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DOUBLE BRAIDINGS, TWISTS AND TANGLEINVARIANTSA. BRUGUIÈRESAbstra
t. A tortile (or ribbon) 
ategory de�nes invariants of ribbon(framed) links and tangles. We observe that these invariants, whenrestri
ted to links, string links, and more general tangles whi
h we 
allturbans, do not a
tually depend on the braiding of the tortile 
ategory.Besides duality, the only pertinent data for su
h tangles are the doublebraiding and twist. We introdu
e the general notions of twine, whi
his meant to play the r�le of the double braiding (in the absen
e of abraiding), and the 
orresponding notion of twist. We show that the
ategory of (ribbon) pure braids is the free 
ategory with a twine (atwist). We show that a 
ategory with duals and a self-dual twist de�nesinvariants of stringlinks. We introdu
e the notion of turban 
ategory, sothat the 
ategory of turban tangles is the free turban 
ategory. Lastlywe give a few examples and a tannaka di
tionary for twines and twists.`Just the pla
e for a Snark!', the Bellman 
ried,As he landed his 
rew with 
are;Supporting ea
h man at the top of the tideWith a �nger entwined in his hair.Lewis Carrol, The Hunting of the SnarkContentsIntrodu
tion 11. Conventions and notations 32. Twines and pure links 53. Twists and ribbon pure braids 94. Twists, duality, and invariants of string links 105. Turban 
ategories 156. Constru
tion of twisted 
ategories 19Referen
es 20Introdu
tionIt is now well understood that 
ertain 
ategori
al notions are very 
loselyrelated to low dimensional topology. For instan
e, braids form a braidedmonoidal 
ategory, and the 
ategory of braids is the free braided 
ategory.The 
ategory Tang of oriented ribbon tangles is a tortile (or ribbon) 
ategory[JS93℄, and indeed, it has been proved by Shum [Shu94℄ (also [Tur94℄) thatTang is the free tortile 
ategory. This theorem is a powerful tool for 
on-stru
ting invariants of ribbon links in S3, sin
e ribbon links up to isotopy are



2 A. BRUGUIÈRESthe endomorphisms of the unit obje
t in Tang. Via Kirby 
al
ulus, Shum'stheorem underlies the 
onstru
tion of the Reshetikhin-Turaev invariants of
losed 3-manifolds. Kirby 
al
ulus 
an also be used to des
ribe 
obordisms of3-manfolds in terms of 
ertain tangles, and this allowed Turaev to 
onstru
ta TQFT asso
iated with a modular 
ategory [Tur94℄.The present work explores 
ertain 
onsequen
es of the following observa-tion. Let C be a tortile 
ategory. Re
all that C is a braided 
ategory withduals, and a (self-dual) twist �. Denoting 
X;Y : X 
 Y ��! Y 
 X thebraiding, de�ne the double braiding by DX;Y = 
Y;X
X;Y . Noti
e that �satis�es 
ertain axioms where 
 appears only in the form of its double D,and 
onversely, � determines D. It turns out that many signi�
ant notionsapparently related to 
 a
tually depend only on D or �. The S-matrix, andthe sub
ategory of transparent obje
ts [Bru00℄, whi
h play an important rolein the 
onstru
tion of invariants of 3-manifolds, are de�ned purely in termsof the double braiding D. More surprisingly, the invariants of ribbon linksde�ned by C via Sum's Theorem do not depend on the a
tual braiding, butonly on D (see Proposition 1, and se
tion 5); and this result extends to amu
h larger 
lass of ribbon tangles, namely those whose linking matrix isdiagonal mod2. Sin
e these tangles play an important role here, we givethem a name: we 
all them turban tangles.All this suggests that the double braiding and the twist deserve to bestudied for their own sake, and that the universal property of the 
ategoryof tangles, that is, Shum's Theorem, should have an analogue for the 
ategoryof turban tangles.The �rst step is to axiomatize the notion of double braiding. We observethat a double braiding satis�es 
ertain formal properties (TW0)-(TW2). Anoperator D satisfying these properties will be 
alled a twine. An entwined
ategory is a monoidal 
ategory with a twine. The 
ategory of pure braidsis the free entwined 
ategory (se
tion 2, Theorem 1). We also introdu
e ageneral notion of twist, in su
h a way that the 
ategory of ribbon pure braidsis the free 
ategory with twist (se
tion 3, Theorem 2).In se
tion 4, we bring duality into the pi
ture, and �nd out that a 
ate-gory with duals and (self-dual) twist de�nes invariants of ribbon string links(theorem 3).The heart of the matter is to extend these 
onstru
tions to the largestpossible sub
ategory of the 
ategory of tangles. The natural 
andidate isthe sub
ategory generated by the twist and duality: this is pre
isely the
ategory of turban tangles (proposition 1). In se
tion 5, we de�ne a turban
ategory to be a 
ategory with a twist and good duals (sovereign stru
ture),satisfying 
ertain additional 
onditions. We show that the 
ategory of turbantangles is the free turban 
ategory (theorem 4).Se
tion 6 gives a few examples of twines, twists and turban 
ategories, aswell as the tannaka di
tionary for twines and twists.The de�nition of a turban 
ategory proposed in this paper is 
ertainlynot de�nitive, but I believe that this notion 
ould lead to new topologi
alinvariants, in
luding 3-manifold invariants and related TQFT's. The land oftwines and twists is `full of 
rags and 
hasms', and exploring it sometimes



DOUBLE BRAIDINGS, TWISTS AND TANGLE INVARIANTS 3feels like snark hunting. For instan
e, the fa
t that if 
, 
' are braidings,then 
0Y;X
X;Y is a twine, 
ame to me as a real surprise! While so far I havefew examples of twines or twists, there are many indi
ations that the 
lassof entwined 
ategory is mu
h larger that the 
lass of braided 
ategory.After 
ompletion of this work, I learned about M. Stai
's re
ent work([Sta04℄), where the notions of pure braided stru
ture and pure ribbon stru
-ture on a Hopf algebra are introdu
ed; those are the twinor and twistornotions my se
tion 6. M. Stai
 shows that su
h algebrai
 data yield invari-ants of pure braids and long knots respe
tively. Moreover, in a �nal remark,M. Stai
 suggests de�nitions for a pure braided stru
ture and a pure ribbonstru
ture on a monoidal 
ategory. The former is more 
ompli
ated than, butequivalent to, my notion of twine; the latter is essentially the same as mynotion of twist. Our 
ontributions seem to be 
omplementary, and, hopefully,one need not 
on
lude that `the Snark was a Boojum, you see!'.I wish to thank Alexis Virelizier for many enlightening dis
ussions.1. Conventions and notations1.1. Monoidal 
ategories. Unless otherwise spe
i�ed, all 
ategories willbe small and all monoidal 
ategories will be stri
t. We will use PenroseGraphi
al 
al
ulus, with the as
ending 
onvention: diagrams are to be readfrom bottom to top, e. g. given X f! Y g! Z, we represent gf as
g

fIf C is a monoidal 
ategory, with tensor produ
t 
 and unit obje
t I , wedenote 
n the n-uple tensor produ
tCn �! C ;(X1; : : :Xn) 7! X1 
 � � � 
Xn :In parti
ular 
0 = I , 
1 = 1C and 
2 = 
.Let C be a monoidal 
ategory. A duality of C is a data (X; Y; e; h), whereX , Y are obje
ts, and e : X 
 Y ! I , h : I ! Y 
 X morphisms of C,satisfying: (e
 1X)(1X 
h) = 1X and (1Y 
e)(h
 1Y ) = 1Y :If (X; Y; e; h) is a duality, we say that (Y; e; h) is a right dual of X , and(X; e; h) is a left dual of X . If a right or left dual of an obje
t exists, it isunique up to unique isomorphism.By monoidal 
ategory with right duals (resp. left duals, resp. duals), wemean a monoidal 
ategory C where ea
h obje
t X admits a right dual (resp.a left dual, resp. both a right and a left dual).If C has right duals, we may pi
k a right dual (X_; eX ; hX) for ea
h obje
tX (the a
tual 
hoi
e is ino
uous, in that a right dual is unique up to uniqueisomorphism). This de�nes a monoidal fun
tor?_ : Co ! C



4 A. BRUGUIÈRESwhere Co denotes the 
ategorywith opposite 
omposition and tensor produ
t.Similarly a 
hoi
e of left duals (_X; "X ; �X) for all X 2 ObC de�nes amonoidal fun
tor _? : Co ! C.A (stri
t) sovereign stru
ture on C is the 
hoi
e, for ea
h obje
t X , of aright dual (X�; eX ; hX) and a left dual (X�; "X ; �X), with same underlyingobje
tX�, in su
h a way that _? = ?_ as monoidal fun
tors. Essentially, leftduals and right duals 
oin
ide. By sovereign 
ategory, we mean a monoidal
ategory with a sovereign stru
ture. This is an appropriate 
ategori
al set-ting for a good notion of tra
e; however one must distinguish a left- and aright tra
e trl and trr. If X is an obje
t of C and f 2 End(X),trl(f) = "X(1X� 
f)hX ; trr(f) = eX(f 
 1X�)�X in End(I) :Definition. Let C be a braided 
ategory, with braiding 
; the double braid-ing is the fun
torial isomorphismDX;Y = 
Y;X
X;Y : X 
 Y ��! X 
 Y :A tortile 
ategory is a monoidal braided 
ategory with duals, equippedwith a twist, that is, a fun
torial isomorphism �X : X ��! X (X 2 ObC)su
h that �X
�Y = �X
YDX;Y and �I = 1I . Moreover the twist is assumedto be self-dual, i. e. �X_ = �_X .If C is a tortile 
ategory, and if one makes the (ino
uous) 
hoi
e of right du-als (X_ = X�; eX ; hX), there is a 
anoni
al 
hoi
e of left duals (X�; "X ; �X)whi
h de�nes a sovereign stru
ture. The self-duality of the twist implies thatthe left- and right tra
e 
oin
ide (a property often referred to as spheri
ity).1.2. Tangles. We will often represent tangles by tangle diagrams, whi
h weview as drawings made up of the following pi
tograms:
, , , ,
alled positive 
rossing, negative 
rossing, lo
al max an lo
al min respe
tively(linked up by smooth ar
s without horizontal tangents).Two tangle diagrams represent the same isotopy 
lass of ribbon tangles(also 
alled framed tangles) if and only if one may be obtained from theother by deformation and a �nite number of ribbon Reidemeister moves:(R0) = = ; (R1) = = ;(R2) = = ; = = ; (R3) = :Note that isotopy of non-ribbon tangles is obtained by adding the Reide-meister move = to this list.We will denote fDg (and sometimes just D) the isotopy 
lass of ribbontangles represented by a tangle diagram D.



DOUBLE BRAIDINGS, TWISTS AND TANGLE INVARIANTS 5Let D be a tangle diagram, C a 
omponent of D. We denote �CD thetangle diagram obtained from D repla
ing C by 2 parallel 
opies of D.A tangle may be oriented, and/or 
oloured by elements of a set.We denote Tang the 
ategory of isotopy 
lasses of oriented ribbon tangles.This is a tortile 
ategory, whose obje
ts are words on the letters [+℄ and[�℄. We denote Tang[�℄ the 
ategory of isotopy 
lasses of oriented ribbontangles 
oloured by elements of the set �, whi
h is another tortile 
ategory.In Tang[�℄, we denote [+℄� (resp. [�℄�) the obje
t [+℄ (resp. [�℄) 
olouredby the element � 2 �. In the oriented 
ase, the point will be denoted [0℄.1.3. Ribbon Tangles and Turbans Tangles. Re
all that the braiding 
and the twist � of the 
ategory of ribbon tangles are de�ned by
m;p =
...

......

...

m

m

p

p ; �n = ...

...

n

:;evaluation and 
oevaluation morphisms en and hn being given byen =
... ...
n n

; hn = ......

n n ;the ribbon stru
ture on Tang[�℄ is de�ned by the same tangles, with appro-priate orientation and �-
olouring.Definition. A ribbon tangle T is turban (resp. even) if its linking matrixis diagonal mod2 (resp. zero mod2).Turban tangles (resp. even tangles) form a monoidal sub
ategory of Tangwhi
h we denote Turb (resp. eTang).The following proposition is the main motivation for the rest of this work.Proposition 1. The 
ategory Turb (resp. eTang) is the smallest monoidalsub
ategory of Tang having the same obje
ts as Tang, and 
ontaining allevaluations, 
oevaluations and twists (resp. double braidings).We will prove proposition 1 in se
tion 5.2. Twines and pure linksDefinition. Let C be a monoidal 
ategory. A twine of C is an automorphismD of 
, that is, a fun
torial isomorphismDX;Y : X 
 Y ��! X 
 Y (X; Y 2 C)satisfying the following axioms:(DB0) DI;I = 1I ;(DB1) (DX;Y 
 1Z)DX
Y;Z = (1X 
DY;Z)DX;Y
Z ;(DB2) (DX
Y;Z 
 1T )(1X 
D�1Y;Z 
 1T )(1X 
DY;Z
T )= (1X 
DY;Z
T )(1X 
D�1Y;Z 
 1T )(DX
Y;Z 
 1T ) :An entwined 
ategory is a monoidal 
ategory equipped with a twine.



6 A. BRUGUIÈRESIf C, C 0 are two entwined 
ategories, with twines D, D0, a stri
t entwinedfun
tor F : C ! C 0 is a stri
t monoidal fun
tor C ! C 0 su
h that for allX; Y 2 ObC, F (DX;Y ) = D0FX;FY :Example. Let C be a monoidal 
ategory, and 
 a braiding of C. ThenDX;Y = 
Y;X
X;Y (the double of 
) is a twine of C. In parti
ular, let Bbe the 
ategory of braids, with its 
anoni
al braiding 
. Re
all that the
anoni
al braiding 
 is 
hara
terised by the fa
t that 
1;1 is the standardgenerator of B2. Let D be the double of 
. Let PB be the 
ategory of purebraids. Then for any integersm; p, Dm;p is a morphism of P and this de�nesa twine of PB. We will therefore 
onsider PB as an entwined 
ategory.Remark. The examples admits of the following surprising generalization,whi
h was pointed out to me by A. Virelizier: if 
; 
0 are two braidings in C,then DX;Y = 
0Y;X
X;Y is a twine.Here are a few 
omments on the axioms.The �rst two axioms (DB0) and (DB1) imply the following:(a) DX;I = 1X = DI;X .(b) (D�1X;Y
1Z)DX;Y
Z = DX
Y;Z(1X 
D�1Y;Z) and (1X 
D�1Y;Z)DX
Y;Z =DX;Y
Z(D�1X;Y 
 1Z).It will be very 
onvenient to depi
t DX;Y , D�1X;Y as follows:DX;Y =
X Y

; D�1X;Y =
X Y

-1 :Similarly, letDfX;Y;Z =
X Y Z

= (D�1X;Y 
 1Z)DX;Y
Z = DX
Y;Z(1X 
D�1Y;Z) ;DbX;Y;Z =
X Y Z

= (1X 
D�1Y;Z)DX
Y;Z = (1X 
D�1Y;Z)DX
Y;Z :Now (DB2) 
an be re-interpreted in a ni
e way. Indeed, 
omposing ea
hside of (DB2) on the right by (1X 
D�1Y;Z 
 1T ) and using (b), we obtain thesliding property: = .Noti
e that the notion of twine is invariant under left-right symmetry(tensor produ
t reversal) and under top-bottom symmetry (
omposition re-versal). In both 
ases front and ba
k (i. e. and ) areex
hanged. In parti
ular 
entral symmetry preserves front and ba
k.



DOUBLE BRAIDINGS, TWISTS AND TANGLE INVARIANTS 7The following theorem justi�es, in a sense, the axioms for a twine.Theorem 1. The 
ategory of pure braids is the universal entwined 
ategory.More pre
isely, let C be an entwined 
ategory, � = ObC, and denote PB(�)the 
ategory of �-
oloured pure braids. There exists a unique stri
t entwinedfun
tor PB(�)! C sending [0℄X (X 2 ObC) to the obje
t X itself.Proof of Theorem 1. The proof relies on a presentation of the group ofpure braids Pn by generators and relations, due to Markov [Mar45℄. (Seealso [Ver03℄). Let �i 2 Bn (1 � i < n) be the standard generator:�i = ... ...
1     ...          i   i+1       ...     n

:For 1 � i < j � n, let si;j = �j�1 : : :�i�i : : :�j�1; pi
torially:si;j =
1 ...    i        ...           j   ...  n

... ... ... :Then the si;j 's generate Pn, subje
t to the Burau relations:(Bu1) si;jsk;l = sk;lsi;j for i < j < k < l or i < k < j < l;(Bu2) si;jsi;ksj;k = si;ksj;ksi;j = sj;ksi;jsi;k for i < j < k;(Bu3) si;ksj;ksj;ls�1j;k = sj;ksj;ls�1j;ksi;k for i < j < k < l.In the entwined 
ategory PB of pure braids, si;j = 1i�1
Df1;j�i�1;1
1n�j .Proposition 2. Let C be an entwined 
ategory. There exists a unique groupmorphism PBn ! Aut(
n)P 7! [P ℄su
h that for all X1; : : : ; Xn 2 ObC and 1 � i < j � n,[�i;j ℄X1;:::;Xn = 1X1
���
Xi�1 
DfXi;Xi+1
���
Xj�1 ;Xj 
 1Xj+1
���
Xn :Proof. Sin
e the si;j 's generate Pn, we only have to 
he
k 
ompatibilitywith the Burau relations.Now the �rst 
ase of (Bu1) is fun
toriality of the tensor produ
t, and these
ond 
ase of (Bu2) is fun
toriality of DfX;Y;Z with respe
t to Y .In order to 
he
k the other relations, we will have to perform 
ertain
omputations in an entwined 
ategory. Let us adopt the notation:=  -1 :It is understood that ea
h strand is 
oloured by an obje
t of C, so this isan identity of morphisms of C.



8 A. BRUGUIÈRESLemma 1. The following identities hold in an entwined 
ategory:a) = = ; b) = ; 
) = ;d) = = ; e) = .N. B.: strings whi
h are drawn very 
lose represent one entry 
oloured bythe tensor produ
t of the 
olours of the strings.Proof. The 
omputations would be very awkward in algebrai
 form; theyare mu
h easier to 
ondu
t using Penrose graphi
al 
al
ulus. Here is a sket
hof the proof.Assertions a) and b): the �rst identity of a) holds by de�nition; the se
ondresults from the de�nition of by straightforward 
omputation, andimplies b) by de�nition of .Consider assertion e), and denote X;A; Y;B;Z;C; T the obje
ts of C usedto 
olour the seven strands, listed from left to right. Then the 
ase A =B = C = I is just the sliding property, whi
h is a 
onsequen
e of the twineaxioms. Now using a), we dedu
e e) in the 
ase B = C = I .
) Using the de�nitions and elementary manipulations, assertion 
) 
an beeasily redu
ed to assertion e) in the 
ase B = C = I , whi
h we just proved,and the identity = , analogous to the se
ond identity of a).Assertion e): the 
ase C = I 
an now be dedu
ed from the 
ase B = C = Iusing b). Hen
e the general 
ase, using a) and 
).Let us prove assertion d). By reason of symmetry, it is enough to 
he
kthe �rst identity. Now one 
omputes easily
=

-1and one 
on
ludes using e) and fun
toriality of the twine. Thus ends theproof of the lemma. 2Relations (Bu2) and (Bu3) are dire
t 
onsequen
es of assertions d) and e)of the lemma, hen
e the proposition. 2



DOUBLE BRAIDINGS, TWISTS AND TANGLE INVARIANTS 9Now the lemma 
learly de�nes a monoidal fun
tor PB[�℄! C whi
h sends[X ℄ to X (X 2 ObC), the pure braid on n strands 
oloured by X1; : : :Xn to[P ℄X1;:::;Xn , and preserves the twine. Uniqueness results form the fa
t thatthe si;j 's generate PB.3. Twists and ribbon pure braidsDefinition. Let C be a monoidal 
ategory. A twist of C is an automorphism� of 1C, that is, a fun
torial isomorphism�X : X ��! X (X 2 C)satisfying the following axioms:(TW0) �I = 1I ;(TW1) (��1X
Y 
 1Z
T )(�X
Y
Z 
 1T )(1X 
��1Y 
Z 
 1T )(1X 
�Y 
Z
T )(1X
Y 
��1Z
T ) = (1X
Y 
 ��1Z
T )(1X 
�Y 
Z
T )(1X 
��1Y 
Z 
 1T )(�X
Y
Z 
 1T )(��1X
Y 
 1Z
T ) :Graphi
ally, axiom (TW1) may be represented as
= ; with 
 = � and � = ��1.A twisted 
ategory is a monoidal 
ategory equipped with a twist.If C, C 0 are two twisted 
ategories, with twists �, �0, a stri
t twisted fun
torF : C ! C 0 is a stri
t monoidal fun
tor satisfying for all X 2 ObC:F (�X) = �FX :Proposition 3. Let C be a monoidal 
ategory and � an automorphism of 1C.De�ne an automorphism D of 
 byDX;Y = (��1X 
 ��1Y )�X
Y :Then � is a twist if and only if D is a twine.Proof. By its very form, D satis�es (DB1), and one 
he
ks easily that(DB0) and (DB2) are equivalent respe
tively to (TW0) and (TW1). 2As a result, a twisted 
ategory is 
anoni
ally entwined, and a stri
t twistedfun
tor is entwined.Example. Let C be a braided 
ategory, and let � be a balan
ed stru
ture,that is an automorphism of 1C satisfying�X
Y = (�X 
 �Y )RY;XRX;Y :Then � is a twist.



10 A. BRUGUIÈRESIn parti
ular, the 
ategory of ribbon braids is twisted, and so is the 
ate-gory of ribbon pure braids. Moreover we have a 
anoni
al group isomorphism(u; t1; : : : ; tn) : RPBn ��! PBn �Zn ;where u denotes the forgetful morphism RPBn ! PBn, and ti the self-linkingnumber of the i-th 
omponent.Remark. Let C be an entwined 
ategory, with twine D. Just like in thebraided 
ase, there is a 
anoni
al way of adjoining a twist to C. Indeed, de�nea 
ategory ~C as follows. The obje
ts of ~C are data (X; t), with X 2 ObC andt 2 Aut(X). Morphisms from (X; t) to (X 0; t0) are morphisms f : X ! X 0in C su
h that t0f = ft. De�ne a tensor produ
t on ~C, on obje
ts, by(X; t)
 (X 0; t0) = (X 
X 0; (t
 t0)DX;X 0) ;and on morphisms, by the tensor produ
t of C. One 
he
ks easily that thismakes ~C a stri
t monoidal 
ategory (using axioms TW0 and TW1), and thatsetting �(X;t) = t de�nes a twist � on ~C (using TW2). The forgetful fun
tor~C ! C is entwined, and this 
onstru
tion is universal.Theorem 2. Let C be a twisted 
ategory, � = ObC, and RPB(�) be the
ategory of �-
oloured ribbon pure braids. There exists a unique stri
t twistedfun
tor [?℄ : RPB[�℄! Csending [0℄X (X 2 ObC) to the obje
t X itself.Proof. Clearly the image of the 
oloured ribbon pure braid P [X1; : : : ; Xn℄
an be no other than (�t1(P )X1 
: : :�tn(P )Xn )[u(P )℄X1;:::;Xn , and this de�nes indeeda stri
t twisted fun
tor. 2Notation. Let C be a twisted 
ategory; for P 2 RPBn, we let [P ℄ =(�t1(P ) 
 : : :�tn(P ))[u(P )℄ 2 End(
n).4. Twists, duality, and invariants of string linksDefinition. Let n be a non-negative integer. A (ribbon) string link onn strands is an oriented (ribbon) tangle from n[+℄ to n[+℄, without 
losed
omponents, and su
h that the i-th input is 
onne
ted to the i-th output.We denote RStL the monoidal sub
ategory of Tang whose morphisms areisotopy 
lasses of ribbon string links.The 
ategory of ribbon pure braids RPB is naturally embedded as amonoidal sub
ategory of RStL.Definition. Let P be a ribbon string link on n strands, and 1 < i < n. Wede�ne the i-th right 
ontra
tion of P to be the ribbon string link on n � 2



DOUBLE BRAIDINGS, TWISTS AND TANGLE INVARIANTS 11strands 
i(P ) de�ned by
i(P ) = i�2z }| { n�i�1z }| {
... ...

......

P| {z }i�2 | {z }n�i�1 :We will now mimi
k this 
onstru
tion in a 
ategori
al setting, using thenotion of duality.Proposition 4. Let C be a monoidal 
ategory, and let � be a twist of C. LetX be an obje
t of C and (Y; e; h) be a right dual of X.The following assertions are equivalent:(i) �X and �Y are dual morphisms;(ii) �2X = (eD�1X;Y 
 1X)(1X 
h);(ii') �2Y = (1Y 
eD�1Y;X)(h
 1Y );Moreover if they hold for one right dual of X, they hold for all.Definition. Let C be a monoidal 
ategory with right duals. Let � be atwist of C. We say that � is self-dual if for any obje
t X of C the equivalentassertions of the previous proposition hold.Let C be a twisted with right duals and a self-dual twist. Assume thatright duals are 
hosen.Notation. Let C be a monoidal 
ategory with right duals. Let X; Y; Z beobje
ts of C. For f 2 End(X 
 Y 
 Y _ 
 Y 
 Z), let
X;Y;Z(f) = (1X 
 e 
 1Y 
 1Z)f(1X 
 1Y 
 h
 1Z) :Now let � 2 End(
n) and 1 < i < n. De�ne 
i� 2 End(
n�2) by(
i �)X1;:::;Xn�2 = 
X1
���
Xi�2 ;Xi�1;Xi
:::Xn�2�X1;:::;Xi�1;X_i�1;Xi�1;:::;Xn :Pi
torially, (
i�)X1;:::;Xn�2 = X1:::Xi�2 Xi�1 :::Xn�2
... ...

......PSfrag repla
ements �X1 ::: Xi�1 Xi ::: Xn�2 :Noti
e that 
i� is in fa
t independent of the 
hoi
e of a right dual for Xi�1.Theorem 3. Let C be a monoidal 
ategory with right duals and a self-dualtwist. There exists a unique way of asso
iating to ea
h isotopy 
lass of ribbonstring link P 2 RStLn a fun
torial endomorphim �!P 2 End(
n) in su
h a waythat:(i) �!P = [P ℄ for any ribbon pure braid P ;
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i�!P = �!
iP for any P 2 RStLn and 1 < i < n su
h that the i-th
omponent of P is trivial.Corollary 1. Let C be a monoidal 
ategory with right duals and a self-dualtwist. Let � = ObC be a set and denote RStL[�℄ � Tang[�℄ the 
ategory of�-
oloured ribbon string links. There exists a 
anoni
al twisted fun
tor�!? : RStL[�℄ �! Cwhi
h sends a 
oloured ribbon string link P [X1; : : : ; Xn℄ to �!P X1;:::;Xn.If C is a twisted 
ategory with left duals, one may (by left-right symmetry)asso
iate with any ribbon string link P 2 RStLn an element  �P 2 End(
n).If both right- and left duals exist, it is not at all 
lear whether �P = �!P . Thissuggests the following de�nition.Definition. Let C be a monoidal 
ategory with left and right duals, and �a twist of C. We say that � is ambidextrous if it is self-dual, and we have8P 2 RStL;  �P = �!P :If su
h is the 
ase, we set [P ℄ = �P = �!P .When the twist is ambidextrous, we have [
iP ℄ = 
i[P ℄ for any P 2 RStLnand any 1 < i < n.Remark. Theorem 3, while it provides a means of 
onstru
ting invariantsof ribbon string links, has a serious drawba
k : it is not a universal property,be
ause the 
ategory of ribbon string links has no duals. The aim of se
tion5 will be to mend this matter.Proof of Theorem 3. If P is a ribbon pure braid, �!P = [P ℄ is alreadywell-de�ned. The point is now to see that a string link 
an be obtained froma pure braid by a sequen
e of `ni
e' 
ontra
tions. This will at least showthat �!? is unique, and suggest a 
onstru
tion for it. We then must 
he
k the
oheren
e of this 
onstru
tion, i. e. its independen
e from the 
hoi
es made.The main tri
k we use 
onsists in `pulling a max to the top line'. Let Dbe a tangle diagram with a lo
al max m, with p outputs. We may writeD =
U

... ...

T

...

... ...

m ;where T , U are tangle diagrams.Let i be an integer, 1 � i � n+ 1. Let j be the number of strands to theleft of m on the same horizontal line, plus 1. Let T 0 be a tangle diagramobtained from T by inserting a new 
omponent C going from a point betweenthe (j� 1)-th and j-th inputs of T to a point between the (i� 1)-th and i-thoutputs of T . We assume also that C has no lo
al extrema. Note that we



DOUBLE BRAIDINGS, TWISTS AND TANGLE INVARIANTS 13have T = T 0 � C. Let T 00 = �CT 0 be the tangle diagram obtained from T 0by doubling C. Set D0 =
U

... ...

T''

...

... ... :We say that D0 is obtained from D by pulling m to the top in the i-thposition (along the path C).One de�nes similarly the a
tion of pulling a lo
al min to the bottom.Now let D be a n-string link diagram, oriented from bottom to top. Wesay that D is right-handed if all lo
al extrema point to the right.Assume D is right-handed. Pulling all lo
al max to the top and all lo
almin to the bottom, one may obtain a pure braid diagram. Here is an algo-rithm. Denotemi the number of lo
al max (whi
h is equal to the number oflo
al min) on the i-th 
omponent of D. Let m = m(D) = m1 + � � �+mn bethe number of lo
al max ofD. Ifm(D) = 0, we are already done. Otherwise,
hose i minimal so that mi > 0. Denote 
 the i-th 
omponent, and let m bethe �rst max, and m0 the �rst min you meet on 
, going from bottom to top.Pull m to the top, in the i-th position (just to the left of 
), and m0 to thebottom, in the i+1-th position (just to the right of 
). LetD0 be the diagramso 
onstru
ted. Then D0 is a string link diagram, with m(D0) = m(D)� 1.Moreover, fDg = 
i+1fD0g, and the (i+1)-th 
omponent ofD0 is unknotted.Repeated m times, this transformation yields a pure braid diagram P withn+ 2m threads, and we havefDg = 
jm : : : 
j1P ;where 1 � j1 � � � � � jm � n, and jk takes mi times the value i+ 1.We therefore set �!D = 
jm : : : 
j1 [P ℄ ;and we now pro
eed to show that this is independent of the 
hoi
e made inthe 
onstru
tion of P , that is, the a
tual paths along whi
h the lo
al extremaare being pulled.Lemma 2. Let P , P 0 be two pure braid diagrams:P =
...

... ... ; P 0 =
...

... ... ;whi
h di�er only inside a 
ir
le. Inside the 
ir
le, the i-th and i+ 1 strandspass respe
tively to the front and the ba
k of the k-th strand; above the 
ir
le,the i-th and (i + 1)-th strands run parallel. Let C be a entwined 
ategory,X1; : : : ; Xn obje
ts of C, and let e : Xi 
 Xi+1 ! I be any morphism. LetE = 1X1
���
Xi�1 
 e
 1Xi+2
���
Xn . Then E[P ℄X1;:::;Xn = E[P 0℄X1;:::;Xn.



14 A. BRUGUIÈRESProof. We will use the following fa
t, whi
h is an immediate 
onsequen
eof Proposition 1. If A 2 PBn and 1 � i � n, 
onstru
t�iP 2 PBn+1 by dou-bling the i-th strand of P . Given n + 1 obje
ts X1; : : : ; Xi; X 0i; Xi+1; : : :Xnin C, we have:[�iP ℄X1;:::;Xi;X 0i;Xi+1 ;:::;Xn = [P ℄X1;:::;Xi
X 0i ;Xi+1 ;:::;Xn :Now let us prove the lemma, and assume for instan
e k < i. One mayrepresent P and P 0 asP = �iA�isk;iB; P 0 = �iAB ;with A 2 PBn�1, B 2 PBn, and sk;i is the Burau generator. Using theabove-mentioned fa
t, we may assume A and B trivial. The lemma thenresults from elementary properties of the twine. The 
ase k > i + 1 
an betreated in a similar way. 2From the lemma, we see not only that �!DX1;:::;Xn is independent of the
hoi
es made, but also that it is invariant under Reidemeister moves of type2 and 3. In addition, it is invariant under `right-handed moves of type 0',namely
= =

,
;In the �rst 
ase, it is an easy 
onsequen
e of the identity
i+1[�3iP ℄ = [P ℄ ;where P is a pure braid diagram and �3iP is is obtained by tripling the i-thstrand of P . The se
ond 
ase is dedu
ed from the �rst, using type 2 moves.Now let D be a arbitrary n-string link diagram. For ea
h lo
al extremumpointing to the left, modify D in the following way :(1) ; (2) :This operation yields a right-handed diagram Dr.For 1 � i � n, let ti be the algebrai
 number of modi�
ations made onthe i-th 
omponent, with (1) 
ounting as �1 and (2) as +1.Set �!D = (�t1 
 � � � 
 �tn)Dr.Clearly this is invariant under Reidemeister moves of type 2 and 3. As forinvarian
e under type 0 moves, the 
ase when the extrema point to the leftredu
es to the right-handed 
ase (already proved) via:

= =

(R2-3) :Moreover, we have =
+1 (where the+1 denotes the twist), and =

+1
=

  1by self-duality of the twist, hen
e invarian
e under moves of type 1.Let us summarize: given P 2 RStLn, we have 
onstru
ted �!P 2 End(
n).Now noti
e that when one forms the i-th 
ontra
tion 
iD of a string linkdiagram D, the orientation of its i-th 
omponent is reversed; in parti
ular,if D is right-handed, 
iD is not, unless there are no lo
al extrema on thei-th 
omponent, that is, the i-th 
omponent is unknotted. In that 
ase, we
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i�!P = �!
iP . Indeed, we may represent P by a diagram whose i-th
omponent has no lo
al extrema, hen
e P = 
jm : : : 
j1Q, with Q ribbon purebraid, j1 � � � � � jm, and jk 6= i+ 1 for all k.Lemma 3. The 
ontra
tion operators 
i satisfy the following relations :(a) for i � j � 2, 
i
j = 
j�2
i;(b) for i � j, 
i
j = 
j
i+2.Assume jk�1 � i � jk�2. By the lemma, 
iP = 
jm�2 : : : 
jk�2
i
jk�1 : : : 
1Q,so �!
iP = 
jm�2 : : : 
jk�2
i
jk�1 : : : 
1[Q℄ = 
i
jm : : : 
j1 [Q℄ = 
i�!P , hen
e thetheorem. 5. Turban 
ategoriesBy virtue of Shum's theorem, the 
ategory of ribbon oriented tangles isthe universal tortile 
ategory. On the other hand, we have just seen that any
ategory with right duals and a self-dual twist de�nes invariants of ribbonstring links. Re
all proposition 1:Proposition 1. The 
ategory Turb (resp. eTang) is the smallest monoidalsub
ategory of Tang having the same obje
ts as Tang, and 
ontaining allevaluations, 
oevaluations and twists (resp. double braidings).This suggests strongly that Shum's theorem has an analogue for turbans.In other words, one should be able to de�ne a notion of `turban 
ategory',in su
h a way that Turb is the universal turban 
ategory. Before we pro
eedto do so, let us prove proposition 1.Proof of Proposition 1. We denote E the monoidal sub
ategory of Tanggenerated by the evaluation morphisms. A tangle in E may be representedby a diagram with 2n + k input and k output, without 
rossings and lo
almin. Here is a typi
al example: :Dually, we denote E� the monoidal sub
ategory of Tang generated by the
oevaluation morphisms.Lemma 4. Any turban tangle T may be fa
torized as T = EPH, where Pis a ribbon pure braid and E 2 E, H 2 E�. Moreover, if T is even, we mayassume that ea
h 
omponent of P has trivial self-linking number.Proof. Let T be an (oriented) turban tangle, that is, an oriented ribbontangle whose linking matrix has only even entries outside the diagonal.We may write T as T = T'

...

... ;where T 0 is a turban with 2n input and no output. Assume T 0 has k 
losed
omponent. Pulling a lo
al min down to the bottom line on the right-hand



16 A. BRUGUIÈRESside, we may represent T 0 as T 0 = H

......
;where H is a turban with 2N = 2n + 2k input, no output and no 
losed
omponents.Now the turban 
ondition on H ex
ludes a 
on�guration of four legs i <j < k < l with (i; j) and (k; l) 
onne
ted in H .By pulling one lo
al max per 
omponent to the top line, we may thereforewrite H as H = EQ ;where Q 2 RStL2N , and E is an element of E with 2N input and 0 output.So we may write P = E 0QH 0, with Q 2 RStL, E 0 2 E , H 0 2 E�. Nowany ribbon string link may be obtained from a ribbon pure braid by a �nitenumber of 
ontra
tions, so we may write Q = E 00PH 00, with P 2 RPB,E00 2 E and H 00 2 E�. Setting E = E 0E 00, H = H 00H 0, we have T = EPH .If T is even, Q be assumed even. Now by self-duality of the twist we have

= so we may fa
tor Q as E 0PH 0, with E 0 2 E , H 0 2 E� and P a ribbonpure braid with trivial self-linking numbers. 2Clearly, the lemma implies proposition 1. Indeed, we know that the 
ate-gory of ribbon pure braids is generated (as a monoidal 
ategory) by the twist,and the sub
ategory of ribbon pure braids with trivial self-linking numbersis generated by the double braiding.Remark. Proposition 1 has the following straightforward 
onsequen
es.1) Any invariant of ribbon links or turban tangle arising from a tortile
ategory C is independent of the braiding: it depends only on the twist andthe duality.2) If C is a twisted 
ategory with 
hosen right and left duals, and ObC = �,there exists at most one twisted, dual-preserving fun
tor FC : Turb[�℄ ! Csending [+℄X (X 2 ObC) to the obje
t X itself.Naturally, one 
ould de�ne a turban 
ategory to be a twisted 
ategorywith 
hosen left and right duals, and su
h that the fun
tor FC exists. Wewould have the universal property for free! However, su
h a de�nition wouldnot be of great pra
ti
al use: we need a more 
on
rete 
riterium. Also, itseems reasonable to assume that the 
hoi
es of left and right duals de�ne asovereign stru
ture on C (indeed, su
h is the 
ase in Turb).Let C be a sovereign 
ategory with ambidextrous twist. For any ribbonstringlink P , denote [P ℄ = �!P =  �P . Pi
torially, we will represent [P ℄ asP . We say that the strong spheri
ity 
ondition is satis�ed if for any P 2



DOUBLE BRAIDINGS, TWISTS AND TANGLE INVARIANTS 17RStLn+2, 1 � i � n + 1, X1; : : : ; Xn; Y 2 ObC, and f 2 End(Y ), we have(Sph) P

...

... ...

...

= P

PSfrag repla
ements
X1X1X1X1 Xi�1Xi�1Xi�1Xi�1 XiXiXiXi XnXnXnXn YY e� "h ff ;where e, h, ", � denote the evaluation and 
oevaluation morphisms for Y . Wesay that the strong inter
hange 
ondition is satis�ed if for any P 2 RStLn+2,1 � i � n, X1; : : : ; Xn; Y 2 ObC, and f 2 End(Y ), we have(Int) P

...

... ...

...

= P

...

...

PSfrag repla
ements X1X1X1X1 Xi�1Xi�1Xi�1Xi�1 XiXiXiXi Xi+1Xi+1Xi+1Xi+1 XnXn XnXn YY ee ��"h ff :We say that the weak spheri
ity 
ondition (resp. the weak inter
hange
ondition) holds when we have (Sph) (resp. (Int)) whenever f = 1Y .Definition. A turban 
ategory is a twisted sovereign 
ategory with am-bidextrous twist satisfying the strong spheri
ity and the strong inter
hange
onditions.Example. 1) For any set �, Turb[�℄ is a turban 
ategory.2) Any tortile 
ategory is a turban 
ategory.3) If C is a turban 
ategory, and D � C is a twisted sovereign sub
ategoryof C, then D is a turban 
ategory.We 
an now state the analogue of Shum's theorem.Theorem 4. The 
ategory of oriented turban tangles is the universal turban
ategory. In other words, if C is a turban 
ategory and � = ObC, there existsa unique turban fun
tor FC : Turb[�℄! Csending [+℄X (X 2 ObC) to the obje
t X itself.Proof.We must 
onstru
t a twisted, dual-preserving fun
torF : Turb[�℄! C



18 A. BRUGUIÈRESsending [+℄X (X 2 ObC) to the obje
t X itself. The proof of proposition 1gives us a 
onstru
tion for F , and we have to 
he
k that it is unambiguous.We will now outline the proof.1) The assumption that the twist is ambidextrous tells us that the fun
torF is well-de�ned on ribbon string links. It is also well-de�ned on E and E�.2) We 
he
k that F is well-de�ned on a turban tangle T with 2n input, nooutput, and no 
losed 
omponent. Su
h a T may be fa
torized as T = EP ,with P 2 RStL2n and E 2 E , so we should set F (T ) = F (E)F (P ). We haveto 
he
k that this is independent of the a
tual fa
torization. The proof ofthis fa
t is similar to that of Theorem 3: starting from a suitable diagramrepresenting T , a fa
torization is obtained by pulling 
ertain lo
al max tothe top line in the right order. Just as in the proof of theorem 3, ea
h ofthese lo
al max may have to be modi�ed so as to point in the appropriatedire
tion. We need an analogue of lemma 2, graphi
ally:
=

............ ;this is easy to 
he
k using theorem 3. This tells us that F (E)F (P ) is inde-pendent of the 
hoi
es of pathes, and it is then easy to 
he
k that it dependsonly on the isotopy 
lass of the tangle.3) We now de�ne F on turban tangles T with 2n input, no output, and
losed 
omponents L1; : : :Lk. Su
h a tangle may be fa
torized asT = H

......
;where H is a turban with 2N = 2n + 2k input, no output and no 
losed
omponents. Su
h a fa
torization is obtained by pulling a lo
al min of ea
hof the Li to the bottom line, and to the right. This de�nes F (T ) with pos-sibly two types of ambiguities: we use an numbering of 
losed 
omponents,and for ea
h 
losed 
omponent we must de
ide whether the lo
al minimumpoints to the right or to the left. However, the (weak) ex
hange and spheri
-ity 
onditions say pre
isely that the value for F (T ) is independent of thenumbering of 
omponents, and the dire
tion of ea
h min.4) We may write an arbitrary turban tangle T asT = T'

...

... ;where T 0 is a turban with 2n input and no output, and this de�nes F on Tin an unambiguous way.This de�nes a monoidal fun
tor whi
h has the required properties. 2Remark. Theorem 4 remains true if we repla
e the strong spheri
ity andstrong inter
hange 
ondition by their weak 
ounterparts. However the strongversion will probably prove more useful.
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tion of twisted 
ategories6.1. Toy example: the group-like 
ase. Let G be a group and C =G�ve
t the 
ategory of G-graded ve
tor spa
es over a �eld k. Denote kg thesimple obje
t 
onsisting of one 
opy of k in degree g. The dual of kg is kg�1 ,and the 
anoni
al evaluation and 
oevaluation morphisms de�ne a sovereignstru
ture on C. Ea
h simple obje
t has left and right dimension equal to 1.An automorphism of 
 is 
hara
terized by its values on simple obje
ts,that is, a map Æ : G 
 G ! k�. It is a twine if and only if Æ(e; e) = 1 andÆ(g; h)Æ(gh; k) = Æ(h; k)Æ(g; hg) (in other words, Æ is a 2-
o
y
le).Noti
e that if G is not 
ommutative, C is not braided; and if G is 
om-mutative, a braiding on C 
orresponds to a bi
hara
ter 
 : G�G! k�. Thedouble braiding, 
(h; g)
(g; h), is a symmetri
 bi
hara
ter. Twines are farmore numerous than double braidings.An automorphism of 1C is given by a map � : G ! k�. It is a twist ifand only if �(e) = 1. Self-duality is equivalent to �(g�1) = �(g). Now anyself-dual twist a
tually de�nes a turban stru
ture on C.The invariants of ribbon links and turban tangles asso
iated with su
hturban 
ategories 
ontain no more information than the linking matrix.6.2. Toy example: the in�nitesimal 
ase. Let C be a k-monoidal 
ate-gory, where k is a �eld, and de�ne C["℄ = C 
k k["℄ by extending the s
alarsof C to the ring of dual numbers k["℄ = k[X ℄=(X2).Let dX;Y : X 
 Y ! X 
 Y be a fun
torial morphism, X; Y 2 C. SetDX;Y = 1X
Y +"dX;Y . Then D is a twine on C["℄ if and only if d satis�esthe following 
onditions :(a) dI;I = 0;(b) dX;Y + dX
Y;Z = dY;Z + dX;Y
Z .Let tX : X ! X be a fun
torial morphism, X 2 ObC. Set �X = 1X +"tX .Then � is a twist if and only if t satis�es the 
ondition tI = 0. If C has duals,� is self-dual if and only if tX_ = �tX .In�nitesimal twists are expe
ted to de�ne turban invariants of �nite type(in this 
ase, of degree � 1).6.3. Tannaka theory for twined and twisted 
ategories. Let k be a�eld, and H a bialgebra over k, with 
oprodu
t �, 
ounit ", produ
t � andunit �. Denote 
omodH the monoidal 
ategory of �nite dimensional rightH-
omodules.Definition. A 
otwinor of H is a linear form d : H 
 H ! K satisfyingthe following axioms :(
odt-1) d is invertible (for the 
onvolution produ
t on H
H), and d�� =� � d in Hom(H
2; H);(
odt0) d(� 
 �) = 1;(
odt1) (d
 ") � d(�
 1H) = ("
 d) � d(1H 
�);(
odt2) d1;3d�13;4d2;4d3;4 = d�13;4d2;4d3;4d1;3 in Hom(H
4; k).Definition. A 
otwistor of H is a linear form � : H ! k satisfying thefollowing axioms:
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otw-1) � is invertible (for the 
onvolution produ
t onH), and (�
1H)� =(1H 
 �)�;(
otw0) �� = 1;(
otw1) (��1�)12(��3)123(��1�)23(��3)234(��1�)34 =(��1�)34(��3)234(��1�)23(��3)123(��1�)12.Theorem 5. The set of twines (resp twists) of 
omodH is in 1�1 
orrespon-den
e with the set of 
otwinors (resp. 
otwistors) on H. Moreover, when Hadmits an antipode S (that is, when 
omodH has right duals) self-dual twistsof 
omodH 
orrespond exa
tly with 
otwistors � su
h that �S = �.Proof. This is straightforward tannakan translation. Given d : H 
H ! k, and two H-
omodules V , V 0, with 
oa
tions �, � 0, de�ne DV;V 0 =(1V
V 0 
 d)(1X 
�H;X 0 
 1H)(� 
 � 0). Axiom (
odt-1) means that DV;V 0 isan isomorphism of 
omodules, and (
odt0)-(
odt2) translate axioms (DT0)-(DT2) of twines. Similarly, given � : H ! k, and a H-
omodule V , de�ne�V = (1H 
�)�. Axiom (
otw-1) means that �V is an isomorphism of 
o-modules, and (
otw0), (
otw1) translate axioms (TW0), (TW1) of twists.2 Should the reader prefers modules to 
omodules, here are the dual notions.Definition. A twinor of H is an element d 2 H
H satisfying the followingaxioms :(dt-1) d is invertible, and 8x 2 H; d�(x) = �(x)d;(dt0) ("
 ")d = 1;(dt1) (d
 �)(�
 1H)d = (� 
 d)(1H 
�)d;(dt2) d1;3d�13;4d2;4d3;4 = d�13;4d2;4d3;4d1;3 in H
4.Definition. A twistor of H is an element � 2 H satisfying the followingaxioms:(tw-1) � is invertible and 
entral;(tw0) "� = 1;(tw1) (���1)12(�3�)123(���1)23(�3�)234(���1)34 =(���1)34(�3�)234(���1)23(�3�)123(���1)12.If d is a twinor (resp. twistor) of H , the monoidal 
ategory H-mod of�nite dimensional left H-modules is entwined (resp. twisted).Referen
es[Bru00℄ A. Bruguières, Catégories prémodulaires, modularisation et invariants de variétésde dimension 3, Math. Ann. 316 (2000), no. 2, 215�236.[JS93℄ A. Joyal and R. Street, Braided tensor 
ategories, Adv. Math. 102 (1993), no. 1,20�78.[Mar45℄ A. Marko�, Foundations of the algebrai
 theory of tresses, Trav. Inst. Math.Steklo� 16 (1945), 53.[Shu94℄ M. C. Shum, Tortile tensor 
ategories, J. of Pure and Appl. Alg. 93 (1994), no. 1,57�110.[Sta04℄ M. D. Stai
, Pure-braided hopf algebras and knot invariants, Jour. of Knot Theoryand its Rami�
ations 13 (2004), no. 3, 385�400.[Tur94℄ V. G. Turaev, Quantum invariants of knots and 3-manifolds, de Gruyter, 1994.[Ver03℄ V. Vershinin, Survey on braids, Preprint MPIM1998-53, 2003.
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