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tWithin the �rst order formalism stati
 solutions of generi
 dilatongravity in 2D with self-intera
ting (s
alar) matter 
an be dis
ussedwith ease. The question of (non)existen
e of Killing horizons is ad-dressed and the interplay with asymptoti
 
onditions is investigated.Naturally, su
h an analysis has to be a global one. A 
entral elementin the dis
ussion is the rank of the Ja
obi matrix of the underlying dy-nami
al system. With some (pathologi
al) ex
eptions Killing horizonsexist only if it equals to 3. For 
ertain self-intera
tions asymptoti
ally
at bla
k holes with s
alar hair do exist. An example relevant togeneral relativity is provided. Finally, generalizations are addressedin
luding 2D type 0A string theory as a parti
ular example. Addition-ally, in a pedagogi
al appendix the mass de�nition in dilaton gravityis brie
y reviewed and a unique pres
ription to �x s
aling and shiftambiguity is presented.�e-mail: grumil�hep.itp.tuwien.a
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1 INTRODUCTION1 Introdu
tionSpheri
ally symmetri
 stati
 solutions of general relativity with a s
alar mat-ter �eld have a long history in physi
s [1℄ and have been redis
overed anddis
ussed many times [2℄ in slightly varying 
ontexts. In parti
ular, in [3℄several theorems have been proven regarding the absen
e of hairy bla
k hole(BH) solutions (
f. [4℄ for some earlier literature).If no (Killing) horizon exists stati
 solutions with s
alar matter are 
apa-ble to violate the 
osmi
 
ensorship hypothesis|this is true for the Fishersolution [1℄, but also for related nonstati
 solutions like the self-similar onegiven by Roberts [5℄. On the other hand, if a horizon exists and the solutionis not S
hwarzs
hild then the no-hair 
onje
ture is violated. A dis
ussion ofhairy BHs as bound states between BHs and solitons 
an be found in [6℄.It is well known [7℄ that spheri
al symmetry redu
es the original modele�e
tively to a twodimensional (2D) one, namely a spe
i�
 2D dilaton gravitytheory. Generi
 dilaton gravity was found to be of interest on its own (e.g. instudies of BH evaporation), and it has overlaps with string theory, integrablemodels and non
ommutative geometry (for a review on dilaton gravity 
f. [8℄).Consequently, it is not only natural but also of interest to inquire aboutthe existen
e of horizons in stati
 solutions of generi
 dilaton gravity withs
alar matter [9℄. It should be pointed out that the analysis in that referen
eis a lo
al one in the vi
inity of the horizon. Thus, the question whether anisolated stati
 BH (immersed in 
at spa
etime) with s
alar hair may exist
annot be addressed. By "immersed in 
at spa
etime" we mean that aone parameter family of solutions exists (labelled by a 
onstant of motionwhi
h shall be 
alled "mass" and be denoted by M) su
h that for a 
ertainvalue of the parameter (typi
ally M = 0) 
at spa
etime is a solution ofthe 
orresponding dilaton gravity model. It will be made expli
it belowthat, indeed, su
h a 
onstant of motion always exists and thus this notion ismeaningful.In the present work we provide an answer to the question formulated inthe last paragraph: it will be negative in the absen
e of self-intera
tions,whi
h is physi
ally plausible be
ause if gravity were the only for
e due toits ex
lusively attra
tive nature it 
annot support hairy BHs. It will beaÆrmative in the presen
e of self-intera
tions, provided the obstru
tions onthe potential derived below 
an be 
ir
umvented. The analysis has to be aglobal one be
ause one has to 
onne
t the asymptoti
 behavior with the one
lose to eventual Killing horizons. In this 
ontext the de�nition of the massof a BH is of relevan
e, whi
h is why a brief review on this issue is presented.A unique pres
ription �xing the shift and s
ale ambiguity is given valid forgeneri
 dilaton gravity in 2D. 1



2 RECAPITULATION OF DILATON GRAVITYBesides the obvious appli
ation to general relativity with a self-intera
tings
alar matter �eld also an example relevant to string theory is dis
ussedin detail, namely 2D type 0A with a stati
 ta
hyon. Moreover, spheri
allysymmetri
 dilaton BHs in 4D with stati
 quintessen
e �eld �t into our generals
heme.This paper is organized as follows: Se
tion 2 brie
y re
apitulates dila-ton gravity in �rst order formulation. In se
tion 3 the relevant equationsof motion for stati
 solutions of generi
 dilaton gravity with s
alar matterare presented and simpli�ed to a system of three 
oupled ordinary di�eren-tial equations (ODEs) whi
h are of �rst order in geometry and of se
ondorder in the matter degrees of freedom. Se
tion 4 and 5 are devoted to thequestion of existen
e of Killing horizons in the presen
e of 
onstraints onthe asymptoti
 behavior of geometry and matter. For sake of de�nitenessthe fo
us will be mainly on spheri
ally redu
ed gravity. Se
tion 4 providesseveral nogo results while se
tion 5 dis
usses those 
ases 
ir
umventing theformer. Possible generalizations are addressed in se
tion 6 and 2D type 0Astring theory with stati
 ta
hyon is treated as an appli
ation. The appendix
ontains the proper mass de�nition in generi
 dilaton gravity and providesseveral examples, thereby resolving some slight puzzlement that arose in the
ontext of 2D type 0A string theory.2 Re
apitulation of dilaton gravityThe purpose of this se
tion is to �x our notation. For details on dilatongravity the review ref. [8℄ may be 
onsulted. In its �rst order version thegeneralized dilaton gravity (GDT) a
tion readsL = L(FOG) + L(m) ; (1)with the geometri
 partL(FOG) = ZM2 [Xa (D ^ e)a +Xd ^ ! + �V(XaXa;X)℄ : (2)The notation of ref. [8℄ is used: ea is the zweibein one-form, � = e+^e� is thevolume two-form. The one-form ! represents the spin-
onne
tion !ab = "ab!with the totally antisymmetri
 Levi-Civit�a symbol "ab ("01 = +1). With the
at metri
 �ab in light-
one 
oordinates (�+� = 1 = ��+, �++ = 0 = ���)the �rst (\torsion") term of (2) is given by Xa(D ^ e)a = �abXb(D ^ e)a =X+(d�!)^e�+X�(d+!)^e+. Signs and fa
tors of the Hodge-� operationare de�ned by �� = 1. The �elds X;Xa 
an be interpreted as Lagrange2



3 EQUATIONS OF MOTION IN STATIC LIMITmultipliers for 
urvature and torsion, respe
tively. They enter the potentialV whi
h is assumed to have the standard formV(XaXa;X) = X+X�U(X) + V (X) : (3)If not stated otherwise we will restri
t ourselves to the relevant spe
ial 
aseU = �a=X. The a
tion (2) is 
lassi
ally equivalent [10℄ to the more familiargeneral se
ond order dilaton a
tion1L(SOG) = ZM2 d2xp�g �XR2 � U(X)2 (rX)2 + V (X)� : (4)For the matter part we 
hoose the a
tion of a (non-minimally 
oupled) s
alar�eld � L(m) = ZM2 F (X)�12d� ^ �d�+ �f(�)� ; (5)with an|in prin
iple arbitrary|
oupling fun
tion F (X). In pra
ti
e the
ases F = 
onst: (minimal 
oupling) and F / X are the most relevantones. The self-
oupling fun
tion f(�) will play a rather important role forthe (non)existen
e of regular, nontrivial Killing horizons.3 Equations of motion in stati
 limitFor 
onvenien
e Sa
hs-Bondi gaugee+1 = 0 ; e�1 = �1 ; e+0 = (e) ; e�0 = h2 ; (6)will be employed. (e) and h are arbitrary fun
tions of the worldsheet 
oor-dinates. Additionally, the dilaton 
an be �xed as the \radial 
oordinate"2X = br� ; b; � > 0 : (7)1Obviously this equivalen
e implies that after elimination of auxiliary �elds the equa-tions of motion are identi
al for both formalisms. However, already at the 
lassi
al level itis usually mu
h simpler to employ the �rst order formulation. The most re
ent demonstra-tion of this fa
t is 
ontained in refs. [21,22℄: in [21℄ the se
ond order formulation has beenemployed and by ingenuity a non-trivial solution has been found lo
ally, while in [22℄ theappli
ation of the �rst order formulation allowed a straightforward global dis
ussion of all
lassi
al solutions. In the 
urrent paper the advantages of the �rst order formulation aretwofold: �rst of all, it is very simple to obtain the \redu
ed set of equations of motion"(12)-(14) below; se
ond, the dis
ussion of the \mass" be
omes parti
ularly transparentdue to its relation to the Casimir fun
tion in the 
ontext of Poisson-� models (PSMs) |
f. appendix A2This is possible as long as dX 6= 0. If dX = 0 in an open region a \
onstant dilatonva
uum" emerges for that region; these solutions are essentially trivial and therefore of3



3 EQUATIONS OF MOTION IN STATIC LIMITIn general b is dimensionful and � dimensionless. As 
oordinates we 
hoosex0 = v and x1 = r. Stati
ity implies�0(�) = 0 ; �1 (�) := (�)0 ; (8)where � stands for (e); h; !�;X�;X and �. The line element reads(ds)2 = (e) (hdv � 2dr) dv : (9)The quantities (e) and (e)h 
an be interpreted, respe
tively, as (square rootof minus the) determinant of the metri
 and as Killing norm. Thus, forregular (e), zeros of h 
orrespond to Killing horizons.The variation of (2) with respe
t to ! �xes the auxiliary �elds to X+ =�X 0 and X� = �X 0 h2(e). Furthermore the variation ÆX� provides!0 = h2 �ln0 (h=2) + ln0 (e) + 2a�r � ;!1 = � ln0 (e)� a�r : (10)Certain 
ombinations of Æe� and Æ� 
an be used to simplify the equationsof motion (e.o.m.) to a system of three nonlinear 
oupled ODEs. It is
onvenient to set 1� � = �a� (unless a = 1). Moreover, the rede�nitionZ := �(X+e�0 +X�e+0 ) = b�r��1h (11)is helpful. With these simpli�
ations the three ODEs readln0 (e) + 2b�r��1F (br�)(�0)2 = 0 ; (12)Z 0 + 2(e) [V (br�) + F (br�)f(�)℄ = 0 ; (13)�F (br�)b�r��1Z�0�0 = (e)F (br�)�f�� : (14)These equations are the dilaton gravity generalization (with restri
tions on Uand X as mentioned above) of the standard e.o.m. found in topi
ally similarlimited interest (
f. footnote 12). If dX = 0 on an isolated point it is 
alled a bifur
ationpoint (in the language of general relativity it 
orresponds to the "bifur
ation 2-sphere"en
ountered in the S
hwarzs
hild solution). Obviously, by imposing Sa
hs-Bondi gauge(6) it is not possible to 
over su
h points and thus the �xing in (7) does not impose anadditional restri
tion. If one is interested in the behavior around the bifur
ation point themethods of [15℄ may be applied. As the main goal of this work is to establish 
riteria for(non-)existen
e of asymptoti
ally 
at BH solutions with s
alar hair these subtleties are ofno relevan
e here. 4



3 EQUATIONS OF MOTION IN STATIC LIMITliterature and 
an be interpreted, respe
tively, as Hamilton 
onstraint, sli
ing
ondition3 and Klein-Gordon equation (with potential).From a dynami
al point of view eqs. (12)-(14) build a non-autonomous4dynami
al system with phase spa
e 
oordinates zi = (q1; q2; p1; p2) whereq1 = �, q2 = ln (e), p1 = � = �0ZF=(b�r��1), p2 = Z. Thus, an evolutionequation z0i = Ai(z; r) is en
ountered with a given ve
tor �eld Ai,A1;2 = b�r��1F (br�) �Z � 1�2 �Z� ; A3;4 = (e)F (br�) �f���2�f + V (br�)F (br�)�! : (15)Singular points Ai(z; r0) = 0 exist only if �r��1=(ZF ) = 0 at r = r0. Inaddition, either (e)F must vanish there, or �f=�� must vanish and f mustbe tuned to ful�ll f = �V=F at the same point.Relevant for dynami
al properties is the Ja
obian Mij = �Ai=�zj. Obvi-ously the relations �A1;2�qi = 0 ; �A3;4�pi = 0 ; (16)
onsiderably simplify 
al
ulations, be
ause Mij a
quires blo
k form with twonull matri
es in the blo
k diagonal. Thus, its rank is just the sum of the ranksof the two 2 � 2 submatri
es. Let us �rst 
onsider �A1;2=�pi: sin
e only the
ombination �=Z appears it 
annot have full rank. On the other hand, itsrank 
annot vanish identi
ally unless � � 0, whi
h we rule out be
ause weare interested in nontrivial solutions only (� = 0 for F;Z 6= 0 implies �0 = 0and thus matter would be absent). Therefore, the rank of this submatrixfor nontrivial 
on�gurations always equals to 1. Hen
e, the rank of the fullmatrix 
ru
ially depends on the other submatrix �A3;4=�qi. There are threepossibilities: rank 2, 1 or 0, implying for the full Ja
obi matrix rank 3, 2 or 1,respe
tively. Thus, at least one 
onstant of motion must exist whi
h 
an beidenti�ed with the ADM mass in those 
ases where this notion makes sense(otherwise it is related to a 
onserved quantity whi
h exists generi
ally in 2Ddilaton gravity); for simpli
ity this quantity will be 
alled \mass". A properway to �x the s
aling and shift ambiguity inherent in any mass de�nitionis presented in appendix A. Assuming that (e) 6= 0 6= F for regularity thisestablishes simple 
riteria for 
lassi�
ation.Ja
obi matrix with rank 1 By inspe
tion of the right equation in (15)this is possible if and only if f = 
onst: and V = �Ff . However, the3This name has been 
hosen in a

ordan
e with literature on spheri
ally symmetri

ollapse [11, 12℄. Note, however, that f(�) enters this equation, so it is not a purelygeometri
al one in general.4The \time" is nothing but the radius r or the dilaton �eld X.5



4 NO KILLING HORIZONS
onstant part of f 
an be absorbed always into the geometri
 potential V bya rede�nition of the latter and thus without loss of generality this 
ase equalsto f � 0 � V . The three 
onstants of motion are mass, � and Z. Matter(and also geometry) are trivial.Ja
obi matrix with rank 2 The s
alar potential has to ful�ll the di�er-ential equation f 00(�) (f(�) + VF ) = (f 0(�))2: (17)Here the prime denotes the derivative with respe
t to the argument. Whenno argument is spe
i�ed prime stands for the derivative with respe
t to r.There are two simple possibilities to ful�ll (17): either f � 0 and V 6= 0;in this 
ase the two 
onstants of motion are mass and � (e.g. the Fishersolution [1℄). Or f / f 0 and V � 0; then the 
onstants of motion are massand � + aZ, where a 2 R (e.g. the polarized Gowdy model [13℄). For thegeneral 
ase the se
ond 
onstant of motion 
an only be determined up to anintegral � + Z drZ 0 f 00(�)f 0(�) = 
: (18)Ja
obi matrix with rank 3 This is the generi
 
ase for nontrivial f ,where "nontrivial" refers to the fa
t that f must not ful�ll (17). The only
onstant of motion that remains is the mass. As it will turn out only for this
ase regular, nontrivial Killing horizons may emerge (with a few somewhatpathologi
al ex
eptions).4 No Killing horizons4.1 De�nition of a regular nontrivial Killing horizonWe require the existen
e of a parti
ular (�nite) value of the dilaton, X = Xhat whi
h the following 
onditions are ful�lled:h = 0 = Z ; j(e)j > 0 ; j � j <1 ; (19)where � stands for X+;X�; !0; !1; (e); h and � as well as for their �rst deriva-tives. In parti
ular, also �0 has to remain �nite at a horizon.Additionally (this is what \nontrivial" refers to) � must not be 
onstantglobally|otherwise the system essentially redu
es to a matterless dilatongravity theory, the 
lassi
al solutions of whi
h are well-known [14, 15℄. TheHamiltonian 
onstraint then implies that also (e) 
annot be 
onstant.6



4 NO KILLING HORIZONSIn the rest of this se
tion several no-go results regarding the existen
eof su
h horizons will be provided. We will abbreviate the term \regularnontrivial Killing horizon" by rnKH.4.2 Absen
e of self-intera
tions implies absen
e of rnKHIn the absen
e of a nontrivial external potential (i.e. for f(�) = 
onst:) thelast equation 
an be integrated immediately5F (br�)b�r��1Z�0 = 
 ; 
 2 R (20)This implies that for nonvanishing 
 no rnKH 
an exist: if Z = 0 at some�nite r then �0 must diverge. For 
 = 0, however, Z�0 has to vanish every-where. The simplest 
ases are either Z � 0 or �0 � 0. The former 
ase istrivial (r has to be reinterpreted as a light-like 
oordinate), while the lat-ter one implies (e) = 
onst: by virtue of (12). Then (13) be
omes a linearODE whi
h 
an be solved trivially. By 
hoosing V a

ordingly any numberof Killing horizons is possible. However, this 
ase 
annot be 
onsidered asnontrivial, be
ause the 
ondition �0 � 0 just implies that, in fa
t, no matterdegrees of freedom are present. Therefore, the dis
ussion redu
es to dila-ton gravity without matter. But this possibility has been ruled out in ourde�nition of rnKH.6It is straightforward to generalize this dis
ussion to arbitrary potentialsU(X) in (3). The only di�eren
e is that for 
 = 0 the determinant (e) nolonger is 
onstant but a 
ertain fun
tion of r.In 
on
lusion, no rnKH exists for arbitrary stati
 
on�gurations of gen-eralized dilaton gravity theories in 2D of type (1)-(5) if f(�) � 0.5This s
enario 
orresponds either to the rank=1 
ase (for V � 0) or to one of the rank 2
ases (for generi
 V ). One 
an redu
e the whole system to a single nonlinear se
ond orderODE. For SRG the Fisher solution 
an be reprodu
ed [1℄. As noted before one 
onstantof motion turns out to be the ADM mass while the other one is the \family parameter".6If Z � 0 or �0 � 0 is not validy globally but only pat
hwise the same 
on
lusion holdsfor the reasons dis
ussed above; the only nontrivial additional 
onsiderations 
on
ern thehypersurfa
e of pat
hing: to guarantee the absen
e of indu
ed lo
alized matter 
uxes Z; (e)and Z 0 have to be 
ontinuous. Thus, the hypersurfa
e of pat
hing has to be an extremalKilling horizon, whi
h 
an be a
hieved in the matterless regions by tuning the geometri
potential V a

ordingly. The simplest example is extremal Reissner-Nordstr�om pat
hedto a Z � 0 region at the horizon R = R0: (ds)2 = 2dudR+ �(R0 � R)(1 � R0=R)2(du)2with dR = dr((e)�(r � r0) + �(r0 � r)) and r0 = R0. Note that the presen
e of \matter"in the Z � 0 region R > R0 is irrelevant as it only modi�es the relation between R and ras seen from (12). 7



4 NO KILLING HORIZONS4.3 Rank � 2 of Ja
obi matrix implies absen
e of rnKHIf f � 0 the dis
ussion in the previous subse
tion 
an be applied. A

ordingto the analysis at the end of se
tion 3 another simple possibility is V � 0and f(�) / exp (k�), k 2 R, implying rank 2. This is re
e
ted by the fa
tthat (14) together with (13) allow for a �rst integralF (br�)b�r��1Z�0 + k2Z = 
 ; 
 2 R : (21)For nonvanishing 
 the horizon 
ondition Z = 0 implies a diverging �0 andthus no rnKH exists. For 
 = 0 either Z has to vanish everywhere or F�0 /r��1 everywhere. The �rst alternative is trivial, the se
ond one turns outto be pathologi
al for F / X: as � / ln r the s
alar �eld diverges in the\asymptoti
 region", whi
h may be lo
ated either at r = 0 or at r = 1.Thus, no regular BH solution emerges in su
h a way.For the general rank 2 
ase, with f(�) being a general solution of (17),the 
onstant of motion (18) 
an be integrated perturbatively from r to r+ �(with �� 1) yielding a linear dependen
e on Z:Z �F (br�)b�r��1�0 + 12 f 00(�)f 0(�) � 12 " �r�f 00(�)f 0(�)��+O�"2� = 
 (22)Similar to the above dis
ussion for a nonvanishing 
onstant 
 the horizon
ondition implies that at least one of the terms in the bra
ket has to di-verge, whi
h again is in 
on
i
t with our de�nition of a rnKH. For 
 = 0,if Z vanishes identi
ally again, a trivial solution is en
ountered. Otherwise,suppressing all terms 
ontaining �, the remaining PDE 
an be integratedeasily: Z d���� ln� ���f(�)� = �b�2 Z dr r��1F (br�) + ~
 (23)With F (X) = �
XÆ the right hand side is proportional toln r for Æ = 1r�(1�Æ) for Æ 6= 1 (24)If f(�) is expressed by a power series7 f(�) = Pk 6=0;1 ak�k and one term(k = m) dominates asymptoti
ally, the integration of the left hand side of7The terms a0 and a1 are ex
luded be
ause a 
onstant term 
an always be transferedto the geometri
 potential V (r), and a term linear in � 
an be absorbed by a rede�nitionof �. The spe
ial 
ase (21) presents an example, where no term dominates asymptoti
ally.8



4 NO KILLING HORIZONS(23) gives 12(m � 1)�2. Therefore we 
an 
on
lude that for Æ = 1, as it isthe 
ase for spheri
ally redu
ed gravity, �2 is proportional to ln r and hen
ediverges for r !1 and r ! 0. Considering Æ 6= 1 � diverges for Æ < 1 andr !1 or Æ > 1 and r ! 0. As we require asymptoti
 
atness, the 
ases ofdiverging � also impli
ate the nonexisten
e of a rnKH.Thus, also for the rank 2 s
enario no rnKH 
an exist with the (typi
allypathologi
al) ex
eptions dis
ussed above. It should be noted that the latterarise only if one of the 
onstants of motion is in�nitely �netuned|thus, ifopen regions of \initial data" are 
onsidered they essentially disappear.4.4 Generi
 obstru
tions from positivity propertiesAs in many other bran
hes of physi
s features of positivity and 
onvexitysimplify the dis
ussion of the global behavior of the solutions and providethe basis for eventual obstru
tions.The �rst remark 
on
erns the quantity (e): if it vanishes at a 
ertainpoint then the metri
 (9) degenerates. Thus one 
an require, say, positivityof (e) in a regular pat
h. This 
ondition will be imposed for the rest of thiswork.If F (X) has a de�nite sign then from the Hamiltonian 
onstraint one
an dedu
e that also (e)0 has a de�nite sign. For physi
al reasons F shouldbe negative for any realisti
 model and thus (e) must be a monotoni
allyin
reasing fun
tion of r. Also this 
ondition will be assumed hen
eforth. Infa
t, it will be supposed from now on that either F is 
onstant or linear inX, be
ause this 
overs pra
ti
ally all 
ases dis
ussed in the literature.If additionally f has a de�nite sign and V has the same sign as f � Fthen also Z 0 has a de�nite sign. This implies immediately that at most oneKilling horizon 
an exist. Moreover, outside the horizon also Z must have ade�nite sign. Thus, if Z 0 has a de�nite sign outside the horizon it has to bepositive. After multipli
ation with �0=((e)F ) one 
an integrate formally8 theKlein-Gordon equation from the horizon to the asymptoti
 regionf(�)jr1 � f(�)jrh = r1Zrh �(�0)2� FZb�r��1�0 1(e)F + ((�0)2)0 Z2(e)b�r��1� :(25)The left hand side obviously has a de�nite sign. It is given by �f jrh ifasymptoti
 
onditions require that f(�) vanishes at r = r1. On the right8Following from the general Klein-Gordon equation (14), (25) is the dilaton gravitygeneralization (with restri
tions on U and X as mentioned above) of the integration usedin standard literature like e.g. referen
e 2 in [4℄.9



5 KILLING HORIZONShand side the �rst integrand has a de�nite sign a

ording to the previousdis
ussion. If the se
ond term has the same one9, then also the right handside of (25) has a de�nite sign. This provides an obstru
tion on the existen
eof Killing horizons if the sign of the left hand side does not mat
h with theone on the right hand side. For instan
e, the famous no-hair theorem emergesas a spe
ial 
ase of these simple 
onsiderations (
f. theorem 4 and eqs. (20)and (21) of [3℄).However, it is 
lear that these obstru
tions will be relevant only for a
ertain 
lass of models. Thus, dilaton gravity 
oupled to sel�ntera
ting s
alarmatter is 
apable to 
ir
umvent the no-hair theorem.5 Killing horizonsTo summarize the 
onsequen
es of the previous se
tion, models whi
h exhibitstati
 solutions with at least one rnKH must have rank 3 of the Ja
obian10derived from (15) and a nontrivial sel�ntera
tion potential f(�). Also, posi-tivity obstru
tions dis
ussed around (25) have to be 
ir
umvented.5.1 Asymptoti
 behaviorFor models whi
h allow asymptoti
ally 
at solutions in the absen
e of matterit is natural to impose boundary 
onditions in the asymptoti
 region r =1:� = 0 ; (e) = 1 ; Z / r��1 (26)The way in whi
h �0 and f(�) have to vanish (as well as the next-to-leadingorder behavior of (e)) 
an be dedu
ed from the equations of motion|thebehaviour of f(�) is determined by (13), the behaviour of �0 then followsfrom (14) and implies the next-to-leading order s
aling of (e) by virtue of(12).Su
h 
onsiderations are relevant if one is interested in asymptoti
ally 
athairy BH solutions.9The behavior of the sign of ((�0)2)0 
an be studied easily in the asymptoti
 region byvirtue of (12), taking into a

ount ln (e) < 0, ln0 (e) > 0 and (asymptoti
ally) ln00 (e) < 0for F < 0, whi
h is the 
ase for spheri
ally redu
ed gravity. For F > 0 the signs of ln0 (e)and ln00 (e) 
hange.10The only ex
eption required an in�nite �netuning of one of the 
onstants of motionand implied for F / X asymptoti
 non-
atness. Cf. the dis
ussion below (21).10



5 KILLING HORIZONS5.2 Near horizon approximation and extremalityClose to a horizon one 
an expand in powers of Z. A parti
ular 
onsequen
eof su
h a perturbative treatment isZ 0 = �2(e) [V (br�) + F (br�)f(�)℄ +O(Z2) : (27)From (27) one 
an dedu
e immediately the 
ondition for the existen
eof an extremal horizon: V; F and f must be tuned su
h that at Z = 0 the
ondition V (br�) + F (br�)f(�) = 0 holds. Additionally df(�)=d� must van-ish at this point. These 
onditions need not be a

essible for a given model:together with the Hamilton 
onstraint and eventual positivity properties ob-stru
tions on the existen
e of extremal horizons may be derived in 
ertain
ases. Analogous 
onditions 
an be derived for higher order horizons.5.3 Spe
ialization to spheri
ally redu
ed gravityIn this se
tion the previous general results are spe
ialized to spheri
ally re-du
ed gravity (V (X) = �b, F (X) = �
X with 
 > 0, X = br� and � = 2resp. a = 1=2) and one example is worked out expli
itly. Results of thisse
tion are based upon [16℄; the simpler 
ase f = 0 has been studied in thesame formalism in appendix D.6 of [17℄.The equations of motion (12 - 14) 
an be rewritten asln0(e) = 
 r (�0)2 ; (28)~Z 0 = (e) �1 + 
 r2f(�)� ; ~Z 0 = h0r + h ; (29)�r ~Z�0�0 = (e) r2�f�� ; (30)and are found in a similar form in standard literature for spheri
ally redu
edgravity [4℄. Here Z was rede�ned to Z = 2b ~Z. As mentioned above regularityof the metri
 is demanded and therefore (e) 6= 0 for all radii. So the 
onditionof asymptoti
 
atness ((e) ! 1) together with (28) lead to (e) < 1 and(e)0 > 0. An examination of (29) shows that one 
an distinguish two regionswhere the sign of ~Z 0 restri
ts the possible values of f(�(r)):~Z 0 � 0 ) f(�(r)) � � 1
r2~Z 0 < 0 ) f(�(r)) < � 1
r2 (31)For the existen
e of one or more horizons it is required that the asymptoti
region (h ! 1) is in
luded in the �rst 
ase where h0 is positive, too. The11



5 KILLING HORIZONSse
ond 
ase in
ludes regions where h0 and h are negative. If the Killingnorm and its derivative have a mixed sign, no su
h statement is possible.Additionally, (30) delivers more restri
tions on the behaviour of h, �, �0 andf . After the introdu
tion of the inverse radius (� = 1=r, _� := ��=��) andwith the requirement of asymptoti
 
atness (0 = f(� = 0)) the integrationf(�)j�h � f(�)j0 = �hZ0 d� �4(e) � _h( _�)2 + h _���� ; (32)shows that f(�h) must be negative, if _� and �� have a di�erent sign (be
ause_h < 0 in the outermost region). These restri
tions on the behaviour of thedi�erent o

urring fun
tions 
an be helpful while 
onstru
ting solutions forthe set of ODEs (28-30).In general it is very diÆ
ult to �nd an exa
t solution for a given f(�).However, if a solution exists it will yield the s
alar �eld � as a fun
tion ofthe radius r. Thus, also f 
an be expressed as a fun
tion of r. It is mu
hmore 
onvenient to work with f in this manner, be
ause then the equationsof motion 
an be redu
ed to a single ODE in one of the fun
tions h, (e),� or f . Thereby one of these fun
tions is assumed to be given and �nallyappears in di�erent ways as 
oeÆ
ient fun
tion and as part of an eventualinhomogeneity in the ODE. For instan
e, one 
ould take h(r) as an inputand solve the ensuing equation; 
learly, in this manner the potential f as afun
tion of � will not be an input but an out
ome of the 
al
ulations. Su
ha pro
edure is similar to inverse s
attering methods.A useful possibility is to take � to be given as fun
tion of the radiusand try to 
al
ulate the remaining fun
tions. Then (28) establishes a simple
onne
tion between (e) and � and the 
ombination of (29) and (30) leads toone linear se
ond order ODE in h:h00 � h0r2
(�0)2 � h� 2r2 + 3
(�0)2 + 
r�0�00� = �2(e)r2 (33)Thus, the whole problem is redu
ed to 1. �nding a \plausible" Ansatz for �(r)and 2. solving (33) with \physi
al" boundary 
onditions, like h(r !1) = 1.Example � / 1=rNow we spe
ialize the dis
ussion on the existen
e of horizons to the 
hoi
eof � = �=r. This is a reasonable 
hoi
e as the s
alar �eld and its derivativesvanish suÆ
iently fast at in�nity to allow for �nite energy 
on�gurations. Itis useful to use the inverse radius � = 1=r. Note that with �(�) = �� a
tuallyf(�) essentially has the same form as f(�).12



5 KILLING HORIZONSThe integration (
f. (25)) of the Klein-Gordon equation (30) from theasymptoti
 region � = 0 to the horizon � = �h simpli�es to:f(�)j�h � f(�)j�=0 = �2 �hZ0 �4(e) _h d� (34)Be
ause we require f(�(0)) = f(0) = 0, and if h has no lo
al minima ormaxima, the sign of f(�h) depends only on the sign of _h in the region � 2(0; �h). We know that for an asymptoti
ally 
at metri
 the Killing normmust tend to 1 at � = 0. So between this point and the horizon h mustbe de
reasing ( _h(�) < 0), whi
h 
auses f(�h) to be negative. Moreover, theKlein-Gordon equation �2 _h(�) = (e)2�4 _f (�) (35)shows, that _h and _f have the same sign. Therefore, if (e) is regular, pointswith _h(�) = 0 imply _f (�) = 0. A

ording to this statement we 
an restri
t fto be negative for the whole interval (0; �h). Now the sli
ing 
ondition (13)~Z 0 = �� _h+ h = (e) �1 + 12�2f(�)� (36)
an be used to get another relation between h, _h and f . From � = 0 tothe horizon � = �h the fun
tion h has to be positive and _h negative. Thusthe right hand side of (36) has to be positive. With the above restri
tionof f being negative there, the domain of the s
alar potential in the interval� 2 (0; �h) 
an be restri
ted to �2�2 < f(�) < 0.Now the existen
e of extremal horizons and saddle points 
an be analyzedby inserting the 
hoi
e of � = �� into (33) yielding�h+ _h2� �1 + �2�22 � � h 2�2 �1 + �2�24 � = �2(e)�2 : (37)To get a saddle point �h and _h have to vanish at some point � = �s. Ap-pli
ation of (37) leads to the 
ondition for h(�s) to be positive there. Morepre
isely: h(�s) = (e)1 + �2�2s4 � 0 (38)Obviously a saddle point that 
oin
ides with a horizon (h(�s) = 0), is onlypossible for �s !1 or (e)(�s) = 0. 13



5 KILLING HORIZONSAn extremal horizon o

urs, where the Killing norm and its derivativevanish at the same value of � = �e. Insertion into the ODE yields the
ondition �h(�e) = �2(e)�2e � 0 : (39)So the extremal horizon has to be a maximum of h and therefore must be ina region where the Killing norm is negative. Thus, for the present examplean extremal horizon 
annot exist without a non-extremal outer one.For a 
omplete dis
ussion of this solution (37) has to be solved. It iseasy to show that the homogeneous part 
an be transformed into a 
on
uenthypergeometri
 di�erential equation with solutions in terms of 1F1(a; 
; z).De�nitions and properties of the 
on
uent hypergeometri
 fun
tion 1F1(a; 
; z)are listed e.g. in [18℄. With variation of 
onstants the parti
ular solution andtherefore the general one 
an be determined up to an integration.
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al evaluation of h(�) with � = � = 1=r.The perturbative and numeri
al evaluation of this solution as done in [16℄shows11 that there exists a 
riti
al mass above whi
h horizons are possible.Fig. 1 exhibits the m-dependent behavior of the Killing norm (for � = 1).If m < m
 no horizons exist and the singularity at the origin be
omes anaked one. The 
orresponding potential f(�) = f(�) is depi
ted in �g. 2. Ifm > m
 the potential is unbounded from below. Thus any bla
k hole solutionin the present 
ase is likely to be unstable under non-stati
 perturbations.11Note the slightly di�erent 
onventions in [16℄. Subsequent 
onsiderations are 
onsistentwith that 
onventions. 14



6 GENERALIZATIONS
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orresponding numeri
al evaluation for f(�).For masses below that 
riti
al value a possibly stable solution but no horizonexists, whi
h is a 
ounterexample to the 
osmi
 
ensorship hypothesis. Wehasten to add that in order to de
ide questions of stability of the solutionsone has to give up the 2D formalism and study the full system of equationsin 4D.6 Generalizations6.1 More general potentialsSuppose instead of (5) a matter a
tionL(m) = Z �12F (X)dT ^ �dT + "f(X;T )� ; (40)where the s
alar �eld now is denoted by T to indi
ate its interpretation asta
hyon in string theory. As geometri
 a
tion (2) will be taken with a generi
potential of the form (3). The de�nitionsI := expZ X U(y)dy ; w := Z X I(y)V (y)dy ; (41)are useful. The integration 
onstants impli
it in (41) are �xed a

ordingto the 
anoni
al mass de�nition derived in appendix A. Assuming stati
ityimplies dT = T 0dX; also all other �elds solely depend on X, whi
h later willbe used as one of the 
oordinates. 15



6 GENERALIZATIONSThe general 
lassi
al solution 
an be obtained in analogy to se
t. 3 of [8℄:assuming that X+ 6= 0 in a given pat
h one de�nes a 1-form Z := e+=X+and pro
eeds to solve the EOM. The 
onservation equation readsd(I(X)X+X� + w(X)) + I(X)(X+W� +X�W+) = 0 ; (42)with W� := �F (T�dT � e�T+T�)� e�f and T� := �(dT ^ e�) = �X�T 0.This yields W+ = F �X+(T 0)2dX +X+X�(T 0)2X+Z�� e+f ; (43)W� = �FX+X�(T 0)2X�Z + e�f : (44)The only integration involved is d ~Z = 0! ~Z = du, where Z = ~I(X) ~Z. Theresult is (A0 := dA=dX)e� = dXX+ +X�Z ; (45)" = e+ ^ e� = Z ^ dX ; (46)C = ~I(X)X+X� + ~w(X) ; C = 
onst: ; (47)~I(X) = expZ X �U(y) + F (y)(T 0)2� dy ; (48)~w(X) = Z X ~I(y) (V (y) + f(T; y)) dy ; (49)0 = �2FX+X� ~IT 0�0 � ~I �f�T : (50)The last equation is the (generalized) Klein-Gordon equation. The line ele-ment readsds2 = 2dudr+K(X(r))du2 ; dr := ~I(X)dX ; K(X(r)) = 2~I(X)(C� ~w(X)) :(51)Note that in this 
onstru
tion T 0 is assumed to be a known fun
tion of X andf(T;X) is then a derived quantity by means of (50). However, if the potentialis known expli
itly this method 
annot be applied. Su
h an example will bestudied in the next subse
tion.There are the following obstru
tions to this 
onstru
tion� X+ 6= 0 in order to allow the de�nition of Z. If it vanishes and X�is nonvanishing everything 
an be repeated by +$ �. If both vanishin an open region a 
onstant dilaton va
uum emerges. Su
h va
ua arevery simple, but their dis
ussion will be omitted as the only solutions16



6 GENERALIZATIONSpossible are (A)dS, Rindler and Minkowski.12 If both vanish at anisolated point something 
omparable to a bifur
ation 2-sphere arises[14,15℄.� ~I(X) is stri
tly monotonous in order to allow the rede�nition from Xto r. To this end it is suÆ
ient that U(X) + F (X)(T 0)2 is stri
tlypositive or negative, whi
h is ful�lled e.g. if F and U have the samesign everywhere.� For expli
it 
al
ulations one needs f to be a given fun
tion of X. Thenone 
an dedu
e T 0 by means of (50). Both f and T 0 are needed as afun
tion of X in order to perform the integrations in (48) and (49).Note that further obstru
tions may o

ur: for instan
e, if f = b exp (aT ),a; b 2 R, then (50) allows to express ~If in terms of T 0 and thus the integra-tion of the se
ond term in (49) may be performed: R X ~If = 2FX+X� ~IT 0.With the 
onservation law (47) this yields the obstru
tion T 0 > �1=(2F ) inorder to avoid singularities. Thus, the methods developed and explained inse
tion 5 by means of a pedagogi
al example readily generalize to generi
dilaton gravity.6.2 Example: 2D type 0A with ta
hyonRe
ently in [24{26℄ the low energy e�e
tive a
tion for 2D type 0A stringtheory in the presen
e of RR 
uxes has been studied (for simpli
ity an equalnumber q of ele
tri
 and magneti
 D0 branes is assumed). The 
orrespond-ing e�e
tive a
tion up to se
ond order in the ta
hyon in the se
ond orderformulation (translated to our notation) readsL = �Z d2xp�ghXR + (rX)2X � 4�2X + �2q24��X(rT )2 � �2XT 2 + �2q22� T 2i ; (52)with �2 = (26�D)=(12�0) = 2=�0 and �0 being the string 
oupling 
onstant.Note espe
ially the relative sign 
hange in the potentials due to our 
onven-tions (R is in our 
onvention positive for negative 
urvature, in a desire to12If pat
hed to a generi
 solution a 
onstant dilaton va
uum indu
es a (anti-)selfdualmatter 
ux along the pat
hing line. This feature was found to be of relevan
e for ultra-relativisti
 boosts [19℄, in the 
lassi�
ation of supersymmetri
 ground states of dilatonsupergravity [20℄, in the global dis
ussion [22℄ of the \kink" solution in Kaluza-Klein re-du
ed gravitational Chern-Simons theory [21℄ and in the long time evaporation of theS
hwarzs
hild BH [23℄. 17



6 GENERALIZATIONSkeep ba
kward 
ompatibility). The �rst line of (52) 
ontains the \geometri
"part, the se
ond one the \matter" part. The translation into the �rst orderform is straightforward,I(X) = 1X ; w(X) = �2�2X + �2q28� lnX ; (53)be
ause U = �1=X and V = �2�2X + �2q2=(8�). In the matter se
tor wehave F (X) = �X ; f(T;X) = 12T 2��2q22� � �2X� : (54)Although the model (52) is not integrable, spe
ial 
ases 
an be treated indetail.No ta
hyon Without ta
hyon this model has been studied in [27℄. Thegeometri
 part is essentially the Witten BH [28℄ plus an extra term from theRR 
uxes. It 
an be treated 
lassi
ally, semi-
lassi
ally and at the quantumlevel by standard methods available for dilaton gravity [8℄.Constant ta
hyon Solutions with 
onstant ta
hyon have been investi-gated in [29℄. Analyzing the equations of motion it 
an be shown easilythat a 
onstant ta
hyon implies a 
onstant dilaton and vi
e versa. Thus, so-lutions with 
onstant ta
hyon are 
onstant dilaton va
ua, implying X� = 0.They have been en
ountered re
ently in various instan
es, 
f. footnote 12.Geometry turns out to be either Minkowski, Rindler or (A)dS spa
etime, as
urvature is given byR = �2V 0(X) � ��Xf(T;X) = 
onst: (55)The 
onservation equation (42), whi
h simpli�es to V + f = 0, togetherwith the \Klein-Gordon" equation (50), whi
h simpli�es to �f=�T = 0,establishes relations to be ful�lled by the dilaton and the ta
hyon. It turnsout that besides T = 0;X = q2=(16�) (in agreement with (3.12) of [29℄) noregular solution exists. However, one 
an easily generalize the dis
ussion togeneri
 f = f0(T )�Xf1(T ). The equations of motion yield a 
onstraint tobe ful�lled by the ta
hyon potentials (f 0i := dfi=dT ):f 00f 01 = f0 + �2q2=(8�)f1 + 2�2 (56)For the 
hoi
e f0 = �2q2=(8�)(
osh (2T ) � 1) advo
ated in [24℄ eq. (56)simpli�es to 2 tanh (2T ) = f 012�2 + f1 (57)18



6 GENERALIZATIONSPerturbatively, f2 = �2=2T 2 � 
1=4T 4 with some unknown 
onstant 
1; toleading order this yields in addition to T = 0 
onstant dilaton va
ua withT = �s 84125 � 12
1=�2 � �0:6 +O(
1=�2) (58)However, the existen
e of these solutions is an artifa
t of perturbation the-ory; only for very large negative 
1 a solution 
lose to T = 0 may appear.Thus, the eventual appearan
e of 
onstant dilaton va
ua with T 6= 0 is anonperturbative e�e
t. Note that for small T the l.h.s. in (57) is larger thanthe r.h.s.|thus, if at least the asymptoti
 behavior of f2(T � 1) 
an beextra
ted by any means this guarantees the existen
e of at least one su
hva
uum provided that the asymptoti
s implies that the l.h.s. is now smallerthan the r.h.s.: by 
ontinuity at least one zero at �nite T has to exist.Stati
 ta
hyon Asymptoti
 (X !1) solutions with stati
 ta
hyon havebeen presented in appendix B of [26℄; it has been found that the ta
hyonvanishes asymptoti
ally.Now we apply the previous results of this work. Self-intera
tions of theta
hyon do exist and the Ja
obi matrix has maximal rank. Regarding posi-tivity obstru
tions it should be noted that F is negative. Thus, p�g = (e)is positive and monotonous. However, neither f nor V have a de�nite sign.Consequently, the existen
e of Killing horizons 
annot be ruled out by anyof the 
riteria dis
ussed in se
tion 4.Therefore, let us solve the equations of motion on a horizon, i.e.X+X� =0. This 
an serve as a basis of a perturbative analysis around the horizonin analogy to [9℄. Then the 
onservation equation (42) simpli�es to the oneen
ountered in the dis
ussion of 
onstant dilaton va
ua,V + f = 0 ! 2T 2 = 8� � 11 � � ; � := 2�Xq2 ; (59)where all quantities have to be evaluated at the horizon. Only those valuesof the ADM mass (
f. appendix A) whi
h lead to a global behavior of theta
hyon as a fun
tion of the dilaton 
apable to satisfy (59) 
an 
reate a stati
solution with a horizon.Obviously, in the asymptoti
 region X � 1 no horizon may emerge forreal ta
hyon. To be more pre
ise, X has to be smaller than q2=(2�). Thus,unless a large q expansion is invoked, the existen
e of eventual horizons isa nonperturbative e�e
t. In that 
ase higher order terms in T in the a
tion(52) whi
h have been negle
ted so far 
an play a 
ru
ial role.19



6 GENERALIZATIONSIt 
ould be interesting to perform steps analogous to the ones in se
tion5.3, i.e. to �nd a solution whi
h is asymptoti
ally 
at, has an asymptoti
allyvanishing ta
hyon and a Killing horizon. One 
an take the leading orderta
hyon potential as in (52) allowing for an unknown addition 
ontaininghigher powers in the ta
hyon. Then, by 
leverly13 designing T (X) one 
an, atleast in prin
iple, solve the full system of equations of motion and afterwardsread o� f as a fun
tion of X. Finally, this has to be translated into the formf = f0(T )�Xf1(T ), su
h that to leading order in T 2 eq. (54) is reprodu
ed.6.3 Con
luding remarksExploiting the te
hni
al advantages inherent to the �rst order formulation of2D dilaton gravity we have studied in detail stati
 solutions of generi
 dila-ton gravity 
oupled to self-intera
ting s
alar matter. The rank of the Ja
obimatrix of the underlying dynami
al system played a 
ru
ial role. With some(pathologi
al) ex
eptions o

urring in the rank 2 
ase, only the rank 3 
asemay lead to regular nontrivial Killing horizons and thus only one 
onstant ofmotion may exist for hairy bla
k hole solutions. It 
an be interpreted as themass of the spa
etime, a notion whi
h is not 
ompletely trivial and there-fore studied in detail in the appendix. An example relevant to spheri
allysymmetri
 general relativity has been provided.We were able to generalize our results on the (non-)existen
e of hairybla
k hole solutions (immersed in 
at spa
etime) to generi
 dilaton gravity(2), (3) with matter a
tion (40). As a parti
ular example 2D type 0A stringtheory has been dis
ussed from the perspe
tive developed in our work. Ithas been found for this model that, regardless of the spe
i�
 form of theta
hyon potential, no horizon may emerge in the asymptoti
 region (unless alarge q expansion is invoked, where q is the number of ele
tri
 and magneti
D0 branes). A method has been suggested whi
h works nonperturbatively;however, it involves the "
lever design" of one arbitrary fun
tion.Straightforward appli
ations not dis
ussed so far are spheri
ally symmet-ri
 s
alar tensor theories (some examples 
an be found in [30℄). Their relationto dilaton gravity with matter has been studied in [31℄.In addition to the generalizations dis
ussed above one 
an add furthermatter �elds or gauge �elds. The latter essentially deform the geometri
potentials, as they will not 
ontribute to physi
al propagating degrees offreedom; thus, this generalization is already 
overed by our 
urrent dis
us-sion. The former will enlarge the physi
al phase spa
e and thus a more
ompli
ated analysis then the one presented in this work may be ne
essary;13For instan
e, T should behave asymptoti
ally like in appendix B of [26℄.20



A CANONICAL MASS DEFINITIONin parti
ular, it 
ould be of interest to study the behavior of the rank of theJa
obi matrix of the 
orresponding dynami
al system and its impa
t on the(non-)existen
e of horizons.It should be pointed out that the analysis was purely twodimensional.Thus, examples whi
h are relevant to general relativity 
annot deal with sta-bility questions regarding non-spheri
ally symmetri
 perturbations. It 
ouldbe argued on general grounds|invoking the no-hair 
onje
ture|that thehairy bla
k holes implied by the present work are unstable against su
h per-turbations. However, su
h an analysis ne
essarily has to be a fourdimensionalone.A
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al mass de�nitionThe question of how to de�ne \the" mass in theories of gravity is notoriously
umbersome. A ni
e 
lari�
ation for D = 4 is 
ontained in ref. [32℄. Themain 
on
eptual point is that any mass de�nition is meaningless withoutspe
ifying 1. the ground state spa
etime with respe
t to whi
h mass is beingmeasured and 2. the physi
al s
ale in whi
h mass units are being measured.Espe
ially the �rst point is emphasized here.In addition to being relevant on its own, a proper mass de�nition is apivotal ingredient for any thermodynami
al study of BHs. Obviously, anymass-to-temperature relation is meaningless without de�ning the former (andthe latter). For a large 
lass of 2D dilaton gravities these issues have beenresolved in ref. [33℄. One of the key ingredients is the existen
e of a 
onservedquantity [34℄ whi
h has a deeper explanation in the 
ontext of �rst ordergravity [35℄ and PSMs [36℄. It establishes the ne
essary prerequisite for allmass de�nitions, but by itself it does not yet 
onstitute one. Ground stateand s
ale still have to be de�ned.This se
tion provides a 
anoni
al pres
ription to obtain \the" mass for21



A CANONICAL MASS DEFINITIONgeneri
 2D dilaton gravity (2), (3). A list of examples is provided, in
luding2D type 0A strings where apparently mutually 
ontradi
ting results for theADM mass exist in the literature [25, 26, 37℄. It will be shown in the fourthexample that a
tually all of them are 
orre
t.Zeroth step: de�nitions It is useful to de�ne the fun
tions�I(X) := expZ X U(y)dy ; �w(X) := Z y �I(y)V (y)dy ; (60)where the integration 
onstants are �xed by requiring that no 
ontributionfrom the lower boundary arises. E.g. for U = �1=X the quantity �I = 1=Xdoes not a
quire any multipli
ative fa
tor. Note that shifts in �w 
orrespond toshifts in the ground state energy while res
alings in �I 
orrespond to a 
hangeof mass units. Below it will be dis
ussed how to �x these ambiguities.First step: identify ground state On
e a ground state geometry isidenti�ed the 
anoni
al pres
ription is to set its value of the Casimir fun
tion[36℄ �C := �IX+X� + ~w (61)to zero by shifting �w ! ~w = �w + 
onst: The tri
ky part, of 
ourse, is toidentify the ground state. Here is a guideline how to pro
eed: for modelswith Minkowskian, Rindler or (A)dS solution in the spe
trum it is naturalto take this spa
etime as ground state. For models whi
h allow a SUGRAextension, i.e. w(X) � 0;8X, no su
h shift is needed as the de�nition in (61)is already the 
orre
t one (up to res
aling to be addressed in the se
ond step).If 1/2 BPS states exist they will be the unambiguous ground state [20℄. Ingeneri
 non-SUGRA theories whi
h allow no SUGRA extension it need not bepossible to de�ne a \natural" ground state. In that 
ase one has to take anysolution, de
lare it as ground state by de�nition and 
al
ulate masses withrespe
t to it. For models whi
h are asymptoti
allyMinkowski but do not havea Minkowskian ground state (like 2D type 0A with nonvanishing RR 
uxes,for instan
e) a natural 
hoi
e for a ground state 
ould be a solution wherethe Killing norm depends only on the \
harges" of the model. Sometimestwo or more solutions might be 
andidates for the gound state. Espe
ially insu
h 
ases it is important to spe
ify it expli
itly.Se
ond step: identify asymptoti
 region(s) These are regions wherej �w(X)j � 1 and they are lo
ated typi
ally at X ! 0 or X ! 1. For agiven model exa
tly one, several or no su
h regions might exist. In the latter22



A CANONICAL MASS DEFINITION
ase no mass 
an be de�ned in this manner. In the se
ond 
ase one has aseparate mass de�nition for ea
h asymptoti
 region, in 
omplete analogy tothe �rst 
ase whi
h will be dis
ussed now. It is proposed to take the Killingnorm of the ground state �2�I ~w and to expand it in the asymptoti
 region inpowers of �r, where d�r = �IdX (as usual it will be assumed that �I is stri
tlymonotoni
; then, this rede�nition is well-de�ned). A
tually, only the leadingorder term is needed, so the next-to-leading order may 
ontain non-analyti
expressions. For de�niteness it will be supposed that the asymptoti
 regionlies at �r!1.�2�I ~w = �2�r� (1 + f(�r))) ; �; � 2 R ; lim�r!1 f(�r) = 0 : (62)A res
aling pres
ription whi
h �xes the physi
al s
ale uniquely is the require-ment � = 1, i.e. �I ! I = ��1 �I whi
h implies ~w! w = ��1 ~w. This somewhatarbitrary pres
ription yields the mass in units of the asymptoti
 Killing timefor asymptoti
ally 
at spa
etimes (i.e. \the" ADMmass), proportional to theasymptoti
 a

eleration for asymptoti
ally Rindler spa
etimes and in termsof the absolute value of the asymptoti
 
urvature for asymptoti
ally (A)dS.If the leading order term is not a monomial, one still de�nes a 
ertain s
ale inthe same manner|a
tually, it does not matter very mu
h how it is de�nedbut only that it is de�ned! The physi
al meaning of the res
aling 
an bedemonstrated most easily by 
omparing the original line element [14℄,ds2 = 2d�ud�r + (�2�I �w)�1 + �C�w� d�u2 ; (63)with the res
aled oneds2 = 2dudr + (�2Iw)�1 + Cw� du2 : (64)They 
oin
ide if r = �r��1, u = �u� and C = �C��1. Thus, the units of\radius", one over \advan
ed time" and \mass" have been res
aled by thesame fa
tor.Third step: a unique mass de�nition Having �xed the shift and s
aleambiguity as dis
ussed above the mass is given uniquely by the negativeCasimir fun
tionM := �C = �I(X)X+X� � w(X) = � �C��1 ; (65)and thus the line element readsds2 = 2dudr + (�2Iw)�1 � 2M(�2w)� du2 ; I(X)dX = dr : (66)23



A CANONICAL MASS DEFINITIONIn summary, as 
ompared to the original de�nition (61) by applying theproposed pro
edure �C has been shifted by ~w � �w and then res
aled by ��1from (62).Example 1: re
overing ADM The most important 
he
k is whether the
onstru
tion proposed is able to re
over the ADM mass [38℄ in the 
ontext of2D dilaton gravity [7,33,39,40℄. This 
an be proven most easily by startingfrom (5.10) of [8℄ and re
alling that the square root of the Killing norm in(66) for �2Iw = 1 is given byp1 +M=w = 1�M=(2w)+O(M2=w2). With�rX = I�1(X) the result is MADM = M , with M from (65). Note however,that an additional res
aling may be needed if overall fa
tors in front of thea
tion have been dropped (
f. the brief dis
ussion for the S
hwarzs
hild BHbetween (5.11) and (5.12) of [8℄).Example 2: the a� b family This useful family [41℄ en
ompasses manyprominent models. The ensuing mass de�nition was dis
ussed in [33℄. It isshown now that the results 
an be reprodu
ed easily with the pres
riptionabove. Zeroth step: for this family the relevant fun
tions read �I = X�a and�w = �BXb+1=(2(b+1)) (
f. (3.65) of [8℄). First step: no shift is needed as thefun
tions de�ned in (60) already provide the 
orre
t ground state. Se
ondstep: with (3.65) of [8℄ the monomial�2�I �w = B=(b+1)�((1�a)�r)(b�a+1)=(1�a)implies � = pB=(b+ 1)(1 � a)(b+1�a)=(2(1�a)) (assuming a 6= 1, b 6= �1 andB 6= 0). Thus, the mass M in terms of the original value of the Casimir �C isgiven by M = �C = � �C��1 = � �Crb+ 1B (1� a)(a�b�1)=(2(1�a)) : (67)For Minkowski ground state models a = b+1 this 
oin
ides with (5.11) of [8℄.Up to a numeri
al fa
tor whi
h is due to di�erent 
onventions (67) agreeswith (40) of [33℄. For the Rindler 
ase b = 0 the s
ale � turns out to betwi
e the asymptoti
 Rindler a

eleration, be
ause ds2 = 2dudr + �rdu2 =2dudr + (�r)du2 is di�eomorphi
 to ds2 = (R�=2)2dT 2 � dR2. For (A)dSb = 1 � a and thus �2 is twi
e the absolute value of asymptoti
 
urvaturebe
ause ds2 = 2dudr + �r2du2 = 2dudr + (�r)2du2. Let us �nally addressthe ex
eptional 
ases omitted so far: for B = 0 the model is 
at on allsolutions and hen
e no meaningful mass de�nition exists. For b = �1 thequantity w / lnX does not lead to monomial behavior as in (62), apart froma = 0 (
onformally transformed CGHS), but nonetheless a mass s
ale 
anbe de�ned. For a = 1 and b = 0 (CGHS) no problem arises as the theorybelongs to the MGS 
lass, while for a = 1 and b 6= 0 similar remarks applyas for b = �1 and a 6= 0. 24



A CANONICAL MASS DEFINITIONExample 3: SUGRA with 1/2 BPS Suppose �w � 0. Then, the SUGRArestri
tions are ful�lled, i.e. a prepotential exists [42, 43℄, and �w = ~w, thus�xing the ground state. The BPS 
ondition reads [20℄ �C = C = 0. The s
ale
an be �xed in analogy to previously dis
ussed 
ases. In this 
ase a positivemass theorem exists [44℄ in analogy to Witten's proof [45℄.Example 4: 2D type 0A For the matrix model des
ription of 2D type0A/0B string theory we refer to [24,46℄ (for an extensive review on Liouvilletheory and its relation to matrix models and strings in 2D 
f. [47℄). We willfo
us on the target spa
e des
ription (2.9) of [24℄. In order to de�ne thegeometri
 mass the ta
hyon 
an be set to zero. The relevant fun
tions read�I = 1=X and �w = �2�2X +�2q2=(8�) � ln(X). The tri
ky issue is that thereare two natural 
andidates: on the one hand, the model is asymptoti
ally
at, on the other hand a BPS state exists. A
tually, there is a well-knownpre
edent to this: the Reissner-Nordstr�om BH with Killing norm 1�2M=r+Q2=r2 allows also for two mass de�nitions: the ADM mass MADM = Mor the \BPS mass" (whi
h vanishes for extremal BHs of a given 
harge)MBPS = M �Q. Naturally, the \BPS mass" is lower than the ADM mass.Obviously for ea
h value of Q there will be a di�erent shift. It is okay totake either of them, but one has to spe
ify whi
h. In the same manner forthe model under 
onsideration the ADM mass is given byMADM = � �C=(2�)in agreement with [26, 37℄ (up to notations). The 
ondition of extremalityreads M (BPS)ADM = (1 � ln (X0))q2=(16�) where X0 = q2=(16�) is the valueof the dilaton at the horizon. The ADM mass of a BPS state is positive(negative) for X0 > e (X0 < e). The BPS mass is shifted su
h that it alwaysvanishes for extremal BHs, i.e.MBPS :=MADM �M (BPS)ADM = MADM � q216� �1� ln q216�� : (68)In the large q expansion this mass de�nition 
oin
ides with (2.38) of ref. [25℄up to notational di�eren
es and a sign. The sign 
an be reversed by takingMBPS as input and expressing the ADM mass in the large q limit. In thissense, despite of their di�eren
es the papers [25,26,37℄ produ
e all the 
orre
tADM mass. Note, however, that SUGRA demands q2 � 16�e [20℄, a boundthat has been found �rst in [26℄. Thus, for solutions 
onsistent with SUGRAthe term in the bra
ket in (68) is nonnegative and therefore, like in theReissner-Nordstr�om 
ase above, the \BPS mass" is always smaller than theADM mass. Clearly a large q expansion is not appli
able in that 
ase.25
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