u—|ﬁ|—6j,4—a)
|z — ¢ |z —¢|
for |# — £] > min(|2'], |€']), where ' = (21,22), & = (£1,€2), p = ReAq, and ¢ is an arbitrarily small
positive number. Again in some cases the eigenvalue A; can be replaced by As what improves the estimates
given in [11, 12, 21].

Section 3 is concerned with the boundary value problem in a polyhedral cone K with vertex at
the origin and edges Mi,..., M,. The smoothness of solutions in a neighborhood of an edge point
g € My depends again on the eigenvalues of certain operator pencils Ay (A) which can be calculated as
zeros of special transcendental functions. The smoothness of solutions in a neighborhood of the vertex
depends additionally on the eigenvalues of a certain operator pencil 2((A). Here 2A(A) is the operator of
a parameter-depending boundary value problem on the intersection of the cone K with the unit sphere.
Spectral properties of this operator pencil are given in papers by Dauge [2], Kozlov, Maz’ya and Schwab
[7] for the Dirichlet problem, by Kozlov and Maz’ya [4] for the Neumann problem and in the book by
Kozlov, Maz’ya and Rossmann [6] for boundary conditions (Cy)-(Cs). We prove the unique existence of
a weak solution in I/V/;O(IC)3 X WgyO(IC) if the line ReA = —f — 1/2 is free of eigenvalues of the pencil
2A(A), where WéyO(IC) is the closure of C§°(K\{0}) with respect to the norm

1/2
lallwy oy = (D [e20=HD o2 u()? do)

lo| <l

bl



The absence of eigenvalues of the pencil () guarantees also the existence of a Green matrix (G ;(z, 5))?7]»:1

of the boundary value problem in the cone K such that the functions  — {(|x —£&|/7(€)) Gi ;(x, €) belong
to W/;O(IC) for every £ € K£,i=1,2,3 and to WgyO(IC) for i = 4. Here ( is an arbitrary smooth function
on [0, 00) equal to one in (1, 00) and to zero in (0, %) In the last subsection we derive point estimates of
this Green matrix. In the case |2|/2 < [€] < 2|#| we obtain analogous estimates to the case of a dihedron,
while in the case |£] < ||/2 the following estimate holds:

0207 G y(@,6)] < efafi=mtalalte fgmAnsidiamhize
n rk(x) min (0, px—|a|—=dia—e) rk(g) min(0,pr—|v|—8;,4—¢)
Xl};[l(|x|) kl;[l(m) ’

Here rp(z) denotes the distance to the edge My, A_ < ReA < Ay is the widest strip in the complex

plane containing the line Re A = —8 — 1/2 but no eigenvalues of the pencil 2(A), and ur = Re /\(1/!@)’ where

/\Ecl) is the eigenvalue of the pencil Ag(A) with smallest positive real part. Note again that in some cases,

when /\Ecl) =1, this eigenvalue can be replaced by the eigenvalue with smallest real part greater than 1.

In a forthcoming paper, the estimates of Green’s matrix obtained in this paper will be used for
the proof of weighted L, and Schauder estimates of solutions to Stokes and Navier-Stokes equations in
polyhedral domains.

2 The problem in a dihedron (Ls-theory)

In the following let K be an infinite angle in the (z1,z2)-plane given in polar coordinates r, ¢ by the
inequalities 0 < r < 00, —a/2 < ¢ < «/2. Furthermore, let D be the dihedron {# = (&', 23) : 2’ =
(x1,79) € K, 3 € R}. The sides {x : ¢ = £a/2} of D are denoted by I't and the edge Tt N T~ is
denoted by M.

We consider a boundary value problem for the Stokes system, where on each of the sides T'* one of the

boundary conditions (C1)—(Cy) is given. Let nt = (nli, nzi, 0) be the exterior normal to T# | e (u)e(u) nt

n

and e (u) = e (u)-n*. Furthermore, let d* € {0, 1,2, 3} be integer numbers characterizing the boundary
conditions on I't and I'~, respectively. We put

e Stu=wu ford* =0,

o STu=u—(u-nt)nt, NE(u,p)=—p+2E (u) ford*=1,
o Stu=w-nt, N*E(up)=ck(u)—ct, (u)nt ford* =2

o N*(u,p) = —pnt + 2e(u) for d* =3

and consider the boundary value problem

—Au+Vp=f —-V-.-u=g inD, (2.1)
Stu=ht, Ni(u,p):(bi on I't.

Here the condition Ni(u,p) = ¢* is absent in the case d* = 0, while the condition S*u = h* is absent
in the case d* = 3.

2.1 Weighted Sobolev spaces

For arbitrary real 4 we denote by V({(D) the closure of C§°(D\M) (the set of all infinitely differentiable
functions with compact support in D\ M) with respect to the norm

1/2
lullvsp) = (/D G |8§‘u(x)|2dx) |
|

a| <l



where r = |2'| denotes the distance to the edge. For real § > —1 let W}(D) be the closure of C§°(D) with

respect to the norm (1.1). Furthermore, let ‘/;_I/Z(Fi) be the space of traces of functions from V{(D)
on I'*. The norm in this space is

lelly - sy = inf{llellvgpy = v € VA(D), v=won I*}.

Analogously, the norm in trace space Wé_l/z(Fi) for W,(D) is defined. Note that the norm in ‘/(;l_l/z(Fi)
is equivalent (see [9, Le.1.4]) to

_ _ dxs dys
ul| = P29 A u(r, xs) — 07 (ry y i e
ol = ([ o8 ) = 0 )

dry dr
-I-// / |ri§(3£_1u)(r1,x3)—(3£_1u)(r2,x3)|21722dx3
R Jyx Sy |7°1—7°2|
S (541 12
+/ S PO B, )| drdirs) (2.3)
I+ 7=0

If 6 is not integer, —1 < § < [ — 1, then the trace of an arbitrary function u € W}(D) on the edge M
belongs to the Sobolev space W'=°~1(M) (see, e.g., [13, Le.1.1]). Furthermore, the following lemma holds
(see [13, Le.1.3]).

Lemma 2.1 1) The space W:(D) is continuously imbedded into Wéj(D) if § > 0 and into V{ (D) if
d>1—1.

2) Let u € WL(D), where § is not integer, § > —1. Then for the inclusion u € V}(D) it is necessary
and sufficient that 9%u|pr = 0 for |o| <1 -3 — 1.

Analogously to V} (D) and W{(D), we define the weighted Sobolev spaces V}(K) and W}(K) on the
two-dimensional angle K. Here in the definition of the norms one has only to replace D and z by K and
', respectively. For the space W}(K) a result analogous to Lemma 2.1 holds.

2.2 Weak solutions of the boundary value problem
Let L1(D) be the closure of the set C5°(D) with respect to the norm

3 1/2
lullLypy = (/DZI&jUIde) (2.4)
i=1

The closure of the set C§°(D) with respect to this norm is denoted by z% (D).
Furthermore, let # = L3(D)? and V = {u € # : S*u = 0 on I'*}. In the case of the Dirichlet

problem (ST u = u), we have V :z% (D)3. Note that, by Hardy’s inequality,
/ || 72 |u|? de < 12||u||3, for u € C5°(D).
D

Therefore, the norm (2.4) is equivalent to the norm
—2)12 - 2 1/2
lull = ([ el + 3 fon,uf ) (25)
D j=1

and H can be also defined as the closure of C§°(D)® with respect to the norm (2.5). Obviously, every
u € H is quadratically summable on each compact subset of D. From Hardy’s inequality it follows that

lulltaioy < [ 02+ 755 fuPde < [ 725 (1u + c[Tuf?) da
D D



for w € C§°(D) and 0 < § < 1, where ¢ depends only on §. Consequently, there are the continuous
imbeddings W} (D) C L2(DP) and WZ(D)? CH if0<d < 1.

For the definition of weak solutions of problem (2.1), (2.2), we introduce the bilinear form

bu,v) = z/D ’Z ei i (u) g ;(v) de. (2.6)

i,7=1

Then the following Green formula is satisfied for all u,v € C§° (D)3, p € C5°(D):
blu,v) — / pV - -vde = / (—Au—VV - -u+Vp) vde+ Z/ (—pni + 26(u)ni) ~vde. (2.7)
D D T Jr+
Hence every solution (u,p) € WZ(D) x W (D) of problem (2.1), (2.2) satisfies the integral equality
b(u,v)—/pV~vda::/(f—|—Vg)~vdx—|—Z ¢F - vdu.
D D T Jr+

for all v € C§°(D)? (in the case STv = v,, the function ¢¥ has to be replaced by ¢tn¥).
By a weak solution of problem (2.1), (2.2) we mean a pair (u,p) € H x L2(D) satisfying

b(u,v) —/ pV -vde=F(v) forallveV, (2.8)
D
—V-u=g inD, STu=h*t onT*, (2.9)
where
F(v) = / (f+Vg) vde+Y [ ¢* vdx, (2.10)
D T Jr

provided the functional (2.10) belongs to the dual space V* of V. For example, F' € V* if f € W2(D)3,
g E WD), ¢* € Wél/z(Fi), § < 1, and the supports of f, g and ¢* are compact.

2.3 A property of the operator div

The goal of this subsection is to prove that the operator div : L1(D)® — Ls(D) is surjective. For this
end, we show that its dual operator is injective and has closed range. We start with an assertion in the

two-dimensional angle K. Here I/%/l(K) denotes the closure of C§°(K) with respect to the norm

2 2 2 1/2
lallws oy = ([ (al? + 100, 0P + 10r,P) d)
K
and W~1(K) its dual space (with respect to the L scalar product in K).
Lemma 2.2 For arbitrary f € Lo(K) there is the estimate
1ty < e (1o, Fllw =2 ) + 190wy + Il =21 ) (2.11)

with a constant ¢ independent of f.

Proof. For bounded Lipschitz domains the assertion of the lemma can be found e.g. in [3, Ch.2,§2].
Let U;, j =1,2,..., be pairwise disjoint congruent parallelograms such that K =, Ulfa U ---. Then

AR sy = Sy < € D0 (100 My -s oy + 10ea s iy + W r ). (212)
j=1 j=1



By Riesz’ representation theorem, there exist functions g EVT/l(K), 9; EI/T/1 (U;) such that
W llw -1y = llgllwx) /K fvde = (g,v)wr(x) forallv EV?/l(K),
sy = llalwoaeys [ Fode = la 0wy for all 0 €404, 5= 1,2,....
Let g; 0 be the extension of g; by zero. Then
95132 @;) = /u fgjde= /K fgiode=(g,950)wrx)=(9,95)wr @,

and, therefore
gillwr ey < llgllwr @
Consequently,

Z||f||%4/—1(uj) = Z ||9j||%4/1(uj) < Z ||g||%v1(uj) = ||g||%/Vl(K) = ||f||%/V—1(K)
j=1 j=1 j=1
The same inequality holds for 8., f. This together with (2.12) implies (2.11). m

In the following lemma we give, in particular, an equivalent norm in the dual space L5 (D) of z% (D).

Lemma 2.3 Let F(y,&) = f(|€|_1y,€), where f(x’,&’) denotes the Fourier transform of f(x', x3) with
respect to the last variable. Then

1120, =/5-2||F<~,5>||12K de if [ € Lo(D),
1A=, /5 Oy d if F € L3 (D).

Proof. The first equality follows immediately from Parseval’s equality. We prove the second one. By

Riesz’ representation theorem, there exists a function u EE% (D) such that
Wllizioy = lellisoy, [ Fode= [ V- Fode toral v ibi) (2.13)
D D

Furthermore, for arbitrary & € R there exists a function W (-, &) EI/?/l(K) such that
IFC Olw-15) = W Ellwa k),
[ FeOTEE = [ (VW08 VTG + W T6) du
K K

where V(y,€) = 9(]¢]71y, &) and @ is the Fourier transform with respect to x3 of an arbitrary function

v EE% (D). From the last equality it follows that
[ Fe T = [ Tawiela'se) - VT + €W (el € T ) d'

Comparing this with (2.13), we conclude that W (|¢]2’, &) = €%a(a’, €). Consequently,

JIPCO o de = [ IWCONnde = [ [ (Vo OF + € i, €)F) do'de

||u||L§(D) = ||f||L2_1(D)
The proof is complete. m



Theorem 2.1 1) There exists a constant ¢ such that
3
£ ooy < € D 1105, fllpzrpy Jor all f € Ly(D).
j=1
2) For arbitrary f € Lo(D) there exists a vector function u EE%(D)B such that V -u = f and
lullspys < ellfllL.(p),

where the constant ¢ is independent of f.

Proof: Let f be an arbitrary function in Ly(D) and F(y,&) = f(|€|_1y, &), where f denotes the Fourier
transform of f with respect to 3. Then, by Lemmas 2.2, 2.3, we have

2
ey = [ €PN e [ (3010 FCM R0+ IFC )
j=1

3
¢ Z ||8x]f||i2_1(’D)
=1

From this it follows, in particular, that the range of the mapping
Ly(P) > f —» Vfe Ly (D)

is closed. Moreover, the kernel of this operator is obviously trivial. Consequently, by the closed range

theorem, its dual operator u — —V - uw maps L3(D)? onto Lo(D). This proves the theorem. m

2.4 Existence and uniqueness of weak solutions

Lemma 2.4 There exists a positive constant ¢ such that b(u,u) > c||ul|3, for all u € H.

Proof: We have
b(u, u) + |lullZpys > cllully

for all w € C5°(D)3, u(z) = 0 for |z| > 1 (see, e.g., [3]). We consider the set of all u € C5°(D)? with
support in the ball || <e. For such u Hardy’s inequality implies

3
[ e de < [ 1ol Y lon,ua) P de < ea s fulfy
D D j=1
and, therefore,
c
bl ) > Il

if ¢ is sufficiently small. Applying the similarity transformation z = ay, we obtain the same inequality
for arbitrary u € C§°(D)3. The result follows. m

Theorem 2.2 Let FF € V*, g € L2(D), and let h* be such that there exists a vector function w € H
satisfying the equalities Stw = h* on T't. Then there erists a unique solution (u,p) € H x L2(D) of the
problem (2.8), (2.9). Furthermore, (u,p) satisfies the estimate

ve =+ lgllzac) + ol

lallze + NPl z.coy < e (11F]

with a constant ¢ independent of F', g and w.



Proof: 1) We prove the existence of a solution. By our assumption on h* and by Theorem 2.1, we
may restrict ourselves to the case ¢ = 0, h* = 0. Let Vo = {u € V : V -u = 0}, and let Vi~ be the
orthogonal complement of V in V. Then, by Lax-Milgram’s lemma, there exists a vector function u € V;
such that

b(u,v) = F(v) forallveVy, ||ully <cl|F]

ve <cl|F]

Ve
By Theorem 2.1, the operator B : u — —V - u is an isomorphism from Vit onto Ls(D). Hence, the
mapping
def -1 -1
Ly(D)3q—=q) = F(B™ q) —b(u, B""q)
defines a linear and continuous functional on L2(D). By Riesz representation theorem, there exists a
function p € Lo(D)? satisfying

/qudx =/{(q) forallqe La(D), |IpllLopy<ec (||F| ve + ||u||7.[)

If we set ¢ = —V - v, where v is an arbitrary element of V-, we obtain
—/ pV -vdr = F(v) —bu,v) forallve Vg
D

Since both sides of the last equality vanish for v € V5, we get (2.8). Furthermore, —V - u = 0 and
SiU|F:I: =0.

2) We prove the uniqueness. Suppose (u,p) € H x La(D) is a solution of problem (2.8), (2.9) with
F=0,g=0, h* =0. Then, in particular, u € V; and b(u,u) = 0 what, by Lemma 2.4, implies u = 0.
Consequently,

/pV~vdx:0 for all v € V.
D

Since v can be chosen such that V -v = p, we obtain p = 0. The proof is complete. m

Remark 2.1 The assumption on h* in Theorem 2.2 is satisfied e.g. for h* € Vol/z(Fi)S_di. Then, by
[9, Le.1.2], there exists a vector function w € V;'(D)? C H satisfying Stw = h* on T'*. (Note that h* is
a vector-function if d* < 1 and a scalar function if d* = 2. In the case d* =1 the vector h* is tangential

to T therefore, the corresponding function space can be identified with Vol/z(Fi)z.)
Furthermore, for h* € Wf/z(Fi)B_di, 0 < § < 1, satisfying a compatibility condition on M there
exists a vector function w € WZ(D)® C H such that STw = h* on 't (see Lemma 2.6) below.

2.5 Reduction to homogeneous boundary conditions

In the sequel, we will consider weak solutions of problem (2.1), (2.2) with data f € W} (D)3, g € W} (D),
ht € I/V(;?’/Z(Fi)?’_di and ¢t € Wél/z(Fi)di, 0 < d < 1. The following two lemmas are concerned with

the question about the existence of a pair (u,p) € Wéz’p (D)? x W} (D) satisfying the boundary condition
(2.2).

Lemma 2.5 For arbitrary h* € ‘/;’/2(Fi)3_di and ¢F € ‘/51/2(Fi)di there erists a vector function
u € V#(D)? satisfying the boundary conditions

STu=ht, NE(u,0)=¢* onl* (2.14)

and the estimate

||u||V52(D)3 S ¢ Z (HhiHV;"/?(F:{:)a—di + ||¢i||vél/2(pj:)3—di)' (215)
+

Moreover, if supp h* € I MU and supp ¢* € T NU, where U is an arbitrary domain in R3, then u can
be chosen such that suppu € U.



Proof: For simplicity, we assume that T'™ coincides with the half-plane ¢ = 0 (i.e., 21 > 0, 22 = 0)
and I't with the half-plane ¢ = . Then the boundary conditions

STu=h", N7 (u,0)=¢* onl~ (2.16)
have the formu = h~ on I'” if d= = 0,

up =hy, us=nhy, 20,,u=¢" onl~ ifd =1,
Uy = h_, —6172(U) = ¢>1_, —6372(U) = ng on F_ lf d_ = 2,
—2¢;9(u) = ¢; onI” forj=123 ifd =3

In all these cases, the existence of a vector function u € VZ(D)? satisfying (2.16) can be easily de-
duced from [9, Le.3.1]. Analogously, there exists a function v € V(D)3 satisfying Stv = At and
NT(v,0)v = ¢T on I'". Let ¢ = {(¢) be a smooth function on [0, a] equal to 1 for ¢ < a/2 and to zero
for o > 3w /4. Then the function w(z) = ((¢) u(x) + (1 — ((p)) v(z) satisfies (2.14). m

The analogous result in the space W# holds only under additional assumptions on A+ and h=. If
u € W2(D)3, then there exists the trace u|y € W'~9(M)3 and from the boundary conditions (2.2) it
follows that S*u|sr = h¥ 5. Here ST and S~ are considered as operators on W'=9(M)3. Consequently,
the boundary data ht and A~ must satisfy the compatibility condition

(h*|ar , h™1ar) € R(T), (2.17)

where R(T) is the range of the operator 7' = (ST, S7). For example, in the case of the Dirichlet problem
(d* = d~ = 0) condition (2.17) is satisfied if and only if h*|yr = h™|ar, while in the case d= =0, d* =2
condition (2.17) is equivalent to h™ |5 - nt = h™|p.

Lemma 2.6 Let h* ¢ I/V(;?’/Z(Fi)?’_di and ¢* € Wél/z(Fi)di, 0 < & < 1, be functions vanishing
for r(z) > C. Suppose that ht and h™ satisfy the compatibility condition (2.17) on M. Then there
exists a vector function u € WZ(D)? satisfying (2.14) and an estimate analogous to (2.15). Moreover, if
supp h* € T* NU and supp ¢= € TE NU, where U is an arbitrary domain in B3, then u can be chosen
such that suppu € U.

Proof. By (2.17), there exists a vector function ¢ € W'=%(M)3 such that Ste¢ = h¥|y. Let

v € WZ(D)? be an extension of ¢». Then the trace of h* — S*u|px on M is equal to zero and,
consequently, h* — Stu|px € ‘/53/2(Fi)3_di (cf. Lemma 2.1). Furthermore, ¢* — N*(v,0)|p+ €
I/V(;l/z(lﬂi)di C ‘/51/2(Fi)di. Thus, according to Lemma 2.5, there exists a function w € V(D)? such

that STw = ht — Sty and N*(w,0) = ¢* — N¥(v,0) on I'f. Then u = v + w satisfies (2.14). =

2.6 A priori estimates for the solutions

The following lemma is essentially proved in [9, Th.4.1].

Lemma 2.7 Let (u, p) be a solution of problem (2.1), (2.2), u € W72, (Y_D\M)BDV;:%(D)B, pe WL (D\M)N
Vél:f(D) [ > 2. Suppose that [ € Vél_z(D)?’, g € Vél_l(D), and the components of h* and ¢* are from
‘/;_I/Z(Fi) and ‘/;_3/2(Fi), respectively. Then u € VI (D)3 and p € Vél_l(D).

Here VVlloc (D\M) denotes the set of all functions u on D such that (u belongs to the Sobolev space
W' (D) for arbitrary ¢ € C5°(D\M). We prove the same result for [ = 1, i.e., for data f € ‘/5_1(7))3,
g € VYD), ht € ‘/51/2(Fi)3_di, ot € ‘/5_1/2(Fi)di. Here V(D) and ‘/5_1/2(Fi) denote the dual
spaces of V1(D) and V_l(/;z(Fi), respectively. First we prove the following lemma.



Lemma 2.8 Let ¢, n be infinitely differentiable functions with support in {z : a < r < 4a, —2a < 23 <
2a} such that {n = ¢ and |03 (x)| + |97n(z)| < cc£|°‘| for |a| < 2, where the constant ¢ is independent
of a. Furthermore, let u € W .(D\M)?, p € W2.(D\M),

b(u,v)—/DpV~vdx:F(v) for all v € C°(D\M)?, (2.18)

—V-u=g inD, and STu=0 on T*. Then for arbitrary §, 0 < § < 1, there is the estimate

lICullvapys + 1ICPllvecp)
<c (||CF||V5_1(D)3 + |ICallvemy + lInullve_ pys + lImplly- oy + Z ||77“||v5—_11/2(ri))
T

with a constant ¢ independent of u,p and a.

Proof: Partial integration yields
b(Cu,v) —/ CpV - -vde =®(v) forallvelV,
D

where

CI)(U) = CU Z/uzgz] 6@-]Cdl‘—|— Z/UZ @ vzﬁxJC‘i‘v]@ C)

i,7=1 zyl

__Z/F:E = (V- )n)dx—/Dpv~VCdx.

Furthermore, —V - ((u) = (g + u - V¢ in D and S*((u) = 0 on TF. Let Lé/z(Fi) be the space of the
traces of functions from L3(D) on I't. From Theorem 2.2 it follows that

3 3
ve + 1ol + D i 0o, Cllay + D i 0o, 00 Cll 0

7,j=1 i,7=1

3
Ly D 0e Gl A PO Cllinyo ) (2.19)
j=1

t,j=1

ICullzyiye + ICPllamy < e (ICF]

By the assumptions on the support of ( and by Hardy’s inequality, we have

ICullpymys > ca™ Jlullvaipys and [[Cpllzaip) > (4a) = [Cpllve(p)

Using the last estimates and the inequality

ol oy = [ 1960 o= [ (9ol + 90 o) do < [ (90 4 1ol of?) do < ellolf g
we further obtain

|(CF) ()] N ((SAI0]

< esup T < ea”l sup -l < ca ||CF|| -1
||77”||L;(D)3 v ||U||v_15(D)3 Vs (D)

[(CF)(v)]

IEFAYESE

ICE]

ys < sup

Here the supremum was taken over all v € C5°(D)3. Analogously, the inequalities

1€l () <Ca_6||cg||V50(D)a i O Clla) + Nl 02,0, Cllpyepyye < ca™’ llnuillve (o),

1

- J
| Oy LY2 (D) <ca ||77Ui||v5—_11/2(pi)a ||P3ij||(L;(D))* <ca” ||77p||V5__11(D)

can be proved. Thus, the desired estimate follows immediately from (2.19). m
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Lemma 2.9 Let u € W (D\M)>N VY (D)? and p € W2 (D\M) N V{_l1 (D) satisfy (2.18), —Vu =y
in D and STu =0 on %, where F € ‘/5_1(7))3, g € VP(D), 0 < & < 1. Furthermore, we assume that
ulrs € ‘/5__11/2(Fi)3. Then u € V5H(D)?, p € V(D), and

lullv oy + Ipllvecoy < e (11l oy + Nollveo) + ullve. o + bl oy + lelly 120 )-

Proof: Let (; 1 be infinitely differentiable functions such that

+ oo
supp (i C {z: 2Rl () < 26 j— 1< 27Fas < j 4 1], Z Gr=1, |3§‘C‘77k(1‘)| < c27kled,
Jk=—0o0
J+1 k41
Furthermore, let n; . = Z Z Gii. Obviously, n;» = 1 on supp(jr. By Lemma 2.8, there is the
i=j—11=k—1
estimate

||Cj,ku||%/;(D)3 + ||Cj,kp||%/§(ﬂ)

<ec (||Cj,kF||2V§—1(D)3 116 ka0 oy + g sullie pye + ||77j,kP||2V§—_11(D) +>° ||77jyku||%/5—1/2(1“:l:))’
T -1

with a constant ¢ independent of j and k. It can be proved analogously to [5, Le.6.1.1] that the norm in
V(D) is equivalent to
+oo

/
= 3 Iowulm)

Jk=—0o0

The same is true (cf. [5, Sec.6.1]) for the norms of the dual space V__él (D) and the trace space ‘/;_1/2(Fi).
Using this and the last inequality, we conclude that u € Vi (D)3, p € V,?(D). Moreover, the desired esti-
mate for u and p holds. m

Furthermore, there is the following analogon of Lemma 2.7 (cf. [14, Le.2.3]).

Lemma 2.10 Let (u,p) be a solution of problem (2.1), (2.2), and let {,n be infinitely differentiable
functions on D with compact supports such that n =1 in a neighborhood of supp(. Suppose that nu €
Wi (D\M)? N W;Z1(D)?, p € Wi (D\M) N W;Z3(D) 1 > 2, nf € W;*(D)?, g € Wy~ (D), and the
components of nh* and né* are from Wé_l/z(Fi) and Wé_S/z(Fi), respectively. Then (u € WE(D)?

and {p € Wi H(D).

2.7 Smoothness of z3-derivatives

Our goal is to show that the solution (u,p) of problem (2.1), (2.2) belongs to WZ(D)? x Wi (D) if
FeWHD)3, g € WHD), h* € I/V(;B/z(lﬂi)?’_di and (biW;/z(Fi)di, 0 < § < 1. For this end, we show in
this subsection that d,,u € Vi (D)? and 9,,p € V(D) under the above assumptions on the data. Due
to Lemma 2.6, we may restrict ourselves to the case of homogeneous boundary conditions, i.e., h* = 0,

¢t =0.

Lemma 2.11 Let (u,p) € H x Lo(D) be a solution of problem (2.8), (2.9). Suppose that g € Vi (D),
0< 6 <1, h* =0, and the functional F has the form

F(v):/Df~vdx,

where [ € V2(D)3, We assume further that f and g have compact support. Then Oy,,u € VL (D)3,
ryulrs € V2P (D%)3, 8pyp € VL (D) and

0w, ullve  (pys + ||3xau||v5—_11/2(pi)a + ||3xap||vg_11(m <c (||f||V50(D)3 + ||g||V51(D))~
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Proof: First note that FF € H* C V* and g E L2(D) under the assumptions of the lemma. For
arbitrary real h let up(z) = h™ ( (2", x3+ h) — u(z', 23) ) Obviously,

b(uh,v)—/phV~vdx:b(u,v_h)—/pV~v_hdx:F(v_h):/fh~vdx
D D D

forall v € V, =V -uy, = gj, in D, and S*uy, = 0 on T*. Consequently, by Theorem 2.2, there exists a
constant ¢ independent of w, p and h such that

lalle + oall oy < ¢ (1l + gl o). (220)
We prove that .
/0 B (Ul +1lgnl3 ) db < e (IA1B 0 ops + N9l ) )- (2.21)
Indeed, let §(z', &) be the Fourier transform of g(«’, #3) with respect to the variable 3. Then

/ W gl dh = [ [ [ 1P gt O i’ de an
— / / €272 |5, €)[? da’ d < / / P92 (14 12€2) (o €)1 da d€ < e lgl2a o
RJK RJK 8

Furthermore, if x is a smooth function, 0 < x <1,y =1forr > h, x =0 for r < h/2, [Vx| < ch™!, and
€ 1s an arbitrary positive number, then

‘/thwdx‘ — ‘/wa_hdx‘

< Sz lo=nllzays + 117 7R fllzans 1A (1= XvnllLa@,)e,
where Dy, = {# € D : v(x) < h}. Here

A

1 2
||U-h||i2(p)3 - /D ‘/0 3x3v(x’,x3 —th) dt‘ dl‘ S ||6x3v||%2(p)3 S ||v||’27'-[

Using Hardy’s inequality, we further obtain

I 00l 0 < [ R o (1= oo e S [ (ool 4 10,0-0f) do < el

D D
r<h

Consequently, for 0 < € < 1 —§ we obtain

/ h26—1||fh|2
0

IA

VE

c/o (IIXFllzagye + 1 =SR2 F11T (o2 ) de

2r o0
Ll ([t an e [T an) s <l o,

This proves (2.21). Next we prove that

IA

lluzlPo oye + I1P:17 1 ) gc/O Rt (||uh||%+||ph||%2<p>) dh. (2.22)

It can be easily shown (see [19, Le.3]) that

10esully —// 2[5 |62 (e’ ) da de
S Nl (G |2+Z|axju 1) da’de

- c// (/h25—3|ei€h - 1|2dh) (|g| |a(x |2+Z|ax]u )dx’d£ :/h25_1||uh||§[.
R K 0

0

12



Furthermore, since

‘/D@xapvdl“zz‘/R/Ké’f)f)dx’dé"zg/R/K|€|25|17(x’,€)|2dx’d€ AA|€|2_25|ﬁ(x’,£)|2dx’d£
< / /K P20 (1 2l ?) fa(e, €) 2 d de / /K €272 |p(a, € da’ de
<ol o [ [ IO it de

and

//|€|2—26 |]3(l‘/,€)|2 dx’d&z C///h26—3|ei§h _ 1|2|]3(l‘/,€)|2dl‘/d€dh: c /h26_1||ph||%2(p) dh,
R K 0 R K 0
we obtain

102, P -1, ) < /R /K €172 (e’ &) dar” dE < /0 W lpall7 ) db-

This proves (2.22). Finally, we show that
10m sl e oy S [ B4 b (2.23)

First let 1/2 < § < 1. Since

L[ eertivapards < [ [ r= e it o) drdg

&k Jo &k Jo

:// r1_26|v(r,x3)|2drd1‘3—|—/ //r2_25h_2|ei§h—1|2|ﬁ(r,€)|2dhd€dr
&k Jo 0o JrRJR

:// r1_26|v|2drdl‘3+/ //rz_zéh_z|v(r,x3—|—h)—v(r,x3)|2dhdx3dr< ||v||21/2 e
KJoO 0 EJR - Vils(T®)

(here we used the equivalence of the norm in ‘/(;I/Z(Fi) to (2.3)), we obtain

2 oQ oQ
‘/ 3x3u.vdrdx3‘ < // |5|25—1|a(r,5)|2drd5// PP~ Ja(r, €)|? dr d¢
= R Jo R Jo
2 3-26 |~ 2
S O A GRS
Furthermore, setting @ = |£]' %%, we get

PP fatn o) 2arde = [ [ 1e] jatr.e)Pdrd
|| e eraras= [ [t ofarae

= / / / h=? |w(r, x3) — w(r, xs + h)|2 dh dxsdr < CHw”il/Q(ri)a < cllw|lx

= [ [ 1er (jep it |2+Z|axju O17) da de.

The last expression is equal to the right-hand side of (2.23) (see the proof of (2.22)). This implies (2.23)
for 1/2 < < 1. Now let 0 < § < 1/2 and let Vi =%(D) the weighted Slobodetskif space with the norm

||u||V01_5(D) = ||u||vu N ///h% 3|u (', x5+ h) —u(a’, x3)| dh dzsdz’
1/2
—1—// / |y’|25—4|u(1‘/—|—y/,x3)—u(x/,x3)|2dy/dx/dx3) . (2.24)
RIKJK
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The trace space V 1/2- 6(Fi) of Vol_é(Fi) is continuously imbedded into the space ‘/50_1/2(Fi) and,
therefore, also into Vj_7 1/ (T%) (see, e.g., [20]). Consequently, it suffices to show that

10ns 0l s < ¢ [ 25l (2.25)

3

The analogous estimate for the norm of d,,u in V' | (D)? was proved above (see (2.22)). Furthermore,

///h26_3 |3x3u(x/,x3—|—h)—3x3u(x/,x3)|2dhdx3dx/
K JRJR

:/ //h25—3|e”’f—1|2|5a(x',x3)|2dhdx3dx':c// €142 a2, &)|? da' de
K JRJR RJK
<o [ funll d.

0

The second integral on the right of (2.24) coincides with

// / |y/|25—4 |€|2|a(l‘/+y/,€)—a($/,€)|2dy/d$/d$3.
RJKJK

// / /7= 1¢)” Ja(a! )|2dy/dx/dx3§c///|€|4_25|ﬂ(x’,£)|2dx’dx3

R K K

Here

Iy’ I>1/|£|

what is majorized by the right-hand side of (2.25). The same estimate holds for a(z’ + ¢/, £). Moreover,
from the inequality

1 2
(e’ + o €) — A’ )] < 2ly/|? / SO0 ae’ +ty € dt

0 5
1t follows that
// [ W e e e
|y|>1/|g|
<2/ // / P 2|€|ZZI%U (2 + by )2 dy da’ dics dt

Iy’ |>1/|£|
o

// €2~ 252@] &)? de' dé < c/h25_1||uh||§_[ dh.
0

This proves (2.25). Now the assertion of the lemma follows immediately from (2.20)—(2.23). m

Corollary 2.1 Let the assumptions of Lemma 2.11 be satisfied. Then dy,u € Vi (D)2, dy,p € V(D)
and

10z ullve oy + 10eapllveo) < ¢ (I llveop +llallvicoy)-
with a constant ¢ independent ofu and p.

Proof: From Lemma 2.11 and well-known local regularity results for solutions of elliptic boundary value
problems (see [1]) we conclude that d;,u € WL (D\M)* N VL [ (D)? and p.p € Lo o (D\M) N V{_l1 (D).
Obviously,

b(@xau,v)—/ﬁxaprdx:/ Op, f-vde for all v € C5°(D\M)?,
D D

where 9,, f € V5 ' (D)?), =V - Opyu = 9,9 € VL(D), and ST9,,u = 0 on T+, Applying Lemma 2.9, we
obtain d,,u € Vi (D)?, 8y,p € V(D) and the desired inequality. m
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2.8 Auxiliary problems in the angle K, operator pencils

Suppose (u, p) is a solution of the Stokes system (2.1) with homogeneous boundary conditions (2.2) which
is independent of 3. Then uz is a solution of the problem

—Agus = f3 in K, uz=0onTF ford* <1, gii =0onTI* ford* >2, (2.26)
n

where A, denotes the Laplace operator in the coordinates #' = (#1, #2), whereas the vector (v/,p) =
(u1,uz,p) is a solution of the two-dimensional Stokes system

—Ap' +Vep=f, —Vg v =g inkK, (2.27)
with the corresponding boundary conditions
Sty =0, Ni(u/,p) =0 on~yt. (2.28)
Here STuw = o if d¥ = 0,~§iu’ = - rEifdE =1, ST = u’~ni~ if d* = 2, Ni(u’,p) = —p+
2(e(u)nt) - nE if dF = 1, N¥(u/,p) = (e(u')nF) - 7% if d* = 2, and N*(v/,p) = —pnt + 2¢(u')nt if
d* =3, by e(u’) we denote the matrix with the components ¢; ;(u), i,j = 1,2.
Setting u = r*U(g), p = r* =1 P(¢) we obtain a boundary value problem for the vector function (U, P)

on the interval (—a/2,4+a/2) quadratically depending on the parameter A € C. The operator A(A) of
this problem is a continuous mapping

Wz(_%a—i_%) X Wl(_%a—i_%) - LZ(_%,+%) X Wl(_%a—i_%) X ©3

for arbitrary A. As is known, the spectrum of this pencil A(A) consists only of eigenvalues with finite
geometric and algebraic multiplicities. We give here a description of the spectrum for different d~ and
dT. Without loss of generality, we may assume that d= < d+.

1. In the case of the Dirichlet problem (d~ = d* = 0), the spectrum of the pencil A(X) consists of the
numbers L& where j is an arbitrary nonzero integer, and of the nonzero solutions of the equation

Asin a £ sin(Aa) = 0. (2.29)

2. d~ =0, dt = 1: Then the spectrum consists of the numbers ‘%, where j = +1,42, ..., and of the
nonzero solutions of the equation

Asin(2a) + sin(2Aa) = 0. (2.30)

3. d~ =0, d¥ = 2: Then the spectrum consists of the numbers g—g, j==41,£2, ... and of the nonzero
solutions of the equation

Asin(2a) — sin(2Aa) = 0. (2.31)

4. d= =0, d¥ = 3: Then additionally to the numbers I%j = 41,42, ..., the solutions of the equation

Asina + cos(Aa) =0 (2.32)
are eigenvalues of the pencil A(A).
5. d~ = dT = 1: Then the spectrum consists of the numbers ‘%, and %T + 1, where j, k are arbitrary
integers, j # 0.
6. d~ =1, d¥ = 2: Then the spectrum consists of the numbers g—g, and g—g 41, where j is an arbitrary

integer and k is an arbitrary odd integer.

7. d= =1, dt = 3: Then the numbers g—g, J=0,%£1,42,.. . and all solutions of (2.31) belong to the
spectrum.
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8. d= = dT = 2: Then the spectrum consists of the numbers ‘%, and %T + 1, where j, k are arbitrary
integers.

9. d~ =2, d¥ = 3: Then additionally to the numbers = 7 =0,%1,..., the solutions of (2.30) belong
to the spectrum.

10. In the case of the Neumann problem (d~ = d* = 3) the spectrum of the pencil A()) consists of the

numbers ?, where j is an arbitrary integer, and of all solutions of (2.29).

We refer to [18] and for the cases 1 and 3 also to [6, 21].

Note that A = 0 is an eigenvalue in the following cases:

I.dt=3and d~ > 1 (or d” =3 and d* > 1),

2. 1<dt=d” <2and a € {r,2r},

3.d"=1,d =2 (ord =1,dt=2)and a € %,37” :
The eigenvectors corresponding to the eigenvalue A = 0 are of the form (U, P) = (C,0), where C is
constant, and have rank 2 (i.e., have a generalized eigenvector).

We denote by A; = Aj(«) the eigenvalue with smallest positive real part. For example, in the case of
the Dirichlet problem (d~ = d* = 0) or Neumann problem (d~ = d* = 3) we have \; = 1 for o < 7 and
A = §+(a) , for @ > 7, where &4 is the smallest positive solution of the equation s1n§ + Sino‘ =0.In the

case d” = 0 dt =2 (Dirichlet and free boundary conditions) we have Ay = 1 for a < 71'/2 and A\ =
for o > w/2. Furthermore, let ;1 = Re A;.

OC

Lemma 2.12 Let (u,p) € Wi (K)? x Ly(K) be a solution of problem (2.26)—(2.28) vanishing outside the
unit ball. Suppose that f € W(K)3, g € WH(K), 0 < <1 and that the strip 0 < Re A < 1—4 does not
contain eigenvalues of the pencil A(X). Then u € WZ(K)?, p e Wi (K), and

lellwz e + lpllwecer < e (fllwaesrs +llallwec)

Proof: Since the support of (u, p) is compact, we have (u,p) € V(K)3 x V2(K) with arbitrary € > 0.
Consequently, u admits the representation u = ¢+ d logr + v with constant vectors ¢, d and v € VZ(K)3.
Furthermore, p € Vi (K) and

lellvzey + lellve e < e (Wilveers =+ llallvae)

(see, e.g., [5, Th.8.2.2]). Since u € H, we conclude that d = 0. The result follows. m
Analogously the following assertion holds (cf. [14, Le.2.5]

Lemma 2.13 Let (u,p) € Wé_l(K)?’ X Wé_Z(K) be a solution of (2.26)—(2.28) vanishing outside the
unit ball. Suppose that f € Wé_Z(K)B, g € Wé_l(K), 1>2,0<d < 1,4 is not integer, and that the
stripl —2—6 < ReX <1 —1—4§ does not contain eigenvalues of the pencil A(X). Then u € WL(K)? and
p € WiHK).

2.9 Regularity assertions for weak solutions

Lemma 2.14 Let (u,p) € H x Lo(D) be a solutions of (2.8), (2.9). We assume that the support of (u,p)
is compact, the functional F has the form (2.10) with f € W2(D)3, g € WH(D), ¢* € Wél/z(Fi)di,
and that h* € Wg/z(Fi) satisfy the compatibility condition (2.17). If max(l — u,0) < & < 1, then
(u,p) € WZ(D)? x W}(D) and

||u||W2 +||p||W1 < C(HfHWD 3+||g||W51(D)+Z||hi||wg’/2(pi)3—di +Z||¢i||wg/2(ri)3—di)a
+ +

(2.33)
where the constant ¢ is independent of f, g, h*, and ¢*.
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Proof: Due to Lemma 2.6, we may assume without loss of generality that A* = 0 and ¢* = 0. By our
assumptions on u and p, we have u(, x3) € Wi (K)? and p(-, z3) € L2(K) for almost all z3. Furthermore,
by Corollary 2.1, (95, u) (-, 23) € W (K)? and (9,,p)(-, z3) € WP (K). Consequently, for almost all z3, the
function us(-, z3) is a solution of problem (2.26) with f3 + 8§3U3 — p,p € WP(K) on the right-hand side
of the differential equation, while «/(-, 23) = (u1(-, #3), u2(-, #3)) is a solution of problem (2.27), where f’
und ¢ have to be replaced by [’ + 3§3u’ and ¢ + 0y, us, respectively. Applying Lemma 2.12, we obtain
u(-,x3) € WZ(K)?, p(-, z3) € Wi (K), and

It 2) ey + G allivze, < e (160 lvgians + loCowlliy e
1) 23) g 0+ 1)) g )

with a constant ¢ independent of z3. Integrating this inequality with respect to 3 und using Corollary
2.1, we obtain the assertion of the lemma. m

Theorem 2.3 Let {, 1 be smooth cut-off functions with support in the unit ball such that n = 1 in a
neighborhood of supp ¢, and let (u,p) € H x La(D) be a solutions of (2.8), (2.9). Suppose that n@%ag €

WD), ndi h* € I/V(;B/Z(Fi)?’_di for j =0,1,.... k, h* satisfy the compatibility condition (2.17), and
that F is a functional on V which has the form (2.10) with n@%af € WP(D)? and n@%aqf)i € I/V(;l/z(lﬂi)di
fori=0,1,... k. Ifmax(1—p,0) <d <1, then C@’;a(u,p) € WZ(D)? x Wi(D) and there is the estimate

k
10k, ullwz oy + 1%, Plwacoy < e (D2 (10, Alwg oy + IO gllwy o 1+ DL e

7=0

+3 o L 0% g2 oot ) + Il oy + ||77P||Wg(D))~ (2.34)

Proof: 1) First we prove the theorem for & = 0. From (2.8), (2.9) it follows that (Cu, (p) satisfies the
equations

b(Cu,v)—/CpV~vdx:/fv+Z/ judr for allv eV,
D D T Jr+

—V - (Cu)=Cg—(V¢)-u in D, ST(Cu)=Cht on I'E,

where
B 3 3
fi = —22 0r,C) €15 (u) = Y Bu; (ui0e;C + 1;0p,C) — pdr,C € WS (D)
]:1
Go= o 3C i 0, € W),

Applying Lemma 2.14, we obtain the assertion of the theorem for £ = 0.

2) Let the conditions of the theorem on F', g and h* with k = 1 be satisfied. Moreover, we suppose that
n@%ahi € ‘/53/2(Fi)3_di for j =0 and j = 1. By x and x1 we denote smooth function such that y = 1 in
a neighborhood of supp{, x1 = 1 in a neighborhood of supp x, and 7 = 1 in a neighborhood of supp x;.
Furthermore, for an arbitrary function v on D or T'F we set vy (2, x3) = h_l(v(x’, 3+ h) — (2, xg))
Obviously, (un,pr) € H x Lo(D) for arbitrary real h. Consequently, by Theorem 2.3, we have

ICunllwzpys + ICprllwrpy < ¢ (||th||Wg(D)3 + lIxgnllwy oy + Z ||th||vf/2(pi)a—di
T

+
S I vz ot + Ixunllg s + Ixprllwp o ) (2:35)
+
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with a constant ¢ independent of &, where x is a smooth function, y = 1 in a neighborhood of supp ¢,
n = 1 in a neighborhood of supp x. Here xfy = (xf)n — xaf and, for sufficiently small |h| we have

d(x
[ 25\/ O oty ]| e < 0, D g
Xk llive (pys < ellnfllwg o

Analogous estimates hold for the norms of yg;, th and X(b%, xup, and ypp on the right-hand side of

(2.35). Here one can use the equivalence of the norm in Vél_l/z(F:I:) with (2.3). Hence the right-hand
side and, therefore, also the limit (as A — 0) of the left-hand of (2.35) are majorized by

1
e 2 (1004 vy + 12k, olhwy )+ 3 I0L g+ 32100, 6o

7=0
HIxa 0 ullw (oys + X1, pllweco) ).

By the first part of the proof, the norm of x19;,(u,p
side of (2.34) with & = 0. This implies (2.34) for k =

Suppose now that 773] hE € W3/2(Fi)3 * for J = 0,1 and the compatibility condition (2.17)
is satisfied. Then there exists a vector function 1/) € VV’ZH'1 9(M)? such that Sid) = (nh*)|ar. Let
v E Wf"’z( )® be an extension of ¢. Then X@%S’( — Stv)|yr = 0 for j = 0,...,k and, consequently,

p) in WH(D)? x W is majorized by the right-hand
1.

Xﬁga(hi — Sivh‘*i) € ‘/53/2(Fi)3_di. Now we can apply the result proved above to the vector function
(u— v, p) and obtain (d,, (u —v,p) € WZ(D)? x WH(D).
3) For k > 1 the theorem can be easily proved by induction. m

Now it is easy to prove the following generalization of Theorem 2.3.

Theorem 2.4 Let ¢, n be the same cut-off functions as in Theorem 2.3, and let (u, p) € H x Ly(D) be a
solutions of (2.8), (2.9). Suppose that n@%ag € Wé_l(D), n@%ahi € Wl 1/2(Fi)3 a* forj=01,...k,
h* satisfy the compatibility condition (2.17), and that F is a functzonal on V which has the form (2.10)
with n@%af € Wé‘Z(D)B and n@%aqf)i € I/Vé_?’/z(lﬂi)di for j = 0,1,...,k. If § is not wnteger and
max(l — 1 —1,0) <& <[ — 1, then (9% (u,p) € WL(D)? x W™ (D) for j=0,1,..., k.

Proof: 1) We consider first the case &k = 0, max(!l — 1 — 4,0) < § < 1 and prove the theorem for
this case by induction in [. For | = 2 we can refer to Theorem 2.3. Suppose the assertion is proved
for a certain integer | = s > 2 and the conditions of the theorem are satisfied for I = s + 1. We
denote by x and yx; the same cut-off functions as in the proof of theorem 2.3. Then, by the induction
hypothesis, we have x1(u,p) € W§ (D)3 x Wg_l(D) and x10z,(u,p) € Wg_l(D)?’ X Wf_Z(D). If s >3,
then this implies that x19;, (4, p) € H x L2(D) and, by the induction hypothesis, we obtain xd,,(u, p) €
W§(D)? x W;‘l(D). For s = 2 the last inclusion follows from Theorem 2.3. Consequently, we have
x4 (u,p) € Wi (D)3 x WS (D) for j = 0 and j = 1. Using this result and Lemma 2.13, we can show,
analogously to the first part of the proof of Theorem 2.3, that {(u,p) € W;‘H( )? x WE(D).

2) Now let & = 0 and max(l — 1 — p,0) < § < 0'—|—1for a certain integer ¢, 1 < ¢ <[ — 2. Since
max(l —o — 1 — g, )<(5—0'<1 nfew l 7=2(D)3 ,ngEWl 7=H(D), nh* EWl . 1/2(Fi)3 a* , and
no* € Wé:j‘?’/z(ri) , 1t follows from the ﬁrst part of the proof that x(u,p) € Wé_g( )3 x Wé_g 1 (D).
Using Lemma 2.10, we obtain the assertion of the theorem for k& = 0.

3) We prove the assertion for k& > 0. Let first max(l — 1 — u,l —2) < d <! —1. Then max(l — ,0) <
d — 1+ 2 < 1, and according to Theorem 2.3, we have Xﬁia(u,p) € W52_1+2(D)3 X W51_1+2(D) for
j=0,1,... k. Using Lemma 2.10, we obtain Xﬁia(u,p) € WL(D)? x Wé_l(D) for j=0,1,... k.

In the case max({—1—p,0) < § < {—2 we prove the assertion by induction in k. Suppose the corollary
is proved for k£ — 1. From parts 1) and 2) of the proof we conclude that x(u,p) € Wi(D)3 x Wé_l (D) and
X0, (u,p) € Wé‘l(D)?’ X Wé‘Z(D). The last inclusion implies x0y,(u,p) € H x La(D). Consequently,
by the induction hypothesis, we obtain C@%aﬁm(u,p) € WHD)? x Wé_l(D) for j =0,...,k—1. The
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theorem is proved. m

2.10 The case when A =1 is the smallest positive eigenvalue of A(\)

The number A = 1 belongs to the spectrum of the pencil A()) for all angles a if d* + d~ is even. Here
A = 11is the eigenvalue with smallest real part if additionally @ < 7 for d¥ = d~ and a < 7/2 for dt £ d~.
In these cases the eigenvalue A = 1 has geometric and algebraic multiplicity 1. For even dt and d~ there
is the eigenvector (U, P) = (0, 1), for odd d* and d~ the eigenvector (U, P) = (sin ¢, — cos ¢, 0, 0). Under
the above restrictions on «, generalized eigenvectors do not exist.

In these cases the result of Theorem 2.4 can be improved. However, then additional compatibility
conditions on the edges must be satisfied. We restrict ourselves in the proof to the Dirichlet problem

—Au+Vp=/f —V-u=ginD, u=h*onl*. (2.36)

Suppose that (u,p) € W3 (D)? x W (D) is a solution of problem (2.36). Then the traces of d,,u, j =1,2,3
on M exist. From the equations —V -u = g and u|r+ = AT it follows that

— 0,1 — Ozytis|nr = glar + Oo b s - (2.37)

Furthermore, the equations « = h* on I't imply that
a .« )
cosgﬁxluﬂM:I:smg@xQuﬂM:&«hji|M for j=1,2,3. (2.38)

The algebraic system (2.37), (2.38) with the unknowns 0, u;|ar and Oy, u;i|ar, j = 1,2, 3 is solvable if and
only if
n” - OphT |y + 0t 0hT |y = —(glm + 3x3h§') sin av. (2.39)

Theorem 2.5 Let (u,p) be a solution of problem (2.36), and let ¢, n be the same cut-off functions as in
Theorem 2.3. Suppose that n(u,p) € H x Lo(D), nf € Wi=2(D)?, ng € Wi=H(D), nh* = n(hi i hi) e
Wé_l/z(Fi)B, [ >3, 0<d<1, a<m A=1is the only eigenvalue of the pencil A(\) in the strip
0 < ReA <Il—1-4¢ and that the compatibility conditions h™|yr = h™ |pr and (2.39) are satisfied. Then
Cu € WYD)? and (p € W™ H(D).

Proof.: We prove the theorem first for [ = 3. Let y, y; be smooth functions on D such that y = 1 in
a neighborhood of supp{, x1 = 1 in a neighborhood of supp x, and 7 = 1 in a neighborhood of supp x;.
Then, by Theorem 2.3, we have x19;,u € WZ(D) and x8,,p € W} (D). Let c(x3), d(z3) be vectors
satisfying

—c1(zs) — da(w3) = g(0, 25) + (9, hT)(0, 23),  cos % ¢(ws) + sin % d(z3) = (3,h%)(0, z3)
for z3 € M Nsupp ¢ and the estimate
efas)]+ d(aa)] < C (I9(0,22)] + 1(0:,)(0, 22)| + (0, 14)(0, 25)])
with a constant independent of #3. Furthermore, let
v(e' x3) = u(x’, x3) — hT(0, 23) — c(w3)xy — d(x3)2s
Then with the notation v' = (vy,va), f' = (f1, f2) we have
—Apv (- 23) + Vrp(2s) = F' (1 x3), —Vg V(- 23) =G(,23), —Apvs(-,x3) = F3(,z3) in K

and v(-, #3) = HE(-,23) on v*, where

F'(z) = f'(x) + 3§3u/(1‘), Fs(x) = fs(x) + 3§3u — Op. D,
G(z' x3) = g(2',x3) — 9(0, 23) + Oy, <U3(l‘/, x3) — us(0, xg)),
Hi(r, r3) = hi(r, r3) — hi(O, r3) — (&«hi)(o, x3) T
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Obviously, x(-, #3) F(-,z3) € Wél(lx) C V5 (K)? for almost all z3 € M Nsuppy. Furthermore, since
G(0,x3) = 0and HE(0, 23) = (9, H*)(0, xg) = 0, we have x(-, 23) G(, z3) € VZ(K) and (-, z )Hi( ,&3) €
‘/55/2(Fi)3. Since in the strip 0 < Re A < 2 — § there is only the eigenvalues A = 1 of the pencil A(X)
with the corresponding eigenvector (U, P) = (0, 1) and without generalized eigenvectors, we conclude that
¢(, J:g)(u(~, z3) — u(0, xg)) € VE(K)3 and ((-, l‘3)<p(~, z3) — p(0, xg)) € VA(K) (see, e.g., [5, Th.8.2.2]). In
particular, ¢(-, z3) u(-, #3) € W2(K)? and ((-, z3) p(-, 3) € WZ(K). Analogously to the proof of Lemma
2.14, it follows that ¢ (u,p) € W2(D)?® x WZ(D). Thus, the theorem is proved for [ = 3. For [ > 3 the
result holds analogously to Theorem 2.4 by means of Lemma 2.13. m

Furthermore, the following assertion holds (see the third part of the proof of Theorem 2.4).

Corollary 2.2 Let (u,p) be a solution of problem (2.36), and let {,n be the same cut-off functions as
in Theorem 2.3. Suppose that n(u,p) € H x Ly(D), ndi f € Wi3(D)?, ndi_g € Wi—H(D), ndi h* €

Wé_l/z(Fi)B forj=0,1,... k, wherel >3, 0 < <1, and a < w. Suppose furthermore that A =1 is
the only eigenvalue of the pencil A(N) in the strip 0 < Re A < l—1—46 and that the compatibility conditions
Rty = h™ |y and (2.39) are satisfied. Then (8% (u,p) € WHD)? x Wé_l(D) forj=0,1,... k.

Remark 2.2 The results of Theorem 2.5 and Corollary 2.2 are also valid for the boundary value problem
(2.1), (2.2) if d* +d~ is even, a < 7 for d* = d~, o < w/2 for d* # d~. Then, of course, the boundary
data and g must satisfy other compatibility conditions on the edge M. For example, in the case of the
Neumann problem (dt = d~ = 3) the boundary data ¢F must satisfy the condition nt - ¢~ =n— - ¢t
on M.

2.11 Estimates of Green’s matrix

A matrix G(z,€) = ( ik, 5)) =1 is called Green’s matrix for problem (2.1), (2.2) if

—A,Gr(2,8) + VoGa(z, )_5(95—5)@, Ve Gr(e,&)=0 forz,¢€D, k=123 (2.40)
—AGy(2,6) + Vs G44(x, ) =0, -V, -Ga(x,&)=68x—¢) forax D, (2.41)
SEGL(x, ) =0, N*(0,) (Gk(x €),Gap(x,€)) =0 forzeT* €D, k=1,2,34. (2.42)

Here ék denotes the vector with the components G i, G2k, G i, while €, is the k-th unit vector in R3,

Theorem 2.6 1) There exists a unique Green matriz G(z,§) such that the function x — G ;(2,€)
belongs to the Sobolev space WY (D\U¢) for i = 1,2,3 and to Lo(D\U¢) for i = 4, where Ug is an
arbitrary neighborhood of &, Ug CD.

2) The functions G; ;(z,€) are infinitely differentiable with respect to x,&6 € D\M, = # £. For
|z — & < min(|2'],|€]) there are the estimates

10507 Gi j(w,€)| < e o — |77 1eI=1A, (2.43)
where T'=1fori,j =1,2,3, T=3 fori=j=4,T =2 else.
According to (2.7), the Green formula
/(—Au—VV~u—|—Vp)~vdx—/(V~u)qu+Z/ (—pnE + 2e(u)nt) - vde
D D = Jrs
:/Du~(—Av—VV~v—|—Vq)dx—/Du(V~v)dx+Zi:/Fiu~(—qni+26(v)ni)dx(2.44)

is valid for all u,v € C5°(D)3, p,q € C5°(D).
Consequently, problem (2.1), (2.2) is formally self-adjoint. From this it follows that

Gij(x,&) = Gji(& 2) fori,j=1,2,34 (2.45)
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(cf. [21, Prop.3.5.3] for the case of Dirichlet and free boundary conditions). Furthermore, it can be easily
shown that
Gtz t€) = =T Gij(x, &) for arbitrary t >0, z,§ € D, (2.46)

where T is the same integer number as in Theorem 2.6.

Lemma 2.15 Let B be a ball with radius 1 and center at xq, dist(zo, M) < 4. Furthermore, let ,n be
smooth functions with support in B such that n = 1 in a neighborhood of supp . If n(u,p) € H x La(D),
—Au+Vp=0,V-u=0inDNB and STu=0,N*(u,p) =0 on [T N B, then

Sug (|$/|max(|oc|—u+a,0)|C(x)6g18£3u(x)| n |l,/|max(|06|+1—u+€,0) |C(l‘)3§'3£3p(l‘)|) <c¢ (||77u||7.¢ + ||77p||L2(D))
vE

Proof: Let ¢ be such that p—¢ € (k,k+1). Then d = k+1—p+ ¢ € (0,1). Furthermore, let x
be a function from C§°(B) such that {x = ¢ and nx = x. From Theorem 2.4 it follows that 3%3()(11) €
Wf"’z(D)z, 3%3()(})) € I/Vf"'l(i))Z forj =0,1,... Using Lemma 2.10, we even get 3%3 (xu) € Wf_l‘_"y”‘i'z(D)Z,
. (xp) € Wf:;’"’l(i))z, forv=0,1,...and

108, (0l e + 10 Pl e < € (1l + impllzacoy). (2.47)

In particular, for k& > 1 and |a| < k — 1 we have 82,85 (yp) € WZ(D). Since Wi (K) is continuously
imbedded into C(K), we conclude that

sup |90, (xp) (@', 23)| < ¢ sup (10504, (xp) (-, 23) lwz k)
r'eK,x3€R r3€ER

Furthermore, using the continuity of the imbedding W4 (M) C C(M), we obtain

sup (10701, () w)llwzr) < e (10208, () llwzoy + 10505 0w o)
This implies '
sup [05:02, (xp) (2] < e(l[vulls + llnpllzac)

If || > k, then we conclude from (2.47) that 9304 (xp) € Wéz—k+1+|oc|(p) C V<52—k+1+|o<|(p)' Using the
inequality

sup [P [ofa)] < ellellvze,

r'eK
which can be easily deduced from Sobolev’s lemma, the continuity of the imbedding Wi (M) C C(M)
and (2.47), we obtain

sup |/ |PFHN000] (xp) (2, ws)| < ¢ sup [|0505, (xp) (-, @3)llv;

xr
r'eK,z3€R rs€R 3 S—k+14]|c|

<c (0208, (llva, ., o0+ 1050 (xp)llvz

S—k+14]al 3

(&)

o)) < ¢ (10ullze + Inplleao))
for |a| > k. Consequently,

sup o rex@lelt =t ¢ (@)ool p(e)] < e ([ulla + lnpllzae))-

Analogously, it can be shown (cf. [14, Le.2.9]) that

sup ! [P |0 ()02 0L ()| < e (1ullae + [[npllzaco)).
S

The proof is complete. m
Remark 2.3 If d* + d~ is even, o < 7 for d* = d~, and « < /2 for d* # d~ (in this case we have
p = 1), then the number g in Lemma 2.15 can be replaced by the real part p' of the first eigenvalue

of A(A) on the right of the line ReA = 1. To prove this, one has to use Corollary 2.2 and Remark 2.2
instead of Theorem 2.4.
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Theorem 2.7 For | — &| > min(|z’|, |&']) there is the estimate
|l‘/| )min(O,u—|oc|—6,)4—a) ( |€/| )min(O,u—|ﬁ|—6j,4—a)
|z —¢| |z —&|

where T is the same number as in Theorem 2.6 and € 1s an arbitrarily small positive number.

bl

02.07,08.07, G 4(,€)] < c|w—g|~Tlel=l#l=o=r (

Proof: Due to (2.46), it suffices to prove the estimate for | — &| = 2. Then, under the assumption
min(|z|, [&']) < |& — €], we have max(|2|, |¢’|) < 4. Let By, Be be balls with centers « and &, respectively,
and radius 1. Furthermore, let { and 5 be infinitely differentiable functions with supports in B, and B
equal to one in neighborhoods of # and &, respectively. By Lemma 2.15 and (2.45), we have

4
S Je e 90,07 0 07, G, 6)|

j=1
3
< (300532, Gos . Mo + )OO, G . ey (2.45)
j=1

for ¢ = 1,2,3,4. Let u be the vector with the components

wio) = [ 0O (@ Gugn)de+ [ 000 Gastenrd, =123,
and let
p(x) = /D n(€) F(€) - Ga(€, w) dé + /D (&) 9(&) Gaal, x) de.
By (2.7) and (2.44), the vector (u, p) is a solution of the problem
b(u,v) —/DpV~vdx:/D77(x)F(m)~v(a:)dx forallveV, —V.-u=ng inD, STu=0 onI%.
Since nF vanishes in B, we conclude from Lemma 2.15 that
| [rexed=rt<.01 92,57 u(x)| + [of [Pl t=rta91 9% 07 p(a)| < e(|[Culla + 1P| Lacp))

Consequently, the mappings

(Fug) = /[l 00507 i (a)
3

— |x/|max(|06|—u+€,0) /D 77(&’) (ZF](g) g;@gaGiyj(l‘,g) —|—g(€) g:@gaGiA(l‘,g)) dg,

j=1
t=1,2,3, and

(Fg) = Ja/ [P0, 07 o)
3
_ |x,|max<|a|+1_u+a,o>/ 0(€) (3 F3(6) 02:07,Gia j(,€) + 9(6) 0207, Gaali, €) ) de
D j=1

represent linear and continuous functionals on V* x Ly(D) for arbitrary « € D. The norms of these
functionals are bounded by constants independent of x. Therefore,

3
D (0587, Gi (e, Wi + [In() 05 G ale, Loy < e [Prlemlel=ouame0)
j=1

for ¢ = 1,2,3,4. From this and from (2.48) we obtain the assertion of the theorem. m

Remark 2.4 If dt 4+ d~ is even, a« < 7 for d¥ = d~, and o < 7/2 for dt # d~, then

|l‘/| )min(O,ul—|Oé|—5z,4—€) ( |€/| )min(O,ul—|,6|—5j,4—€)
|z —¢| |z —&|

for |& —£&| > min(|2’|, |£’]), where p is the real part of the first eigenvalue on the right of the line Re A =1
(cf. Remark 2.3).

02.07,00,07, G 4 (,€)] < e |a—g] T Iel=IAl=o=7
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3 The boundary value problem in a polyhedral cone

We consider the boundary value problem

—Au+Vp=f —-V-u=g inKk, (3.1)
Sju=h;, Nju,p)=¢; only j=1,...,n
Here S; is one of the following operator: S;u = u (then we set d; = 0), Sju = u, = u - n (then we
set d; = 2), Sju = ur = u — u,n (then we set d; = 1). The operators N; are defined as N;(u,p) =
—p+ 2epn(u) ifdj =1, Nj(u,p) = en - (u) if dj =2, and N;(u,p) = —pn + 2¢,(u) if d; = 3. In the case
d; = 0 the condition N;(u,p) = ¢; does not appear in (3.2), whereas the condition S;u = h; does not
appear if d; = 3.

3.1 Weighted Sobolev spaces

For an arbitrary point € K let p(x) = |#| be the distance to the vertex of the cone and r;(z) the
distance to the edge Mj;. Let [ be a nonnegative integer, 8 € R, 5= (01,...,6,) € R? §; > —1 for
j=1,...,n. By W/g g(IC) we denote the weighted Sobolev space with the norm

n

(B—1+]al) iV gey,12 )1/2
el /Zp IT ()™ jozuf s
|or| <1 j=1
I-1/2
The corresponding trace space on the side I'; of K is denoted by W / (Ty).
Note that W/gj_ll,(;/(lc) is continuously imbedded into W/;(;(IC) if (5} <&+ 1lforj=1,...,n (see [14,
Le4.1]).

Using Lemma 2.6, one can prove the following assertion analogously to [14, Le.4.2].

Lemma 3.1 Let h; € W;/z( ;)37 and ¢; € Wl/z( L)%, j=1,...,n, be given, where §; > 0 for all
J. Foreveryj=1,...,nletI';, and I';_ be the szdes of K adjacent to the edge M;. We suppose that the

functions h; satisfy the compatzbzlity condztzons
(hjlar;s i la;) € R(T), (3.3)

where R(Ty) is the range of the operator T; = (S;,,S;_) (cf. condition (2.17)). Then there exists a vector

function u € Wgyg(lC)?’ such that Sju = h;, N;(uv,0)=¢; onT;, j=1,...,n and

n
Iell e < e D (Wrslly sz yomss + all vz y0s)

j=1

with a constant ¢ independent of h; and ¢;.

3.2 Operator pencils generated by the boundary value problem

We introduce the following operator pencils 2 and A;.
1. Let I';, be the sides of K adjacent to the edge M;, and let o; be the angle at the edge M; and
let A;(A) be the operator pencil introduced in Section 2.5, where SE = S;, and N* = N;, . We denote

by /\(1j) the eigenvalue with smallest positive real part and set y; = Re /\(1 ) In the case when di_ +dj,
is even and (|d;_ — d;, | 4+ 2)o; < 27, we have pu; = /\(1j) = 1. Then let p; = Re /\(Zj), where /\(Zj) is the
eigenvalue of A;(A) with smallest real part greater than 1.

2. Let p= 2|, w=a/|z|, Va = {fu e WHQ)?: Sju=0on~; for j=1,...,n}, and

a(( Z ) ( Z )iA) = 10;2 / (223: e (U) -2ii(V) = PV -V = (V- U) Q) da,

i,5=1

K
1<|z|<2
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where U = pru(w), V = p~' " o(w), P = p* Ip(w), Q@ =p~ 7 q(w), u,v € Va, p,q € L2(Q), and A € C.
The bilinear form a(-, -; A) generates the linear and continuous operator

AA) : Vo x La(Q) = V3 x La(Q)

() (5 )ae=a(})(5)2): woeta paebaio

As is known, the spectrum of the pencil 2(A) consists of isolated points, the eigenvalues of this pencil.
Detailed information on the spectrum can be found in [6, Sec.5,6].

We consider the restriction of the operator 2(A) to the space W;(Q)S X ng(Q) Here Wé(Q) is the
weighted Sobolev space with the norm

1/2
g = ([ 30 TL" ute ae)

X || <l j=1
1<|z|<2

by

where the function u is extended by u(z) = u(x/|z|) to K. The corresponding trace space on the side ~;
is denoted by Wl 1/2( ;). By 2z(A) we denote the operator

W2(Q)% x WHQ) 3 (u,p) = (f.9,{h;}. {6;}) € W2(Q)® x WH(Q xHW3/2 8- JXHWW

where f(w) = p?* =AU + VP), gw) = —p'=*V - U, h; = Sju, and ¢; = p'=*N;(U, P) (U, P as
above). It can be proved that the spectra of the pencils 2(\) and z(A) coincide if max(0, 1 — pu;) <
d; < 1. Furthermore, there exist positive constants N and ¢ such that for all A in the set {A € C :
Al > N, |ReA| < e[ImA} the operator () is an isomorphism onto the subset of all (f,g,{h;}, {¢;})
satisfying the compatibility conditions (h;,,h;_) € R(T}) on the corners M; N S? of . For every A in
this set und every solution (u, p) € Wgz(Q)?’ X ng(Q) of the equation Az(A) (u,p) = (f,g, {h;}, {(/)]}) the

estimate

2 1
S I oo + 3P bl < (g 3 ol
7=0 7=0

7=0

+Z (Wl 32y y5mas + AP 1B o+ i1l ar2 s + Y2165l ) ) (3:4)
holds with a constant ¢ independent of (u,p) and A. For the proof we refer to [14, Th.3.2].

3.3 Solvability of the boundary value problem
The following theorem can be proved in a standard way (see, e.g., [5, Ch.6]) using the estimate (3.4).

Theorem 3.1 1) Suppose that there are no eigenvalues of the pencil 2 on the line ReA = —f +1/2
and that the components of § satisfy the inequalities max(1l — p;,0) < 6; < 1. Then the boundary value

4 4 T2 3 1 : 0 3 0
problem (3.1), (3.2) is uniquely solvable in W (IC) X Wﬁyg(IC) for arbitrary f € Wﬁyg(IC) , g€ Wﬁyg(lC),
hj € W;/;(rJ)B—dj satisfying (3.3), and ¢; € W3/ 2(r))h.

2) Let (u,p) € I/V2 -(IC)3 X I/V1 (IC) be a solutzon of the boundary value problem (3.1), (3.2), where

fe Wg, 5'(IC) g e Wg, 5'(IC) h; E W;/il( )37, and ¢; € W;/f;,(rk) Suppose that the components

0f(5 and 3" satisfy the inequality max(1 — yi;,0) < 6; < &; < 1. If there are no eigenvalues of the pencil
A on the lines ReA = =38+ 1/2 and Re A = —f' + 1/2, then

Ry, 3—

SH3 ZcmsZ (log )7 (o> u7 =), 71PN @) + (wig)  (35)

v=1j=1 s=0
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2 3 1 4 : B ,
where (w, q) € Wﬁ”g, (K)® x Wﬁyg(IC) is a solution of problem (3.1)—(3.2), A, are the eigenvalues of the

pencil A between the lines Re A= —f8 + 1/2 and Re A= —p' 4+ 1/2 and (u(”’j’s),p(”’j’s)) are etgenvectors
and generalized eigenvectors corresponding to the eigenvalue A, .

Furthermore, analogously to [14, Le.4.3], the following assertion holds.

2 3 1 4
Lemma 3.2 Let (u,p) € Wﬁyg(IC) X Wﬂyg(IC) be a solution of problem (3.1), (3.2). We assume that

y y y 3/2 iy y 1/2
(p0,)"f € W3 5(K), (p0,)"g € W, 5(K), (p0o)"h; € Wﬂ/g (T3)?7%, and (pd,)" é; € Wﬁ/g (Ty) forv =
0,..,k j=1 .. ,n Ifmax(l—p; 0)<d; <1 forj=1,...,n and the line Re A = =5+ 1/2 is free of
eigenvalues of the pencil A(X), then (pd,)” (u,p) € VV;S(IC)3 X Wg S(IC) forv=0,... k.

3.4 Existence of weak solutions

Let Vs ={u € I/V/;O(IC)3 : Sju=0o0nT; for j=1,... n}, and let the operator
Ag 2 Vs x Wi o(K) = VI x W3 4(K)

be defined as

(Ag(u,p), (v,q)>:b(u,v)—/pV~vdx—/(V~u)qu for all v e VZ,, qEWE[@yO(IC).
K K

Lemma 3.3 For arbitrary u € Vs, p € VﬁO(IC), (f,9) = Ag(u,p) there is the estimate

ullws oeys + lpllwe ooy < ¢ (||f| v, Tllpllws o) + llullwe_ | oope + ||P||W/B—_11)D(;<))

with a constant ¢ independent of w and p. Here I/Vﬁ__l1 o(K) denotes the dual space of Wll_ﬁ o(K).

Theorem 3.2 The operator Ag is an isomorphism if there are no eigenvalues of the pencil A(X) on the
line ReA=—5—1/2.

Proof. We show first that

el 0 + el o < ¢ (1171, +llallws o)) (3.6)

for all u € Vg, p € WgyO(IC), (f,9) = Ag(u,p). Let v € Vz C Wg_175_1(lc)3a p € WgyO(IC), w €
Wlo_ﬁyl_a(lC)?’, and ¢ € Wll_/@yl_a(lC) with sufficiently small positive €. By Theorem 3.1, there exists a
solution (v, q) € le—ﬁ,l—a(IC)S X Wll_/@yl_a(lC) of the problem

—Av—=VV - -v+Vg=w, V-v=9¢ inK, Sjv=0, Nj(v,g)=0 onTy;, j=1...,n

satisfying the estimate

lellws_, oo+ IPllwe_, . el ).

0 < e (Ilwllwy
From Green’s formula it follows that

/Ku~wdx—|—/Kp1/)dx:b(u,v)—/KpV~vdx—/K(V~u)qu:<A@(u,p),(v,q)>.

Hence,

v g o) (el e + llallwe, ox) )

‘/ u.wdx+/p1/)dx‘§||.,4/3(u,p)|
K K

< el a(uwp)llve w0 (I0lwa, oo +llallwe_, o)

< el a(p)llveews o (ellwy_ ocp +10llwe, o))

—B,1—¢
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Setting w = p*@=V [ (r;/p)*¢=" and ¢ = 0, we obtain

||U||€vg_l)s_l(;<)3 < c|lAs(u, p)| VEax W o (K) ||U||Wg_1)s_1(/<)3

and, therefore,

lullwe ., Joye <cllullws_, 0 < cllAs(u,pllve xwe oo

Analogously, for w = 0 and arbitrary ¢ € Wll_ﬁyo(lC) we get

xy < cllAs(u, p)| VX W (K) llw: | )

ve w00 19w 1o

—pa—el

|| pods] < ellsun)

what implies the inequality

||p||W/B—_11)D(K) S C||.Aﬁ(u,p)| V_*ﬂXW/g)D(K)

Using Lemma 3.4, we arrive at (3.6).
From (3.6) it follows that Ag is injective and its range is closed. By Theorem 3.1, the range of Ag
contains the set Wg_l .1 (K)Px Wé_l ._1(K) which is dense in V_*/B X Wg o(K). This proves the theorem. m

Let F' € VX5, g € WgyO(IC), and let h; € Wg/oz(Fj) be such that there exists a vector function
w e I/V/;O(IC)3 satisfying the boundary condition S;w = h; on I';. By a weak solution (u,p) € W/;O(IC) X
WgyO(IC) of problem (3.1), (3.2) we mean a pair (u,p) satisfying

b(u,v)—/pV~vdx:F(v) for all v € V_3 (3.7)
K
—-V.-u=g inK, Sju=h; only, j=1,...,n. (3.8)
If g € Wg_l_l g(IC) with d; < 1,7 =1,...,n, and the functional /" has the form
F(v):/(f+Vg)vdx—|—Z/ ¢; - v de, (3.9)
K j=1 r;
with f € W/(3)+1,5(IC)’ ¢; € Wgﬁ,g(rj)’ then (u,p) is a strong solution of problem (3.1), (3.2). Theorem
3.2 ensures the existence and uniqueness of weak solutions provided the line Re A = —f — 1/2 does not

contain eigenvalues of the pencil 2A(A).

3.5 Regularity of weak solutions
Analogously to [14, Th.4.4], the following result holds. The proof is essentially based on Theorem 2.3.

Theorem 3.3 Let (u,p) € W5_1+1,0(’C)3 X WgyO(IC) be a solution of problem (3.7), (3.8). Suppose that
g € W;_gl(lC), h; € W;_gl/z(Fj) satisfy the compatibility condition (3.3) on the edges M; and that the
functional '€ V25, | has the form (3.9), where f € W/QTSZ(K)S and ¢; € W;%3/2(Fj), 1> 2, 0; is not
integer, max(l — 1 — p1;,0) < d; <l —1. Thenu € W/g S(IC)B and p € W;—gl (K).

Corollary 3.1 Let the assumptions of Theorem 3.3 be valid. Additionally we assume that (p0,)" f €
WK, (p8,) g € Wi K), (p9,) hy € W2A(Ly), (p0,)7 65 € W Z(Ty) for v =1,....k and
Jj=1,...,n. Then (p0,)"u € W/g g(IC)B and (p0,)"p € W;_gl(lC).

Proof. It suffices to prove the assertion for ¥ = 1. For k& > 1 it can proved by induction Let first
d; > 1 — 2 and, therefore, max(l — p;,0) < d; —{+2 < 1for j = 1,...,n. Then from Theorem 3.3
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and Lemma 3.2 it follows that (pd,)"u € W5—1+2,5—(1—2)I

v=1,..., k. Using Theorem 3.3, the equations
—A(pdpu) + V(pDop) = (p9, + 2)f = VP € W 2(K)?, =V - (pOu) = (p0, +1) g € W F(K) (3.10)

(K)? and (pd,)'p € W} (K) for

B—l+2,8—(1-2)T

and analogous equations for S;(pd,u) and N;(p0,u, p0,p), we obtain pd,u € Wéyg(IC)?’ and pd,p €
-1
Wg,g (K).
Now let §; < [ — 2 for j1,...,n. By Theorem 3.3, we have (u,p) € W/g g(IC)S X W;—gl(lc) and,
consequently, pd,(u,p) € W;__llyg(lC)S X W;__Zlyg(lC). Using again Theorem 3.3 and (3.10), we obtain
PO, (u, p) € W, 5(K)? x W (K).

Finally, let { — 1 —4; > 1 for some, but not all, j. Then let 91, ..., %, be smooth functions on Q such
that ¢; > 0, ¢; = 1 near M; NS? and > +; = 1. We extend v; to K by the equality v;(x) = ¢;(/|z]).
Then 05%;(x) < ¢ || =12, Consequently, the assumptions of the corollary are satisfied for (tju, ¢;p), and
from what has been shown above it follows that pd,(¢;u, ¥;p) € W/g g(’C)B X W;—gl (K) forj=1,...,n.

This completes the proof. m

Remark 3.1 If d;, + d;_ is even and, moreover, a; < 7 for d;, = d;_, o; < w/2 for d;, # d;_, then
the number y; in the condition max({ — 1 — p;,0) < d; < {—1 on J; of Theorem 3.3 and Corollary 3.1
is equal to 1 and can be replaced by p}. However, if ; < { — 2, then h;,, ¢;, and g must satisfy certain
additional compatibility condition on the edge M; (cf. Theorem 2.5 and Remark 2.2).

The following theorem can be proved analogously to [14, Cor.4.3].

Theorem 3.4 Let (u,p) € I/V/;O(IC)3 X WgyO(IC) be solution of problem (3.7), (3.8), where g € W;Tgl (K),
h; € W;_gl/z(Fj), and F' € V253 N V25 If there are no eigenvalues of the pencil A(A) on the lines

ReA=—8—1/2 and Re A = =’ —1/2, then (u, p) admits the decomposition (3.5), where w € Wé,yO(IC)B,
pE Wg,yo(lC), and A, are the eigenvalues of A(A) between the lines ReA = —f—1/2 and Re A = —p'—1/2.

3.6 Estimates of Green’s matrix

A matrix G(z,€) = (Givj(x’g))?jzl is called Green’s matrix for problem (3.1), (3.2) if

—AGj(2,6) + VioGaj(e, &) =0(x —€) &, -V, -Gj(x,6)=0 forz,é €k, j=1,2,3 (3.11)

— A, Gy, 6) + VeGaa(e,6) =0, =V, Gu(z,6)=d(x—¢) forz,& €Kk, (3.12)

SkGi(x,€) =0, Ni(9p) (Gi(2,€),Gaj(x,€)) =0 forz €Ty, £€K, j=1,2,3,4, k=1,...,n.
(3.13)

Here éj denotes the vector with the components G4 ;, G ;, Gs j, while € is the j-th unit vector in R3,
Using Theorem 3.2, one can prove the following assertions analogously to [10, Th.2.1].

Theorem 3.5 Suppose that the line Re A = —f — 1/2 is free of eigenvalues of the pencil A(X). Then
there exists a unique Green matriz G(x,&) such that the function z — ((|lx —&|/r(€)) Gi ;(2,€) belongs to
W/;O(IC) fori=1,2 3 and to WgyO(IC) for i =4, where ¢ is an arbitrary smooth function on (0,0) equal
to one in (1,00) and to zero in (0, %) Furthermore, the functions £ — ((|z — ¢&|/r(x)) G; ;(2,€) belong
to WE/@VO(IC) for i =1,2,3 and to WE,@,O(IC) for j = 4. The vector functions H; = (Gi1,Gi,Gi3) and
the functions G 4, t = 1,2,3,4, are solutions of the problems

—AcHi(2,6) + VeGya(w, &) =8(x — )&, —Ve Hi(e,6)=0 forz ek, i=1,2,3
—AcHy(2,6) + VeGaa(w,6) =0, —Ve-Hy(x,6)=6(x—¢&) forz, ek,
SkHi(2,6) =0, Ni(9) (Hi(z,€),Gia(z,€)) =0 forzek, E€ly, i=1,2,34 k=1,...,n.
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Moreover, it can be easily shown that
Gy j(te, t6) =t71G; j(2,€) forz, € €K, t >0,
where T'=1fori,5=1,2,3, T=3fort=j=4and T = 2 else.

The following estimates can be deduced from the estimates of Green’s matrix for the problem in a

dihedron.

Theorem 3.6 The components of Green’s maltriz satisfy the following estimates for |x|/2 < |&| < 2|«|.

10507 G j (@, )| < ele— 7T if o — ¢] < min(r(2), r(€)),

|020) G (2, €)] < ela— 7T lel |mH( Ed )mm<0,uk—|a|_5,,4 o H(

|z —¢| k=1
if | — &[> min(r (r), r(€))-

Here T'=1+40; 4+ 654 and J; ; denoles the Kronecker symbol.

)min(oyuk—lvl—éj,rf)

|z —¢]

Proof: Since G j(tz,t&) = t=TG; j(z,€), we may assume, without loss of generality that |z| = 1.
Then 1/2 < [£] < 2, and we can apply Theorems 2.6 and 2.7. m

For the following Lemma we refer to [14, Le.4.5].

Lemma 3.4 If u € Wféyg(lC), pO,u € Wféyg(lC), 1>2, 6 #1—1 forj =1,...,n, then there is the

estimate
i3/ H (7”])

with a constant ¢ mdependent of u.

max( +1,0)

Ju(@)l < e (lullws o) + lo0pullws o)

Finally we estimate Green’s matrix and its derivatives in the cases |z| > 2|¢| and [£]| > 2|z|.
Theorem 3.7 Let G(x,€) be Green’s matriz introduced in Theorem 3.5. Furthermore, let A_ < Re A <
Ay be the widest strip in the complex plane which is free of eigenvalues of the pencil A(X) and which
contains the line Re A = —f — 1/2. Then for |x| > 2|&| there is the estimate

0207 G (. 6)| < c|x|A—-<‘u4-'“'+f jg|A-=1=tiamhi=e

XH( )m1n0uk o] — 6,4aﬁ(

k=1
where ¢ is an arbitraridy small positive number. Analogously,

bl

)mlnouk [v]=d5,4—¢)

0207 Gr (e 6)| < c|x|A+-M-'“'-f g+l

XH( )m1n0uk || = 6,4aﬁ(

k=1

)mlnouk [v]=d5,4—¢)

for [§] > 2|z|.

Proof: Suppose that |z| = 1. We denote by ¢ and 5 smooth functions on K such that {(z) = 1 for
|#] < 1/2, n = 1 in a neighborhood of supp(, and n(x) = 0 for |z| > 3/4. Furthermore, let [ be an
integer, I > max p;, + 1,1 > 3. By Theorem 3.5, we have

D(E)(AOX Hi(w, ) 4+ Ve02Gy a(x,€)) = 0 for £ €K,
0(€)SKOHi(2, &) =0, n(E)Nk(9¢) (00 Hi(x,€),0%G;4(x,€)) =0 foré €Ty, k=1,...,n
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for i =1,2,3,4. Since n()@ﬁﬁl € WE,@,O(IC)S and n(-)05G a(z, ) € WE@ o(K), we conclude from Corol-

lary 3.1 and Theorem 3.4 that () (|€|3|§|)j323§‘ i(z,) € Wl B, 5+|W|1(IC)3 and ((+) (|€|3|§|)j323g‘(_}’i74(x, ) €
0 _ = A — i}

M/l—l—ﬁ’+|v|_,’5+|vlf(lc) for j =0,1,... where 3 is an arbltrary number less than —A_ —1/2 and the com

ponents of d satisfy the inequalities max(! — 1 — ug,0) < 0 <! — 1. Using Lemma 3.4, we obtain

[ /3+|v|+5j4+1/2H( el

< ¢ (1028 st Ml oxye + IS Gralar Miwe, x) ) (3.14)

max(dr+|y|—I+146;4,0)
) ! |8§‘3gGi,j(l‘,5)|

for ¢,57 =1,2,3,4, where ¢ is independent of z and . By Theorem 3.2, the problem
b(u,v) —/ pV.-v= / n(x) F(z)-v(z)de forallve Viog
K K
—V.e=ng mK, Sgu=0 on I}y

has a unique solution (u,p) € Vs x WgyO(IC) which van be written in the form
wlo) = [ 1€ (PO iy &) +5(6) Graln) de, i = 1,23,
K

p(y) = /K 0(€) (P(E) - Haly.€) + 9(6) Gaal0,)) de.

Let x1 and y2 be smooth cut-off function, y2 = 1 in a neighborhood of #, y; = 1 in a neighborhood of
X2, X1(y) = 0 for |& — y| > 1/4. Since x; and 7 have disjunct supports, we have

X1(=Au+Vp) =0, x\1V-u=0, x15u =0, x1Ni(u,p) =0.

Consequently, from Corollary 3.1 and Theorem 3.4 it follows that y2(pd,)!d%u € W 8 F4la |1(IC)3 and
xa(p0,) 0%p € Wl 5 F4|a |1(IC)3 for j=0,1,.... Thus, by Lemma 3.4,
H rk(x)max(6k+|oc| 14+1,0) |6oc H max (8r~+|o|—142,0) |6oc ( )|

1

¢

This means that the functionals

I/\ﬁ

o Hllallwe o))

V—*ﬁ « WEﬁ,O( H max (Or+]o| =141, 0)6 ul(x)

= [ rea)ymtetlel=tt10) /K (&) (F(€) - 02 Hi(x, €) + 9(€) 02 Gi a(x, €)) dE,

k=1

t=1,2,3, and

V_*ﬁ X Wfﬁyo( H ymax (85 +|a|-1+42,0) aa ()

— H rk(x)max(5k+|al—l+2,0) / n(é) (F(g) . 3;%}}'4(95’5) +9(€) 6§‘G474(x,€)) dé,
k=1 K

are continuous and their norms are bounded by constants independent of z. Consequently,

n

()05 Hilw, lv_y + 1n(-)05 Gial, Hlwe H z)minmtmlal=on0)
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for ¢,1,2,3 and
In(-)05 Halw, Ylv_s + |In(-)85 Gaalz, Mo, H g)mnizlal=oen),

Combining the last two inequalities with (3.14) and putting 3/ = —A_ — % —e, 0 =1 —1— i +¢, we
obtain the assertion of the theorem for |£| < |2|/2. The proof for the case |£] > 2|«| proceeds analogously.
"

Remark 3.2 The estimates in Theorems 3.6, 3.7 can be improved by means of Theorem 2.7 and Corollary
3.1 if the direction of the derivative is tangential to the edges. In particular, we have

|6 ( )| | | 9 s 5 ﬁ |l‘/| min(0,pr—3; 4—¢) ﬁ min(0,pr—38;4—¢)
Gij(z,&)| <cle—g 027 ( ) ( )
GOl < L= 18\

if |z|/2 <[] < 2[z], |z = &] > min(r(z), r(£)),

n

i el A 1—dyame T (T (@) \ MRk ame) T (€) | min(Oue—bi4=2)
10,Gi (2, €)] < efa =700 g7 A-710 g( 2] ) I1 ( €] )

B
I
—

if || > 2|¢| and

n

min(0,pr—08;,4—¢) n min(0,pr—38;4—¢)
19,G1 5 (x,€)] < oI ame | A bt H (rk(x)) 0,u H (M) 0,u

k=1 |$| k=1 |€|

if €] > 2|x].

Remark 3.3 If dy, + di_ is even and, moreover, ay < 7 for dy, = dp_, oy < /2 for dp,. # dj_, then
the numbers p in the estimates of Theorems 3.6, 3.7 and Remark 3.2 can be replaced by p},. To prove
this, one has to employ the result of Remark 3.1.
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