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Cosmological solutions of the Vlasov-Einsteinsystem with spherical, plane, and hyperbolicsymmetryGerhard ReinMathematisches Institut der Universit�at M�unchenTheresienstr. 39, 80333 M�unchen, GermanyAbstractThe Vlasov-Einstein system describes a self-gravitating, collisionlessgas within the framework of general relativity. We investigate the ini-tial value problem in a cosmological setting with spherical, plane, orhyperbolic symmetry and prove that for small initial data solutions ex-ist up to a spacetime singularity which is a curvature and a crushingsingularity. An important tool in the analysis is a local existence resultwith a continuation criterion saying that solutions can be extended aslong as the momenta in the support of the phase-space distribution ofthe matter remain bounded.1 IntroductionWhen describing the evolution of self-gravitating matter �elds within thecontext of general relativity, the choice of the matter model is crucial. Onecan, for example, describe the matter as a perfect 
uid, as dust, or as acollisionless gas. In the latter case the matter is represented by a numberdensity f on phase-space, i. e., on the tangent bundle TM of the spacetimemanifold M . The phase-space density f satis�es a continuity equation, theso-called Vlasov equation, which says that f is constant along the geodesicsof the spacetime metric. Taking the energy-momentum tensor T�� generatedby f as the source term in Einstein's �eld equations, one obtains the Vlasov-Einstein system for a self-gravitating, collisionless gas:p�@x�f����
p�p
@p�f =0;1



G��=8�T��;T��=Z p�p�f jgj1=2 d4pm ;where ���
 denote the Christo�el symbols of the spacetime metric g��, jgjdenotes its determinant, G�� the Einstein tensor, x� are coordinates on M ,p� the corresponding coordinates on the tangent space, greek indices alwaysrun from 0 to 3, and m= ���g��p�p����1=2is the rest mass of a particle at the corresponding phase-space point.In [5] this system was investigated in the asymptotically 
at, sphericallysymmetric case, i. e., with a metric of the formds2=�e2�dt2+e2�dr2+r2(d�2+sin2�d'2);where (t;r;�;') are the usual Schwarzschild coordinates and � and � de-pend only on t and r and vanish at r=1. The main result was that smallinitial data lead to global, geodesically complete solutions, a result whichhas no analogue for perfect 
uids or dust. Indeed, Christodoulou has shownthat in the gravitational collapse of a dust cloud naked singularities candevelop even for small data [1]. Therefore, the Vlasov model seems to beparticularly suited to describe the behaviour of matter in general relativity.This is further substantiated by the fact that for the Vlasov-Poisson system,which is the Newtonian analogue of the Vlasov-Einstein system, there areglobal existence results both in the case of an isolated system, which corre-sponds to the asymptotically 
at case in the relativistic problem, and in thecosmological case, cf. [3, 12] and [8].In the present paper we investigate the Vlasov-Einstein system in a cos-mological setting. In order to simplify the problem we assume that thesystem has a high degree of symmetry and take the metric to be of the formds2=�e2�dt2+e2�dr2+ t2(d�2+sin2� �d'2); (1.1)where sin��=8><>: sin� for �=1;1 for �=0;sinh� for �=�1;t>0 denotes a timelike coordinate, r2 [0;1], and the functions � and �depend only on t and r and are periodic in r. The angular coordinates �2



and ' parametrize the surfaces of constant t and r, which are the orbits of thesymmetry action and which are spheres in the case of spherical symmetry�=1, tori in the case of plane symmetry �=0, and hyperbolic planes inthe case of hyperbolic symmetry �=�1. They range in the domains [0;�]�[0;2�], [0;2�]� [0;2�], or [0;1[�[0;2�] respectively. It should be pointed outthat the coordinates (t;r;�;') will in general not cover the whole spacetimemanifold, but they do cover a neighborhood of the singularity at t=0 whichwill allow us to investigate the nature of this singularity. One way to thinkof the above metric is to consider the Schwarzschild metricds2=��1� 2Mr �dt2+�1� 2Mr ��1dr2+r2(d�2+sin2�d'2):If one passes through the event horizon at r=2M then the (0;0)- and (1;1)-components of the metric change sign so that the Schwarzschild radius rbecomes the timelike coordinate. If one interchanges the notation for t andr and compacti�es the hypersurfaces of constant t by making the componentsof the metric periodic in r one obtains a metric of the type (1.1) with �=1.As in [5] we restrict ourselves to the case where all particles have the samerest mass, normalized to 1, and move forward in time, i. e., f is supportedon the submanifold PM :=ng��p�p�=�1; p0>0oof the tangent bundle, which is invariant under the geodesic 
ow. Due tothe symmetry the distribution function f can be written as a function oft, r, w :=e�p1, and F := t4(p2)2+ t4 sin2� �(p3)2. After calculating the Vlasovequation in these variables and the non-trivial components of the Einsteintensor and the energy-momentum tensor and denoting by _ and 0 thederivatives of the metric components with respect to t or r respectively,the complete Vlasov-Einstein system reads as follows:@tf+ e���wp1+w2+F=t2@rf�� _�w+e����0q1+w2+F=t2�@wf =0; (1.2)e�2�(2t _�+1)+� = 8�t2�; (1.3)e�2�(2t _��1)�� = 8�t2p; (1.4)�0=�4�te�+�j; (1.5)3



e�2� ��00+�0(�0��0)��e�2����+( _�+1=t)( _�� _�)�=8�q; (1.6)where�(t;r) := T 00 (t;r)= �t2 Z 1�1 Z 10 q1+w2+F=t2f(t;r;w;F )dF dw; (1.7)p(t;r) := T 11 (t;r)= �t2 Z 1�1 Z 10 w2p1+w2+F=t2 f(t;r;w;F )dF dw; (1.8)j(t;r) := �e���T 10 (t;r)= �t2 Z 1�1 Z 10 wf(t;r;w;F )dF dw; (1.9)q(t;r) := T 22 (t;r)= �2t4 Z 1�1 Z 10 Fp1+w2+F=t2 f(t;r;w;F )dF dw;(1.10)the (3;3)-component of the �eld equations which is also non-trivial coincideswith the (2;2)-component due to the symmetry. Note that on PM we canexpress p0 by the other coordinates and in the above new variables obtainp0=e��q1+w2+F=t2:Note also that F is a conserved quantity of the geodesic 
ow, the modulusof the angular momentum of particles, and thus there is no F -derivative inthe Vlasov equation. Furthermore, the latter equation does not depend on�. We are going to study the initial value problem corresponding to thissystem and prescribe initial data at time t=1,f(1;r;w;F )= �f(r;w;F ); �(1;r)= ��(r); �(1;r)= ��(r):Our main result is that the solutions to this initial value problem exist on thetime interval ]0;1] provided the data satisfy a certain smallness assumption,and we prove that the singularity at t=0 is not just a coordinate singularity,but a \real" spacetime singularity, a curvature and a crushing singularity.The paper proceeds as follows: In the next section we extract a certainsubsystem from the full Vlasov-Einstein system (1.2){(1.6) and show thatthis subsystem is equivalent to the full system. In Section 3 we prove a local-in-time existence and uniqueness result for classical solutions, together witha continuation criterion which says that when going backward in time, i. e.,towards the singularity a solution can be extended as long as the supportof f remains bounded with respect to w. The main di�culty here is toshow that a solution cannot break down due to a blow-up of a derivative of4



f (or one of its moments), that is to say, there is no formation of shocks.This continuation criterion is used in Section 4 to prove that solutions existon ]0;1] for su�ciently small initial data, the support of f with respect tow is shown to decay like tc for some c>0 as t!0. The structure of thesingularity at t=0 is analyzed in Section 5. In the last section we brie
yinvestigate the behaviour of the solutions for t>1. In order to extend asolution forward in time one needs to bound the support of f with respectto w and the metric component e2�. A bound on the former quantity canbe established regardless of the size of the initial data, but for �=1 it canbe shown that e2� blows up in �nite coordinate time.As to the physical relevance of the situation studied here our point of viewis that some results in general relativity are intended to describe concrete,real-world phenomena while others are intended to elucidate general featuresof the theory like for example the structure of possible singularities. Thepresent paper belongs to the second category.An approach which may generalize to other situations more easily thanthe present one but gives less information on the structure of the singularityand on questions of existence of solutions is taken in [11], where the systemwith spherical and plane symmetry is analyzed using constant mean cur-vature slicing. As is shown in [10] homogeneous solutions, i. e., solutionswhich are independent of r have a curvature singularity provided f is notidentically zero.To conclude this introduction we mention some further results on theasymptotically 
at, spherically symmetric Vlasov-Einstein system: In [6] itis shown that solutions of this system converge to solutions of the Vlasov-Poisson system in the Newtonian limit. In [9] it is shown that if a singularityforms the �rst one has to form at the centre of symmetry. The existence ofstatic solutions is established in [4, 7].Acknowledgements: I would like to thank A. D. Rendall for helpfuldiscussions and comments. The present investigation was completed duringa stay at the Erwin Schr�odinger International Institute for MathematicalPhysics in Vienna. I would like to thank the Institute and in particularP. Aichelburg and R. Beig for the kind invitation.2 Equivalent subsystemsLet us �rst make precise the regularity properties which we require of asolution: 5



De�nition 2.1 Let I� IR+ be an interval.(a) f 2C1(I� IR2� IR+0 ) is regular, if f(t;r+1;w;F )=f(t;r;w;F ) for(t;r;w;F )2I� IR2� IR+0 , f �0 , and suppf(t;r; �; �) is compact, uni-formly in r and locally uniformly in t.(b) � (or p; j; q) 2C1(I� IR) is regular, if �(t;r+1)=�(t;r) for (t;r)2I� IR.(c) �2C1(I� IR) is regular, if _�2C1(I� IR) and �(t;r+1)=�(t;r) for(t;r)2I� IR.(d) �2C1(I� IR) is regular, if �0 2C1(I� IR) and �(t;r+1)=�(t;r) for(t;r)2I� IR.We identify such functions with their restrictions to the interval [0;1] withrespect to r. The fact that regularity means di�erent things for di�erentobjects will cause no ambiguities.Let (f;�;�) be a regular solution of the subsystem (1.2), (1.3), (1.3) onan interval I with 12I . We want to show that (1.5) and (1.6) hold as well.Integrating (1.3) we obtainte�2�(t;r)=e�2 ��(r)��(t�1)�8�Z t1 p(s;r)s2ds; (2.1)and �2t�0(t;r)e�2�(t;r)=�2 ��0(r)e�2 ��(r)�8�Z t1 p0(s;r)s2ds:>From (1.2) and integration by parts it follows thatZ t1 p0(s;r)s2ds = �Z t1 Z 1�1 Z 10 w2p1+w2+F=s2@rf(s;r;w;F )dF dwds= Z t1 ( _�� _�)e���j(s;r)s2ds�e���j(s;r)s2���s=ts=1�Z t1 �0(s;r)(�(s;r)+p(s;r))s2ds�2Z t1 _�(s;r)e���j(s;r)s2ds:Adding (1.3) and (1.3) yields_�+ _�=4�te2�(�+p); (2.2)6



and if we assume that the constraint equation (1.5) holds at time t=1 thenthese identities implyte�2���0+4�te�+�j�=�4�Z t1 (�+p)��0+4�se�+�j�s2dsso that �0+4�te�+�j=0on I , i. e., (1.5) holds for all t2I . The latter equation can be di�erentiatedwith respect to r to yield�00=(�0+�0)�0�4�te�+�j0:>From (1.2) we obtain by integration by parts the identityj0(t;r) = �t2 e��� Z 1�1Z 10 ��q1+w2+F=t2@tf+� _�wq1+w2+F=t2+e����0(1+w2+F=t2)�@wf�dF dw= � �t2 e���Z 1�1 Z 10 q1+w2+F=t2@tf dF dw�e��� _�(�+p)�2�0j:Equation (1.3) can be rewritten in the form_�=4�te2��� 1+�e2�2t : (2.3)Since_�(t;r) = �2�(t;r)t � �t2 Z 1�1Z 10 F=t3p1+w2+F=t2 f dF dw+ �t2 Z 1�1 Z 10 q1+w2+F=t2@tf dF dw= �2�(t;r)t � 2q(t;r)t + �t2 Z 1�1Z 10 q1+w2+F=t2@tf dF dw;di�erentiating (2.3) with respect to t yields�� = �4�e2��+2 _� _�+ _�t �8�e2�q+4�2t e2�Z q1+w2+F=t2@tf dF dw+ 1+�e2�2t2 :Combining these identities implies the remaining �eld equation (1.6). Thuswe have established the following result:7



Proposition 2.2 Let (f;�;�) be a regular solution of (1:2), (1:3), (1:3) onsome time interval I� IR+ with 12I, and let the initial data satisfy (1:5)for t=1. Then (1:5) and (1:6) hold for all t2I.When proving local existence it now su�ces to consider the subsystem (1.2),(1.3), (1.3). However, it would then become technically very unpleasant tocontrol �0. It is more convenient to consider an auxiliary system, whichconsists of the modi�ed Vlasov equation@tf+ e���wp1+w2+F=t2@rf�� _�w+e��� ~�q1+w2+F=t2�@wf =0; (2.4)together with (1.3), (1.3), and~�=�4�te�+�j: (2.5)Assume that we have a regular solution (f;�;�; ~�) of this system, whereregularity for ~� means that this function has the same properties as �0 for� regular. We want to show that ~� is nothing else than �0 so that byProposition 2.2 (f;�;�) solves the full system. As above,t�0(t;r)e�2�= ��0(r)e�2 ��+4�Z t1 p0(s;r)s2dsand Z t1 p0s2ds=�Z t1 ( _�+ _�)e���js2ds�e���js2���s=ts=1�Z t1 ~�(�+p)s2ds:Using (2.2) and (2.5) we obtain�0te�2�= ��0e�2 ���4�t2e���j+4�e ��� �� �|so that (1.5) holds for all t2I if it holds for t=1.Proposition 2.3 Let (f;�;�; ~�) be a regular solution of (2:4), (1:3), (1:3),(2:5). Then (f;�;�) solves (1:2){(1:6).We conclude this section with a result which re
ects the conservation of thenumber of particles in our system and is an immediate consequence of theVlasov equation. 8



Proposition 2.4 Assume that f is regular and satis�es (1:2) with regularcoe�cients � and �. Then@t�e�Z 1�1 Z 10 f dF dw�+@r e�Z 1�1Z 10 wp1+w2+F=t2 f dF dw!=0and Z 10 Z 1�1 Z 10 e�(t;r)f(t;r;w;F )dF dwdris conserved.3 Local existence and continuation of solutionsIn this section we prove the following local existence and uniqueness resultwith the continuation criterion described in the introduction:Theorem 3.1 Let �f2C1(IR2� IR+0 ) with �f(r+1;w;F )= �f(r;w;F ) for(r;w;F )2 IR2� IR+0 , �f�0, andw0 := supnjwj j (r;w;F )2 supp �fo<1;F0 := supnF j (r;w;F )2 supp �fo<1:Let ��; ��2C1(IR) with ��(r)= ��(r+1); ��(r+1)= ��(r) for r2 IR and��0(r)=�4�e ��+ �� �|(r); r2 IR:In the case of hyperbolic symmetry �=�1 assume in addition that ��(r)<0for r2 IR. Then there exists a unique, left maximal, regular solution (f;�;�)of (1:2){(1:6) with (f;�;�)(1)=( �f; ��; ��) on a time interval ]T;1] with T 2[0;1[. If supnjwj j (t;r;w;F )2 suppfo<1then T =0.Remark: To motivate the restriction on �� in the case �=�1 consider thefollowing \pseudo-Schwarzschild" solutionds2=��1+ 2Mt ��1dt2+�1+ 2Mt �dr2+ t2(d�2+sinh2�d'2)9



with M 2 IR which is a vacuum solution of our system. The restriction ��<0is equivalent to M>0 so that this case is contained in the present investi-gation. For M =0 the spacetime is 
at, and for M <0 it has a coordinate-singularity at t=�2M , but the spacetime can be extended through thissingularity, something we want to exclude from our investigation.Proof of Theorem 3.1: De�ne �~�:= ��0;and consider the auxiliary system (2.4), (1.3), (1.3), (2.5). We construct asequence of iterative solutions in the following way:Iterative scheme: Let �0(t;r) := ��(r); �0(t;r) := ��(r); ~�0(t;r) := �~�(r) for t2]0;1]; r2 IR. If �n�1; �n�1; ~�n�1 are already de�ned and regular on ]0;1]� IRthen letGn�1(t;r;w;F ) := e�n�1��n�1wp1+w2+F=t2 ;� _�n�1w�e�n�1��n�1 ~�n�1q1+w2+F=t2!and denote by (Rn;Wn)(s;t;r;w;F ) the solution of the characteristic systemdds(R;W )=Gn�1(s;R;W;F )with initial data(Rn;Wn)(t;t;r;w;F )=(r;w); (t;r;w;F )2]0;1]� IR2� IR+0 ;note that F is constant along characteristics. De�nefn(t;r;w;F ) := �f ((Rn;Wn)(1;t;r;w;F );F );that is, fn is the solution of@tfn+ e�n�1��n�1wp1+w2+F=t2@rfn�� _�n�1w+e�n�1��n�1 ~�n�1q1+w2+F=t2�@wfn=0with fn(1)= �f, and de�ne �n; pn; jn; qn by the integrals (1.7){(1.7) withf replaced by fn. Recall that the solution of (1.3) is given by (2.1) so wede�ne �n by e�2�n(t;r)= e�2 ��(r)+�t ��� 8�t Z t1 pn(s;r)s2ds; (3.1)10



note that the right hand side of this equation is positive on ]0;1]� IR. It isat this point that we need our additional assumption on the initial data inthe case �=�1. Finally de�ne_�n(t;r) :=4�te2�n�n(t;r)� 1+�e2�n2t (3.2)cf. (2.3), �n(t;r) := ��(r)+Z t1 _�n(s;r)ds;~�n(t;r) :=�4�te�n+�njn(t;r): (3.3)These iterates are regular on the time interval ]0;1], in particular, since�n�1; �n�1; _�n�1; ~�n�1 are continuous on ]0;1]� IR and periodic in r, thesefunctions are bounded on compact subintervals of ]0;1], uniformly in r, andsince Gn�1 is linearly bounded with respect to w the characteristics Rn; Wnexist on the time interval ]0;1].The proof of Theorem 3.1 now consists in showing in a number of stepsthat the iterates constructed above converge in a su�ciently strong sense.Step 1: As a �rst step we establish a uniform bound on the momenta in thesupport of the distribution functions fn, more precisely we want to boundthe quantities Pn(t) :=supnjwj j (r;w;F )2 suppfn(t)ouniformly in n. On suppfn(t) we haveq1+w2+F=t2�q1+Pn(t)2+F0=t2� 1+F0t (1+Pn(t));and thus k�n(t)k�c(1+F0)2t3 k �fk(1+Pn(t))2and kpn(t)k; kjn(t)k�cF0t2 k �fkPn(t)2:Throughout the paper k�k denotes the L1-norm on the function space inquestion; we have used the fact that kfn(t)k=k �fk for n2 IN and t2]0;1].The numerical constant c may change from line to line and does not dependon n or t or on the initial data. In view of the continuation criterion it isimportant to keep track of any dependence on the latter. >From (3.1) itfollows that e�2�n(t;r)� c1t11



where c1=c1( ��) :=( inf e�2 �� for �=1 or �=0;inf e�2 ���1 for �=�1:By (3.2), (3.3), and the above estimates on �n and jn we get���e�n��n ~�n(s;r)����4�se2�n jjn(s;r)j�cF0c1 k �fkPn(s)2and ��� _�n(s;r)��� � 4�se2�n�n(s;r)+ 1+e2�n2s� cc1 (1+F0)2k �fk(1+Pn(s))2s + 1+1=c12s :Thus ��� _Wn+1(s)���� c2s (1+Pn(s))2(1+ jWn+1(s)j);where c2=c2( �f;F0; ��) :=c(1+1=c1)(1+F0)2(1+k �fk):This implies thatPn+1(t)�w0+c2Z 1t 1s(1+Pn(s))2(1+Pn+1(s))ds:Let z1 be the left maximal solution of the equationz1(t)=w0+c2Z 1t 1s (1+z1(s))3ds;which exists on some interval ]T1;1] with T12 [0;1[. By inductionPn(t)�z1(t); t2]T1;1]; n2 IN;and all the quantities which were estimated against Pn in the above argumentare bounded by certain powers of z1 on ]T1;1].Step 2: Here we establish bounds on certain derivatives of the iterates. Inparticular we need a uniform bound on the Lipschitz-constant of the righthand side Gn of the characteristic system in order to prove convergence in12



the next step. Di�erentiating (3.1) and (3.2) with respect to r one obtainsthe identities�0n(t;r) = e2�nt � ��0(r)e�2 ��+4�Z t1 p0n(s;r)s2ds�;_�0n(t;r) = e2�n�8�t�0n(t;r)�n(t;r)+4�t�0n(t;r)� �t �0n(t;r)�;�0n(t;r) = ��0(r)+Z t1 _�0n(s;r)ds:In the following C1 denotes a continuous function on ]T1;1] which dependsonly on z1. By Step 1,k�0n(t)k; kp0n(t)k; kj 0n(t)k�C1(t)k@rfn(t)k:De�ne Dn(t) :=supnk@rfn(s)k jt�s�1o:Then the above estimates and the formulas for the derivatives of the metriccomponents show thatk�0n(t)k; k�0n(t)k; k _�0n(t)k�C1(t)(c3+Dn(t));where c3 :=ke�2 �� ��0k+k ��0k+1. >From (3.3) it follows thate�n��n ~�n=�4�te2�n jn;and �����e�n��n ~�n�0(t;r)�����C1(t)(c3+Dn(t)):We are now in the position to estimate the derivatives of Gn with respectto r and w:@rGn(t;r;w;F ) = �(�n��n)0e�n��n wp1+w2+F=t2 ;�(e�n��n ~�n)0q1+w2+F=t2� _�0nw�;@wGn(t;r;w;F ) = �e�n��n 1+F=t2p1+w2+F=t23 ;�e�n��n ~�n wp1+w2+F=t2 � _�n�;13



and thus j@rGn(t;r;w;F )j � C1(t)(c3+Dn(t));j@wGn(t;r;w;F )j � C1(t)for t2]T1;1], r2 IR, F 2 [0;F0], and jwj�z1(t). Di�erentiating the charac-teristic system we obtain���� dds@r(Rn+1;Wn+1)(s;t;r;w;F )�����C1(s)(c3+Dn(s)) j@r(Rn+1;Wn+1)(s;t;r;w;F )j;and thus for (r;w;F )2 suppfn+1(t)[suppfn(t)j@r(Rn+1;Wn+1)(1;t;r;w;F )j�exp�Z 1t C1(s)(c3+Dn(s))ds�:By de�nition of Dn this implies thatDn+1(t)�k@(r;w) �fk exp�Z 1t C1(s)(c3+Dn(s))ds� :Let z2 be the left maximal solution ofz2(t)=k@(r;w) �fkexp�Z 1t C1(s)(c3+z2(s))ds�;which exists on an interval ]T2;1]�]T1;1]. Then by induction,Dn(t)�z2(t); t2]T2;1]; n2 IN;and all the quantities estimated against Dn above can be bounded in termsof z2 on ]T2;1].Step 3: Let [�;1]�]T2;1] be an arbitrary compact subset on which the es-timates of Steps 1 and 2 hold. We will show that on such an interval theiterates converge uniformly. De�ne�n(t) :=supnkfn+1(�)�fn(�)k j� 2 [t;1]o;and let C denote a constant which may depend on the functions z1 and z2introduced in the previous two steps. Thenk�n+1(t)��n(t)k; kpn+1(t)�pn(t)k; kjn+1(t)�jn(t)k�C�n(t);14



and thus k�n+1(t)��n(t)k; k _�n+1(t)� _�n(t)k;k�n+1(t)��n(t)k; k~�n+1(t)� ~�n(t)k � C�n(t):Therefore, jGn+1�Gnj(s;r;w;F )�C�n�1(s):By Step 2 ���@(r;w)Gn(s;r;w;F )����Cfor all s2 [�;1], n2 IN, and (r;w;F ) with jwj�z1(s). For characteristicswhich start in supp �f this implies���� dds(R;W )n+1� dds(R;W )n����(s;t;r;w;F )�C ���(R;W )n+1�(R;W )n���(s;t;r;w;F )+C�n�1(s);and by Gronwall's inequality���(R;W )n+1�(R;W )n���(1;t;r;w;F )�C Z 1t �n�1(s)ds:If we recall how fn was de�ned in terms of the characteristics this implies�n(t)�C Z 1t �n�1(s)ds; n�1:By induction we obtain�n(t)�C Cn(1� t)nn! � Cn+1n!for n2 IN and t2 [�;1]. This implies that fn and all the other quantitieswhose di�erences were estimated in terms of �n converge on [�;1], uniformlywith respect to all their arguments. These quantities therefore have con-tinuous limits, but the established convergence is not yet strong enough toconclude the di�erentiability of, say, f := limn!1 fn. In order to achieve thelatter we need the following lemma:Lemma 3.2 Let (�;�; ~�) be regular on some interval I� IR+, and let(R;W )(�;t;r;w;F ) be the solution of_r= e���wp1+w2+F=s2 ; _w=� _�(s;r)w�e��� ~�(s;r)q1+w2+F=s215



with (R;W )(t;t;r;w;F )=(r;w) for (t;r;w;F )2I� IR2� IR+0 . De�ne�(s) := e(���)(s;R)@R(s;t;r;w;F );�(s) := @W (s;t;r;w;F )+�q1+w2+F=s2e��� _�����(s;(R;W )(s;t;r;w;F ))@R(s;t;r;w;F )for @2f@r ;@wg. Then these quantities satisfy the following system of di�er-ential equations_�(s) = a1(s;R(s);W (s);F )�(s)+a2(s;R(s);W (s);F )�(s);_�(s) = (a3+a5)(s;R(s);W (s))(s);F )�(s)+a4(s;R(s);W (s);F )�(s);wherea1(s;r;w;F ) := w21+w2+F=s2 _�� _�;a2(s;r;w;F ) := 1+F=s2(1+w2+F=s2)3=2 ;a3(s;r;w;F ) := �1sq1+w2+F=s2 _�� _�+ F=s21+w2+F=s2 _�! ;a4(s;r;w;F ) := � wp1+w2+F=s2  e���~�+ wp1+w2+F=s2 _�!;a5(s;r;w;F ) := �q1+w2+F=s2e2��e�2� �~�0+ ~�(�0��0)��e�2����+( _�+1=s)( _�� _�)��:In particular, if ~�=�0 and (�;�) solves the �eld equations (1:3){(1:6) thena5(s;r;w;F )=�q1+w2+F=s2e2�(s;r)8�q(s;r):The proof is only a lengthy calculation and therefore omitted. The lemmawill be used twice in the further argument: In the next step it will be usedto prove that also certain derivatives of the converging sequences obtainedin the previous step converge, thus obtaining a regular, local solution. Thenit will be used in Step 6 to show that control on the support of the solutionwith respect to w su�ces to extend the solution to the interval ]0;1].16



Step 4: Fix �2]T2;1] and U >0, and consider the system derived inLemma 3.2 with (�n;�n; ~�n) instead of (�;�; ~�), and call the correspond-ing coe�cients an;i, i=1; : : :;5. By Steps 1 and 2 we have the estimatesjan;i(t;r;w;F )j+ ���@(r;w)an;i(t;r;w;F )����C (3.4)for n2 IN, i=1; : : :;4, 0�F �F0, jwj�U , and t2 [�;1]. The only new termsto estimate here are _�n and _�0n, but from (3.1) we obtain_�n=4�te2�npn+ 1+�e2�n2t ;and _�0n=2�0n( _�n� 12t)+4�te2�np0n;so both of these terms are bounded by Steps 1 and 2. The convergenceetablished in Step 3 shows thatan;i(t;r;w;F )�am;i(t;r;w;F )!0; n;m!1; i=1; : : :;4;uniformly on [�;1]� IR� [�U;U ]� [0;F0]. The crucial term in the presentargument is an;5, more precisely the expressiongn :=e�2�n �~�0n+ ~�n(�0n��0n)��e�2�n ���n+( _�n+1=t)( _�n� _�n)�:If the iterates solved the �eld equation (1.6) then this term would equal8�qn and would also converge. The idea how to treat an;5 is to show thatgn�8�qn!0 for n!1 and then use the fact that qn converges and hasuniformly bounded r-derivative. Now~�0n=(�0n+�0n)~�n�4�te�n+�nj 0nand ��n=2 _�n _�n+ _�nt +4�te2�n� _�n+ �nt �+ 1+�e2�n2t2 :>From the de�nition of �n we obtain_�n = �2t �n� 2t qn�e�n�1��n�1j 0n�2~�n�1e�n�1��n�1jn� _�n�1(�n+pn);17



where we used the Vlasov equation to express @tfn and integrated by parts;note that the coe�cients in that equation have index n�1. Inserting allthis into the expression for gn yields, after cancelling a number of terms,gn = 2e�2�n ~�n��0n�e�n�1��n+�n��n�1 ~�n�1�+4�tj 0n�e�n�1��n�1�e�n��n�+e�2�n( _�n+ _�n)( _�n�1� _�n)+8�qn:By Steps 1, 2, and 3 it remains to show that �0n� ~�n�1!0 for n!1 inorder to conclude that gn!8�qn. To see the former di�erentiate (3.1) withrespect to r to obtain�0n= e2�nt �� ��0e�2 ��+4�Z t1 p0n(s;r)s2ds�:Di�erentiating the de�ning integral of pn, using the Vlasov equation for fnto express @rfn, and integrating by parts with respect to w and s results inthe relation�0n= e2�nt �� ��0e�2 ��+4�e ��� �� �|�+ te�n��n�1��n+�n�1 ~�n+e2�nt Z t1 se�2�n he�n��n�1��n+�n�1( _�n�1+ _�n�1)~�n�( _�n+ _�n)~�n�1ids;and since the initial data satisfy the constraint (1.5), �0n! ~� for n!1, inparticular, �0n� ~�n�1!0 for n!1.In Step 3 we have shown that among other quantities the characteristics(Rn;Wn)(1;t;r;w;F ) converge. Now for any ">0 there exists N 2 IN suchthat for n;m�N , s2 [�;1], r2 IR, jwj�U , and F 2 [0;F0] we have����an;5(s;r;w;F )�(�8�)e2�nq1+w2+F=s2qn(s;r)�����"and j@rqn(s;r)j�C; jqn(s;r)�qm(s;r)j�";which together with the estimates (3.4) implies that��� _�n� _�m���(s)+ j _�n� _�mj(s)�C"+C j�n��mj(s)+C j�n��mj(s):This implies the convergence of @(r;w)(Rn;Wn)(1;t;r;w;F ); note that thetransformation from @(R;W ) to (�;�) in Lemma 3.2 is invertible, and the18



coe�cients in the transformation are convergent in the present situation.Thus the limiting characteristic (R;W )(1;t;r;w;F ) and therefore also f arecontinuously di�erentiable with respect to r and w. This in turn impliesthat all the moments calculated from f are di�erentiable with respect tor, the coe�cients in the limiting characteristic system are continuously dif-ferentiable with respect to r;w, and F , and thus (R;W )(1;t;r;w;F ) is alsodi�erentiable with respect to F and t, and the regularity of the limit (f;�;�)is established.Step 5: The estimates on the di�erence of two consecutive iterates derivedin Step 3 can also be used on the di�erence of two solutions f and g withthe same initial data. This results in the estimatesupnkf(�)�g(�)k j�2 [t;1]o�C Z 1t supnkf(�)�g(�)k j�2 [s;1]odson any compact subinterval of ]0;1] on which both solutions exist, and thusf =g there.Step 6: To conclude the proof of Theorem 3.1 it remains to establish the con-tinuation criterion. Let (f;�;�; ~�) be a left maximal solution of the auxiliarysystem (2.4), (1.3), (1.3), (2.5) with existence interval ]T;1]. By Proposi-tion 2.2 (f;�;�) solves (1.2){(1.6). Now assume thatP � :=supnjwj j(r;w;F )2 suppf(t); t2]T;1]o<1:We want to show that T =0 so let us assume that T >0 and take t02]T;1[. We will show that the system has a solution with initial data(f(t0);�(t0);�(t0)) prescribed at t= t0 which exists on an interval [t0��;t0]with �>0 independent of t0. By moving t0 close enough to T this wouldextend our initial solution beyond T , a contradiction to the initial solutionbeing left maximal.Steps 1{5 have shown that such a solution exists at least on the leftmaximal existence interval of the solutions (z1;z2) ofz1(t) = W0+c2Z t0t 1s (1+z1(s))3ds;z2(t) = k@(r;w)f(t0)kexp�Z t0t C1(s)(c3+z2(s))ds�;where W0 :=supnjwj j (r;w;F )2 suppf(t0)o;19



c1=c1(�(t0)) :=( inf e�2�(t0) for �=1 or �=0;inf e�2�(t0)�1 for �=�1;c2 = c2(f(t0);F0;�(t0)) :=c(1+1=c1)(1+F0)2(1+kf(t0)k);c3 = ke�2�(t0)�0(t0)k+k�0(t0)k+1;and the function C1 depends on z1. Now W0�P �, kf(t0)k=k �fk, F0is unchanged since F is constant along characteristics, and (2.1) showsthat c1(�(t0))�c1( ��). Thus there exists a constant c�2>0 such thatc2(f(t0);F0;�(t0))=s�c�2 for t02]T;1] and s2 [T=2;1]. Let z�1 denote theleft maximal solution ofz�1(t)=P �+c�2Z t0t (1+z�1(s))3ds:Next observe that the coe�cients a1; : : :;a5 in Lemma 3.2 are uniformlybounded ]T;1] along characteristics in suppf if we let ~�=�0 and use the�eld equation (1.6). The lemma then shows thatD� :=supnk@(r;w)f(t)kjT <t�1o<1:From �0(t;r) = e2�t � ��0(r)e�2 ��+4�Z t1 p0(s;r)s2ds�;_�0(t;r) = e2��8�t�0(t;r)�(t;r)+4�t�0(t;r)� �t�0(t;r)� ;�0(t;r) = ��0(r)+Z t1 _�0(s;r)dswe obtain a uniform bound c3(�(t0);�(t0))�c�3. Let z�2 be the left maximalsolution of z�2(t)=D� exp�Z t0t C�1(s)(c�3+z�2(s))ds�;where C�1 depends on z�1 in the same way as C1 depends on z1. Clearly,z�1 and z�2 exist on an interval [t0��;t0] with � >0 independent of t0. If wechoose �<T=2 then z1�z�1 and z2�z�2 by construction, in particular, z1and z2 exist on [t0��;t0], and the proof of the continuation criterion and ofTheorem 3.1 is complete. 220



4 Existence up to t=0In this section we show that the solutions obtained in the previous sectionexist on the interval ]0;1] provided the initial data are su�ciently small.Theorem 4.1 Let ( �f; ��; ��) be initial data as in Theorem 3:1, and assumethat c := 12�10�2w0F0q1+w20+F0 ke2 ��kk �fk>0in case �=0 or �=1, andc := 12 �1�ke2 ��k��10�2w0F0q1+w20+F0 ke2 ��k1�ke2 ��k k �fk>0in case �=�1|note that ke2 ��k<1 in this case by the assumption in Theo-rem 3:1. Then the corresponding solution exists on the interval ]0;1], andjwj�w0tc; (r;w;F )2 suppf(t); t2]0;1]:Proof : Let ( �f; ��; ��) be initial data satisfying the smallness assumption, andde�ne P (t) :=supnjwj j (r;w;F )2 suppf(t)o; t2]T;1]:The characteristic system for (1.2) and the �eld equations (1.3) and (1.5)imply that _w = � _�w�e����0q1+w2+F=t2= 4�te2��jq1+w2+F=t2��w�+ 1+�e2�2t w:Assume that P (t)�w0 for some t2]T;1], which is true at least for t=1.Then 0��(t;r) � �t2 Z w0�w0 Z F00 q1+w2+F=t2f(t;r;w;F )dF dw� 2�w0F0q1+w20+F0k �fkt�3;and j(t;r) � �t2 Z P (t)0 Z F00 wf(t;r;w;F )dF dw� �2w0F0k �fkP (t)t�2;j(t;r) � �t2 Z 0�P (t)Z F00 wf(t;r;w;F )dF dw���2w0F0k �fkP (t)t�2:21



Next we have the estimatee�2�(t;r)= e�2 ��(r)+�t ���8�Z t1 s2p(s;r)ds� e�2 ��(r)+�t ��so that e�2�(t;r)� c1twhere c1 :=( inf e�2 �� for �=0 or �=1;inf e�2 ���1 for �=�1:Thus e2�(t;r)�c�11 t, and 1+�e2�2t � 12t =: c2tfor �=0 or �=1,1+�e2�2t � 12t�1� 11+c1t�1�� 12 c11+c1 1t =: c2tfor �=�1. Assume that w(t)>0. Then_w(t) � �c2�8�2w0F0q1+w20+F0 1c1 k �fk�w(t)t�2�2w0F0q1+w20+F0 1c1 k �fkP (t)t ; (4.1)whereas if w(t)<0 we obtain the estimate_w(t) � �c2�8�2w0F0q1+w20+F0 1c1 k �fk�w(t)t ;+2�2w0F0q1+w20+F0 1c1 k �fk P (t)t : (4.2)If we let t=1 in (4.1) and (4.2) our smallness condition on the initialdata implies that there exists a small constant �>0 such that _w(1)>0 ifw0=(1+�)�w(1)�w0 , and _w(1)<0 if �w0�w(1)��w0=(1+�). This im-plies that P (t)<w0 on some interval ]t0;1[ which we choose maximal withthis property. On the interval ]t0;1] the estimates (4.1) and (4.2) hold forany characteristic which runs in suppf and for which w(t)>0 or w(t)<0respectively. 22



Let t2]t0;1] be such that w(t)>0 for a characteristic in suppf , and chooset1>t maximal with w(s)>0 for s2 [t;t1[. Then (4.1) holds on [t;t1[ whichby Gronwall's inequality implies thatw(t) � exp�c3Z tt1 dss ��w(t1)�c4Z tt1 exp��c3Z st1 d�� �P (s)s ds�= (t=t1)c3 �w(t1)+c4t1c3 Z t1t s�1�c3P (s)ds�;where c3 := c2�8�2w0F0q1+w20+F0 1c1 k �fk;c4 := 2�2w0F0q1+w20+F0 1c1 k �fk:If t1=1 then w(t)� tc3 �w0+c4Z 1t s�1�c3P (s)ds�:If t1<1 then w(t1)=0, andw(t) � (t=t1)c3 c4tc31 Z t1t s�1�c3P (s)ds� tc3�w0+c4Z 1t s�1�c3P (s)ds�:Consider now t2]t0;1] such that w(t)<0, and choose t1>t maximal withw(s)<0 for s2 [t;t1[. Repeating the above argument, but now using (4.2)instead of (4.1), yields the estimatew(t)� (t=t1)c3�w(t1)�c4t1c3 Z t1t s�1�c3P (s)ds� ;and distinguishing the cases t1=1 and t1<1 as above implies that�w(t)� tc3 �w0+c4Z 1t s�1�c3P (s)ds�:Therefore, P (t)� tc3 �w0+c4Z 1t s�1�c3P (s)ds�for all t2]t0;1]. Applying Gronwall's inequality again yields the estimateP (t)�w0tc3�c4 ; t2]t0;1];23



since z(t) :=w0tc3�c4 is the solution of the integral equationz(t)= tc3 �w0+c4Z 1t s�1�c3z(s)ds�which is equivalent to the initial value problem_z(t)=(c3�c4)z(t)t ; z(1)=w0:The estimate on P (t) implies in particular that t0=T , i. e., it holds on thewhole existence interval of the solution, which by Theorem 3.1 implies T =0,and the proof is complete. 25 The nature of the singularity at t=0In this section we investigate the behaviour of solutions as t!0. Theo-rem 4.1 shows that there are solutions which exist on ]0;1] so that we do notinvestigate the empty set. However, the results which follow do for the mostpart not depend on the smallness assumption which we used in the previoussection. First we show that solutions which exist on ]0;1] have a curvaturesingularity at t=0, more precisely:Theorem 5.1 Let (f;�;�) be a regular solution of (1:2){(1:6) on the interval]0;1]. Then�R��
�R��
��(t;r)�6 �inf e�2 ��+�� t�6; t2]0;1]; r2 IR;where R ���
 denotes the Riemann curvature tensor corresponding to themetric given by � and �.The curvature scalar considered here is sometimes called Kretschmannscalar.Proof : It can be shown thatR��
�R��
� = 4�e�2���00+�0(�0��0)��e�2����+ _�( _�� _�)��2+ 8t2 �e�4� _�2+e�4� _�2�2e�2(�+�)(�0)2�+ 4t4 �e�2�+��2=: K1+K2+K3: 24



One way to see this is to use a computer algebra system like Maple, anotheris to exploit the symmetry of the metric and split the summationR��
�R��
�=RabcdRabcd+RABCDRABCD+4RAbCdRAbCd ;where lower case Latin indices take the values 0 and 1, and upper case Latinindices take the values 2 and 3. NowRabcd = �e�2� ��00+�0(�0��0)��e�2����+ _�( _�� _�)��(gacgbd�gbcgad);RABCD = t�2�e�2�+��(gACgBD�gBCgAD);RAbCd = t�1gAC�0bd;which can be seen after a lengthy calculation. Inserting these expressionsinto the above summations yields the formula for the Kretschmann scalar.The �rst term K1 is clearly nonnegative and can be dropped. In order toestimate K2 we insert the expressionse�2� _� = 4�t�� �+e�2�2t ;e�2� _� = 4�tp+ �+e�2�2t ;e�����0 = �4�tjinto the formula for K2 and obtaint28K2=16�2t2(�2+p2�2j2)�4�t(��p)�+e�2�t + (�+e�2�)22t2 :Nowjj(t;r)j � �t2 Z 1�1 Z 10 (1+w2+F=t2)1=4f1=2 jwj(1+w2+F=t2)1=4f1=2dF dw� �(t;r)1=2p(t;r)1=2by the Cauchy-Schwarz inequality. Therefore�2+p2�2j2��2+p2�2�p=(��p)2and t28K2 � (4�t(��p))2�4�t(��p)�+e�2�t + (�+e�2�)22t2=  4�t(��p)� �+e�2�2t !2+ 14 (�+e�2�)2t2 :25



Thus �R��
�R��
��(t;r)�6 ��+e�2�(t;r)�2t4 :Recalling (2.1) we obtaine�2�+�= e�2 ��+�t � 8�t Z t1 s2p(s;r)ds� e�2 ��+�t ;and inserting this into the previous estimate completes the proof. 2Next we show that the singularity at t=0 is also a crushing singularity inthe sense that the mean curvature of the surfaces of constant t blows up ast!0.Theorem 5.2 Let (f;�;�) be a solution of (1:2){(1:6) on ]0;1] and de�nec := inf e� �� for �=0 or �=1, and c := 32 inf(e�2 ���1)1=2 for �=�1. Let k(t;r)denote the mean curvature of the surfaces of constant t. Thenk(t;r)��ct�3=2:Proof : For a metric of the formds2=�'2(t;x)dt2+gijdxidxjwhere i;j run from 1 to 3 the second fundamental form is given bykij=�(2')�1 _gij ;and its trace k(t;x)=kii(t;x) is the mean curvature of the surface of constantt, at the point x. For the metric in our present situation we obtaink11 = �12e��@t(e2�)=�e2��� _�;k22 = �te�� ;k33 = �te�� sin��;and k(t;r)=�e��� _�+ 2t�;cf. (1.1). Recalling (2.3) we obtain_�=e2� 4�t�� �+e�2�2t !��e2� �+e�2�2t ;26



and k(t;r)�e� ��3e�2�2t :If �=0 or �=�1 then k(t;r)�� 32t e��;and the estimate e�2�� e�2 ��+�tcompletes the proof of our assertion in these two cases. For �=1 the estimatee�2�� e�2 ��t >1= �;which holds for t small, shows thatk(t;r)��e��t ��e� ��t3=2 ;and the proof is complete also in this case. 2Since we have already determined the second fundamental form it requireslittle additional e�ort to investigate the quotientsk11k ; k22k ; k33kin the limit t!0. The question whether these quotients have limits is con-nected to the concept of a velocity dominated singularity, cf. [2]. It turnsout that these limits exist and can be determined in the case of small initialdata, more precisely:Theorem 5.3 Let (f;�;�) be a solution of (1:2){(1:6)with small initial dataas described in Theorem 4:1. Thenlimt!0 k11(t;r)k(t;r) =�13 ;limt!0 k22(t;r)k(t;r) = limt!0 k33(t;r)k(t;r) = 23 ;uniformly in r2 IR. 27



Proof : We have k11(t;r)k(t;r) = t _�(t;r)t _�(t;r)+2 ;k22(t;r)k(t;r) = k33(t;r)k(t;r) = 1t _�(t;r)+2 :>From (2.3) we have t _�=4�t2e2����e2�2 � 12 :As we have seen in the proof of Theorem 4.1e2�(t;r)�Ct;and the estimate on the w-support of f in that theorem shows that�(t;r)= �t2 Z P (t)�P (t)Z F00 q1+w2+F=t2f(t;r;w;F )dF dw�Ct�3+cso that 4�t2e2��(t;r)�Ctc!0; t!0:Thus t _�(t;r)!�12 ; t!0;uniformly in r, and the proof is complete. 2Remark: As is easily checked a homogeneous and isotropic solution in thecase �=0 is given byf(t;w;F ) :='(t2w2+F ); �(t) := ln t; e�2�(t)= 8�3 t2�(t);where '2C1([0;1[) is an arbitrary, nonnegative function with compact sup-port. For this solution, the limits considered in Theorem 5.3 are 1=3;1=3;1=3which shows that the result in that theorem need not be true for solutionswhose initial data violate the smallness assumption.6 Going forward in timeOur main interest in this paper lies the behaviour of solutions as t approachesthe singularity at t=0. Nevertheless, it is possible to consider the solutions28



for t�1. Our main result here is that one can establish a bound on thew-support of f and in spite of that the solutions need not exist for all t�1.Since this is in sharp contrast to the spherically symmetric, asymptotically
at case, cf. [5], and also to well known results for the Vlasov-Poisson andVlasov-Maxwell system we include these considerations.If one goes through the proof of Theorem 3.1, but now for t�1, oneimmediate problem is that (3.1) need not de�ne �n for all t�1 but onlyon some �nite time interval. This results in a more restrictive continuationcriterion in the corresponding local existence theorem the proof of which isomitted:Theorem 6.1 Let ( �f; ��; ��) be initial data as in Theorem 3:1. Then thereexists a unique, right maximal, regular solution (f;�;�) of (1:2){(1:6) with(f;�;�)(1)=( �f; ��; ��) on a time interval [1;T [ with T 2]1;1]. Ifsupnjwj j (t;r;w;F )2 suppfo<1and supne2�(t;r) jr2 IR; t2 [1;T [o<1then T =1.The main result of this section is the following theorem:Theorem 6.2 Assume that (f;�;�) is a solution of (1:2){(1:6) on a rightmaximal interval of existence [1;T [, andsupne2�(t;r) jr2 IR; t2 [1;T [o<1:Then T =1.Proof : Assume that T <1. We show that under the assumption on e2� weobtain the bound supnjwj j (t;r;w;F )2 suppfo<1;which is a contradiction to Theorem 6.1. The proof of the bound on w issimilar in spirit to the proof of [9, Theorem 2.1]. De�neP+(t) := supfw j (r;w;F )2 suppf(t)g;P�(t) := inffw j (r;w;F )2 suppf(t)g;29



assume that P+(t)>0 for some t2 [1;T [, and let w(t)=w>0 denote thew-component of a characteristic in suppf . We have_w = 4�2t e2�Z 1�1Z 10 � ~wq1+w2+F=t2�wq1+ ~w2+ ~F=t2�f d ~F d ~w+1+�e2�2t w:Let us abbreviate�= ~wq1+w2+F=t2�wq1+ ~w2+ ~F=t2:As long as w(s)>0 we have the following estimates: If ~w�0 then ��0. If~w>0 then � = ~w2(1+w2+F=s2)�w2(1+ ~w2+ ~F=s2)~wp1+w2+F=s2+wq1+ ~w2+ ~F=s2= ~w2(1+F=s2)�w2(1+ ~F=s2)~wp1+w2+F=s2+wq1+ ~w2+ ~F=s2� C ~ww(s) ;and thus _w(s) � C 1sw(s) Z ~P+(s)0 Z F00 ~wf(s;r; ~w; ~F )d ~F d ~w+ Cs w(s)� Cs  ~P+(s)2w(s) +w(s)! ;where ~P+ :=maxfP+;0g. Thusddsw2(s)� Cs ~P+(s)2as long as w(s)>0. Let t0 2 [1;t[ be de�ned minimal such that w(s)>0 fors2]t0;t]. Then w2(t)�w2(t0)+C Z tt0 1s ~P+(s)2ds:Now either t0>1 and w(t0)=0 or t0=1 and w(t0)�w0. Thus~P+(t)2�w20+C Z t1 1s ~P+(s)2ds30



for all t2 [1;T [, since this estimate is trivial if P+(t)�0. If T <1 thisestimate implies that P+ is bounded on [1;T [. Estimating _w(s) from belowin case w(s)<0 along the same lines shows that P� is bounded as well, andthe proof is complete. 2Remark: In the case of spherical symmetry it is easy to see that a solutioncannot exist for all t�1, regardless of the size of initial data. For such asolution (f;�;�) the estimatee�2�(t;r) = e� ��(r)+1t �1� 8�t Z t1 s2p(s;r)ds� e� ��(r)+1t �1has to hold on the interval of existence [1;T [. Since the right hand side ofthis estimate tends to �1 for t!1 it follows that T <1 andke2�(t)k!1; t!T;by Theorem 6.2. This should be compared with the behaviour of theSchwarzschild metric in the limit r%2M , i. e., approaching the event hori-zon from inside of the black hole; cf. our interpretation of the metric (1.1)in the introduction.References[1] D. Christodoulou, Violation of cosmic censorship in the gravitationalcollapse of a dust cloud, Commun. Math. Phys. 93, 171{195 (1984)[2] D. Eardley, E. Liang, R. Sachs, Velocity-dominated singularities in ir-rotational dust cosmologies, J. Math. Phys. 13, 99{106 (1972)[3] K. Pfa�elmoser, Global classical solutions of the Vlasov-Poisson systemin three dimensions for general initial data, J. Di�. Eqns. 95, 281{303(1992)[4] G. Rein, Static solutions of the spherically symmetric Vlasov-Einsteinsystem, Math. Proc. of the Cambridge Phil. Soc. 115, 559{570 (1994)[5] G. Rein, A. D. Rendall, Global existence of solutions of the sphericallysymmetric Vlasov-Einstein system with small initial data, Commun.Math. Phys. 150, 561{583 (1992)31
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