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ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY OFZd-ACTIONS BY AUTOMORPHISMS OF COMPACT ABELIAN GROUPSDaniel J. Rudolph and Klaus SchmidtAbstract. We prove that aZd-action by automorphisms of a compact, abelian group is Bernoulliif and only if it has completely positive entropy. The key ingredients of the proof are the extension ofcertain notions of asymptotic block independence fromZ-actions toZd-action and their equivalencewith Bernoullicity, and a surprisingly close link between one of these asymptotic block independenceproperties for Zd-actions by automorphisms of compact, abelian groups and the product formulafor valuations on global �elds. 1. IntroductionLet d � 1. A measure-preserving Zd-action T on a probability space (X;S; �) is Bernoulli ifthere exists a standard probability space (Y;T; �) such that T is measurably conjugate to theshift-action � ofZd on (YZd;TZd; �Zd), where TZd is the product Borel �eld on YZd, and where� is de�ned by (�m(y))n = ym+n (1.1)for every m 2Zd and y = (yn) = (yn; n 2Zd) 2 YZd. In particular T is Bernoulli if and onlyif there exists a countably generated sigma-algebra U � S with the following properties:(1) U is independent under T , i.e.�(B0 \ T�n1(B1) \ � � � \ T�nk(Bk)) = �(B0) � : : : � �(Bk)whenever k � 1, B0; : : : ; Bk lie in U, and 0;n1; : : : ;nk are distinct elements inZd,(2) �(Sn2Zd T�n(U)) = S (mod �), where �(C) is the sigma-algebra generated by a collec-tion of sets C � S.If a (countably generated) sigma-algebra U � S satis�es (1), but not necessarily (2), thenV = �(Sn2Zd T�n(U)) is a Bernoulli factor of T .Since Bernoulli actions of Zd are measurably conjugate if and only if they have the sameentropy ([OW]), the Bernoulli property plays an important rôle in the isomorphism theory ofZd-actions. There is, however, a major di�erence between the cases where d = 1 and whered > 1: there exist many `natural' examples of Bernoulli transformations (such as hyperbolicdi�eomorphisms of compact manifolds), but natural Bernoulli actions of Zd with d > 1 aremuch harder to come by. One obvious reason for this di�erence is that Bernoulli actions (oreven actions with positive entropy) of Zd; d > 1, cannot be realized smoothly on connected,�nite-dimensional manifolds, so that such actions are less `geometric' than for d = 1. Thesecond reason is that, for a single measure preserving automorphism T of a probability space,Bernoullicity is characterized by certain independence properties of the `future' and `past' time1991 Mathematics Subject Classi�cation. 11R56, 28D15. Typeset by AMS-TEX1



2 DANIEL J. RUDOLPH AND KLAUS SCHMIDTevolutions de�ned by T . Appropriate notions of independence of `future' and `past' for Zd-actions are necessarily less intuitive and more di�cult to verify (cf. e.g. [Kam]).In this paper we consider a particular class ofZd-actions: the Zd-actions by automorphismsof compact, abelian groups. Although positive entropy again forces the abelian groups to belarge (e.g. in�nite-dimensional if they are connected), these actions can be analyzed e�ectivelyby replacing the geometric tools available on �nite dimensional manifolds with methods fromharmonic analysis and commutative algebra (cf. [KS], [LSW], [Sc1]).For d = 1, the Bernoullicity of ergodic group automorphisms was established in a series ofpapers by Katznelson, Lind, Aoki, Thomas, and others (cf. e.g. [Aok], [AT], [Kat], [Li1], [Li2],[MT]). Whereas every ergodic automorphism of a compact group automatically has completelypositive entropy ([Rok]), ergodicZd-actions by automorphisms of compact, abelian groups withd > 1 need not have positive entropy, and one requires at least completely positive entropy toconjecture Bernoullicity. For d = 2, the Bernoullicity of a particular Z2-action with completelypositive entropy was stated in [Wa1], and of arbitrary expansive Z2-actions by automorphismsof compact, abelian groups with completely positive entropy in [Wa2]. In this paper we provethe following general result conjectured in [LSW] (Conjecture 6.8).1.1. Theorem. Let d � 1, and let � be a Zd-action by automorphism of a compact, abeliangroup X. Then � is Bernoulli if and only if it has completely positive entropy with respect tothe normalized Haar measure �X of X.As pointed out in [Sc2] and [Wa1], Theorem 1.1 implies the measurable conjugacy of certaintopologically non-conjugate Zd-actions. For example, if d > 1, and if � is a Zd-action byautomorphisms of a compact, abelian group X with completely positive entropy, then Theorem1.1 guarantees that � is measurably conjugate to everyZd-action of the form �A:n 7! �An withA 2 GL(d;Z), but �A is not in general topologically conjugate to � (cf. [Sc1]).The general approach of this paper follows the strategy of [Kat], adapted toZd-actions alongthe lines of [Wa1] and [Wa2]. In Section 2 we present a characterization of Bernoullicity in termsof various asymptotic independence properties related to P. Shields' work on Z-actions in [Shi]and prove their equivalence with Bernoullicity (Theorem 2.3). In Theorem 2.14 we show thatBernoullicity is also implied by another asymptotic independence condition associated with aformer conjecture by A. Vershik (the summable Vershik condition), which appears particularlysuited for symbolic and algebraicZd-actions.By using standard machinery from [KS] and [Sc1], the proof of Theorem 1.1 can be reducedto shift-actions of Zd on closed, shift-invariant subgroups of (Tm)Zd for some m � 1, whereT = R=Z. If X � (Tm)Zd is such a subgroup, then �X can be viewed as a shift-invariantmeasure on (Tm)Zd. In Section 3 we deal with the case where m = 1 and �X is a shift-invariant measure on TZd, and prove that under the assumption of completely positive entropythe projections of �X onto disjoint d-dimensional cubes in Zd become rapidly independent asthese cubes move apart (Lemma 3.6). Lemma 3.7 shows that this asymptotic independence ofd-dimensional cubes implies the hypothesis of Theorem 2.14, so that �X is Bernoulli under theshift-action ofZd onTZd. There is an interesting connection between Lemma3.6 and the productformula for valuations on algebraic number �elds, which �rst emerged for d = 1 in discussions



ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY 3between D. Lind and the second author (KS) during the Symbolic Dynamics Programme at theMSRI, Berkeley, in 1992 (cf. [LS]|an early precursor of this idea appears in an unpublishednote by Y. Katznelson on the Bernoullicity of ergodic automorphisms of certain solenoids). Themain di�erence in the proofs of the relevant asymptotic independence in [Wa2] and Lemma 3.6could be expressed (somewhat cryptically) by saying that the use of all places (not just thein�nite ones) of certain algebraic number �elds arising in the proof of that lemma obviates theneed for assuming expansiveness. In addition the papers [Wa1] and [Wa2] contain a gap in thederivation of Bernoullicity from this asymptotic independence result which is �lled by Section2 in this paper.Section 4 is also quite close to the relevant part of [Wa2], except that we use a more directapproach to derive the Bernoullicity of an arbitraryZd-action by automorphisms of a compact,abelian group from that of its basic constituent parts. The avoidance of some of the moresophisticated aspects of relative Bernoulli theory in this derivation is based on Theorem 2.11.There is a small amount of duplication of results from [Wa2] in Section 4 in order to make thisexposition more self-contained.2. Almost block independence and Bernoullicity of Zd-actionsIn this section we extend a slightly weakened form of P. Shields' notion of `almost blockindependence' toZd-actions (cf. [Shi]). In order to put the essential ingredients of the followingargument into clearer focus we present it in a slightly more general context which allows thereader to obtain with no extra e�ort the analogous result for those discrete, amenable groupswhich can be tiled by F�lner sets. We begin with a few de�nitions.2.1. De�nition. For every k � 1 we set Bk = f�k; : : : ; kgd �Zd.(1) Let F � Zd be a non-empty, �nite subset, and let k � 1 and " > 0. The set F is(k; ")-invariant if j(F + n) \ F j � (1� ")jF j for every n 2 Bk.(2) A sequence (Fn; n � 1) of �nite subsets ofZd is a F�lner sequence if Fn %Zd as n!1,and if there exists, for every k � 1 and " > 0, an integer N = N (k; ") such that Fn is(k; ")-invariant for every n � N .(3) Let F � Zd be a �nite, non-empty subset, " > 0 and 1 � k � K. A collection A ofdisjoint, non-empty subsets of F is called a partial cover of F . If A is a partial coverof F we set [A] = SA2AA and call A a (k;K; ")-cover of F if the following conditionshold.(i) For every A 2 A there exists an n 2Zd with A � BK + n,(ii) each A 2 A is (k; ")-invariant,(iii) j[A]j � (1� ")jF j.The simplest example of a F�lner sequence inZd is obviously the sequence (Bn; n � 1) itself.If a �nite set F �Zd is (k; ")-invariant, then it is clear that��fm 2 F : Bk +m � Fg�� � (1� jBkj")jF j;jF + Bkj � (1 + jBkj")jF j: (2.1)



4 DANIEL J. RUDOLPH AND KLAUS SCHMIDTLet (Y; �) be a compact, metric space with diam(Y ) = supy;y02Y �(y; y0) = 1 and with Borel�eld BY , and let, for every non-empty set F � Zd, Y F be the compact, metrizable spaceof all maps x:F 7�! Y , furnished with the product topology. If ? 6= F 0 � F � Zd then�F 0 :Y F 7�! Y F 0 denotes the restriction to F 0 of each element of Y F (or, equivalently, theprojection of each x 2 Y F onto its coordinates in F 0).For every non-empty set F �Zd we writeM1(Y F ) for the space of Borel probability measureson Y F and note that M1(Y F ) is compact and metrizable in the weak�-topology. If F =Zd and� is the shift-action (1.1) of Zd on YZd then we denote by M1(YZd)� � M1(YZd) the set ofshift-invariant probability measures on YZd, which is again compact in the weak�-topology.If ? 6= F 0 � F � Zd then the coordinate projection �F 0 :Y F 7�! Y F 0 induces a continuous,surjective map � 7! �F 0 = ���1F 0 fromM1(Y F ) to M1(Y F 0 ), de�ned by�F 0 (B) = ���1F 0 (B) = ���1F 0 (B) (2.2)for every � 2M1(Y F ) and every B 2 BY F 0 , where BY F 0 is the product Borel �eld of Y F 0 .For every �nite or countably in�nite partition A of a set F �Zd and every � 2M1(Y F ) wede�ne a probability measure �A 2M1(Y F ) by�A = YA2A�A; (2.3)where �A is described in (2.2), and where QA2A �A is the product measure on Y F �= QA2A Y Aof the measures �A; A 2 A. If A0 is a partition of F which re�nes A, then(�A)A0 = (�A0)A = �A0 :If A is a partial cover of F we set A1 = F r [A], denote by A1 = A [ fA1g the partition ofF obtained by adding A1 to A, and de�ne �A by�A = �A1 2M1(Y F ) (2.4)for every � 2M1(Y F ).Motivated by P. Shields we write, for every F �Zd and �1; �2 2M1(Y F ),C(�1; �2) = f� 2M1(Y F � Y F ) : �(B � Y F ) = �1(B) and �(Y F � B) = �2(B)for every Borel set B � Y F gfor the set of couplings of �1 and �2. Note that C(�1; �2) is a closed (and hence compact) subsetofM1(Y F �Y F ) which consists of all probability measures on Y F �Y F whose projections ontothe two coordinates coincide with �1 and �2, respectively. For F =Zd and �1; �2 2M1(YZd)�we denote by J(�1; �2) = C(�1; �2) \M1(YZd � YZd)���for the set of joinings (or (� � �)-invariant couplings) of measures in M1(YZd)�.



ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY 5In order to de�ne the �d-metric onM1(Y F ); F �Zd, we write a typical element z 2 Y F�Y F �=(Y � Y )F as z = ((z(1)n ; z(2)n ); n 2 F ) with z(i)n 2 Y for every n 2 F and i = 1; 2, and set�(i)fng: z 7! z(i)n for every n 2 F; i = 1; 2. If F is �nite and �1; �2 2M1(Y F ), put�dF (�1; �2) = inf�2C(�1;�2) 1jF jXn2F ZY F�Y F ���(1)fng; �(2)fng� d�: (2.5)Since C(�1; �2) is compact, the in�mum in (2.5) is actually a minimum. If F1; F2 are �nitesubsets ofZd, F � F1 \ F2, and �i 2M1(Y Fi), then we set�dF (�1; �2) = �dF (�1��1F ; �2��1F ):For F =Zd and �1; �2 2M1(YZd)� we put�d(�1; �2) = lim supM!1 �dBM (�1; �2) = min�2J(�1 ;�2) Z �(�(1)f0g; �(2)f0g) d�; (2.6)where the last identity follows from the ergodic theorem. If �1 and �2 are ergodic under � theminimum in (2.6) can be replaced by the minimumover all (���)-ergodic elements of J(�1; �2).For every non-empty, �nite subset F � Zd the map �dF :M1(Y F ) �M1(Y F ) 7�! R has thefollowing properties.(1) �dF is a metric on M1(Y F ) which induces the weak�-topology on M1(Y F );(2) If F 0 � F thenjF 0jjF j �dF 0(�1; �2) � �dF (�1; �2) � jF 0jjF j �dF 0(�1; �2) +�1� jF 0jjF j� (2.7)for all �1; �2 in M1(Y F );(3) If Y is �nite and �1; �2 2 M1(Y F ) then there exists an element � 2 C(�1; �2) with�(f(z; z)g) = minf�1(fzg); �2(fzg)g for every z 2 Y F , and�dF (�1; �2) = 12 Xz2Y F j�1(fzg)� �2(fzg)j: (2.8)For every N � 0 we denote byBN = fBN + n : n 2 (2N + 1)Zdg (2.9)the tiling ofZd by translates of BN . We are ready for our basic de�nitions.2.2. De�nition. Let � 2M1(YZd)�.(1) � is sporadically almost block independent (sporadically a.b.i.) if there exist, for every" > 0, an integer K � 0, a F�lner sequence (Fn; n � 1) in Zd and, for each n � 1, apartition A(n) of Fn such that each A 2 A(n) is contained in some translate of BK and�dFn(�; �A(n) ) < ":(2) � is universally almost block independent (universally a.b.i.) if there exist, for every" > 0, an integer k � 0 and an "0 > 0 with�dBN (�; �A) < "



6 DANIEL J. RUDOLPH AND KLAUS SCHMIDTfor every K;N � 1, and for every (k;K; "0)-cover A of BN .(3) � is almost box independent iflimN!1 lim supM!1 �dBM (�; �BN ) = 0:(4) � is Bernoulli if the Zd-action � on (YZd;BYZd; �) is Bernoulli.We remark in passing that almost box independence is very closely related to Shields' one-dimensional concept of almost block independence in [Shi].2.3. Theorem. The following conditions are equivalent for every shift-invariant probabilitymeasure � on YZd.(1) � is almost box independent;(2) � is sporadically a.b.i.;(3) � is universally a.b.i.;(4) � is Bernoulli.We begin the proof of Theorem 2.3 by collecting a few basic facts about Bernoulli measuresfrom [OW].2.4. Lemma ([OW]). If Y is �nite then the Bernoulli measures are �d-closed in M1(YZd)�.2.5. Lemma ([OW]). Let T be a measure preservingZd-action on a probability space (X;S; �)which is Bernoulli. Then every T -invariant sigma-algebra in S is a Bernoulli factor of T .2.6. Lemma ([OW]). Let T be a measure preservingZd-action on a probability space (X;S; �).If there exists a sequence (Vn; n � 1) of T -invariant sigma-algebras in S such that Vn % Sas n!1 and each Vn is a Bernoulli factor of �, then � is Bernoulli.2.7. Lemma. The set of Bernoulli measures in M1(YZd)� is �d-closed (cf. (2.6)).Proof. Suppose that � is the �d-limit of a sequence (�j) of Bernoulli measures in M1(YZd)� .We choose an increasing sequence (Pn; n � 1) of �nite Borel partitions of Y such that, forevery n � 1 and P 2 Pn, diam(P ) = supy;y02P �(y; y0) � 1=n and �(@P ) = 0, where @P is theboundary of P . For each n � 1 we choose a �nite set Hn � Y which intersects each P 2 Pn inexactly one point and de�ne a map �n:Y 7�! Hn by demanding that �n(y) 2 P \Hn for everyy 2 P 2 Pn. Denote by �n:YZd 7�! HZdn the map obtained by setting, for every x = (xm) 2YZd, �n(x) = (�n(xm); m 2Zd). Our choice of Pn implies that limj!1 �j(P ) = �(P ) for everyn � 1 and every P 2 Pn, and that limj!1 �d(�j��1n ; ���1n ) = 0 for every n � 1. By applyingthe Lemmas 2.4{2.5 we see that ���1n is Bernoulli for every n � 1, and Lemma 2.6 allows us toconclude that � is Bernoulli. �2.8. Lemma. If � 2M1(YZd)� is almost box independent then it is Bernoulli.Proof. We prove that � is Bernoulli by �nding a sequence (�j ; j � 1) of Bernoulli measures inM1(YZd)� with �d(�j; �) < 1j for every j � 1, and by applying Lemma 2.7.



ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY 7In order to construct the measure �j for a given j � 1 we use the almost box independenceof � to �nd a K � 1 with lim supL!1 �dBL(�; �BK ) < 14j ;where �BK is de�ned in (2.3) and (2.9). Next we set M = L +K, where L > 4j satis�es thatBL is a union of boxes in BK , �dBL(�; �BK ) < 14j and jBL+K j < (1 + 14j )jBLj (cf. (2.1)).Put � = f0; 1gZd, denote by � the equidistributed Bernoulli measure on �, and write �0 for theshift-action (1.1) ofZd on �. We choose a Borel set C � � such that �(Sn2BM �0n(C)) > 1� 14j ,and �0n(C) \ �0n0(C) = ? whenever n;n0 are distinct elements of BM (in other words, C is thebase of a Rokhlin tower of size BM for �0 which covers 1� 14j of the space �). Let Z = Y BM ,�0 = (�BM )Zd 2M1(ZZd), and let �00 be the shift-action (1.1) ofZd on ZZd. The product-actionT :n 7! �0n��00n ofZd on the product space (��ZZd;B�
BZZd ; ���0) is obviously Bernoulli,since it is the cartesian product of two Bernoulli actions ofZd. The proof of the lemma will becompleted by �nding a Borel map �: ��ZZd 7�! YZd with � �Tn = �n �� for every n 2Zd, andsuch that �j = (���0)��1 satis�es that �d(�; �j) < 1j . According to Lemma 2.5, �j is Bernoulli.In order to construct the map � we write a typical element w 2 W = �� ZZd as w = (x; v)with x = (xn; n 2 Zd) 2 � and v = (v(m;n); m 2 BM ;n 2 Zd) 2 ZZd, where xn 2 f0; 1g andv(m;n) 2 Y for every m 2 BM and n 2Zd. Fix a point �y 2 Y and de�ne a map �:W 7�! Y bysetting, for every w = (x; v) 2W ,�(w) = � �y if x 2 �rSm2BM �0m(C);v(m;�m) if x 2 �0m(C) for some m 2 BM ;and denote by �:W 7�! YZd the map �(w) = (�(w)n) 2 YZd with�(w)n = �(Tn(w))for every w 2W and n 2Zd.We can interpret � geometrically by considering, for each x 2 �, an array of windows of sizeBM in Zd, whose centres coincide with the set of all n 2Zd for which �0n(x) 2 C. Inside eachwindow we see a copy of Y BM on which (���0)��1 induces the measure �BM . The distributionsin di�erent windows are independent of each other, and are independent of the placement ofthese windows. The coordinates of �(w) which don't lie in any of these windows are all equalto �y.For every x 2 � we setR(x) = fm 2Zd : �0m(x) 2 Cg;�R(x) = [m2R(x)BM +m;
(x) = f(yn) 2 YZd : yn = �y for every n 2Zdr �R(x)g�= Ym2R(x) Y BM+m � Ym2Zdr �R(x)f�yg;and de�ne a continuous, injective map �x: 
(x) 7�! W by setting, for every v 2 
(x), �x(v) =(x; (�BM (�n(v)); n 2Zd)). The composition � � �x: 
(x) 7�! YZd is injective for every x 2 X.



8 DANIEL J. RUDOLPH AND KLAUS SCHMIDTLet �(x) be the probability measure on 
(x) �= Qm2R(x) Y BM+m�Qm2Zdr �R(x)f�yg correspond-ing to the product measure obtained by placing a copy of �BM on each Y BM+m withm 2 R(x)and the point mass at �y on each coordinate m 2Zdr �R(x), and denote by �(x) 2M1(YZd) theimage of �(x) under the map � � �x: 
(x) 7�! YZd. Then�j(B) = (� � �0)��1(B) = Zx2� �(x)(B) d�(x) (2.10)for every Borel set B � YZd.In every translate BM +m; m 2Zd, of BM we can �nd a unique element n(m) 2Zd suchthat BL+n(m) � BM +m and BL+n(m) is a precise union of tiles in BK . As � is �-invariant,�dBL+n(m)(�; �BK) < 14j :We �x a point x 2 �, consider in each of the windows BM +m; m 2 R(x), the correspondingprecise union BL + n(m) of tiles in BK , and set�R(x)0 = [m2R(x)BL + n(m):Since what appears in each of the windows BL+n(m); m 2 R(x), is independent both for �BKand �(x), lim supN!1 �d �R(x)0\BN (�BK ; �(x)) < 14j :Birkho�'s individual ergodic theorem, applied to �0 on (�;B�; �), shows that, for �-a.e. x 2 �,lim supN!1 j �R(x)0 \BN jjBN j � 1� 12jand (2.7) yields that lim supN!1 �dBN (�BK ; �(x)) < 34j :By integrating over x 2 � in (2.10) we see that�d(�; �j) = limN!1 �dBN (�; �j) < 1j : �2.9. Lemma. If � 2M1(YZd)� is sporadically a.b.i. then it is universally a.b.i.Proof. We �x " > 0. As � is sporadically a.b.i., there exist a K0 2 N, a F�lner sequence(Fn; n � 1) in Zd and, for each n � 1, a partition A(n) of Fn such that each A 2 A(n) iscontained in some translate of BK0 and �dFn(�; �A(n) ) < "10 . Let K;N be arbitrary elements ofN, and let B be a (2K0;K; "10jB2K0 j )-cover of BN (for such a cover to exist, K and N obviouslyhave to be su�ciently large). We wish to show that�dBN (�; �B) < ":Fix an integer n which is so large that Fn is (2N; "10jB2N j )-invariant. Then (2.1) shows thatthere exists a subset F � Fn which is a union of boxes in BN , and which satis�es thatjF j > �1� "10�jFnj:



ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY 9We write F as F = [n2EBN + n (2.11)with E � (2N + 1)Zd and de�ne a partial coverC = fB + n : B 2 B; n 2 Egof Fn consisting of all translates of the sets in B by elements of E. Since each C 2 C is(2K0; "10jB2K0 j )-invariant, (2.1) shows that��fn 2 C : BK0 + n 6� Cg�� < "10 jCjfor every C 2 C.By deleting any set in the partial cover A(n) which is not completely contained in someC 2 C we obtain a new partial cover A0 of Fn, and we set C0 = fC \ [A0] : C 2 Cg. Since eachA 2 A(n) is contained in a translate of BK0 , (2.1) and the (2K0; "10jBK0 j )-invariance of eachC 2 C guarantee that j[A0]j > �1� "10�jFnj;�dFn(�; �A0) < 2"10 ; �d[A0](�; �A0) < 4"10 ;and hence, since A0 re�nes C0 as a partition of [A0],�d[A0](�C0 ; �A0) = �d[A0](�C0 ; (�A0)C0 ) < 4"10and �d[A0](�; �C0 ) < 8"10 :Furthermore, since j[A0]j > (1� "10)jF j, (2.7) shows that�dF (�; �C) < 9"10 < ";and (2.11) implies that there exists an n 2 E with�dBN+n(�; �B+n) < ";where B + n = fB + n : B 2 Bg = fC \ (BN + n) : C 2 Cg. As � is �-invariant, translation byn 2 E does not a�ect the last equation, so that�dBN (�; �B) < ":By setting "0 = "10jB2K0j we obtain that � is universally a.b.i., as claimed. �



10 DANIEL J. RUDOLPH AND KLAUS SCHMIDTProof of Theorem 2.3. The implications (3))(1) and (3))(2) are obvious from De�nition2.2. From Lemma 2.8 we know that (1))(4) and Lemma 2.9 yields that (2))(3). If Y is �nite,then the remaining implication (4))(2) is an elementary coding exercise; for in�nite Y oneneeds in addition the approximation argument from the proof of Lemma 2.7. �All three de�nitions (sporadic a.b.i., universal a.b.i. and almost box independence) make sensefor arbitrary measures � 2M1(YZd). In this generality, however, only almost box independencehas good dynamical implications: it allows us to formulate a version of `relative Bernoullicity'for not necessarily shift-invariant measures.Suppose that (Z; �0) is a compact, metric space, and let � = �(Y ), �0 = �(Z) and T = � � �0be the shift-actions (1.1) of Zd on YZd, ZZd and (Y � Z)Zd. We write a typical element of(Y � Z)Zd �= YZd � ZZd as (y; z) with y = (yn) 2 YZd and z = (zn) 2 ZZd and denote by�(Y )(y; z) = y and �(Z)(y; z) = z the projections of a point in (Y � Z)Zd onto its `coordinates'in YZd and ZZd. Fix a measure � 2M1((Y � Z)Zd)T , set �(Z) = � (�(Z))�1 2M1(ZZd)�0 , andapply standard decomposition theory to �nd a Borel map z 7! �z from ZZd to M1(YZd) suchthat Z h d� = ZZZd ZYZd h(y; z) d�z(y) d�(Z)(z) (2.12)for every continuous map h:YZd � ZZd 7�! R, and��(Z)n (z) = �z�(Y )�n (2.13)for every z 2 ZZd and n 2Zd.2.10. De�nition. The measure � 2 M1((Y � Z)Zd)T is relatively almost box independent(relatively almost box independent) with respect to ZZd if, for �(Z)-a.e. z 2 ZZd,limN!1 lim supM!1 �dBM (�z; �BNz ) = 0:Relative Bernoulli theory leads one to expect that theZd-action T on ((Y �Z)Zd;B(Y�Z)Zd ; �)is measurably isomorphic to the Cartesian product of �(Z) on (ZZd;BZZd ; �(Z)) with someBernoulli action ofZd (cf. [Tho]). Since a proof of this would take us too far a�eld we settle forthe following more modest statement which will su�ce for our purposes in Section 4.2.11. Theorem. Suppose that � 2M1((Y � Z)Zd)T satis�es the following conditions.(1) �(Z) 2M1(ZZd)�(Z) is Bernoulli;(2) � is relatively almost box independent with respect to ZZd.Then � is Bernoulli.The proof of Theorem 2.11 depends on the following lemma.2.12. Lemma. Suppose that � 2 M1((Y � Z)Zd)T is relatively almost box independent withrespect to ZZd, and that �(Z) is ergodic under �(Z). Then there exists, for every " > 0, an "0 > 0and a Borel set V � ZZd with �(V ) = 1 such thatlim infM!1 �dBM (�z; �z0) < "



ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY 11whenever z; z0 2 V and lim supM!1 1jBM j Xn2BM �0(zn; z0n) < "0: (2.14)Proof. Lusin's theorem implies the existence of a closed set C � ZZd such that �(Z)(C) >1� "=100 and the map z 7! �z is continuous on C. We use the relative box independence of �to �nd an integer N0 � 0 such that �(Z)(
) > 1� "=100;where 
 = �z 2 ZZd : lim supM!1 �dBM (�z; �BN0z ) < "=100	 � ZZd:Let �0 be some metric inducing the product topology on ZZd. The (uniform) continuity of themap z 7! �z on C allows us to �nd an "00 > 0 such that"00 < � "100�2 1jBN0 j (2.15)and �dBN0 (�z; �z0) < "=100 (2.16)whenever z; z0 2 C and �0(z; z0) <p"00jBN0 j:We choose an "0 > 0 with lim supM!1 1jBM j Xn2BM �0(�0n(z); �0n(z0)) < "00 (2.17)for every (z; z0) 2 ZZd satisfying (2.14). As�(Z)(
 \C) > 1� "=50;the ergodicity of �(Z) 2 M1(ZZd)�(Z) guarantees that there exists a Borel set V � ZZd with�(Z)(V ) = 1 and limM!1 1jBM j Xn2BM 1
\C(�(Z)n (z)) > 1� "=50for every z 2 V , where 1
\C is the indicator function of 
\C. By considering, for every z 2 V ,the density of the set fn 2Zd : �(Z)n (z) =2 
 \Cg in Zd we see thatlim supM!1 1jBM j Xn2BM 1
\C(�(Z)n (z)) � 1
\C(�(Z)n (z0)) > 1� "=25for every (z; z0) 2 (
 \ C)2. Hence there exists, for every (su�ciently large) M � 1 and every(z; z0) 2 (
 \C)2, an element m(z; z0;M ) 2 BN0 withlim supM!1 jBN0 jjBM j Xn2BM\(�N0+m(z;z0;M))1
\C(�(Z)n (z)) � 1
\C(�(Z)n (z0)) > 1� "=25; (2.18)



12 DANIEL J. RUDOLPH AND KLAUS SCHMIDTwhere �N0 = (2N0 + 1)Zd:We �x temporarily (z; z0) 2 V 2 satisfying (2.14) and hence (2.17), and observe thatlim supM!1 jBN0 jjBM j Xn2BM\(�N0+m(z;z0;M)) �0(�(Z)n (z); �(Z)n (z0)) < "00jBN0 j: (2.19)Let �M = �n 2 BM \ (�N0 +m(z; z0)) : (�(Z)n (z); �(Z)n (z0)) 2 (
 \C)2and �0(�(Z)n (z); �(Z)n (z0)) <p"00jBN0 j	:According to (2.18){(2.19) and (2.15),lim supM!1 jBN0 jj�M jjBM j � 1� "=25� "=100 = 1� "=20; (2.20)and (2.16) guarantees that �dBN0 (��(Z)n (z); ��(Z)n (z0)) < 1� "=100 (2.21)for every n 2 �M .Let B(M)N0 = f(B +m(z; z0;M )) \BM : B 2 BN0gbe the tiling of BM induced by the tiling BN0 +m(z; z0;M ) = fB + n(z; z0;M ) : B 2 BN0g ofZd. From (2.13) and (2.20){(2.21) it is clear that�dBM (�B(M)N0z ; �B(M)N0z0 ) � 1� j�M jjBM j + 1jBM j Xn2�M �dBN0 (��n(z); ��n(z0))� 1� j�M jjBM j + 1j�M j Xn2�M �dBN0 (��n(z); ��n(z0))for every M , and that lim supM!1 �d(�B(M)N0z ; �B(M)N0z0 ) � "=20 + "=100 = 3"=50:Since BN0 is �nite there exists an element m 2 BN0 with m(z; z0;M ) = m for in�nitelymany M . We �x such an m 2 BN0 , put M = fM � 1 : m(z; z0;M ) = mg, and note that(�(Z)n (z); �(Z)n (z0)) 2 
2 for every M 2M and n 2 �M , and thatlim infM!1 �dBM (�z; �B(M)N0z0 ) = lim infM!1 �dBM�m(��m(z); (��m(z0))BN0 )� lim infM!1M2M �dBM�m(��m(z); (��m(z0))BN0 ) < "=100:Since the same argument holds for z0 we obtain thatlim infM!1 �dBM (�z; �z0) � lim infM!1 � �dBM (�z ; �B(M)N0z ) + �dBM (�B(M)N0z ; �B(M)N0z0 ) + �dBM (�z0 ; �B(M)N0z0 )�� "=100 + 3"=50 + "=100 < ": �



ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY 13Proof of Theorem 2.11. Suppose that � 2M1((Y �Z)Zd)T is relatively almost box indepen-dent with respect to ZZd, and that �(Z) is almost box independent ThenlimN!1 lim supM!1 �dBM (�(Z); (�(Z))BN ) = 0: (2.22)Consider the decomposition f�z : z 2 ZZdg of � in (2.12){(2.13), and de�ne �N 2M1(YZd�ZZd)by Z h d�N = ZZZd ZYZd h(y; z) d�BNz (y) d�(Z)(z)for every continuous map h:YZd � ZZd 7�! R and every N � 1. ThenZ h d�BN = ZZZd ZYZd h(y; z) d�BNz (y) d(�(Z))BN (z);and (2.22) and Lemma 2.12 imply thatlimN!1 lim infM!1 �dBM (�N ; �BN ) = 0:The relative almost box independence of � guarantees thatlimN!1 lim supM!1 �dBM (�; �N ) � limN!1 lim supM!1 Z �dBM (�z; �BNz ) d�(Z)(z) = 0and hence that limN!1 lim infM!1 �dBM (�; �BN ) = 0:As the measures � and �BN are invariant under the Zd-action m 7! TNm on (Y � Z)Zd we canapply (2.6) to see that lim infM!1 �dBM (�; �BN ) = lim supM!1 �dBM (�; �BN )for every N � 1, and hence that limN!1 lim supM!1 �dBM (�; �BN ) = 0:This shows that � is almost box independent, and Theorem 2.3 completes the proof of Theorem2.11. �In order to apply the criteria for Bernoullicity in Theorem 2.3 toZd-actions by automorphismsof compact, abelian groups we need to introduce a further condition which is very close to aproperty originally introduced by A. Vershik for d = 1. Although Vershik's conjecture that thisproperty implies Bernoullicity has been shown to be wrong (cf. [Rot]), the following Theorem2.14, which strengthens some of the results in [DDP] for d = 1, is an indication that Vershik'sconjecture was correct in spirit.2.13. De�nition. A measure � 2 M1(YZd)� is summably Vershik if there exists a F�lnersequence (Fn; n � 1) inZd and, for each n � 2, a partial cover A(n) of Fn by translates of Fn�1with the following properties.(1) Pn�2(1� j[A(n)]j=jFnj) <1;(2) Pn�2 �dFn(�; �A(n)) <1.



14 DANIEL J. RUDOLPH AND KLAUS SCHMIDT2.14. Theorem. If a measure � 2M1(YZd)� is summably Vershik then it is sporadically a.b.i.and hence Bernoulli.Proof. For every n � 1 and m > n we de�ne inductively a partial cover A(m;n) of Fm bytranslates of Fn. Put A(m;m�1) = A(m). If A(m;j) has been de�ned for j = n + 1; : : : ;m � 1,and if A(m;n+1) = fFn+1 + n : n 2 E(m;n+1)g, say, thenA(m;n) = fA+ n : A 2 A(n+1) and n 2 E(m;n+1)g:From this construction it is clear thatj[A(m;n)]j � jFmj � mYi=n+1 ci;where ci = j[A(i)]jjFijfor every i � 2. An inductive calculation shows that�dFm(�; �A(m;n) ) � mXi=n+1 �dFi(�; �A(i)) + mXi=n+1(1� ci);and by setting c0j = 1Xi=j+1 �dFi(�; �A(i)) + 1Xi=j+1(1� ci)we obtain that, for every n � 2 and m > n,�dFm(�; �A(m;n)) � c0n;and that limn!1 c0n = 0.Given any " > 0 we choose n � 2 such that c0n < ". Thenj[A(m;n)]j � (1� ")jFmjand �dFm(�; �A(m;n)) < "for every k > j, and by choosing an integer K � 0 such that Fn � BK we see that � issporadically a.b.i. �3. The proof of Theorem 1.1 in a special caseWe recall the algebraic description ofZd-actions by automorphisms of compact, abelian groupsin [KS], [Sc1] and [LSW]. Let Rd = Z[u�11 ; : : : ; u�1d ] be the ring of Laurent polynomials withintegral coe�cients in the commuting variables u1; : : : ; ud. We write a typical element f 2 Rd asf =Pm2Zd cf (m)um with um = um11 �: : :�umdd and cf (m) 2Zfor everym = (m1; : : : ;md) 2Zd,where Pm2Zd jcf (m)j <1. If � is a Zd-action by automorphisms of a compact, abelian group



ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY 15X (which is always assumed to be metrizable), then the additively written dual group M = X̂is a countable module over the ring Rd with operationf � a = Xm2Zd cf (m)c�m(a) (3.1)for every f 2 Rd and a 2M; here c�m is the automorphism ofM = X̂ dual to �m. In particular,c�m(a) = um � a (3.2)for every m 2Zd and a 2M. Conversely, ifM is a countable Rd-module, and ifd�Mm (a) = um � a (3.3)for every m 2Zd and a 2M, then we obtain aZd-action�M : m 7! �Mm (3.4)on the compact, abelian group XM = cM (3.5)dual to the Zd-action d�M : m 7!d�Mm on M.The simplest Rd-modules are the cyclic ones, i.e. those of the form Rd=a, where a is anideal in Rd. In this section we prove Theorem 1.1 forZd-actions � for which the correspondingRd-moduleM de�ned by (3.1){(3.2) is restricted even further: we assume that M = Rd=p forsome prime ideal p � Rd.3.1. Proposition. Let p � Rd be a prime ideal. Then the Zd-action � = �Rd=p is Bernoulliif and only if it has positive entropy.Theorem 4.2 in [LSW] shows that, if p � Rd is a prime ideal, then the entropy h(�Rd=p) of�Rd=p is given byh(�Rd=p) = 8><>: 1 if p = f0g;log M (f) if p = (f) = fRd for some 0 6= f 2 Rd;0 if p is not principal; (3.6)where M (f) = exp�ZSd log jf(s)j d�Sd(s)� (3.7)is the Mahler measure of the Laurent polynomial f 2 Rd (�Sd is the normalized Haar measureof the multiplicative group Sd = fs = (s1; : : : ; sd) 2 C d : js1j = � � � = jsdj = 1g). Furthermore,if 0 6= f 2 Rd, then log M (f ) = h(�Rd=(f)) = 0 if and only if f is a generalized cyclotomicpolynomial, i.e. if f is of the form f(u) = aumc(un), where a 2 f1;�1g, m 2Zd, 0 6= n 2Zd,and where c(�) is a cyclotomic polynomial in a single variable. Finally, Theorem 6.5 in [LSW]implies that, if p � Rd is a prime ideal, then �Rd=p has completely positive entropy if and onlyif h(�Rd=p) > 0.For later use we require a little bit of insight into the Mahler measures of polynomials ina single variable. Let K be an algebraic number �eld, denote by PK, PKf and PK1 the sets of



16 DANIEL J. RUDOLPH AND KLAUS SCHMIDTplaces, �nite places and in�nite places of K, and consider, for every v 2 PK, the locally compactcompletion Kv of K with respect to v. The valuation j � jv of v is obtained by �xing a compactset C � Kv with non-empty interior and by setting, for every a 2 K,jajv = �K(aC)�K(C) ;where �Kis a Haar measure on the additive group Kv , and where aC = fab : b 2 Cg (cf. [Cas],[Wei]). The product formula states that, with this choice of j � jv; v 2 PK,Yv2PKjajv = � 1 if 0 6= a 2 K;0 if a = 0: : (3.8)If f = c0 + c1u1 + � � �+ ckuk1 2 R1 is an irreducible polynomial with c0ck 6= 0, and with roots�1; : : : ; �k, and if K = Q[�1] is the algebraic number �eld generated by �1, then Theorem 1 in[LW] and Theorem 3.1 in [LSW] imply thatlog M (f ) = ZSlog jf(s)j d�S(s) = log jckj+ Xv2PK1 log+ j�1jv= Xv2PKlog+ j�1jv; (3.9)where log+(t) = maxf0; log tg for every t > 0.We begin the proof of Proposition 3.1 by recalling two lemmas from [Kat].Let (Y;T; �) be a probability space, and let " > 0. Two �nite partitions P;Q in T are"-independent (with respect to �) ifXP2P; Q2Q j�(P \Q)� �(P )�(Q)j < ": (3.10)3.2. Lemma. Let (Y;T; �) be a probability space, P;Q �nite partitions in T, and " > 0.Suppose that there exist a set E 2 T and non-negative, measurable maps fP ; gQ:Y 7�! R; P 2P; Q 2 Q, such that the following conditions are satis�ed.(1) �(E) < "2;(2) fP (y) � 1 for every P 2 P and y 2 P r E, and gQ(y) � 1 for every Q 2 Q andy 2 Qr E;(3) PP2P R fP d� < 1 + "2 and PQ2Q R gQ d� < 1 + "2;(4) R fP gQ d� = R fP d� R gQ d� for every P 2 P; Q 2 Q.Then P and Q are 30"-independent.In [Kat] the partitions P and Q are, in fact, stated to be 11"-independent, but this di�erenceis of no importance. For every k � 2 we write P(k) � BTfor the partition of T into k intervalsof equal length: P(k) = fP (k)0 ; : : : ; P (k)k�1g with P (k)j = � jk ; j+1k �+Z� Tfor j = 0; : : : ; k � 1.3.3. Lemma. Let k � 2 and m � 1. There exists a Borel set E(k;m) � T and continuous,non-negative functions h(k;m)j :T7�! R; j = 0; : : : ; k� 1, with the following properties.(1) �T(E(k;m)) < 1m2 , and Pk�1j=0 h(k;m)j � 1 + km2 for every t 2T;



ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY 17(2) For every j = 0; : : : ; k � 1, t1 2 P (k)j rE(k;m), t2 2Tr (P (k)j [E(k;m)),h(k;m)j (t1) � 1; h(k;m)j (t2) � 1m2 ;(3) For every j = 0; : : : ; k � 1,Z h(k;m)j (t)e�2�int d�T(t) = 0whenever jnj > 8k3m6, i.e. h(k;m)j is a trigonometric polynomial involving only trigono-metric functions e2�int with jnj � 8k3m6.Proof. For every n � 64 and t 2Twe setan(t) = 1pn � n�1Xl=0 e2�ilx = 1pn � e2�int � 1e2�it � 1 ;bn(t) = jan(t)j2 = n�1Xl=�n+1 n � jljn � e2�ilt:Then bn � 0, R bn d�T= 1 and, for every t 2 Twith ktk = minfjt�mj : m 2Zg � n�1=3,jan(t)j � 1pn � 1j sin�tj � 14n1=6 ; bn(t) � 116n1=3 (3.11)Put F (n) = ft 2 T : jt � ln j < 1n1=3 for some l 2 Zg and set, for every j 2 f0; : : : ; k � 1g,g(n)j = 1P (k)j � bn+ 116n1=3 , where � denotes convolution, and where 1P (k)j is the indicator functionof P (k)j . Since bn is non-negative, g(n)j is non-negative, g(n)j � 1 + 116n1=3 ,k�1Xj=0 g(n)j = bn ��k�1Xj=0 1P (k)j �+ k16n1=3 = 1 + k16n1=3 ;and the inequality (3.11) implies that g(n)j (t) � 1 for every t 2 P (k)j r F (n). The proof iscompleted by setting n = 8k3m6, E(k;m) = F (n) and h(k;m)j = g(n)j for every j = 0; : : : ; k�1. �In order to proceed further we require an explicit realization of (XRd=p; �Rd=p), where p � Rdis a principal prime ideal (cf. [Sc1]). Let d � 1, f 2 Rd, and let (f) = fRd be the principalideal generated by f . We de�ne the shift-action � ofZd on TZd by (1.1), putg(�)(x) = Xm2Zd cg(m)�m(x) 2TZd (3.12)for every g =Pm2Zd cg(m)um 2 Rd and x = (xn) 2 TZd, and identify Rd with the dual groupdTZd of TZd by setting hg; xi = e2�i(g(�)(x))0for every g 2 Rd and x 2TZd. With this identi�cation we obtain thatXRd=(f) = fx 2 TZd : f(�)(x) = 0 2TZdg; (3.13)



18 DANIEL J. RUDOLPH AND KLAUS SCHMIDTand that �Rd=(f) is the restriction of � to XRd=(f) � TZd. In particular, if f = 0, then �Rd=(f)is the shift-action of Zd on TZd and hence Bernoulli with in�nite entropy. If f = cum for somenon-zero c 2Zand some m 2Zd, then we may obviously assume that m = 0, and that c = pis a rational prime. In this caseXRd=(f) = fx = (xn) 2TZd : pxn = 0 (mod 1) for every n 2Zdg�= �kp : 0 � k < p�Zd; (3.14)and �Rd=(f) corresponds to the shift-action of Zd on fkp : 0 � k < pgZd and is thus Bernoulliwith entropy logp. We are left with the case where f =Pn2Zd cf (n)un is a non-zero, irreducibleLaurent polynomial which is not generalized cyclotomic (in order to ensure that h(�Rd=(f)) > 0).The following observation helps to overcome a minor technical di�culty in proving that �Rd=(f)is Bernoulli.3.4. Lemma. Let A 2 GL(d;Z), and let fA = Pn2Zd cf (n)uAn 2 Rd. Then � = �Rd=(f) isBernoulli if and only if �Rd=(fA) is Bernoulli.Proof. We de�ne a continuous group isomorphism  A:TZd 7�!TZd by setting ( A(x))n = xAnfor every x = (xn) 2TZd and n 2Zd and note that  A(XRd=(f)) = XRd=(fA) and  A ��Rd=(f)n =�Rd=(fA)An �  A for every n 2 Zd. In particular, � = �Rd=(f) is algebraically conjugate to theZd-action �Rd=(fA)A :n 7! �Rd=(fA)An , and the de�nition of Bernoullicity shows that �Rd=(fA) isBernoulli if and only if � �= �Rd=(fA)A is Bernoulli. �Motivated by Lemma 3.4 we make the following ad hoc de�nition.3.5. De�nition. An irreducible element f =Pn2Zd cf (n)un 2 Rd is nice if cf (0) 6= 0, and ifthere exists an element r� = (r�1; : : : ; r�d) 2Zd such that r�i > 0 for i = 1; : : : ; d, cf (r�) 6= 0, andcf (n) = 0 for every n 2ZdrQ�r� , whereQ�r� = f0; r�g [ fn = (n1; : : : ; nd) 2Zd : 0 < ni < r�i for all i = 1; : : : ; dg:If d = 1 every non-constant, irreducible polynomial f 2 R1 with non-zero constant term isnice; if d � 2, and if f 2 Rd is irreducible and has at least two non-zero coe�cients, then wecan �nd m 2Zd and A 2 GL(d;Z) such that umfA is nice.Until further notice we assume that d � 1, f 2 Rd is a nice, irreducible polynomial whichis not generalized cyclotomic, and that � = �Rd=(f) is the shift-action of Zd on the groupX = XRd=(f) � TZd in (3.13). Let k � 2, de�ne the partition P(k) � BTas in the paragraphpreceding Lemma 3.3, and put P(k)n = ��1fng(P(k)) �BX (3.15)for every n 2 Zd, where �fng:X 7�! T is the projection onto the n-th coordinate. For everyn � 1 we consider the �nite partition Q(k)n = _n2Bn P(k)n : (3.16)



ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY 19Our �rst task consists of showing that, for j = 1; : : : ; d, the partitionsA(k; n; j)� = �(2n+n2)e(j) �Q(k)2n �;A(k; n; j)+ = ��(2n+n2)e(j)�Q(k)2n �; (3.17)become rapidly independent as n!1, where e(j) is the j-th unit vector in Zd.In order to quantify this claim we set, for every j = 1; : : : ; d,Q(2n; j)� = B2n � (2n + n2)e(j); E(n; j)� = [r2Q(2n;j)� ��r(E(k;jrj2d));where jrj = maxfjr1j; : : : ; jrdjg for every r 2Zd. For all atomsA� = \r2Q(2n;j)� ��r(P (k)jr ) 2 A(k; n; j)�; A+ = \r2Q(2n;j)+ ��r(P (k)jr ) 2 A(k; n; j)+with jr 2 f0; : : : ; k � 1g for every r we letgA� = Yr2Q(2n;j)� h(k;jrj2d)jr � �f0g � �r = Yr2Q(2n;j)� h(k;jrj2d)jr � �frg;gA+ = Yr2Q(2n;j)+ h(k;jrj2d)jr � �f0g � �r = Yr2Q(2n;j)+ h(k;jrj2d)jr � �frg;and apply Lemma 3.3 to obtain the following.(i) The sets E(n; j)� � X satisfy that�X(E(n; j)�) � Xr2Q(2n;j)� 1jrj4d< (2d� 1) 1Xr=n2(2r + 1)d�1r�4d < 2dn�6d;(ii) For every A� 2 A(k; n; j)�, gA� � 0;(iii) The continuous maps gA� :X 7�! R; A� 2 A(k; n; j)�, satisfy thatXA+2A(k;n;j)+ gA+ � Yr2Q(2n;j)+�1 + kjrj4d�< 1Yr=n2�1 + kr4d�(2d�1)(2r+1)d�1 ;XA�2A(k;n;j)� gA� � Yr2Q(2n;j)��1 + kjrj4d�< 1Yr=n2�1 + kr4d�(2d�1)(2r+1)d�1(iv) If A� 2 A(k; n; j)�, and ifgA� (x) = Xa2Rd=(f) ĝA�(a) � hx; ai



20 DANIEL J. RUDOLPH AND KLAUS SCHMIDTis the Fourier series of gA� , then every a 2 Rd=(f) with ĝA� (a) 6= 0 for some A� 2A(k; n; j)� is of the form a = �+ (f), where� = Xr2Q(2n;j)� c�(r)ur 2 Rdwith jc�(r)j � 8k3jrj12dfor every r 2 Q(2n; j)�; similarly, if ĝA+(a) 6= 0 for some A+ 2 A(k; n; j)+ and a 2Rd=(f), then a =  + (f), where = Xr2Q(2n;j)+ c�(r)ur 2 Rdwith jc�(r)j � 8k3jrj12dfor every r 2 Q(2n; j)+.In the next lemma r�j is the degree of f in the variable uj (cf. De�nition 3.5).3.6. Lemma. For j = 1; : : : ; d, and for every integer n � 2kd withe�2n2h(�) � (k3214dn)r�j < 1; (3.18)the partitions A(k; n; j)� and A(k; n; j)+ in (3.17) are 30k2d=2n�3d-independent.Proof. Since all the de�nitions involved are invariant under permutations of coordinates it willsu�ce to prove the lemma for j = 1. Since f is nice (De�nition 3.5), we can write it in theform f = Pr�1j=0 gjuj1 with gj 2Z[u2; : : : ; ud] for every j = 0; : : : ; r�1, where g0 = cf (0) 6= 0 andgr�1 = cf (r�)ur�22 � : : : � ur�dd 6= 0.Suppose that we can prove the following for every integer n � 2kd satisfying (3.18): if �;  + 2 Rd are of the form � = Xr2Q(2n;1)� c �(r)ur;  + = Xr2Q(2n;1)+ c +(r)ur (3.19)with jc �(r)j � 8k3jrj12d; jc +(r0)j � 8k3jr0j12d (3.20)for every r 2 Q(2n; 1)�; r0 2 Q(2n; 1)+, and if � + (f) =  + + (f); (3.21)then  � 2 (f);  + 2 (f): (3.22)If A� 2 A(k; n; 1)�; A+ 2 A(k; n; 1)+, then condition (iv) preceding the statement of thislemma and (3.19){(3.22) together show that no non-trivial character a 2 X̂ = M has theproperty that a occurs in the Fourier series of gA� and �a in the Fourier series of gA+ . Hence



ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY 21R gA�gA+ d�X = R gA� d�X � R gA� d�X for every A� 2 A(k; n; 1)�; A+ 2 A(k; n; 1)+. Fromthe conditions (i){(iii) above we obtain that �X (E(n; 1)�) < 2dn�6d, and thatlog� XA�2A(k;n;1)� gA�(x)� < Xr�n2(2d� 1)(2r+ 1)d�1 log�1 + kr4d�< (2d� 1) � Xr�n2(2r + 1)d�1 kr4d< 2d(2d� 1) � Xr�n2 kr3d+1 < 2d kn6dfor every x 2 X. Since log t � 12 (t� 1) � 1k (t � 1) whenever 1 � t � 2 we see thatXA�2A(k;n;1)� gA�(x) � 2d k2n6dwhenever n � 2kd, and Lemma 3.2 yields that A(k; n; 1)� and A(k; n; 1)+ are 30k2d=2n�3d-independent.In order to prove that (3.19){(3.21) imply (3.22) whenever n � 2kd satis�es (3.18) we letp2; : : : ; pd be distinct rational primes with pl > r�l for every l = 2; : : : ; d, choose primitive pl-thunit roots !l; l = 2; : : : ; d, and setp = (p2; : : : ; pd); [p] = dYl=2(pl � 1); ! = (!2; : : : ; !d):Let L = Q[!2; : : : ; !d], put h(u1) = f(u1; !2; : : : ; !d)=c0(f) 2 L[u1], and consider the decompo-sition h = h1 � : : : �hq of h into irreducible elements of L[u1] with constant terms 1. By applyingthe Galois group Gal[L : Q] of L over Q to h = h1 � : : : � hq we obtain, for every � 2 Gal[L : Q],a corresponding decomposition h� = h�1 � : : : � h�q , where h� and h�i are the images of h and hiunder �. Put, for every i = 1; : : : ; q,Hi = Y�2Gal[L:Q]h�i 2 Q[u1];H(u1) = qYi=1Hi(u1) = cf (0)�[p] � p2�1Yj2=1 � � � pd�1Yjd=1 f(u1; !j22 ; : : : ; !jdd ):Elementary Galois theory implies that there exists, for every i 2 f1; : : : ; qg, an integer ti � 1and an irreducible polynomial Gi 2 Q[u1] with constant term 1 such thatHi = Gtii : (3.23)Let �(i) = �(p;!; i) be a root of hi, put Ki = Q[�(i)]; Li = L[�(i)], and recall that, if v is aplace of Ki , then jajmiv = Yfw2PLi:w lies above vg jajw (3.24)for every a 2 Ki , where mi = [Li : Ki ].



22 DANIEL J. RUDOLPH AND KLAUS SCHMIDTWith this notation at hand we return to the assertion of the lemma and assume that n � 2kdobeys (3.18), and that  �;  + 2 Rd satisfy (3.19){(3.21). Since the ideal (f) = fRd � Rd isprime, (3.21) is equivalent to the condition that �(�) = Xr2Q(2n;1)� c � (r)�r = Xr2Q(2n;1)+ c + (r)�r =  +(�)=  (�); say, (3.25)for every � = (�1; : : : ; �d) 2 VC(f) = f� 2 (C r f0g)d : f(�) = 0g, where �r = �r11 � : : : � �rdd forevery r = (r1; : : : ; rd) 2Zd and � 2 VC(f), and (3.22) amounts to saying that (�) = 0 (3.26)for every � 2 VC(f). In particular, if �(i) = �(p;!; i) is the root of hi chosen above, thenf(�(i); !2; : : : ; !d) = 0, i.e. �(i) = �(p;!; i) = (�(i); !2; : : : ; !d) 2 VC(f).In order to investigate the behaviour of  (�(i)) we observe thatj (�(i))jw = ���� Xr2Q(2n;1)� c � (r)�(i)r����w = ���� Xr2Q(2n;1)+ c +(r)�(i)r����w (3.27)for every w 2 PLi. Put jaj�w = minfjajw; jaj�1w g for every non-zero element a 2 L and concludefrom (3.20) and (3.27) thatj (�(i))jw � ( (j�(i)j�w)n2 if w is �nite;(j�(i)j�w)n2 � ��Pr2Q(2n;1)+ 8k3jrj12d��w if w is in�nite;since j!jjw = 1 for all j = 2; : : : ; d and w 2 PLi. An elementary calculation shows thatXr2Q(2n;1)+ 8k3jrj12d < 2n+n2Xj=n2 8k3(2d� 1)(2j + 1)d�1j12d< 8k3(2d� 1)2d�1 � 2n+n2Xj=n2 (j + 1)13d�1< 2dk3(2n + n2 + 1)13d < k3214dnso that j (�(i))jw � ( (j�(i)j�w)n2 if w is �nite;(j�(i)j�w)n2 � jk3214dnjw if w is in�nite:According to (3.24),Yw2PLi lies above v j (�(i))jw � ( j�(i)min2 j�v if v is �nite;j�(i)min2 j�v � jk3214dnjmiv if v is in�nitefor every v 2 PKi, andYw2PLi j (�(i))jw � � Yv2PKi j�(i)n2 j�v �mi � (k3214dn)mi [Ki:Q]:



ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY 23By varying i 2 f1; : : : ; qg and using (3.23) we obtain thatqYi=1� Yw2PLi j (�(i))jw�ti=mi [p]� qYi=1� Yv2PKi j�(i)j�v �tin2=[p] � qYi=1(k3214dn)ti[Ki:Q]=[p]: (3.28)If F (p)(u1) = p2�1Yj2=1 � � �pd�1Yjd=1 f(u1; !j22 ; : : : ; !jdd )= H(u1) � cf (0)[p] = qYi=1Gi(u1)ti � cf (0)[p];then we claim that qYi=1� Yv2PKi j�(i)j�v �tin2=[p] = M (F (p) )�2n2=[p]: (3.29)Indeed, apply (3.9) and (3.8) to each of the polynomials Gi to obtain thatM (Gi)�2 = � Yv2PKi exp(log+ j�(i)jv)��2 = Yv2PKi j�(i)j�v :By taking the product over i = 1; : : : ; q and taking into consideration (3.24) we have proved(3.29).In order to see that M (F (p) )�2n2=[p] ! e�2n2h(�) (3.30)as the distinct primes (p2; : : : ; pd) tend to 1 we conclude from Lemma 3.5 in [LSW] that themap s = (s2; : : : ; sd) 7! ZSlog jf(s; s2; : : : ; sd)j d�S(s) = ZSlog jf(s; s)j d�S(s)from Sd�1 to R is continuous. As 1[p] log M (F (p))is a Riemann sum approximation of the integralZSd�1�ZSlog jf(s; s)j d�S(s)� d�Sd�1(s)we obtain (3.30) by letting pi !1 for i = 2; : : : ; d.By counting degrees we see thatqYi=1(k3214dn)ti[Ki:Q]=[p] = (k3214dn)r�1 (3.31)for every p = (p2; : : : ; pd), and (3.28){(3.31) show thatqYi=1� Yw2PLi j (�(i))jw�ti=mi [p] � M (F (p))�2n2=[p] � (k3214dn)r�1! e�2n2h(�) � (k3214dn)r�1



24 DANIEL J. RUDOLPH AND KLAUS SCHMIDTas the primes pi tend to 1. In particular, as n satis�es (3.18),qYi=1� Yw2PLi j (�(i))jw�ti=mi[p] < 1whenever the pi are su�ciently large. However, the product formula (3.8) implies thatqYi=1� Yw2PLi j (�(i))jw�ti=mi [p] = � 0 if Qqi=1  (�(i)) = 0;1 otherwise;and hence that qYi=1 (�(p;!; i)) = 0 (3.32)for every vector p = (p2; : : : ; pd) consisting of distinct and su�ciently large rational primes, andfor all corresponding primitive unit roots ! = (!2; : : : ; !d). For every s = (s2; : : : ; sd) 2 Sd�1we denote by �(s; 1); : : : ; �(s; r�1) the roots of f(u1; s) = f(u1; s2; : : : ; sd). By (3.25), (3.32) andcontinuity, r�1Yi=1 �(�(s; i); s) = r�1Yi=1 +(�(s; i); s) = 0for every s 2 Sd�1. In particular, if the coordinates s2; : : : ; sd of s are transcendental andalgebraically independent, then Galois theory shows that (�(s; i); s) =  +(�(s; i); s) =  �(�(s; i); s) = 0for i = 1; : : : ; r�1. The complex varieties VC( �) = fc 2 (C r f0g)d :  �(c) = 0g and VC( +) =fc 2 (C r f0g)d :  +(c) = 0g of  � and  + thus contain generic points of VC(f), so that �;  + 2 (f) (cf. [Rei]). This shows that (3.19){(3.21) imply (3.26) and hence (3.22) andcompletes the proof of the lemma. �We de�ne a Borel map �(k):X 7�! f0; : : : ; k� 1gZd by setting(�(k)(x))n = k�1Xj=0 k � 1P (k)j (xn)for every x = (xn) 2 X � TZd and n 2 Zd, where P(k) = fP (k)0 ; : : : ; P (k)k�1g is the partition ofT de�ned before the statement of Lemma 3.3, denote by T (k) the shift-action (1.1) of Zd onf0; : : : ; k � 1gZd, and set �(k) = �X (�(k))�1. From the de�nition of �(k) it is clear that�(k) � �n = T (k)n ��(k)for every n 2Zd, and that �(k) 2M1(f0; : : : ; k � 1gZd)T (k) .3.7. Lemma. The measure � = �(k) 2 M1(f0; : : : ; k � 1gZd)T (k) is summably Vershik andhence Bernoulli.



ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY 25Proof. For every n � 1 we put mn = Pnl=1(l + d + 1)2, Fn = B2n+2mn , and de�ne a partialcover A(n) = �Fn�1 + dXj=1 ij((n + d+ 1)2 + 2n�1 +mn�1)e(j) : (i1; : : : ; id) 2 f1;�1gd�of Fn; n � 2, by translates of Fn�1 withXn�2�1� j[A(n)]jjFnj � <1: (3.33)From (2.6) we know that�dFn(�; �A(n)) � �d[A(n)](�; �A(n)) + �1� j[A(n)]jjFnj �for every n � 2, and we claim that�d[A(n) ](�; �A(n)) < 30dk2d=2n�3dwhenever n � 2kd satis�es (3.18). Indeed,[A(n)] � Q(2n+1; j)+ [Q(2n+1; j)�for j = 1; : : : ; d, and Lemma 3.6 shows that the partitions_n2[A(n) ]\Q(2n+1 ;j)+P(k)n ; _n2[A(n) ]\Q(2n+1 ;j)�P(k)nare 30k2d=2n�3d-independent whenever n is su�ciently large. We de�ne partitions B(n;j); j =0; : : : ; d, of [A(n)] by setting B(n;0) = f[A(n)]g andB(n;j) = f[A(n)] \Q(2n+1; 1)� \ � � � \Q(2n+1; j)�gfor every j = 1; : : : ; d. From (2.7) it is clear that�d[A(n)](�B(n;j�1) ; �B(n;j)) � 30k2d=2n�3dfor j = 1; : : : ; d. Since B(n;0) = f[A(n)]g and B(n;d) = A(n) we conclude that�d[A(n)](�; �A(n)) � dXj=1 �d[A(n) ](�B(n;j�1) ; �B(n;j)) � 30dk2d=2n�3dand, by (2.6), that �dFn(�; �A(n)) � 30dk2d=2n�3d + �1� j[A(n)]jjFnj �for every su�ciently large n � 2. In conjunction with (3.33) this proves that � = �(k) issummably Vershik, and the �nal assertion follows from Theorem 2.14. �



26 DANIEL J. RUDOLPH AND KLAUS SCHMIDTProof of Proposition 3.1. Let p � Rd be a prime ideal, and let � = �Rd=p. If h(�) > 0,then p is principal by (3.6). The cases where p = f0g or p = (p) for some rational primep > 1 were dealt with in the discussion preceding Lemma 3.4. In order to complete the proofof Proposition 3.1 we assume that p = (f) = fRd for some non-zero, irreducible polynomialf =Pn2Zd cf (n)un 2 Rd with at least two non-zero coe�cients and apply Lemma 3.4 to assumein addition that f is nice in the sense of De�nition 3.5. We realize � = �Rd=(f) as the shift-action of Zd on the closed, shift-invariant subgroup X = XRd=(f) � TZd in (3.13) and observethat the Bernoullicity of � is equivalent to the assertion that the measure �X 2 M1(TZd)� isBernoulli, where � is the shift-action (1.1) of Zd on TZd. If we identify each partition P(k)n in(3.15) with the corresponding partition ofTZd � X, then Lemma 3.7 amounts to saying that the�-invariant sigma-algebra V(k) = Wn2Zd ��n(P(k)0 ) = Wn2Zd P(k)n � BTZd is a Bernoulli factorof � on (TZd;BTZd; �X) for every k � 2. Since V(k) %BTZd as k !1, Lemma 2.6 implies that�X is Bernoulli. � 4. The proof of Theorem 1.1In order to deduce Theorem 1.1 from Proposition 3.1 we need a little more algebra. LetM = X̂ be an Rd-module. A prime ideal p � Rd is associated withM if p = ff 2 Rd : f �a = 0gfor some a 2 M. Conversely, if p � Rd is a prime ideal and M an Rd-module, then M isassociated with p if p is the only prime ideal associated withM, andM is p-elementary if thereexist �nitely many submodules M = Ns � � � � � N0 = f0gsuch that Nj=Nj�1 �= Rd=p for every j = 1; : : : ; s. The key ingredient of the proof of Theorem1.1 is the following result, whose veri�cation we postpone for the moment.4.1. Proposition. Let p � Rd be a prime ideal with h(�Rd=p) > 0, and let N be a p-elementaryRd-module. Then �N is Bernoulli.Assuming Proposition 4.1, Theorem 1.1 is proved along exactly the same lines as the mainresult in [Wa2].4.2. Lemma. ([LSW]) Let � be a Zd-action by automorphisms of a compact, abelian groupX, and let M = X̂ be the Rd-module de�ned in (3.1){(3.2), The following conditions areequivalent.(1) For every prime ideal p � Rd associated with M, the Zd-action �Rd=p de�ned in (3.3){(3.4) has positive entropy;(2) � has completely positive entropy.4.3. Lemma. ([Sc1], [ScW], [Wa2]) Let M be a Noetherian Rd-module with associated primeideals p1; : : : ; pm. Then there exists, for each i = 1; : : : ;m, a pi-elementary Rd-module N(i),such that M is isomorphic to a submodule of N =Lmi=1N(i).



ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY 274.4. Lemma. Let (Mn; n � 1) be an increasing sequence of Noetherian submodules of anRd-module M with M = Sn�1Mn. Then �Mn is Bernoulli for every n � 1 if and only if �Mis Bernoulli.Proof. For every n � 1 we consider the closed, �M-invariant subgroup Yn =M?n � X = XMand observe thatX=Yn = dMn, and that �Mn is equal to theZd-action �X=Yn induced by � = �Mon X=Yn. SinceMn %M as n!1, the sequence (Yn; n � 1) decreases to the trivial subgroupf0g � X, and the sigma-algebras BX=Yn = fB 2 BX : B + y = B for every y 2 Yng increaseto BX . Our assumption implies that � is Bernoulli on (X;BX=Yn; (�X )BX=Yn ) for every n � 1,and [OW] guarantees that � is Bernoulli (cf. Lemma 2.6). �Proof of Theorem 1.1. Let � be aZd-action by automorphisms of a compact, abelian groupX with completely positive entropy, and let M = X̂ be the Rd-module de�ned by (3.1){(3.1).If M is not Noetherian there exists an increasing sequence of �nitely generated|and henceNoetherian|submodules (Nk; k � 1) with M = Sk�1Nk. Lemma 4.4 implies that � = �M isBernoulli if and only if �Nk is Bernoulli for every k � 1. Furthermore, since every prime idealassociated with some Nk is also associated withM, and since every prime ideal associated withM is associated with some Nk, Lemma 4.2 guarantees that � has completely positive entropy ifand only if �Nk has completely positive entropy for every k � 1, This observation shows that itsu�ces to prove Theorem 1.1 under the additional assumption that the Rd-module M = X̂ isNoetherian.Let p1; : : : ; pm be the prime ideals associated withM, which is now assumed to be Noetherian.Then h(�Rd=pi) > 0 for i = 1; : : : ;m, and Lemma 4.3 allows us to �nd pi-elementary modulesN(i); i = 1; : : : ;m, such thatM is (isomorphic to) a submodule ofN =Lmi=1N(i). If �X = bN and�� = �N, then the group homomorphism �: �X 7�! X dual to the inclusionM � N is continuousand surjective, and � � ��n = �n �� for every n 2Zd. Proposition 4.1 shows that �N(i) is Bernoullifor i = 1; : : : ;m. Hence �� = �N(1) � � � � � �N(m) is Bernoulli, and � is Bernoulli by Lemma2.5. �The remainder of this section is devoted to the proof of Proposition 4.1. For every l � 1 wedenote by �(l) the shift-action of Zd on V l = (TZd)l �= (Tl)Zd. For l = 1 we write � instead of�(1).For the next two lemmas we assume that f =Pn2Zd cf (n)un 2 Rd is a non-zero, irreduciblepolynomial which is nice in the sense of De�nition 3.5. We regard Y = XRd=(f) as the closed,shift-invariant subgroup (3.13) of V and identify �Rd=(f) with the restriction of � to Y . Forevery v 2 V we de�ne a probability measure �(v) 2M1(V ) by setting�(v)(B) = �Y (B + v) (4.1)for every B 2BV .4.5. Lemma. The measures �(v); v 2 V , are uniformly almost box independent in the sensethat limN!1 lim supM!1 �supv2V �dBM (�(v); (�(v))BN )� = 0: (4.2)



28 DANIEL J. RUDOLPH AND KLAUS SCHMIDTProof. Proposition 3.1 and Theorem 2.3 together imply that �Y is Bernoulli and thus al-most box independent. Hence there exists, for every M;N � 1, a probability measure �(N) 2C(�Y ; �BNY ) �M1(V 2) which is invariant under the Zd-action n 7! �(2)(2N+1)n on V 2, and whichsatis�es that limM!1 �dBM (�Y ; �BNY ) = limM!1 1jBM j Xn2BM ZV 2 �(�(1)fng; �(2)fng) d�(N);where �(i)fng(v(1); v(2)) = v(i)n for every (v(1); v(2)) 2 V 2, i = 1; 2 and n 2 Zd. For every v 2 Vwe de�ne a homeomorphism Rv:V 2 7�! V 2 by Rv(v(1); v(2)) = (v(1) + v; v(2) + v) for every(v(1); v(2)) 2 V 2. The measure �(N)Rv 2M1(V 2) satis�es that�dBM (�(v); (�(v))BN ) = 1jBM j Xn2BM ZV 2 �(�(1)fng; �(2)fng) d�(N)Rv= �dBM (�Y ; �BNY )for every M;N � 0, and by letting �rst M and then N tend to in�nity we obtain (4.2). �4.6. Lemma. Let f 2 Rd be a nice, irreducible polynomial with h(�Rd=(f)) > 0, and let N bean (f)-elementary Rd-module. Then �N is Bernoulli.Proof. Suppose that N is of the form N = Ns � � � � � N0 = f0g with Nj=Nj�1 �= Rd=(f)for every j = 1; : : : ; s. We prove the Bernoullicity of �N by induction on s. If s = 1 thenN = Rd=(f), and �N is Bernoulli by Proposition 3.1. Assume therefore that s > 1, and thatwe have proved the Bernoullicity of �N0 for every (f)-elementary Rd-module N0 of the formN0 = N0s�1 � � � � � N00 = f0g with N0j=N0j�1 �= Rd=(f) for every j = 1; : : : ; s� 1.Now assume that N is an (f)-elementary Rd-module with submodules N = Ns � � � � �N0 = f0g such thatNj=Nj�1 �= Rd=(f) for every j = 1; : : : ; s. Choose elements a1; : : : ; as inN = Ns such that Nj = Rd �aj+Nj�1 for j = 1; : : : ; s and consider the corresponding surjectivehomomorphism  ̂:Rsd 7�! N with  ̂(f1; : : : ; fs) =Psi=1 fi � ai for every (f1; : : : ; fs) 2 Rsd. Theinjective dual homomorphism :XN 7�! V s = cRsd satis�es that �(s)n � =  ��Nn for every n 2Zd,and allows us to regard X = XN as a closed, shift-invariant subgroup of V s. Furthermore, ifXj = N?j � X � V s, then X0 = X andXj = fx 2 X : �(1)(x) = � � � = �(j)(x) = 0g;Xj�1=Xj �= XRd=(f);XNj = X=Xj �= �(j)(X) � V s�1 (4.3)for every j = 1; : : : ; s.We set W = �(s�1)(X) � V s�1 and note that �(s)(Xs�1) = Y = XRd=(f). According to(4.3) our induction hypothesis implies that the restriction of �(s�1) to W is Bernoulli, andProposition 3.1 guarantees that � = �(1) is Bernoulli on Y . As in (2.12){(2.13) we obtain afamily f�w : w 2 V s�1g �M1(V ) withZ h d�X = ZV s�1 ZV h(v(1); : : : ; v(s)) d�(v(1);:::;v(s�1))(v(s)) d�W (v(1); : : : ; v(s�1));



ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY 29and (4.3) implies that there exists, for �W -a.e. w 2 V s�1, an element v(w) 2 V with�w = �(v(w)):By Lemma 4.5 and De�nition 2.11, �X is relatively almost box independent with respect toV s�1, and Theorem 2.12 shows that �X = �XN 2M1(V s)�(s) is Bernoulli. �Proof of Proposition 4.2. Let p � Rd be a prime ideal with h(�Rd=p) > 0, and let N bea p-elementary Rd-module. As we saw in the proof of Proposition 3.1, p is principal, and thedescription at the beginning of the proof of Lemma 4.6 shows that there exists an s � 1 andelements a1; : : : ; as in N such that N =Psj=1Rd � aj and fh 2 Rd : h � aj 2 Nj�1g = p for everyj = 1; : : : ; s, where N0 = f0g and Nj =Pji=1Rd � ai for j = 1; : : : ; s.In particular, if p = f0g, then fa1; : : : ; asg is linearly independent over Rd, N �= Rsd, and �Nis conjugate to the shift-action (1.1) ofZd on (Ts)Zd and hence Bernoulli.If p = (p) for some rational prime p > 1 we set Xj = N?j � X = XN = bN for j = 0; : : : ; s.Then Xs = f0g, Xs�1 �= XRd=p, and (3.14) allows us to identify the Zd-action �Xs�1 inducedby � = �N on Xs�1 with the shift-action � of Zd on (Z=pZ)Zd. Following [Wa2] we claim thatthere exists a Haar measure preserving Borel isomorphism �:X 7�! X=Xs�1� (Z=pZ)Zd whichcarries � to the cartesian product �X=Xs�1 � �, where �X=Xs�1 is the Zd-action induced by �on X=Xs�1.In order to construct � we set W = X=Xs�1 and choose a Borel map �:W 7�! X with�(x + Xs�1) + Xs�1 = x + Xs�1 for every x 2 X (cf. Lemma 1.5.1 in [Par]), de�ne a Borelisomorphism :X 7�!W �Xs�1 by setting  (x) = (x+Xs�1; x��(x+Xs�1)) for every x 2 X,and use the identi�cation (3.14) of Xs�1 with V = (Z=pZ)Zd to regard  as an isomorphism :X 7�! W � V . The Zd-action �0 on W � V de�ned by �0n =  � �n �  �1 is of the form�0n(w; v) = (�Wn (w); �n(v) + c(n; w)) (4.4)for every n 2Z, where c:Zd�W 7�! V is a Borel map with�m(c(n; w)) + c(m; �Wn (w)) = c(m+ n; w) (4.5)for all m;n 2Zd and w 2W . If c is of the formc(n; �) = �n � 
 � 
 ��Wn (4.6)for every n 2 Zd, where 
:W 7�! V is Borel, then the map �(w; v) = (w; v + 
(w)) fromW � V to W � V carries �0 to the product action �W � � of Zd on W � V . In order to �nda solution 
 of (4.6) we write �fng:V 7�! Z=pZfor the n-th coordinate projection and setcn(m; w) = �fng(c(m; w)) for every n 2Zd and w 2 W . Then (4.6) is equivalent to the solutionof the equations cm(n; w) = 
m+n(w)� 
m(�Wn (w)) (4.7)for every m;n 2Zd and w 2 W in terms of Borel maps 
m:W 7�!Z=pZ;m 2Zd; if all theseequations can be solved, then 
:W 7�! V is obtained by setting �fmg �
 = 
m for everym 2Zd.



30 DANIEL J. RUDOLPH AND KLAUS SCHMIDTIn order to solve (4.7) we set, for every w 2 W , 
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