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A generalization of the utility theory using a hybrididempotent-probabilisti
 measureEndre PapAbstra
t. There is given an overview on the results related to the general-ization of the de
ision theory to non probabilisti
 un
ertainty based on the
hara
terization of the families of operations involved in generalizedmixtures.It turns out that this is based on a previous result on the 
hara
terizationof thepair of 
ontinuous t-norm T and t-
onorm S su
h that the former is 
ondition-ally distributive over the latter. What is obtained is a family of mixtures that
ombine probabilisti
 and idempotent (possibilisti
) mixtures via a thresholdand the 
orresponding pseudo-additive hybrid idempotent-probabilisti
 mea-sure satis�es also all other required 
onditions.1. Introdu
tionUtility theory is based on the notion of mathemati
al expe
tation. Its axiomati
foundations, following von Neumann and Morgenstern [16℄ is based on the notionof probabilisti
 mixtures. It has been re
ently shown by Dubois et al. [5℄ that thenotion of mixtures 
an be extended to pseudo-additive measures. Cox's well-knowntheorem [3℄ (see [19℄), whi
h justify the use of probability for treating un
ertainty,was dis
ussed in many papers. Re
ently, there are given some 
riti
s on it aswell some relaxation on the 
onditions, whi
h imply that also some non-additivemeasures 
an satisfy the required 
onditions, see [11℄. Relaxing the 
ondition onstri
t monotoni
ity to monotoni
ity on the fun
tion whi
h o

urs in the 
onditioningrequirement, then the pair of t-norm S and t-norm T whi
h satis�es (CD) (seeDe�nition 2.8) and the 
orresponding pseudo-additive S-measure satisfy also allother required 
onditions. Triangular norms were �rst introdu
ed in the 
ontextof probabilisti
 metri
 spa
es by K. Menger [15℄ in more general form and by B.S
hweizer and A. Sklar [21℄ in a today form, see also [13℄.The aim of this paper is to present the answer to the following question:what else remains possible beyond idempotent (possibilisti
) and probabilisti
 mix-tures?The solution obtained in [7℄ takes the advantage of a result obtained in [13℄on the relaxed distributivity of triangular norm over a triangular 
onorm (
alled
onditional distributivity). This result has a drasti
 
onsequen
e on the notion of1991 Mathemati
s Subje
t Classi�
ation. Primary 90A10; Se
ondary 62C05, 90A05, 28E10.Key words and phrases. Triangular 
onorm, triangular norm, hybrid idempotent-probabilisti
 measure, hybrid utility.Authors want to thank to the partial �nan
ial support of of the Proje
t MNTRS-1866.1



2 ENDRE PAPmixtures. Beyond possibilisti
 and probabilisti
 mixtures, only a form of hybridiza-tion is possible su
h that the mixture is possibilisti
 under a 
ertain threshold, andprobabilisti
 above. The same distributivity property must be satis�ed betweenthe t-
onorm 
hara
terizing the pseudo-additive measure, and the triangular normexpressing separability (independen
e), see [7, 8℄.We remark that the pair of t-norm S and t-norm T whi
h satis�es (CD) andthe 
orresponding S-measure give a basis for an integration theory, see [13, 14℄.2. Conditional distributive pairs of triangular 
onorms and normsIn this se
tion we will use results from [13, 21℄.Definition 2.1. A triangular 
onorm (t-
onorm for short) is a binary operationon the unit interval [0; 1℄, i.e., a fun
tion S : [0; 1℄2 ! [0; 1℄ su
h that for allx; y; z 2 [0; 1℄ the following four axioms are satis�ed:(S1) Commutativity S(x; y) = S(y; x);(S2) Asso
iativity S(x; S(y; z)) = S(S(x; y); z);(S3) Monotoni
ityS(x; y) � S(x; z) whenever y � z;(S4) Boundary Condition S(x; 0) = x:If S is a t-
onorm, then its dual t-norm T : [0; 1℄2! [0; 1℄ is given byT (x; y) = 1� S(1 � x; 1� y):Example 2.2. The following are the three basi
 t-norms together with theirdual t-
onorms, whi
h we shall use:(i) Minimum TM and maximum SM given byTM(x; y) = min(x; y); SM(x; y) = max(x; y);(ii) Produ
t TP and probabilisti
 sum SP given byTP(x; y) = x � y; SP(x; y) = x+ y � x � y;(iii) Lukasiewi
z t-norm TL and Lukasiewi
z t-
onorm SL given byTL(x; y) = max(x+ y � 1; 0); SL(x; y) = min(x + y; 1);The following representations hold:Theorem 2.3. A fun
tion S : [0; 1℄2 ! [0; 1℄ is a 
ontinuous Ar
himedeantriangular 
onorm,i.e., for all x 2℄0; 1[ we have S(x; x) > x; if and only if thereexists a 
ontinuous, stri
tly in
reasing fun
tion s : [0; 1℄ ! [0;+1℄ with s(0) = 0su
h that for all x; y 2 [0; 1℄S(x; y) = s�1(min(s(x) + s(y); s(1))):Theorem 2.4. A fun
tion T : [0; 1℄2 ! [0; 1℄ is a 
ontinuous Ar
himedeantriangular norm,i.e., for all x 2℄0; 1[ we have T (x; x) < x; if and only if there existsa 
ontinuous, stri
tly de
reasing fun
tion t : [0; 1℄ ! [0;+1℄ with t(1) = 0 su
hthat for all x; y 2 [0; 1℄T (x; y) = t�1(min(t(x) + t(y); t(0))):



A GENERALIZATION OF THE UTILITY THEORY 3The fun
tions s and t from Theorems 2.3 and 2.4 are then 
alled additivegenerators of S and T , respe
tively. They are uniquely determined by S and T ,respe
tively, up to a positive multipli
ative 
onstant.We have the following representation for arbitrary 
ontinuous t-
onorm andt-norm, see [13℄.Theorem 2.5. A fun
tion S : [0; 1℄2 ! [0; 1℄ (a fun
tion T : [0; 1℄2 ! [0; 1℄)is a 
ontinuous t-
onorm (t-norm) if and only if S ( T ) is an ordinal sum whosesummands are 
ontinuous Ar
himedean t-
onorms (t-norms).The t-
onorm S (t-norm T ) is 
alled stri
t if it is 
ontinuous and stri
tly mono-tone on the open square ℄0; 1[2: The 
ontinuous t-
onorm S (t-norm T ) is 
allednilpotent if ea
h a 2℄0; 1[ is a nilpotent element of S (of T ), i.e., for every a 2℄0; 1[there exists n 2 N su
h that a(n)S = 1 ( respe
tively a(n)T = 0 ), where a(n)S is then-th power of a given by S(a; : : : ; a) (respe
tively T (a; : : : ; a) ) repeated a n-times.The 
lass of 
ontinuous Ar
himedean t-
onorms (t-norms) 
onsists of two disjoint
lasses: stri
t and nilpotent.The following important 
hara
terization of a stri
t t-norm and a nilpotentt-
onorm will enable us to simplify the approa
h in this paper.Theorem 2.6. A fun
tion T : [0; 1℄2! [0; 1℄ is isomorphi
 to TP ; i.e., there isa stri
tly in
reasing bije
tion ' : [0; 1℄! [0; 1℄ su
h that for all x; y 2 [0; 1℄ we haveT (x; y) = '�1(TP ('(x); '(y))if and only if it is a stri
t t-norm.Theorem 2.7. A fun
tion S : [0; 1℄2! [0; 1℄ is isomorphi
 to SL; i.e., there isa stri
tly in
reasing bije
tion ' : [0; 1℄! [0; 1℄ su
h that for all x; y 2 [0; 1℄ we haveS(x; y) = '�1(SL('(x); '(y))if and only if it is a nilpotent t-
onorm.Continuous Ar
himedean t-
onorms and t-norms are isomorphi
 to SL and TP ,respe
tively.Definition 2.8. A t-norm T is 
onditionally distributive over a t-
onorm S iffor all x; y; z 2 [0; 1℄ we have(CD) T (x; S(y; z)) = S(T (x; y); T (x; z));whenever S(y; z) < 1:The 
ontinuity of T and S implies that distributivity 
an be extended for awider domain.Proposition 2.9. Let a 
ontinuous t-norm T be 
onditionally distributive overa 
ontinuous t-
onorm S: Let x; y; z 2 [0; 1℄ and y and z are su
h that S(y; z) = 1and for every b < y we have S(b; z) < 1 or for every 
 < z we have S(y; 
) < 1;then the distributivity T (x; S(y; z)) = S(T (x; y); T (x; z)) holds.We shall need the following theorem from [13℄ whi
h gives the 
omplete 
hara
-terization of the family of 
ontinuous pairs (S; T ) whi
h satisfy the 
ondition (CD).The proof is re
alled due to the importan
e of the result for the paper.



4 ENDRE PAPTheorem 2.10. A 
ontinuous t-norm T is 
onditionally distributive over a
ontinuous t-
onorm S if and only if there exists a value a 2 [0; 1℄; a stri
t t-normT � and a nilpotent t-
onorm S� su
h that the additive generator s� of S� satisfyings�(1) = 1 is also a multipli
ative generator of T � su
h thatT = (< 0; a; T1 >;< a; 1; T � >)where T1 is an arbitrary 
ontinuous t-norm andS = (< a; 1; S� >):Proof. Suppose that a 
ontinuous t-norm T is 
onditionally distributive overa 
ontinuous t-
onorm S. If b 2 [0; 1[ is an idempotent element of S, then, for ea
hx 2 [0; 1℄, T (x; b) is an idempotent element of S. Therefore by the 
ontinuity of Tea
h element in [0; b℄ is an idempotent element of S. Hen
e, from Theorem 2.5 itfollows that either S = SM (in whi
h 
ase we have proved the theorem for a = 0)or S = (ha; 1; S�i), where S� is a 
ontinuous Ar
himedean t-
onorm and a 2 [0; 1[.If S = (ha; 1; S�i) for some 
ontinuous Ar
himedean t-
onorm S� and somea 2 [0; 1[, then a is an idempotent element also of T . This follows from the fa
tthat for all x 2 ℄a; 1[ with S(x; x) < 1 we have T (a; S(x; x)) = S(T (a; x); T (a; x)) =T (a; x), i.e., T (a; x) = T (a; x(2)S ), and 
onsequently, for all x 2 ℄a; 1[ we haveT (a; x) = T (a; x(12 )S ) (see Remark 3.5 in [13℄), implying a = T (a; 1) = T (a; x( 12 )S ) forea
h x 2 ℄a; 1[. Therefore, T 
an be written as an ordinal sum (see Theorem 2.5),one of its summands being ha; 1; T �i, where T � is some 
ontinuous t-norm. Sin
e Tis 
onditionally distributive over S, T � must be 
onditionally distributive over theAr
himedean t-
onorm S�.We will show that T � is also Ar
himedean. Namely, the existen
e of a non-trivial idempotent element 
 of T � would imply the existen
e of x 2 [0; 1℄ withx < 
 < S�(x; x) < 1, leading to the 
ontradi
tion
 = T �(
; S�(x; x)) = S�(T �(
; x); T �(
; x)) = S�(x; x):Moreover, T � 
annot be nilpotent: if 0 < d = supfx 2 [0; 1℄ j T (x; x) = 0g thenthere exists y 2 [0; 1℄ with y < d < S�(y; y) < 1, leading to the 
ontradi
tion0 < T �(d; S�(y; y)) = S�(T �(d; y); T �(d; y)) = 0:Let � be an arbitrary but �xed multipli
ative generator of the stri
t t-norm T �and s an additive generator of the 
ontinuous Ar
himedean t-
onorm S�. Remarkthat we have S(y; z) = s�1(s(x) + s(y)) for all (y; z) 2 [0; 1℄2 with S(y; z) < 1. Wede�ne the 
ontinuous, stri
tly in
reasing fun
tion f : [0; s(1)℄! [0; 1℄ by f = �Æs�1and note that f(s(1)) = 1. Taking u = s(x), v = s(y) and w = s(z), the 
onditionaldistributivity of T � over S� 
an be rewritten as(2.1) f(u) � f(v +w) = f(f�1(f(u) � f(v)) + f�1(f(u) � f(w)))for all u; v; w 2 [0; s(1)℄ and v + w < s(1). For a �xed u 2 ℄0; s(1)℄,we de�nethe 
ontinuous, stri
tly in
reasing fun
tion gu : [0; s(1)℄ ! [0; s(1)℄ by gu(x) =f�1(f(u)�f(x)) and observe that gu(0) = 0 and gu(s(1)) = u. Then (2.1) transformsinto the Cau
hy equation gu(v +w) = gu(v) + gu(w)for all v; w 2 [0; s(1)℄ and v+w � s(1), where the 
ase v+w = s(1) follows from the
ontinuity of gu. If s(1) = 1 then this equation has no solution, so S� must be a



A GENERALIZATION OF THE UTILITY THEORY 5nilpotent t-
onorm. From [1℄, Se
tion 2.1,Theorem 3, it follows that gu(x) = us(1)x,i.e., f� us(1)x� = f(u) � f(x)for all x; u 2 [0; s(1)℄ (the 
ase u = 0 follows from f(0) = 0). The only solutions ofthis modi�ed Cau
hy equation are given by f(x) = � xs(1)�
, where 
 2 ℄0;1[. Sin
es(1) 
an be 
hosen arbitrarily in ℄0;1[ we may take s(1) = 1, leading to f(x) = x
and, 
onsequently, we have � = s
, i.e., s is a multipli
ative generator of T �.Conversely, assume that a 
ontinuous t-norm T and a 
ontinuous t-
onorm Shave the forms from theorem, then T is 
onditionally distributive over S. �6
-S�maxmaxmax0 a 1 xa1

y
6

-T1 T �min min0 a 1 xa1
y

Figure 1. (< SM; S� >;< T1; T � >)a for 0 < a < 1We denote by (< SM; S� >;< T1; T � >)a the pair of 
ontinuous t-
onorm Sand t-norm T from Theorem 2.10, see the Figure 1.



6 ENDRE PAPExample 2.11. (i) The extreme 
ase a = 0 for the pair(< SM; SL >;< T1; TP >)0, redu
es on the pair SL and TP.(ii) The other extreme 
ase a = 1 for the pair (< SM; SL >;< T1; TP >)1;redu
es on the pair SM and an arbitrary 
ontinuous t-norm T1.(iii) For 0 < a < 1 the pair (< SM; SL >;< T1; TP >)a gives us the hybrididempotent-probabilisti
 
ase.3. S-measures, separable events, de
omposition of S-measuresLet X be a �xed non-empty �nite set.Definition 3.1. Let S be a t-
onorm and let A be a �-algebra of subsets ofX. A mapping m : A ! [0; 1℄ is 
alled (pseudo-additive) S-measure if m(;) =0;m(X) = 1 and if m is S-measure, i.e., for all A;B 2 A with A \B = ; we havem(A [B) = S(m(A);m(B)):Ea
h S-measurem : P(X) ! [0; 1℄ is uniquely determined by the valuesm(fxg)with x 2 X.Remark 3.2. In the general 
ase when X is an arbitrary non-empty set (alsoin�nite) there is an additional 
ondition on m in De�nition 3.1 namely that it is
ontinuous from below. In this 
ase, if S is a left 
ontinuous t-
onorm, then a setfun
tion m : A ! [0; 1℄ satisfying m(;) = 0 is an S-measure if and only if for ea
hsequen
e (An) of pairwise disjoint elements of A we havem� 1[n=1An� = 1Sn=1m(An):For some basi
 properties of S-measures see [13, 17, 24℄.Example 3.3. A set fun
tion m : P(X) ! [0; 1℄ is SM-measure if and only iffor all A;B 2 A we have m(A [B) = SM(m(A);m(B)):Usually it is 
alled idempotent (possibility) measure, denoted by � and the 
or-responding distribution by �: Namely for an arbitrary fun
tion � : X ! [0; 1℄,the set fun
tion � : P(X) ! [0; 1℄ de�ned by �(A) = supf�(x) j x 2 Ag is anSM-measure. We remark that only for X �nite the notions of SM-measure andpossibility measures 
oin
ide.Remark 3.4. If m : A ! [0; 1℄ is an S-measure and  : [0; 1℄ ! [0; 1℄ anin
reasing bije
tion, then  �1 Æ m : A ! [0; 1℄ is an S -measure, where S isde�ned by S (x; y) =  �1 (S( (x);  (y))) :It was investigated in [7℄ the problem whi
h triangular norms � (
ommutativityand asso
iativity of � re
e
t the 
orresponding properties for 
onjun
tions and itis natural that � be non-de
reasing in ea
h pla
e and 
ontinuous) 
an be used forextending the notion of independen
e for S-measures. Sin
e the term independen
ehas a pre
ise meaning in probability theory, we shall speak of separability instead.Definition 3.5. Two events A and B are said to be �-separable if and only ifm(A \B) = m(A) �m(B)for a triangular norm �:



A GENERALIZATION OF THE UTILITY THEORY 7Let A;B;C be three events su
h that B \C = ; and that the pairs (A;B) and(A;C) are made of separable events. Suppose m is an S-measure. Then only theequality A \ (B [C) = (A \B) [ (A \C)indu
es strong 
onstraints on the 
hoi
e of � when S is �xed. Namely, we havem(A \ (B [C)) = S(m(A \B);m(A \C))= S(m(A) �m(B);m(A) �m(C)):Now, in probability theory, if disjoint sets B and C are independent from A; thenB [C is independent of A as well. Here again, in order to make the separability a
omputationally attra
tive property, the same property is taken for granted, i.e.,m(A \ (B [C)) = m(A) �m(B [C):Hen
e the following identity must holdm(A) � S(m(B);m(C))(3.1) = S(m(A) �m(B);m(A) �m(C))for all (A;B;C) su
h that B \ C = ;; (A;B) separable, (A;C) separable. Notethat if m(A) = 1 or 0; this property is always satis�ed.Assumem(B[C) < 1 in (3.1). Then the above equation 
oin
ides the 
onditionof 
onditional distributivity property. It must hold for all S-measures. Then The-orem 2.10 using Theorems 2.6, 2.7 whi
h redu
e (up to isomorphism) all situationsto the 
ase in Example 2.11 for some a 2 [0; 1℄ provides the only possible 
hoi
es forthe pair (S; �): Therefore we will 
onsider only the 
ase (< SM; SL >;< T1; TP >)a:Then we have for some a 2 [0; 1℄a) for S the ordinal sum of max on [0; a℄ and SL on [a; 1℄ for some a 2 [0; 1℄;b) for � the ordinal sum of any 
ontinuous t-norm T1 on [0; a℄ and the produ
tTP on [a; 1℄:Hen
e the S-measure is an hybrid set fun
tion m : P(X) ! [0; 1℄ su
h that forA \B = ; we havem(A [B) = ( a+ (1� a)min�m(A)�a1�a + m(B)�a1�a ; 1� if m(A) > a;m(B) > amax(m(A);m(B)) otherwise.There is no way of satisfying (3.1) if m is su
h that m(B)+m(C) > 1 for someB;C that are independent. So the only reasonable S-measures that prevent thissituation from happening while ensuring the normalization, and admitting of anindependen
e 
on
ept, are(i) probability measures ( and � = produ
t);(ii) possibility measures ( and � is any t-norm);(iii) pure hybrid measures m su
h that there is a 2℄0; 1[ whi
h gives for A andB disjointm(A [B) = � m(A) +m(B) � a if m(A) > a;m(B) > amax(m(A);m(B)) otherwise,



8 ENDRE PAPand for independen
e:m(A \B) = 8<: a+ (m(A)�a)(m(B)�a)1�a if m(A) > a;m(B) > a1aT1(am(A); am(B)) if m(A) � a;m(B) � amin(m(A);m(B)) otherwise,and the normalization 
ondition readsXfxg;m(fxg)>am(fxg) = 1 + (
ard(fx;m(fxg) > ag)� 1)a:Any probability distribution on a �nite set X 
an be represented as a sequen
eof binary lotteries. A binary lottery is 4-uple (A;�; x; y) where A � X and � 2 [0; 1℄su
h that P (A) = �; and it represents the random event that yields x ifA o

urs andy otherwise, see [22℄. More generally, suppose m is a S-measure onX = fx1; x2; x3gand mi = m(fxig): Suppose we want to de
ompose the ternary tree on the left sideof the Figure 2 into the binary tree of the right side so that they are equivalent.We follow the 
al
ulations from [7℄. Then the redu
tion of lottery propertyenfor
es the following equationsS(v1; v2) = 1; T (�; v1) = m2; T (�; v2) = m3;where T is the triangular norm that expresses separability for S-measures. The�rst 
ondition expresses that (v1; v2) is in the mixture set (with no trun
ation for t-
onorm S allowed). If these equations have unique solutions, then by iterating this
onstru
tion, any distribution of a S-measure 
an be de
omposed into a sequen
eof binary lotteries.The problem of normalization takes us to the following system of equations(3.2) �1 = T (�; v1); �2 = T (�; v2); S(v1; v2) = 1for given �1 and �2:We know that there always exists an unique solution (�; v1; v2):We are interested in the analyti
al forms of (�; v1; v2): We suppose without loss ofgenerality that �1 > �2: Then we have the following 
ases:Case I. Let �1 > a; �2 > a: Then (3.2) redu
es on�1 = a+ (�� a)(v1 � a)1� a ; �2 = a+ (�� a)(v2 � a)1� a ; 1 = v1 + v2 � a:We obtain the unique solution� = �1 + �2 � a; v1 = a+ (1 � a)(�1 � a)�1 + �2 � 2a ; v2 = a+ (1� a)(�2 � a)�1 + �2 � 2a :Case II. Assume �1 > a � �2: Then S = max; and � � a; v1 � a andv2 � �2 < a: Hen
e assuming T1 = min (we shall only deal with this 
ase) theequations (3.2) write:max(v1; v2) = 1; �1 = a+ (� � a)(1 � a)1� a = �; �2 = min(�; v2):Assume v1 = 1: Then � = �1 and v2 = �2: Note that this solution is unique, sin
eassuming v2 = 1 leads to � = �2 < a; whi
h is a 
ontradi
tion.Case III. Assume max(�1; �2) � a: Then S = max : Assume again v1 = 1:Then the �rst equation in (3.2) yields � = v1: Assuming T = T1 = min the se
ondequation of (3.2) leads to v2 = �2: Hen
e the same solution (�1; 1; �2) as in 
aseII. Note that assuming v2 = 1 again leads to a 
ontradi
tion sin
e then � = �2 andequation �1 = T (�2; v1) has no solution.



A GENERALIZATION OF THE UTILITY THEORY 9������������ AAAAAAAAAAAA�������� ����x2x1 x3m1 m2 m3
������ AAAAAAAAAAAA�������������� ����x2x1 x3m1 �v1 v2Figure 2. S-measure tree and the 
orresponding binary treesmax(1; �2) = 1 the other two equations redu
es on �1 = min(�1; 1); (or it 
anbe 
onsidered the 
ase with T1 (we shall not examine this 
ase) where we 
an takespe
ially T1 = min) and so �2 = min(�1; �2): We have v1 = 1 and v2 = �2:4. Hybrid mixturesLet (S; T ) be a pair of 
ontinuous t-
onorm and t-norm, respe
tively, whi
hsatisfy the 
ondition (CD). Then by Theorem 2.10 they are of the form(< SM; S� >;< T1; T � >)a;where S� is a nilpotent t-
onorm, T1 an arbitrary t-norm and T � a stri
t t-norm.We de�ne the set �S of ordered pairs (�; �) in the following way�S = f(�; �) j (�; �) 2 [0; 1℄; S(�; �) = 1g:



10 ENDRE PAPDefinition 4.1. An extended mixture set is a quadruple (G;M; T; S) where Gis a set andM : G2��S ! G is a fun
tion (extended mixture operation) su
h thatthe following 
onditions are satis�ed:M1. M (x; y; 1; 0) = x;M2. M (x; y;�; �) =M (y; x; �; �);M3. M (M (x; y;�; �); y; 
; Æ) =M (x; y;T (�; 
); S(T (�; 
); T (Æ; 1))):The 
onditions M1-M3 imply the following 
onditionM4. M (x; x;�; �) = x:The following lemma is proved in [5℄.Lemma 4.2. Suppose M is an extended mixture, i.e., M1.-M3. holds for M:Then M5.M (M (x; y;�; �);M (x; y; 
; Æ);�; �) =M (x; y;S(T (�; �); T (
; �)); S(T (�; �); T (Æ; �))holds for all x; y 2 G and all (�; �); (
; Æ); (�; �) 2 �0; �0 is a non-empty subset of�S ; if and only if T (
; S(�; �)) = S(T (
; �); T (
; �));i.e., T is distributive over S on �0:Let (S; T ) be a pair of 
ontinuous t-
onorm and t-norm, respe
tively, su
h thatthey satisfy the 
ondition (CD) with a 2 [0; 1℄:We restri
t ourselfs on the situation(< SM; SL >;< T1; TP >)a; sin
e this is the most important 
ase and other 
ases
an be obtained by isomorphisms (see Theorems 2.6, 2.7 ).We de�ne the set �0 = �S;a of ordered pairs (�; �) in the following way�S;a = f(�; �) j (�; �) 2℄a; 1[; �+� = 1+ag[f(�; �) j min(�; �) � a;max(�; �) = 1g:We have �S;a � �S : We have that for every �; �; 
 2 �S;a the distributivity holds.We de�ne now the hybrid mixture setDefinition 4.3. A hybrid mixture set is a quadruple (G;M; T; S) where G isa set, (S; T ) is a pair of 
ontinuous t-
onorm and t-norm, respe
tively, su
h thatthey satisfy the 
ondition (CD) with a 2 [0; 1℄ and M : G2 ��S ! G is a fun
tion(hybrid mixture operation) given byM (x; y;�; �) = S(T (�; x); T (�; y)):As we told we shall restri
t to the 
ase(< SM ; SL >;< T1; TP >)a: Then it is easy to verify that M satis�es the axiomsM1-M5 on �S;a: This kind of mixtures exhaust the possible solutions to M1-M5.Let (S; T ) be a pair of 
ontinuous t-
onorm and t-norm, respe
tively, of theform (< SM; SL >;< T1; TP >)a: Let u1; u2 be two utilities taking values in theunit interval [0; 1℄ and let �1; �2 be two degrees of plausibility from �S;a: Then wede�ne the optimisti
 hybrid utility fun
tion by means of the hybrid mixture asU (u1; u2;�1; �2) = S(T (u1; �1); T (u2; �2)):We shall examine in details this utility fun
tion.Case I. Let �1 > a; �2 > a; i.e., �1 + �2 = 1 + a: Then we have the followingsub
ases:(a) Let u1 > a; u2 > a: Then we have(4.1) U (u1; u2;�1; �2) = S(a + (u1 � a)(�1 � a)1� a ; a+ (u2 � a)(�2 � a)1� a ):



A GENERALIZATION OF THE UTILITY THEORY 11Then a + (ui�a)(�i�a)1�a > a for all i = 1; 2: Hen
e by (4.1)U (u1; u2;�1; �2) = u1(�1 � a) + u2(1� �1)1� a(b) Let u1 � a; u2 > a: Then we haveU (u1; u2;�1; �2) = S(u1; a+ (u2 � a)(�2 � a)1� a )= a+ (u2 � a)(�2 � a)1� a :In a quite analogous way it follows for u1 > a; u2 � a thatU (u1; u2;�1; �2) = a+ (u1 � a)(�1 � a)1� a :(
) Let Let u1 � a; u2 � a: ThenU (u1; u2;�1; �2) = max(u1; u2):Case II. Let �1 � a; �2 = 1 (in a quite analogous way we 
an 
onsider the
ase �2 � a; �1 = 1). Then we have the following sub
ases, where S = max:(a) Let u1 > a; u2 > a: Then we haveU (u1; u2;�1; �2) = S(�1; u2) = u2:(b) Let u1 � a; u2 > a: Then we haveU (u1; u2;�1; �2) = S �aT1 �u1a ; �1a � ; u2� = u2:(
) Let u1 > a; u2 � a: Then we haveU (u1; u2;�1; �2) = S(�1; u2) = max(�1; u2):(d) Let u1 � a; u2 � a: Then we haveU (u1; u2;�1; �2) = max�aT1 �u1a ; �1a � ; u2� :For T1 = min the 
ase II and 
ase I
 are exa
tly idempotent ( possibilisti
) utility.Although the above des
ription of optimisti
 hybrid utility is rather 
omplex,it 
an be easily explained, in
luding the name optimisti
.Case I is when the de
ision-maker is very un
ertain about the state of nature:both �1 and �2 are high and the two involved states have high plausibility. Case Iais when the reward is high in both states- then the behavior of utility is probabilisti
.Case Ib is when the reward is low in state x1(u1 � a); but high on the other state.Then the de
ision-maker looks forward to the best out
ome and the utility is afun
tion of u2 and �2 only. In 
ase I
 when both rewards are low, the de
ision-maker is possibilisti
 and again fo
uses on the best out
ome. Case II is when statex1, is unlikely. In 
ase IIa,b when the plausible reward is good, then the de
ision-maker looks forward to this reward. In 
ase II
 where the most plausible reward islow then the de
ision maker still keeps some hope that state x1; will prevail if u2 isreally bad, but weakens the utility of state x1; be
ause of it la
k of plausibility. Thisphenomena subsides when the least plausible out
ome is also bad, but the (bad)utility of x1; parti
ipates in the 
al
ulation of the resulting utility, by dis
ounting�1; even further. From the analysis, the optimisti
 attitude of an agent rankingde
isions using the hybrid utility is patent.



12 ENDRE PAPWe introdu
e the pessimisti
 hybrid utility fun
tion U using the utility fun
tionU in the following wayU (u1; u2;�1; �2) = 1� U (1� u1; 1� u2;�1; �2):Then we 
an give the 
orresponding interpretations of U as dual interpretationsto the pre
eding 
ases of U: Just go again through the above behavior analysis,interpreting u1 and u2 and U as disutilities instead of utilities. For instan
e, in
ase IIa,b, the de
ision-maker is afraid that the worst out
ome o

urs (u2 > a isinterpreted as penality).The following example from [7℄ of S-measure will be related to the 
onstru
tionof hybrid idempotent-probabilisti
 mixture.������ AAAAAAAAAAAAAAAAAAAAAAA
������ ������ ������

��������������������
U = 0:31 u02 = 0:34u03 = 0:9u04 = 0:2u1 u2 u3 u4 u5

0:75 0:450:84 0:361 0:151 0:05Figure 3. Utility binary trees from Example 4.4Example 4.4. We take (< SM; SL >;< T1; TP >)0:2 and de�ne an S-measurem : P(f1; 2; 3; 4; 5g)! [0; 1℄ for the one point sets as:m1 = 0:75;m2 = 0:4;m3 = 0:25;m4 = 0:15;m5 = 0:05:We see that m1+m2+m3 = 1+2a = 1:4: Then the other values of S-measure m onP(f1; 2; 3; 4; 5g) 
an be easily 
al
ulated. We 
onstru
t the 
orresponding binarytrees. It 
an be 
he
ked for instan
e that the weight of x2 is m2 = T (0:45; 0:84):For �ve utilitiesu1 = 0:3; u2 = 0:1; u3 = 0:9; u4 = 0:2; u5 = 0:1;
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an 
al
ulate the 
orresponding utility using the binary tree and we representthe pro
edure in Figure 3. 5. AxiomatizationIt remains as a problem to �nd a 
orresponding axiomatization for hybrid utilityas was done for 
lassi
al utility theory and possibility utility theory. We shall givehere an axiomatization obtained in [18℄.We propose the following set of axioms for a preferen
e relation � de�ned overthe set of all S-measures �(X); where X is the �nite set of out
omes, to representthe optimisti
 utility:H1. �(X) is equipped with a 
omplete preordering stru
ture, i.e., � is re
ex-ive, transitive and 
omplete.H2. (Continuity) If m � m0 � m" then(i) 9� 2℄a; 1[: m0 �M (m;m"; 1 + a � �; �); if m;m0;m" > a;(ii) 9� 2℄0; 1℄ : m0 �M (m;m"; 1; �); otherwise.H3. (Independen
e) For every m;m0;m" 2 �(X) and for every �; � 2 	S;awe have that m0 � m" is equivalent with M (m0;m;�; �) �M (m";m;�; �):H4. (Un
ertainty prone) If m;m0 > a thenm � m0 implies m �M (m;m0;�; 1 +��) � m0 for � 2℄a; 1[;otherwise m < m0 implies m � m0:There was proved in [18℄ a representation theorem for the preferen
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