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ALGEBRAS OF LUKASIEWICZ'S LOGIC AND THEIRSEMIRING REDUCTSA. DI NOLA AND B. GERLAAbstra
t. In this paper we shall establish some links between the algebras of Lukasiewi
z logi
 (MV-algebras) and the semirings. The relationship of thesealgebrai
 stru
tures gives a hint on how to 
onstru
t linear algebra startingfrom MV-algebras. Indeed here the role of sum and produ
t is played respe
-tively by a latti
e operation and by an arithmeti
al operation. In this way, fol-lowing the tradition of semirings, it makes full sense to 
onsider "many-valuedautomata" and "many-valued formal languages" interpreted in Lukasiewi
zlogi
. 1. Introdu
tionSemirings are algebrai
 stru
tures with two asso
iative binary operations, whereone distribute over the other, and were introdu
ed by Vandiver [13℄ in 1934. Lateron, semirings have been studied by various resear
hers, espe
ially in relation withappli
ations. For example semirings have been used to model formal languages andautomata theory (see [5℄), and semirings over real numbers ((max;+)-semirings)are the basis for the idempotent analysis [10℄.In this paper we give a preliminary study addressed to establish a relationshipbetween semirings and many-valued logi
s.Formal many-valued logi
 begins with the work of Jan  Lukasiewi
z in 1920 andthe independent work of Post in 1921, in whi
h three-valued logi
 is studied. Fewyears later, Heyting introdu
ed a three valued propositional 
al
ulus related withintuitionisti
 logi
 and G�odel proposed an in�nite hierar
hy of �nitely-valued sys-tems: his aim was to show that there is no �nitely-valued propositional 
al
uluswhi
h is sound and 
omplete for intuitionisti
 logi
. (For an overview, see [8℄.)In the last few de
ades many-valued logi
s have been the obje
t of a renewedinterest: in 1965 Zadeh published the paper [14℄ where fuzzy sets are de�ned andthe dis
ipline of Fuzzy Logi
 began. Nowadays the various approa
hes to many-valued logi
s found in literature are 
ompeting as natural 
andidates to o�er to theengineering dis
ipline of Fuzzy Logi
 the theoreti
al foundations that have beenla
king for several years.The paper is organized as follows: In next se
tion all the preliminaries on  Luka-siewi
z logi
 and MV-algebras are given. In Se
tion 3, semiring and MV-semiringswill be introdu
ed and some results will be proven. In Se
tion 4 we will show someappli
ation to automata theory and to fuzzy 
ontrol.1991 Mathemati
s Subje
t Classi�
ation. Primary 06D35; Se
ondary 16Y60.1



2 A. DI NOLA AND B. GERLA2. PreliminariesFormulas of  Lukasiewi
z propositional 
al
ulus are built from the 
onne
tives of
onjun
tion (�), disjun
tion (�), negation (:) and impli
ation! in the usual way.Interpretation of 
onne
tives of in�nite-valued  Lukasiewi
z logi
 is given by thefollowing de�nition.De�nition 2.1. An assignment is a fun
tion v : Form! [0; 1℄ su
h that� v(:') = 1� v(')� v(' �  ) = max(0; v(') + v( ) � 1)� v(' �  ) = min(1; v(') + v( )).� v(' !  ) = min(1� v(') + v( ); 1).Every fun
tion � from the set of variables to [0; 1℄ is uniquely extendible to anassignment v�. For ea
h point x = (x1; : : : ; xn) 2 [0; 1℄n let �x be the fun
tionmapping ea
h variable Xj into xj . Fixed n, with ea
h formula ' with at most nvariables it is possible to asso
iate the fun
tionf' : x 2 [0; 1℄n 7! v�x(') 2 [0; 1℄satisfying the following 
onditions:� fXi (x1; : : : ; xn) = xi = the ith proje
tion.� f:' = 1� f'.� f('� ) = min(1; f' + f )� f('! ) = min(1� f' + f ; 1).The fun
tion f' is the truth table of the formula '.De�nition 2.2. A formula ' is satis�ed by an assignment v if v(') = 1. A formula' is valid (or a tautology, if ' is satis�ed by all assignments, that is, if for every v,v(') = 1, or equivalently its truth table f' is identi
ally equal to 1.The synta
ti
 approa
h to many-valued logi
s is the same as for propositional
lassi
al logi
. A set of formulas 
alled axioms is �xed and the inferen
e rule ismodus ponens: from ' and '!  we 
an infer  .Axioms of in�nite-valued  Lukasiewi
z logi
 are: L1) '! ( ! ') L2) ('!  ) ! (( ! �) ! ('! �)) L3) (('!  ) !  ) ! (( ! ') ! ') L4) (:'! : ) ! ( ! ')In order to prove the 
ompleteness of this s
hemata of axioms with respe
t tosemanti
s of the interval [0; 1℄, Chang introdu
ed MV-algebras in [1℄. In the follow-ing we shall summarize some of the main results for the theory of MV-algebras. Astandard referen
e is [2℄.An MV-algebra is a stru
ture A = (A;�;�;:; 0; 1) satisfying the following equa-tions:MV1 x� (y � z) = (x� y) � zMV2 x� y = y � xMV3 x� 0 = xMV4 x� 1 = 1MV5 :0 = 1 and :1 = 0



ALGEBRAS OF LUKASIEWICZ'S LOGIC AND THEIR SEMIRING REDUCTS 3MV6 :(:x�:y) = x� yMV7 x� (:x� y) = y � (:y � x):As proved by Chang, boolean algebras 
oin
ide with MV-algebras satisfying theadditional equation x � x = x (idempoten
y). Ea
h MV-algebra 
ontains as asubalgebra the two-element boolean algebra f0; 1g. The set B(A) of all idempotentelements of an MV-algebra A is the largest boolean algebra 
ontained in A and is
alled the boolean skeleton of A.Any MV-algebra A is equipped with the order relation(1) x � y if and only if :x� y = 1;and (A;�; 0; 1) is a latti
e wherex _ y = x� (:x� y)(2) x ^ y = x� (:x� y):(3)Example 2.3. (i) The set [0; 1℄ equipped with operations(4) x� y = minf1; x+ yg; x� y = maxf0; x+ y � 1g; :x = 1� x:is an MV-algebra.(ii) For ea
h k = 1; 2; : : : ; the set(5)  Lk+1 = f0; 1k ; : : : ; k � 1k ; 1g;equipped with operations as in (4), is a linearly ordered MV-algebra (also
alled MV-
hain).(iii) If X is any set and A is an MV-algebra, the set of fun
tions f : X ! Aobtained by pointwise appli
ation of operations in A is an MV-algebra.(iv) The set of all fun
tions from [0; 1℄n into [0; 1℄ that are 
ontinuous and pie
e-wise linear, and su
h that ea
h linear pie
e has integer 
oeÆ
ients, andoperations are obtained as pointwise appli
ation of operation in (4), is anMV-algebra (a
tually, the free MV-algebra over n free generators).Chang's Completeness Theorem states:Theorem 2.4. An equation holds in every MV-algebra if and only if it holds inthe MV-algebra [0; 1℄ equipped with operations x � y = minf1; x + yg, x � y =maxf0; x+ y � 1g and :x = 1� x.This theorem was proved by Chang using quanti�er elimination for totally or-dered divisible abelian groups. There are several alternative proofs in literature:the synta
ti
 proof by Rose and Rosser, the algebrai
 proof by Cignoli and Mundi
iand the geometri
 proof by Panti (see [2℄ for an overview).Mundi
i in [11℄ 
onstru
ted an equivalen
e fun
tor � from the 
ategory of `-groupswith strong unit to the 
ategory of MV-algebras:A latti
e-ordered group (`-group for short) G = (G; 0;�;+;^;_) is an abeliangroup (G; 0;�;+) equipped with a latti
e stru
ture (G;^;_) su
h that, for everya; b; 
 2 G, 
+ (a^ b) = (
+ a)^ (
+ b). An `-group is said to be totally ordered ifthe latti
e-order is total. An element u 2 G is a strong unit of G if for every x 2 Gthere exists n 2 N su
h that nu � x. If G is an `-group and u is a strong unit forG, the MV-algebra �(G; u) has the form fx 2 G j 0 � x � ug and operations arede�ned by x�y = u^x+y and :x = u�x. If A is an MV-algebra we shall denoteby GA the `-group 
orresponding to A via �.



4 A. DI NOLA AND B. GERLAIn [4℄ the author shows that every MV-algebra is an algebra of fun
tions takingvalues in an ultrapower of the interval [0; 1℄.The developing of many-valued logi
 is stri
tly 
onne
ted with the notion oft-norm.De�nition 2.5. A t-norm is a binary operation � on [0; 1℄ su
h that� � is 
ommutative and asso
iative, i.e., for all x; y; z 2 [0; 1℄,x � y = y � x(x � y) � z = x � (y � z);� � is non-de
reasing in both argumentsx1 � x2 implies x1 � y � x2 � y;y1 � y2 implies x � y1 � x � y2� 1 � x = x and 0 � x = 0 for all x 2 [0; 1℄.Example 2.6. The following are example of 
ontinuous (in the usual sense) t-norms(i)  Lukasiewi
z t-norm: x� y = max(0; x+ y � 1).(ii) Produ
t t-norm: x � y usual produ
t between real numbers.(iii) G�odel t-norm: x ^ y = min(x; y).An element x 2 [0; 1℄ is idempotent with respe
t to a t-norm �, if x � x = x.When 
hoosing a 
ontinuous t-norm as the truth table for 
onjun
tion, the fol-lowing proposition enable us to obtain a truth table for impli
ation:Proposition 2.7 (Residuum). Let � be a 
ontinuous t-norm. Then, for everyx; y; z 2 [0; 1℄, the operationx!� y = maxfz j x � z � ygis the the unique operation satisfying the 
ondition(x � z) � y if and ony if x � (x!� y)The operation !� is 
alled residuum of the t-norm �.Example 2.8. The following are residua of the three main 
ontinuous t-norms:T-norm Residuum L x� y = max(x+ y � 1; 0) x!� y = min(1; 1� x+ y)P x � y usual produ
t of reals x!� y = � 1 if x � yy=x otherwiseG x ^ y = min(x; y) x!^ y = � 1 if x � yy otherwise.The problem of �nding an appropriate axiomatization of many-valued logi
sbased on 
ontinuous t-norm has been approa
hed by introdu
ing suitable 
lasses ofalgebrai
 stru
tures. In [9℄, monoidal logi
 is introdu
ed and H�ajek in [8℄ de�nesBasi
 (fuzzy) Logi
. In the following we shall brie
y des
ribe some importantfeatures of Basi
 Logi
.Basi
 Fuzzy in�nite-valued Logi
 (BL) is de�ned from 
onne
tives & and !interpreted over the interval [0; 1℄ respe
tively by a 
ontinuous t-norm � and itsasso
iates residuum !�.



ALGEBRAS OF LUKASIEWICZ'S LOGIC AND THEIR SEMIRING REDUCTS 5Truth tables of other derived 
onne
tives are de�ned as follows:x ^ y = x � (x!� y)(6) x _ y = ((x!� y) !� y) ^ ((y !� x) !� x)(7) :x = x!� 0(8) x � y = (x!� y) � (y !� x)(9)An axiom is a formula that 
an be written in any one of the following ways,where ',  and � denote arbitrary formulas:(A1) ('!  ) ! (( ! �) ! ('! �))(A2) (' �  ) ! '(A3) (' �  ) ! ( � ')(A4) (' � ('!  ) ! ( � ( ! '))(A5a) ('! ( ! �)) ! ((' �  ) ! �)(A5b) ((' �  ) ! �) ! ('! ( ! �))(A6) (('!  ) ! �) ! ((( ! ') ! �) ! �)(A7) 0 ! '.In order to prove 
ompleteness, in [8℄ the author also introdu
ed BL-algebras:De�nition 2.9. A BL-algebra is an algebraL = (L;[;\; �;!;0;1)with four binary operations and two 
onstants su
h that(i) (L;[;\; 0; 1) is a latti
e with largest element 1 and least element 0 (withrespe
t to the latti
e ordering �),(ii) (L; �; 1) is a 
ommutative semigroup with the unit element 1, i.e., � is 
om-mutative, asso
iative, 1 � x = x for all x (thus L is a residuated latti
e),(iii) the following 
onditions holds:(1) z � (x! y) if and only if x � z � y, for all x; y; z 2 L(2) x \ y = x � (x! y)(3) x \ y = ((x! y) ! y) \ ((y ! x) ! x)(4) (x! y) \ (y ! x) = 1Example 2.10. The unit interval [0; 1℄ equipped with a 
ontinuous t-norm andthe 
orresponding residuum, is a BL-algebra.At �rst step, H�ajek showed that a propositional formula is provable in BL ifand only if it is a tautology in any linearly ordered BL-algebra. However, the
ompleteness theorem of BL with respe
t to BL-algebras, i.e., that a formula isprovable in BL if and only if it is a tautology in [0; 1℄, was left as an open problem in[8℄. In [7℄ H�ajek proved that su
h 
ompleteness theorem 
an be obtained providedtwo new axioms were added to the original axiomati
 system of BL. In [3℄ theauthors showed that these axioms are redundant, hen
e the original axiomati
 of BLis sound and 
omplete with respe
t to the algebrai
 stru
ture indu
ed by 
ontinuoust-norms on [0; 1℄.MV-algebras turn out to 
oin
ide with those BL-algebras satisfying the equation::x = x.Let m be a positive integer number. For every i = 1; : : : ;m� 1 letImi = � i � 1m ; im� and Imm = �m � 1m ; 1�



6 A. DI NOLA AND B. GERLAand let �mi : [0; 1℄! 
l(Imi ) be the resizing fun
tion de�ned by�mi (x) = i� 1m + xm;where 
l(S) denotes the topologi
al 
losure of the set S.The ordinal sum of a familyB = (Bi)mi=1 = ([0; 1℄; �i;!i; 0; 1)mi=1, of BL-algebrashaving [0; 1℄ as domain, is the BL-algebra ([0; 1℄; �;!; 0;1) de�ned in the followingway: x �m y = � �mi ((�mi )�1(x) �i (�mi )�1(y)) if x; y 2 Iimin(x; y) otherwisex!m y = 8<: 1 if x � y�mi ((�mi )�1(x) !i (�mi )�1(y)) if x; y 2 Ii and x > yy otherwise.3. Semirings and MV-algebrasDe�nition 3.1. A semiring R = (R;+; 0; �; 1) is an algebrai
 stru
ture su
h that 0and 1 are distin
t elements of R and + and � are binary operations on R su
h that:(1) (R;+) is a 
ommutative monoid with identity 0,(2) (R; �) is a monoid with identity 1,(3) Multipli
ation distributes over addition,(4) 0r = r0 = 0 for every r 2 R.A semiring is 
ommutative if (R; �) is a 
ommutative monoid.A semiring is (additively) idempotent if for every r 2 R, r + r = r.De�nition 3.2. A semiring R is latti
e-ordered if and only if it also has the stru
-ture of a latti
e su
h that for all a; b 2 R:� a+ b = a _ b� a � b � a ^ bA semiring R is dual latti
e-ordered if and only if it also has the stru
ture of alatti
e su
h that for all a; b 2 R:� a+ b = a ^ b� a � b � a _ bLatti
e-ordered semirings and dual-latti
e ordered semirings are additively idem-potent. In the following we shall use the name l
-semiring for latti
e-ordered
ommutative semirings and dual l
-semiring for dual latti
e-ordered 
ommuta-tive semirings.Let R and S be semirings. A morphism between R and S is a map f : R ! Ssu
h that� f(0) = 0 and f(1) = 1� f(r + r0) = f(r) + f(r0) and f(r � r0) = f(r) � f(r0) for all r; r0 2 R.The set f�1(0) is the kernel of the morphism f , and it is denoted by ker(f). Asusual, a bije
tive morphism is 
alled isomorphism.In the following propositions and de�nitions we shall show a relationship betweenl
-semirings and MV-algebras.De�nition 3.3. A 
oupled semiring A is a triple (R1; R2; �) su
h that



ALGEBRAS OF LUKASIEWICZ'S LOGIC AND THEIR SEMIRING REDUCTS 7CS1) R1 = (A;_; 0; �; 1) and R2 = (A;^; 00; �0; 10) are respe
tively an l
-semiringand a dual l
-semiring.CS2) 00 = 1 and 10 = 0CS3) � : A! A is a semiring isomorphism from R1 into R2.CS4) �(�(x)) = x, for every x 2 A.CS5) x _ y = x �0 (�(x) � y)Lemma 3.4. For every x; y 2 A we have: x ^ y = x � (�(x) �0 y)Proof. By (7) we have�(x) + �(y) = �(x) �0 (�(�(x) ��(y))) =by (6) = �(x) �0 (x � �(y))Applying the map � we have:�(�(x) + �(y)) = �(�(x) �0 (x ��(y))and sin
e, by (5) and (6), � is an isomorphism of R1 into R2 and R2 into R1 then�(�(x)) +0 �(�(y)) = �(�(x)) �0 (x � �(y)) = x � �(x ��(y)) = x � (�(x) �0 y) �Proposition 3.5. Let A = (R1; R2; �) be a 
oupled semiring, where R1 = (A; _;0; �; 1) and R2 = (A;^; 1; �0; 0). Then (A; �0; �; �; 0; 1) is an MV-algebra.Proof. Axioms MV1), MV2) and MV3) are satis�ed observing that (A; �; 1) and(A; �0; 10) are 
ommutative monoids. Let us verify the axiom MV4). Indeed we have�(x) � 0 = 0 and applying �: �(�(x) � 0) = �(0)�(�(x)) �0 �(0) = �(0)x �0 �(0) = �(0)x �0 00 = 00x �0 1 = 1Axiom MV5): �(0) = �(10) = 1.Axiom MV6): �(1) = �(00) = 0.Axiom MV7): �(�(x)�0y)�0y = (�(�(x))��(y))�0y = (x��(y))�0y = �(�(y)�0x)�0x =(y � �(x)) �0 x: �Proposition 3.6. Let A = (A;�;�;:; 0; 1) be an MV-algebra. Then the redu
tsR_A = (A;_; 0;�; 1) and RÂ = (A;^; 1;�; 0) (where ^ and _ are de�ned in Equa-tions (2) and (3)), are respe
tively an l
-semiring and a dual l
-semiring and(R_A; RÂ;:) is a 
oupled semiring.Proof. CS1) In every MV-algebra A, the redu
ts (A;_; 0), (A;^; 1),(A;�; 0) and(A;�; 1) are 
ommutative monoids. Further, by 
he
king on the MV-algebra [0; 1℄ (see Theorem 2.4) it is possible to establish that in everyMV-algebra it holdsx� (y ^ z) = (x� y) ^ (x� z)x� (y _ z) = (x� y) _ (x� z)



8 A. DI NOLA AND B. GERLAhen
e in both R1 and R2 the se
ond operation distributes over the �rstone. Further x� 0 = 0x� 1 = 1:CS2) By de�nition.CS3) : : A! A is a isomorphism of monoid (A;�) onto monoid (A;�) and byAxiom MV6: :(x� y) = :x�:yhen
e : is an isomorphism of semirings.CS4) By Axiom MV4 and MV7 of MV-algebras::x = :(:x� 0) � 0 = :(:0� x)� x = :(1� x)� x = :1� x = 0� x = x:CS5) By Equation (2). �Proposition 3.7. Let R = (R;_; 0; �; 1) be a latti
e-ordered semiring, and : be aunary operation over R su
h that(a) :0 = 1(b) x _ y = :(:(y � :x) � :x).Further, let x �0 y = :(:x � :y) and x^ y = :(:x_:y). Then (R; �; �0;:; 0; 1) is anMV-algebra and ((R;_; 0; �; 1); (R;^; 1; �0; 0);:) is a 
oupled semiring.Example 3.8. Let G be an abelian `-group and let u be a unit of G. Then theset �(G; u) = fg 2 G j 0 � g � ug 
an be equipped with a stru
ture of l
-semiring�1 = (�(G; u);_; 0;�; u) byg � g0 = u ^ (g + g0 � u):Further, if we set g � g0 = u ^ (g + g0);:g = u� gthe stru
ture �2 = (�(G; u);^; u;�;0) is a dual l
-semiring and (�1;�2;:) is a
oupled semiring. The MV-algebra (�(G; u);�;�;:; 0; 1) is the MV-algebra 
or-responding to the `-group G with strong unit u a

ordingly to the notation in[2℄.Example 3.9. Let G be an abelian `-group and 
onsider the set G� = G[f�1g.Set for every g 2 G, �1 � g and �1+ g = g + (�1) = �1. Then (G�;max;+)is an l
-semiring.Analogously, if we set G+ = G [ f1g then (G;min;+) is a dual l
-semiring.Example 3.10. Let A = (A;�;:; 0; 1) be an MV-algebra and 
onsider the setA [ f�1g where the operations � and : are extended as follows:a� �1 = �1:(�1) = 1:Then (A [ f�1g;�;:;�1; 1) is a BL-algebra obtained as ordinal sum of theboolean algebra f�1; 0g and the MV-algebra A. The BL-algebra A [ f�1g 
an



ALGEBRAS OF LUKASIEWICZ'S LOGIC AND THEIR SEMIRING REDUCTS 9be equipped of a stru
ture of l
-semiring in the following way:x+ y = x _ yx � y = x� y:3.1. Semimodules. LetR = (R;_; 0;�; 1)be an l
-semiring. A leftR-semimodule(M;R; �) is a 
ommutative monoid (M;+) with an additive identity 0 and with anexternal operation � : (r;m) 2 R�M 7! rm 2M 
alled s
alar multipli
ation, whi
hsatis�es the following 
onditions for every r; r0 2 R and m;m0 2M :� (r � r0)m = r(r0m);� r(m +m0) = rm + rm0;� (r _ r0)m = rm+ r0m;� 1m = m;� r0 = 0 = 0m.The de�nition of right R-semimodule is the analogous where the s
alar multipli
a-tion is de�ned as a fun
tion M �R!M . An R-bisemimodule is a both right andleft R-semimodule su
h that (rm)r0 = r(mr0).Example 3.11. Let A = (A;�;�;:; 0; 1) be an MV-algebra and let us 
onsiderthe l
-semiring redu
t R_A = (A;_;�; 0; 1) and the monoid redu
t MÂ = (A;^; 1).We 
an de�ne a left A-semimodule (R_A;MÂ; �) be setting a � b = :a� b = a ! b.Indeed� (a� a0) � b = :(a� a0)� b = (:a�:a0)� b = :a� (:a0 � b) = a � (a0 � b).� a � (b ^ b0) = :a� (b ^ b0) = (:a� b) ^ (:a� b0) = (a � b) ^ (a � b0)� (a_a0)�b = :(a_a0)�b = (:a^:a0)�b = (:a�b)^(:a0�b) = (a�b)^(a0 �b)� 1 � b = 0� b = b� a � 1 = :a� 1 = 1 = 0 � b.We 
an also 
onsider the dual of the previous example. Let A = (A;�;�;:; 0; 1)be an MV-algebra and let us 
onsider the dual l
-semiring redu
t RÂ = (A;^; �;1; 0) and the monoid redu
t M_A = (A;_; 0). We shall de�ne a left A-semimodule(RÂ;M_A;�) be setting a � b = :a� b.Let K = (M;R; �) and K 0 = (N;S;�) be two left semimodules over R and Srespe
tively.A linear bimorphism is a pair of fun
tions (';  ) with ' : M ! N and : R! S su
h that '(m +m0) = '(m) + '(m0)(10) '(r �m) =  (r) � '(m):(11)Example 3.12. Consider the left semirings (R_A;MÂ; �) and (RÂ;M_A;�) as inExample 3.11. Then (:;:) is a linear bimorphism. Indeed :(m_m0) = :m^:m0and :(:r�m) = r �:m = :(r)�:(m).Example 3.13. Let us 
onsider the MV-algebra ([0; 1℄;�;�;:;0;1), the semiringredu
t R^ = ([0; 1℄;^; 1;�; 0) and the monoid redu
t M_ = ([0; 1℄;_; 0). Let Xand Y be any sets and 
onsider the sets of fun
tions (M_)X , (M_)Y that 
an beequipped with a stru
ture of monoids by pointwise extension of operations, andsets (R^)X , (R^)Y that 
an be analogously equipped with a stru
ture of semirings.Then a fun
tion H : X � Y ! [0; 1℄ 
an be extended to a linear bimorphism (';  )



10 A. DI NOLA AND B. GERLAbetween semimodules K = ((M_)X ; (R^)X ; �) and K 0 = ((M_)Y ; (R^)Y ; �) where� is the operation s �m = :s �m, by setting(12) '(f)(y) = _x2X f(x) �H(x; y)and(13)  (f)(y) = x̂2X(f(x) ^H(x; y)):Indeed it 
an be easily 
he
ked that '(f _ g) = '(f) _ '(g). Further, (g) �'(f) = (: x̂2X(g(x) ^R(x; y))) � ( _x2X f(x) �R(x; y)) == ( _x2X :g(x) _ :R(x; y))� (_x2X f(x) �R(x; y)) == _x2X(:g(x) _ :R(x; y))� (f(x) � R(x; y)) == _x2X(:g(x) � f(x) � R(x; y)) _ (:R(x; y)� f(x) �R(x; y)) == _x2X(:g(x) � f(x)) � R(x; y) = '(g � f):We 
an pro
eed dually by 
onsidering redu
ts R_ and M^.4. Appli
ationsIn this se
tion we shall see some appli
ations in whi
h semirings have a 
ru
ialrole.4.1. Convolution. Let (M; �; �) be a monoid and A_ = (A;_; 0; �; 1) be a l
-semiring.Let A[M ℄ be the family of all fun
tions f : M ! A with �nite support. OnA[M ℄ the following operations of supremum and 
onvolution are de�ned:(f _ g)(m) = f(m) _ g(m);(f ~ g)(m) = _m0�m00=mff(m0) � g(m00) j (m0;m00) 2 supp(f) � supp(g)g:Then A_[M ℄ = (A[M ℄;_;~;0;1), where 0 is the fun
tion identi
ally equal to 0and 1 is the fun
tion whi
h takes value 1 over � and 0 otherwise, is a 
ommutative,idempotent semiring, 
alled 
onvolution semiring.Dually, starting from the dual l
-semiring A^, we 
an 
onstru
t the dual 
onvo-lution semiring A^[M ℄. In this 
ase(f ~D g)(m) = ^m0�m00=mff(m0) � g(m00) j (m0;m00) 2 supp(f) � supp(g)g:Let A be an MV-algebra and 
onsider now the semiring redu
ts R_A = (A;_; 0;�;1), RÂ = (A;^; 1;�; 0) and the monoids redu
ts M�A = (A;�; 0), M�A = (A;�; 1).Semirings R_A and RÂ, together with negation :, form a 
oupled semiring. Un-fortunately, the 
onvolution semiring R_A[M�A ℄ and the dual 
onvolution semiringR_A[M�A ℄ 
annot be 
anoni
ally equipped with a unary operation in order to havea 
oupled semiring.



ALGEBRAS OF LUKASIEWICZ'S LOGIC AND THEIR SEMIRING REDUCTS 11Anyway we haveProposition 4.1. Let A be an MV-algebra. Semirings R_A and RÂ;: are embed-dable respe
tively in the 
onvolution semiring R_A[M�A ℄ and the dual 
onvolutionsemiring RÂ[M�A ℄.Proof. The map sending ea
h a 2 A into the fun
tionfa : x 2 A! � a if x = 00 otherwiseis a semiring monomorphism between the semiring R_A = (A;_; 1;�; 0) and the
onvolution semiring R_A[M�A ℄.Indeed, if a = 1 then fa = 1 and if a = 0 then fa = 0. Further, if a; b 2 A, thenfa(x) _ fb(x) = � a _ b if x = 00 _ 0 = 0 otherwise = fa_b(x)andfa(x)~ fb(x) = _x0�x00=xffa(x0)� fb(x00) j (x0; x00) 2 supp(fa) � supp(fb)g == � 0 if x 6= 0a� b if x = 0 = fa�b(x):Analogously it 
an be proved that RÂ is embeddable the dual 
onvolution semiringRÂ[M�A ℄. �We want now to de�ne polynomials starting from an l
-semiring R. Let us �xan indeterminate t and 
onsider the multipli
ative monoid M = fti j i 2 Ng. Thesemiring R[M ℄ is denoted by R[t℄ and it is 
alled the semiring of polynomials in theindeterminate t.Elements of R[t℄ are fun
tions assigning for ea
h i 2 N a value f(ti) 2 R. Ea
hf 2 R[t℄ will be denoted by the expression �f(i)ti stressing the fa
t that f 
anbe indeed 
onsidered as de�ned on elements of N (and taking value greater than 0only on �nitely many i's). f(i) is also said the i-th 
oeÆ
ient of the polynomial f .Two polynomials f and g are equal if they have the same 
oeÆ
ients f(j) = g(j)for every j.Convolution operation in the semiring of polynomials is given by:(f ~ g) =X0� _h+k=j f(h) � g(k)1A tj :Consider now a set A and the free monoid A� generated by A. We 
an extendthe de�nition of 
onvolution to the set RhA�i of all the fun
tions from A� into asemiring R by setting(14) (f ~ g)(w) =Xff(w0)� g(w00) j w0w00 = wg:Sin
e every word w 
an be de
omposed in �nitely many ways, then the sum in (14)is �nite. Then (RhA�i;_;~;0;1) is the semiring of formal series.



12 A. DI NOLA AND B. GERLA4.2. Automata. If K is a semiring, a K-subset of a set X is a fun
tion fromX in K. Let K be an l
-semiring and A be a �nite nonempty set. The set offun
tions from A � A into K is denoted by MA(K) and su
h fun
tions are 
alled(A � A)-matri
es on K. Given f; g 2 MA(K), we 
onsider the operations of sumand row-
olumn produ
t by setting:(f + g)(i; j) = f(i) _ g(j)(f � g)(i; j) = _ff(i; k) � g(i; k) j k 2 Ag:If we 
onsider as multipli
ative identity the diagonal matrix and as additive identitythe matrix with all elements equal to 0, then MA(K);+; �;0;1) is a semiring.Unfortunately, this is neither a 
ommutative semiring or a latti
e-ordered semiring.Given an l
-semiring K and a set �, a K-� automaton is a tripleA = (Q; I; T;E)where Q is a �nite set of states, I; T : Q! K, are the K-subsets of Q of initial andterminal states and E is a fun
tion assigning to ea
h triple (p; �; q) 2 Q���Q avalue in K.The fun
tion E 
an be also be 
onsidered as a matrix (Epq)p;q2Q where Epq 2Kh��i.The behavior of an automaton A is a fun
tion jAj : �� ! K given by thefollowing settings: to ea
h 
ouple of states p; q we assign the label Epq 2 K[��℄ andwhen the automaton is in the state p and the input � 2 � is given, then it goes toea
h other state q with degree Epq(�).A letter � 2 � is a

epted by the automaton A with degreejAj(�) = _p;q2Q I(p) �E(p; �; q)� T (q):If p and q are elements of Q, the n-path � = (p1 = p; p2 : : : ; pn = q) is assignedwith the label k�k 2 K[��℄ su
h thatk�k(�1 : : :�n) = n�1Ki=1 E(pi; �i; pi+1)The set of all n-paths between p and q will be denoted by Pn(p; q). Then a words = �1 : : :�n 2 �� is a

epted by automata A with degreejAj(s) = _p;q2Q _�2Pn (p;q) I(p) � k�k(s)� T (q):When K is a l
-semiring, we say that a K-subset A of �� is re
ognizable if thereexists a K-� automaton A su
h that A = jAj.Many properties of automata 
an be repeated for K-� automata.Proposition 4.2. The 
lass of re
ognizable K-subsets of �� is 
losed under �niteunion, interse
tion and reversal.The following proposition is due to S
h�utzenberger. If E is a matrix by E+ wedenote the matrix E+ = E + E2 + : : :+En + : : :Proposition 4.3. A K-set A is re
ognizable if and only if there exists an integern > 1 and an n� n matrix E su
h that A = E+1n.
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ations to Fuzziness. One of the most important notions in fuzzy settheory is the extension prin
iple [15℄, used to 
ombine fuzzy sets and relations orto de�ne operations of a mathemati
al fun
tion on fuzzy sets.Consider systems of fuzzy relation equations: if � is any t-norm on [0; 1℄ and forevery i = 1; : : : ; n, Ai are fuzzy subsets of X, Bi are fuzzy subsets of Y and R is afuzzy subset of X � Y , then the system(15) Bi(y) = Ai ÆR = _x2X Ai(x) �R(x; y)is 
onsidered as the 
omposition of the relation R with fuzzy sets Ai. Let us 
onsidernow an MV-algebra A and the l
-semiring redu
t R_A. Then we 
an generalize theabove approa
h and 
onsider the relation R and the 
omposition operator Æ inEquation (15) as a fun
tion U : AX ! AY su
h thatU (f)(y) = _x2X f(x) �R(x; y):By Example 3.13, we know that there exists  : A ! A (given by Equation (11)su
h that (U; ) is a linear bimorphism.Vi
e-versa, it is well known (see for example [6℄, [12℄) that for every map U :AX ! AY su
h that U (_i2I fi) = _i2I U (fi)U (a � f) = a� U (f)there exists a fun
tion ' 2 [0; 1℄X�Y su
h thatU (f)(y) = _x2X f(x) � '(x; y):We 
an ask if the fun
tional U is a linear fun
tion, in the semiring AX .5. Con
lusionsIn this work we made the �rst steps toward the des
ription of many linear phe-nomena in the framework of  Lukasiewi
z logi
 and MV-algebras, establish a linkwith latti
e-ordered 
ommutative semirings. In this way we also found new in-teresting interpretation for this kind of logi
. Many results 
an be extended fromsemirings theory to MV-algebras and many problems arise in the 
hara
terizationof properties of semirings in order to have a perfe
t 
orresponden
e. Anyway wealso note that new �elds like many-valued automata theory and many-valued for-mal languages 
ould �nd in this framework the more appropriate ground where todevelop. Referen
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