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ABSTRACT. We consider quaternionic transformations of a quaternionic Kahler man-
ifold (M, g,@). General conditions for unicity of the quaternionic Kahler structure
(9,Q) for given @ are applied to the case of two quaternionic Kahler metrics which
are in correspondence through a quaternionic transformation. Characterization of
compact quaternionic Kahler manifolds which admit a quaternionic transformation
o different from an isometry is given. A sharp estimate of first non zero eigenvalue for
Laplacian on a compact quaternionic Kahler manifold with positive scalar curvature
is also obtained, improving a previous result of C.M. Margerin. An analogous sharp
estimate for Dirac operator was established by O. Hijazi and J.-L. Milhorat, [9].

TRANSFORMATION QUATERNIONIENNES ET PREMIERE VALEUR PROPRE
DU LAPLACIEN SUR UNE VARIETE KAHLER—QUATERNIONIENNE

Resumé. On considére les transormations quaternioniennes d’une variété Kahler-
quaternionienne (M, ¢, Q). Des conditions génerales d'unicité de la structure K&hler-
quaternionienne ¢, () pour la structure quaternionienne ) donnée sont appliquées
au cas de deux métriques Kahler-quaternioniennes qui se correspondent par une
transormation quaternionienne. On donne une caractérisation des variétés Kahler-
quaternioniennes compactes qui admettent une transormation quaternionienne @
différente d’une isometrie. On abtient aussi une estimation optimale de la premiere
valeur propre positive du Laplacien sur une variété Kahler-quaternionienne com-
pacte a courbure scalaire positive, en améliorant un résultat précedent de C.M.
Margerin. Une estimation optimale analogue pour 'operateur de Dirac avait été

établit par O. Hijazi et J.-L. Milhorat, [9].

Version frangaise abrégée. Dans cette Note on donne une répose affirmative a
une conjecture enoncée en [4], concernant la caractérisation des variétés Kéhler-
quaternioniennes admettant des transormations infinitésimales quaternioniennes
qui ne sont pas des champs de Killing. On donne méme des résultats plus complets
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soit en considérant le groupe des transformations quaternioniennes tout entier, et
pas seulement sa composante connexe de l'identité, soit en établissant des liens
précis entre des telles transformations et les fonctions propres du Laplacien sur la
variété.

Soit ¢ une métrique Kahler-quternionienne sur une varété M, c’est a dire une
métrique Riemannienne avec groupe d’holonomie Hol C Sp; - Sp,, [5,17].

Soit @) la structure quaternionienne sur M associée a g: 1l s’agit d’un sous fibré
3-dimensionnel du fibré des endomorphismes, invariant par transport parallele et en-
gendré localement par une triple H = (Jy, J, J5) de structures presque-complexes
qui anticommutent et telles que J3 = J1Jz. On dit que le triple (M, g, Q) est une
variété Kahler-quaternionienne. On dira aussi que la metrique ¢ est subordonnée a
la structure quaternionienne ). On conviendra que dim M = 4n > 4. Dans ce cas
la métrique ¢ est d’Einstein, c’est & dire ric = (K/4n)g, ou ric et K = const sont
le tenseur de Ricci et la courbure scalaire. On définit la courbure scalaire réduite

par v = K /4n(n + 2).

Definitions.

1) Une transformation ¢ de (M, ¢, Q) est dite quaternionienne si elle preserve la
structure quaternionienne @) : ©*Q = Q).

2) Un champ de vecteur Z € (M) est dit quaternionien s’il engendre un group
(local) & 1 parametre de transformations quaternioniennes.

Nous prouvons les résultats suivant.

Théoréeme 1. Soit (M,g,Q) une variété Kihler-quaternionienne telle que

(1) la décomposition de de Rham de (M,g) n’as pas de facteur Euclidien.

Supposons qu’il existe une métrique Kahler-quaternionienne ¢' subordonnée da Q)
et qui n’est pas homothétique a la métriqgue g. Alors

1) la variété admet un champ de vecteur gradient quaternionien Z qui n’est pas
un champ de Killing.

2) Si de plus la variété M est compacte, alors (M,q) est isométrique a espace
projectif quaternionien HP™ doué de la métrique standard d courbure scalaire re-
duite v, gean(v).

Théoréeme 2. Soit (M,g,Q) une variété Kihler-quaternionienne compacte et qui
satisfart @ (1). Si elle admet une transormation quaternionienne différente d’une
isométrie alors (M, q,Q) est isometrigue a HP™ doué de la métrique standard

Jean(V).

Théoréeme 3. Soit (M,g,Q) une variété Kihler-quaternionienne compacte, la
courbure scalaire réduite est positive, égale a v. Alors la premiére valeur propre
positive A1 du Laplacien n’est past inférieure ¢ v1 = 2(n+1)v. De plus, s1 Ay = 11,
la variété est isométrique ¢ HP™ doué de la métrique standard gean(v).

Il faut remarquer que la minoration v; < A; avait été déja obtenue par C.M.
Margerin et, aussi, que ’analogue du Théoreme 3 pour 'operateur de Dirac a été

étabil par O. Hijazi et J.-L. Milhorat, [9].

1. Statement of the main results.

Let g be a quaternionic Kahler metric on a manifold M, that is a Riemann-
ian metric with holonomy group Hol C Sp; - Sp,. We denote by ) the associ-
ated quaternionic structure on M that is a 3-dimensional subbundle of the bundle



of endomorphisms, invariant under parallet transport, and locally generated by
3 anticommuting skew symmetric almost complex structures J,,a = 1,2,3 with
Js = Jy1J3. The triple (M, g,Q) is called a quaternionic Kéhler manifold. We will
say also that the metric ¢ is subordinated to the quaternionic structure ¢). We shall
assume that dim M = 4n > 4. Then the metric ¢ is Einstein, i.e. ric = (K/4n)g,
where ric and K = const are Ricci tensor and scalar curvature. We define the
reduced scalar curvature as v = K /4n(n + 2).

Definitions.

1) A transformation ¢ of (M, ¢, Q) is called to be quaternionic if it preserves the
quaternionic structure ) : *Q = Q.

2) A vector field Z € x(M) is called to be quaternionic if it generates a (local)
one-parameter group of quaternionic transformations.

We prove the following results.

Theorem 1. Let (M,g,Q) be a quaternionic Kihler manifold such that

(1) the de Rham decomposition of (M,g) has no Euclidean factor.

Assume that there exists a quaternionic Kdahler metric ¢' subordinated to () and
18 not homothetic to the metric g. Then

1) the manifold admits a gradient quaternionic vector field Z which is not a
Killing field.

2) if, moreover, the manifold M is compact, then (M,g) is isometric to the
quaternionic projective space HP™ with the standard metric gean(v) of reduced scalar
curvature v.

Theorem 2. Let (M,g,Q) be a compact quaternionic Kdihler manifold which sat-
isfies (1). If it admits a quaternionic transformation different from isometry then
(M, g,Q) is isometric to HP™ with the standard metric gean(v).

Theorem 3. Let (M, g, Q) be a compact quaternionic Kihler manifold with positive
reduced scalar curvature v. Then the first positive eigenvalue Ay for Laplacian s
not less than 11 = 2(n + 1)v. Moreover, if \y = vy, the manifold (M,g,Q) 1s
isometric to HIP™ with the standard metric gean(v).

We must remark that the bound 11 < A; was previously obtained by C.M.
Margerin and that the analogue of Theorem 3 for Dirac operator was established

by O. Hijazi and J.-L. Milhorat, [9].

2. Properties of quaternionic vector fields.

Let (M, g,Q) be a quaternionic Kéhler manifold with the reduced scalar curva-
ture v. For any vector field Z on M we denote by Ly the field of endomorphisms
X —VxZ, X € TM, where V is the Levi-Civita connection.

Lemma 1.
1) A wvector field Z s quaternionic iff

(2) [Lz,Q] CQ

2) A gradient vector field Z = grad f = g~ ' odf, f € C®(M), is quaternionic
uff

(3) [Lz,Q] =0
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or in other terms, iff the form { = go Ly = V2 f is Q-Hermitian, i.e.

(JXY)+ (X, JY)=0 VJeQ, X,YeTM.

Proof. 1) follows from the identity
Z-J=VgzJ+][J, Ly,

where dot stands for the Lie derivative and J is a local section of (). For gradient
field Z the operator Lz is symmetric and then 1) = 2).
For any 1-form & € A'M we define a (1,2) tensor S¢ on M by

SE=ECXd+ X 0E =Y ((JaX) o =Y JaX @(E0Ja) X € (M)

where (Jq, Ja, J3 = J1.J2) is a local base of Q.

Proposition 1. Let Z be a quaternionic vector field. Then there is an associated
I-form & = £z such that

(4) Z.-V=5¢

Proof. Let {¢ = exptZ} be the (local) 1-parameter group of quaternionic trans-
formations of M generated by Z. From [1, Note 11] (see Proposition and Corollary
page 56), for any ¢4 there exists a 1-form & such that

(p7)'V =V + 88

Then formula (4), with & = (d/dt)¢|t = 0, follows immediately from definition of
Lie derivative of V.
Now we define a parallel (1,3) tensor field P on M by
P(X,Y)Z =29(X,2)Y +¢(Z,Y)X +¢(X,Y)Z

N 92TV )T X =Y 9K Y ) Z

«

where X, Y, Z € TM, (J1,J2,J3 = J1J2) is a local base of @), and denote by P the

space of all gradient quaternionic vector fields.

Proposition 2. Any vector field Z € P satisfies the equation

(5) (V*Z)xy=—-(v/4H)P(X,Y)Z VX, YcTM
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Corollary. Assume that (M, g, Q) is locally irreducible manifold with zero reduced
scalar curvature v. Then for any Z € P the operator Ly = fid for some f €
C>®(M). In particular Z is a conformal field.

[ifv=0:(4)=VLz;=0= [Ly,Hol|=[Lz,Sps] =0= Ly = fid).

Proof of Proposition 2. Let Z be a quaternionic vector field. Then (4) holds for
associated 1-form ¢ and, by well known formula for Lie derivative Z -V [10],

(V2Z)xy +R(Z,X)Y =S%Y VXY € y(M)

if, moreover, Z is a gradient field, then Ly is symmetric with respect to ¢ as well
as its covariant derivative and it follows

20(R(Z,X)Y,T) = g(S3Y,T) — g(SLT,Y)  VX,Y,T ¢ (M)

By taking traces of both members with respect to g one finds 2rico Z = (K/2n)g o
Z = —4(n + 2)¢&, that is
§=—(v/2)go 2

and hence, by a direct computation
R(Z,X)Y = (v/4)[SL"Y — S47Y)

Then (5) follows by substitution in first identity.

Denote by F(r1) C C>®(M) the space of eigenfunctions of the Laplacian with
eigenvalue 11 = 2(n+1)r. Now we characterize potentials for gradient quaternionic
vector fields.

Proposition 3.
1) The divergence divZ =TrNZ of any field Z € P belongs to F(11).
2) If (1) holds then the map

(6) div: P — F(v)
18 1njective.
8) If M is compact and v # 0, then (6) is an isomorphism and the inverse

mapping 18 given by

(7) F(ri)d f—(1/vi)grad f

To prove Proposition we define the projection II of the space of bilinear forms
onto the space of ()-Hermitian forms by

M:w— o = (1/4)w+ Y w(Jar, o)

and for any 1-form ¢ we put
VHE=TI-VE,  VTE=(1-TI)- V¢

such that V& = VT + V£

We denote by 6 the codifferential (see [5]) and by A = 6d + dé the Laplacian.
We remark that the restriction of ¢ to the space of @-Hermitian (resp. skew-Q-
Hermitian) bilinear forms is the (formal) adjoint of VT (resp. V7).
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Lemma 2. (see [5], page 75). For any 1-form &

SIVFE—(1/3)VE = vné, AL =48(VHE) — 2(n — 1)¢

Corollary. For any I-form £

DAE=11E6(VTE) =vnéE & (V¢ =0

2) If M 1is compact, then 6(V7E) =0 V7E=0.
Proof of Proposition 5.

1) For Z € P the l-form £ = g o Z is exact and V™¢ = 0. By Corollary this
implies A§ = 11€. Applying 6 we obtain Af = vy f for f = div€ and divP C F(vy).

2) Assume that divZ = 0 for Z € P. Then Z preserves together with @ also
the volume form vol. Hence Z preserves the canonical connection V@ %! associated
with (@, vol), see [1, 2]. This connection coincides with the Levi-Civita connection
V. Hence, the field Z is affine and then condition (1) implies that Z = 0.

3) Let f € F(1) and Z = grad f. Then divZ = Af = 11 f and hence,
AE = v for £ = df = goZ. The Corollary implies V¢ = 0 thatis Z = g~ 1of € P.

Now we assume that v # 0 and denote by aut(Q), resp., aut(g) the Lie algebra
of quaternionic, resp., Killing vector fields on M.

Proposition 4. There exists a reductive decomposition
aut(Q) = aut(g) + P, [aut(g),P] C P.
The projection of aut(Q) on P is given by

Zw—7'=7+ (2/1/)g_1 od(divZ)

3. Proof of the theorems.
Proof of Theorem 1.

1) Denote by V, V' (resp. v, /') the Levi-Civita connections (resp. reduced scalar
curvatures) of the metrics ¢, ¢'. Then [2,7,15]

(8) V' =V+ 5S¢

(9) (V' /4)g' = (v/H)g +[E@E = (E0Ja) D (E0Ta)] — VE

where ¢ € A'M is an 1-form. Equation (9) shows that the 1-form ¢ is closed
and the form V¢ — 26 @ € is symmetric and )-Hermitian. Since M is simply
connected, we can write £ = dh for some function h. We put 5 := e¢2"¢. Then
V, = 2V —2€ €] is symmetric Q-Hermitian form and 1 = df for some function
f. By Lemma 1, Z = ¢ ton = gradf € P. If Z =0, then V' = V and the metrics
¢,¢' are homothetic [11]. This proves statement 1.

In the case v > 0, statement 2 follows from Proposition 2 and the following result

(see [4]).



Theorem. Let (M,g,Q) be a compact quaternionic Kdihler manifold with positive
reduced scalar curvature v. If there exists a vector field Z # 0 which satisfies (5),
then (M, g, Q) is isometric to the quaternionic projective space ",

In the case v < 0, taking the trace of (5) and using the Weitzenbock formula we
derive the identity
A(1Z]17) = 2(vnl1ZI] = IV Z][).

Integrating it over M, we obtain Z = 0. This proves Theorem 1. Theorem 2 follows
directly from Theorem 1. The second part of Theorem 3 follows from Theorem 1 and
Proposition 2 (if v > 0). Now we prove the first statement of Theorem 3. Let f be an
eigenfunction for the first positive eigenvalue Ay of the Laplacian, Af = A; f. Then
¢ = df is an eigenform for Laplacian A = A! with eigenvalue \;, that is A = \£.
By taking the global scalar product (-,-)3r on M by & of both members of two
identities of Lemma 2, we get respectively ||[V1E[]3, = (1/3)||[VEI3, + vnll€]3y,

(/A IElRy = IIVTEIR, = (1/2)v(n = DIIE]3; Hence
L/ DM€l = vallellas — (1/2)v(n = DIEIR = [o(n + 1)/2]11E]

that is
A€W > vll€l]ia

and statement follows immediately from the positivity of v and ||¢][3,.
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