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ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY OF
Z9-ACTIONS BY AUTOMORPHISMS OF COMPACT ABELIAN GROUPS

DaNIEL J. RunpoLPH AND KLAUS SCHMIDT

ABSTRACT. We prove that a Z%action by automorphisms of a compact, abelian group is Bernoulli
if and only if it has completely positive entropy. The key ingredients of the proof are the extension of
certain notions of asymptotic block independence from Z-actions to Z%action and their equivalence
with Bernoullicity, and a surprisingly close link between one of these asymptotic block independence
properties for Z%actions by automorphisms of compact, abelian groups and the product formula
for valuations on global fields.

1. INTRODUCTION

Let d > 1. A measure-preserving Z%action T on a probability space (X, &, u) is Bernoulli if
there exists a standard probability space (¥,%,v) such that T is measurably conjugate to the
shift-action o of Z% on (YZd, Ezd, I/Zd), where F2° is the product Borel field on YZd, and where

o 1is defined by
(m(Y))n = Ym+n (1.1)

for every m € Z% and y = (yn) = (yn, n € Z% € YZ', In particular 7" is Bernoulli if and only
if there exists a countably generated sigma-algebra 4 C & with the following properties:

(1) 4l is independent under T, i.e.
v(BoNT_n,(B1)N---NT_pn,(By)) =v(By) ... - v(B)

whenever k > 1, By, ..., By liein 4, and 0,n,,...,n; are distinct elements in Z,
(2) Y(UpezaT-n(th)) = & (mod v), where L(C) is the sigma-algebra generated by a collec-
tion of sets C C &.

If a (countably generated) sigma-algebra 4 C & satisfies (1), but not necessarily (2), then
UV = X(Upega T-n(l)) is a Bernoulli factor of T'.

Since Bernoulli actions of Z¢ are measurably conjugate if and only if they have the same
entropy ([OW]), the Bernoulli property plays an important réle in the isomorphism theory of
Z%actions. There is, however, a major difference between the cases where d = 1 and where
d > 1: there exist many ‘natural’ examples of Bernoulli transformations (such as hyperbolic
diffeomorphisms of compact manifolds), but natural Bernoulli actions of Z¢ with d > 1 are
much harder to come by. One obvious reason for this difference is that Bernoulli actions (or
even actions with positive entropy) of Z% d > 1, cannot be realized smoothly on connected,
finite-dimensional manifolds, so that such actions are less ‘geometric’ than for d = 1. The
second reason is that, for a single measure preserving automorphism 7' of a probability space,

Bernoullicity is characterized by certain independence properties of the ‘future’ and ‘past’ time
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evolutions defined by T. Appropriate notions of independence of ‘future’ and ‘past’ for Z%
actions are necessarily less intuitive and more difficult to verify (cf. e.g. [Kam]).

In this paper we consider a particular class of Z%actions: the Z%actions by automorphisms
of compact, abelian groups. Although positive entropy again forces the abelian groups to be
large (e.g. infinite-dimensional if they are connected), these actions can be analyzed effectively
by replacing the geometric tools available on finite dimensional manifolds with methods from
harmonic analysis and commutative algebra (cf. [KS], [LSW], [Scl]).

For d = 1, the Bernoullicity of ergodic group automorphisms was established in a series of
papers by Katznelson, Lind, Aoki, Thomas, and others (cf. e.g. [Aok], [AT], [Kat], [Lil], [Li2],
[MT]). Whereas every ergodic automorphism of a compact group automatically has completely
positive entropy ([Rok]), ergodic Z%actions by automorphisms of compact, abelian groups with
d > 1 need not have positive entropy, and one requires at least completely positive entropy to
conjecture Bernoullicity. For d = 2, the Bernoullicity of a particular Z%action with completely
positive entropy was stated in [Wal], and of arbitrary expansive ZZ%-actions by automorphisms
of compact, abelian groups with completely positive entropy in [Wa2]. In this paper we prove

the following general result conjectured in [LSW] (Conjecture 6.8).

1.1. Theorem. Let d > 1, and let o be a Z%-action by automorphism of a compact, abelian
group X. Then o ts Bernoulli if and only if it has completely positive entropy with respect to

the normalized Haar measure Ax of X.

As pointed out in [Sc2] and [Wal], Theorem 1.1 implies the measurable conjugacy of certain
topologically non-conjugate Z%actions. For example, if d > 1, and if o is a Z%action by
automorphisms of a compact, abelian group X with completely positive entropy, then Theorem
1.1 guarantees that o is measurably conjugate to every Z%action of the form a 4:n — a4y, with
A € GL(d,7Z), but a4 is not in general topologically conjugate to a (cf. [Scl]).

The general approach of this paper follows the strategy of [Kat], adapted to Z%actions along
the lines of [Wal] and [Wa2]. In Section 2 we present a characterization of Bernoullicity in terms
of various asymptotic independence properties related to P. Shields” work on Z-actions in [Shi]
and prove their equivalence with Bernoullicity (Theorem 2.3). In Theorem 2.14 we show that
Bernoullicity is also implied by another asymptotic independence condition associated with a
former conjecture by A. Vershik (the summable Vershik condition), which appears particularly
suited for symbolic and algebraic Z%actions.

By using standard machinery from [KS] and [Scl], the proof of Theorem 1.1 can be reduced
to shift-actions of Z® on closed, shift-invariant subgroups of (Tm)zd for some m > 1, where
T=R/Z If X C (Tm)zd is such a subgroup, then Ax can be viewed as a shift-invariant
measure on (Tm)zd. In Section 3 we deal with the case where m = 1 and Ax is a shift-
invariant measure on Tzd, and prove that under the assumption of completely positive entropy
the projections of Ax onto disjoint d-dimensional cubes in Z? become rapidly independent as
these cubes move apart (Lemma 3.6). Lemma 3.7 shows that this asymptotic independence of
d-dimensional cubes implies the hypothesis of Theorem 2.14, so that Ax is Bernoulli under the
shift-action of Z¢ on TZ*. There is an interesting connection between Lemma 3.6 and the product

formula for valuations on algebraic number fields, which first emerged for d = 1 in discussions
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between D. Lind and the second author (KS) during the Symbolic Dynamics Programme at the
MSRI, Berkeley, in 1992 (cf. [LS]—an early precursor of this idea appears in an unpublished
note by Y. Katznelson on the Bernoullicity of ergodic automorphisms of certain solenoids). The
main difference in the proofs of the relevant asymptotic independence in [Wa2] and Lemma 3.6
could be expressed (somewhat cryptically) by saying that the use of all places (not just the
infinite ones) of certain algebraic number fields arising in the proof of that lemma obviates the
need for assuming expansiveness. In addition the papers [Wal] and [Wa2] contain a gap in the
derivation of Bernoullicity from this asymptotic independence result which is filled by Section
2 in this paper.

Section 4 is also quite close to the relevant part of [Wa2], except that we use a more direct
approach to derive the Bernoullicity of an arbitrary Z%action by automorphisms of a compact,
abelian group from that of its basic constituent parts. The avoidance of some of the more
sophisticated aspects of relative Bernoulli theory in this derivation is based on Theorem 2.11.
There is a small amount of duplication of results from [Wa2] in Section 4 in order to make this

exposition more self-contained.

2. ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY OF Z%ACTIONS

In this section we extend a slightly weakened form of P. Shields’ notion of ‘almost block
independence’ to Z-actions (cf. [Shi]). In order to put the essential ingredients of the following
argument into clearer focus we present it in a slightly more general context which allows the
reader to obtain with no extra effort the analogous result for those discrete, amenable groups

which can be tiled by Fglner sets. We begin with a few definitions.

2.1. Definition. For every k > 1 we set By, = {—k,... k}* C Z<

(1) Let F C Z% be a non-empty, finite subset, and let £ > 1 and ¢ > 0. The set F is
(k,e)-invariant if [(F+n)N F| > (1 —¢)|F| for every n € By,.

(2) A sequence (F,, n > 1) of finite subsets of Z% is a Fglner sequence if F,, /' Z%as n — oo,
and if there exists, for every k& > 1 and £ > 0, an integer N = N(k, ) such that F,, is
(k,e)-invariant for every n > N.

(3) Let F C Z% be a finite, non-empty subset, ¢ > 0 and 1 < k < K. A collection A of
disjoint, non-empty subsets of F' is called a partial cover of F'. If A is a partial cover
of F' we set [A] = J cq A and call A a (k, K, ¢)-cover of I if the following conditions
hold.

(i) For every A € A there exists an n € Z¢ with A C Bg +n,
(ii) each A € A is (k,e)-invariant,
(i) 1141 > (1— o) F|.

The simplest example of a Fglner sequence in Z? is obviously the sequence (B, n > 1) itself.

If a finite set ' C Z% is (k, ¢)-invariant, then it is clear that

{m e F:By+mC F}| > (1 |Bile)|F|,
|F'+ Bi| < (1+ |Bgle)|F|.
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Let (Y,6) be a compact, metric space with diam(Y’) = sup, ,/cy 6(y,y') = 1 and with Borel
field By, and let, for every non-empty set F' C Z% Y¥ be the compact, metrizable space
of all maps x: F —— Y, furnished with the product topology. If @ # F' C F C Z% then
7 Y — YT denotes the restriction to F' of each element of Y (or, equivalently, the
projection of each = € Y¥' onto its coordinates in F”).

For every non-empty set F' C Z¢ we write M; (Y T") for the space of Borel probability measures
on V¥ and note that M;(Y¥') is compact and metrizable in the weak*-topology. If F' = Z% and
o is the shift-action (1.1) of Z4 on V2" then we denote by Ml(YZd)U C Ml(YZd) the set of
shift-invariant probability measures on YZd, which is again compact in the weak*-topology.

If @ £ F' C F C Z% then the coordinate projection 7p: Y — Y induces a continuous,

surjective map p — pips = /urf?,l from My (YY) to M, (YFI), defined by

i (B) = prpt (B) = s (B) (2.2)

for every pp € M (YT') and every B € By rs, where By is the product Borel field of yE.
For every finite or countably infinite partition A of a set ' C Z% and every u € My (YT we
define a probability measure u* € M;(YF) by

pt = 1] pa, (2.3)

AcA

where 414 is described in (2.2), and where [] 4 4 pt4 is the product measure on Y =[], , ¥4
of the measures pi4, A € A. If A’ is a partition of F' which refines A, then

If A is a partial cover of F' we set Ao = F ~ [A], denote by A, = AU {A} the partition of
F obtained by adding A, to A, and define u* by

pt = pt= e My(y") (2.4)

for every p € My (YT).
Motivated by P. Shields we write, for every F' C Z¢ and py, s € M1(YT),

C(p1, p2) ={r € Ml(YF X YF) :v(B % YF) =1 (B) and V(YF X B) = us(B)
for every Borel set B C Y}

for the set of couplings of ji1 and . Note that C'(pq, pa) is a closed (and hence compact) subset
of My (Y x YT') which consists of all probability measures on Y x Y whose projections onto
the two coordinates coincide with gy and ps, respectively. For F' = Z% and 1, o € My (YZd)U
we denote by

J(pr, ) = Cpr, pz) 0 My (YES 5 y 20yorxe

for the set of joinings (or (¢ x o)-invariant couplings) of measures in M, (YZd)U.
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In order to define the d-metric on My (Y1), F C Z¢, we write a typical element z € Y x Y =~
(Y x V) as z = ((zl(ql),zl(f)), n € F) with z() €Y for every n € F and 1 = 1,2, and set
( ) (2= zl(j) for every n € F, i = 1,2. If F is finite and py, s € My(YY), put

- 1
d _ inf L s(atl) () 2.5
rp1, pa) VECI(Izln,uz) |F|1;/yF><YF ( Tiap {n}) (2.5)

Since C(p1, p2) is compact, the infimum in (2.5) is actually a minimum. If Fy, Fy are finite

subsets of Z4, F' C Fy N Fy, and p; € My(Y!), then we set

dp(p1, p2) = dp(pamp’ pomp').

For F' = Z% and py, ps € Ml(YZd)U we put
7 1 7 _ : (1) (2)
d(pr, p2) = lﬁljllop dpy (p1, pi2) = VGJIE}BM)/(S( Tioys Tio}) 4V, (2.6)
where the last identity follows from the ergodic theorem. If p; and ps are ergodic under o the
minimum in (2.6) can be replaced by the minimum over all (¢ x ¢)-ergodic elements of J (g1, p2).
For every non-empty, finite subset F C Z? the map dp: My(YT) x My (YY) — R has the
following properties.
(1) dp is a metric on M; (Y F) which induces the weak*-topology on My (Y F);
(2) If F' C F then

|F| - |7 - |F|
—d < dp dp 1— 2.
7] 1pi(py, o) < dp(pn, pz) < 7] prpen, o) + 7] (2.7)

for all py, po in My (YE);
(3) If Y is finite and py, ps € Ml(YF) then there exists an element v € C(puy, p2) with

v({(z,2)}) = min {ul({z}),pz({z})} for every z € Y and

Al ) = 5 3 (=) — m({=D)] (2.8)

zEYF

For every N > 0 we denote by
By ={By+n:nc (2N +1)Z% (2.9)

the tiling of Z¢ by translates of By. We are ready for our basic definitions.

2.2. Definition. Let p € Ml(YZd)U.

(1) p is sporadically almost block independent (sporadically a.b.i.) if there exist, for every
£ > 0, an integer K > 0, a Fglner sequence (F,,, n > 1) in Z¢ and, for each n > 1, a
partition A of F, such that each 4 € A" is contained in some translate of Bx and

= (n)
dp, (u, p*) < e.

(2) p is universally almost block independent (universally a.b.i.) if there exist, for every

£ >0, an integer k > 0 and an ¢’ > 0 with

dpy (i, ) < &
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for every K, N > 1, and for every (k, K,&’)-cover A of By.

(3) p is almost box independent if

lim limsup dp,, (g, u®~) = 0.

—0 M —co
(4) p is Bernoulli if the Z%action o on (YZd, By za, it) is Bernoulli.

We remark in passing that almost box independence is very closely related to Shields’ one-

dimensional concept of almost block independence in [Shi].

2.3. Theorem. The following conditions are equivalent for every shift-invariant probability

d
measure gt on Y2,

(1) p is almost box independent;

(2) p is sporadically a.b.i.;
(3) p is universally a.b.i.;
(4) p is Bernoulli.

We begin the proof of Theorem 2.3 by collecting a few basic facts about Bernoulli measures

from [OW].
2.4. Lemma ([OW]). IfY is finite then the Bernoulli measures are d-closed in Ml(YZd)U.

2.5. Lemma ([OW]). Let T be a measure preserving Z%action on a probability space (X, S, p)

which is Bernoulli. Then every T-invariant sigma-algebra in & is a Bernoulli factor of T

2.6. Lemma ([OW]). Let T be a measure preserving Z%-action on a probability space (X, S, ).
If there exists a sequence (Vp, n > 1) of T-invariant sigma-algebras in & such that B, /&

as n — oo and each BV, is a Bernoulli factor of u, then p is Bernoulli.
2.7. Lemma. The set of Bernoulli measures in Ml(YZd)U is d-closed (cf. (2.6)).

Proof. Suppose that p is the d-limit of a sequence (y;) of Bernoulli measures in M (YZd)U.
We choose an increasing sequence (P,, n > 1) of finite Borel partitions of ¥ such that, for
every n > 1 and P € Py, diam(P) = sup, ,.cp 8(y,y") < 1/n and p(9P) = 0, where IP is the
boundary of P. For each n > 1 we choose a finite set H, C Y which intersects each P € P,, in
exactly one point and define a map n,: Y —— H, by demanding that n,(y) € PN H, for every
y € P € P,. Denote by nn:YZd — H%d the map obtained by setting, for every # = (xm) €
YZd, N(2) = (N (2m), m € Z%). Our choice of P, implies that lim; .o pt;(P) = p(P) for every
n > 1 and every P € P, and that lim;_.« c?(ujngl,ungl) = 0 for every n > 1. By applying
the Lemmas 2.4-2.5 we see that un; ! is Bernoulli for every n > 1, and Lemma 2.6 allows us to

conclude that g is Bernoulli. O

2.8. Lemma. Ifpu € Ml(YZd)U 15 almost box independent then it is Bernoulli.

Proof. We prove that x is Bernoulli by finding a sequence (p;, j > 1) of Bernoulli measures in

Ml(YZd)U with d(p;, p) < ]l for every j > 1, and by applying Lemma 2.7.
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In order to construct the measure y; for a given j > 1 we use the almost box independence
of pt to find a K > 1 with

. - . 1
limsup dp,, (1, p"%) < e
L—oo J

where pP% is defined in (2.3) and (2.9). Next we set M = L + K, where L > 4j satisfies that
By, is a union of boxes in Bx, dg, (i, i®*) < 4% and |Brig| < (1+ 4L].)|BL| (cf. (2.1)).

Put = = {0, 1}Zd, denote by v the equidistributed Bernoulli measure on =, and write o’ for the
shift-action (1.1) of Z% on Z. We choose a Borel set C' C Z such that v({ycp,, on(C)) > 1— 4%,,
and oL (C)N ol (C) = & whenever n,n’ are distinct elements of By (in other words, C' is the
base of a Rokhlin tower of size Bys for o’ which covers 1 — 4%. of the space Z). Let Z = YBu,
w = (uBM)Zd € Ml(ZZd), and let ¢/ be the shift-action (1.1) of Z4 on Z2°. The product-action
T:n+— ol x olf of Z¢ on the product space (Z x 77 Bz B 4,V x pt) is obviously Bernoulli,
since it is the cartesian product of two Bernoulli actions of Z¢. The proof of the lemma will be
completed by finding a Borel map ¢: = X 78— VI with ¢ Ty = on- ¢ for every n € Z¢, and
such that p; = (v x p')¢~? satisfies that d(p, p;) < ]l According to Lemma 2.5, y; is Bernoulli.

In order to construct the map ¢ we write a typical element w € W = = x 28" as w = (z,v)
with z = (zn, n € Z9) € Z and v = (Y(mm), m € By,n € AN ZZd, where #,, € {0,1} and
U(mm) € Y for every m € By and n € Z%. Fix a point y € Y and define a map ¢: W —— Y by
setting, for every w = (z,v) € W,

{ g if xEE\UmEBM Uén(c)a
U(m,—m) if & € 0p,(C) for some m € By,

¢(w) =

and denote by ¢: W — YZ* the map d(w) = (p(w)n) € YZ* with

for every w € W and n € Z%.

We can interpret ¢ geometrically by considering, for each z € =, an array of windows of size
By in Z4 whose centres coincide with the set of all n € Z< for which o/,(z) € C. Inside each
window we see a copy of Y ® on which (v x p/)¢p~* induces the measure pp,,. The distributions
in different windows are independent of each other, and are independent of the placement of
these windows. The coordinates of ¢p(w) which don’t lie in any of these windows are all equal
to y.

For every x € = we set

R(z) ={m € Z%: ol (x) € C},
Rz)= |J Bw+m,
meR(x)
Qz) ={(yn) € V2 ya = g for every n € Z9 R(z)}

= H YBM+m X H {g}a

meR(x) meZINR(z)

and define a continuous, injective map 7,: Q(z) — W by setting, for every v € Q(x), 75(v) =

(z, (7, (on(v)), n € Z4)). The composition ¢ - 7,.: Q(x) — yI s injective for every z € X.
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o~

Let (") be the probability measure on Q(z) = HmER(x) Yy Bartm o HmEZd\R(x){g} correspond-
ing to the product measure obtained by placing a copy of pip,, on each YEM+™ with m € R(z)
and the point mass at g on each coordinate m € Z~ R(x), and denote by u(®) € M, (de) the
image of v(*) under the map ¢ - 7, Qz) — Y2, Then

pi(B) = 0 97 (B) = [ (B)duta) (2.10)

rE=

for every Borel set B C YL’
In every translate By + m, m € Z¢ of By we can find a unique element n(m) € Z4 such
that By +n(m) C By +m and Bz +n(m) is a precise union of tiles in Bg. As p is o-invariant,
JBL+n(m)(F‘aF‘BK) < 4i
J
We fix a point « € =2, consider in each of the windows By +m, m € R(x), the corresponding

precise union B 4+ n(m) of tiles in Bg, and set

R(z)= |J Br+n(m).
meR(x)
Since what appears in each of the windows By, +n(m), m € R(z), is independent both for 5%
and p(®),

_ 1
limsup dg . Bre ulo)y < —.
im sup d,) apy (75 1) < 1

Birkhoff’s individual ergodic theorem, applied to ¢’ on (E, Bz, v), shows that, for v-a.e. x € &,

R(z) N B 1
lim sup |(z)' 0 By | >1— —
N—oo | Bn| 2j
and (2.7) yields that
lim sup dp, (155, 1)) < =

By integrating over z € Z in (2.10) we see that

. o 1
d(p, p) = Jim dpy(p, py) < ;- U

2.9. Lemma. Ifpu€ Ml(YZd)U 1s sporadically a.b.i. then it is unwersally a.b.1.

Proof. We fix ¢ > 0. As p is sporadically a.b.i., there exist a Ky € N, a Fglner sequence
(Fn,n > 1) in Z4 and, for each n > 1, a partition A" of F,, such that each 4 € A" is
contained in some translate of Bx, and dp, (4, uA(n)) < 15. Let K, N be arbitrary elements of
N, and let B be a (2K, K, m)
have to be sufficiently large). We wish to show that

-cover of By (for such a cover to exist, K and N obviously

CZBN(/’La ﬂB) <é&.

Fix an integer n which is so large that F, is (2N, -invariant. Then (2.1) shows that

ToTEanT)
there exists a subset F' C F,, which is a union of boxes in By, and which satisfies that

9
71> (1= 5 )1l
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We write F' as

F=|])By+n (2.11)
ner

with £ C (2N + 1)Z¢ and define a partial cover
C={B+n:BeB, nekr}

of F, consisting of all translates of the sets in B by elements of E. Since each €' € C is

(2K, m)—invariant, (2.1) shows that
€
|{HECZBKD —|—n§Z C}| < E|C|

for every C' € C.

By deleting any set in the partial cover A which is not completely contained in some
C € C we obtain a new partial cover A’ of F,,, and we set ' = {CN[A']: C € C}. Since each
A € A" is contained in a translate of Bg,, (2.1) and the (2K, m)—invariance of each

C' € C guarantee that

> (1- 5 )il

2¢ / 4e

dp, (p, 1) < o dpan(p, 1) < o

and hence, since A’ refines €’ as a partition of [A'],

and

Furthermore, since |[A’]| > (1 — 55)|F], (2.7) shows that

- 9¢
dp(p, 1€) < o<

and (2.11) implies that there exists an n € F with

JBN-I—H(/'La ﬂB+n) <g,

where B4n={B+n:BeB}={CN(Bxy+mn):C €C}. As pis o-invariant, translation by
n € I does not affect the last equation, so that

CZBN(/’La ﬂB) <é&.

By setting ¢’ = m we obtain that p is universally a.b.i.; as claimed. O
0
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Proof of Theorem 2.3. The implications (3)=(1) and (3)=(2) are obvious from Definition
2.2. From Lemma 2.8 we know that (1)=>(4) and Lemma 2.9 yields that (2)=-(3). If Y is finite,
then the remaining implication (4)=(2) is an elementary coding exercise; for infinite Y one

needs in addition the approximation argument from the proof of Lemma 2.7. O

All three definitions (sporadic a.b.i., universal a.b.i. and almost box independence) make sense
for arbitrary measures p € M, (de). In this generality, however, only almost box independence
has good dynamical implications: i1t allows us to formulate a version of ‘relative Bernoullicity’
for not necessarily shift-invariant measures.

Suppose that (Z,8’) is a compact, metric space, and let ¢ = ¢¥), ¢/ = ¢(%) and T = ¢ x o’
be the shift-actions (1.1) of Z¢ on YZd, Z2° and (Y x Z)Zd. We write a typical element of
(Y x Z)Zd > Yy g8 as (y,z) with y = (yn) € Y% and z = (zn) € 72 and denote by
7Y)(y,2) = y and 79)(y, 2) = 2 the projections of a point in (¥ x Z)Zd onto its ‘coordinates’
in Y2 and Z2°. Fix a measure n e M ((Y x Z)Zd)T, set pl?) = p(x9)~1 ¢ Ml(ZZd)UI, and
apply standard decomposition theory to find a Borel map z — p, from 7% to My (de) such
that

Jrau= [ ] wws) i) an (2.12)

for every continuous map h: I x Z2% R, and

/’LU‘(,Z)(;;) = /'LZO-(—};) (213)

for every z € 72" and n € Z4.

2.10. Definition. The measure p € M;((Y x Z)Zd)T is relatively almost box independent

(relatively almost box independent) with respect to i if, for u?)-a.e. z € ZZd,

lim limsup dg,, (., p2~) = 0.
N—oo peo

Relative Bernoulli theory leads one to expect that the Z%action T on ((Y x Z)Zd, ‘B(sz)zd )
is measurably isomorphic to the Cartesian product of ¢(%) on (ZZd,SBsz,p(Z)) with some
Bernoulli action of Z¢ (cf. [Thol). Since a proof of this would take us too far afield we settle for
the following more modest statement which will suffice for our purposes in Section 4.

2.11. Theorem. Suppose that € M;((Y X Z)Zd)T satisfies the following conditions.
(1) pt9 e Ml(ZZd)U(Z) is Bernoulli;
(2) p is relatively almost box independent with respect to 7L,

Then p is Bernoulli.
The proof of Theorem 2.11 depends on the following lemma.

2.12. Lemma. Suppose that p € Mi((Y X Z)Zd)T is relatively almost box independent with
respect to ZZd, and that %) is ergodic under o\7). Then there exists, for everye >0, an e’ > 0
and a Borel set V C Z2° with u(V) =1 such that

liminf dg,, (g, pr0) < €
M—o0
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whenever z,z' € V and
1
lim sup —— § (zn, 25) < €. (2.14)
M—co |Bum] HGZB:M
Proof. Lusin’s theorem implies the existence of a closed set C' C Z7% such that u(Z)(C') >

1 —¢/100 and the map z +— p, is continuous on C'. We use the relative box independence of p

to find an integer Ny > 0 such that
fA(Q) > 1 —¢/100,

where
Q= {ze 7% dimsup dp,, (1, u2>) < ¢/100} C 72",

M—oo

Let &’ be some metric inducing the product topology on Z2°. The (uniform) continuity of the

map z +— g, on C allows us to find an €’ > 0 such that

2
i € 1
_ 2.15
° s (100) B, (2.15)

and

dpy, (ptz, p20) < £/100 (2.16)

whenever z,z’ € C' and
8'(z,2") < \/€"|Bn,]|.

We choose an ¢ > 0 with

1
lim sup —— 8 (ol (2),0n(2") < &” 2.17
meup i 3 S22 (217

for every (z,2') € i satisfying (2.14). As
pAQNC)>1—¢/50,

the ergodicity of ul%) e Ml(ZZd)U(Z) guarantees that there exists a Borel set V C Z2% with
p (V) =1 and

1
lim —— Lanc(e4?)(2)) > 1 — /50
M=t |BM|HGZB:M no(7a”(2)) /

for every z € V, where 1gn¢ is the indicator function of QN C'. By considering, for every z € V,
the density of the set {n € Z4: UEZ)(,Z) ¢ QN C}in Z¢ we see that

1
lim sup —— Z 1an(agz)(z)) . 1QQC(U£Z)(Z/)) >1—¢/25
M—o0 BM| neBy

for every (z,z') € (2N C)2. Hence there exists, for every (sufficiently large) M > 1 and every
(z,2") € (QN )% an element m(z, 2, M) € By, with

. B
lim sup | B, |

lanc (0l (2)) lanc (el () > 1 — /25,  (2.18)
M—co |Bul

n€ByN(Tny +m(z,2/,M))
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where

Ty, = (2N, 4+ DZ

We fix temporarily (z, ') € V? satisfying (2.14) and hence (2.17), and observe that

lim sup | Bl > 8 (0 2)(2), 0lZ)(2")) < &”|Bn,|. (2.19)
M—o00 |BM| ’
n€ByN(T'n, +m(z,2’,M))

Let
Ay ={n€ By N (Ty, +m(z,2) : (6l7(2), a2 (")) € (2N C)?
and &'(0(7)(2), 07 (=) < /e[ B }-
According to (2.18)~(2.19) and (2.15),
| B || Am|

lim sup >1—¢/25—¢/100 =1—¢/20, (2.20)
M—co  |Bul
and (2.16) guarantees that
CZBND (/'LU,(,Z)(z)’ /'LU,(,Z)(z’)) <1-¢/100 (2.21)

for every n € Ajpy.
Let
(M) _ 1 .
By,  ={(B+m(z, 2", M))N By : B € By, }

be the tiling of By induced by the tiling By, + m(z, 2, M) = {B+n(z,z/,M): B € By, } of
Z% From (2.13) and (2.20)—(2.21) it is clear that

_ B M) B M) |AM| 1 _
d zND /ND <1l-—--—— TS d onl2z on(2!
BM(/J 1, )_ |BM| + |BM| EZA: BND(/’L w(2)s Hon( ))
n M
|[Awm| 1 7
Sl_—‘i‘— dB (/'Lanza/ianz’)
B |AM|H§M o (Mo (s How(21)

for every M, and that

(M) (M)

limsup d(p: " ,pu.° ) < e/20+ /100 = 3¢/50.

M—oo
Since By, is finite there exists an element m € By, with m(z,z’, M) = m for infinitely
many M. We fix such an m € By,, put M = {M > 1 : m(z,z/,M) = m}, and note that
(O'EZ)(Z), UEZ)(Z’)) € Q? for every M € M and n € Ay, and that
(M)

. . 7 0 _ . . 3 B o
liminf dp,, (i, 1™ ) = i inf diys (o), (o))

< ljlwnl_}ilof CZBM—m(/’LO'm(Z)’ (ﬂam(z’))BND) < 6/100
MeM

Since the same argument holds for 2z’ we obtain that

L s BOD. o BOY BOD. By
liminf dp,, (p12, pzr) < Himinf (dp, (s =™ ) diy ("0 2™ )+ dpo (e, 1™ )

<e/100+ 3¢/504+ /100 < e. O
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Proof of Theorem 2.11. Suppose that yp € M;((Y x Z)Zd)T is relatively almost box indepen-
dent with respect to ZZd, and that u(?) is almost box independent Then

lim limsup dp,,(u?), (u%))B) = 0. (2.22)

—0 M—oo

Consider the decomposition {yu, : z € ZZd} of win (2.12)—(2.13), and define puy € M, (YZd XZZd)

by
/hduwz/ d/ LBy, 2) dpf™ (y) du' P (2)
ZZ YZ

for every continuous map h: VI x 72+ R and every N > 1. Then

/ hdp = / / h(y, ) duf™ (y) d(p#))5~ (),
zzt Jyz?
and (2.22) and Lemma 2.12 imply that

lim liminf dg,, (uxn, £°V) = 0.

N—oo M—oo
The relative almost box independence of i1 guarantees that
lim limsup dg,,(, pn) < lim limsup/ciBM(ﬂz,ﬂfN) dp(Z)(z) =0
= Moo N—=co Moo
and hence that
lim lim 'glof dpy, (s, 1) = 0.

N—oo M—
As the measures p and pPV are invariant under the Z%action m +— Ty on (Y x Z)Zd we can
apply (2.6) to see that
liminf dp,, (u, p5) = limsup dp,, (p, )
M —o0 M—oo
for every N > 1, and hence that
lim limsup dp,, (g, u®~) = 0.
—0 M—oo

This shows that p 1s almost box independent, and Theorem 2.3 completes the proof of Theorem

2.11. 0O

In order to apply the criteria for Bernoullicity in Theorem 2.3 to Z%actions by automorphisms
of compact, abelian groups we need to introduce a further condition which is very close to a
property originally introduced by A. Vershik for d = 1. Although Vershik’s conjecture that this
property implies Bernoullicity has been shown to be wrong (cf. [Rot]), the following Theorem
2.14, which strengthens some of the results in [DDP] for d = 1, is an indication that Vershik’s

conjecture was correct in spirit.

2.13. Definition. A measure u € Ml(YZd)U is summably Vershik if there exists a Fglner
sequence (F,,, n > 1) in Z% and, for each n > 2, a partial cover A" of F, by translates of F,,_,
with the following properties.

(1) X1 = LA/ 1)) < 005
(2) Yosodr, (1, 12" < oo
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2.14. Theorem. If a measure i € Ml(YZd)U 1s summably Vershik then it s sporadically a.b.1.

and hence Bernoullr.

Proof. For every n > 1 and m > n we define inductively a partial cover A" of F,, by
translates of F,,. Put A"m=1 = A 1f AU™J) has been defined for j = n+1,...,m—1,
and if A7) = LF, ) +n:n € BT say, then

A — A4 n: Ae AP and n e Mt}

From this construction it is clear that

m

A > (Ful - T e

i=n+1

where '
A
| £l

C; =

for every 7 > 2. An inductive calculation shows that

= (m,n) = = (4) “
dp, ()< D dr () + DD (- @),

i=n+1 i=n+1

and by setting
oQ B (l) oQ
G= Y de(p )+ Y (1-)
i=j+1 i=j+1

we obtain that, for every n > 2 and m > n,
dp,, (p, ") < o,

and that lim, ., ¢, = 0.

Given any € > 0 we choose n > 2 such that ¢/, < ¢. Then
LAY ™M]| = (1= &) F

and

i ATy g

dr,, (p, pt

for every k& > j, and by choosing an integer K > 0 such that F,, C Bg we see that p is
sporadically a.b.1. O

3. THE PROOF OF THEOREM 1.1 IN A SPECIAL CASE

We recall the algebraic description of Z%actions by automorphisms of compact, abelian groups
in [KS], [Sc1] and [LSW]. Let %y = Z[uf', ... uF'] be the ring of Laurent polynomials with
integral coefficients in the commuting variables uy, ..., ug. We write a typical element f € 9, as
=Y mezacy(m)u™ with ™ = o'+ ul'* and cj(m) € Zfor every m = (my, ..., mg) € Z4,

where } " coalep(m)| < oo Ifais a Z%action by automorphisms of a compact, abelian group
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X (which is always assumed to be metrizable), then the additively written dual group I = X

is a countable module over the ring R4 with operation

fra= Y ej(m)ama) (3.1)

mezZd

for every f € Mg and a € M; here apy, is the automorphism of M = X dual to agy. In particular,
Am(a) =u™ -a (3.2)

for every m € Z% and a € M. Conversely, if M is a countable Ry-module, and if

a@l(a)=u™ - a (3.3)

for every m € Z% and a € M, then we obtain a Z%action

on the compact, abelian group

I I

dual to the Z%action o™ : m — o2 on M.

The simplest Rg-modules are the cyclic ones, i.e. those of the form PR,/a, where a is an
ideal in $R4. In this section we prove Theorem 1.1 for Z%actions « for which the corresponding
Rg-module M defined by (3.1)—(3.2) is restricted even further: we assume that 9 = Ry /p for

some prime ideal p C Ry.

3.1. Proposition. Let p C Ry be a prime ideal. Then the Z%action o = o™/ s Bernoulli
of and only if it has positive entropy.

Theorem 4.2 in [LSW] shows that, if p C R4 is a prime ideal, then the entropy h(amd/p) of

a™e/v ig given by

0 if p= {0}’
h(a™ /7y = S log M(f) if p=(f) = fRq for some 0 # f € Ry, (3.6)
0 if p 1s not principal,

o () = exo ([ g 176} ddesfs)) (3.7

is the Mahler measure of the Laurent polynomial f € R4 (Age is the normalized Haar measure
of the multiplicative group S¢ = {s = (s1,...,54) € C? : |sy| = --- = |sq| = 1}). Furthermore,
if 0 £ f € Ry, then log M(f) = h(a™/()) = 0 if and only if f is a generalized cyclotomic
polynomial, i.e. if f is of the form f(u) = au™ec(u®), where a € {1,—1}, m € Z% 0 # n € Z4,
and where ¢(+) is a cyclotomic polynomial in a single variable. Finally, Theorem 6.5 in [LSW]
implies that, if p C 9y is a prime ideal, then a™4/? has completely positive entropy if and only
if h(a™e/P) > 0.

For later use we require a little bit of insight into the Mahler measures of polynomials in

a single variable. Let K be an algebraic number field, denote by P¥, Pf]K and PE the sets of
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places, finite places and infinite places of K, and consider, for every v € P¥, the locally compact
completion K, of K with respect to v. The valuation | - |, of v is obtained by fixing a compact

set C' C K, with non-empty interior and by setting, for every a € K

/\K(GC)
Ar(C)

lal, =

where Ax is a Haar measure on the additive group K, , and where aC = {ab : b € C'} (cf. [Cas],
[Wei]). The product formula states that, with this choice of | - |,, v € P¥,

1 if 0£a€ekK
IT lal. = { a0 (3.8)
v ePE if a=0.
If f=co+ciu +---+ cku’f € Ry is an irreducible polynomial with egep # 0, and with roots
C1,.., €k, and if K = Q[¢q] is the algebraic number field generated by ¢;, then Theorem 1 in
[LW] and Theorem 3.1 in [LSW] imply that

log 14(/) = | log |(9)] dha(s) = log lex| + 3 log* [cl,
’ veby (3.9)
= 2 log* (Gl
vEPK

where log*(t) = max{0, logt} for every ¢ > 0.

We begin the proof of Proposition 3.1 by recalling two lemmas from [Kat].

Let (Y,%, ) be a probability space, and let ¢ > 0. Two finite partitions P,Q in ¥ are
e-independent (with respect to p) if

Yo PN - u(PIMQ)] <= (3.10)
PeP,QeQ
3.2. Lemma. Let (Y, %, 1) be a probability space, P,Q finite partitions in ¥, and ¢ > 0.
Suppose that there exist a set ¥ € % and non-negative, measurable maps fp,gq:Y — R, P €
P, Q€ Q, such that the following conditions are satisfied.
(1) u(E) <e*;
(2) fe(y) > 1 for every P € P and y € P~ E, and go(y) > 1 for every Q € Q and
yeQNE;
(3) Zpepffp du < 1+¢? and ZQlegQ dp < 1422;
(4) [ frgodu= [ fpdu [ gqdp for every P €P,Q € Q.
Then P and Q are 30e-independent.

In [Kat] the partitions P and @ are, in fact, stated to be 1le-independent, but this difference
is of no importance. For every k > 2 we write P*) C B for the partition of T into k intervals
of equal length: P = {Po(k), cee P]gli)l} with P]»(k) = [%, ]%1) +ZCTfor j=0,..., k-1
3.3. Lemma. Let k > 2 and m > 1. There exists a Borel set E*™) C T and continuous,
non-negative functions h;k’m): T—R,57=0,...,k— 1, with the following properties.

(1) Ap(E®E)) < L and Zf;ol h;k’m) <1+ km? for everyt € T;

m27
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(2) For every j=0,....k— 1,1, € PV BG4y € T (PP U BRm),

1

k,m k,m
R > 1, R () < =5

m

(3) For every j=10,...,k—1,
/hgk,m)(t)e—%'mt d/\qf(t) -0
whenever |n| > 8k3m®, i.e. h;k’m) 15 a trigonometric polynomial involving only trigono-
metric functions e2™"t with |n| < 8k3mS.

Proof. For every n > 64 and t € T we set

1 n—1 il 1 e2ﬂ'int -1
—_ . T . _ T L=
) =7 ;e = Un aEmi

n—1
77,—|l| T
balt) = lan(O)* = 37 EE e,

I=—n+1

Then b, >0, [ b, dA\r = 1 and, for every ¢ € T with ||t|| = min{|t —m|:m € Z} > n=1/3

lan(t)] < —= -

(3.11)

Put F(") = {t € T: |t - 1| < — for some [ € Z} and set, for every j € {0,...,k — 1},
g](»n) =1pm #bn+ 165—1/3, where * denotes convolution, and where 1) 1s the indicator function
7 7

(n)

J

1

of P]»(k). Since b, is non-negative, g; ° 18 non-negative, g](»n) <1+ 5579

k1 : k1 i i
Zgj =bnx (Z 1Pj(k)) + 16ni/3 — 1+ 16n1/3’
j=0 j=0

and the inequality (3.11) implies that g](»n)(t) > 1 for every t € P].(k) ~ F(™)_ The proof is

completed by setting n = 8&3m®, E#m) = F(7) and h;k’m) = g](»n) forevery j=0,...,k—1. O

In order to proceed further we require an explicit realization of (de/p, amd/p), where p C Ry
is a principal prime ideal (cf. [Scl]). Let d > 1, f € Ry, and let (f) = f9Rq be the principal
ideal generated by f. We define the shift-action o of Z% on TZ* by (1.1), put

g(o) (@)= Y ey(m)owm(e) € T (3.12)

mezZd

for every g =) ez cg(m)u™ € Ry and & = (xn) € Tzd, and identify PRy with the dual group
TZ of TZ by setting
(g, z) = e2mia(2)@)o

for every g € Ry and = € TZ'. With this identification we obtain that

XM/ = {2 e T2 f(o)(2) = 0 € TZ'}, (3.13)
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and that a™4/(f) is the restriction of & to XT¢/(F) ¢ TZ, In particular, if f = 0, then a™¢/(/)
is the shift-action of Z¢ on TZ" and hence Bernoulli with infinite entropy. If f = cu™ for some
non-zero ¢ € Z and some m € Z¢, then we may obviously assume that m = 0, and that ¢ = p

is a rational prime. In this case

XM/ = g = (2g) € TZ :pan =0 (mod 1) for every n € Z9}
k z* (3.14)
= {— 0<k < p} ,
p

and o™¢/(J) corresponds to the shift-action of Z% on {% 0<k < p}Zd and 1s thus Bernoulli
with entropy logp. We are left with the case where f = 3" /. cf(n)u™ is a non-zero, irreducible
Laurent polynomial which is not generalized cyclotomic (in order to ensure that h(amd/(f)) > 0).
The following observation helps to overcome a minor technical difficulty in proving that o™e/(/)

1s Bernoulli.

3.4. Lemma. Let A € GL(d,Z), and let f4 = Y onend cr(m)ud® € Ry. Then o = el (1) s

Bernoulli if and only ifozmd/(fA) 1s Bernoulli.

Proof. We define a continuous group isomorphism t4: TZ* —— T%* by setting (¥a(2))n = % aAn
for every & = (zn) € TZ' and n € Z9 and note that Pa(X T/ = X/ () and o4 cameld) —
a?ﬁ/(fA) aby for every n € Z% 1In particular, @ = a™4/() is algebraically conjugate to the
Z%action a?d/(fA):n — afi/(fA), and the definition of Bernoullicity shows that aTal/ %) g

Ra/(f*)
A

Bernoulli if and only if o =2 « is Bernoulli. O

Motivated by Lemma 3.4 we make the following ad hoc definition.

3.5. Definition. An irreducible element f =" . .c;(n)u™ € Ry is nice if cf(0) £ 0, and if
there exists an element v* = (r;,...,7%) € Z%such that v} > 0for i =1,...,d, ¢;(x*) # 0, and
ct(n) = 0 for every n € Z9 \ ., where

Qi ={0,r"}U{n=(ny,...,ng) €Z*: 0<m; <v} forall i=1,...,d}.

If d = 1 every non-constant, irreducible polynomial f € fR; with non-zero constant term is
nice; if d > 2, and if f € PRy is irreducible and has at least two non-zero coefficients; then we
can find m € Z¢ and A € GL(d,Z) such that u™ f4 is nice.

Until further notice we assume that d > 1, f € Ry is a nice, irreducible polynomial which
is not generalized cyclotomic, and that o = a™¢/(f) is the shift-action of Z? on the group
X = X%a/() ¢ T2 in (3.13). Let k > 2, define the partition P**) C By as in the paragraph

preceding Lemma 3.3, and put
P =2 (PY) C Bx (3.15)

for every n € Z¢, where myny: X — T is the projection onto the n-th coordinate. For every

n > 1 we consider the finite partition

o ="\/ P (3.16)

neB,
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Our first task consists of showing that, for j = 1,...,d, the partitions

A(ka naj)_ = a(2"+n2)e(j) (Q(Zlf‘)>’

(3.17)
. k
A(ka n, .7)+ = a—(2"+n2)e(j) (Q(zn))a
become rapidly independent as n — oo, where e) is the j-th unit vector in Z¢.
In order to quantify this claim we set, for every j = 1,...,d,
Q(Qn,j)i = Bon + (2n + n2)e(j)’ E(n,j)i — U Oz_r(E(k’erd))’
reQ(2n,j)*
where [r| = max{|ri]|, ..., |rq|} for every r € Z% For all atoms
Am= () aPP)edlkn )T, At= () aco(P) € A(k,n, )t
reQ(2mj)" reQ(2m,j)t

with j. € {0,...,k — 1} for every r we let

I'2d I'2d
o= 1 WM mgae= T ARy,
reQ(zn,j)- reQ(2n )"
I,2d I,2d
o= I A g ae= T A g,
reQ(zn )t reQ(zn,j)*

and apply Lemma 3.3 to obtain the following.
(i) The sets E(n,j)* C X satisfy that

(Bt < 0 ﬁ

reQ(2n,j)E
< (2d — 1) Z (27° + 1)d_17~—4d < an—6d;

(ii) For every A* € A(k,n, )T, gaz > 0;
(iii) The continuous maps g4+: X — R, AT € A(k,n, j)*, satisfy that

Z ga+ < H (1 + M%)

AteA(k,n,j)* reQ(27,)*

k (2d—1)(2r41)4"1
(1 + W) )

Z ga- < H (1 + M%)

A-cA(k,n,j)~ reQ(2n,5)

- k
< H<1+W

r=n?

<

oQ

)(Zd—l)(2r+1)d_1

(iv) If AT € A(k,n,j)*, and if

gaz(@)= D gax(a)-(x,q)

a€NRa/(f)
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is the Fourier series of g4+, then every a € Ry/(f) with g4-(a) # 0 for some A~ €
A(k,n,j)” is of the form a = ¢ + (f), where

o= Z co(r)u’ € Ry

reQ(2m.5)"
with

leg(x)] < 8k |7
for every r € Q(2",7)7; similarly, if g4+(a) # 0 for some AT € A(k,n,j)" and a €
Ra/(f), then a = ¢ + (f), where

= Z cp(r)u’ € Ry

reQ(2m,j)t
with

leg(r)] < 8K>[e|"4
for every r € Q(2", j)T.

In the next lemma 7} is the degree of f in the variable u; (cf. Definition 3.5).

3.6. Lemma. Forj=1,...,d, and for every integer n > 2kd with

e—2n2h(oz) .(k3214dn)r; <1, (318)

the partitions A(k,n,§)~ and A(k,n, )t in (3.17) are 30k2¥?n=34independent.

Proof. Since all the definitions involved are invariant under permutations of coordinates it will
suffice to prove the lemma for j = 1. Since f is nice (Definition 3.5), we can write it in the
form f = Z;I:O gju{ with g; € Zus, ..., ug] for every j = 0,..., 7}, where gg = ¢;(0) # 0 and
grr = cf(r*)u;; . ...~u2§ # 0.

Suppose that we can prove the following for every integer n > 2kd satisfying (3.18): if
Y™, YT € Ry are of the form

YT = Z cy-(r)u*, Yt = Z cy+(r)u” (3.19)
reQ(2~,1)- reQ(2=, 1)+
with
gm0 < S, ey ()] < SRS (3.20)
for every r € Q(2",1)~, v’ € Q(2",1)T, and if
YT+ () =yt (), (3.21)
then

v e(f), vte(s) (3.22)

If A= € A(k,n,1)~, AT € A(k,n,1)*, then condition (iv) preceding the statement of this
lemma and (3.19)-(3.22) together show that no non-trivial character « € X = 9 has the

property that a occurs in the Fourier series of g4~ and —a in the Fourier series of g4+. Hence
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[ 9a-9a+drx = [ga-dAx - [ga- dAx for every A~ € A(k,n,1)~, At € A(k,n,1)*. From
the conditions (i)—(iii) above we obtain that Ax(F(n, 1)*) < 2¢n=%¢ and that

1og< > gA:t(l‘)) <o (2d- 1)(2r+1)d_1log<1—|—r%)

AfecA(k,n,1)* r>n?

<(2d-1)- Z (2r + 1)d_17~%

r>n?
k k
<2%2d-1)- > m<2dw
r>n?

for every # € X. Since logt > %(t -1 > %(t — 1) whenever 1 <t < 2 we see that

AfecA(k,n,1)*

whenever n > 2kd, and Lemma 3.2 yields that A(k,n, 1)~ and A(k,n, 1)t are 30k2%/2p=34
independent.

In order to prove that (3.19)—(3.21) imply (3.22) whenever n > 2kd satisfies (3.18) we let
P2, ...,pq be distinct rational primes with p; > rf for every | = 2,...,d, choose primitive p;-th

unit roots w;, [ = 2,...,d, and set

d
P=(ps . pa) PI=][[i—1), w=(w,. .. wa)
1=2
Let L = Qfws, . . ., wq], put h(ur) = flur,ws, ...,wq)/co(f) € L[ui], and consider the decompo-
sition h = hq -...- hy of h into irreducible elements of L[u;] with constant terms 1. By applying
the Galois group Gal[L : Q] of L over Q to h = hq - ... hy; we obtain, for every « € Gal[lL : Q],
a corresponding decomposition h® = hf - ... hy, where h" and h{ are the images of h and h;
under k. Put, for every i = 1,...,4q,

H; = H hi € Qfu,

rk€Gal[L:Q]
q p2—1  pa—1 ) )
H(uy) = HHi(Ul) = cf(O)_[p] . H H Slup,wh?, oo wlh).
=1 j2=1 ja=1

Elementary Galois theory implies that there exists, for every 7 € {1,... ¢}, an integer ¢; > 1

and an irreducible polynomial G; € Q[u;] with constant term 1 such that
H; =G} (3.23)

Let {(7) = {(p,w, i) be a root of h;, put & = Q[¢(¢)], L; = L[¢(¢)], and recall that, if v is a
place of K;, then

Jaly = II |alw (3.24)

{wePli:w lies above v}

for every a € K;, where m; = [L; : K;].
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With this notation at hand we return to the assertion of the lemma and assume that n > 2kd
obeys (3.18), and that =, ¢ € Ry satisfy (3.19)—(3.21). Since the ideal (f) = fRg C Ry is
prime, (3.21) is equivalent to the condition that

YT = D) ()= Y ey ()€ = 9T

reQ(2n 1)~ reQ(2m,1)+ (3.25)
=¥(§), say,

for every &€ = (&1,...,&) € Ve(f) = {€ € (C~{0})? : f(&) = 0}, where & = &t - ... &2 for
every v = (ry,...,rq) € Z% and € € V¢(f), and (3.22) amounts to saying that

() =0 (3.26)

for every & € Vo(f). In particular, if {(¢) = ((p,w,?) is the root of h; chosen above, then

FC(@),wa, ... ,wq) =0, i.e &(i) = €(p,w, i) = ((7),wa, ..., wq) € Vo(f).
In order to investigate the behaviour of ¢(£(¢)) we observe that

(€@ = Y e E)” (3.27)

reQ(2m,1)+ w

Yo - (mED”

reQ(zn,1)-

w

|z = min{|a|, |a|;1} for every non-zero element a € IL and conclude

from (3.20) and (3.27) that

for every w € Pli. Put |a

(I¢(@)]z)" if w is finite,

w

HEO = { (@ - [Crequan s 8F*],, if wis infinite,

since |wjlw =1forall j=2,...,d and w € P% . An elementary calculation shows that
2% 4n?
ST 8K < > 8k (2d — 1)(25 + 1)
reQ(2r, )t j=n?
2% 4n?
<8k (24— 1270 Y7 (j4 1)
j=n?

< 2dk3(2n + n2 + 1)13d < k3214dn

so that )
" if w is finite,
n

)7 |k32M4n)if w is infinite.

(4)

¢
()

o
lw
According to (3.24),

|C(i)m’n2 o if v 1s finite,

1 PE@ < { |C(iy™in" |7 - |k321447 ™0 if p is infinite

we€PLi lies above v

for every v € P%¢ and

IT ek < ( II |<(i)"2|;) l.(k3214dn)m,[ﬂ&:@].

wePL: vEPE;
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By varying i € {1,...,¢} and using (3.23) we obtain that

i=1 “yepPl:

tin?/[p] 4 (3.28)
< H( 11 IC(i)IJ) (k32 st Qi)
i=1 tye P i=1
If
p2—1 pa—1
F(P)(Ul) = H . H f(ul,wz , ’wild)
j2=1 ja=1
q
= H(u1) - er (0P = [ Gi(ur)'s - c;(0)P],
=1
then we claim that
d tin”/[p] ]
H( II IC(i)IJ) = M(F(®))=2n"/lp], (3.29)

Indeed, apply (3.9) and (3.8) to each of the polynomials G; to obtain that

(G = (I1 ewtos™ 1) =TT Kl

veP%i ve P%;

By taking the product over ¢ = 1,...,¢ and taking into consideration (3.24) we have proved
(3.29).
In order to see that

M(FP))y=2n7/P] _ =2nh(e) (3.30)

as the distinct primes (p2,...,pq) tend to oo we conclude from Lemma 3.5 in [LSW] that the

map
s =(82,...,84) — /Slog |f(s,82,...,8q4)|dAs(s) = /Slog |f(s,8)| dAs(s)

from §9-1 to R is continuous. As
1

[p]

is a Riemann sum approximation of the integral

/S (/S log [(s,5)] d/\g(s)) Digsor(s)

we obtain (3.30) by letting p; — oo for i = 2,...,d.

log M(F®))

By counting degrees we see that

q
T (k32tstn b0l ) = (g3g1adnyt (3.31)

i=1

for every p = (pa, ..., pa), and (3.28)-(3.31) show that

! to/mi[p] ] *
H( H |¢(€(Z))|w) < M(F(p))~*" /Ip] . (kB2l4dn)rs

i=1 “yepPl:
2 *
e~ 2 h(a) | (k3214dn)r1
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as the primes p; tend to oco. In particular, as n satisfies (3.18),
q ti/m;[p]
II( 1T o) <1
i=1 “wePLi
whenever the p; are sufficiently large. However, the product formula (3.8) implies that

f[( II |¢<£<i>>|w)t’/m’[p]: { 0 if [T, $(E(7) =0,

1 otherwise,

i=1 “yepPl:
and hence that
q
[T¥¢Em w, i) =0 (3.32)
i=1
for every vector p = (pa,...,pq) consisting of distinct and sufficiently large rational primes, and
for all corresponding primitive unit roots w = (ws,...,wy). For every s = (sa,...,54) € S9!

we denote by ((s,1),...,((s,r]) the roots of f(ui,s) = f(u1,s2,...,s4). By (3.25), (3.32) and

continuity,
[T¢ si)s) =[] vt (CCs,i)8) =0
i=1 i=1

for every s € S ' In particular, if the coordinates ss,...,sq4 of s are transcendental and

algebraically independent, then Galois theory shows that

1/)(C(S, i)a S) = 1/)+(C(Sa i)’ S) = 1/)_(C(Sa i)’ S) =0

for i = 1,...,7}. The complex varieties Vg(v™) = {c € (C~ {0})? : ¥~ (¢) = 0} and V(vt) =
{e € (C~{0})? : ¥F(e) = 0} of ¥~ and ¥t thus contain generic points of Vg(f), so that
vt € (f) (cf. [Rei]). This shows that (3.19)—(3.21) imply (3.26) and hence (3.22) and

completes the proof of the lemma. O

We define a Borel map ¢*): X — {0,... k — 1}Zd by setting
k-1
(@) = Sk L ()
j=0

for every # = (#n) € X C TZ" and n € 7% where P = {Po(k), e P]gli)l} is the partition of
T defined before the statement of Lemma 3.3, denote by T(®) the shift-action (1.1) of Z% on
{0,...k— 1}Zd, and set u(*) = Ax (™))=L, From the definition of ¢*) it is clear that

H) -y = T . (H)

for every n € Z4, and that u*) € My ({0,... k — 1}Zd)T(k).

3.7. Lemma. The measure p = p*) € M;({0,... &k — I}Zd)T(k) is summably Vershik and

hence Bernoulli.
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Proof. For every n > 1 we put m,, = > /., (I+d+ 1)?, F, = Banjon,, and define a partial

cover

d
A = {Fn_l + i+ d+1)7+ 277 mp1)e) s (i, i) € {1, —1}d}
ji=1
of F,, n > 2, by translates of F},_; with

A -
Z<1 T )< . (3.33)

n>2

From (2.6) we know that

; N () A
dp, (1, ) < dpaon () + (1— |[|F |]|)

for every n > 2, and we claim that

dacoy (") < 30dk2% 2=
whenever n > 2kd satisfies (3.18). Indeed,
[A™] C Q" )T U™ j)”

for j=1,...,d, and Lemma 3.6 shows that the partitions

Voo YA

nefAMInQ(2n+t j)+ nefAM™InQ(2n+t j)-

are 30k2%2n=3%independent whenever n is sufficiently large. We define partitions B7), j =
0,...,d, of [A®)] by setting B = {[A(™]} and

B = ([AM] N Q2™ 1) n-- Q"+ j)*)
for every j = 1,...,d. From (2.7) it is clear that

. (rim1)  g(md) _
dpacnn(p® BTy < 30k24 234

for j =1,...,d. Since B? = {[A(]} and B9 = A we conclude that

d

(%) 7 (n,i—1) (n,9) _

d[A(n)](ﬂaﬂA ) < E d[A(n)](/,LB ’NB ) < 30dk24/ 234
Jj=1

and, by (2.6), that

_ n (n)

for every sufficiently large n > 2. In conjunction with (3.33) this proves that p = u(k) is

summably Vershik, and the final assertion follows from Theorem 2.14. O
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Proof of Proposition 3.1. Let p C %Ry be a prime ideal, and let o« = o™e/? If h(a) > 0,
then p is principal by (3.6). The cases where p = {0} or p = (p) for some rational prime
p > 1 were dealt with in the discussion preceding Lemma 3.4. In order to complete the proof
of Proposition 3.1 we assume that p = (f) = f9R4 for some non-zero, irreducible polynomial
f= ZnEZd cr(n)u™ € My with at least two non-zero coefficients and apply Lemma 3.4 to assume
in addition that f is nice in the sense of Definition 3.5. We realize o = a™4/() as the shift-
action of Z% on the closed, shift-invariant subgroup X = X%a/(/) ¢ TZ' in (3.13) and observe
that the Bernoullicity of « is equivalent to the assertion that the measure Ax € Ml(TZd)U 18
Bernoulli, where o is the shift-action (1.1) of Z¢ on T2 1f we identify each partition Pl(qk) in
(3.15) with the corresponding partition of TZ 5 X, then Lemma 3.7 amounts to saying that the
o-invariant sigma-algebra G*) = Vaene U_H(P(()k)) = Viene P ¢ Bz is a Bernoulli factor
of o on (Tzd, Bze, Ax) for every k > 2. Since gk Bz as k — oo, Lemma 2.6 implies that

Ax 1s Bernoulli. O

4. THE PROOF OF THEOREM 1.1

In order to deduce Theorem 1.1 from Proposition 3.1 we need a little more algebra. Let
M = X be an Ry-module. A prime ideal p C Ry is associated with M if p = {fERs: f-a=0}
for some a € M. Conversely, if p C Ry 1s a prime ideal and M an Ryz-module, then M is
associated with p if p is the only prime ideal associated with 2, and M is p-elementary if there

exist finitely many submodules
M=N,D---2Ng ={0}

such that 9; /91 22 Ry /p for every j = 1,...,s. The key ingredient of the proof of Theorem

1.1 1s the following result, whose verification we postpone for the moment.

4.1. Proposition. Let p C Ry be a prime ideal with h(amd/p) > 0, and let N be a p-elementary

MR-module. Then o™ is Bernoulli.

Assuming Proposition 4.1, Theorem 1.1 is proved along exactly the same lines as the main

result in [Wa2].

4.2. Lemma. ([LSW]) Let a be a Z%action by automorphisms of a compact, abelian group
X, and let M = X be the Ry-module defined in (3.1)-(3.2), The following conditions are

equivalent.
(1) For every prime ideal p C Ry associated with M, the Z4-action o™ /¥ defined in (3.3)-

(3.4) has positive entropy;
(2) o has completely positive entropy.

4.3. Lemma. ([Scl], [ScW], [Wa2]) Let M be a Noetherian Rg-module with associated prime
wdeals P1,...,9m. Then there exists, for each ¢ = 1,...,m, a p;-elementary Ry-module N,
such that M is isomorphic o a submodule of N =P, N,
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4.4. Lemma. Let (M,, n > 1) be an increasing sequence of Noetherian submodules of an
Ra-module M with M = J,,~, M. Then a™ is Bernoulli for every n > 1 if and only if o™

15 Bernoulli.

Proof. For every n > 1 we consider the closed, a™-invariant subgroup Y;, = M, C X = X™
and observe that X/, = S/JT\H, and that o™ is equal to the Z%action aX/¥» induced by o = o™
on X/Y,. Since M,, /M as n — oo, the sequence (¥, n > 1) decreases to the trivial subgroup
{0} C X, and the sigma-algebras Bx,y, = {B € Bx : B+ y = B for every y € Y,,} increase
to Bx. Our assumption implies that o is Bernoulli on (X, Bx,v,,(Ax) ) for every n > 1,

and [OW] guarantees that « is Bernoulli (cf. Lemma 2.6). O

Bx/v,

Proof of Theorem 1.1. Let o be a Z%action by automorphisms of a compact, abelian group
X with completely positive entropy, and let 9 = X be the Rz-module defined by (3.1)-(3.1).
If 9 is not Noetherian there exists an increasing sequence of finitely generated—and hence
Noetherian—submodules (M, k > 1) with M = J, 5, Me. Lemma 4.4 implies that « = o™ is
Bernoulli if and only if o™ is Bernoulli for every k_z 1. Furthermore, since every prime ideal
associated with some 91 1s also associated with 9, and since every prime 1deal associated with
M 1s associated with some My, Lemma 4.2 guarantees that o has completely positive entropy if
and only if ™ has completely positive entropy for every & > 1, This observation shows that it

suffices to prove Theorem 1.1 under the additional assumption that the $tg-module M = X is

Noetherian.
Let py1, ..., pm be the prime ideals associated with 9, which is now assumed to be Noetherian.
Then h(amd/p’) >0 for:=1,...,m, and Lemma 4.3 allows us to find p;-elementary modules

NG i =1,...,m,such that 9 is (isomorphic to) a submodule of N = b, NG, If X = Nand

& = a™, then the group homomorphism ¢: X — X dual to the inclusion 9t C N is continuous

and surjective, and ¢-ay = oy - ¢ for every n € Z%. Proposition 4.1 shows that o™ is Bernoulli

. _ 1 m
fori=1,...,m. Hence @ = o™ x ... x oM™

2.5, 0O

is Bernoulli, and « is Bernoulli by Lemma

The remainder of this section is devoted to the proof of Proposition 4.1. For every | > 1 we
denote by o) the shift-action of Z% on V! = (Tzd)l ~ (Tl)zd. For | = 1 we write ¢ instead of
o,

For the next two lemmas we assume that f = ZnEZd cr(n)u™ € Ry is a non-zero, irreducible
polynomial which is nice in the sense of Definition 3.5. We regard ¥ = XM/() a5 the closed,
shift-invariant subgroup (3.13) of V' and identify a™e/(1) with the restriction of ¢ to Y. For
every v € V we define a probability measure A(Y) € M1(V) by setting

AY)(B) = Ay (B +v) (4.1)
for every B € By .

4.5. Lemma. The measures \V), v € V, are uniformly almost box independent in the sense
that
lim limsup(sup dBM(/\(”),(/\(”))BN)) =0. (4.2)

0 M—oo \WEV
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Proof. Proposition 3.1 and Theorem 2.3 together imply that Ay is Bernoulli and thus al-
most box independent. Hence there exists, for every M, N > 1, a probability measure v(N) €
C(Ay, AgN) C M;(V?) which is invariant under the Z%action n o2 on V2, and which

(2N+1)n
satisfies that
LT ~ 1 D _(2) g (N
lim dp /\y,ABN = lim — / 671'(n,ﬂ'n dv' ),
Y e a Y ) M |BM|HEZB:M v ( {n}> { })
where TF{Q}(U(l),U(z)) = vff) for every (v v(?) € V2 i = 1,2 and n € Z% For every v € V

we define a homeomorphism R,:V? — V? by R,(vD, o) = (vV) 4 v, 0 + ) for every
(v(l), v(z)) € V2. The measure v R, € M1 (V?) satisfies that

- 1
dne (M) (A)YBNY) — / s(xtD 2 g, (MR
BM( ’( ) ) |BM| GZB: Ve (ﬂ-{n}’ﬂ-{n}) v R
= dp, (A, YY)
for every M, N > 0, and by letting first M and then N tend to infinity we obtain (4.2). O

4.6. Lemma. Let f € Ry be a nice, irreducible polynomial with h(amd/(f)) > 0, and let O be

an (f)-elementary Ry-module. Then o™ is Bernoulli.

Proof. Suppose that 91 is of the form M = N, D -+ D Ny = {0} with 9, /M1 = Ra/(f)
for every j = 1,...,s. We prove the Bernoullicity of o™ by induction on s. If s = 1 then
N = Ra/(f), and o™ is Bernoulli by Proposition 3.1. Assume therefore that s > 1, and that
we have proved the Bernoullicity of o™ for every (f)-elementary Rg-module N’ of the form
N =N,_1 D DN = {0} with NF/Ni_, = NRy/(f) forevery j=1,...,s—1.

Now assume that 9 is an (f)-elementary Rg-module with submodules 91 = 91, O --- D
No = {0} such thatd;/MN;_1 = Ra/(f) for every j = 1,...,s. Choose elements a1,...,a, in
N = N, such that N; = Rg-a; +N;_1 for j = 1,..., 5 and consider the corresponding surjective
homomorphism 1/3:9‘{2 — 9 with 1/3(]”1, oo fs) =500 fi - a; for every (f1,..., fs) € RS The
injective dual homomorphism t: XM — V* = ?)/fi\il satisfies that 0518)4/) = ¢-a for every n € Z4,
and allows us to regard X = X™ as a closed, shift-invariant subgroup of V*. Furthermore, if

X; =97 C X C V7, then Xg = X and
X;={reX :7V@)= =79() =0},
X;_1/X; = X)) (4.3)
X% = X/X; =qgU)(X) cve?
forevery j =1,...,s.
We set W = n*=D(X) C V*~! and note that 7*)(X,_;) = ¥ = X™/(I) According to
(4.3) our induction hypothesis implies that the restriction of o= to W is Bernoulli, and

Proposition 3.1 guarantees that ¢ = ¢(*) is Bernoulli on Y. As in (2.12)-(2.13) we obtain a
family {p, 1w € V1) € M1(V) with

/ hdix = / / oD, o) iy, om0 dAw (D, o),
Vs-1Jv
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and (4.3) implies that there exists, for Ay -a.e. w € V=1 an element v(w) € V with
[l = AP,

By Lemma 4.5 and Definition 2.11, Ax 1s relatively almost box independent with respect to
V*~1 and Theorem 2.12 shows that Ax = Axx € Ml(Vs)U(S) is Bernoulli. O

Proof of Proposition 4.2. Let p C Ry be a prime ideal with h(amd/p) > 0, and let 97 be
a p-elementary $Rgz-module. As we saw in the proof of Proposition 3.1, p is principal, and the
description at the beginning of the proof of Lemma 4.6 shows that there exists an s > 1 and
elements a1, ..., as in 91 such that 91 = Z;Il Rq-a; and {h € Rq: h-a; € MN_1} = p for every
j=1,...,s, where My = {0} and M; =5 1_ Ry -a;for j=1,....s.

In particular, if p = {0}, then {ai, ..., a,} is linearly independent over Ry, M = Ry, and o™
is conjugate to the shift-action (1.1) of Z4 on (Ts)zd and hence Bernoulli.

If p = (p) for some rational prime p > 1 we set X; = N7 C X = XM = 9 for j=0,...,s.
Then X, = {0}, X,_1 = X™/¥ and (3.14) allows us to identify the Z%action aX*-1 induced
by @ = a”™ on X,_; with the shift-action o of Z% on (Z/pZ)Zd. Following [Wa2] we claim that
there exists a Haar measure preserving Borel isomorphism ¢: X —— X/X,_1 x (Z/pZ)Zd which
carries « to the cartesian product aX/Xs-1 x ¢ where a*/X:-1 is the Z%action induced by «
on X/X, 1.

In order to construct ¢ we set W = X/X,_; and choose a Borel map (: W +—— X with
4+ Xso1) 4+ X1 = o+ X, for every # € X (cf. Lemma 1.5.1 in [Par]), define a Borel
isomorphism ¢: X —— W x X;_; by setting ¢(x) = (¢ +X;_1,2—((xz+ X,;_1)) for every z € X,
and use the identification (3.14) of X;_; with V = (Z/pZ)Zd to regard 1 as an isomorphism
Y: X — W x V. The Z%action o on W x V defined by ol =t - ay - ¢~ ! is of the form

a1, v) = (ol (), ou(v) + cln, w)) (4.4)
for every n € Z, where ¢: Z¢ x W —— V is a Borel map with
Funlcn, ) + clm, alf (1)) = c(xa +n, w) (4.5)
for allm,n € Z% and w € W. If ¢ is of the form
cn,)=on-y—7 oy (4.6)

for every n € Z¢ where v: W +— V is Borel, then the map ¢(w,v) = (w,v + y(w)) from
W x V to W x V carries o to the product action o x ¢ of Z% on W x V. In order to find
a solution 7y of (4.6) we write 7yy:V +—— Z/pZ for the n-th coordinate projection and set
en(m, w) = mny(c(m, w)) for every n € Z%and w € W. Then (4.6) is equivalent to the solution
of the equations

Cm (12, 0) = Ymyn (1) = ym(0y (w)) (4.7)

for every m,n € Z% and w € W in terms of Borel maps ym: W —— Z/pZ, m € Z% if all these
equations can be solved, then v: W +—— V is obtained by setting mm} -7 = ym for every m € AR
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In order to solve (4.7) we set, for every w € W, yo(w) = 0 and use (4.5) to solve (4.7) inductively
for n = 0 and for every n € Z%

This shows that « is indeed conjugate to aX/Xs=1 x & on X/X*=1 x V, and by replacing
N = N, with MN,_1, X with ‘XTS: = X/X;_1, and « with a™-1 we see that « is conjugate to
aX/Xe-1 x o x o on X/X,_ox V2. By using induction we obtain after s steps that « is conjugate
too X ---xoconV X ---xV =V? and hence Bernoulli.

This shows that « is conjugate to aX/Xs=1 x ¢ on X/X*=1xV and by replacing 91 = 91, with
Ns_1, X with ‘XTS: = X/X,_1, and « with aM-1 we see that « is conjugate to aXlXs-t o x o
on X/X,_o x V2. By using induction we obtain after s steps that a is conjugate to ¢ x --- x &
on V x---x V =V? and hence Bernoulli.

Finally we have to deal with the case where p = (f) for some irreducible element f =
ZnEZd cr(n)u™ € My which has at least two non-zero coefficients. The same consideration as in

Lemma 3.4 allows us to assume that f is nice (Definition 3.5), in which case the Bernoullicity

N

of @« = a”! is proved in Lemma 4.6. O

REFERENCES

[Aok] N. Aoki, A simple proof of the Bernoullicity of ergodic automorphisms of compact abelian groups, Israel
J. Math. 38 (1981), 189-198.

[AT] N. Aoki and H. Totoki, Ergodic automorphisms of T are Bernoulli transformations, Publ. Res. Inst.
Math. Sci. 10 (1975), 535-544.

[Cas] J.W.S. Cassels, Local Fields, Cambridge University Press, Cambridge, 1986.

[DDP] H. Dehling, M. Denker and W. Philipp, Versik processes and very weak Bernoulli processes with summable
rates are independent, Proc. Amer. Math. Soc. 91 (1984), 618-624.

[Kam] J.W. Kammeyer, A complete classification of two-point extensions of a multidimensional Bernoulli shift,
J. Analyse Math. 54 (1990), 113-163.

[Kat] Y. Katznelson, Ergodic automorphisms of T™ are Bernoulli shifts, Israel J. Math. 10 (1971), 186-195.

[KS] B. Kitchens and K. Schmidt, Automorphisms of compact groups, Ergod. Th. & Dynam. Sys. 9 (1989),
691-735.

[Lil] D. Lind, Ergodic automorphisms of the infinite torus are Bernoulli, Israel J. Math. 17 (1974), 162-168.

[Li2] , The structure of skew products with ergodic group automorphisms, Israel J. Math. 28 (1977),
205-248.

[LS] D. Lind and K. Schmidt, Bernoullicity of solenoidal automorphisms and global fields, Israel J. Math. 87
(1994), 33-35.

[LSW] D. Lind, K. Schmidt and T. Ward, Mahler measure and entropy for commuting automorphisms of compact
groups, Invent. math. 101 (1990), 593-629.

[LW] D. Lind and T. Ward, Automorphisms of solenoids and p-adic entropy, Ergod. Th. & Dynam. Sys. 8
(1988), 411-419.

[MT] G. Miles and R.K. Thomas, Generalized torus automorphisms are Bernoullian, Studies in Probability
and Ergodic Theory, Advances in Mathematics Supplementary Studies, vol. 2, Academic Press, New
York, 1987.

[OW] D.S. Ornstein and B. Weiss, Entropy and isomorphism theorems for actions of amenable groups, J.
Analyse Math. 48 (1987), 1-141.

[Par] K.R. Parthasarathy, Probability measures on metric spaces, Academic Press, New York-London, 1967.

[Rei] M. Reid, Undergraduate algebraic geometry, London Mathematical Society Student Texts, vol. 12, Cam-
bridge University Press, Cambridge, 1988.

[Rok] V.A. Rokhlin, Metric properties of endomorphisms of compact commutative groups, Amer. Math. Soc.
Transl. 64 (1967), 244-252.

[Rot] A. Rothstein, Versik processes: first steps, Israel J. Math. 36 (1980), 205-224.

[Sc1] K. Schmidt, Automorphisms of compact abelian groups and affine varieties, Proc. London Math. Soc. 61
(1990), 480-496.

, Algebraic ideas in ergodic theory, CBMS Lecture Notes, vol. 76, Amer. Math. Soc., Providence,
R.I., 1990.

[ScW] K. Schmidt and T. Ward, Mizing automorphisms of compact groups and a theorem of Schlickewei, Invent.
math. 111 (1993), 69-76.

[Shi] P. Shields, Almost block independence, Z. Wahrscheinlichkeitstheorie verw. Geb. 49 (1979), 119-123.

[Sc2]



ALMOST BLOCK INDEPENDENCE AND BERNOULLICITY 31

[Tho] J.-P. Thouvenot, Quelques propriétés des systémes dynamiques qui se décomposent en un produit de deuz
systemes dont l'un est un schéma de Bernoulli, Israel J. Math. 21 (1975), 177-207.

[Wal] T. Ward, Almost block independence for the three dot Z? dynamical system, Istael J. Math. 76 (1991),
237-256.

, The Bernoulli property for expansive Z>-actions on compact groups, Israel J. Math. 79 (1992),
225-249.

[Wei] A. Weil, Basic Number Theory, Springer Verlag, Berlin-Heidelberg-New York, 1974.

[Wa2]

MATHEMATICS DEPARTMENT, UNIVERSITY OF MARYLAND, COLLEGE PARK MD 20742, USA
MATHEMATICS INSTITUTE, UNIVERSITY OF VIENNA, AND ERWIN SCHRODINGER INSTITUTE, A-1090 VIENNA,
AUSTRIA



