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SYMBOLIC REPRESENTATIONS OF NONEXPANSIVEGROUP AUTOMORPHISMSELON LINDENSTRAUSS AND KLAUS SCHMIDTAbstra
t. If � is an irredu
ible nonexpansive ergodi
 automorphismof a 
ompa
t abelian group X (su
h as an irredu
ible nonhyperboli
 er-godi
 toral automorphism), then � has no �nite or in�nite state Markovpartitions, and there are no nontrivial 
ontinuous embeddings of Markovshifts in X. In spite of this we are able to 
onstru
t a symboli
 spa
e Vand a 
lass of shift-invariant probability measures on V ea
h of whi
h
orresponds to an �-invariant probability measure on X. Moreover, ev-ery �-invariant probability measure on X arises essentially in this way.The last part of the paper deals with the 
onne
tion between the two-sided beta-shift V� arising from a Salem number � and the nonhyper-boli
 ergodi
 toral automorphism � arising from the 
ompanion matrixof the minimal polynomial of �, and establishes an entropy-preserving
orresponden
e between a 
lass of shift-invariant probability measureson V� and 
ertain �-invariant probability measures on X. This 
orre-sponden
e is mu
h weaker than, but still quite 
losely modelled on, the
onne
tion between the two-sided beta-shifts de�ned by Pisot numbersand the 
orresponding hyperboli
 ergodi
 toral automorphisms.1. Introdu
tionFor expansive automorphisms � of 
ompa
t 
onne
ted abelian groups X ,the attempt to �nd symboli
 representations of the dynami
al system (X;�)has a long and extensive history. In addition to the 
lassi
al `geometri
'
onstru
tions of Markov partitions (e.g. in [1℄, [4℄ and [25℄), there are expli
italgebrai
 
onstru
tions of 
ontinuous equivariant �nite-to-one maps froma so�
 shift onto X . The �rst su
h 
onstru
tion for arbitrary irredu
iblehyperboli
 toral automorphisms was given by R. Kenyon and A. Vershik in[10℄ (irredu
ibility is explained in De�nition 2.1); a di�erent, but related,general 
onstru
tion for irredu
ible expansive automorphisms of tori andsolenoids was given by the se
ond named author in [21℄. In 
ertain 
ases,this map 
an be 
hosen to be one-to-one almost everywhere (
f. [21℄ and [24℄;of 
ourse, sin
e X is 
onne
ted and a so�
 shift 
ompletely dis
onne
ted one
annot hope to �nd a map whi
h is one-to-one everywhere). The existen
eof su
h a map gives an expli
it essentially one-to-one map between shift-invariant measures on a so�
 shift and �-invariant measures on X .The key idea in the 
onstru
tion of these maps is to �nd a surje
tiveequivariant map from some symboli
 system V onto X (it turns out to2000 Mathemati
s Subje
t Classi�
ation. 37A05, 37A45, 37C15, 37C29, 37H05.Key words and phrases. Partially hyperboli
 group automorphisms, invariant measures,Markov partitions, Beta-shifts. 1



SYMBOLIC REPRESENTATIONS 2be natural to set V either equal to the spa
e `1(Z;Z) of bounded inte-ger sequen
es or to some suÆ
iently large 
ompa
t shift-invariant subset of`1(Z;Z)). Following an idea originally introdu
ed by A. Vershik in [27℄{[29℄ one may, for example, take a point x 2 X whi
h is homo
lini
 to 0(i.e. whi
h satis�es that limjnj!1 �nx = 0) and send any integer sequen
ev = (: : : ; v�1; v0; v1; : : :) 2 `1(Z;Z) to the point�(v) =Xn2Zvn��nx 2 X:The resulting map � : `1(Z;Z)�! X is equivariant (i.e. � Æ �� = � Æ �), andit is not hard to see that it is surje
tive. From this map � one obtains asurje
tive map from the 
olle
tion of shift-invariant probability measures on`1(Z;Z) onto the �-invariant measures on X . The more re�ned 
onstru
tionof [21℄ alluded to earlier is obtained by restri
ting this map to a 
arefully
hosen so�
 subshift V � `1(Z;Z) on whi
h � is surje
tive and almost one-to-one. Other interesting and, indeed, more 
anoni
al examples arise when� is the automorphism of X = Tm de�ned by the 
ompanion matrix of theminimal polynomial of a Pisot unit � (i.e of an algebrai
 integer � > 1 whose
onjugates all have absolute values < 1). In this 
ase the 
orresponding two-sided beta-shift V� � `1(Z;Z) is so�
, and the map � : V� �! Tm de�nedabove is surje
tive, �nite-to-one and 
onje
tured to be almost one-to-one(
f. [21℄{[24℄).In this paper we investigate to what extent one 
an �nd a suitable substi-tute for this 
onstru
tion in the nonexpansive 
ase. This question is moti-vated by the somewhat exoti
 behaviour of invariant probability measures ofirredu
ible nonhyperboli
 ergodi
 toral automorphisms des
ribed in [13℄: if� is a probability measure on X = Tn whi
h is invariant under an irredu
iblenonhyperboli
 ergodi
 toral automorphism �, but whi
h is 
ompletely sin-gular with respe
t to Lebesgue measure, then there exists an �-invariantBorel set B � X whi
h interse
ts �-a.e. 
oset of the dense 
entral subgroupX(0) � X , on whi
h � a
ts isometri
ally, in at most one point. If � is weaklymixing then one may assume in addition that �(B) = 1. Any natural `sym-boli
 model' of su
h an automorphism would enable one to 
onstru
t su
hmeasures quite expli
itly.The �rst diÆ
ulty one en
ounters in the sear
h for symboli
 models of anirredu
ible ergodi
 nonexpansive automorphism � of a 
ompa
t 
onne
tedabelian group X is that every 
ontinuous equivariant map � : Y �! X froma mixing shift of �nite type Y with �nite or 
ountably in�nite alphabet (orfrom a two-sided beta-shift) to X maps the shift spa
e to a single point (
f.Corollaries 4.7{4.11 and Remark 4.12); in parti
ular, (X;�) 
annot have�nite or 
ountably in�nite Markov partitions in any reasonable sense. Thereason for this is that these automorphisms have no nonzero homo
lini
points (Theorem 4.1).It is, however, possible to de�ne a 
ontinuous map ~� from the non
ompa
tspa
e ~Y = `1(Z;Z)� X(0) to X whi
h is equivariant with respe
t to an



SYMBOLIC REPRESENTATIONS 3isometri
 
o
y
le extension ~� : ~Y �! ~Y of the shift on `1(Z;Z). This mapis surje
tive (though far from inje
tive), and allows us in parti
ular to mapshift-invariant probability measures on ~Y to �-invariant measures on X .Indeed, we show the following (
f. Proposition 4.18; 
entral equivalen
e isexplained in De�nition 4.15).Theorem 1.1. Any �-invariant probability measure on X is 
entrally equiv-alent to the push-forward under ~� of a ~�-invariant probability measure on~Y , whi
h may further be taken to be 
ompa
tly supported.We emphasize that this is true even for Lebesgue (or Haar) measure (sin
e
entral equivalen
e preserves entropy, any �-invariant probability measureon X whi
h is 
entrally equivalent to Lebesgue measure must be equal toLebesgue measure). Sin
e ~Y is a non
ompa
t extension of `1(Z;Z), not ev-ery shift invariant measure on `1(Z;Z) 
an be lifted to a ~�-invariant prob-ability measure on ~Y . The measures whi
h 
an be lifted are pre
isely thosefor whi
h the 
o
y
le appearing in the de�nition of ~� is a 
oboundary (
f.Theorem 4.13 and Proposition 4.18). The fa
t that it is natural to 
onsideronly those measures on a symboli
 model for whi
h this 
o
y
le is trivial
an be viewed as a manifestation of some weak form of measure rigidity fornonexpansive group automorphisms.The main drawba
k of Theorem 1.1 is that the same measure on X 
an beobtained as the push-forward of many measures on ~Y ; furthermore, it is quitehard to understand properties su
h as the entropy of the resulting measuresin terms of the properties of the original measure. In order to resolve su
hdiÆ
ulties one would like to repla
e `1(Z;Z) by a smaller 
losed subshift,just like in the hyperboli
 
ase.In the 
ase of toral automorphisms 
orresponding to Pisot numbers (i.e.of irredu
ible hyperboli
 toral automorphisms with one-dimensional unsta-ble manifolds) there is a natural 
andidate: the beta-shift V� 
orrespondingto the unique `large' eigenvalue � of the automorphism. Motivated by thisquestion we devote Se
tion 6 to a problem whi
h has also provided mu
h ofthe original motivation for this resear
h: the 
onne
tion between the two-sided beta-shift V� arising from a Salem number � and the nonhyperboli
ergodi
 toral automorphism � de�ned by the 
ompanion matrix of the min-imal polynomial of � (a Salem number is an algebrai
 unit � > 1 whose
onjugates all have absolute values � 1, with at least one 
onjugate of ab-solute value = 1). In 
ontrast to the Pisot 
ase, whi
h is reasonably wellunderstood (though some important questions in this 
onstru
tion are stillunresolved, as des
ribed on page 24), the beta-shifts asso
iated with Salemnumbers still hold many mysteries. For example, it is not known whetherthey are always so�
 (
f. [5℄{[7℄ and [17℄). Not surprisingly, the dynami
alinterpretation of two-sided beta-shifts arising from Salem numbers is mu
hmore 
ompli
ated than in the Pisot 
ase.



SYMBOLIC REPRESENTATIONS 4By restri
ting the map ~� : ~Y �! X des
ribed above to the spa
e ~Y� =V� � X(0) we obtain a map from ~�-invariant probability measures on ~Y�(or, equivalently, from shift invariant probability measures on V� satisfyingthe 
o
y
le 
ondition mentioned above) to �-invariant measures on X . Inparti
ular, the following theorem follows from the main result of Se
tion 6(
f. Theorem 6.3).Theorem 1.2. For any ~�-invariant probability measure ~� on ~Y�, the entropyof the push-forward ~��(~�) is equal to that of ~�.By 
onstru
ting in Se
tion 7 shift-invariant probability measures on V�satisfying a strong form of the 
o
y
le 
ondition with entropies arbitrarily
lose to log � we obtain from Theorem 1.2 �-invariant probability measureson X whi
h are singular with respe
t to Lebesgue measure and whose en-tropies are arbitrarily 
lose to log �, the topologi
al entropy of (X;�).In the 
ourse of proving of Theorem 1.2 , we show that Lebesgue measureon X 
annot be represented as ~��(~�) with ~� a measure on ~Y� as above. Themain question highlighted by our work is the following:Question 1. Can every �-invariant probability measure on X whi
h is 
om-pletely singular with respe
t to Lebesgue measure be presented as ~��(~�) foran invariant probability measure ~� on ~Y�?At present, we have no eviden
e in either dire
tion. Even if the answerturns out to be negative, it would be interesting to understand the relationbetween the spa
e of measures obtained by the 
onstru
tion of Theorem 1.2and the spa
e of all invariant measures.It follows from Theorem 1.2 and the results of Se
tion 7 that ~��( ~Y�) � Xis fairly large; for example, it 
an be shown that its Hausdor� dimension isthe same as that of X . However, we do not even know the answer to thefollowing natural question:Question 2. Is ~��( ~Y�) = X?In the notation of Se
tion 4, Question 2 
an be rephrased as follows: isthe �-shift V� a pseudo-
over of X?We end this introdu
tion with a 
omment on a te
hni
al simpli�
ation weadopt throughout this paper: every irredu
ible automorphism � of a 
ompa
t
onne
ted abelian group X is �nitely equivalent to a group automorphismof the spe
ial form �R1=(f) des
ribed in (2.6){(2.7). By restri
ting ourselvesto automorphisms of this spe
ial form we avoid some minor notational andte
hni
al 
ompli
ations in the statements of our results due to the presen
eof �nite-to-one fa
tor maps, but our dis
ussion here 
an be translated to thegeneral 
ase without any diÆ
ulty.2. Homo
lini
 points of irredu
ible group automorphismsDe�nition 2.1. Let � be a 
ontinuous automorphism of a 
ompa
t abeliangroup X with identity element 0 = 0X . The automorphism � is irredu
ible



SYMBOLIC REPRESENTATIONS 5if every 
losed �-invariant subgroup Y ( X is �nite. A point x 2 X is �-homo
lini
 (or simply homo
lini
) if limjnj!1 �nx = 0. The set ��(X) ofhomo
lini
 points in X is an �-invariant subgroup.Re
all that two 
ontinuous automorphisms � and � of 
ompa
t abeliangroups X and Y are �nitely equivalent if there exist 
ontinuous, surje
-tive, equivariant and �nite-to-one group homomorphisms � : X �! Y and : Y �! X . In order to des
ribe all irredu
ible automorphisms of 
om-pa
t abelian groups up to �nite equivalen
e we use notation from [13℄. LetR1 = Z[u�1℄ be the ring of Laurent polynomials with integral 
oeÆ
ients.Every h 2 R1 is of the form h =Xk2Zhkuk (2.1)with hk 2 Zfor every k 2 Zand hk = 0 for all but �nitely many k. Fix anirredu
ible polynomial f = f0 + � � �+ fmum 2 R1 (2.2)with m > 0, fm > 0 and f0 6= 0, denote by 
f the set of roots of f , and set
�f = f! 2 
f : j!j < 1g; 
(0)f = f! 2 
f : j!j = 1g;
+f = f! 2 
f : j!j > 1g: (2.3)We write T= R=Zfor the 
ir
le group, de�ne the shift � : TZ�!TZby�(x)n = xn+1 (2.4)for every x = (xn) 2 TZ, and seth(�) =Xk2Zhk�k : TZ�!TZ (2.5)for every h 2 R1 of the form (2.1). Consider the 
losed, shift-invariant sub-groupX = XR1=(f) = �x 2TZ:Xn2Zfnxk+n = 0 (mod 1) for every k 2Z�= fx 2 TZ: f(�)(x) = 0g = ker f(�); (2.6)and write � = �R1=(f) (2.7)for the restri
tion of � toX � TZ(
f. [13, (2.3) and (2.11)℄). By [20, Theorem7.1 and Propositions 7.2{7.3℄, � is nonexpansive if and only if 
(0)f 6= ?, andergodi
 if and only if f is not 
y
lotomi
 (i.e. if and only if f does not divideum � 1 for any m � 1). In view of this we adopt the following terminology.De�nition 2.2. The polynomial f in (2.2) is hyperboli
 if 
(0)f = ?, non-hyperboli
 if 
(0)f 6= ?, and 
y
lotomi
 if 
(0)f 
ontains a root of unity.



SYMBOLIC REPRESENTATIONS 6A

ording to [19℄, every irredu
ible automorphism � of a 
ompa
t abeliangroup X is �nitely equivalent to an automorphism of the form �R1=(f) forsome irredu
ible polynomial f 2 R1. Note that the automorphisms � and�R1=(f) are expansive if and only if f is hyperboli
, and ergodi
 if and onlyif f is not 
y
lotomi
.For the remainder of this arti
le we assume that the irredu
ible polynomialf in (2.2) is non
y
lotomi
.We denote by k � k1 and k � k1 the norms on the Bana
h spa
es `1(Z;R)and `1(Z;R) and write `1(Z;Z)� `1(Z;R) and `1(Z;Z)� `1(Z;R) for thesubgroups of integer-valued fun
tions. By viewing every h = Pn2Zhnun 2R1 as the element (hn) 2 `1(Z;Z) we 
an identify R1 with `1(Z;Z).We furnish the spa
e `1(Z;R) with the topology of 
oordinate-wise 
on-vergen
e. In this topology `1(Z;R) is a metrizable topologi
al group, `1(Z;Z)� `1(Z;R) is a 
losed subgroup, and the shift-invariant setsBr(`1(Z;R)) = fw 2 `1(Z;R) : kwk1 � rg;Br(`1(Z;Z)) = Br(`1(Z;R))\ `1(Z;Z) (2.8)are 
ompa
t for every r � 0: on these sets our topology 
oin
ides with theweak�-topology.As in [8℄ we denote by �� the shift(��w)n = wn+1 (2.9)on `1(Z;R), observe that �� : `1(Z;R) �! `1(Z;R) is a 
ontinuous groupautomorphism, and de�ne, for every h = Pk2Zhkuk 2 R1, a 
ontinuousgroup homomorphismh(��) =Xk2Zhk��k : `1(Z;R)�! `1(Z;R) (2.10)(
f. (2.5)). The map � : `1(Z;R)�!TZ, given by�(w)n = wn (mod 1) (2.11)for every w = (wn) 2 `1(Z;R) and n 2 Z, is a 
ontinuous surje
tive grouphomomorphism with � Æ �� = � Æ �; (2.12)and the set Wf = ��1(X) = f(��)�1(`1(Z;Z))� `1(Z;R); (2.13)is a 
losed and shift-invariant subgroup with ker � = `1(Z;Z)� Wf .The kernel W (0)f = ker f(��) � Wf (2.14)is obviously �nite-dimensional and the restri
tion of �� to the 
omplexi�-
ation C 
RW (0)f of W (0)f is linear. Hen
e �� has a nonzero eigenve
torv 2 C 
RW (0)f with eigenvalue ! 2 C , say, and f(!) = 0. As �� is anisometry on W (0)f we 
on
lude that ! 2 
(0)f . Conversely, if ! 2 
(0)f , thenwe set vn = !n for every n 2Zand obtain that v = (vn) 2 C 
RW (0)f .



SYMBOLIC REPRESENTATIONS 7This shows that W (0)f = ker f(��) � Wf � `1(Z;R) is the linear span ofthe ve
tors f<(w(!));=(w(!)) : ! 2 
(0)f g withw(!)n = !n; <(w(!))n = <(!n); =(w(!))n = =(!n) (2.15)for every n 2Zand ! 2 
(0)f , where < and = denote the real and imaginaryparts. By (2.12), X(0) = �(ker f(��)) = �(W (0)f ) (2.16)is an �-invariant subgroup of X , and the irredu
ibility of � implies that the
losure of X(0) is either equal to f0g (if � is expansive), or to X (if � isnonexpansive). The group X(0) � X in (2.16) is isomorphi
 to W (0)f , sin
e� is inje
tive on W (0)f , and 
oin
ides with the 
entral subgroup of X de�nedin [13, (3.3)℄ on whi
h � a
ts isometri
ally.We write 1f(u) = 1fm X!2
f b!u� !for the partial fra
tion de
omposition of 1=f with b! 2 C for every ! 2 
fand de�ne elements w�� and w�0 in `1(Z;R) byw�+n = 8<: 1fm �P!2
�f b!!n�1 if n � 1;1fm �P!2
(0)f [
+f �b!!n�1 if n � 0;w��n = 8<: 1fm �P!2
�f [
(0)f b!!n�1i if n � 1;1fm �P!2
+f �b!!n�1 if n � 0;w�0n = 1fm �P!2
(0)f b!!n�1 for every n 2Z: (2.17)Then w�0 2 W (0)f ; w�+ + w�0 = w�� ;f(��)(w�+)n = f(��)(w��)n = v�n = (1 if n = 0;0 otherwise; (2.18)where we are using the formal power series identitiesXn2Zw�+n un = 1fm �� X!2
�f b!u1� !u + X!2
(0)f [
+f �b!!�11� !�1u�1�= 1fm � X!2
f b!u�1 � ! = 1f(u�1)= 1fm �� X!2
�f [
(0)f b!u1� !u + X!2
+f �b!!�11� !�1u�1� =Xn2Zw��n unand Xn2Zf(��)(w)nun = f(u�1) �Xn2Zwnun



SYMBOLIC REPRESENTATIONS 8for every w = (wn) 2 `1(Z;R). The points w�� 2 `1(Z;R) have thefollowing properties.x�� = �(w��) 2 X by (2.18);limn!1w�+n = limn!1w���n = 0 exponentially fast; (2.19)x�+ = x�� if and only if � is expansive:3. A review of the expansive 
aseOne of the key tools in attempting to �nd symboli
 
overs or represen-tations of the automorphism � = �R1=(f) lies in identifying the subgroupVf = f(��)(Wf) � `1(Z;Z): (3.1)We �rst dis
uss the spa
e Vf in the expansive setting, before moving on tothe nonexpansive 
ase.Suppose that the polynomial f in (2.2) is hyperboli
 (i.e. that 
(0)f = ?in (2.3)). In this 
asew�+ = w�� = w�; x�+ = x�� = x�; w�0 = 0: (3.2)The point x� is a fundamental homo
lini
 point of � in the sense of [12℄:��(X) = fh(�)(x�) : h 2 R1g: (3.3)In the 
ase where fm = jf0j = 1 in (2.2) and X is therefore isomorphi
to Tm = Rm=Zm, the fundamental homo
lini
 point x� has a 
onvenientgeometri
 des
ription. The automorphism � = �R1=(f) of X = XR1=(f) � TZin (2.6) is algebrai
ally 
onjugate to the 
ompanion matrixMf = 264 0 1 0 ::: 0 00 0 1 ::: 0 0... ... . .. ... 00 0 0 ::: 0 1�f0 �f1 �f2 ::: �fm�2 �fm�1 375; (3.4)of f , a
ting on Tm from the left, where the isomorphism between X and Tmis the 
oordinate proje
tion x 7! " x0x1...xm�1 #:We write W (s) � Rm and W (u) � Rm for the 
ontra
ting and expandingsubspa
es of the matrix Mf . The quotient map � : Rm �! Tm is inje
tiveon W (s) and W (u), and the dense subgroups X(s) = �(W (s)) and X(u) =�(W (u)) satisfy that��(X) = X(s) \X(u) = �((W (s) +Zm) \W (u)):There exists a unique point y� 2 (W (s)+e(1))\W (u), where e(1) = (1; 0; : : :)is the �rst unit ve
tor in Rm. Sin
e Mf is of the form (3.4), the orbitfMnf e(1) : n 2 Zg � Zm generates Zm as a group, whi
h is easily seento imply that the homo
lini
 point x� = �(y�) is indeed fundamental.



SYMBOLIC REPRESENTATIONS 9We return to our more general setting. From (2.19){(3.2) it follows thatkw�k1 =Xn2Zjw�n j <1;and that ��(v) =Xn2Zvn���nw�is a well-de�ned element of `1(Z;R) for every v 2 `1(Z;Z). As in [8℄ wedenote by�� : `1(Z;Z)�! `1(Z;R); � = � Æ �� : `1(Z;Z)�! X (3.5)the resulting 
ontinuous group homomorphisms and observe that�(v) =Xn2Zvn��nx� (3.6)for every v 2 `1(Z;Z). Hen
e � Æ �� = � Æ �;i.e. � is equivariant. We summarize this dis
ussion in a theorem; the relevantproofs 
an be found in [8℄.Theorem 3.1. Let f 2 R1 be an irredu
ible hyperboli
 polynomial, and let� = �R1=(f) be the expansive automorphism of the 
ompa
t 
onne
ted abeliangroup X = XR1=(f) de�ned in (2.6){(2.7). ThenVf = f(��)(Wf) = `1(Z;Z);and the homomorphisms �� : `1(Z;Z) �! `1(Z;R) and � = � Æ �� : `1(Z;Z)�! X in (3.5){(3.6) satisfy that�(`1(Z;Z)) = X;ker � = f(��)(`1(Z;Z))� `1(Z;Z);� Æ �� = � Æ �:In [21℄ it was proved that there always exists a 
ompa
t shift-invariantsubset (in fa
t, a so�
 subshift) ~V � `1(Z;Z) su
h that the restri
tionof � to ~V is surje
tive and almost one-to-one (for the de�nition of a so�
shift we refer to [11℄ and [31℄). In general, however, there is at present nodistinguished 
andidate for su
h a set ~V .In Se
tion 5 we present an interesting spe
ial 
ase in whi
h there is anatural 
andidate for ~V (
f. [21℄{[29℄): the beta-shift.4. Homo
lini
 points and 
oding in the nonexpansive 
aseNow suppose that the irredu
ible polynomial f in (2.2) is nonhyperboli
and not 
y
lotomi
, and that the ergodi
 automorphism � = �R1=(f) ofthe 
ompa
t 
onne
ted abelian group X = XR1=(f) is therefore ergodi
 andnonexpansive. Sin
e f is irredu
ible and has a root of absolute value 1, mis even and fi = fm�i for i = 0; : : : ; m, and we assume that f0 = fm > 0.In 
ontrast to the expansive situation, W (0)f = ker f(��) 6= f0g, the 
entral



SYMBOLIC REPRESENTATIONS 10subgroup X(0) = �(W (0)f ) in (2.16) is dense in X , and the following theoremshows that there are no nonzero �-homo
lini
 points.Theorem 4.1. Let f 2 R1 be an irredu
ible nonhyperboli
 polynomial whi
his not 
y
lotomi
, and let � = �R1=(f) be the ergodi
 and nonexpansiveautomorphism of the 
ompa
t 
onne
ted abelian group X = XR1=(f) de�nedin (2.6){(2.7). Then ��(X) = f0g.Corollary 4.2. Let � be an irredu
ible, ergodi
 and nonexpansive automor-phism of a 
ompa
t 
onne
ted abelian group X. Then ��(X) = f0g.Proof of Theorem 4.1. The triviality of the homo
lini
 group ��(X) for ir-redu
ible nonhyperboli
 ergodi
 toral automorphisms was shown in [12℄.Here we give another (and slightly more general) proof using the methodsdes
ribed in the previous se
tion.Suppose that x is a nonzero �-homo
lini
 point. Sin
e the restri
tion of� to X(0) is an isometry it is 
lear that X(0)\��(X) = f0g and hen
e thatx =2 X(0).We 
hoose w 2 Wf � `1(Z;R) su
h that �(w) = x and limjnj!1 wn = 0(su
h a 
hoi
e is obviously possible). Then v = f(��)(w) 2 `1(Z;Z) has only�nitely many nonzero 
oordinates and is therefore of the form h(��)(v�) forsome h 2 R1, where the point v� 2 `1(Z;Z) is de�ned in (2.18). We putw� = h(��)(w��) 2 `1(Z;R)and observe that w � w� 2 ker(f(��)) = W (0)fby (2.18). From (2.17) we know that limn!�1 w�n = limn!�1 wn = 0, andhen
e that w = w� and limn!1 w�n = 0, sin
e every element in W (0)f isalmost periodi
. However,w�n = 1fm X!2
(0)f [
+f b!!n�1h(!)for all suÆ
iently large positive n, whi
h shows thatX!2
(0)f b!!nh(!) = 0 for every n � 0: (4.1)From (4.1) we see that h(!) = 0 for every ! 2 
(0)f or, equivalently, that h isdivisible by f . We set h = fh0 with h0 2 R1, v0 = h0(��)(v�) 2 `1(Z;Z) andw0 = h0(��)(w��) 2 Wf as above, and 
on
lude that w = w� = f(��)(w0) 2`1(Z;Z) and x = �(w) = 0, 
ontrary to our 
hoi
e of x. �Proof of Corollary 4.2. There exists an irredu
ible, nonhyperboli
 and non-
y
lotomi
 polynomial f 2 R1 su
h that � is �nitely equivalent to �R1=(f)(
f. (2.6){(2.7)). If � : X �! XR1=(f) is a 
ontinuous, �nite-to-one and equi-variant group homomorphism, then the restri
tion of � to ��(X) is inje
tive



SYMBOLIC REPRESENTATIONS 11and �(��(X)) � ��R1=(f)(XR1=(f)) = f0g by Theorem 4.1. This proves that��(X) = f0g. �Although � = �R1=(f) has no nonzero homo
lini
 points, we have at ourdisposal the `one-sided homo
lini
' points x�� in (2.19). Again it may behelpful to identify these points in the spe
ial 
ase where f0 = fm = 1 in (2.2)and X is therefore isomorphi
 to Tm = Rm=Zm (remember that f(u) =umf(u�1)!). As on page 8 we write W (s) � Rm;W (u) � Rm and W (0) � Rmfor the 
ontra
ting, expanding and isometri
 subspa
es of the matrix Mf in(3.4). Then there exist unique points y�+ 2 (W (s)+e(1))\(W (u)+W (0)) andy�� 2 (W (s) +W (0) + e(1)) \W (u), and x�� = �(y��) (
f. (2.17){(2.19)).We return to the general nonhyperboli
 setting and put`�(Z;R) = �w = (wn) 2 RZ: supn2Z jwnjjnj+ 1 <1� � `1(Z;R); (4.2)denote by `�(Z;Z) the group of integer sequen
es in `�(Z;R), and furnishthese spa
es with the topology of 
oordinate-wise 
onvergen
e. We extendthe maps ��, f(��) and � in (2.9){(2.11) to group homomorphisms��� : `�(Z;R)�! `�(Z;R); f(���) : `�(Z;R)�! `�(Z;R);�� : `�(Z;R)�! TZ;and set W �f = fw 2 `�(Z;R) : f(���)(w) 2 `�(Z;Z)g= fw 2 `�(Z;R) : ��(w) 2 Xg: (4.3)Then W �f � `�(Z;R) is a 
losed, ���-invariant subgroup. Sin
eker f(���) = fw 2 `�(Z;R) : f(���)(w) = 0g � `1(Z;R)(
f. (2.15)), we obtain thatker f(���) = ker f(��) = W (0)f � Wf :We de�ne 
ontinuous group homomorphisms ��� : `1(Z;Z) �! W �f and�� : `1(Z;Z)�! X by setting���(v) =Xn�0 vn���n(w��) +Xn<0 vn���n(w�+);��(v) = �� Æ ���(v) (4.4)for every v = (vn) 2 `1(Z;Z). Sin
e the 
oordinates w�+n and w���n de
ayexponentially as n!1 by (2.19), ea
h 
oordinate of ���(v) in (4.4) 
onvergesand ���(`1(Z;Z))� W �f : (4.5)A

ording to (2.18), f(���) Æ ���(v) = v;��� Æ f(���)(w)� w 2 W (0)f (4.6)for every v 2 `1(Z;Z) and w 2 W �f (for the se
ond equation in (4.6) wenote that the maps ���, f(���) and ��� 
an be extended to the set of sequen
es



SYMBOLIC REPRESENTATIONS 12with polynomial growth in RZand ZZ, respe
tively, where they still satisfythe �rst equation in (4.6); we note that the se
ond equation also extends tosu
h sequen
es). From (4.3) and (4.6) we see that��� Æ f(��)(Wf) � Wf ;Vf = f(��)(Wf) = fv 2 `1(Z;Z) : ���(v) 2 `1(Z;R)g: (4.7)The map ��� : `1(Z;Z) �! `�(Z;R) 
an obviously not be expe
ted to beshift-equivariant. Indeed,d(n; v) = (���)n Æ ���(v)� ��� Æ (���)n(v)= 8><>:Pn�1j=0 vj��n�jw�0 if n > 0;0 if n = 0;�Pnj=1 v�j ��j�nw�0 if n < 0: (4.8)for every n 2Zand v 2 `1(Z;Z), and the resulting mapd : Z� `1(Z;Z)�! W (0)f (4.9)satis�es the 
o
y
le equationd(m; ��nv) + ��md(n; v) = d(m+ n; v) (4.10)for every m;n 2Zand v 2 `1(Z;Z).From the �rst formula in (4.4) it is 
lear there exists a 
onstant 
0 > 0with j���(v)jn � 
0 � kvk1 for every v 2 `1(Z;Z) and n = 0; : : : ; m� 1, wherem is the degree of f . Hen
ej��� Æ f(��)(w)jn � 
0kf(��)(w)k1 � 
0kfk1 � kwk1for every w 2 `1(Z;R) and n = 0; : : : ; m� 1. Sin
e there exists a 
onstant
00 > 0 with kwk1 � 
00 �max fjw0j; : : : ; jwm�1jg (4.11)for every w 2 W (0)f by (2.15), we 
an �nd a 
onstant 
 > 0 withk��� Æ f(��)(w)k1 � 
 � kf(��)(w)k1 � 
 � kfk1 � kwk1 (4.12)for every w 2 `1(Z;R).Equation (4.8) shows that the map �� : `1(Z;Z) �! X is equivariantmodulo X(0), and our next result implies that �� is also surje
tive moduloX(0).Proposition 4.3. There exists a 
losed, bounded, shift-invariant subset Y �Vf with ��(Y ) +X(0) = X.Proof. We re
all the notation Br(`1(Z;R)) = fw 2 `1(Z;R) : kwk1 � rg(
f. (2.8)) and set Br(Wf) = Wf \ Br(`1(Z;R)): (4.13)Then Br(Wf) is a 
losed and bounded | and hen
e 
ompa
t | shift-invariant subset of `1(Z;R), andYr = f(��)(Br(Wf )) (4.14)



SYMBOLIC REPRESENTATIONS 13is a 
ompa
t shift-invariant subset of Vf .For r � 1=2, �(Br(Wf)) = X , and (4.6) guarantees that ���Æf(��)(w)�w 2W (0)f for every w 2 Br(Wf ). Hen
e there exists, for every x 2 X , an elementw 2 Br(Wf) with �(w) = x, and the element v = f(��)(w) 2 Yr satis�es that���(v)� w 2 W (0)f and ��(v)� x 2 X(0). This proves (2). �Proposition 4.3 suggests the following de�nition.De�nition 4.4. A 
losed, bounded, shift-invariant subset V � `1(Z;Z) isa pseudo-
over of X if ��(V ) +X(0) = X .The last part of this se
tion is devoted to the question whether | and towhat extent | the non-equivarian
e of �� 
an be `
orre
ted'. We start byshowing that there is no 
ontinuous, equivariant and surje
tive map � from`1(Z;Z) (or from any shift of �nite type Y � `1(Z;Z)) to X .De�nition 4.5. Let T be a homeomorphism of a 
ompa
t metrizable spa
eY , and let Æ be a metri
 on Y . Two points x; y 2 Y are homo
lini
 iflimjnj!1 Æ(Tnx; Tny) = 0. The homo
lini
 equivalen
e relation �T (Y ) isde�ned as �T (Y ) = f(x; y) 2 Y 2 : x and y are homo
lini
g:For every x 2 Y we denote by�T (x) = fy 2 Y : (x; y) 2�T (Y )gthe homo
lini
 equivalen
e 
lass of x. The homo
lini
 relation �T (Y ) istopologi
ally transitive if �T (y) is dense in Y for some y 2 Y , and minimalif �T (y) is dense in Y for every y 2 Y .Note that all these de�nitions are independent of the spe
i�
 
hoi
e ofthe metri
 Æ.Proposition 4.6. Let � be an irredu
ible, ergodi
 and nonexpansive auto-morphism of a 
ompa
t 
onne
ted abelian group X, and let T be a homeo-morphism of a 
ompa
t metrizable spa
e Y whose homo
lini
 relation�Y (T )is topologi
ally transitive. If � : Y �! X a 
ontinuous equivariant map then�(Y ) 
onsists of a single �xed point �x of � in X.Proof. For any pair y; y0 of homo
lini
 points in Y , the points �(y) and �(y0)are homo
lini
 in X , and hen
e �(y)� �(y0) = 0 by Corollary 4.2. If �T (y)is dense in Y for some y 2 Y then the 
ontinuity of � implies that �(Y ) isa single point whi
h must be �xed under �. �Corollary 4.7. Let f 2 R1 be an irredu
ible nonhyperboli
 polynomial whi
his not 
y
lotomi
, � = �R1=(f) the ergodi
 and nonexpansive automorphismof the 
ompa
t 
onne
ted abelian group X = XR1=(f) de�ned in (2.6){(2.7),and let �� be the shift (2.9) on `1(Z;Z). If � : `1(Z;Z)�! X is a 
ontinuousequivariant map, then �(`1(Z;Z)) 
onsist of a single �xed point of �.



SYMBOLIC REPRESENTATIONS 14Proof. For every positive integer r we set Br = fv 2 `1(Z;Z) : kvk1 � rg =f�r; : : : ; rgZ. Then the restri
tion T = ��jBr of �� to Br has a topologi
allytransitive homo
lini
 equivalen
e relation, and Proposition 4.6 implies that�(Br) 
onsists of a single point. Sin
e this is true for every r � 1, �(`1(Z;Z))
onsist of a single �xed point of �. �De�nition 4.8. Let A be a 
ountably in�nite set, P = (P (a; a0); a; a0 2 A))a transition matrix with entries in f0; 1g, and XP = fx = (xn) 2 AZ :P (xn; xn+1) = 1 for every n 2Zg the asso
iated shift of �nite type.The shift XP and the transition matrix P are irredu
ible if there exist,for every a; a0 2 A, an n � 1 and elements a1 = a; a2; : : : ; an = a0 in Awith P (ai; ai+1) = 1 for i = 1; : : : ; n� 1. If XP is irredu
ible then the periodp(XP ) is the highest 
ommon fa
tor of the set of integers n � 1 for whi
hthere exist elements elements a1; a2; : : : ; an = a1 in A with P (ai; ai+1) = 1for i = 1; : : : ; n� 1.The shift XP and the matrix P are mixing if they are irredu
ible withperiod 1.For the following 
orollaries we assume that � is an irredu
ible, ergodi
and nonexpansive automorphism of a 
ompa
t 
onne
ted abelian group X .Corollary 4.9. Let Y be a mixing shift of �nite type with �nite or 
ountablyin�nite alphabet. Then every 
ontinuous equivariant map � : Y �! X sendsY to a single point.Proof. If T is the shift on Y , then �Y (T ) is minimal, and our 
laim followsfrom Proposition 4.6. �Corollary 4.10. Let Y be an irredu
ible shift of �nite type with �nite or
ountably in�nite alphabet. Then every 
ontinuous equivariant map � : Y �!X sends Y to a �nite set.Proof. If p(Y ) is the period of Y then the shift T on Y has the property thatthere exists a 
losed subset Y0 � Y su
h that the sets T kY0; k = 0; : : : ; n�1are disjoint, TnY0 = Y0, Sn�1k=0 T kY0 = Y , and the restri
tion of Tn to Y0is mixing. Hen
e �(Y ) 
onsists of a single periodi
 orbit for any 
ontinuousequivariant map � : Y �! X . �Corollary 4.11. Let Y be a topologi
ally transitive so�
 shift with �nitealphabet. Then every 
ontinuous equivariant map � : Y �! X sends Y to a�nite set.Proof. Sin
e Y is a 
ontinuous equivariant image of a topologi
ally transitiveshift of �nite type with �nite alphabet, the result follows from Corollary4.10. �Remark 4.12. Some non-so�
 shift-spa
es have a topologi
ally transitivehomo
lini
 equivalen
e relation. For example, in Proposition 5.1 (3) we showthat if � > 1 is a real number, and if V� � f0; : : : ; d��1egZis the two-sided



SYMBOLIC REPRESENTATIONS 15beta-shift spa
e de�ned in (5.4), then the homo
lini
 equivalen
e relation���(V�) of the beta-shift �� is topologi
ally transitive, although V� is ingeneral not so�
.The Corollaries 4.9{4.11 and Remark 4.12 imply that � 
annot haveMarkov (or so�
) partitions or 
overs in any reasonable sense, and thatthere are no nontrivial 
ontinuous equivariant maps from beta-shifts to X.In order to understand to what extent the non-equivarian
e of �� 
an be`
orre
ted' if we are allowed to drop 
ontinuity we set~Y = `1(Z;Z)�W (0)f �= `1(Z;Z)�X(0) (4.15)(where we are using the fa
t that the restri
tion �jW (0)f : W (0)f �! X(0) isa bije
tion) and 
onsider the 
ontinuous surje
tive maps ~� : ~Y �! ~Y and~�� : ~Y �!W �f , de�ned by~�(v; w) = (��v; ��w + d(1; v));~��(v; w) = ���(v) + w (4.16)for every (v; w) 2 ~Y = `1(Z;Z)�W (0)f . The map ~� is obviously a homeo-morphism, and ~�� Æ ~� = ��� Æ ~��: (4.17)Finally we write ~� : ~Y �! `1(Z;Z) for the �rst 
oordinate proje
tion.Theorem 4.13. Let f 2 R1 be an irredu
ible nonhyperboli
 polynomialwhi
h is not 
y
lotomi
, � = �R1=(f) the ergodi
 and nonexpansive auto-morphism of the 
ompa
t 
onne
ted abelian group X = XR1=(f) de�ned in(2.6){(2.7), and let ~� : ~Y �! ~Y be de�ned by (4.15){(4.16). For every ��-invariant probability measure � on `1(Z;Z) the following 
onditions areequivalent.(1) There exists a ~�-invariant probability measure ~� on ~Y with ~��~� = �;(2) For every " > 0 there exists a 
ompa
t subset C" � W (0)f with�(fv 2 `1(Z;Z)g : d(k; v) 2 C"g) > 1� " for every k 2Z; (4.18)(3) There exists a Borel map b : `1(Z;Z)�!W (0)f withd(1; v) = b(��v)� ��b(v) for �-a.e. v 2 `1(Z;Z): (4.19)If � satis�es these equivalent 
onditions, then the Borel map ��b : `1(Z;Z)�! X, de�ned by ��b(v) = �(v) + �� Æ b(v) (4.20)for every v 2 `1(Z;Z), has the property that��b(v)� �(v) 2 X(0) for every v 2 `1(Z;Z);��b Æ �� = � Æ ��b �-a.e.; (4.21)and the probability measure � = (��b)�� (4.22)



SYMBOLIC REPRESENTATIONS 16on X is �-invariant.Motivated by Theorem 4.13 we adopt the following terminology.De�nition 4.14. A shift-invariant probability measure � on `1(Z;Z) isweakly d-bounded if it satis�es the three equivalent 
onditions of Theorem4.13. The probability measure � is d-bounded if there exists a 
ompa
t subsetC � W (0)f su
h that�(fv 2 `1(Z;Z) : d(k; v) 2 C for every k 2Zg) = 1: (4.23)Proof of Theorem 4.13. Suppose that ~� is a ~�-invariant probability measureon ~Y . We set � = ~��~�, �x " > 0 and 
hoose K" > 0 with ~�(`1(Z;Z)�B(K")) > 1 � "=2, where B(K") = fw 2 W (0)f : kwk1 < K"g. Sin
e ~� is~�-invariant, ~��~�k(`1(Z;Z)�B(K"))\(`1(Z;Z)�B(K"))� > 1�" for everyk 2Z, whi
h implies that�(fv 2 `1(Z;Z) : kd(k; v)k1 < 2K"g) > 1� " for every k 2Z:Sin
e " was arbitrary this shows that (1) ) (2).In order to 
he
k that (2) ) (3) we 
hoose an enumeration 
(0)f =f!1; : : : ; !m0g of 
(0)f , write W(0)f = C 
RW (0)f for the 
omplexi�
ationof W (0)f and use the basis fw(!i) : i = 1; : : : ; m0g in (2.15) to identify W(0)fwith Cm0 . LetSm0 = f(
1; : : : ; 
m0) 2 Cm0 : j
ij = 1 for i = 1; : : : ; m0g (4.24)and de�ne, for every 
 = (
1; : : : ; 
m0) 2 Sm0, a linear map M
 : Cm0 �!Cm0 by setting M
z = (
1z1; : : : ; 
m0zm0) (4.25)for every z = (z1; : : : ; zm0) 2 Cm0 . We form the lo
ally 
ompa
t semi-dire
tprodu
t G = Cm0 oSm0with group operation (z; 
) � (z0; 
 0) = (z+M
z0; 

 0)for every z; z0 2 Cm0 and 
; 
 0 2 Sm0 and setd�(k; v) = (d(k; v);!k)for every k 2Zand v 2 `1(Z;Z), where!k = (!k1 ; : : : ; !km0): (4.26)By (4.10), the resulting map d� : Z� `1(Z;Z) �! G satis�es the 
o
y
leequation d�(k; ��lv) � d�(l; v) = d�(k + l; v)for every k; l 2 Zand v 2 `1(Z;Z), where we are using the fa
t that theshift �� on W(0)f 
orresponds to M! under our identi�
ation of W(0)f withCm0 . Furthermore, the map d�(k; �) : `1(Z;Z)�!G is 
ontinuous for everyk 2Z.



SYMBOLIC REPRESENTATIONS 17If the probability measure � satis�es (2), then the 
o
y
le d� : Z�`1(Z;Z)�!G is bounded in the sense that there exists, for every " > 0, a 
ompa
tsubset C" � G with�(fv 2 `1(Z;Z) : d�(k; v) =2 C"g) < "for every k 2Z, and [18, Theorem 4.7℄ implies the existen
e of a Borel mapb0 : `1(Z;Z)�!G and of a 
ompa
t subgroup K � G su
h thatb0(��v)�1 � d�(1; v) � b0(v) 2 K (4.27)for �-a.e. v 2 `1(Z;Z).Every 
ompa
t subgroup K � G is of the formK = f(w(
); 
) : 
 2 �0gfor some 
ompa
t subgroup �0 � Sm0 and some Borel map w : �0 �! Cm0satisfying the 
o
y
le equationw(

 0) = w(
) +M
w(
 0)As �0 is 
ompa
t, this 
o
y
le is a 
oboundary, i.e. there exists a t 2 Cm0with w(
) =M
t � tfor every 
 2 �0, and K = f(M
t� t; 
) : 
 2 �0g: (4.28)We write the map b0 in (4.27) as b0 = (b1; b2) with b1 : `1(Z;Z)�! Cm0and b2 : `1(Z;Z)�! Sm0. A

ording to (4.27){(4.28),(b1(��v); b2(��v))�1 � (d(1; v);!) � (b1(v); b2(v))= (�M�1b2(��v)b1(��v) +M�1b2(��v)d(1; v) +Mb2(��v)�1!b1(v); b2(��v)�1!b2(v))= (Mb2(��v)�1!b2(v))t� t; b2(��v)�1!b2(v)))with b2(��v)�1!b2(v)) 2 �0, and hen
ed(1; v) =M!(Mb2(v)t� b1(v))� (Mb2(��v)t � b1(��v))= ��(Mb2(v)t � b1(v))� (Mb2(��v)t � b1(��v))for �-a.e. v 2 `1(Z;Z).We set b(v) = b1(v)�Mb2(v)t for every v 2 `1(Z;Z),view b as a map from `1(Z;Z) to W(0)f � W (0)f , and obtain thatd(1; v) = b(��v)� ��b(v)for �-a.e. v 2 `1(Z;Z). If b(v) = (b(v) + b(v))=2;where the bar denotes 
omplex 
onjugation in W(0)f = C 
RW (0)f , then theresulting map b : `1(Z;Z)�!W (0)f satis�es (4.19), and (4.21) follows from(4.19) and (4.20). This 
ompletes the proof that (2) ) (3).Finally, if (3) is satis�ed, then there exists a unique, and obviously ~�-invariant, probability measure ~� on ~Y with ~��~� = � and ~�(f(v; b(v)) : v 2`1(Z;Z)g) = 1, whi
h proves that (3) ) (1).



SYMBOLIC REPRESENTATIONS 18The �nal assertions (4.21) and the �-invarian
e of the probability measure� in (4.22) are immediate 
onsequen
es of (4.19). �We re
all the following de�nition from [13℄.De�nition 4.15. Let f 2 R1 be an irredu
ible nonhyperboli
 polynomialwhi
h is not 
y
lotomi
, and let � = �R1=(f) be the ergodi
 and nonexpan-sive automorphism of the 
ompa
t 
onne
ted abelian group X = XR1=(f)in (2.6)-(2.7). Two �-invariant probability measures �1; �2 on X are 
en-trally equivalent if they have an invariant joining % (i.e. an (���)-invariantmeasure % on X �X whi
h proje
ts to �1 and �2, respe
tively) so that, for%-a.e. (x; y) 2 X �X , x and y lie on the same 
entral leaf. In other words,x� y 2 X(0) for %-a.e. (x; y) 2 X �X;where X(0) � X is the 
entral subgroup of � de�ned in (2.16).It is not hard to show that any two 
entrally equivalent probability mea-sures have the same entropy under �. Sin
e Lebesgue measure is the uniquemeasure of maximum entropy for �, it follows that the only measure 
en-trally equivalent to Lebesgue measure is Lebesgue measure itself.Example 4.16. If � is a weakly d-bounded ��-invariant probability measureon `1(Z;Z), and if b0; b00 : `1(Z;Z)�!W (0)f are two maps satisfying (4.19),then the �-invariant probability measures � = (��b0)�� and �0 = (��b00)�� are
entrally equivalent, sin
e ��b0(x)� ��b00(x) 2 X(0) for every x 2 X .If the equation (4.19) has a measurable solution b, then this solutionis generally not unique. Given a weakly d-bounded ��-invariant probabilitymeasure we may thus try to 
hoose b so that (��b)�� is as simple as possible.Proposition 4.17. Let � be a weakly d-bounded ��-invariant probability mea-sure on `1(Z;Z), and let b be a solution of (4.19). Assume that (��b)�� issingular with respe
t to Lebesgue measure. Then there is a solution b0 of(4.19) and an �-invariant Borel set Z � X so that(1) Z interse
t ea
h 
oset of X(0) in at most one point,(2) (��b0)��(Z) = 1.Proof. By [13, Theorem 1.3.(1)℄, there exist a probability measure �0 on Xwhi
h is 
entrally equivalent to � = (��b)�� and a Borel set Z � X (whi
hwe may as well assume to be �-invariant) of full �0-measure whi
h interse
tsea
h 
oset of X(0) in at most one point.Sin
e �0 and � are 
entrally equivalent,��(��b(v) +X(0)) \ Z�� = 1 (4.29)for �-a.e. v 2 `1(Z;Z). De�ne b0(v) 2 W (0)f by the requirement that��(v) + � Æ b0(v)



SYMBOLIC REPRESENTATIONS 19is the single point in the set (4.29). This fun
tion is 
ertainly measurable, as
an be veri�ed easily by using the joining establishing the 
entral equivalen
eof �0 and �. It also satis�es (4.19): sin
e Z is �-invariant,�� Æ ��(v) + � Æ ��(b0(v))	 = �(��b(v) +X(0))\ Z= (��b(��v) +X(0)) \ Z = f��(��x) + � Æ b(��x)g ;and sin
e � is inje
tive on W (0)f ,d(1; v) = ��� Æ ���(v)� ��� Æ ��(v) = b0(��v)� ��b0(v):By 
onstru
tion, �b0(v) 2 Z for every v for whi
h b0 is well-de�ned (i.e. on aset of full �-measure). �Proposition 4.18. Let f 2 R1 be an irredu
ible nonhyperboli
 polynomialwhi
h is not 
y
lotomi
, and let � = �R1=(f) be the ergodi
 and nonexpan-sive automorphism of the 
ompa
t 
onne
ted abelian group X = XR1=(f) in(2.6)-(2.7). For every �-invariant probability measure � on X there existsa d-bounded ��-invariant probability measure � on `1(Z;Z) su
h that � is
entrally equivalent to the probability measure (��b)�� in Theorem 4.13.Proof. Let � be an �-invariant probability measure on X . We set W =fw = (wn) 2 Wf : 0 � wn < 1 for every n 2 Zg (
f. (2.13)), note that therestri
tion �jW of the equivariant map � : Wf �! X to W is bije
tive, and
on
lude that there exists a unique ��-invariant probability measure �0 onW with ���0 = �.The ��-invariant probability measure � = f(��)��0 is supported on Yr �`1(Z;Z) for some r > 0, where Yr = f(��)(Br(Wf )) as in the proof ofProposition 4.3. By (4.12), ���(Yr) is a bounded subset of `1(Z;R). Thisshows that the 
o
y
le d in (4.9) is uniformly bounded on Yr and so � isd-bounded (
f. (4.14)).Let b : `1(Z;Z) �! W (0)f be a Borel map satisfying (4.19), and let��b : `1(Z;Z)�! X be given by (4.20). Sin
e x���bÆf(��)Æ(�jW )�1(x) 2 X(0)for every x 2 X , the �-invariant probability measure (��b)�� is 
entrallyequivalent to �. �The dis
ussion in this se
tion shows that in the nonexpansive 
ase we haveto make a 
hoi
e between 
ontinuity and equivarian
e: the map �� : `1(Z;Z)�! X in (4.4) is 
ontinuous, but not equivariant, and the maps �b : `1(Z;Z)�! X in (4.20), whi
h are equivariant at least on some reasonably large sets,are generally not 
ontinuous. In neither 
ase 
an we expe
t these maps tobe surje
tive.If � is a weakly d-bounded ��-invariant probability measure on `1(Z;Z),then the Borel map �b : `1(Z;Z) �! X in (4.20) is equivariant �-a.e. andthe � = (��b)�� in (4.22) is therefore �-invariant, but the entropy of � willgenerally be lower than that of �.In Proposition 4.18 we saw that we 
an obtain every �-invariant prob-ability measure on X | up to 
entral equivalen
e | from a d-bounded



SYMBOLIC REPRESENTATIONS 20shift-invariant probability measure on `1(Z;Z). However, all su
h measuresare 
on
entrated on the somewhat elusive set Vf , so that this result is oflimited interest.For this reason one would ideally like to �nd `ni
e' and `large' 
ompa
tsubshifts V � `1(Z;Z) (where ni
e means something like a shift of �nitetype or a so�
 shift, and large means that the subshift should be a pseudo-
over of X in the sense of De�nition 4.4), su
h that the following 
onditionsare satis�ed:(1) for every v 2 `1(Z;Z), the interse
tion of V with v+�f(��)(`�(Z;Z))\ `1(Z;Z)� is as small as possible,(2) for every weakly d-bounded shift-invariant probability measure � onV , the probability measure � = (��b)�� in (4.22) has the same entropyas �,(3) every �-invariant probability measure is 
entrally equivalent to aprobability measure obtained in this manner.At this stage we have made only limited progress in this dire
tion (
f.Se
tion 6, where we investigate the 
onne
tion between two-sided beta-shiftarising from a Salem number � and the ergodi
 nonhyperboli
 toral auto-morphism de�ned by the 
ompanion matrix if the minimal polynomial of�). One of the key diÆ
ulties one en
ounters in pursuing this program inany generality is the following: although the restri
tion to `1(Z;Z) of themap f(��) : Wf �! `1(Z;Z) is inje
tive, the setfw 2 `�(Z;Z) : f(��)(w) 2 V gneed not be 
ontained in `1(Z;Z) and the setfw 2 `1(Z;Z) : f(��)(w) 2 V gmay be unbounded, even if V � `1(Z;Z) is a bounded, shift-invariant set.Example 4.19. For every w 2 W (0)f and n 2 Zwe set �(w)n = dwne,where dte is again the smallest integer � t for any t 2 R. The resulting map� : W (0)f �! `1(Z;Z) has the property that the set �(W (0)f ) is unbounded,but kf(��)(v)k1 < kfk1 for every v 2 �(W (0)f ).In order to verify that f(��) maps some unbounded sequen
es in `�(Z;Z)into `1(Z;Z) we 
hoose � 2 
(0)h (
f. (2.3)) and de�ne, for every integerj � 0, a point !(j) = (!(j)n ) 2 `1(Z;R) by setting!(j)n = (�n + ��n if n � j;0 otherwise:Then (f(��)!(j))n = 0for n < j � d and n � j, and kh(��)!(j)k1 � 2 � kfk1. For every n 2 Zweput ~! = 1Xj=0 !(3jd); wn = d~!ne:



SYMBOLIC REPRESENTATIONS 21The resulting point w in `�(Z;Z) is unbounded and satis�es that kf(��)wk1� 3 � kfk1. 5. Beta-shifts and their propertiesWe �x a real number � > 1 and 
onsider the beta-transformationx 7! T�x = �x (mod 1)from the 
losed unit interval [0; 1℄ to the half-open interval I = [0; 1) (
f.[14℄ and [16℄).For every x 2 I , the beta-expansion e�(x) = (e�(x)n; n � 1) of x is de�nedby e�(x)n = �Tn�1� x� Tn� xfor every n � 1. Note that e�(x)n 2 f0; : : : ; d� � 1eg for every n � 1, wheredte is the smallest integer � t for any t 2 R, and thatx =Xn�1 e�(x)n��n (5.1)for every x 2 I .We denote by � the lexi
ographi
 order on the spa
e `1+ of all boundedone-sided sequen
es v = (vn; n � 1) of nonnegative integers and write ��+for the one-sided shift (��+v)n = vn+1 on `1+ . The 
losed, ��+-invariant setV +� = fe�(x) : x 2 Ig (5.2)is 
alled the beta-shift spa
e (where the bar denotes 
losure); it 
ontains aunique lexi
ographi
ally maximal element e�� with the following properties(
f. [14℄): ��k+e�� � e�� for every k � 0;Xn�1 e����n = 1; ��n+e�� 6= 0 for every n � 0;V +� = fv 2 `1+ : ��n+v � e�� for every n � 0g: (5.3)Here we are interested in the two-sided beta-shift spa
e. We write v+ =(v1; v2; : : :) for every v = (vn) 2 `1(Z;Z) and setV� = fv 2 `1(Z;Z) : (��nv)+ 2 V +� for every n 2Zg= fv 2 `1(Z;Z) : (��nv)+ � e�� for every n 2Zg: (5.4)For every v 2 `1(Z;Z) with v�n = 0 for all suÆ
iently large n � 0 wede�ne the evaluation ��(v) 2 R by��(v) =Xn2Zvn��n: (5.5)If we view V +� as the subset fv 2 V� : vn = 0 for n � 0g, then the evaluationde�nes a 
ontinuous, surje
tive, at most two-to-one map �� : V +� �! [0; 1℄with e�(��(v)) = v (5.6)
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omplement of a 
ountable subset of V +� (
f. [14℄ and (5.1)):the only possible ex
eptions to (5.6) are points satisfying (��kv)+ = e�� forsome k > 0 (
f.(5.3)).The following elementary observations follow dire
tly from (5.3){(5.4):Proposition 5.1. Let � > 1, and let V� � `1(Z;Z) be the two-sided beta-shift spa
e de�ned in (5.4).(1) If v; w 2 V� satisfy that w+ � v+ in the notation of (5.3){(5.4), thenthe point v0 with v0n = (vn if n � 0;wn if n > 0;lies in V�;(2) If � is algebrai
 with minimal polynomial f 2 R1, and if v; w 2 V�satisfy that vn = wn for every n < 0, v0 > w0 and w � v 2 f(��)(`1(Z;Z)),then v0 = w0 + 1, v+ = 0 and w+ = e��. It follows that(v + f(��)(`1(Z;Z)))\ V� = fvgfor every v 2 V�.(3) The homo
lini
 equivalen
e relation ���(V�) (
f. De�nition 4.5) istopologi
ally transitive on V�.Proof. In order to prove (1) we note that (v0k+1; v0k+2; : : :) � (vk+1; vk+2; : : :)� e�� whenever k < 0, and (v0k+1; v0k+2; : : :) = (wk+1; wk+2; : : :) � e�� other-wise. A

ording to (5.4) this implies that v0 2 V�.If � is algebrai
 with minimal polynomial f , and ifw 2 (v + f(��)(`1(Z;Z)))\ V�and vn = wn for all n < 0, then��(w0; w1; : : :) = ��(v0; v1; : : :);and (5.3) and (5.6) imply (2).In order to verify (3), we denote by 0 2 V� the two-sided in�nite sequen
eof zeros. For every v 2 V� and n 2 N the point v0 de�ned byv0k = 8><>:0 if k < �nvn if �n � k � n0 if n < kagain lies in V�, due to the lexi
ographi
 de�nition of the beta-shift in (5.3).It is also 
learly homo
lini
 to 0. This shows that the homo
lini
 equivalen
e
lass of 0 is dense in V�. �Beta-shifts are in general not so�
 (in fa
t, they are so�
 if and onlyif the point e�� in (5.3) is eventually periodi
 whi
h implies, in turn, that� is algebrai
 | 
f. e.g. [3℄). However, even if V� is not so�
, i.e. 
annotbe obtained by relabelling the letters of a shift of �nite type with �nitealphabet, it always has a ni
e des
ription in terms of a 
ertain shift of �nite
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ountable alphabet. This in�nite state shift of �nite typehas additional ni
e properties whi
h make it a useful tool in the study ofbeta-shifts.We now present the 
onstru
tion in [9, 26℄ of this shift of �nite type dueto Hofbauer and Takahashi and its relation to the beta-shift (note that thereis a gap in [26℄; see [9℄ for details).For any pair of points v; v0 2 V +� with v � v0, let [v; v0℄ � V +� be the setof points whi
h lie between v and v0 in the lexi
ographi
 order, and let 0+denote the one-sided sequen
e of zeros.Let A = f0; : : : ; d� � 1eg. The alphabet (or state spa
e) �A of �� is givenby �A = �A0 [ �A00 where�A0 = �(a; [0+; e��℄) : a = 0; : : : ; d� � 2e	�A00 = f((e��)k ; [0+; ��k+e��℄) : k = 1; 2; : : :g: (5.7)Note that �A is �nite if and only if e�� is eventually periodi
.The allowed transition in �� are de�ned as follows. Ea
h state �a 2 �A0
an be followed by any other state in �A0 as well as by the state (d� �1e; [0+; ��+e�� ℄). Ea
h state �a = ((e��)k; [0+; ��k+e��℄) 2 �A00 
an be followed byeither �a0 = (a; [0; e��℄) for a < (e��)k+1, or by ((e��)k+1; [0+; ��k+1+ e��℄). Wedenote by P = (P (�a; �a0); �a; �a0 2 �A) the 
orresponding transition matrix, i.e.P (�a; �a0) = 1 if and only if �a 
an be followed by �a0.Let � : �A �! A be the proje
tion onto the �rst 
oordinate, and let �be the 
orresponding map from �AZto AZ. One 
an show quite easily that�(��) � V�. In general, �j�� need not be surje
tive. What is true (see [9℄)is that the 
omplement N of �(��) is a shift invariant subset of V� with theproperty that any measure supported on it has zero entropy.This 
onstru
tion is used in parti
ular to show that V� has a unique ��-invariant measure �� of maximal entropy with entropy log � (
f. [9℄).Theorem 5.2 ([9℄). The transition matrix P = (P (a; a0); a; a0 2 �A) of ��has maximal eigenvalue � and unique positive left and right eigenve
torsx = (x(a); a 2 �A), y = (y(a); a 2 �A) with xP = �x, Py = �y andPa2 �A x(a) =Pa2 �A y(a) = 1.Let ��P be the Markov measure on �P de�ned by��P ([am1 ; : : : ; am2℄) = ��(m2�m1)y(am2)y(am1) (5.8)for every 
ylinder set[am1 ; : : : ; am2 ℄ = fy 2 �P : yn = an for n = m1; : : : ; m2g:Then the restri
tion of � to �P is inje
tive ��P -a.e., and ����P = ��.The beta-shift is known to be so�
 for Pisot numbers as well as for Salemnumbers of degree four. For general Salem numbers � it is not known whetherV� has to be so�
 (
f. [2℄, [5℄{[7℄ and [17℄).



SYMBOLIC REPRESENTATIONS 246. The beta-shift and symboli
 embeddings for Salem numbersWe start this se
tion with a brief review of the 
ase where � is a Pisotnumber, and where the �-shift is a so�
 model of the 
orresponding hyper-boli
 toral automorphism.Proposition 6.1 ([21℄). Let � > 1 be a Pisot number, f 2 R1 its minimalpolynomial of degree m, say, and let � = �R1=(f) be the expansive automor-phism of the 
ompa
t abelian group X = XR1=(f) des
ribed in (2.6) (if �is a Pisot unit then X �= Tm). Then the restri
tion of the equivariant map� : `1(Z;Z)�! X in (3.6) to the two-sided beta-shift V� � `1(Z;Z) is sur-je
tive and �nite-to-one. In parti
ular, if � is a shift-invariant probabilitymeasure on V�, then the measure � = ��� on X is �-invariant and has thesame entropy as �. Furthermore, every �-invariant probability � on X 
anbe obtained in this manner.The restri
tion of � to V� in Proposition 6.1 is 
onje
tured to be almostone-to-one, although this has only been proved in some examples (
f. [21℄{[23℄). For earlier spe
ial 
ases of Proposition 6.1 we refer to [24℄.Proposition 6.1 des
ribes the 
lose 
onne
tion between the two-sided beta-shift of a Pisot unit � > 1 and the toral automorphism de�ned by the
ompanion matrix of the minimal polynomial of �. One of the prin
ipalmotivations of this paper was the question whether there exists an analogousresult for Salem numbers.The following dis
ussion shows that, although Proposition 6.1 does nothold in this 
ase, there does exist a 
onne
tion between two-sided beta-shifts of Salem numbers and the nonhyperboli
 ergodi
 toral automorphismsde�ned by the 
ompanion matri
es of their minimal polynomials. However,this 
onne
tion is mu
h more 
ompli
ated and tenuous than in the Pisot
ase.For the remainder of this se
tion we restri
t ourselves to Salem numbers,their minimal polynomials and their 
ompanion matri
es. Assume thereforethat � is a Salem number with minimal polynomial f 2 R1 of (even) degreem, say, and let � = �R1=(f) be the ergodi
 and nonexpansive automorphismof X = XR1=(f) de�ned by (2.6){(2.7), whi
h is algebrai
ally 
onjugate tothe 
ompanion matrix Mf in (3.4), a
ting on Tm. The 
orresponding two-sided beta-shift will be denoted by V� � `1(Z;Z), and we write �� for theunique shift-invariant measure of maximal entropy on V�.Sin
e the homo
lini
 equivalen
e relation ���(V�) is topologi
ally tran-sitive on V� by Proposition 5.1 (3), Proposition 4.6 shows that a simplesymboli
 des
ription as in Proposition 6.1 is not possible in this 
ase. Apartial analogue to Proposition 6.1 is presented in Theorem 6.3 below.De�nition 6.2. Let Z1; Z2 be standard Borel spa
es and � a probabilitymeasure on Z1. A Borel map g : Z1 �! Z2 is 
ountable-to-one �-a.e. if



SYMBOLIC REPRESENTATIONS 25there are Borel sets Z 01 � Z1; Z 02 � Z2 with �(Z 01) = g��(Z 02) = 1 so thatg�1(z) \ Z 01 is 
ountable for every z 2 Z 02.It is an easy exer
ise to see that entropy is preserved under almost every-where 
ountable-to-one fa
tor maps.Theorem 6.3. Let � > 1 be a Salem number of degree m, say, f 2 R1 itsminimal polynomial, and let � = �R1=(f) be the ergodi
 and nonexpansiveautomorphism of X = XR1=(f) �= Tm de�ned in (2.6){(2.7).Suppose that � is a weakly d-bounded ��-invariant probability measure onthe two-sided beta-shift V�, and that ��b : V� �! X is the �-a.e. equivariantBorel map de�ned in (4.20). Then ��b is 
ountable-to-one �-a.e., and the �-invariant probability measure � = (��b)�� on X is singular with respe
t toHaar measure and satis�es that h�(��) = h�(�).For the proof of Theorem 6.3 we need several lemmas. The hypotheses ofthese lemmas are those of the theorem.We 
all two points v; v0 2 V� equivalent (in symbols: v � v0) if v � v0 2f(��)(`�(Z;Z)) or, equivalently, if ��(v)���(v0) 2 X(0) (
f. (4.6)). Denote byR = f(v; v0) : v � v0g � V� � V� (6.1)the resulting equivalen
e relation, and writeR(v) = fv0 2 V� : v � v0g (6.2)for the equivalen
e 
lass of every v 2 V�.Lemma 6.4. The set R � V� � V� is Borel and �� � ��-invariant.Proof. For every r > 0, the setsB�r = �v 2 `�(Z;Z) : supn2Z jvnjjnj+ 1 � r�and Cr = f(��)(B�r) � `�(Z;Z) are 
ompa
t, and the map p : Cr � V� �!`�(Z;Z) � V�, given by p(v0; v) = (v0 + v; v), is 
ontinuous. Hen
e ~Cr =p(Cr � V�) \ (V� � V�) is 
ompa
t and R = Sr>0 ~Cr is Borel. The �� � ��-invarian
e of R is obvious. �For every subset F �Zwe write �F : `1(Z;Z)�!ZF for the proje
tiononto the 
oordinates in F .Lemma 6.5. Let Y � V� be a shift-invariant Borel set with �(Y ) = 1 su
hthat (4.19) holds for every v 2 Y , and letY (M) = fy 2 Y : kb(y)k1 �Mg;L(M) = fy 2 `�(Z;Z) : ky � ��� Æ f(��)(y)k1 �MgR(M;w) = �w + f(��)(L(M))�\ V� � R(w) (6.3)for every M � 1 and w 2 V� (
f. (4.6)). Then for every w 2 V�R(w) = 1[M=1R(M;w) (6.4)



SYMBOLIC REPRESENTATIONS 26and for every K;M; n � 1���f0;:::;ng�R(K;w)\ Y (M)\ ���n(Y (M))��� � 
(M;K);���f�n;:::;0g�R(K;w)\ Y (M) \ ��n(Y (M))��� � 
(M;K); (6.5)where 
(M;K) is a 
onstant depending only on K, M and f .Proof. We �rst prove (6.4). Indeed, by (4.6) and the remarks followingSM L(M) = `�(Z;Z), hen
e1[M=1R(M;w) = (w + f(��)(`�(Z;Z)))\ V� = R(w):We now turn to prove (6.5). By (4.4) there exists a 
onstantM1 > 0 su
hthat maxj=0;:::;m j���(w)jj �M1 � kwk1for every w 2 `1(Z;Z). As (���)n Æ ���(w) = ��� Æ ��n(w) + b(��nw)� ��nb(w)for every n 2Z, maxj=0;:::;m j���(w)n+j j �M1� + 2Mfor every M � 1, n 2 Zand w 2 Y (M) \ ���n(Y (M)). We �x w 2 V� andobtain that, for every v 2 R(K;w)\ Y (M) \ ���n(Y (M))maxj=0;:::;m j���(v)jj �M1�; maxj=0;:::;m j���(v)n+j j �M1� + 2M;and that there exists a unique y 2 `�(Z;Z) with v = w + f(���)(y) andky � ��� Æ f(���)(y)k1 � K.If v0 is a se
ond element in R(K;w) \ Y (M) \ ���n(Y (M)) with v0 =w + f(���)(y0) for some y0 2 `�(Z;Z), then ky0 � ��� Æ f(���)(y0)k1 � K, andhen
emaxj=0;:::;m jyj�y0j j � 2M1�+2K and maxj=0;:::;m jyn+j�y0n+j j � 2M1�+4M+2K:For every L > 0 we setB(n; L) = fw 2 `�(Z;Z) : jwjj � Lfor 0 � j � m and n � j � n+mg;If the �rst inequality in (6.5) does not hold for some w 2 V� and n > 0,then we 
an �nd elements y; z 2 B(n; 2M1� + 4M + 2K + 1) with thefollowing properties: (y0; : : : ; ym) = (z0; : : : ; zm);(yn; : : : ; yn+m) = (zn; : : : ; zn+m);(ym+1; : : : ; yn�1) 6= (zm+1; : : : ; zn�1):so that �y = w+ f(���)(y), �z = w+ f(���)(z) are both in V�. Note that thesetwo points satisfy �y0 = �z0, �yn = �zn and (�y1; : : : ; �yn�1) 6= (�z1; : : : ; �zn�1).Suppose, without loss in generality, that(�y1; : : : ; �yn�1) � (�z1; : : : ; �zn�1)



SYMBOLIC REPRESENTATIONS 27and hen
e (�y1; �y2; : : :) � (�z1; �z2; : : :)in the lexi
ographi
 order. We sety0j = (zj if j � 0;yj if j > 0;and put z0 = z. Then �y0 = w + f(��)(y0) is of the form�y0j = (�zj if j � 0;�yj if j > 0;and �y0 2 V� by Proposition 5.1 (1). Put �z0 = w + f(���)(z0) = �z, rememberthat �y0j = �z0j for j � 0 and for j = n, and assume for the moment that(�y0n+1; �y0n+2; : : :) � (�z0n+1; �z0n+2; : : :)in the lexi
ographi
 order (if this is not the 
ase we have to inter
hange theroles of y0 and z0 below). Letz00j = (z0j if j � n;y0j if j > n;and set y00 = y0 and �y00 = �y0. The point �z00 = w + f(���)(z00) is of the form�z00j = (�z0j if j � n;�y0j if j > n;and lies in V� by Proposition 5.1 (1). By 
onstru
tion, y00j = z00j for j � mand j � n, and hen
e v00 = y00�z00 2 `1(Z;Z). Sin
e �z00 and �y00 = �z00+f(��)v00lie in V� we obtain a 
ontradi
tion to Proposition 5.1 (2). This proves the�rst inequality in (6.5), and the proof of the se
ond one is analogous. �Lemma 6.6. Let R(K;w); Y (M); 
(M;K) be as in Lemma 6.5, and let~Y (M) = Y (M)\(y 2 Y : lim infn!�1 1jnj 2nXk=n 1Y (M)(��kw) � 12) :Then for every K;M and w 2 V����R(K;w)\ ~Y (M)��� � 100
(M; 2K)2 (6.6)Proof. Assume in 
ontradi
tion that there is some w 2 V� for whi
h (6.6)fails. Then there is a n0 so that at least one of the following holds:����f0;ng �R(K;w)\ ~Y (M)���� > 10
(M; 2K) for every n > n0 or����f�n;0g �R(K;w)\ ~Y (M)���� > 10
(M; 2K) for every n > n0:Assume that the former holds (the argument for the latter is identi
al).Suppose w1, . . . , w10
(M;2K) are 10
(M; 2K) points in R(K;w)\ ~Y (M) with



SYMBOLIC REPRESENTATIONS 28�f0;ng(wi) 6= �f0;ng(wj) for i 6= j. Then by de�nition of ~Y (M), for n1 > n0suÆ
iently large10
(M;2K)+1Xi=1 2n1Xk=n1 1Y (M)(��kw) > 4n1
(M; 2K)so that there would be some n2 > n0 for whi
h at least 
(M; 2K)+1 of the wi(whi
h without loss of generality we 
an assume to be w1; : : : ; w
(M;2K)+1)satisfy ��n2wi 2 Y (M). We already know all the wi are in R(K;w)\ ~Y (M) �R(K;w) \ Y (M). Sin
e �f0;n0gwi are all distin
t (whi
h also implies that�f0;n2gwi are all distin
t), the points w1, . . .w
(M;2K)+1 show that���f0;n2g �R(K;w)\ Y (M) \ ���n2Y (M)��� � 
(M; 2K) + 1whi
h is in 
ontradi
tion to (6.5). �Proof of Theorem 6.3. Let � and � be measures on V� and X respe
tivelyas in Theorem 6.3. We will show in fa
t something stronger than merelythat ��b is 
ountable-to-one: we will show that there is a subset Z1 � V�with�(Z1) = 1 so that for any x 2 X ,[��b℄�1 �x+X(0)� \ Z1is 
ountable. Indeed, take Z1 = S1M=1 ~Y (M), with ~Y (M) as in Lemma 6.6;
learly �(Z1) = 1. For any x = ��b(w) 2 ��b(V�)[��b℄�1 �x+X(0)� \ Z1 = R(w) \ Z1 = 1[K;M=1(R(K;w)\ ~Y (M)):By Lemma 6.6, R(K;w)\ ~Y (M) is �nite and the result follows.Sin
e 
ountable-to-one fa
tor maps do not de
rease entropy, h�(��) =h�(�). Furthermore, the set Z2 = ��b(Z1) � X satis�es �(Z2) = 1 and in-terse
ts ea
h 
oset of X(0) in a 
ountable set. Hen
e by Fubini �X(Z2) = 0,whi
h proves that �X and � are mutually singular. �As we have seen, on V� there is a unique ��-invariant measure �� withmaximal entropy log �. If this measure would have been weakly d-bounded,[��b℄��� would have been a measure on X whi
h has entropy log � but issingular with respe
t to �X , whi
h is 
learly absurd as �X is the unique�-invariant measure on X with entropy log �. Thus as a biprodu
t of ourdis
ussion on symboli
 representations we obtain:Corollary 6.7. The measure �� on V� is not weakly d-bounded.7. Some examples of invariant measures in the Salem 
aseTheorem 7.1. Let � > 1 be a Salem number, and let V� � `1(Z;Z) be the
orresponding two-sided beta-shift spa
e. For every " > 0 there exists a d-bounded shift-invariant probability measure � on V� with h�(��) > log ��",where �� = ��V� is the beta-shift.



SYMBOLIC REPRESENTATIONS 29Proof. As in the proof of Theorem 4.13 we 
hoose an enumeration 
(0)f =f!1; : : : ; !m0g of 
(0)f , write W(0)f = C 
RW (0)f for the 
omplexi�
ation ofW (0)f , and use the basis fw(!i) : i = 1; : : : ; m0g in (2.15) to identify W(0)fwith Cm0 . Let �� = �(!n1 ; : : : ; !nm0) : n 2Z	:Put V = V� � �� (
f. (4.24)) and de�ne a map S� : V �!V by S�(v; 
) =(��v;M!
) for every v 2 V� and 
 = (
1; : : : ; 
m0) 2 �� � Cm0 , where M!is de�ned in (4.25) and (4.26).Let � be the Haar (= normalized Lebesgue) measure on �� . Sin
e theunique shift-invariant measure of maximal entropy �� on V� is mixing (
f.[9℄), the measure ���� onV is ergodi
 under T�. The map F� : V �! Cm0 ,given by F�(v; 
)i = 
iv0 for every v = (vn) 2 V�, 
 = (
1; : : : ; 
m0) 2 ��and i = 1; : : : ; m0, satis�es that R F� d(����) = 0, and the ergodi
 theoremimplies thatlimK!1



 1K K�1Xk=0 F�(T k� (v; 
))



1 = limK!1���� 1K K�1Xk=0 !ki vk���� = 0 (�� � �)-a.e.for i = 1; : : : ; m0, where k � k1 is the maximum norm on Cm0 . Hen
elimK!1 kd(K; v)=Kk1 = 0 ��-a.e.We �x a positive integer J and 
hoose K > 0 suÆ
iently large so that��(BK;J) > 1� 1=J , whereBK;J = fv 2 V� : kd(k; v)k1 � K for k = 0; : : : ; KJg:Note that the set BK;J is a union of 
ylinder sets whi
h depend only on the
oordinates 0; : : : ; KJ � 1.Sin
e M! a
ts minimally on �� , there exists an L > 0 with the followingproperty: for every pair v;w 2 Cm0 of ve
tors with kvk1 � 1 and kwk1 � 1there exists an l 2 f0; : : : ; L� 1g with kM l!v+wk1 � 1.Let v 2 V�. By inserting zero 
oordinates in an appropriate manner wemodify v to a point v� 2 V� with v�n = vn for n < 0 su
h that kd(m; v�)k1 <4K for every m � 0.In order to des
ribe this modi�
ation we pro
eed by indu
tion and assumethat v = v(0) 2 V�. If v 2 BK;J we put v(1) = v and v(1) = d(JK; v(0)).If v =2 BJ;K we use our 
hoi
e of L to �nd an integer l1 2 f0; : : : ; L� 1gsu
h that the point v(1), given byv(1)n = 8><>:vn if n � K � 1;0 if n = K; : : : ; K + l1 � 1;vn�l1 if n � K + l1;



SYMBOLIC REPRESENTATIONS 30whi
h satis�es that kd(2K+l1; v(1))k1 � K. Next we 
hoose l2 2 f0; : : : ; L�1g su
h that the point v(2) withv(2)n = 8><>:v(1)n if n � 2K + l1 � 1;0 if n = 2K + l1; : : : ; 2K + l1 + l2 � 1;vn�l1�l2 if n � 2K + l1 + l2;satis�es that kd(3K + l1 + l2; v(2))k1 � K. By 
ontinuing in this mannerwe eventually obtain integers l1; : : : ; lJ�1 2 f0; : : : ; L�1g and a point v(1) =v(J � 1) 2 V� (
f. Proposition 5.1 (1)) withv(1)n = 8>>>>>>>>><>>>>>>>>>:vn if n � K � 1;0 if n = K; : : :; K + l1 � 1;...0 if n = (J � 1)K + l1 + � � �+ lJ�2; : : : ;(J � 1)K + l1 + � � �+ lJ�1 � 1;vn�l1�����lJ�1 if n � (J � 1)K + l1 + � � �+ lJ�1;satis�es that kd(JK+l1+� � �+lJ�1; v(1))k1 � K. We set l(1) = l1+� � �+lJ�1,v(1) = d(JK + l(1); v(1)) and note that ��JK+l(1)v(1) 2 BK;J if and only if��JKv 2 BK;J , and that kd(j; v(1))k1 � 2Kfor j = 0; : : : ; JK + l(1).We repeat this pro
ess with v repla
ed by w = ��JK+l(1)v(1) and obtainan integer l(2) 2 f0; : : : ; J(L � 1)g and a point w0 2 V� with the followingproperties.(i) kd(JK+ l(2); w0)k1 � K and kd(j; w0)k1 � 2K for j = 0; : : : ; JK+l(2),(ii) w0n = wn for n < 0 and w0n+l(2) = wn for n � JK,(iii) w0 is obtained from w by inserting l(2) � (J � 1)(L� 1) zeros amongthe 
oordinates w0; : : : ; wJK�1, and l(2) = 0 if and only if ��JK(v) 2BK;J .Next we set w = d(JK + l(2); w0), 
hoose a j(1) 2 f0; : : : ; L � 1g withkM j(1)! v(1) +wk1 � K, and de�ne v(2) 2 V� byv(2)n = 8><>:v(1)n if n < JK + l(1);0 if n = JK + l(1); : : : ; JK + l(1) + j(1)� 1w0n�JK�l(1)�j(1) if n � JK + l(1) + j(1):The point v(2) lies in V� by Proposition 5.1 (1) and has the following prop-erties.(i') kd(2JK + l(1) + j(1) + l(2); v(2))k1 � K and kd(j; v(2))k1 � 2K forj = 0; : : : ; 2JK + l(1)+ j(1)+ l(2),(ii') v(2)n = vn for n < 0 and v(2)n+l(1)+j(1)+l(2) = vn for n � 2JK,



SYMBOLIC REPRESENTATIONS 31(iii') v(2) is obtained from v(1) by inserting l(2) � J(L � 1) zeros amongthe 
oordinates vJK+l(1) ; : : : ; v2JK�1+l(1) , and l(2) = 0 if and only if��JKv 2 BK;J (or, equivalently, if and only if ��JK+l(1)v(1) 2 BK;J).By repeating this pro
ess we obtain sequen
es (v(m); m � 1) in V� and(l(m); m � 1) and (j(m); m � 1) of positive integers satisfying the following
onditions for every m � 1.(1) 0 � l(m) � J(L � 1) and 0 � j(m) � L� 1,(2) If L(m) =Pmi=1 l(i), J(m) =Pm�1i=1 j(i) and L(i) = J(i) = 0 for i � 0,then L(m) � J(L� 1) � m�1Xi=0 1V�rBK;J (��iJKv);where 1S denotes the indi
ator fun
tion os a set S � V�, andkd(mJK + L(m) + J(m�1); v(m))k1 � K;(3) kd(j; v(m))k1 � 2K for j = 0; : : : ; mJK + L(m) + J(m�1),(4) v(m)n = (v(m�1)n if n < (m� 1)JK + L(m�1) + J(m�2);vn�L(m)�J(m�1) if n � mJK + L(m) + J(m):From the 
onditions (3){(4) above we see that the sequen
e (v(m); m � 1)
onverges to an element v� 2 V� withkd(j; ��j0v�)k1 � 4Kfor every j; j 0 � 0.If m is suÆ
iently large, then the setCm = �v 2 V� : m�1Xi=0 1V�rBK;J (��iJKv) � 2m=J�has ��-measure > 1� 1=J .So far we have kept J and K �xed, but now we begin to vary them. IfP (m) = �f0;:::;mJK�1g(Cm)is the proje
tion of the set Cm onto the 
oordinates 0; : : : ; mJK � 1, thenthe Shannon-M
Millan-Breiman theorem applied to �� (
f. [15℄) implies thatthe 
ardinality of P (m) satis�es thatlimJ!1 1mJK log jP (m)j = log �;sin
e h�� (���) = log � (note that K depends on J and tends to in�nity asJ ! 1). We �x " > 0 and 
hoose J (and hen
e K) suÆ
iently large sothat P (m) > (� � ")mJK for all suÆ
iently large m. For every v 2 Cm, thenumber of zero 
oordinates inserted among the 
oordinates v0; : : : ; vmJK�1in the transition from v to v� is less than m � (L� 1) + 2m � (L� 1) �K=J ,so thatj�f0;:::;mJK�1g(fv� : v 2 Cmg)j � j�f0;:::;m�(JK�L�2�(L�1)�K=J)g(Cm)j:
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iently large K, the topologi
al entropy of the
losed, ��-invariant subsetfv 2 V� : kd(j; ��j0v�)k1 � 4K for every j � 0 and j 0 2Zgis arbitrarily 
lose to log �, and the variational prin
iple (
f. [30℄) guaranteesthat we 
an �nd ��-invariant and ergodi
 probability measures � on V� withentropy arbitrarily 
lose to log �. �A
knowledgmentThis resear
h has been supported in part by NSF grant DMS 0140497(E.L.) and FWF Proje
t P16004{N05 (K.S.). During part of this work, bothauthors re
eived support from the Ameri
an Institute of Mathemati
s andNSF grant DMS 0222452. We would furthermore like to express our grat-itude to the Mathemati
s Departments of the University of Washington,Stanford University, the Newton Institute, Cambridge and the ETH Z�uri
hfor hospitality during parts of this work. E.L. is a Clay Resear
h Fellow andis grateful for this generous support from the Clay Mathemati
s Institute.E.L. would also like to thank Ri
k Kenyon for an interesting and helpfuldis
ussion on these and related topi
s.Referen
es[1℄ R.L. Adler and B. Weiss, Similarity of automorphisms of the torus, Mem. Amer.Math. So
. 98 (1970). 1[2℄ A. Bertrand, D�eveloppements en base de Pisot et r�epartition modulo 1, C. R. A
ad.S
i. Paris S�er. I Math. 285 (1977), 419{421. 23[3℄ F. Blan
hard, Beta-expansion and symboli
 dynami
s, Theoret. Comput. S
i. 65(1989), 131{141. 22[4℄ R. Bowen,Markov partitions for axiom A di�eomorphisms,Amer. J. Math. 92 (1970),725{747. 1[5℄ D. Boyd, Salem numbers of degree four have periodi
 beta-expansions, in: Th�eorie desnombres (Conferen
e Pro
eedings, Ban� 1988), de Gruyter, Berlin-New York, 1990,57{64. 3, 23[6℄ D.W. Boyd, On the beta expansion for Salem numbers of degree 6, Math. Comp. 65(1996), 861{875.[7℄ D.W. Boyd, The beta expansion for Salem numbers, Canad. Math. So
. Conf. Pro
.20 (1997), 118{130. 3, 23[8℄ M. Einsiedler and K. S
hmidt, Irredu
ibility, homo
lini
 points and adjoint a
tions ofalgebrai
Zd-a
tions of rank one, in: Nonlinear Phenomena and Complex Systems, ed.A. Maass, S. Martinez and J. San Martin, Kluwer A
ademi
 Publishers, Dordre
ht,2002, 95{124. 6, 9[9℄ F. Hofbauer, �-shifts have unique maximal measure, Monatsh. Math. 85 (1978), 189{198. 23, 29[10℄ R. Kenyon and A. Vershik, Arithmeti
 
onstru
tion of so�
 partitions of hyperboli
toral automorphisms, Ergodi
 Theory Dynam. Systems 18 (1998), no. 2, 357{372. 1[11℄ D. Lind and B. Mar
us, Symboli
 dynami
s and 
oding, Cambridge University Press,Cambridge, 1995. 9



SYMBOLIC REPRESENTATIONS 33[12℄ D. Lind and K. S
hmidt, Homo
lini
 points of algebrai
 Zd-a
tions, J. Amer. Math.So
. 12 (1999), 953{980. 8, 10[13℄ E. Lindenstrauss and K. S
hmidt, Invariant measures of nonexpansive group auto-morphisms, Israel J. Math. (to appear). 2, 5, 7, 18[14℄ W. Parry, On the �-expansions of real numbers, A
ta Math. Hungar. 11 (1960), 401{416. 21, 22[15℄ W. Parry, Topi
s in ergodi
 theory, Cambridge University Press, Cambridge, 1981.31[16℄ A. R�enyi, Representations of real numbers and their ergodi
 properties, A
ta Math.Hungar. 8 (1957), 477{493. 21[17℄ K. S
hmidt, On periodi
 expansions of Pisot numbers and Salem numbers, Bull. Lon-don Math. So
. 12 (1980), 269{278. 3, 23[18℄ K. S
hmidt, Amenability, Kazhdan's property T, strong ergodi
ity and invariantmeans for ergodi
 group a
tions, Ergod. Th. & Dynam. Sys. 1 (1981), 223{236. 17[19℄ K. S
hmidt, Automorphisms of 
ompa
t abelian groups and aÆne varieties, Pro
.London Math. So
. 61 (1990), 480{496. 6[20℄ K. S
hmidt, Dynami
al Systems of Algebrai
 Origin, Birkh�auser Verlag, Basel-Berlin-Boston, 1995. 5[21℄ K. S
hmidt, Algebrai
 
oding of expansive group automorphisms and two-sided beta-shifts, Monatsh. Math. 129 (2000), 37{61. 1, 2, 9, 24[22℄ N. Sidorov, Bije
tive and general arithmeti
 
odings for Pisot toral automorphisms,J. Dynam. Cont. Sys. 7 (2001), 447{472.[23℄ N. Sidorov, An arithmeti
 group asso
iated with a Pisot unit, and its symboli
-dynami
al representation, A
ta Arith. 101 (2002), 199{213. 24[24℄ N. Sidorov and A. Vershik, Bije
tive arithmeti
 
odings of the 2-torus, and binaryquadrati
 forms, J. Dynam. Cont. Sys. 4 (1998), 365{400. 1, 2, 24[25℄ Ya.G. Sinai, Markov partitions and Y -di�eomorphisms, Fun
tional Anal. Appl. 2(1986), 64{89. 1[26℄ Y. Takahashi, Isomorphisms of �-automorphisms to Markov automorphisms, OsakaJ. Math. 10 (1973), 175{184. 23[27℄ A. Vershik, The �badi
 expansion of real numbers and adi
 transformations, Preprint,Mittag-Le�er Institute, 1991/92. 2[28℄ A. Vershik, Arithmeti
 isomorphism of hyperboli
 toral automorphisms and so�
 sys-tems, Fun
tional Anal. Appl. 26 (1992), 170{173.[29℄ A.M. Vershik, Lo
ally transversal symboli
 dynami
s, St. Petersburg Math.J. 6 (1995),529{540. 2, 9[30℄ P. Walters, An introdu
tion to ergodi
 theory, Graduate Texts in Mathemati
s, vol.79, Springer Verlag, Berlin-Heidelberg-New York, 1982. 32[31℄ B. Weiss, Subshifts of �nite type and so�
 systems, Monatsh. Math. 77 (1973), 462{474. 9Elon Lindenstrauss: Department of Mathemati
s, Prin
eton University,Prin
eton, NJ 08540, USAE-mail address: elonl�math.prin
eton.eduKlaus S
hmidt: Mathemati
s Institute, University of Vienna, Nordberg-stra�e 15, A-1090 Vienna, AustriaandErwin S
hr�odinger Institute for Mathemati
al Physi
s, Boltzmanngasse 9,A-1090 Vienna, AustriaE-mail address: klaus.s
hmidt�univie.a
.at


