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Near-extremal and extremal quantum-
orre
ted two-dimensional
harged bla
k holesO. B. ZaslavskiiDepartment of Me
hani
s and Mathemati
s, Kharkov V.N. Karazin's NationalUniversity, SvobodaSq.4, Kharkov 61077, UkraineE-mail: ozaslav�kharkov.uaWe 
onsider 
harged bla
k holes within dilaton gravity with exponential-linear dependen
e of a
tion 
oeÆ
ients on dilaton and minimal 
oupling toquantum s
alar �elds. This in
ludes, in parti
ular, CGHS and RST bla
kholes in the un
harged limit. For non-extremal 
on�guration quantum 
or-re
tion to the total mass, Hawking temperature, ele
tri
 potential and met-ri
 are found expli
itly and shown to obey the �rst generalized law. Wealso demonstrate that quantum-
orre
ted extremal bla
k holes in these the-ories do exist and 
orrespond to the 
lassi
ally forbidden region of parame-ters in the sense that the total mass Mtot < Q (Q is a 
harge). We showthat in the limit TH ! 0 (where TH is the Hawking temperature) the massand geometry of non-extremal 
on�guration go smoothly to those of the ex-tremal one, ex
ept from the narrow near-horizon region. In the vi
inity of thehorizon the quantum-
orre
ted geometry (however small quantum the 
ou-pling parameter � would be) of a non-extremal 
on�guration tends to not thequantum-
orre
ted extremal one but to the spe
ial bran
h of solutions withthe 
onstant dilaton (2D analog of the Bertotti-Robinson metri
) instead.Meanwhile, if � = 0 exa
tly, the near-extremal 
on�guration tends to the ex-tremal one. We also 
onsider the dilaton theory whi
h 
orresponds 
lassi
allyto the spheri
ally-symmetri
al redu
tion from 4D 
ase and show that for the1



quantum-
orre
ted extremal bla
k hole Mtot > Q.PACS numbers: 04.70.Dy, 04.60.KzI. INTRODUCTIONTwo-dimensional (2D) models of dilaton gravity serve as an ex
ellent tool whi
h enablesus to understand better the 
ru
ial points of bla
k hole physi
s [1℄ in a more simple 
ontextthan in the four-dimensional (4D) 
ase (see for re
ent reviews [2℄, [3℄). One of su
h issues isthe role and 
hara
ter of ba
krea
tion 
aused by quantum �elds. This ba
krea
tion revealsitself for both non-extremal bla
k holes (NEBH) and extremal ones (EBH). In the �rst 
aseit a�e
ts, in parti
ular, the value of the Hawking temperature.For the CGHS bla
k hole [1℄ the 
orresponding 
orre
tion was 
al
ulated in [4℄ for theHartle-Hawking state and, in an independent approa
h, in [5℄ for the evaporating bla
khole. Further, the 
orresponding results were generalized to take into a

ount the presen
eof a point-like shell that is ne
essary for the bla
k hole to maintain thermal equilibriumwith its Hawking radiation [9℄ (the in
uen
e of a shell on thermodynami
s of 4D quantum-
orre
ted bla
k holes was 
onsidered in [10℄). Quantum 
orre
tions to the geometry andthermodynami
s of NEBH were also 
onsidered for another model whi
h 
lassi
ally arises inthe "spheri
ally-symmetri
al gravity" (SGG) theory as a result of spheri
ally-symmetri
alredu
tion from 4D 
ase [6℄.Consideration of [6℄ was generalized in [7℄ and [8℄ but the issue of relationship betweenquantum-
orre
ted NEBH and EBH remained not 
ompletely 
lear in what 
on
erns thelimiting transition and 
omparison of physi
al quantities like mass and geometry. It is worthmentioning that in re
ent years the very existen
e of semi
lassi
al EBH in general relativitybe
ame the subje
t of dis
ussion [11℄, [12℄. Dire
t treatment of quantum ba
krea
tion 
ausedby massive �elds on the Reissner-Nordstr�om bla
k hole [13℄ 
on�rmed that the semi
lassi
alEBH do exist in general relativity, with the extremality 
ondition slightly modi�ed due toquantum 
orre
tions. This 
on
lusion was also extended to 2D generi
 dilaton gravity [14℄.2



The aim of the present paper is to �nd in the expli
it form quantum 
orre
tions tothe metri
 and thermodynami
 quantities of NEBH and tra
e in detail the extremal limitTH ! 0 (TH is the Hawking temperature) from quantum-
orre
ted NEBH. We will see thatin the near-horizon region the NEBH approa
hes not EBH but a spe
ial bran
h of solutionwith the 
onstant dilaton �eld whi
h is the 2D analogue of Bertotti-Robinson spa
etime.We �nd quantum 
orre
tions to the mass of EBH and show that it agrees with the limitingvalue of NEBH. We also 
al
ulate quantum 
orre
tions to the mass of the EBH in the SGGmodel. It turns out that Mtot < Q for the quantum-
orre
ted CGHS 
harged bla
k hole butMtot > Q for the latter 
ase.It is worth noting that in typi
al exa
tly solvable models always TH = 
onst 6= 0 [15℄.Therefore, generi
 EBH (ex
ept some spe
ial 
lasses with vanishing potentials [14℄ whi
hhave nothing to do with the models dis
ussed in the present paper) do not fall into the familyof exa
tly solvable models. In su
h a situation, one is led to using a perturbative approa
hwith respe
t to the quantum-
oupling parameter �. In doing so, one should be 
areful aboutthe 
hoi
e of the unperturbed state sin
e, as is aforementioned, the relationship between themass and 
harge for the quantum-
orre
ted EBH 
an be su
h that 
lassi
al EBH with thesame Mtot and Q are forbidden at all. It means that the problem should be 
onsidered in aself-
onsistent approa
h from the very beginning, with the behavior of the metri
 ensuringthe 
ondition TH = 0.To avoid 
ompli
ations whi
h are unnessary for the issues under 
onsideration we dis
ussonly ba
krea
tion 
aused by s
alar �eld minimally 
oupled to the dilaton, so it is de
ribedby the Polyakov a
tion. (The issue EBH in theories with the non-minimal 
oupling is theseparate subje
t whi
h is beyond the s
ope of the present paper. We only mention thatrather re
ently the existen
e of EBH solutions was 
on�rmed with the help of numeri

al
ulations in [16℄.)Throughout the paper we use the S
hwarzs
hild gauge instead of that used for studyingquantum 
orre
tions in [6℄ for SGG model and in [7℄ for a more general 
ase. In doing so,we do not �x in advan
e the 
onformal frame, so all 
oeÆ
ients in the a
tion (2) are generi
3



with the only 
onstraint that 
lassi
ally the linear dilaton va
uum is the exa
t solution of�eld equations. To avoid 
ompli
ation 
onne
ted with a �nite size, in this paper we restri
tourselves to the system in an in�nite spa
e.The paper is organized as follows. In Se
. 2 we list �eld equations for the quantum-
orre
ted gravitation-dilaton system and suggest the simpli�ed approa
h in whi
h we �ndthe general expression for the 
orre
tion to TH in terms of 
lassi
al system dire
tly from�eld equations. In Se
. 3 we apply the previous formulas to the 
harged version of CGHSbla
k hole with modi�
ation of dilaton potentials whi
h for the un
harged version ensuredexa
t solvability. The expli
it expressions for the metri
, mass, temperature, potential andentropy are obtained in terms of the horizon value of the dilaton and 
harge are obtained andthe validity of the �rst law is veri�ed. In Se
. 4 we 
arry out independent 
onsideration ofsemi
lassi
al extremal bla
k holes whi
h from the very beginning fall into another topologi
alse
tor. We �nd, how the relationship M = Q between the mass and 
harge, typi
al of
lassi
al EBH, modi�es due to quantum 
orre
tions. In Se
. 5 we dis
uss what happens tothe metri
 of the quantum-
orre
ted near-extremal NEBH in the immediate neighborhoodof the horizon and show the qualitative di�eren
e here with the pure 
lassi
al 
ase. In Se
.6 we repeat brie
y 
al
ulations of the mass of EBH for the quantum-
orre
ted SGG model.Se
. 7 
ontains summary and dis
ussion of the results.II. FIELD EQUATIONSLet us 
onsider the system governed by the a
tionI = Igd + IPL + Iq, (1)where gravitation-dilaton partIgd = 12� ZM d2xp�g[F (�)R+ V (�)(r�)2 + U(�)℄, (2)the 
ontribution of the ele
tromagneti
 �eld is4



Iq = � 14� ZM d2xp�gW (�)F��F ��, (3)F��F �� = 2F01F 01 � �2E2and we omit boundary terms that does not a�e
t the form of�eld equations.IPL is the Polyakov-Liouville a
tion [17℄ in
orporating e�e
ts of Hawking radiation andits ba
krea
tion on spa
etime for a multiplet of N minimal s
alar �elds. It is 
onvenient towrite it down in the formIPL = � �2� ZM d2xp�g[ (r )22 +  R℄. (4)Varying (4) with respe
t to  , it is easy to obtain that the fun
tion  obeys the equation� = R, (5)where 2 = r�r�, � = N=24 is the quantum 
oupling parameter. Varying the a
tion withrespe
t to the metri
, we getT�� � T (gd)�� + T (q)�� + T (PL)�� = 0, (6)where T (gd)�� = 12�f2(g���F �r�r�F )� Ug�� + 2Vr��r��� g��V (r�)2g, (7)T (PL)�� = � �2�f�� �� � 2r�r� + g�� [2� � 12(r )2℄g, (8)T (q)�� = �W2� (g��E2 + 2g��F��F��).Variation of the a
tion with respe
t to � gives rise to the equationRF 0 + U 0 +W 0E2 = 2V 2�+ V 0(r�)2, (9)where prime denotes derivative with respe
t to �.Let us write down the metri
 in the S
hwarzs
hild gauge:5



ds2 = �fdt2 + f�1dx2. (10)It is worth noting that �eld equations of the semi
lassi
al system under dis
ussion look verymu
h like those for a pure 
lassi
al one, but with 
oeÆ
ients, shifted a

ording to (11)~F = F � � , ~V = V � � 022 . (11)In this paper we will be dealing with stati
 solutions only. This is possible due to the fa
tthat the stru
ture of �eld equations exhibits the existen
e of the Killing ve
tor �� = e���;�,where �0 = ~F 0 exp(� R d� ~V~F 0 ), whi
h is assumed to be time-like for the stati
 
ase. The lattermeans that the metri
, the �elds  and � depend on the 
oordinate x only. Alternatively,one 
an use instead of x the dilaton �eld � itself.Let us 
onsider a 
on�guration with the �xed 
hargeQ. It follows fromMaxwell equations(WF ��);� = 0 that F01 = �QW�1p�g (12)Then �eld equations take the following expli
it form:2f d2 ~Fdx2 + dfdx d ~Fdx � Ueff � ~V f �d�dx�2 = 0, (13)dfdx d ~Fdx � Ueff + ~V f �d�dx�2 = 0, (14)Ueff = U �Q2W�1. (15)It is also 
onvenient to take the di�eren
e of (13), (14) to getd2 ~Fdx2 = ~V �d�dx�2 (16)or �d2Fd�2 � V��d�dx�2 + �[12 �d dx�2 � d2 dx2 ℄ + dFd� d2�dx2 = 0. (17)6



In the present paper, we will 
onsider the models for whi
h d2Fd�2 � V = �� 
4, where 
 is a
onstant (the 
oeÆ
ient 14 is singled out for 
onvenien
e ) and the linear dilaton va
uum� = �z � ��x is the exa
t solution. This 
ondition is not very restri
tive and in
ludes, forexample, the most part of string-inspired models (see below).Let us denote by "+" sign the quantities 
al
ulated on the horizon. Eq. (5) 
an beintegrated for stati
 metri
s to gived dx = f�1[� dfdx�+ � dfdx ℄, (18)where the 
onstant integration is 
hosen to ensure the regularity of  near the horizon ofnon-extreme bla
k holes, where f � x� x+.Then in the �rst approximation, with the main 
orre
tion taken into a

ount,� = �z + ��, (19)dFd� d2�dx2 + [12 �d dx�2 � d2 dx2 ℄ = 0. (20)With the same a

ura
y, dFd� d2�d�2 � s = 
4. (21)d�d� = Z ��1 d��dFd���1 (s+ 
4). (22)s � �f�1d2fd�2 + 12f2 [� dfd��2 �� dfd��2+℄. (23)At x!1, �! �1 we have a linear dilaton va
uum.Another �eld equation is obtained as the sum of eqs. (13), (14):f d2Fdx2 + dfdx dFdx = Ueff � �f 00. (24)Res
aling the potential a

ording to Ueff = �2u, we have7



u =  dfd� d ~Fd� + f d2 ~Fd�2 !�d�dz�2 + d ~Fd� d2�dz2 = ddz  f d ~Fdz ! . (25)At the horizon f = 0 and we obtain dire
tly from (24)TH = 14� � dfdx�+ = 14� �����Ueff � �f 00dFd� d�dx �����+ . (26)Retaining the terms of the �rst order in �, we have d�dz = �(1 + � d�d�) + ::: andTH = �4� ��F����1+ [u+ � �(d2f (0)d�2 + u+(d�d�)+℄, (27)where f (0) is the solution of 
lassi
al �eld equations and ( ����)+ is given buy the integral (22).As, by assumption, 
lassi
ally d2Fd�2 � V = 0, (28)it follows from �eld equations with � = 0 that � = �z andf (0) = �dFd���1 Z ��+ d�u. (29)By substitution to eq. (27) we obtainTH = T (0)H (1� �D), T (0)H = �4� �dFd���1+ u+, D = u0+u+F 0+ � 2F 00+F 02+ + (d�d� )+.III. QUANTUM CORRECTIONS TO GEOMETRY AND THERMODYNAMICSFrom now on we will 
onsider the 
lass of models withF = exp(��) + �b2�, V = exp(��) + �4 
, W = exp(��), u = exp(��)� q2 exp(�), (30)where we res
aled the 
harge a

ording to Q = q�.~F = exp(��) + �b+ 22 �. (31)In the un
harged 
ase q = 0 the system under 
onsideration represents deformation ofthe CGHS model to whi
h it redu
es if b = 
 = 0. If p � b + 
2 + 1 = 0, we obtain the CN8



model [18℄ that 
ontains, as the parti
ular 
ases, the RST model (
 = 0, b = �1) [19℄ andBPP (
 = 2, b = �2) [20℄. In turn, the CN model is the parti
ular 
lass of a more widefamily of exa
tly solvable models [15℄.The 
lassi
al limit � = 0 of the model (30) was analyzed in [21℄, [22℄. In this limitf (0) = 1 � 2me� + q2e2� = 1 � 2mr + q2r2 = (1 � r+r )(1� r�r ), r � exp(��). (32)The equation f(r) = 0 has two roots, if m � q,r� = exp(���) = m�pm2 � q2, m = exp(��+) + exp(���)2 , q2 = exp[�(�+ + ��)℄,(33)the event horizon 
orresponding to r+. Hereafter, we denote by the index "+" the quantities
al
ulated at r+. Then the Hawking temperature TH = 14� � dfdx�+ is equal toT (0)H = �2� pm2 � q2m+pm2 � q2 . (34)Now it is the issue of quantum 
orre
tions that we turn to. Cal
ulating the quantity sin (23) with respe
t to the unperturbed metri
, we obtains = 12[a0 + a1r�r � r� + a2r2�(r � r�)2 ℄. (35)a0 = �(1� x)2, a1 = 2(x+ 1)(2 � x), a2 = 1 � x2, (36)d�d� = 12r [(1 � x)2 � 
2 + (1 + x)�℄, (37)� = 2 ln(1 � y)y + 2 + y(x� 3)1 � y , (38)where x = r�r+ , y = r�r .Finding the solutions of eq. (25) perturbatively, we obtain9



f = f (0) + �f (1), (39)f (0) = (1� y)(1� u), u � r+r . (40)f1 = �r , � = �0 + �1, (41)�0 = (�� �+)2 [(1� x)2 � 
2℄. (42)�1 = f (0)p2 + (1� u)2 [3y � 3 � 2(x+ x2)� 
4x(1 + u)℄� 2(1� u)(1 + x)(1� y) ln(1 � y)y + G2 .(43)G = (1 + x)x (1 � x)2 ln[1� x1� y ℄. (44)In the afore-mentioned formulas the quantity the horizon "radius" r+ is supposed to be�xed. For the quantum-
orre
ted metri
 the geometry near r� be
omes in general singular(so r� looses its dire
t meaning) in agreement with general properties of Cau
hy horizons.Then, r� should be understood as the formal quantity r� = q2r+ .A. Hawking temperatureKnowing the fun
tions f(�) (39)-(42) and z(�) (19), (22) one 
an 
al
ulate in the sameapproximation the Hawking temperature whi
h agrees with (27) for the model under dis-
ussion: TH = T0[1� x+ �� exp(�+)℄, T0 � �4� . (45)� = �[x2 + x(1 + p) + 2� p2 � (1 + x)(1� x)x ln(1 � x)℄, (46)p = b + 
2 + 1.10



In the un
harged 
ase x = 0, � = 12 and we return to the result of [9℄. If � � 1 � x,the quantum 
orre
tion is small as 
ompared to the 
lassi
al Hawking temperature. If� � 1 � x � 1, the term with a logarithm 
an be negle
ted and the 
ondition of theextremality 
hanges to 1 � x = 2� exp(�+). (47)It agrees with the general 
onditionU(�+)F 0(�+) = �U 0(�+) (48)whi
h should hold on the event horizon of quantum-
orre
ted extremal bla
k holes (see [14℄,Se
. 8.1). B. PotentialIf we write F01 = ��'�� , then it follows from (12) that the potential' = �q Z dz1r = q Z ��1 d�(1� ��0) exp(�) = qr + '(1)1 , '(1)1 = �q'1 (49)and after dire
t 
al
ulations we obtain'1 = a2r2� , (50)a(x) = x+ x3 + 
4x2 + (1� x2) ln(1� x): (51)In the limit q ! 0, r� ! 0, x! 0 '1 does not 
ontain q and we see that '(1)1 � q ! 0,as it should be. C. EnergyThe energy of the 
lassi
al gravitational-dilaton system with the string-inspired La-grangian was obtained in the 
losed form in [21℄, [22℄. Its generalization to the generi
quantum-
orre
ted 
ase is dire
t. The energy (see, for example, [7℄, [25℄) is equal to11



E = � 1�  d ~Fdl !B = � 1�  d ~Fdxpf!B = ��", (52)" = "(0) + �"(1). (53)where f and ~F 
an be taken from eqs. (31), (39) - (42), dl is the proper distan
e. Weare interested in the ADM mass Mtot = limr!1(E � E0), where E0 is the energy of someba
kground 
on�guration.Cal
ulating (52), (53) and 
olle
ting all terms of the order � together, we obtain atr !1 "(0) = �r + r+ + r�2 . (54)"1 = �x2 + 14(1� p) + 
x16 � 14 (1 + x)x (1� x)2 ln(1 � x) + (�+ � �)4 (1 � x)2 + 
(�� �+)8 (55)D. Ba
kgroundWe 
hoose, as the referen
e 
on�guration, the "quasi
at" metri
 whi
h would 
orrespondin the limit � = 0 to the 
lassi
al solution f = 1 + q2r2 , � = �z + 
onst and represents atin�nity the va
uum state with vanishing stresses. Formally, it means that we should repla
ein the expression (18) the quantity � dfdx�+ by zero. If q = 0, one 
an observe that the lineardilaton va
uum is the exa
t solution of one-loop �eld equations with b = 
 = 0 and allpossible 
orre
tions 
ome only due to non-zero b and 
 ("quasi
at"ba
kground). Repeating
al
ulations with q 6= 0, we obtain from �eld equations (13), (14) that at r !1f = 1 + �2r (b + 
2 � 
2�) + O( 1r3 ),the 
orresponding 
ontribution to the energy"quasiflat = �dFdzpf = �r + �"1 (56)12



"quasiflat1 = �12(p � 12 � 
�4 ) � (1 � p)2 (57)"flat1 = �14(1� p) + 
�8 (58)"0 = r+ + r�2 . (59)"1 � "flat1 = "th � x2 � 
x16 � 14 (1 + x)x (1� x)2 ln(1� x)� 
�+8 + 1� p2 , (60)"th = (�+ � �)4 (1� x)2, (61)Mtot =Mth +MBH, (62)Mth = ��(�+ � �)4� (1� x)2 = �6T 2HL, �L = �+ � �, TH = T0(1 � x), T0 = �4� (63)MBH =M (0)BH + 2�T0M1, M (0)BH = 2T0(r+ + r�), M1 = �x+ 
x8 � 12 (1 + x)x (1 � x)2 ln(1 � x)� 
�+4(64)Mtot =MBH + T0�(�+ � �)(1 � x)2, MBH = 4T0[r+ + r�2 + �(m1 � 
�+8 )℄ (65)m1 = �x2 + 
 x16 � 14 (1 + x)x (1� x)2 ln(1 � x) (66)In the limit x! 0 m1 = 14 in a

ordan
e with [9℄.It follows from (62)-(65) that, independently of values of b and 
 the total mass splits toseparate 
ontributions MBH and Mth whi
h 
ome from a bla
k hole itself and thermal gasbetween a horizon having a temperature TH.13



E. Corre
tions to entropyFor 
ompleteness, we list also the expli
it expressions for the entropy. It in
ludes 
on-tribution S0 from the horizon [21℄, [22℄ (2D analog of Bekenstein-Hawking entropy) andquantum 
orre
tions Sq [26℄, [27℄: The 
onstant in Sq is 
hosen to ensure Sq ! 0 when theboundary value rB ! r+ (no room for radiation).S = S0 + Sq, S0 = 2F (�+).Sq = 2�( B �  +) = �2�Z �B�+ [f (0)0� � f (0)0+ ℄f (67)Sq = �sq, sq = 2(�+ � �B)(1� x) + 2(1 + x) ln 1� x1� y . (68)In the limit rB � r+ we havesq = 2(�+ � �B)(1� x) + 2(1 + x) ln(1 � x). (69)The �rst term looks like the 
ontribution of hot thermal gas in a 
at spa
e with the temper-ature TH (with quantum 
orre
tion omitted sin
e sq is itself multiplied by �): The se
ondterm may be interpreted as the 
ontribution from va
uum polarization and diverges in theextremal limit x! 0. F. First lawHaving expli
it expressions for the quantum-
orre
ted mass, entropy, temperature andpotential one 
an 
he
k by dire
t 
al
ulations that the general �rst law holds with quantum
orre
tions taken into a

ount: ÆMtot = THÆStot � '+ÆQ.14



IV. QUANTUM-CORRECTED EXTREME CONFIGURATIONUp to now, we were dealing with non-extremal bla
k holes. In this se
tion we startfrom the very beginning from the 
on�guration whi
h belongs to another topologi
al 
lass -extremal bla
k holes (TH = 0), and �nd quantum 
orre
tions to the mass. Afterwards, we
ompare the result with what is obtained by the limiting transition from the NEBH to theEBH and show that the results 
oin
ide.As is shown in [14℄, the metri
 des
ribing a stati
 bla
k hole (non-extremal or extremal)
an be represented in the form whi
h in
ludes only derivatives with respe
t to the dilaton(with the 
oordinate x removed):f = � exp(�
), �0 = U ~w exp(�
), (70)� = V � �y22w � �y , (71)� = �0 � ��1, �0 = Z ��+ d�U exp(�
)w,�1 = Z ��+ d�U exp(�
)y
 = Z d��, � � ~V~w , ~w = w � �y, y =  0, w = F 0From now on we put for simpli
ity b = 
 = 0. Then w = � exp(��),� = �1� �y22 exp(�)1 + �y exp(�) . (72)In the pure 
lassi
al 
ase � = 0 and eqs. (70)-(72) a
tually give us exa
t solutionsin agreement with the known fa
t that 
lassi
ally any gravitation-dilaton 2D system isintegrable. However, for � 6= 0 we have non-linear integral-di�erential equations sin
e fenters the right hand side via the quantity y. We may try to solve them approximately,putting in the right hand side y = y(0) in terms with the small parameter �, where y(0)15




orresponds to the 
lassi
al extremal solution (� = 0) for a given value of �+: f (0) =[1� exp(�� �+)℄2, so y(0) = 2u1� u , u � exp(�� �+)U = exp(��)[1� q2 exp(2�)℄:The 
ondition of extremality (48) gives usexp(�+) = q + �, (73)when
e U = exp(��)(1 � u2) + 2�u,� = V � �y22w � �y ,� = �0 � ��1, �0 = Z ��+ d�U exp(�
)w,�1 = Z ��+ d�U exp(�
)y,
 = Z d��, � � ~V~w , ~w = w � �y, y =  0, w = F 0.We have in the approximation under 
onsideration:
 = �Z duT , T = (1 � u)2 � 2~�u3u(1� u)(1� u+ 2~�u2) , ~� � � exp(�+).After integration, we obtain negle
ting terms whi
h 
ontains �2:exp(�
) = (1� u)u1 � u u exp(�+)[1� 2~� ln(1 � u)℄,where u1 = 1 + 2~�, the 
onstant of integration is 
hosen to ensure 
 = �� in the 
lassi
allimit � = 0. 16



Then after simple but somewhat lengthy 
al
ulations we obtainf = (1� u)2 + ~�e(u) (74)e(u) = �4(1 � u)2 ln(1 � u)� u(1� u)2 (75)Now we 
an 
he
k the metri
 of the quantum-
orre
ted EBH (74), (75) with the limitingform of the NEBH metri
 (39)-(42). In doing so, one should be 
areful sin
e in (39)-(42)quantum 
orre
tions stem not only from the terms with �, but also from the term f (0). Thishappens sin
e it 
ontains the parameter r� = q2r+ in whi
h � appears due to the extremality
ondition (73) relating q and r+. With this in mind, one 
an 
he
k that the results ofimplementing the extremality 
onditions to (39)-(42) do 
oin
ide with eqs. (74)-(75). Thus,the metri
 of the non-extremal 
on�guration tends to that of the extremal one in the limitunder dis
ussion.For small u f = 1 � B exp(� � �+) � 1 � Bu, B = 2 � 3~�.As is shown in [14℄, it follows from �eld equations that���z = z0 ~w�1e
, z0 = 
onst. (76)In the main approximationd�dz = � B1 + �y exp(�) (u1 � u)1 � u [1 + 2~� ln(1 � u)℄At in�nity the quantum 
orre
tions vanish and we have the linear dilaton va
uum:���z = �1,when
e B = 1u1 = 1 � 2~�and d�dz = �1 + ~�O(u2), u � 1.17



Applying now eq. (52), one 
an 
al
ulate the energy at in�nity, knowing expansionsfor f(�) and ���z and subtra
ting the energy of the 
orresponding quasi
at 
on�guration.Cal
ulations go along the same line as in the non-extremal 
ase and give usm = exp(��+) � 32�:With the same a

ura
y m = q � �2 , m < q.Comparing the expression for the energy of the near extremal BH, taking into a

ountthe extremality 
ondition and negle
ting terms �2, we see thatm = exp(��+) + q2 exp(�+)2 � �2 ! exp(��+)� 32�.Thus, the mass of the quantum-
orre
ted non-extremal 
on�guration tends to that ofthe pure extreme one when the relationship between q and �+ approa
hes the extremality
ondition (48). It is worth noting that the a

ount for ba
krea
tion of massive �elds ingeneral relativity also gives the result that for the quantum-
orre
ted extremal 
harge bla
khole m < q [13℄.Thus, the relationship between mass and 
harge of the extremal 
on�guration is situatedin the spa
e of parameters in the region where the very existen
e of bla
k holes is forbidden
lassi
ally.V. EXTREME LIMIT OF QUANTUM-CORRECTED NON-EXTREMECONFIGURATIONThe formulas for the quantum-
orre
ted metri
 (74), (75) fail in the immediate vi
inityof the horizon. Indeed, in this vi
inity y ! 1, while the 
oeÆ
ients V (�+), w(�+) are�nite. Therefore the terms of the type �y or �y2 not only 
annot be 
onsidered in eq. (71)as small 
orre
tions but a
tually dominates the 
orresponding expressions. The asymptoti
18



form of the metri
 of a generi
 quantum-
orre
ted extremal bla
k hole was found in [14℄ thatgeneralized the previous result of [23℄ for the parti
ular model. It turned out thatf � (�� �+)", (77)where for small � the quantity " = 2 + ��, the 
oeÆ
ient � (whose exa
t form is irrelevantfor us now) depends on the behavior of V and F near the horizon. It is essential that thedependen
e of the metri
 on dilaton and that of dilaton on the S
hwarzs
hild 
oordinate zis non-analyti
al in this region. On the other hand, it is obvious that for the non-extremal
on�guration, even if it is 
lose to the extremal one as nearly as one likes, the metri
 isanalyti
al there. How it may happen and what is going with the non-extremal metri
 in theextremal limit?Let us tra
e the transition under dis
ussion in more detail. For any non-extremal 
on-�guration we may exploit the power expansion near the horizon:f = a1(z � z+) + a2(z � z+)2 + a3(z � z+)3 + :::. (78)� = �+ + b1(z � z+) + b2(z � z+)2 + b3(z � z+)3 + ::: (79)It is 
onvenient to use eqs. (24) and the dilaton equation whi
h 
an be obtained by variationwith respe
t to �: RF 0 + U 0 = 2V ��+ V 0(r�)2: (80)Substituting into them (41) and (79), taking into a

ount that R = �f 00 and equating
oeÆ
ients at equal powers of z � z+, we obtain the relations between 
oeÆ
ients. In thelimit a1 ! 0 (extreme limit) they simplify to giveU 0(�+) = 2a2F 0 (�+) , (81)b1[U 0(�+)� 2a2F 0 (�+)℄ = 6�a3, (82)when
e we obtain 19



�a3 = 0. (83)For the 
lassi
al system, when � = 0 exa
tly, this turns into identity and does not imposeany restri
tion on a3. Continuing the pro
edure order by order, one may restore the wholeexpansion whi
h 
an be also obtained dire
tly from the exa
t 
lassi
al expression for theextremal bla
k hole f (0) = [1 � exp(� � �+)℄2. However, for the quantum-
orre
ted 
asethe situation is qualitatively di�erent. Whatever small � be, it entails immediately a3 = 0.Continuing the pro
edure, one 
an easily obtain that all an = 0 with n � 3. In a similarway, all bn = 0.Let me remind that, apart from the main bran
h of solution, �(z), for the gravitation-dilaton system there also exists the spe
ial one f
 with � = �0 = 
onst (2D analogs ofBertotti-Robinson spa
etime). For exa
tly solvable models the values �0 = �s 
orrespond tothe singularity of the main bran
h, [15℄, [24℄, while in the generi
 
ase �s, [14℄, [28℄ 
oin
ideswith the value typi
al of the extremal horizon. This se
ond bran
h manifests itself just now:Thus, in the vi
inity of the horizon (z ! 0) in the extremal limit (TH ! 0)fn(z; �; TH) ! f
(z, �)but not to the quantum-
orre
ted extremal solution fe.Meanwhile, for the pure 
lassi
al systemfn(z; 0, TH)! fe(z; 0) (84)smoothly for all z.Beyond the immediate vi
inity of the horizon the situation is qualitatively di�erent: aswe saw, (84) holds true.The size of this vi
inity is governed by the parameter k = � jln(�� �+)j. If k � 1, theadditional fa
tor (�� �+)��in the metri
 fun
tion due to quantum 
orre
tions is 
lose to 1and the relationship between the geometry of NEBH and EBH is similar to that for the pure
lassi
al 
ase. However, if k & 1, the quantum 
orre
tions 
hanges the pi
ture signi�
antly20



and should be taken into a

ount from the very beginning that just leads to the expressionlike (77).VI. SPHERICALLY-SYMMETRICAL REDUCTION AND QUANTUMCORRECTIONSIn this se
tion we 
onsider another physi
ally relevant 2D model of dilaton gravity whi
h
lassi
ally appears within the framework of SSG. As in the previous se
tions, it is assumedthat the quantum ba
krea
tion is due to minimal �elds, so it is des
ribed by the Polyakov-Liouville a
tion (4). Quantum 
orre
tions for su
h a system were studied in [6℄ for NEBH.Therefore, we restri
t ourselves by the 
ase of EBH only. Now the a
tion looks like (2) with
oeÆ
ients F = r2, w = 2�, V = 2, U = 2(1 � Q2r2 ), r = �,and the 
ommon fa
tor 14 instead of 12� (see [6℄ for details). As 
al
ulations run almost alongthe same lines as for the model dis
ussed in the text, above, I list basi
 formulas and resultsonly.For the 
lassi
al extremal bla
k hole f (0)ext = �1 � r+r �2, so y(0) = 2r+r2(1� r+r ) . The extremality
ondition (48) gives now Q = r+ � �2r+ . (85)The quantum-
orre
ted metri
 fun
tion has the form (74), where nowe(u) = �4 + 5u � u2 � 4(1 � u)2u ln(1 � u).It follows from (76) that at large distan
es ���r = 1 + �O( 1r3 ). Then, 
al
ulating the energyat in�nity we obtain after some algebra thatMtot = E � E0 = r+ + �2r+ ,21



where E0 is the 
ontribution of the 
at referen
e ba
kground. Taking into a

ount theextremality 
ondition (85) we obtainMtot = Q + �r+ > Q.Thus, in 
ontrast to the 
harged CGSH bla
k hole, now the extremal quantum-
orre
tedbla
k hole lies inside the 
lassi
ally allowed region of parameters.VII. SUMMARYWe have found quantum 
orre
tions 
aused by minimal �elds to the geometry and ther-modynami
s of non-extremal 
harged bla
k holes in the Hartle-Hawking state for string-inspired dilaton theories of gravity that in
lude in the un
harged 
ase CGHS bla
k holes. Inthe limit of the zero 
harge the quantum 
orre
tions for the non-extremal bla
k hole agreewith our previous 
al
ulations [9℄. The validity of the �rst general law is demonstrated withquantum 
orre
tions taken into a

ount.We have shown that the mass splits in two pie
es. The �rst one (MBH) is the massof the bla
k itself that 
ontains the horizon dilaton value �+ but does not depend on thedilaton �eld in the point of observation in an asymptoti
ally 
at region �B: The se
ond one(Mth) is proportional to the di�eren
e �+ � �B and 
oin
ides with that of a thermal gasat the temperature TH in a box of 
orresponding size in the 
at spa
e. In the extremallimit Mth ! 0, while MBH remains �nite. Meanwhile, the quantum 
orre
tion to theentropy (69) diverges in the extremal limit that agrees with previous observations [7℄, [8℄where it was attributed to the failure of the one-loop approximation. However, in ourview, this does not mean ne
essarily that su
h failure happens. Rather, it looks like the
onsequen
e of the 
hanges in geometry: the bulk 
ontribution from Sq be
omes divergentbe
ause of the fa
t that the proper distan
e between the horizon and any other point tendsto in�nity in the extremal limit. We also obtained, in 
ontrast to [7℄, the �nite shift in thehorizon value of the dilaton for EBH that is des
ribed for a given 
harge by very simple22



formulas (73), (85). The reason of dis
repan
y is not quite 
lear. We only suppose that it issomehow 
onne
ted with the di�erent de�nitions of the unperturbed state in the situationof 
ompetition between 
orre
tions of two kinds 
onne
ted with quantum e�e
ts and smalldeviation from the extremality.The results of the present paper along with the previous one [14℄ 
on�rm the existen
eof semi
lassi
al 2D EBH bla
k holes for massless minimal �elds. We tra
ed the limitingtransition from the quantum-
orre
ted non-extremal bla
k hole to the extremal one andshowed that far from the horizon the geometry and mass of the �rst type 
on�gurationtend smoothly to those of the se
ond one. However, in the vi
inity of the horizon thesituation 
hanges: in the limit under dis
ussion the solution tends to that with the 
onstantdilaton that represents the 2D analogue of the Bertotti-Robinson spa
etime. Meanwhile,for the pure 
lassi
al bla
k hole the limiting transition is uniform in the sense that non-extremal 
on�gurations go smoothly to the extremal one everywhere.. Thus, there is a 
ru
ialdi�eren
e in this respe
t between 
lassi
al and quantum-
orre
ted bla
k hole 
on�gurations.This phenomenon, along with the non-analyti
al behavior of the extremal metri
 on theS
hwarzs
hild 
oordinate [23℄ show that quantumba
krea
tion be
omes 
ru
ial for propertiesof extremal bla
k holes. Meanwhile, it does not a�e
t their very existen
e but only 
hangesslightly the 
ondition of extremality.Cal
ulation of the mass of the quantum-
orre
ted EBH showed that, depending on themodel, Mtot < Q or Mtot > Q. It is worth mentioning that Mtot < Q for ba
krea
tion ofmassive �elds on 4D quantum-
orre
ted extremal Reissner-Nordstr�om bla
k hole [13℄.Thus, in the simpli�ed 2D 
ontext we manage to tra
e how quantum ba
krea
tion 
hangeproperties of near-extremal and extremal bla
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