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SHARP REGULARITY RESULTS FOR MANY-ELECTRONWAVE FUNCTIONSS�REN FOURNAIS, MARIA HOFFMANN-OSTENHOF, THOMASHOFFMANN-OSTENHOF AND THOMAS �STERGAARD S�RENSENAbstra
t. We show that ele
troni
 wave fun
tions  of atoms and mole
uleshave a representation  = F�, where F is an expli
it universal fa
tor, lo
allyLips
hitz, and independent of the eigenvalue and the solution  itself, and� has lo
ally bounded se
ond derivatives. This representation turns out tobe optimal as 
an already be demonstrated with the help of hydrogeni
 wavefun
tions. The proofs of these results are, in an essential way, based on a newellipti
 regularity result whi
h is of independent interest. Some identities that
an be interpreted as 
usp 
onditions for se
ond order derivatives of  arederived. 1. Introdu
tion1.1. Motivation and results. The non-relativisti
 quantum me
hani
al Hamil-tonian of an N -ele
tron mole
ule with L �xed nu
lei is given byHN;L(X;Z) = ��+ V (X;Z) + U (X;Z);where V , the Coulombi
 potential, is given by(1.1) V � V (X;Z) = � NXj=1 LXk=1 ZkjXk � xj j + X1�i<j�N 1jxi � xj j ;and the internu
lear repulsion U byU (X;Z) = X1�k<`�L ZkZ`jXk �X`j :The latter is merely an additive term that will be negle
ted in the sequel and wewill hen
eforth 
onsider(1.2) H � HN;L(X;Z) � U (X;Z):Above, x = (x1; x2; : : : ; xN) 2 R3N denotes the positions of the N ele
trons, withxj = (xj;1; xj;2; xj;3) 2 R3 the position of the jth ele
tron. The positions of theL nu
lei with the postive 
harges Z = (Z1; Z2 : : : ; ZL) 2 RL+ are denoted by X =(X1; X2; : : : ; XL) 2 R3L where Xk = (Xk;1; Xk;2; Xk;3) 2 R3 is the (�xed) positionof the kth nu
leus with 
harge Zk, and it is assumed that X` 6= Xk for ` 6= k.The Lapla
ian 
orresponding to the jth ele
tron is �j = P3i=1 �2�xj;i2 and so theLapla
ian on R3N is given by � =PNj=1�j. We also introdu
e the 3N -dimensionalgradient by r = (r1; : : : ;rN ).
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2 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSENThe operatorH is selfadjoint on L2(R3N) with operator domainD(H) =W 2;2(R3N)[14℄, and it depends parametri
ally on X and Z. In the 
ase of an N -ele
tron atomwith (one) nu
leus of 
harge Z �xed at the origin 0 2 R3, (1.2) be
omesH � HN (Z) = ��+ V(1.3) = NXj=1 ���j � Zjxjj�+ X1�i<j�N 1jxi � xjj :Generations of 
hemists and physi
ists have devoted a good part of their resear
hto the analysis of various problems related to HN;L(X;Z). Most of the presentday understanding of atoms and mole
ules is based on the analysis of problemsdire
tly related to this operator, see any textbook in atomi
 and mole
ular quantumme
hani
s.One of the 
entral problems is the eigenvalue problem(1.4) H = E ; E 2 R;  2 L2(R3N):Sin
e the ele
trons are Fermions the N -ele
tron wave fun
tion  has to satisfy thePauli Prin
iple. This 
an be a
hieved in a spinless formulation by requiring that  transforms a

ording to 
ertain irredu
ible representations of the symmetri
 groupSN . Our present work will not require any symmetry assumptions on  . Morepre
isely, we will 
onsider lo
al properties of distributional solutions (lo
ally L1) ina domain 
 � R3N to H = E where E 
an be any real number.Within mathemati
s and mathemati
al physi
s S
hr�odinger operators as (1.2)are studied mostly from an operator theoreti
al point of view, see the textbooks[1℄, [14℄, [17℄, and [21℄ as well as the re
ent survey [20℄.The PDE-aspe
ts of (1.4) have been studied in relatively few works. We �rstnote the following: Let �(X) denote the set of points in R3N where the potentialV de�ned in (1.1) is singular. The fun
tion V is real analyti
 in R3N n �(X) andhen
e by 
lassi
al results (see [11, Se
tion 7.5, pp. 177-180℄), so is  .Therefore a basi
 question is how to 
hara
terize the e�e
t of the singularitiesof V on the lo
al behaviour of a solution  of (1.4).In 1957 Kato [13℄ showed that a solution  satisfying (1.4) is 
ontinuous in allof R3N with lo
ally bounded �rst derivatives, i.e.,  is lo
ally Lips
hitz. He alsoanalyzed how  behaves near the so-
alled two-parti
le 
oales
en
e points, i.e.,those points in �(X) where exa
tly one term in the sums representing V (see (1.1))is unbounded.Generalizations with new insights for those points in R3N where more than oneterm in (1.1) is singular were obtained in [10℄ and more re
ently in [9℄. We mentionthat the present authors in [5℄, [6℄, and [4℄ studied the smoothness of the ele
trondensity, a question related to the present investigation; we shall not dis
uss thisfurther here.Suppose we have a solution  to H = E ;E 2 R, with H as in (1.2) or (1.3).We want to �nd a representation for   (x1; : : : ; xn) = F(x1; : : : ; xn)�(x1; : : : ; xn)su
h that � is as smooth as possible and F is a universal (i.e., not depending on  or E) positive fa
tor re
e
ting the behaviour of the potential V near �(X). Thismeans that for any two solutions  1;  2 of a �xed S
hr�odinger operator (1.2) (or



SHARP REGULARITY FOR WAVE FUNCTIONS 3(1.3)) the fun
tion F will be the same, i.e., 1 = F�1;  2 = F�2:Sin
e it is already known from one-ele
tron atoms that  is just lo
ally Lips
hitz,F 
annot be smoother than that. We shall see that by 
hoosing F in a spe
ial wayone 
an say a lot more. Let us �rst re
all some of the ideas developed in [9℄.Suppose  is a solution to (��+ V ) = E in 
 � R3N. Set  = eF�, then �satis�es(1.5) ��+ 2rF � r�+ ��F + jrF j2+ (E � V )�� = 0:Now assume H = ��+ V is given by (1.2). The spe
i�
 nature of the Coulombpotential makes it possible to �nd an expli
it F su
h that �F = V , namelyF (x) � F2(x) := �12 NXj=1 LX̀=1 Z`jX` � xjj + 14 X1�i<j�N jxi � xjj:We have given F an index 2 to indi
ate that F2 is a sum of fun
tions ea
h onlydepending on the 
oordinates of two parti
les. If we insert F2 into (1.5) we obtain��2 +rF2 � r�2 + �jrF2j2 + E��2 = 0;where we have also given � an index 2 to show that it is asso
iated with F2. Theregularity properties of �2 are now determined by the regularity of rF2, respe
-tively, jrF2j2. Sin
e rF2 is lo
ally bounded, standard ellipti
 regularity theory(see Se
tion 2) gives us that(1.6) �2 2 C1;�(
) for � 2 (0; 1):(For the de�nition of the H�older-spa
es Ck;�, see De�nition 2.1). Sin
e rF2 is justbounded and not 
ontinuous, one 
annot in general expe
t anything better than(1.6). Note that sin
e  = eF2�2 we have(1.7) r � (rF2) 2 C�(
) for � 2 (0; 1):This is a general formulation of Kato's 
usp 
ondition [13℄ whi
h plays an importantrole in the numeri
al treatment of (1.4). (Here, and in the sequel, by a `
usp
ondition' we understand a 
ondition a solution  has to satisfy at a point in thesingular set �(X)).We are now ready to state our main result about the regularity of  .Theorem 1.1. Suppose  is a solution to H = E in 
 � R3N where H is givenby (1.2). De�ne yi;` = xi �X`, i 2 f1; : : : ; Ng; ` 2 f1; : : : ; Lg. Let(1.8) F = eF2+F3with F2(x) = �12 LX̀=1 NXi=1 Z`jyi;`j+ 14 X1�i<j�N jxi � xjj;(1.9) F3(x) = C0 LX̀=1 X1�i<j�N Z` (yi;` � yj;`) ln �jyi;`j2 + jyj;`j2)�;(1.10)where C0 = 2��12� .Then(1.11)  = F�3



4 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSENwith(1.12) �3 2 C1;1(
):Furthermore this representation is optimal in the following sense: There is noother fun
tion eF depending only on on X;Z and on N , but not on  or E itself,su
h that  = eF� with � having more regularity than C1;1(
).Remark 1.2.(i) Of 
ourse one 
an 
onsider more general Hamiltonians, for instan
e mole
ularHamiltonians where the nu
lei are allowed to move. Kato [13℄ 
onsidered this
ase. Our results, suitably modi�ed, extend to this situation. We 
on
entrateon the model with �xed nu
lei sin
e this is the `standard model' in mole
ularphysi
s.(ii) For the proof of Theorem 1.1 a spe
ial regularity result (see Theorem 2.6) forsolutions of the Poisson equation �u = g will be vital. Roughly speaking, ifg 2 L1 has a 
ertain multipli
ative stru
ture, we 
an show that u 2 C1;1, andnot only u 2 C1;�; � 2 (0; 1) as in general (see Proposition 2.2). This resultis of independent interest.(iii) Note that ea
h term in the sum F2 is either a term involving the 
oordinatesof one ele
tron and one nu
leus, or the 
oordinates of two ele
trons, whereasthe terms in F3 involve the 
oordinates of two ele
trons and one nu
leus. Inthe representation (1.10) of F3 no terms involving the 
oordinates of threeele
trons o

ur; see Se
tion 3 for details.The fa
t that no terms involving the 
oordinates of four and more parti
lesshow up in F3 stems from the fa
t that in the summands 
ontributing to jrF2j2only terms involving at most three parti
le 
oordinates o

ur (again, see Se
-tion 3 for details).(iv) An immediate 
onsequen
e of Theorem 1.1 is the following sharpening of(1.7): r �  (rF2 +rF3) 2 C0;1(
):(v) Attempts to approximate many-parti
le wave fun
tions by a produ
t as in(1.11) are 
ommon in 
omputational 
hemistry and physi
s. There, su
h anF is usually 
alled a `Jastrow fa
tor'.It is also interesting to 
onsider the regularity of  near the zero-set N ( ) =fx 2 R3N j  = 0g of  . A simple argument shows that Theorem 1.1 a
tuallyimplies that r : N ( ) 7! R3N is lo
ally Lips
hitz, whereas r is just bounded in�(X)nN ( ). By `lo
ally Lips
hitz' we here mean the following: For all 
losed ballsK � R3N, there is a 
onstant C = C(K) su
h that jr (x)�r (y)j � C(K)jx�yjfor all x;y 2 N ( ) \K. Indeed, writing r =  r(F2 + F3) + exp(F2 + F3)r�3,we get, for x 2 N ( ), that r (x) = exp(F2(x) + F3(x))r�3(x) sin
e r(F2 + F3)is bounded. The assertion follows, sin
e both exp(F2 + F3) and r�3 are Lips
hitzin R3N.In [8℄ it was shown for a wide 
lass of potentials that at their zero-sets real valueddistributional solutions (whi
h for these potentials are then a
tually 
ontinuousfun
tions) to (��+ V )u = 0 are, roughly speaking, by one degree smoother thanaway from their zero sets. So the observation above extends these results to theCoulombi
 
ase. The potentials 
onsidered in [8℄ were of Kato type, Kn;Æ, where nis the dimension (in our 
ase, n = 3N ) and Æ 2 (0; 2); see [18℄ for de�nitions and



SHARP REGULARITY FOR WAVE FUNCTIONS 5many far-rea
hing results 
on
erning these potentials. In [18℄ (see also [19℄) it wasshown that solutions are lo
ally CÆ for Æ < 1 and C1;Æ�1 for Æ 2 (1; 2). However,sin
e the Coulomb potential V in (1.1) is in K3N;Æ for all Æ < 1, but not in K3N;1these results are not sharp and a
tually weaker than Kato's result.It is not surprising that logarithms o

ur in (1.10). Su
h terms have been 
onsid-ered in 
lassi
al work by Fo
k [3℄ for the atomi
 
ase; see Morgan [16℄ for an analysisof these `Fo
k-expansions' for two-ele
tron atoms. That paper also 
ontains manyreferen
es to earlier work on su
h expansions.Proof of the optimality of the representation (1.11) : It suÆ
es to �nd a simpleexample. Consider the one ele
tron atom whose Hamiltonian is given on R3 byH = ��� Zjxj ; x = (x1; x2; x3) 2 R3:With  1(x) = e�Z2 jxj and  2 = x1e�Z4 jxj we haveH 1 = � Z24  1 ; H 2 = � Z216  2:Write  1 = F�(1) and  2 = F�(2). Now  1 > 0 and if we had an F whi
h wouldallow more regularity of the �(i)'s, then(1.13) �(2)�(1) =  2 1 = x1eZ4 jxjwould be better behaved than just C1;1. But near the origin the right hand sideof (1.13) behaves like x1(1 + Z4 jxj) and this is just C1;1, i.e., the se
ond derivativesare bounded but not 
ontinuous. �The results in Theorem 1.1 are not well suited for obtaining a priori estimates. Inparti
ular neither F2 nor F3 stay bounded as jxj tends to in�nity so that if, say, 2 L2(R3N) then �3 is not ne
essarily in L2(R3N). These short
omings will bedealt with below in a similar way as in [9℄.De�nition 1.3. Let � 2 C10 (R), 0 � � � 1, with�(x) = (1 for jxj � 10 for jxj � 2:(1.14)We de�ne(1.15) F
ut = F2;
ut + F3;
ut;where F2;
ut(x) = �12 LX̀=1 NXi=1 Z` �(jyi;`j) jyi;`j(1.16) + 14 X1�i<j�N �(jxi � xjj) jxi � xjj;F3;
ut(x) =(1.17) C0 LX̀=1 X1�i<j�N Z` �(jyi;`j)�(jyj;`j)(yi;` � yj;`) ln �jyi;`j2 + jyj;`j2)�;



6 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSENand where C0 is the 
onstant from (1.10). We also introdu
e �3;
ut by(1.18)  = eF
ut�3;
ut:Theorem 1.4. Suppose  is a solution to H = E in R3N. Then for all 0 <R < R0 there exists a 
onstant C(R;R0), not depending on  nor x0 2 R3N, su
hthat for any se
ond order derivative,�2 = �2�xi;k�xj;` ; i; j = 1; 2; : : : ; N; k; ` = 1; 2; 3;the following estimate holds:(1.19) k�2 �  �2F
utkL1(B3N (x0;R)) � C(R;R0)k kL1(B3N (x0;R0)):Remark 1.5. Theorem 1.4 strengthens results obtained in [9℄. More pre
isely, toprove Theorem 1.4 we will show that(1.20) k�3;
utkC1;1(B3N (x0;R)) � C(R;R0)k�3;
utkL1(B3N (x0;R0)):The estimate (1.19) is then a trivial 
onsequen
e of (1.20). (On the other hand,(1.19) and (1.21) imply (1.20)).The estimate (1.20) is a strengthening of Proposition 1.6 below to � = 1. Westate and prove the proposition here, sin
e we need it in the proof of (1.20). Itessentially follows from ideas in [9℄.Proposition 1.6. Suppose  is a solution to H = E in R3N. Then for all0 < R < R0 and all � 2 (0; 1) there exists a 
onstant C(�;R;R0), not depending on nor x0 2 R3N, su
h that, with �3;
ut de�ned as above,(1.21) k�3;
utkC1;�(B3N (x0;R)) � Ck�3;
utkL1(B3N (x0;R0)):Proof of Proposition 1.6 : Note �rst that with  = eF2;
ut�2;
ut, (1.5) and �F2 = Vgives ��2;
ut + 2rF2;
ut � r�2;
ut(1.22) + ��(F2;
ut � F2) + jrF2;
utj2 + E��2;
ut = 0:It follows from the form of F2;
ut and F2 (see (1.16), (1.14), and (1.9)) that the
oeÆ
ients in (1.22) above are uniformly bounded in R3N. Therefore, (1.21), with�2;
ut instead of �3;
ut, follows from Proposition 2.2. To get (1.21) with �3;
ut, notethat �3;
ut = e�F3;
ut�2;
ut, and that F3;
ut 2 C1;�(R3N) and has 
ompa
t support(see (1.17) and (1.14)). �We point out some 
onsequen
es of Theorem 1.4 whi
h 
an be viewed as 
usp
onditions for se
ond order derivatives of  . Indeed, we 
an relate the singularitiesof the se
ond order derivatives of F
ut with those of the se
ond order derivativesof  in a pre
ise way, thereby obtaining 
ertain identities. Here we only expli
itlystate some representative 
ases.Corollary 1.7. Let  be a solution to H = E in R3N with H given by (1.2).(i) Let 1 � i < j � N , and �x any point z0 = (z1; : : : ; zN ) 2 R3N with zi = zj �z. Then(1.23) limR!0


�jxi � xj j ri � rj  � + 12 (z0)


L1(B3N (z0;R)) = 0:



SHARP REGULARITY FOR WAVE FUNCTIONS 7(ii) Let 1 � i � N , 1 � ` � L, and �x any point z0 = (z1; : : : ; zN ) 2 R3N withzi = X`; zj 6= X`; j 6= i.Then(1.24) limR!0 


�jxi �X`j�i � + Z`  (z0)


L1(B3N (z0;R)) = 0:Proof : In order to show (1.23) we �rst show that(1.25) limx!z0 jxi � xjj ri � rj F
ut(x) = �12 :It suÆ
es to 
onsider the limits for jxi � xjj ri � rjF2 and jxi� xjj ri � rjF3. Aneasy 
al
ulation shows thatlimx!z0 jxi � xjjri � rj F2(x) = �12 :If z 6= X` for all ` then ri � rj F3 is smooth near z0. We therefore only need to
onsider the 
ase z = X`. We haveri � rjF3 =C0Z`ri � rj��(xi �X`) � (xj �X`)� ln �jxi �X`j2 + jxj �X`j2�	= 3C0Z` ln �jxi �X`j2 + jxj �X`j2�+ �;where � is bounded in a neighbourhood of z0. Noting thatjxi � xjj � p2 �jxi �X`j2 + jxj �X`j2�1=2;we see that limx!z0 jxi � xj j ri � rjF3(x) = 0:Using the triangle inequality we obtain


 jxi � xjj (ri � rj ) + 12 (z0)


L1(B3N (z0;R))� 


jxi � xjj �(ri � rj ) � (ri � rjF
ut) �


L1(B3N (z0;R))+ 


jxi � xjj (ri � rj F
ut) + 12 (z0)


L1(B3N (z0;R)):This, (1.19), and (1.25) imply (1.23).The proof of (1.24) is similar. Just note thatjxi �X`j�iF2 = �Z` + jxi �X`j� Xj 6=i 12jxj � xij � LXk 6=` Zkjxi �Xkj�: �



8 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSEN1.2. Organisation of the paper. For simpli
ity we shall only give the proofs ofTheorems 1.1 and 1.4 for the atomi
 
ase (i.e., ` = 1; X1 = 0 and Z1 = Z, see(1.3)). Indeed, no additional 
ompli
ations arise for mole
ules. Also, we only givethe proof of Theorem 1.1 in the 
ase 
 = R3N.In subse
tion 1.3 we de�ne some notation to be used in the entire paper. Se
-tion 2 
ontains standard ellipti
 regularity results in subse
tion 2.1. Subse
tion 2.2
ontains in parti
ular the ellipti
 regularity result Theorem 2.6, whi
h is proved insubse
tion 2.3. Theorem 2.6 is the essential new mathemati
al input ne
essary forthe proofs of Theorems 1.1 and 1.4. These proofs are given in Se
tion 3|the proofof Theorem 1.1 in subse
tion 3.1 and that of Theorem 1.4 in subse
tion 3.2. TheAppendi
es A, B, and C 
ontain the 
onstru
tion of solutions to 
ertain Poissonequations. These solutions is another important ingredient for the proofs of themain theorems.1.3. Notation. Throughout the paper, 
onstants o

uring in inequalities will bedenoted by the symbol C, although their a
tual value might 
hange from line toline.For x 2 Rn (n � 2) we write x = r!, with r = jxj, ! = x=jxj 2 Sn�1, the unitsphere in Rn. Denote by Bn(x; r) the open ball of radius r > 0 around x.We denote by Yl;m(!) the normalised (in L2(Sn�1)) real valued spheri
al har-moni
s of degree l; l 2 N0, with m = 1; : : : ; h(l)� 1, whereh(l) = (2l + n� 2)(l + n� 3)!(n� 2)! l ! :(1.26)Then fYl;mgl;m 
onstitutes an orthonormal basis in L2(Sn�1).The Yl;m's are the eigenfun
tions for L2, the Lapla
e-Beltrami operator on Sn�1:L2Yl;m = l(l + n� 2)Yl;m;where � L2r2 is the angular part of the Lapla
ian in Rn, so�� = � �2�r2 � n � 1r ��r + L2r2 :We de�ne P(n)l;m to be the orthogonal proje
tion in L2(Sn�1) on Yl;m:�P(n)l;mf�(!) = Yl;m(!) ZSn�1 Yl;m(!)f(!) d! ; f 2 L2(Sn�1);and P(n)l = h(l)�1Xm=0 P(n)l;m:(1.27)We denote h(n)l = Ran(P(n)l ).By abuse of notation, for a fun
tion f : Rn! C we write f(r!) = f(x), and,whenever f(r0 �) :Sn�1! C is in L2(Sn�1) for some r0 2 (0;1), we write�P(n)l;mf�(r0!) = Yl;m(!) ZSn�1 Yl;m(!)f(r0!) d! � fl;m(r0)Yl;m(!):



SHARP REGULARITY FOR WAVE FUNCTIONS 92. Ellipti
 regularityIn this se
tion we 
olle
t results on regularity of solutions to se
ond order ellipti
equations needed for the proof of Theorems 1.1. and 1.4. The results fall in twoparts, known ones (in subse
tion 2.1) and new ones, developed for our purpose,and of interest in themselves. The latter are in subse
tion 2.2. The result of maininterest is Theorem 2.6, whi
h is proved in subse
tion 2.3.2.1. Known results.We start by re
alling the de�nition of H�older 
ontinuity:De�nition 2.1. Let 
 be a domain in Rn, k 2 N, and � 2 (0; 1℄. We say thata fun
tion u belongs to Ck;�(
) whenever u 2 Ck(
), and for all � 2 Nn withj�j = k, and all open balls Bn(x0; r) with Bn(x0; r) � 
, we havesupx;y2Bn(x0;r); x6=yjD�u(x)�D�u(y)jjx� yj� � C(x0; r):For any domain 
0, with 
0 �� 
, we de�ne the following norms:kukCk;�(
0) = Xj�j�k kD�ukL1(
0) + [u℄k;�;
0;[u℄k;�;
0 = Xj�j=k supx;y2
0; x6=y jD�u(x)�D�u(y)jjx� yj� :For k = 0 we use the notation C�(
) � C0;�(
) and [u℄�;
0 � [u℄0;�;
0.Furthermore, for a fun
tion u 2 C�(Rn n f0g) we de�nekukC�(Sn�1) = supSn�1 juj+ [u℄�;Sn�1;(2.1) [u℄�;Sn�1 = supx;y2Sn�1; x6=y ju(x)� u(y)jjx� yj� :We will need the following result on ellipti
 regularity in order to 
on
lude thatthe solutions of ellipti
 se
ond order equations with bounded 
oeÆ
ients are C1;�.The proposition is a reformulation of Corollary 8.36 in Gilbarg and Trudinger [7℄,adapted for our purposes:Proposition 2.2. Let 
0 be a bounded domain in Rn and suppose u 2 W 1;2(
0)is a weak solution of �u+Pnj=1 bjDju+Wu = g in 
0, where bj;W; g 2 L1(
0).Then u 2 C1;�(
0) for all � 2 (0; 1) and for any domains 
0;
, 
0 � 
, 
 � 
0we have kukC1;�(
0) � C� sup
 juj+ sup
 jgj�for C = C(�; n;M; dist(
0; �
)), withmaxf1; maxj=1;:::;nkbjkL1(
); kWkL1(
); kgkL1(
)g �M:We further need results 
on
erning the regularity of solutions of the Poissonequation. These regularity properties are based on the regularity properties of theNewton potential of the inhomogeneity. For our further 
onsiderations we re
allhere the properties of this fun
tion.



10 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSENLet g 2 L1(
) for 
 a bounded domain in Rn, n � 2. The Newton potential ofg is the fun
tion w de�ned on Rn byw(x) = Z
 �(x� y)g(y)dy(2.2)with �(x) = � 12� ln(jxj); n = 2;1(2�n) jSn�1j jxj2�n; n � 3:From [15, Theorem 10.2 and 10.3℄ we haveProposition 2.3. Let 
 � Rn; n � 2, be a bounded domain, then:(i) If g 2 L1(
), then w 2 C1;�(
) for all � 2 (0; 1), and �w = g in 
 holds inthe distributional sense.(ii) If g 2 Ck;�(
) for some k 2 N and some � 2 (0; 1), then w 2 Ck+2;�(
).Sin
e every solution to the Poisson equation 
an be written as a sum of theNewton potential of the inhomogeneity and a harmoni
 fun
tion, the above impliesin parti
ular the following well-known result:Proposition 2.4. Let g 2 Ck;�(
0) for some k 2 N and some � 2 (0; 1), andassume u is a weak solution to �u = g in 
0.Then u 2 Ck+2;�(
0). Furthermore, for any domains 
0;
, 
0 � 
, 
 � 
0,we have kukCk+2;�(
0) � C� sup
 juj+ kgkCk;�(
)�;(2.3)with C = C(n; k; �; dist(
0; �
)).The next lemma, whi
h is taken from Gilbarg and Trudinger [7, Lemma 4.2℄, isessential for the proof of the main regularity result in subse
tion 2.2.Lemma 2.5. Let 
 be a bounded domain in Rn; n � 2 and let g 2 C�(
)\L1(
)for some � 2 (0; 1℄.Then the Newton potential w of g (given in (2.2)) sati�es, for x 2 
 and i; j =1; 2; : : : ; n, Dijw(x) = Z
0 Dij�(x� y)�g(y) � g(x)� dy� g(x) Z�
0Di�(x� y)�j(y) d�(y):(2.4)Here, 
0 is any bounded domain 
ontaining 
 for whi
h the divergen
e theoremholds, and g is extended to vanish outside 
. In the last integral, d� denotes thesurfa
e measure of �
0, and �j the j-th 
oordinate of its (outwards dire
ted) normalve
tor.2.2. New results.We here 
olle
t a number of more expli
it regularity results needed in the proofof Theorems 1.1 and 1.4.The following result shows that one 
an push the C1;�; � 2 (0; 1), in Proposi-tion 2.2 to C1;1 in 
ertain 
ases.



SHARP REGULARITY FOR WAVE FUNCTIONS 11Theorem 2.6. Let g 2 L1(Rk), k � 2, be a homogeneous fun
tion of degree 0whi
h has the properties g 2 C�(Rk n f0g) and gjSk�1 is orthogonal to h(k)2 (thesubspa
e of L2(Sk�1) spanned by the spheri
al harmoni
s of degree 2). Let f 2C�(Rd) for some d � 0 and let u 2 C1;�(Rk+d) be a weak solution of the equation(2.5) �u(x0; x00) = g(x0)f(x00)where x0 2 Rk; x00 2 Rd, � = �x0 +�x00 .Then u 2W 2;1lo
 (Rn), n = k + d, and the following a priori estimate holds:For all balls Bn(z;R) and Bn(z;R1) in Rn where 0 < R < R1, z 2 Rn,supBn(z;R) jDijuj � C � supBn(z;R1) juj+ � supSk�1 jgj � kfkC�(�dBn(z;R1))+ � sup�dBn(z;R1)jf j � kgkC�(Sk�1)�(2.6)with C = C(n; �;R;R1). Here �d(x0; x00) = x00 for x0 2 Rk, x00 2 Rd for d > 0; ford = 0; �d(x0) = 0.Remark 2.7.(i) The 
ase d = 0 means that f is a 
onstant and the terms in (2.6) with f thenequal this 
onstant.(ii) The reason for the 
ondition k � 2 will be
ome 
lear in the proof of thetheorem, when Lemma 2.5 is applied.(iii) Note that if k = 0; d � 2, one has stronger 
on
lusions: Equation (2.5) be-
omes �u(y) = f(y) with f 2 C�(Rd), so by Proposition 2.4, u 2 C2;�(Rd).The a priori estimate analogous to (2.6) is then a 
onsequen
e of H�older-estimates for u (see e. g., [7, Corollary 6.3℄).(iv) Using the standard fa
t ([2, Theorem 4 in 5.8℄) that W 2;1lo
 (Rn) = C1;1lo
 (Rn)(with equivalent norms) we may repla
e the term supBn(z;R) jDijuj by [u℄1;1;Bn(z;R)on the left hand side in (2.6).(v) For the spe
ial solution to (2.5) given by the Newton potential of gf , theestimate (2.6) holds without the term supBn(z;R1) juj on the right hand side(see (2.16)).Sin
e the proof of Theorem 2.6 is a bit lenghty we present it separately in sub-se
tion 2.3.The following proposition, on solutions to Poisson's equation, when the inhomo-geneity f in �u = f is a homogeneous fun
tion, is needed often in the paper.Proposition 2.8. Assume that the fun
tion g satis�esg(r!) = rkG(!) with G 2 L1(Sn�1) and P(n)k+2G = 0.Then there exists a solution u to�u = g on Bn(0; R) � Rn;(2.7)satisfying u(r!) = rk+2U (!) with U 2 C1;�(Sn�1) for all � 2 (0; 1).Proof : Letgl;m(r) = ZSn�1 g(r!)Yl;m(!) d! = rk ZSn�1G(!)Yl;m(!) d! = rkgl;m:



12 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSENThen (see (1.26) for h(l))g(r!) = rk 1Xl=0;l6=k+2 h(l)�1Xm=0 gl;mYl;m(!);sin
e gk+2;m = 0 for all m.Now de�ne U (!) = 1Xl=0;l6=k+2 h(l)�1Xm=0 gl;mbl(n; k) Yl;m(!)(2.8)with bl(n; k) � (k + 2)((k + 2) + n� 2)� l(l + n � 2). Note that bl(n; k)) 6= 0 forl 6= k + 2. Sin
e Pl;m gl;mYl;m 2 L2(Sn�1) (sin
e G 2 L1(Sn�1)) the sum (2.8)therefore 
onverges in L2(Sn�1).Make the `Ansatz' u(r!) = rk+2U (!), and denote for N 2 NgN (r!) = NXl=0;l6=k+2 h(l)�1Xm=0 gl;mrk Yl;m(!);uN (r!) = rk+2 NXl=0;l6=k+2 h(l)�1Xm=0 gl;mbl(n; k) Yl;m(!):Now let � 2 C10 �Bn(0; R)�, then, using that L2Yl;m = l(l + n� 2)Yl;m,ZBn(0;R)�(�u� g) dx = ZBn(0;R)(��)(u� uN ) dx+ ZBn(0;R)�(gN � g) dx:(2.9)Sin
e u� uN ! 0; g � gN ! 0 (in L2 - sense) for N ! 0, the RHS of 2.9 tends tozero for N ! 0. Hen
e u = rk+2U (!) solves 2.7 in the distributional sense. Withw the Newton potential 
orresponding to g (see 2.2), we have w 2 C1;�(Bn(0; R))due to Proposition 2.3, and u�w is harmoni
, so u 2 C1;�(Bn(0; R)). This impliesthat U 2 C1;�(Sn�1). �We prove the following useful lemma:Lemma 2.9. Let G : U ! Rn for U � Rn+m a neighbourhood of a point (0; y0) 2Rn�Rm. Assume G(0; y) = 0 for all y su
h that (0; y) 2 U . Letf(x; y) = � xjxj �G(x; y) x 6= 0;0 x = 0:Then, for � 2 (0; 1℄, G 2 C0;�(U ;Rn)) f 2 C0;�(U ):(2.10)Furthermore, kfkC�(U) � 2kGkC�(U).Proof : Let � 2 (0; 1℄. We need to estimate f(x1;y1)�f(x2;y2)j(x1;y1)�(x2;y2)j� .Suppose �rst that x2 = 0. Then f(x2; y2) = 0 and we getjf(x1; y1)� f(0; y2)jj(x1; y1) � (0; y2)j� � ��� x1jx1j �G(x1; y1)���jx1j� � ���� x1jx1j ���� � jG(x1; y1)jjx1j�� kGkC�(U);sin
e G 2 C�(U ;Rn) and G(0; y1) = 0.



SHARP REGULARITY FOR WAVE FUNCTIONS 13Next, suppose 0 < jx2j � jx1j. By the triangle inequality:��f(x1; y1) � f(x2; y2)�� � ��� x1jx1j � �G(x1; y1)� G(x2; y2)����+ ���( x1jx1j � x2jx2j) �G(x2; y2)���:Using that G is C� and that G(0; y2) = 0, we get��f (x1; y1) � f(x2; y2)��� kGkC�(U)���(x1; y1)� (x2; y2)��� + ���� x1jx1j � x2jx2j���� jx2j�� :To 
ontrol the last term|divided by ��(x1; y1) � (x2; y2)���|we �rst derive a lowerbound on ��(x1; y1) � (x2; y2)���:��(x1; y1)� (x2; y2)��2 � jx1 � x2j2= �jx1j � jx2j�2 + jx1j jx2j� x1jx1j � x2jx2j�2 � jx1j jx2j� x1jx1j � x2jx2j�2:Therefore, using the assumption 0 < jx2j � jx1j,��(x1; y1)� (x2; y2)��� � jx2j� ��� x1jx1j � x2jx2j ����:This �nishes the proof of the lemma. �The following obvious lemma is used repeatedly throughout the paper:Lemma 2.10. Assume f(r!) = r2G(!) with G 2 C1;1(Rn n f0g)\L1(Rn). Thenf 2 C1;1(Rn).Proof : The �rst derivatives of f trivially exist and are 
ontinuous. Therefore itsuÆ
es to show that all derivatives of f of se
ond order belong to L1lo
(Rn); theresult then follows from Remark 2.7 (iv).�2f�xj�xk = 2Æj;kG(!) + 2�xj �G�xk + xk �G�xj �+ r2 �2G�xj�xk 2 L1lo
(Rn);sin
e G 2 C1;1(Rn n f0g). This proves the lemma. �Note that better regularity 
annot be expe
ted without assuming 
ontinuity of Gat x = 0. On the other hand, if G only depends on ! 2 Sn�1, and G is 
ontinuousat x = 0, then G is a 
onstant.2.3. Proof of Theorem 2.6.We �rst investigate, for x0 2 Bn(z;R1), the behaviour of the Newton potentialw as given in (2.2), namelyw(x0) = ZBn(z;R1)�(x0 � y)g(y0)f(y00) dy(2.11)with y = (y0; y00) 2 Rk+d = Rn.



14 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSENSin
e u and w are C1;� - solutions of (2.5) in Bn(z;R1) (see Proposition 2.2),h = u� w is harmoni
. Any harmoni
 fun
tion h in a bounded domain 
 satis�esthe following a priori estimate (see [7, Theorem 2.10℄):(2.12) supK jDijhj � C(n)Æ2 sup
 jhj ; i; j 2 f1; : : : ; ng;with K 
ompa
t, K � 
 � Rn, and Æ = dist(K; �
). So, by (2.11) and (2.12), forx0 2 Bn(z;R) (re
all that h = u�w)jDiju(x0)j � C(n)(R1 � R)2� supBn(z;R1) juj+ C(n;R1)� supSk�1 jgj�� sup�dBn(z;R1) jf j��+ jDijw(x0)j:(2.13)Therefore to prove that u 2 W 2;1lo
 (Rn) and that u satis�es (2.6) it obviouslyremains to show that w satis�es the a priori estimate (2.6). This will be done viaLemma 2.5 and will �nish the proof of Theorem 2.6.We pro
eed as follows: De�ne N = f(x0; x00) 2 Rn j x0 = 0g and note thatjN j = 0 (jN j denotes n-dimensional Lebesgue measure of N ) and that for everyball Bn � Rn, Bn nN is still a domain. For this the assumption k � 2 is vital (seealso Remark 2.7 (ii)). Note also that (still with x0 2 Bn(z;R1)) w 
an be writtenas w(x0) = ZBn(z;R1)nN�(x0 � y)g(y0)f(y00) dy:(2.14)Taking into a

ount the H�older 
ontinuity assumptions on g and f it is easily seenthat for every domain 
 � Rn, gf 2 C�(
 nN ). Hen
e (2.14) and Proposition 2.4implies that w 2 C2;��Bn(z;R1) nN�.Now we are ready to apply Lemma 2.5: Pi
k 
 = Bn(z;R1) n N and 
0 =Bn(z;R2) with R1 < R2, then we obtain from (2.4), for x0 2 Bn(z;R1) nN , thatDijw(x0) = ZBn(z;R2)Dij�(x0 � y)�(gf)(y) � (gf)(x0)� dy� (gf)(x0) Z�Bn(z;R2)Di�(x0 � y)�j(y) d�(y)� I(x0) + J(x0):(2.15)Here as before gf is extended by zero outside Bn(z;R1) n N . Noting again thatjN j = 0, we 
an use this integral representation to derive the a priori estimates onDijw. We want to show that for 0 < R < R1supBn(z;R) jDijwj(2.16) � C2�� supSk�1 jgj� kfkC�(�dBn(z;R1)) + � sup�dBn(z;R1)jf j� kgkC�(Sk�1)�where C2 = C2(n; �;R1 � R;R=R1). Inequality (2.16) together with inequality(2.13) will yield the desired a priori estimate (2.6) and implies in parti
ular that u 2W 2;1lo
 (Rk+d). So to �nish the proof of Theorem 2.6 it remains to prove inequality(2.16). For this we have to estimate the integrals I(x0) and J(x0) in (2.15). We state



SHARP REGULARITY FOR WAVE FUNCTIONS 15the estimates in the following lemma (Lemma 2.11), whi
h we then apply to proveinequality (2.16). The proof of Lemma 2.11 is given afterwards. For 
onvenien
e weshall hen
eforth use the following notation: B = Bn(z;R); Bj = Bn(z;Rj); j = 1; 2.Lemma 2.11. With I(x0) and J(x0) as in (2.15) we have the estimatesjI(x0)j � C(n) � R2R1 �R�n� supSk�1 jgj� � sup�dB1 jf j�+C(n; �) (R1 � R)�� supSk�1 jgj��f��;�dB1+C(n; �) � sup�dB1 jf j� kgkC�(Sk�1);(2.17) jJ(x0)j � C(n) supBn(z;R) jgf j � R2R2 � R�n�1:(2.18)for x0 2 Bn(z;R) nN .Combining the inequalities (2.17) and (2.18) with (2.15) leads to the a prioriestimate supx02Bn(z;R) jDijw(x0)j(2.19) � C(n)h� R2R1 � R�n + � R2R2 �R�n�1i� supSk�1 jgj� � sup�dB1 jf j�+ C(n; �)h(R1 � R)�� supSk�1 jgj� �f��;�dB1 + � sup�dB1 jf j� kgkC�(Sk�1)i:Finally we pi
k R2 = 2R1 and obtain, with C = C(n; �;R;R1),supBn(z;R) jDijwj � C h� supSk�1 jgj� kfkC�(�dB1)(2.20) + � sup�dB1 jf j� kgkC�(Sk�1)i:This �nishes the proof of (2.16) and a

ording to our previous 
onsiderations theproof of Theorem 2.6. It remains to prove the estimates in Lemma 2.11.Proof of Lemma 2.11 : We start by proving the estimate (2.18) on J(x0). Fory 2 �B2 and x0 2 Bn(z;R) nN we have jx0 � yj � R2 �R. This, andjDi�(x0 � y)j � C(n)jx0 � yjn+1 ;yields jJ(x0)j � j(gf)(x0)j j Z�B2 jDi�(x0 � y) �j(y) d�(y)j� C(n) supBn(z;R) jgf j � R2R2 � R�n�1;verifying (2.18).It remains to prove the estimate (2.17) on I(x0). This is more involved. WithR0 = R1 � R and 
 = Bn(z;R2) nN , writeI(x0) = I1(x0; R0) + I2(x0; R0)(2.21)



16 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSENwith I1(x0; R0) = Z
nBn(x0;R0)Dij�(x0 � y)�(gf)(y) � (gf)(x0)� dy;I2(x0; R0) = ZBn(x0;R0)Dij�(x0 � y)�(gf)(y) � (gf)(x0)� dy:Clearly we have (sin
e gf � 0 on B2 nB1 and g is homogeneous)jI1(x0; R0)j � 2 � supB1 jgf j� Z
nBn(x0;R0)jDij�(x0 � y)j dy� C(n)� supSk�1 jgj� � sup�dB1 jf j��R2R0 �n:(2.22)The estimate for I2(x0; R0) will be more involved and we need several steps.First noti
e that (Dij�)(x) = P2(x)jxjn+2 ;(2.23)where P2 is a homogeneous harmoni
 polynomial of degree 2 (whi
h 
learly dependson the indi
es i; j; we suppress these for simpli
ity). Use polar 
oordinates x =r!; r = jxj; ! = x=jxj, and obtain (using RSn�1 P2(!) d! = 0, and (2.23)) that(2.24) I2(x0; R0) = C(n) Z R00 ZSn�1 r�1P2(!)�gf�(x0 + r!) d! dr:Denote x 2 Rn by x = (x0; x00) = r! = r(!0; !00) where !0 2 Rk, !00 2 Rd (so thatj!0j2 + j!00j2 = 1; when d = 0; !00 � 0). With this, writeI2(x0; R0) = C(n) Z R00 r�1�I(1)2 (x0; r) + I(2)2 (x0; r)� dr(2.25)with (I(1)2 = 0 when d = 0)I(1)2 (x0; r) = ZSn�1 P2(!) g(x00 + r!0)�f(x000 + r!00)� f(x000 )� d!;I(2)2 (x0; r) = f(x000 ) ZSn�1 P2(!) g(x00 + r!0) d!:We need to estimate jI(1)2 j and jI(2)2 j su
h that we gain a suitable r-behaviour forsmall, respe
tively, large r whi
h will enable us to estimate jI2(x0; R0)j.Firstly, due to Lemma 2.5, (gf)(y) is de�ned to be zero for y 2 B2 n B1 inI(x0) and formula (2.15) holds for x0 2 B1 n N . Using this formula just for x0 2Bn(z;R)nN we have x0+r! 2 B1 for all r with 0 � r � R0 = R1�R and therefore(up to the zero set N [ �B1) we 
an make use of the H�older 
ontinuity propertiesof g and f for the points x0 and x0 + r! in the integrals above.Using the H�older 
ontinuity of f and the homogeneity of g we obtainjI(1)2 (x0; r)j= r����� ZSn�1 j!00j�P2(!) g(x00 + r!0) f(x000 + r!00)� f(x000 )r�j!00j� d!����� C(n) r�� supSk�1 jgj� [f ℄�; �dB1



SHARP REGULARITY FOR WAVE FUNCTIONS 17(for [f ℄�; �dB1 , see De�nition 2.1). Hen
eZ R00 r�1jI(1)2 (x0; r)j dr � C(n)� (R0)�� supSk�1 jgj� [f ℄�; �dB1 :(2.26)To estimate the se
ond term in (2.25), we write in the following x00 = jx00j � with� 2 Sk�1 and de�ne s by r = jx00js. Then��� Z R00 r�1I(2)2 (x0; r) dr���(2.27) = ��f(x000 )�� ��� Z R00 r�1 ZSn�1 P2(!) g(jx00j� + r!0) d! dr���= ��f(x000 )�� ��� Z R0jx00j0 s�1 ZSn�1 P2(!) g(� + s!0) d! ds���where we used that g is homogeneous of degree zero and jx00j 6= 0. Be
ause ofthe s�1-term in the s-integral we have to 
ontrol the !-integral for s ! 0 and forjx00j ! 0.De�ne, for 0 � s1 < s2 � 1,K(s1; s2) = Z s2s1 s�1 ZSn�1 P2(!)g(� + s!0) d! ds:(2.28)The behaviour ofK for di�erent regimes of s1 and s2 is expressed in Lemma2.12 be-low. Applying it, we get that (for all jx00j 2 (0;1)) ��K�0; R0=jx00j��� � C(n; �) kgkC�(Sk�1)(for kgkC�(Sk�1), see De�nition 2.1).Sin
e due to (2.27)��� Z R00 r�1I(2)2 (x0; r) dr��� = jf(x000)j ��K�0; R0=jx00j���we obtain(2.29) ��� Z R00 r�1I(2)2 (x0; r) dr��� � C(n; �) � sup�dB1 jf j� kgkC�(Sk�1):Further via (2.25), (2.26) and (2.29) lead tojI2(x0; R0)j � C(n; �) (R0)� � supSk�1 jgj� �f��; �dB1+ C(n; �) � sup�dB1 jf j� kgkC�(Sk�1):(2.30)The estimate (2.17) now follows from (2.21), (2.22), and (2.30).Proving Lemma 2.12 below will �nish the proof of Lemma 2.11. �Lemma 2.12. With K as in (2.28) we have:(i) s1 = 0; s2 � 1=2: ��K(0; s2)�� � C(n; �)[g℄�;Sk�1:(2.31)(ii) 1=2 � s1 < s2 � 4: ��K(s1; s2)�� � C(n) supSk�1 jgj:(2.32)



18 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSEN(iii) 4 � s1 and s2 !1:��K(s1; s2)�� � C(n; �)�g��;Sk�1 +C(n) supSk�1 jgj:(2.33)Proof of Lemma 2.12 :(i): Sin
e RSn�1 P2(!) d! = 0 and g is homogeneous of degree 0 we haveK(0; s2) = Z s20 s�1 ZSn�1 P2(!)�g� � + s!0j� + s!0j�� g(�)� d! ds:Note that j� + s!0j � 1� s � 1=2: Sin
e g 2 C�(Sk�1) we obtain��K(0; s2)�� � C(n) �g��;Sk�1 Z s20 s�1��� � + s!0j� + s!0j � ����� ds:This, and ��� � + s!0j� + s!0j � ���� � s+ ��1� j� + s!0j ��j� + s!0j � 2sj� + s!0j � 2s1� s � 4simplies (2.31).(ii): This follows dire
tly from the de�nition of K (see (2.28)).(iii): This is the most involved 
ase. We write the unit sphere Sn�1 as the unionof �(s) = �! 2 Sn�1 �� sj!0j � ps	 = �! 2 Sn�1 �� j!0j � 1ps 	(2.34)and its 
omplement �(s)
 (when d = 0;�(s) = ; for s > 1) and write K(s1; s2) =A1 +A2 + A3 where (when d = 0; A2 = 0 for s1 > 1)A1 = Z s2s1 s�1 Z�(s)
 P2(!) (g(� + s!0)� g(s!0)) d! ds;A2 = Z s2s1 s�1 Z�(s)P2(!) (g(� + s!0)� g(s!0)) d! ds;A3 = Z s2s1 s�1 ZSn�1 P2(!) g(s!0) d! ds:The estimate (2.33) is a dire
t 
onsequen
e of the following lemma. Proving it will�nish the proof of Lemma 2.12. �Lemma 2.13. We have jA1j � C(n; �)�g��;Sk�1;(2.35) jA2j � C(n) supSk�1 jgj;(2.36) A3 = 0:(2.37)Proof : A1 : Note �rst that sin
e sj!0j � 2 and j� + s!0j � 1 in �(s)
 we obtain,using the homogeneity of degree zero of g and the H�older 
ontinuity of g on Sk�1,that jA1j � C(n)�g��;Sk�1 Z s2s1 s�1 Z�
(s) ��� � + s!0j� + s!0j � s!0js!0j���� d! ds:



SHARP REGULARITY FOR WAVE FUNCTIONS 19Then by using the triangle inequality and that sj!0j � ps � 2, we get��� � + s!0j� + s!0j � s!0js!0j��� � 1 + �� js!0j � j� + s!0j��j�+ s!0j� 2j� + s!0j � 2ps� 1 � 4pswhi
h leads to jA1j � C(n; �)�g��;Sk�1s� �21 � C(n; �)�g��;Sk�1;verifying (2.35).A2 : For d = 0, A2 = 0. For d > 0, the estimate (2.36) is a 
onsequen
e of thefollowing lemma, whi
h is not hard to prove using polar 
oordinates in Rn (we omitthe proof):Lemma 2.14. Let j�(s)j denote the n � 1-dimensional surfa
e measure of �(s).Then(2.38) ���(s)�� � C(n)s�1=2:From (2.38) we immediately get (2.36):jA2j � �Z 14 s�1���(s)�� ds�C(n) supSk�1 jgj � C(n) supSk�1 jgj:A3 : We have(2.39) A3 = 0as a 
onsequen
e of the lemma below (when d = 0, (2.39) is trivially true, dueto the assumptions on g), sin
e, by assumption, gjSk�1 is orthogonal to h(k)2 (thesubspa
e of L2(Sk�1) spanned by the spheri
al harmoni
s of degree 2).Lemma 2.15. Let 0 < k < n and suppose � 2 L2(Sk�1) is orthogonal to h(k)2 .Let ~� denote the following `natural' extension of �:~�� (x; y)j(x; y)j� = (�� xjxj� for jxj 6= 0;0 for jxj = 0:Then ~� 2 L2(Sn�1) and ~� is orthogonal to h(n)2 .Proof : Sin
e � 
an be expanded in the natural basis of L2(Sk�1) it suÆ
es to 
on-sider a � whi
h is the restri
tion to Sk�1 of a harmoni
, homogeneous polynomialPs of degree s 6= 2. Then ~Ps(x; y) = Ps(x) for (x; y) 2 Rn is a harmoni
 homoge-neous polynomial in Rn of degree s 6= 2. Therefore ~�, being the restri
tion of ~Ps toSn�1, is orthogonal in L2(Sn�1) to h(n)2 . �This �nishes the proof of Lemma 2.13, and therefore �nally the proof of Theo-rem 2.6. �3. Proofs of Theorems 1.1 and 1.4We re
all that for notational simpli
ity we shall give the proofs of Theorems 1.1and 1.4 only for the atomi
 
ase.



20 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSEN3.1. Proof of Theorem 1.1. Let  satisfy (H � V ) = 0 in R3N, with V as in(1.1), and let F2 and F3 be given as in (1.9) and (1.10). De�ne �3 by the equation = eF2+F3�3. Re
all that �F2 = V . We now make use of Lemma 3.1 below whi
h,together with Theorem 2.6, is the main ingredient in the proof of Theorem 1.1. Dueto this lemma, there exists a fun
tion K3 : R3N ! R su
h that �K3 = �jrF2j2,and G3 � K3 � F3 2 C1;1(R3N). De�ne �3 by = eF2+K3�3(3.1)that is, �3 = e�G3�3. Sin
e G3 2 C1;1(R3N), it remains to prove Lemma 3.1 belowand that �3 2 C1;1(R3N), then �3 2 C1;1(R3N) will follow.Lemma 3.1. There exists a fun
tion G3 : R3N ! R, G3 2 C1;1(R3N) su
h thatthe fun
tionK3(x) = K3(x1; : : : ; xN ) = Z (2� �)12� X1�j<k�N(xj � xk) ln(x2j + x2k)+G3(x)(3.2)solves the equation �K3 = �jrF2j2, with F2 as in (1.9).Remark 3.2. Note that the fun
tion (x � y) ln(x2 + y2) belongs to C1;�(R6) for all� 2 (0; 1), but not to C1;1(R6).Proof : Note thatrF2 = �Z2 � x1jx1j ; : : : ; xNjxN j�+ 14� NXj=2 x1 � xjjx1 � xjj ; : : : ;N�1Xj=1 xN � xjjxN � xjj�;(3.3)so that jrF2j2 = �NZ24 + N (N � 1)16 �� Z4 X1�j<k�N 
2(xj; xk)+ 18 X1�j<k<l�N 
3(xj; xk; xl)� �1 + �2(x) + �3(x);(3.4)with (x; y; z 2 R3)
2(x; y) = � xjxj � yjyj� � x� yjx� yj ;(3.5) 
3(x; y; z) = x� yjx� yj � x� zjx� zj + y � xjy � xj � y � zjy � zj + z � xjz � xj � z � yjz � yj :Therefore it is natural to make the 'Ansatz'K3 = �̂+ �̂+ �̂;and look for �̂; �̂; �̂ solving��̂ = ��1 ; ��̂ = ��2 ; ��̂ = ��3:First, it is easily seen that with �(x) = jxj2; x 2 R3, the fun
tion�̂(x) = �16� NXj=1 Z24 �(xj) + X1�j<k�N 116�(xj � xk)�;



SHARP REGULARITY FOR WAVE FUNCTIONS 21satis�es ��̂ = ��1; �̂ 2 C1(R3N).Further, it suÆ
es to �nd fun
tions � and � su
h that�(x; y) = 2� �3� (x � y) log(x2 + y2) + �1(x; y) ; �1 2 C1;1(R6);with (�x +�y)�(x; y) = 
2(x; y);(3.6)and � 2 C1;1(R9) with(�x +�y +�z)�(x; y; z) = 
3(x; y; z);(3.7)sin
e letting�̂(x) = Z4 X1�j<k�N �(xj ; xk) ; �̂(x) = �18 X1�j<k<l�N �(xj; xk; xl)gives (� =PNj=1�j)��̂(x) = Z4 X1�j<k�N �(�j +�k)��(xj; xk) = ��2(x);��̂(x) = �18 X1�j<k<l�N �(�j +�k +�l)��(xj; xk; xl) = ��3(x):The fun
tions � and � are 
onstru
ted in Appendi
es A and B. Lemma 3.1 thenfollows from Lemma A.1 and Lemma B.1. �Remark 3.3. Summarizing, one 
an say that only those points where the 
oor-dinates of (at least) 2 ele
trons 
oin
ide with that of the nu
leus (xi = xj = 0)give rise to the logarithmi
 terms in K3. These terms stem from the fun
tion �and are due to the type of singularity of the 
2-terms in jrF2j2. There is no su
h
ontribution from the fun
tion �, i.e., from the 
3-terms in jrF2j2. This is due tothe permutational symmetry of � with respe
t to the ele
tron 
oordinates as will beseen from the proof of Lemma B.1.To �nish the proof of Theorem 1.1 it remains to prove that �3 2 C1;1(R3N).Using (H �E) = 0 and H = ��+V , we get the following equation for �3 (see(1.5) and (3.1); set F = F2 +K3 and � = �3)��3 + 2r�F2 +K3� � r�3(3.8) + ���F2 +K3� + jr�F2 +K3�j2 + (E � V )��3 = 0:Using �F2 = V and �K3 = �jrF2j2, this redu
es to the equation��3 + 2r�F2 +K3� � r�3(3.9) + �jrK3j2 + 2rF2 � rK3 + E��3 = 0:This eliminated one of the terms in the equation for �3 that was only in L1(R3N),and not 
ontinuous, namely jrF2j2.To deal with the two remaining ones (
ontaining rF2), re-arrange the equa-tion (3.9): ��3 +rF2 � �2r�3 + 2�3rK3�(3.10) + �jrK3j2 + E��3 + 2rK3 � r�3 = 0:



22 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSENDe�ne 	 = (	1; : : : ;	N ) : R3N ! R3N by	(x1; : : : ; xN) = 2r�3 + 2�3rK3:(3.11)That is, 	j = (	j;1;	j;2;	j;3) : R3N ! R3 with	j;i = 2 ��3�xj;i + 2�3 �K3�xj;i ; j 2 f1; : : : ; Ng ; i 2 f1; 2; 3g:(3.12)Then rF2 � �2r�3 + 2�3rK3� = rF2 �	:(3.13)Sin
e K3; �3 2 C1;�(R3N) for all � 2 (0; 1), we have 	j;i 2 C�(R3N) for all j 2f1; : : : ; Ng; i 2 f1; 2; 3g and � 2 (0; 1).Next, let 	̂j;i : R3(N�1)! R be de�ned by	̂j;i(x1; : : : ; xj�1; xj+1; : : : ; xN ) = 	j;i(x1; : : : ; xj�1; 0; xj+1; : : : ; xN );(3.14)that is, by setting xj equal to zero in 	j;i.Furthermore, de�ne, for j < k, j; k 2 f1; : : : ; Ng, the fun
tions �(j;k) : R3N !R3 by �(j;k)(x1; : : : ; xN ) =(3.15) 	j(x1; : : : ; xj�1; 12(xj + xk); xj+1; : : : ; xk�1; 12(xj + xk); xk+1; : : : ; xN )�	k(x1; : : : ; xj�1; 12(xj + xk); xj+1; : : : ; xk�1; 12 (xj + xk); xk+1; : : : ; xN):The proof of Theorem 1.1 will follow from the following two lemmas:Lemma 3.4. Let 	̂j;i;�(j;k);i be de�ned a

ording to (3.12), (3.14) and (3.15).Assume the fun
tions uj;i; v(j;k);i solve the equations�uj;i = Z2 xj;ijxjj 	̂j;i;(3.16) �v(j;k);i = � 14 xj;i � xk;ijxj � xkj �(j;k);i:(3.17)Then uj;i; v(j;k);i 2 C1;1(R3N).Lemma 3.5. Let 	̂j;�(j;k) be de�ned a

ording to (3.12), (3.14) and (3.15). Thenthe fun
tions 14 xj � xkjxj � xkj � n�	j � 	k� ��(j;k)o;(3.18) Z2 xjjxjj � �	j � 	̂j�(3.19)all belong to C�(R3N) for all � 2 (0; 1).Let us �rst �nish the proof of Theorem 1.1, using the two lemmas.Let the fun
tion U : R3N ! R be de�ned byU = 3Xi=1 NXj=1 uj;i + 3Xi=1 X1�j<k�N v(j;k);i(3.20)



SHARP REGULARITY FOR WAVE FUNCTIONS 23with the fun
tions uj;i; v(j;k);i solving the equations (3.16) and (3.17). Then�U = NXj=1 Z2 xjjxjj � 	̂j � X1�j<k�N 14 xj � xkjxj � xkj ��(j;k);(3.21)and, due to Lemma 3.4, U 2 C1;1(R3N).Let W = �3 � U , then due to (3.10), (3.21), and the form of rF2 (see (3.3))�W = NXj=1�Z2 xjjxjj � �	j � 	̂j�� �jrK3j2 +E��3 � 2rK3 � r�3� X1�j<k�N 14 xj � xkjxj � xkj � n�	j �	k�� �(j;k)o:(3.22)Using the fa
t that K3; �3 2 C1;�(R3N), and Lemma 3.5, we 
on
lude that theRHS in (3.22) belongs to C�(R3N) for all � 2 (0; 1) . Due to Proposition 2.4, W 2C2;�(R3N) for all � 2 (0; 1), and so �3 =W +U 2 C1;1(R3N) (sin
e U 2 C1;1(R3N)as mentioned above).This �nishes the proof that �3 2 C1;1(R3N), and therefore �3 = eG3�3 2C1;1(R3N), sin
e G3 2 C1;1(R3N).To �nish the proof of Theorem 1.1, it therefore remains to prove Lemma 3.4 andLemma 3.5.Proof of Lemma 3.4 : Firstly, for uj;i, this is a straightforward appli
ation of The-orem 2.6, with k = 3; d = 3(N � 1) andg � xj;ijxjj ; x0 � xj 2 R3;f � Z2 	̂j;i ; x00 � (x1; : : : ; xj�1; xj+1; : : : ; xN ) 2 R3(N�1):It has already been noted that 	j;i 2 C�(R3N) for all � 2 (0; 1) and therefore(see (3.14)) also 	̂j;i 2 C�(R3(N�1)) for all � 2 (0; 1). Clearly, xj;ijxjj 2 C1(R3 nf0g) � C�(R3n f0g), and P(3)2 �xj;ijxjj� = 0, due to the anti-symmetry of the fun
tionxj;ijxjj . Therefore, all assumptions of Theorem 2.6 are full�lled and it follows thatuj;i 2 C1;1(R3N).Se
ondly, for v(j;k);i, we make an orthogonal 
hange of 
oordinates: a = 1p2 (xj�xk); b = 1p2 (xj + xk), the other 
oordinates remaining un
hanged. Due to thespe
i�
 de�nition of �(j;k);i, this brings us to a setup exa
tly as the one above foruj;i. Sin
e the orthogonal 
hange of 
oordinates does not 
hange the regularity, the
on
lusion follows as before.This �nishes the proof of Lemma 3.4. �Proof of Lemma 3.5 : First, note that the fun
tion Gj = 	j � 	̂j satis�es Gj 2C�(R3N) for all � 2 (0; 1), andGj(x1; : : : ; xj�1; xj = 0; xj+1; : : : ; xN ) = 0for all (x1; : : : ; xj�1; xj+1; : : : ; xN ) 2 R3(N�1):



24 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSENTherefore, due to Lemma 2.9,Z2 xjjxjj � �	j � 	̂j� 2 C�(R3N) for all � 2 (0; 1):Se
ondly, for the fun
tion14 xj � xkjxj � xkj � n�	j � 	k� ��(j;k)o;the same orthogonal 
hange of 
oordinates as in the proof of Lemma 3.4 brings usin the same situation as the above, again due to the spe
i�
 de�nition of �(j;k).The 
on
lusion follows as above.This �nishes the proof of Lemma 3.5. �This �nishes the proof of Theorem 1.1. �3.2. Proof of Theorem 1.4. By Remark 1.5 is suÆ
es to prove that (1.20) holds.We pro
eed similarly to the proof of Theorem 1.1, but here we need to estimate
arefully all the involved quantities uniformly (i.e., independently of x0 2 R3N).For notational simpli
ity, we will prove (1.20) only in the 
ase R0 = 2R.For the proof we need the following regularised version of Lemma 3.1.Lemma 3.1'. There exists a fun
tion G3;
ut : R3N ! R, G3;
ut 2 C1;1(R3N), su
hthat the fun
tionK3;
ut(x) =Z 2� �12� X1�j<k�N(xj � xk)�(jxjj)�(jxkj) ln(x2j + x2k)+G3;
ut(x) = F3;
ut(x) + G3;
ut(x)(3.23)(for F3;
ut, see (1.17)) solves the equation�K3;
ut = �jrF2;
utj2 + r
ut;with F2;
ut as de�ned in (1.16) and r
ut 2 C�(R3N) for all � 2 (0; 1). Furthermore,G3;
ut 
an be 
hosen su
h that for all � > 0 the following estimate holds:kG3;
utkC1;1(B3N (x0;�)) + kr
utkC�(B3N (x0;�)) � C;(3.24)for some 
onstant C = C(�) > 0 independent of x0 2 R3N.Proof : The proof of Lemma 3.1' is analogous to that of Lemma 3.1. Instead of�; �; � we will use fun
tions �
ut; �
ut and �
ut to be de�ned presently. With �being the fun
tion de�ned in (1.14) we de�ne�
ut(x) = �(jxj)�(x) = �(jxj)jxj2;(3.25) �
ut(x; y) = �(jxj)�(jyj)�(x; y)(3.26) � 14�(3jyj)�1� �(jxj)��jyj2 x � yjxjjyj�� 14�(3jxj)�1� �(jyj)��jxj2 x � yjxjjyj�� �(jxj)�(jyj)2� �3� (x � y) ln(x2 + y2) + �1;
ut(x; y):
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ut(x; y) 6= �(jxj)�(jyj)�1(x; y)). Let �
ut be as in Lemma B.2, wethen have ��
ut = 
3 + h� ;(3.27) k�
utkC1;1(B9((x0;y0;z0);�)) + kh�kC�(B9((x0;y0;z0);�)) � C;with 
3 as in (3.5) and with C independent of (x0; y0; z0) 2 R9 and � > 0.For �
ut, note that��
ut = �jxj2+�(�
ut � jxj2)(3.28) = 6���(1� �(jxj))jxj2� � 6� h�;where obviously, k�
utkC1;1(B3(x0;�)) + 

h�

C�(B3(x0;�)) � C;(3.29)with C independent of x0 2 R3 and � > 0.For �
ut, using �� = 
2 (see (3.5) and (3.6)), that �y(jyj2 x�yjxjjyj) = 4 x�yjxjjyj , andthe support properties of �, we have that��
ut = 
2 � �1� �(jxj)�(jyj)	�1� �(3jxj)� �(3jyj)�
2� n�(3jyj)�1� �(jxj)�+ �(3jxj)�1� �(jyj)�o�
2 + x � yjxjjyj�+ R1 + R2 + R3;� 
2 �H
2 � G�
2 + x � yjxjjyj� +R1 + R2 + R3;(3.30)where R1 = �(jyj)��x�(jxj) + �(jyj)2rx�(jxj) � rx�+ �(jxj)��y�(jyj) + �(jxj)2ry�(jyj) � ry�;R2 = �14�(3jyj)jyj2 yjyj ��x�(1� �(jxj)) xjxj�� 14��y�(3jyj)�jyj2 yjyj � �(1� �(jxj) xjxj�� 12�ry�(3jyj)� � ry� x � yjxjjyjjyj2�1� �(jxj)��;and where R3 is R2 with x and y inter
hanged.Using that � 2 C1;�(R6) for all � 2 (0; 1), and the support properties of �, it iseasily seen that kRjkC�(B6((x0;y0);�)) � C;(3.31)with a 
onstant C independent of (x0; y0)) 2 R6 and � > 0.Sin
e for all (x; y) 2 R6,��r
2�� � 6p2� 1jxj + 1jyj� ; ���r�
2 + x � yjxjjyj���� � 8p2jx� yjwe get, using the support properties of H and G, thatkHr
2kL1(R6) � C ; 

Gr�
2 + x�yjxjjyj�

L1(R6) � C:



26 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSENAgain using the support properties of H and G, this implies thatkH 
2kC0;1(B6((x0;y0);�)) � C;(3.32) 

G�
2 + x�yjxjjyj�

C0;1(B6((x0;y0);�)) � C;with a 
onstant C independent of (x0; y0) 2 R6 and � > 0.From (3.30), (3.31), and (3.32) we get��
ut = 
2 + h� ; kh�kC�(B6((x0;y0);�)) � C;(3.33)with a 
onstant C independent of (x0; y0) 2 R6 and � > 0. Note that (see (3.26)and (A.2))�1;
ut(x; y) = �(jxj)�(jyj)�(x2 + y2)G�1� (x; y)j(x; y)j�� ; G�1 2 C1;1(S5):Therefore, due to the 
ompa
t support of �,k�1;
utkC1;1(B6((x0;y0);�)) � C(3.34)with C independent of (x0; y0) 2 R6 and � > 0.Observe thatjrF2j2 = jrF2;
utj2 +r(F2 � F2;
ut) � r(F2 + F2;
ut)(3.35)and that r(F2 � F2;
ut) � r(F2 + F2;
ut)= NXj=1rj(F2 � F2;
ut) � rj(F2 + F2;
ut)= NXj=1~bj � xjjxjj + X1�j<k�N~b(j;k) � xj � xkjxj � xkj ;where ~bj = �Z2 n1 + �(jxjj) + �0(jxjj)jxjjo�~aj + NXl=1;l6=j ~a(j;l)�;~b(j;k) = 14n1 + �(jxj � xkj) + �0(jxj � xkj)jxj � xkjo�� �~aj � ~ak + NXl=1;l6=j ~a(j;l) � NXl=1;l6=k~a(k;l)�;~aj = �Z2 n�1� �(jxjj)�� �0(jxjj)jxjjo xjjxjj ;~a(j;k) = 14n�1� �(jxj � xkj)�� �0(jxj � xkj)jxj � xkjo xj � xkjxj � xkj :Clearly (using the support properties of �), for all � 2 N3N,k��~bjkL1(R3N) + k��~b(j;k)kL1(R3N) � C(�):(3.36)
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ut = 14 NXj=1~bj � �jxjj2 xjjxjj��(jxjj)+ 14 X1�j<k�N~b(j;k) � � ���xj � xkp2 ���2 xj � xkjxj � xkj��(jxj � xkj):Then, due to (3.36) and the support properties of �,kG1;
utkC1;1(B3N (x0;�)) � C;(3.37)for some 
onstant C = C(�) > 0 independent of x0 2 R3N.Using �(jxjj2 xjjxjj ) = 4 xjjxjj and �(jxj�xkp2 j2 xj�xkjxj�xkj ) = 4 xj�xkjxj�xkj , we see that�G1;
ut = r(F2 � F2;
ut) � r(F2 + F2;
ut) +R;(3.38)with R = 14 NXj=1���(jxjj)~bj� � �jxjj2 xjjxjj�+ 12 NXj=1 3Xi=1rj��(jxjj)~bj;i� � rj�jxjj2 xj;ijxjj�+ 14 X1�j<k�N���(jxj � xkj)~b(j;k)� � � ���xj � xkp2 ���2 xj � xkjxj � xkj�+ 12Xj<k 3Xi=1rj��(jxj � xkj)~b(j;k);i� � rj� ���xj � xkp2 ���2xj;i � xk;ijxj � xkj �+ NXj=1~bj � xjjxjj�1� �(jxjj)�+ X1�j<k�N~b(j;k) � xj � xkjxj � xkj�1� �(jxj � xkj)�:From (3.36) and the support properties of �, we see thatkRkC0;1(B3N (x0;�)) � C;(3.39)for some 
onstant C independent of x0 2 R3N and � > 0.De�ne G3;
ut = G1;
ut + G2;
ut(3.40)
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ut = �̂
ut + �̂1;
ut + �̂
ut;�̂
ut(x) = �16� NXj=1 Z24 �
ut(xj) + X1�j<k�N 116�
ut(xj � xk)�;�̂1;
ut(x) = Z4 X1�j<k�N �1;
ut(xj ; xk);�̂
ut(x) = �18 X1�j<k<l�N �
ut(xj; xk; xl):Then, with K3;
ut de�ned as in (3.23), we have, using (3.38), (3.27), (3.33), (3.28),(3.35), (3.4) �K3;
ut = jrF2j2 � jrF2;
utj2 � �1 � �2 � �3 + r
ut= �jrF2;
utj2 + r
ut;(3.41)where, due to (3.27), (3.33), (3.39), (3.29),kr
utkC�(B3N (x0;�)) � C;(3.42)for some 
onstant C = C(�) > 0 independent of x0 2 R3N.Also, using (3.40), (3.27), (3.29), (3.37) and (3.34),kG3;
utkC1;1(B3N (x0;�)) � C;(3.43)for some 
onstant C independent of x0 2 R3N and � > 0. Now, (3.24) follows from(3.42) and (3.43). This �nishes the proof of Lemma 3.1'. �Let K3;
ut be the fun
tion 
onstru
ted in Lemma 3.1' above. De�ne (see (3.23),(1.15), and (1.18)) �3;
ut = e�F2;
ut�K3;
ut = e�G3;
ut�3;
ut:(3.44)Sin
e for all � > 0 (using Lemma 3.1')kF3;
ut �K3;
utkC1;1(B3N (x0;�)) = kG3;
utkC1;1(B3N (x0;�))is bounded independently of x0, to prove (1.20) is equivalent to provingk�3;
utkC1;1(B3N (x0;R)) � C(R)k�3;
utkL1(B3N (x0;2R)):(3.45)Using that �3;
ut = e�G3;
ut�3;
ut, the estimate (3.24) (twi
e), and the bound (1.21),we get, for all 0 < � < �0,k�3;
utkC1;�(B3N (x0;�)) � Ck�3;
utkL1(B3N (x0;�0));(3.46)with C = C(�; �0). Proving (3.45) is improving (3.46) to � = 1.The fun
tion �3;
ut satis�es the equation��3;
ut + 2�rF2;
ut +rK3;
ut� � r�3;
ut+ ��F2;
ut +�K3;
ut + jrF2;
ut+rK3;
utj2 + (E � V )��3;
ut = 0:We 
an rewrite this as��3;
ut + 2rF2;
ut � �r�3;
ut + �3;
utrK3;
ut�(3.47) + r1;
ut � r�3;
ut + r2;
ut�3;
ut = 0;
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e �F2 = V and �K3;
ut = �jrF2;
utj2 + r
ut)r1;
ut = 2rK3;
ut;r2;
ut = �F2;
ut + r
ut + jrK3;
utj2 + (E � V )= �(F2;
ut � F2) + r
ut + jrK3;
utj2 + E:By the 
onstru
tion of F2 and F2;
ut (see (1.9), (1.14), and (1.16)) it is 
lear thatfor all � > 0 k�(F2;
ut � F2)kC�(B3N (x0;�)) � C;with C = C(�) independent of x0 2 R3N. Due to Lemma 3.1' (see also (1.14)),rK3;
ut is C�, and we have for all � > 0krK3;
utkC�(B3N (x0;�)) � C;(3.48)with C = C(�) independent of x0 2 R3N. This, together with (3.24), means thatkrj;
utkC�(B3N (x0;�)) � C; j = 1; 2;(3.49)where C = C(�) is independent of x0 2 R3N.In order to �nish the proof, we introdu
e a lo
alisation. Let f : R! R;0� f �1, be de
reasing and su
h that f(t) = 1 for t < 0 and f(t) = 0 for t > 1, and de�ne,for � > 0; � > 1, �(x) � ��;�(x) = f� 1��1( jx�x0j� � 1)�:(3.50)(So �(x) = 1 on B3N (x0; �) and �(x) = 0 outside B3N (x0; ��)).Clearly the derivatives of � are bounded independently of x0. Below, all 
onstantsC = C(�) also depend on � > 1; we omit this dependen
e in the notation. On theset B3N (x0; �)), ��3;
ut satis�es the following equation:�(��3;
ut) + 2rF2;
ut � �r(��3;
ut) + (��3;
ut)rK3;
ut�(3.51) + r1;
ut � r(��3;
ut) + r2;
ut(��3;
ut) = 0:Using (3.51) we will dedu
e thatk�R;p2 �3;
utkC1;1(B3N (x0;R)) � C(R)k�3;
utkL1(B3N (x0;2R));(3.52)from whi
h (3.45) 
learly follows (sin
e � � 1 on B3N (x0; R)). To prove Theo-rem 1.4, it therefore remains to prove (3.52).Proof of (3.52) : Let 	j;i;
ut be de�ned as 	j;i; was in (3.12) but with �3;K3repla
ed by ��3;
ut, K3;
ut, that is (j 2 f1; : : : ; Ng; i 2 f1; 2; 3g),	j;i;
ut = 2�(��3;
ut)�xj;i + 2(��3;
ut)�K3;
ut�xj;i :(3.53)(Here, � � �R;p2). We de�ne 	̂j;i;
ut, �(j;k);i;
ut analogously to 	̂j;i, �(j;k);i de�nedin (3.14) and (3.15). Using (3.48) and (3.46) we get that for all 0 < � < �0,

	j;i;
ut

C�(B3N (x0;�)) � C(�)k��3;
utkC1;�(B3N (x0;�))(3.54) � C(�; �0; R)k�3;
utkL1(B3N (x0;�0)):We then have the following result, similar to Lemma 3.4:
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ut; v(j;k);i;
ut be the solutions to the equations (3.16), (3.17)(with 	̂j;i, �(j;k);i repla
ed by 	̂j;i;
ut, �(j;k);i;
ut) given by the Newton potential onB3N (x0;p2R).Then, for all � < p2R < �0, there exists a 
onstant C = C(�; �0; R) (independentof x0 2 R3N) su
h thatkuj;ikC1;1(B3N (x0;�)) � Ck�3;
utkL1(B3N (x0;�0));(3.55) kv(j;k);ikC1;1(B3N (x0;�)) � Ck�3;
utkL1(B3N (x0;�0)):(3.56)Proof : Using Theorem 2.6 and Remark 2.7 (iv) and (v), we get the a priori estimatekuj;i;
utkC1;1(B3N (x0;�)) � C� sup ����xj;ijxjj���� k	̂j;i;
utkC�(�3N�3B3N (x0;p2R))+ � sup�3N�3B3N (x0;p2R)) j	̂j;i;
utj�


xj;ijxjj


C�(S2)�:(3.57)Using (3.53) and (3.48) we havek	̂j;i;
utkC�(�3N�3B3N (x0;p2R)) � k	j;i;
utkC�((�3N�3B3N (x0;p2R))�R3)� Ck��3;
utkC1;�((�3N�3B3N (x0;p2R))�R3):This, the 
ompa
t support of �, and (3.57) implies the estimatekuj;i;
utkC1;1(B3N (x0;�)) � C k�3;
utkC1;�(B3N (x0;p2R)):(3.58)Combining (3.58) and (3.46), we arrive at (3.55). This �nishes the proof of theestimate (3.55) for uj;i;
ut.The analogous estimate (3.56) for v(j;k);i;
ut is proved in the same manner usingthe same 
oordinate transformation as in the proof of Lemma 3.4 (see also the proofof Lemma 3.5' below). We omit the details. �Lemma 3.5'. Let 	j;i;
ut be de�ned by (3.53) and let 	̂j;i;
ut and �(j;k);i;
ut bede�ned by (3.14) and (3.15) (with 	j;i repla
ed by 	j;i;
ut). Then the fun
tionsde�ned by (3.18) and (3.19) (again, with an extra index `
ut') belong to C�(R3N)for all � 2 (0; 1). Furthermore, for any � < p2R < �0, their C�-norms on the ballB3N (x0; �) are bounded by Ck�3;
utkL1(B3N (x0;�0))(3.59)with C = C(�; �0; R) independent of x0 2 R3N.Proof : That the fun
tions belong to C�(R3N) for all � 2 (0; 1) follows like in theproof of Lemma 3.5.To prove the bounds on the norms it suÆ
es, by Lemma 2.9 and the triangleinequality, to prove them for

	k;i;
ut

C�(B3N (x0;�)) and 

�(j;k);i;
ut)

C�(B3N (x0;�)):For 	k;i;
ut, the estimate follows from (3.54).
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ut, denote by tj;k : R3N ! R3N the linear transformation (seealso (3.15)),tj;k(x) =(x1; : : : ; xj�1; 12 (xj + xk); xj+1; : : : ; xk�1; 12 (xj + xk); xk+1; : : : ; xN );so that �(j;k);i;
ut(x) = 	j;i;
ut(tj;k(x)) �	k;i;
ut(tj;k(x)):Then, sin
e jtj;k(z)j � jzj,���(j;k);i;
ut(x) � �(j;k);i;
ut(y)��jx� yj� � ��	j;i;
ut(tj;k(x)) �	j;i;
ut(tj;k(y))��jtj;k(x) � tj;k(y)j�+ ��	k;i;
ut(tj;k(x)) � 	k;i;
ut(tj;k(y))��jtj;k(x)� tj;k(y)j�(3.60)Due to the lo
alisation � in the de�nition of 	k;i;
ut (see (3.53)), both of the termson the RHS of (3.60) are bounded byC(�)k�3;
utkC1;�(B3N (x0;p2R)):The bound (3.59) for �(j;k);i;
ut now follows using (3.46). This �nishes the proof ofthe bound (3.59) for the fun
tions (	j;i;
ut � 	k;i;
ut)� �(j;k);i;
ut.The proof for the fun
tions 	j;i;
ut � 	̂j;i;
ut is similar (see also the proof ofLemma 3.4' above), so we omit the details. �To �nish the proof of Theorem 1.4, de�ne U
ut analogously to (3.20), using thefun
tions uj;i;
ut, v(j;k);i;
ut from Lemma 3.4'. Then, by Lemma 3.4', for any � <p2R < �0, �U
ut = NXj=1 Z2 xjjxjj � 	̂j;
ut � X1�j<k�N 14 xj � xkjxj � xkj ��(j;k);
ut;(3.61) kU
utkC1;1(B3N (x0;�)) � Ck�3;
utkL1(B3N (x0;�0)):(3.62)De�ne (� � �R;p2) W
ut = ��3;
ut � U
ut;(3.63)then, using (3.51), (3.53), (3.61), and the form of rF2 (see (3.3)), we get thefollowing equation for W
ut:�W
ut = � Z2 NXj=1 xjjxjj � n	j;
ut � 	̂j;
uto� 14 X1�j<k�N xj � xkjxj � xkj �n�	j;
ut � 	k;
ut� ��(j;k);
uto+ NXj=1rj�F2 � F2;
ut� �	j;
ut� nr1;
ut � r(��3;
ut) + r2;
ut(��3;
ut)o � �:(3.64)Here, � belongs to C� for all � 2 (0; 1), and, for all � < p2R < �0,k�kC�(B3N (x0;�)) � Ck�3;
utkL1(B3N (x0 ;�0))(3.65)



32 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSENwith C = C(�; �0; R) independent of x0 2 R3N. For the �rst two terms in (3.64) thisfollows from Lemma 3.5'. For the third term, it follows using the form of F2�F2;
ut(see (1.9), (1.14), and (1.16)) and (3.54). For the last term we use (3.49) and (3.46).By Proposition 2.4 this means that W
ut belongs to C2;�, and we have theestimate kW
utkC1;1(B3N (x0;R)) � kW
utkC2;�(B3N (x0;R))(3.66) � C(R)�kW
utkL1(B3N (x0; 3p2R)) + k�kC�(B3N (x0; 3p2R))�:Using (3.63), the triangle inequality, and then (3.62) (with � = 3p2R and �0 = 2R),we have kW
utkL1(B3N (x0; 3p2R)) � C(R)k�3;
utkL1(B3N (x0;2R)):This, (3.66), and (3.65) with � = 3p2R and �0 = 2R, gives the estimatekW
utkC1;1(B3N (x0;R)) � C(R)k�3;
utkL1(B3N (x0;2R)):(3.67)Using ��3;
ut = W
ut + U
ut, (3.62) (with � = R and �0 = 2R) and (3.67), theestimate (3.52) follows. �This �nishes the proof of Theorem 1.4. �Appendix A. Constru
tion of the fun
tion �In this appendix we 
onstru
t the fun
tion � that gives rise to the terms oforder r2 ln(r) in the fun
tion K3 solving �K3 = �jrF2j2 (see the previous se
tion,Remark 3.3 in parti
ular). Therefore, � is responsable for the C1;�-singularities inthe wavefun
tion  .More pre
isely, we prove the following:Lemma A.1. Let the fun
tion 
2 : R6! R be given by
2(x; y) = � xjxj � yjyj� � x� yjx� yj ; x; y 2 R3:(A.1)Then there exists a fun
tion � : R6! R of the form�(x; y) = 2� �3� (x � y) log(x2 + y2) + (x2 + y2)G�1� (x; y)j(x; y)j�� k(x; y) + �1(x; y) ; G�1 2 C1;1(S5)(A.2)satisfying �� = 
2.Remark A.2. Note that by Lemma 2.10, �1 2 C1;1(R6).Proof. Re
all that h(6)2 = Ran(P(6)2 ) is given by the linear span of the harmoni
,homogeneous polynomials of degree 2 in R6 restri
ted to S5.By Lemma C.1 we have that(P(6)2 
2)(r!) = 
1 x � yx2 + y2 ; 
1 = 16(2� �)3� ;where r2 = x2 + y2; ! = (x; y)=r 2S5. Let k(x; y) = 
116(x � y) log(x2 + y2). Then��x +�y�k(x; y) = 
1 x � yx2 + y2 = (P(6)2 
2)(r!):
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es the problem (of �nding � su
h that (�x+�y)� = 
2)to �nding �1 su
h that (�x +�y)�1 = 
̂2(A.3)with 
̂2 = 
2 � 
1 x � yx2 + y2 :(A.4)Due to the above, (P(6)2 
̂2)(r!) = 0:Therefore, by Proposition 2.8, there exists a solution �1 to (A.3) su
h that �1(r!) =r2G�1(!), with G�1 2 C1;�(S5) for all � 2 (0; 1).To verify (A.2) we need to prove that in fa
t G�1 2 C1;1(S5). We will do this byproving that �1 2 C1;1(R6 n f0g), sin
e then G�1= �1=r22 C1;1(S5).To prove �1 2 C1;1(R6nf0g), we analyze the equation (A.3) for �1 in the vi
inityof singular points of the fun
tion 
̂2 on the sphereS5. There are two types of singularpoints: (a) (x0; x0) 2 S5, (b) (0; y0) 2 S5 (resp. (x0; 0) 2 S5). The fun
tion �1 isC1 in a neighbourhood of all other points on S5 due to Proposition 2.4 (sin
e, forr > 0, 
̂2 is C1 away from points of type (a) and (b), see (A.1) and (A.4)).(a): Let Ua � R6 be a neighbourhood of a point (x0; x0) 2 S5 (i.e. 2jx0j2 = 1)su
h that for some 
 > 0, jxj � 
; jyj � 
 for (x; y) 2 Ua. Choose new 
oordinates:Let (x1; x2) = t(x; y) = (x� y; x+ y):Then �
2 Æ t�1�(x1; x2) = x1jx1j � � x1 � x2jx1 � x2j + x1 + x2jx1 + x2j� � x1jx1j �Ga(x1; x2)with Ga 2 C1�t(Ua)�. Sin
e Ga(0; x2) = 0 for x2 6= 0 (that is, for x = y 6= 0in the original 
oordinates), we have, by Lemma 2.9, that 
2 Æ t�1 2 C0;1�t(Ua)�,and therefore 
2 2 C0;1(Ua) � C�(Ua) for all � 2 (0; 1). Sin
e (x � y)=(x2 + y2) 2C1(Ua), we have (see (A.4)) 
̂2 2 C�(Ua) for all � 2 (0; 1). By Proposition 2.4 weget from (A.3) that �1 2 C2;�(Ua).(b): Let Ub � R6 be a neighbourhood of a point (0; y0) 2 S5 (i.e. jy0j = 1) su
hthat for some 
 > 0, jyj � 
; jx� yj � 
 for (x; y) 2 Ub. Then
2(x; y) = � xjxj � yjyj� � x� yjx� yj= � xjxj � yjyj + xjxj � � yjyj � y � xjy � xj�� yjyj � x� yjx� yj :Note that � yjyj � x� yjx� yj 2 C1(Ub)and that xjxj � � yjyj � y � xjy � xj� � xjxj �Gb(x; y);with Gb 2 C1(Ub), Gb(0; y) = 0 for y 6= 0. Therefore, by Lemma 2.9 and (A.4),
̂2(x; y) � �� xjxj � yjyj� 2 C0;1(Ub) � C�(Ub) for all � 2 (0; 1):
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h that��x +�y��2 = � xjxj � yjyj ; �2 2 C1;1(Ub):The existen
e of su
h a fun
tion is ensured by Theorem 2.6, sin
e y 6= 0 for (x; y) 2Ub, and P(3)2 � xjxj� = 0 due to the anti-symmetry of xjxj .Then (see (A.3)) �3 = �1 � �2 solves��x +�y��3 = 
̂2(x; y)� �� xjxj � yjyj� 2 C�(Ub) for all � 2 (0; 1);so by ellipti
 regularity �3 2 C2;�(Ub) � C1;1(Ub). Sin
e �2 2 C1;1(Ub), this proves�1 = �2 + �3 2 C1;1(Ub). Together with �1 2 C2;�(Ua) from above, this impliesG�1= �1=r2 2 C1;1(S5), and so �1 = r2G�1 2 C1;1(R6).This �nishes the proof of the existen
e of � solving (3.6), and having the form(A.2), with G = G�1 . �Appendix B. Constru
tion of the fun
tion �In this appendix we 
onstru
t a fun
tion � solving (3.7).Lemma B.1. There exists a solution � = �(x; y; z) to the equation (3.7) satisfying(i) � is invariant under 
y
li
 permutation, i.e., �(x; y; z) = (� Æ �)(x; y; z) forall x; y; z 2 R3, where �(x; y; z) = (z; x; y).(ii) � 2 C1;1(R9).The idea is to 
hange 
oordinates, to the 
entre-of-mass frame for (x; y; z). Inthese new 
oordinates, the problem of solving (3.7) turns out to redu
e to a problemin 6 variables only. By an extra symmetry of the fun
tion 
3 (see (3.5)), namelypermutation of the three ele
tron-
oordinates x; y, and z, the logarithmi
 termthat o

ured in the fun
tion � (see (A.2)) does not o

ur here. This is be
ause theproje
tion on h(6)2 of ~
3 (the fun
tion that 
3 transforms into in the new 
oordinates,see (B.2) below) vanishes, due to this extra symmetry.Proof : Make the following 
hange of 
oordinates (ea
h entry below is a diagonal3 � 3-matrix with the listed number in the diagonal; we will use this notationrepeatedly; here, x; y; z 2 R3)0� xyz 1A = T 0� x1x2x3 1A = 0B� 1p3 0 2p61p3 1p2 � 1p61p3 � 1p2 � 1p6 1CA0� x1x2x3 1A :(B.1)Then �
3 Æ T �(x1; x2; x3) =(B.2) x2jx2j � x2 +p3x3jx2 +p3x3j + x2jx2j � x2 �p3x3jx2 �p3x3j � x2 +p3x3jx2 +p3x3j � x2 �p3x3jx2 �p3x3j� ~
3(x1; x2; x3):That ~
3 is independent of x1 is the fa
t that 
3 only depends on the inter-ele
tron
oordinates (x�y, y�z, z�x respe
tively), and not on the 
entre-of-mass 
oordinate(xCM = 1p3(x + y + z) = x1).
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tion 
3 is invariant under 
y
li
 permutation of the ele
tron-
oordinatesx; y and z, that is, �
3 Æ��(x; y; z) = 
3(x; y; z) for all x; y; z 2 R3 with �(x; y; z) =(z; x; y). This gives that�~
3 Æ R�(x1; x2; x3) = ~
3(x1; x2; x3) for all x1; x2; x3 2 R3;(B.3)with R the orthogonal transformation given by R = T �1 Æ � Æ T , that is by the9� 9-matrix (again, ea
h entry is a diagonal 3� 3-matrix)R = 0� 1 0 00 
os(2�3 ) sin(2�3 )0 � sin(2�3 ) 
os(2�3 ) 1A :Note that R is a rotation of (x2; x3) by 2�3 around x1 (all in R9), that is, R3 = I9,where I9 is the identity on R9.De�ne the fun
tion �
3 by�
3(x2; x3) = ~
3(x1; x2; x3) ; (x2; x3) 2 R6(B.4)(sin
e ~
3 is independent of x1, this is well de�ned). Then, due to (B.3),��
3 Æ �R�(x2; x3) = �
3(x2; x3) for all x2; x3 2 R3;(B.5)with (ea
h entry still being a diagonal 3� 3-matrix)�R =  �12 p32�p32 �12 ! = � 
os(2�3 ) sin(2�3 )� sin(2�3 ) 
os(2�3 ) � :(B.6)Observe that if �� = ��(x2; x3) solves (for �
3, see (B.2) and (B.4))��x2 +�x3��� = �
3;(B.7)then trivially the fun
tion ~� de�ned by ~�(x1; x2; x3) = ��(x2; x3) solves��x1 +�x2 +�x3�~� = ~
3:Sin
e T is orthogonal, the fun
tion � = ~� Æ T �1 will then solve (re
all that ~
3 =
3 ÆT ) ��x+�y+�z�� = 
3, that is, (3.7). The problem of solving (3.7) thereforeredu
es to solving (B.7).Observe next that (see (B.2) and (B.4))�
3(Ox2;Ox3) = �
3(x2; x3) for all O 2 SO(3); x2; x3 2 R3:This and (B.5) gives, by (iii) of Lemma C.2, that P(6)2 �
3 = 0 . Therefore, byProposition 2.8, there exists a solution �� to (B.7) with��(x2; x3) = (x22 + x23)G�� � (x2; x3)j(x2; x3)j�;G�� 2C1;�(S5) for all � 2 (0; 1):We pro
eed to prove that in fa
t G�� 2 C2;�(S5) for all � 2 (0; 1). We do this byshowing that �� 2 C2;�(R6 n f0g), using (B.7) and ellipti
 regularity (Proposition2.4).Note that there are two kinds of singular points of �
3 on S5: (a) x2 = 0 (and sox3 6= 0), (b) x2 = p3x3 (and so x2 6= 0 6= x3) (resp. x2 = �p3x3). The fun
tion�� (and therefore, G��) is C1 in a neighbourhood of all other points on S5 due toellipti
 regularity (Proposition 2.4).



36 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSEN(a): Let Ua � R6 be a neighbourhood of a point (0; x03) 2S5 (i.e., x03 6= 0), su
hthat for some 
 > 0, jx2 +p3x3j � 
, jx2 �p3x3j � 
 for (x2; x3) 2 Ua. Note that�
3(x2; x3) = x2jx2j � x2 +p3x3jx2 +p3x3j + x2 �p3x3jx2 �p3x3j!� x2 +p3x3jx2 +p3x3j � x2 �p3x3jx2 �p3x3j :(B.8)Write x2jx2j � x2 +p3x3jx2 +p3x3j + x2 �p3x3jx2 �p3x3j! � x2jx2j �Ga(x2; x3)where Ga 2 C1(Ua), Ga(0; x3) = 0. Furthermore,x2 +p3x3jx2 +p3x3j � x2 �p3x3jx2 �p3x3j 2 C1(Ua):Therefore, due to Lemma 2.9, �
3 2 C0;1(Ua) � C�(Ua) for all � 2 (0; 1), and so,by (B.7) and ellipti
 regularity (Proposition 2.4), �� 2 C2;�(Ua).(b): Let Ub be a neighbourhood of a point (x02; x03) 2 S5 with x02 = p3x03 (i.e.,x02 6= 0 6= x03), su
h that for some 
 > 0, jx2j � 
, jx2 +p3x3j � 
 for (x2; x3) 2 Ub.Choose new 
oordinates: Let(u; v) = � (x2; x3) = (x2 �p3x3; x2 +p3x3):Then ��
3 Æ ��1�(u; v) = ujuj �� u+ vju+ vj � vjvj�+ u+ vju+ vj � vjvj :We pro
eed as above. Writeujuj �� u+ vju+ vj � vjvj� � ujuj �Gb(u; v)where Gb 2 C1�� (Ub)� (sin
e v 6= 0; u+ v 6= 0 in � (Ub)), Gb(0; v) = 0 for v 6= 0.Furthermore, u+ vju+ vj � vjvj 2 C1(Ub):Lemma 2.9 implies that �
3 Æ ��1 2 C0;1�� (Ub)�, and so �
3 2 C0;1(Ub) � C�(Ub)for all � 2 (0; 1). By (B.7) and ellipti
 regularity (Proposition 2.4) follows that�� 2 C2;�(Ub).Singular points of the form x02 = �p3x03 are treated analogously.From the above follows that �� 2 C2;�(R6 n f0g), and therefore G�� 2 C2;�(S5),for all � 2 (0; 1).This �nishes the 
onstru
tion of a fun
tion �� 2 C1;1(R6) that solves (B.7), andhas the form��(x2; x3) = (x22 + x23)G�� � (x2; x3)j(x2; x3)j�;(B.9) G�� 2C2;�(S5) for all � 2 (0; 1):As dis
ussed above � de�nes a fun
tion � solving the equation (3.7). Clearly,sin
e � 2 C1;1(R6), we get � 2 C1;1(R9). The solution � 
onstru
ted in this
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essarily satisfy the invarian
e property (i). In order to for
ethis invarian
e, we 
onsider�sym = 13 3Xj=1(� Æ �j)(x; y; z):Sin
e the Lapla
e operator 
ommutes with �, and 
3 is invariant under �, �symsatis�es the 
on
lusion of Lemma B.1. �With the notation from the proof of Lemma B.1, we de�ne�
ut(x2; x3) = �(x22 + x23) �(x2; x3);with � as in (1.14), and ~�
ut(x1; x2; x3) � �
ut(x2; x3) (as already de�ned). Asdis
ussed above (for �) the fun
tion ~�
ut de�nes a fun
tion �
ut = ~�
ut Æ T �1 :R9! R (by the linear transformation T in (B.1)). We then get:Lemma B.2. The fun
tion �
ut satis�es��
ut = 
3 + h;with 
3 as in (3.5) and h 2 C�(R9) for all � 2 (0; 1). Furthermore, we have theestimate k�
utkC1;1(B9((x0;y0;z0);R)) + khkC�(B9((x0;y0;z0);R)) � C;(B.10)with C independent of (x0; y0; z0) 2 R9 and R > 0.Proof : We 
al
ulate, using (B.7),��x1 +�x2 +�x3�~�
ut = ��x2 +�x3��
ut � ��
ut= 
3 + �(��)� + 2r� � r�	 � (1� �)
3� ~
3 + ~h:Using (B.8) and (B.9) we see that the term in f�g is C� and has 
ompa
t support.The fun
tion (1 � �)
3 is C� (this was proved in the proof of Lemma B.1) andhomogeneous of degree zero outside B6(0; 2). Therefore,k~hkC�(B9((x01;x02;x03);R)) � C;with C independent of (x01; x02; x03) 2 R9 and R > 0. Sin
e � has 
ompa
t support,and � 2 C1;1(R6), we havek~�
utkC1;1(B9((x01;x02;x03);R)) � C;with C independent of (x01; x02; x03) 2 R9 and R > 0.Sin
e T is an orthogonal transformation, (B.10) follows. This �nishes the proofof the lemma. �



38 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSENAppendix C. Computation of P(6)2 
2In this appendix we 
ompute P(6)2 
2, the singular part of the two-parti
le termsin jrF2j2, see (3.4) and (3.5). This is Lemma C.1 below. It follows from generalresults on P(6)2 � when � has 
ertain symmetry-properties (Lemma C.2). The latteris also responsable for the non-o

uren
e of terms of order r2 ln(r) (of regularityC1;� only) in the fun
tion � 
onstru
ted in the previous appendix; see Lemma B.1.Lemma C.1. Let
2(x; y) = � xjxj � yjyj� � x� yjx� yj ; (x; y) 2 R3�R3:(C.1)Then �P(6)2 
2�(x; y) = 16(2� �)3� x � yx2 + y2 ; (x; y) 2 R3�R3:Proof : This will follow from Lemma C.2 and Lemma C.3 below. Namely, by (i) and(ii) in Lemma C.2 we get that, due to symmetry,�P(6)2 
2�(x; y) = 
1 x � yx2 + y2 for some 
1 2 R;that is, only the fun
tion x � y (restri
ted to S5) 
ontributes to the proje
tion ontoh(6)2 of the fun
tion 
2 in (C.1). That 
1 = 16(2��)3� is the result of Lemma C.3(whi
h is merely two 
omputations). �Lemma C.2. Assume � 2 L2(S5) satis�es�(Ox;Oy) = �(x; y)(C.2)for all O 2 SO(3) and almost all (x; y) 2 S5 � R3�R3. Let Q1 be the orthogonalproje
tion (in L2(S5)) onto Span fP1jS5 ; P2jS5g ;and Q2 the orthogonal proje
tion ontoSpan fP1jS5g ;where P1(x; y) = x � y, P2(x; y) = x2 � y2, (x; y) 2 R3�R3.Then(i) P(6)2 � = Q1�.(ii) Let � satisfy�(x; y) = �(y; x) for almost all (x; y) 2S5 � R3�R3:(C.3)Then P(6)2 � = Q2�.(iii) Let �R be as in (B.6). Assume � satis�es�( �R(x; y)) = �(x; y) for almost all (x; y) 2S5 � R3�R3:(C.4)Then P(6)2 � = 0.



SHARP REGULARITY FOR WAVE FUNCTIONS 39Proof of Lemma C.2 : Suppose (i) is proven then the proofs of (ii) and (iii) aresimple:Proof of (ii) : Due to (i) we only need to prove thatZS5 �(x; y)(x2 � y2) d! = 0:This follows using the symmetry (C.3) of � (whi
h preserves the measure d! ofS5):ZS5 �(x; y)P (x; y) d! = 12 ZS5 �(x; y)�P (y; x) + P (x; y)� d!;and when P (x; y) = P2(x; y) = x2 � y2, then P (y; x) + P (x; y) = 0: This proves(ii). �Proof of (iii) : Using (i) and (C.4) it is enough to show thatP (x; y) + P ( �R(x; y)) + P ( �R2(x; y)) = 0;when P (x; y) = x � y or x2 � y2 (sin
e �R preserves the measure d! of S5). Thisfollows by dire
t 
al
ulation. �It remains to prove (i):Proof of (i) : Re
all that h(6)2 = Ran(P(6)2 ). De�ne h2;inv byh2;inv = Spannf 2 h(6)2 ��f(Ox;Oy) = f(x; y) for all O 2 SO(3)o :Note that P(6)2 � 2 h2;inv be
ause of (C.2). We need to prove thath2;inv = Span fP1jS5 ; P2jS5g :Sin
e every fun
tion in h2;inv 
an be written as a �nite sum of spheri
al harmoni
s ofdegree 2 it suÆ
es to 
onsider a real, harmoni
 polynomialP whi
h is homogeneousof degree 2, and whi
h is invariant under the a
tion of SO(3):P (Ox;Oy) = P (x; y) for all O 2 SO(3):(C.5)Identifying P with a quadrati
 form on R6, there exist real symmetri
 matri
esA;B, and C, su
h that P (x; y) = x �Ax+ y �By + x �Cy:(C.6)The 
ondition of harmoni
ity of P be
omes Tr[A + B℄ = 0. We prove that A;B,and C have to be multiples of the identity matrix I3 on R3. To do so, let us �rstrestri
t to x = 0. Using (C.5) and (C.6) we gety �By = P (0; y) = P (O0;Oy) = Oy �BOy;for allO 2 SO(3). Let � be a (real) eigenvalue of B, with 
orresponding eigenve
torv: Bv = �v. Let y be any ve
tor in R3. Then there exists an Oy 2 SO(3) su
h thatOyy = �yv for some �y 2 R, and therefore y � By = Oyy � BOyy = �kyk2. Sin
ethis is true for all y 2 R3, we get B = �I3. A similar argument (with y = 0, andletting x vary) shows that also A is a multiple of the identity. Finally, the 
onditionof harmoni
ity, Tr[A+B℄ = 0, implies that A = �B = ��I3.



40 S. FOURNAIS AND M. & T. HOFFMANN-OSTENHOF AND T. �. S�RENSENFinally the term x � Cy. This will be treated similarly. Due to the above (see(C.6)), x �Cy = P (x; y)� �(y2 � x2). Therefore, (C.5) impliesx �Cy = Ox �COy for all O 2 SO(3):By arguments similar to the above, we �nd that C is also a multiple of the identityI3. Sin
e P (x; y) = �(x2 � y2) + x �Cy, this �nishes the proof of (i). �This �nishes the proof of Lemma C.2. �Lemma C.3. Let Q2 be the orthogonal proje
tion (in L2(S5)) ontoSpan fP1jS5g ; P1(x; y) = x � y ; (x; y) 2 R3�R3;and let 
2(x; y) = � xjxj � yjyj� � x� yjx� yj ; (x; y) 2 R3�R3:Then Q2
2 = 
1 x � yx2 + y2 ; 
1 = 16(2� �)3� :(C.7)Proof : Note that, withY (!) = P1jS5(!)

 P1jS5 

L2(S5) ; ! = (x; y)px2 + y2 ;we have kY kL2(S5) = 1, and soQ2
2(!) = Y (!) ZS5 Y (!)
2(!) d!(C.8) = 8<: 1

 P1jS5 

2L2(S5) � ZS5 P1jS5(!) 
2(!) d!9=; � x � yx2 + y2 :We need to 
ompute the two integrals in the bra
kets.Sin
e P1 is homogeneous of order 2 and 
2 of order 0 (as fun
tions on R6), wehave ZB6(0;R)P1(x; y)
2(x; y) dx dy = R88 ZS5 P1jS5(!) 
2(!) d!:Therefore, ZS5 P1jS5(!) 
2(!) d! = 8 ZB6(0;1)P1(x; y)
2(x; y) dx dy:(C.9)Choose 
oordinates (jxj; jyj; jx�yj;
) for R6 (with 
 three ne
essary angles). Notethat P1(x; y) = x � y = 12�jxj2 + jyj2 � jx� yj2� ; (x; y) 2 R3�R3;and 
2(x; y) = jxj+ jyjjx� yj �1� jxj2 + jyj2 � jx� yj22jxjjyj � ; (x; y) 2 R3�R3:



SHARP REGULARITY FOR WAVE FUNCTIONS 41Then (see Hylleraas [12, (45d)℄; let s = jxj; t = jyj; r = jx� yj)ZB6(0;1)P1(x; y)
2(x; y) dx dy = 14�Z d
��� Z 10 Z p1�s20 Z s+tjs�tj(s2 + t2 � r2)(s + t)�2st � (s2 + t2 � r2)� dr dt ds= 14 (2 � �)48 Z d
:(C.10)Using (C.9) and (C.10) this means thatZS5 P1jS5(!) 
2(!) d! = 2� �24 Z d
:(C.11)Next, observe that, again due to homogeneity, we haveZB6(0;R)(x � y)2 dx dy = R1010 

P1��S5 

2L2(S5)and so 

P1��S5 

2L2(S5) = 10 ZB6(0;1)(x � y)2 dx dy:(C.12)Sin
e x � y = 12�jxj2+ jyj2 � jx� yj2� we get (using 
oordinates as above)ZB6(0;1)(x � y)2 dx dy= 14�Z d
�Z 10 Z p1�s20 Z s+tjs�tj �s2 + t2 � r2�2srt dr dt ds= �1280 Z d
:This means (see (C.12)) that

P1��S5 

2L2(S5) = �128 Z d
:(C.13)Now (C.7) follows from (C.8), (C.11), and (C.13). This �nishes the proof ofLemma C.3. �A
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