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The Inverse Problem for the Hill Operator , the Direct ApproachP.Kargaev*, E.Korotyaev** 1*Dept. of Anal., Univ. S.Petershof, St.Petersburg, 198904, Russia,**Dept. of Math.2, ETU, 5 prof. Popov str. St.Petersburg, 197376, RussiaAbstract. Let Gn = (A�n ; A+n ); n � 1; denote the set of gaps of the Hill operator T =�d2=dx2 + V (x) in L2(R) where V is an even 1-periodic real potential from L2(0; 1) andhn be heights of the corresponding slits on the quasimomentum domain,M�n be e�ectivemasses associated with the edges of the gap Gn. Let gn; n � 1; denote the gaps of theoperator T0 = pT �N0 � 0 where N0 is the beginning of the spectrum of T , and ��n bethe reduced masses (analog of the e�ective masses) connected with the gap gn. We studythe inverse problem for the mappings V ! fjgnjg; V ! fhng; V ! f��n g and V ! fM�n gby a direct approach.1 . IntroductionConsider the Hill operator T = �d2=dx2 + V (x) in L2(R) where V is an even1-periodic real potential from L2(0; 1) and R 10 V (x)dx = 0. It is well known that thespectrum of T is absolutely continuous and consists of intervals S1; S2; :::; and whereSn = [A+n�1; A�n ]; :::; A�n � A+n < A�n+1; n � 1: These intervals are separated by the gapsG1; G2; :::, where Gn = (A�n ; A+n ). If a gap degenerates i.e. Gn = ; then the correspond-ing segments Sn; Sn+1 merge. The spectrum of the Hill operator consists of closed nonoverlapping intervals which are called spectral bands. Let '(x;E; V ); #(x;E; V ) be thesolutions of the equation �f 00 + V f = Ef; E 2 C; (1.1)satisfying '0(0; E; V ) = #(0; E; V ) = 1; '(0; E; V ) = #0(0; E; V ) = 0; and let theLyapunov function F (E; V ) = ('0(1; E; V ) + #(1; E; V ))=2: Here and later on (0) =@=@x; (_) = @=@E; @ = @=@V: The sequence A+0 < A�1 � A+1 < ::::: is thespectrum of the equation (1.1) with the periodic boundary conditions of period 2, i.e.f(x+2) = f(x); x 2 R: Here the equality means that A�n = A+n is the double eigenvalues.We note that F (A�n ) = (�1)n; n � 1: The lowest eigenvalue A+0 is simple, F (A+0 ) = 1and the corresponding eigenfunction has period 1. The eigenfunction corresponding toA�n have period 1 when n is even and they are antiperiodic,f(x+ 1) = �f(x); x 2 R;when n is odd. The derivative of Lyapunov function , _F , has a zero �n in "a closed gap"1The research described in this publication was made possible in part by grant no. R 40000 fromthe International Science Foundation. This work was �nished during a stay of the second author at theErwin Schr�odinger International Institute for Mathematical Physics in Vienna.1



[A�n ; A+n ]. Let Dn(V ); n � 1; be the Dirichlet spectrum of V , i.e. the spectrum of (1.1)with the boundary condition f(0) = f(1) = 0 and let Nn(V ); n � 1; be the Neumannspectrum of V , i.e. the spectrum of (1.1) with the boundary condition f 0(0) = f 0(1) = 0:It is well known that Dn; Nn 2 [A�n ; A+n ] and N0 � 0. Moreover a potential V is even ifand only if jGnj = jDn �Nnj; n > 0: We consider only the case of an even potential , i.e.V (x) = V (1 � x); 0 < x < 1. Let us introduce a signed gap length Ln = Dn �Nn; n > 0;and a signed height hn = jhnjsignLn, where jhnj � 0 is de�ned by the equation cosh jhnj =(�1)nF (�n) � 1.Let us consider the operator T0 = pT �N0 � 0. It is clear that the spectrum of T0is absolutely continuous. In the spectrum of T0 there are the gaps gn = (a�n ; a+n ); wherethe numbers a�n = qA�n �N0 > 0; n > 0: As above we introduce a signed gap lengthln = an � bn; where the numbers an = pDn �N0 > 0; and bn = pNn �N0 > 0; n > 0:Now we de�ne a quasimomentum function (see[F], [MO])k(z) = arccosF (N0 + z2; V ); z 2 Z = C n [gn:Here g�n = �gn; n � 1: The function k(z) is analytic and moreover k(z) is a conformalmapping from Z onto a quasimomentum domain K = C n [�n , where �n is an excisedslit �n = nRek = �n; jImkj � jhjnjjo ; n 2 Z; h0 = 0:Any nondegenerate (degenerate) slit �n is connected in some way with the non degenerate(degenerate) gap gn and the energy gap Gn . With an edge of the energy gap Gn, weassociate the e�ective mass M�0 = 0; M+0 = 1=E 00(0);M�n = 0; if Ln = 0; and M�n = 1=E 00(k(a�n )); if Ln 6= 0;where E(k) = N0 + z(k)2 and z(k) is the inverse function for k(z). It is well known thatif Ln 6= 0 , then �M�n > 0 andE(k) = A�n + (k � �n)2(1=2M�n + o(1)); �(k � �n) # 0:We introduce "reduced masses" (some analog of the e�ective masses)��n = 1=z00(k(a�n )); if ln 6= 0 and ��n = 0; if ln = 0:It is clear that ���n > 0 if ln 6= 0 . There is the equality ��n = 2a�nM�n . Let Mn bethe e�ective masses corresponding to the Dirichlet eigenvalue Dn and �n be the reducedmass for the point an . We have also �n = 2anMn .Let us introduce the real Hilbert spacesH = ff 2 L2R(0; 1); Z 10 V (x)dx = 0; f(x) = f(1 � x); 0 < x < 1g;2



`2m = ff = ffng11 ; kfkm <1g; kfk2m = Xn>0 n2mf2n; m � 0; `20 = `2:We de�ne the mapsV ! h(V ) = fhng; V ! l(V ) = flng; V ! �(V ) = f�ng;V !M(V ) = fMng; V ! L(V ) = fLng:Remember that the derivative of a map f : H ! S between two Hilbert spaces H;S ata point x 2 H is a bounded linear map from H into S, which we denote by dxf . A mapf : H ! S is compact on H if it maps a weakly convergent sequence in H into a stronglyconvergent sequence in S: A map f : H ! S is a real analytic isomorphism between Hand S if f is one-to-one and onto and both f and f�1 are real analytic maps of the Hilbertspace.There are some methods to solve the inverse problems. Let us shortly describe "thedirect approach" based on a theorem from nonlinear functional analysis. We illuctrate itfor the mapping h : H ! `21: We assume:i) the map h : H ! `21 is real analytic and for any n > 0 the map hn : H ! R iscompact,ii) the operator dV h has inverse for any V 2 H,iii) there is an estimate kV k in the terms of khk1.Then the map h : H ! `21 is a real analytic isomorphism.Let us remark that we don't use the Gelfand-Levitan -Marchenco equation or traceformulae in this method.Let us describe our goal. We solve the inverse problems for the maps l; h; �;M by thedirect method.Note that the operator T0 and hence ln; hn; �n arise in the problem of the propagationof the acoustic waves in the periodic media. We haveu00tt = �T 20u; u(0; x) = u0(x); u0t(0; x) = u1(x); in L2(R):The second author found the asymptotics of the Green function of this problem at largetimes [K1]. Under some conditions there are the reduced masses in the terms of theseasymptotics. Then Theorem 2.1-3 (see Sect. 2) give us the solutions of the inverseproblems for the propagation of acoustic waves in periodic media. In the case of theSchr�odinger equation we have hn; Ln;Mn and we use Theorem 2.2, 2.4 to solve the inverseproblem ( for Ln see [GT2] and Theorem 5.3 ).There are a lot of papers devoted to the inverse problem for the Hill operator. Marchenko-Ostrovski [MO] show that for any sequence p 2 l21 there exists a periodic potentialV 2 L2(0; 1) such that h(V ) = p. Its-Matveev consider the case of �nite band peri-odic potentials [IM]. Garnett-Trubowitz [GT1] prove that the maps h : H ! `21 andL : H ! `2 are real analytic isomorphisms. Considering the map V ! h(V ) they studythe composition V ! fDn(V )g and fDn(V )g ! h (the proof is not easy). In the next3



paper [GT2] they reprove the result for the map L : H ! `2 by the direct method butthey can't estimate kV k in the terms of kLk.Let us describe the main results. We solve the inverse problem for the maps l(V ); h(V ),�(V );M(V ) by the direct method.We estimate klk1; khk1; k�k1; kMk2; kLk in the term ofkV k and kV k in the term of klk1; khk1; k�k1: Note that the inverse problem for l; h issolved completely and for �;M under additional conditions. Let us shortly present asketch our proof. We use the direct approach and we check all conditions i)-iii) for ourmappings.There are no "big problems" in checking of point i), except for the analyticity of h(V ).We use well known results on the analyticity of the fundamental solutions '(x;E; V ); �(x;E; V )and the Lyapunov function F (E; V ) of E 2 C; V 2 L2c(0; 1) . We also study the map�n(V ) to get the analyticity of our maps. In the case of the map h(V ) we have someproblems with hn(V ) as a function of a complex potential V . But we solve this problemin the case n � 1: Moreover we solve this problem in the case of bounded n and whereV = Vr+Vc: Here Vr is a real potential and Vc is a small complex potential. This result isessential and gives us the possibility to solve the inverse problem for the map V ! h(V ).To check ii) we prove that the Frechet derivatives of our maps are Fredholm operatorsand that the corresponding kernels are zero ( to get the inverse operator.) We would liketo say on the entire function U = '(1; E; V ) +(x;E; V ) �(x;E; V ) where  �(x;E; V )is the Bloch function. We use U to prove that the Frechet derivative has inverse. It isnecessary to note that using U simpli�es the proof in comparison with the correspondingproof in [GT2]. Moreover it " helps to understand " the existence of the inverse operatorfor the Frechet derivative.The check of iii) is based on the estimates in [KK]. The required estimates for l; h; �are proved in the Section 4.2 . The main resultsIn this section we introduce the concepts and the facts needed to formulate the theorems,some results for the Hill operator.At �rst we give more convenient formula for the e�ective mass. By cos k = F (E) weget sin k=E 0(k) = _F (E) and by E 0(�n) = 0 we obtain cos k(a�n )=E 00(k(a�n )) = _F (A�n ) andM�n = �F (A�n ) _F (A�n ); n � 1; and henceMn = �F (Dn) _F (Dn) = (�1)n+1 _F (Dn); n � 1:Let us introduce the Bloch functions  � = #(1; E; V )+m�(E; V )'(x;E; V ) where theWeyl function m�(E; V ) = �(E)� i sin k(z)'(1; E) ; E = N0 + z2;4



and � = ('0(1; E; V ) � #(1; E; V ))=2: It is well known that exp(�k(z)x) � is 1-periodicfunction of x 2 R for any E 2 C: We introduce the functionU = '(1; E; V ) +(x;E; V ) �(x;E; V );and the coe�cients V̂n = Z 10 V (x) cos 2�nxdx; n � 0; V 2 L2c(0; 1):Let Im : `2 ! `2m;m � 0; be the operator (Imf)n = n�mfn; n > 0; and � be the Fouriertransform (�V )0 = V̂0; (�V )n = p2V̂n; n > 0: We present the main result on h(V ):Theorem 2.1.The map h : H ! `21 is a real analytic isomorphism and for any n >0; the map hn : H ! R is compact. Moreover for any V 2 H the operator dV h +(2�p2)�1I1� is compact, dV h has inverse and there are estimateskhk1 � 2kV k(1 + kV k)e2kV k; (2.1)kV k � 16khk1(1 + khk): (2.2)Note that the result on the analytical isomorphism of h(V )is proved in [GT1] but bythe di�erent method. Let us present the main result on l(V ):Theorem 2.2. The map l : H ! `21 is a real analytic isomorphism and for any n > 0;the map ln : H ! R is compact. Moreover for any V 2 H the operator dV l+(�p2)�1I1�is compact, dV l has inverse and there are estimatesklk1 � kV k(1 + kV k)e2kV k; (2.3)kV k � 8klk1(1 + klk)eklk1: (2.4)We continue consider the inverse problem for the operator T0 and present the mainresult on the reduced masses �:Theorem 2.3.The map � : H ! `21 is real analytic and for any n > 0; the map�n : H ! R is compact. Moreover for any V 2 H the operator dV � + (2�p2)�1I1� iscompact and there are estimates2k�k1 � kV k(1 + kV k)e2kV k; (2.5)kV k � 8�k�k1(1 + k�k): (2.6)Suppose that the kernel kerdV � = f0g for any V 2 H: Then the map � : H ! `21 is a realanalytic isomorphism.Let us introduce the ball Br(f0) = ff 2 H; kf � f0k � rg � H; with the central pointf0 from the Hilbert space H: Now we consider the more di�cult case, the e�ective masses.First we remark that the second author found the formula [K2]V (x) = 4 X�;n�0A�nM�n 	(x;A�n );5



where the function 	(x;E) = �U(x;E)=(2 _F (E)): Then we see that a potential V isexpressed by the e�ective masses and the function 	: On the contrary if we know thee�ective masses can we get a potential ? We present the result on it.Theorem 2.4. a) The map M : H ! `22 is real analytic and for any n > 0; the mapMn : H ! R is compact. Moreover for any V 2 H the operator dM� + (4�2p2)�1I2� iscompact and there is an estimate8kMk2 � kV k(1 + kV k)e3kV k: (2.7)b) There exist r > 0; Cr > 0 and a neighborhood of the zero W � H such that M is areal analytic isomorphism W onto the ball Br(0) � `22: If M(V ) 2 Br, then V 2 W andkV k � CrkM(V )k2: (2.8)c) Suppose that for any V 2 H the kernel kerdVM = f0g and there exists a nonde-creasing function g : [0;1) ! [0;1); g(0) = 0; such that kV k � g(kM(V )k2): Then themap M : H ! `22 is a real analytic isomorphism.3 . The AnalyticityIn this chapter useful results on the maps l; h; �;M will be presented. First we describethe properties of the fundamental solutions (see [PT]). Let Hc be the complexi�cationof the real Hilbert space H: The functions '(�; E; V ); #(�; E; V ) and their derivatives'0(�; E; V ); #0(�; E; V ) are the entire functions of the spectral parameter E 2 C and apotential V 2 L2c(0:1) as the mappings from C � L2c(0:1) into the space of continuousfunctions C([0; 1]): We have also@#(E) = #(x;E)['(E)#(x;E)� #(E)'(x;E)];@'0(E) = '(x;E)['0(E)#(x;E)� #0(E)'(x;E)];here '(E) = '(1; E), '0(E) = '0(1; E), and so on. There are also the similar equationsfor #0; ': Then we obtain2@F (E; V ) = U(x;E; V ) = '(E)#(x;E)2 � #0(E)'(x;E)2 + 2�(E)#(x;E)'(x;E): (3.1)Let f be one of the functions '; #; #0; '0 and Vn ! V weakly in L2c(0:1): Then f(Vn) !f(V ) uniformly on compact sets of C: We have the asymptoitcs'(x;E) = sinxpEpE +O(exp jImxpEjjEj ); (3.2)#(x;E) = cosxpE +O(exp jImxpEjpE );6



as jEj ! 1 , uniformly on bounded subsets of [0; 1]�L2c(0:1). These asymptotics can bedi�erentiated by x and any times by E:The functions '(x;Dn); #(x;Nn) are the Dirichlet and Neumann eigenfunctions. Wede�ne functions'n(x; V ) = '(x;Dn)2'0(1;Dn) _'(1;Dn) ; #n(x; V ) = #(x;Nn)2�#(1; Nn) _#0(1; Nn) :The functions 'n; #n are real analytic and we haveZ 10 'n(x)dx = 1; n � 1 Z 10 �n(x)dx = 1; n � 0: (3.3)We need the following results on the Lyapunov function.Lemma 3.1.The function F (E; �) is compact entire on H: Its gradient is 2@F = Uand Z 10 U(x;E; V )dx = �2 _F (E; V ): (3.4)In particular if Ln 6= 0; V 2 H, then	(x;Dn; V ) = U(x;Dn; V )�2 _F (Dn; V ) = 'n(x; V ); n > 0; (3.5)	(x;Nn; V ) = U(x;Nn; V )�2 _F (Nn; V ) = #n(x; V ); n � 0;but if Ln = 0, thenU(�;Dn; V ) = 0; _U (�;Dn; V ) = � �F (Dn; V )('n(�; V ) + �n(�; V )); n > 0: (3.6)Moreover there are asymptoticsF (E; V ) = cospE +O(exp jImpEjE ); (3.7)U(x;E; V ) = sinpEpE (1 +O( 1pE )); jpE � �nj � r > 0; n 2 Z; (3.8)U(x;E; V ) = sinpEpE +O( 1E ); jImpEj � 1;as jEj ! 1 , uniformly on bounded subsets of [0; 1]� L2c(0:1). These asymptotics can bedi�erentiated any times by E:Proof. By the properties of '0; � we get that F is a compact analytic function on L2c(0:1).The equality (3.4) is proved in [PT]. By �(Dn) = 0; '(Dn) = 0; we have U(x;Dn; V ) =��0(Dn)'(x;Dn)2; and by (3.3) we obtain�2 _F (Dn; V ) = Z 10 U(x;Dn; V )dx = Z 10 ��0(Dn)'(x;Dn)2 = ��0(Dn)'0(Dn) _'(Dn):7



Hence 2 _F (Dn; V ) = �0(Dn)'0(Dn) _'(Dn) and we get (3.5), the proof for the Neumannspectrum is the same.We prove (3.6). Let Ln = 0, then �(Dn) = '(Dn) = �0(Dn) = 0 and we haveU(�;Dn; V ) = 0. Suppose _�(Dn) = 0: Then by (3.3), (3.4) we obtain�2 �F (Dn; V ) = Z 10 _U (x;Dn; V )dx = Z 10 f _'(Dn)�(x;Dn)2 � _#0(Dn)'(x;Dn)2gdx =� _�0(Dn)�(Dn) _'(Dn)� _#0(Dn)'0(Dn) _'(Dn) = �2 _�0(Dn) _'(Dn)F (Dn):Hence �F (Dn; V ) = _#0(Dn) _'(Dn)F (Dn); if Ln = 0; and by (3.3) we obtain_U (x;Dn; V ) = _'(Dn)#(x;Dn)2 � _#0(Dn)'(x;Dn)2 = � _'(Dn) _#0(Dn)F (Dn)('n + �n)and then we get (3.6).We shall prove _�(Dn) = 0: Since '(1 � x;Dn) = �F (Dn)'(x;Dn) and �(1� x;Dn) =F (Dn)#(x;Dn); 0 < x < 1; we getZ 10 '(x;Dn)#(x;Dn)dx = 0:We have (see [PT])_'0(E) = � Z 10 '(x;E)['0(E)�(x;E)� �0(E)'(x;E)]dx = 0;then we get _'0(Dn) = 0 and by 2 _F (Dn) = _'0(Dn) + _�(Dn) = 0 we obtain _�(Dn) = 0 and_�(Dn) = 0:In [T] there is the asymptoticsU(x;E; V )�2 _F (E) = 1 +O( 1pE ); if jpE � �nj � r > 0; n 2 Z;for some r > 0 and by (3.7) we obtain the �st asymptotics in (3.8). If we substitute (3.2)in the formula (3.1) we get the second estimate in (3.8).2Later on we need the results on the Dirichlet and Neumann problems from [PT].Theorem 3.2.The functions Dn(�); Nn(�) are compact real analytic on L2c(0:1). Itsgradients are @Dn(�) = 'n; Nn(�) = #n; (3.9)Moreover Dn = �2n2 + V̂0 � V̂n +O( 1n); (3.10)Nn = �2n2 + V̂0 + V̂n +O( 1n );8



and @Dn(x) = 'n(x) = 2 sin2 �nx+O( 1n ); (3.11)@Nn(x) = �n(x) = 2 cos2 �nx+O( 1n ); (3.12)uniformly on bounded subsets of [0; 1]� L2c(0:1). 2Now we consider another maps. First we study the case �n(V ): The properties of�n(V ) is important to study our maps h(V ); �(V );M(V ):Now we present the result about the behavior of �n(V ):Theorem 3.3.a) Let V 2 L2c(0:1); n � ekV k: Thenjq�n(V )� �nj � �4 : (3.13)b) The function �n(�) is compact real analytic on L2c(0:1). Its gradients are@�n = � _U(x; �n(V ); V )2 �F (�n(V ); V ) ; (3.14)@�n = 'n + �n2 ; if Ln = 0:Moreover �n = �2n2 + V̂0 +O( 1n ); (3.15)@�n = 1 +O( 1n ); (3.16)uniformly on bounded subsets of [0; 1]� L2c(0:1).Proof. The proof of (3.13) repeat the case of Dirichlet eigenvalues in [PT].To prove a real analyticity �x V0 2 H. We have _F (�n(V0); V0) = 0 and �F (�n(V0); V0) 6=0. Then the implicit function theorem applies and there exists a unique continuousfunction~�n , de�ned on some small neighborhood W � L2c(0:1) of V0 such that_F (~�n(V ); V ) = 0; V 2 W; and; ~�n(V0) = �n(V0):Furthermore ~�n(V ) is real analytic. On the other hand �n(V ) is also a continuous functionon W satisfying _F (�n(V ); V ) = 0: Therefore ~�n(V ) = �n(V ); V 2 W; by the uniquenessand so �n(V ); V 2 W is real analytic.To calculate the gradient note that _F (�n(V ); V ) = 0: Hence0 = @@V f _F (�n(V ); V )g = �F (�n(V ); V )@�n + @ _F (E; V ) jE=�n=�F (�n(V ); V )@�n + 12 _U(x; �n(V ); V );9



and then we get (3.14).By a) we have jq�n(V )� �nj � �4 for n � ekV k: Hence by (3.7), (3.8) we obtain@�n(V ) = � _U2 _F = cospE +O( 1pE )cospE +O( 1pE ) = 1 +O( 1pE ); E = �n:We can improve the asymptoitcs (3.13). By the analytical property we have�n(V )� (�n)2 = �n(V )� �n(0) = Z 10 ddt�n(tV )dt = Z 10 (@�n(tV ); V )dtand by (3.16) we obtain (3.15).2By this theorem we see that the map V ! f�n(V )� (�n)2g 2 `2 is real analytic. Wehave also the asymptotics of the gradient (3.16). These results will be used to study themaps �;M but particular h: Now we present results on the mapping l. Some estimatesfor l follow from the properties of the maps Ln;Dn; Nn (see Theorem 3.2).Theorem 3.4.The function ln(�) is compact real analytic on H. Its gradients is@ln(�) = 'n � #02an � #n � #02bn ; (3.17)and in particular , let U0 = U(x;E; V ) + 2 _F (E)#0(x): Then@ln(�) = U0(�; Nn; V )4bn _F (Nn) � U0(�;Dn; V )4an _F (Dn) ; if ln 6= 0; (3.18)@ln = 'n � #n2an ; if ln = 0: (3.19)Moreover ln = � V̂n�n +O( 1n2 ); (3.20)@ln(x) = �cos 2�nx�n +O( 1n2 ); (3.21)uniformly on bounded subsets of [0; 1]�Hc.Proof. We have ln = Ln=(an + bn) and by the corresponding properties of Ln;Dn; Nnwe get that the map ln(�) is compact real analytic on H.By ln = an � bn and a2n = Dn � N0; b2n = Nn �N0; we �nd (3.17), (3.19) and by (3.5)we obtain (3.18).By (3.10) we get (3.20) and by (3.17), (3.10-12) we obtain (3.21). 2Now we consider the case of the e�ective masses. Using the estimates on the Mn weobtain immediately results on the reduced masses by very simple formula �n = 2anMn:We present 10



Theorem 3.5. The function Mn(�) is compact real analytic on H. Its gradients is@Mn = (�1)n+1f12 _U(x;Dn) + �F (Dn)'n(x)g (3.22)and in particular@Mn = �Mn _	(x;Dn; V ) = �Mnf U�2 _F g_ jE=Dn; if Ln 6= 0; (3.23)2@Mn = (�1)n+1 �F (Dn)('n � #n) ; if Ln = 0: (3.24)Moreover Mn = � V̂n(2�n)2 +O( 1n3 ); (3.25)@Mn(x) = �cos 2�nx(2�n)2 +O( 1n3 ); (3.26)uniformly on bounded subsets of [0; 1]�Hc.Proof. Remember that we have Mn = (�1)n+1 _F (Dn(V ); V ): By Lemma 3.1 we getthat Mn is a compact real analytic function on H: Its gradient is(�1)n+1@Mn = @f _F(Dn(V ); V )g = @ _F (E; V ) jE=Dn + �F (Dn(V ); V )@Dn =12 _U(�;Dn(V ); V ) + �F (Dn(V ); V )'n:Let Ln 6= 0, then by (3.5), (3.22) we obtain@Mn = (�1)n+1f12 _U + �F U�2 _F g = (�1)n+2 _F [ _U�2 _F � �FU�2 _F 2 ]:Then we get (3.23). Let Ln = 0, then by (3.6) we obtain@Mn = (�1)n+1[�12 �F (Dn)('n + #n) + �F (Dn)'n] = (�1)n+112 �F (Dn)('n � #n):We have " the Taylor series" (let sn = Dn � �n)(�1)n+1Mn = _F (Dn(V ); V ) = _F (�n) + �F (�n)sn + s2n Z 10 (1 � t)F (�n + tsn; V )000EdtBy (3.7), (3.10), (3.15) we get�F (�n)(Dn � �n) = ((�1)n+1(2�n)2 +O( 1n3 ))(�V̂n +O( 1n3 )) = (�1)nV̂n(2�n)2 +O( 1n3 );11



and j Z 10 (1 � t)F (�n + tsn; V )000Edtj � supt2[0;1] jF (�n + tsn; V )000E jjsnj2=2 = O( 1n3 ):Then we obtain (3.25). By (3.22), (3.10), (3.11), (3.7), (3.8) we have(�1)n+1@Mn = cospDn4Dn +O( 1D3=2n ) + (�1)n+1(2�n)2 (1 +O( 1n ))(2 sin2 �nx+O( 1n )) =(�1)n cos 2�nx(2�n)2 +O( 1n3 )and hence we have (3.26). 2Now we consider the case of the reduced masses.Theorem 3.6. The function �n(�); n � 1; is compact real analytic on H. Its gradientsis@�n = 'n � #0an Mn + 2an@Mn = 'n � #02a2n �n � (�1)nf _U(�;Dn; V )2 + �F (Dn)g'ng; (3.27)and in particular @�n = �nf'n(x)� #0(x)2a2n � _	(x;Dn)g; ln 6= 0; (3.28)@�n = 2an@Mn = (�1)n+1 �F (Dn; V )('n � #n); if ln = 0: (3.29)Moreover �n = � V̂n2�n +O( 1n2 ); (3.30)@�n(x) = �cos 2�nx2�n +O( 1n2 ); (3.31)uniformly on bounded subsets of [0; 1]�Hc.Proof. Remember that we have �n = 2anMn: Then we get @�n = a�1n f'n � #0gMn +2an@Mn and by (3.22) we have (3.27). But if ln 6= 0 then by (3.23), (3.27) we obtain@�n = 'n � #0an Mn � 2anMn _	(Dn) = �nf'n � #02a2n � _	(Dn)g:But if ln = 0 then by (3.24), (3.27) we get (3.29).Using (3.26), (3.10) and �n = 2anMn we get (3.30)�n = 2anMn = 2�n(1 +O( 1n2 ))( �V̂n(2�n)2 +O( 1n3 )) = � V̂n2�n + O( 1n2 );12



and by (3.25-27), (3.10-11) we obtain (3.31). 2Now we consider the more di�cult case in this section the map h. The main problemconnected with small complex hn: Introduce the functionyn(V ) = 12(F (�n) + F (Dn))f� �F (�n)� sn Z 10 (1� t)2F (�n + tsn; V )000Edtg;where sn = Dn � �n: The functions F; �n;Dn are compact real analytic on H. Then yn isalso compact real analytic on H. Let V0 2 H such that Ln(V0) = 0: Thenyn(V0) = �F (Dn(V0)) �F (�n(V0); V0) > 0 (3.32)and we can de�ne the real analytic function �n(V ) = qyn(V ) at some ball B(V0; "n); "n >0; in Hc. By (3.7), (3.10), (3.15) we obtainyn(V ) = 1(2�n)2 +O( 1n3 ) (3.33)uniformly on bounded subsets of Hc.Then at large n� 1 we can de�ne the real analyticfunction �n(V ) = qyn(V ) uniformly on bounded subsets of Hc. Now we present the resulton the map h(V ):Theorem 3.7. The function hn(�); n � 1; is compact real analytic on H. Its gradientsis @hn = (�1)n U(�; �n(V ); V )2qF 2(�n(V ); V )� 1 ; if Ln 6= 0: (3.34)In particular ,let Ln(V0) = 0 for some V0 2 H;n � 1: Thensinhhn = (Dn � �n)�n; (3.35)at some ball B(V0; "n); "n > 0; in Hc and(@hn)(V0) = 'n � #n2 q(�1)n+1 �F (�n(V0); V0): (3.36)Moreover , let n!1. Then sinhhn = (Dn � �n)�n; (3.37)hn = � V̂n2�n +O( 1n2 ); (3.38)@hn(x) = �cos 2�nx2�n +O( 1n2 ); (3.39)uniformly on bounded subsets of [0; 1]�Hc.13



Proof. Remember that we have coshhn = (�1)nF (�n) and F; �n are compact realanalytic. Suppose that Ln(V ) 6= 0: Then at some ball B(V0; "n); "n > 0; in Hc thefunction h is also compact real analytic and di�erentiating cosh hn = (�1)nF (�n(V ); V )we get (�1)n(sinhhn)@hn = @fF (�n(V ); V )g and hence(�1)n(sinhhn)@hn = _F (�n(V ); V )@�n + @F (E; V ) jE=�n= U(�; �n(V ); V )2 :and we obtain (3.34).Suppose that Ln(V0) = 0: We have the Taylor series for F (E; V ) at E = �n(V ) for�xed V from some ball of V0:F (Dn(V ); V ) = F (�n) + 12 �F (�n)s2n + 12s3n Z 10 (1 � t)2F (�n + tsn; V )000Edt;where sn = Dn � �n; andF (�n) = F (Dn) + s2n2 f� �F (�n)� sn Z 10 (1 � t)2F (�n + tsn; V )000Edtg;hence F (�n)2 � 1 = (F (�n) + F (Dn))(F (�n)� F (Dn)) =s2n12(F (�n) + F (Dn))f� �F (�n)� sn Z 10 (1 � t)2F (�n + tsn; V )000Edtg = s2nyn:And by the property of yn (see (3.32)) we get sinhhn = qF 2(�n)� 1 = sn�n at someneighborhood of V0: Di�erentiating (3.35) at the point V0 we obtain@hn = @(sn�n)q1 + (sn�n)2 = �n(V0)(@sn) = (@Dn � @�n)q(�1)n+1 _F (�n(V0); V0)and by 2@�n = 'n + #n , see (3.14), we get (3.36).Let n!1. Then by (3.33) we can de�ne the function �n on bounded subsets of Hcand hence we obtain (3.37) as in the case of a degenerate gap, (3.35). Di�erentiating (3.37)we get q1 + (sn�n)2@hn = @(sn�n); and by (3.33), Theorem 3.1-3 we obtain (3.39).Thereis the equalityhn(V ) = hn(V )� hn(0) = Z 10 ddthn(tV )dt = Z 10 (@hn(tV ); V )dtand by (3.39) we get (3.38) :hn(V ) = � Z 10 Z 10 cos 2�nx2�n V (x)dxdt+O( 1n2 ) = � V̂n2�n +O( 1n2 ):214



4 . The EstimatesWe need some results on the function U . These ones are responsible for the local isomor-phism of mappings ln; hn: First we write a general interpolation Lemma from [GT2].Lemma 4.1. Suppose a function f(E) is entire andsupjEj=�2(n+ 12 )2 jf(E)=(sinpEpE )j = o(1); as n!1;and f(An) = 0 for some sequence fAng11 of distinct complex numbers such that f(An) =�2n2 + o(1) as An !1: Then f � 0: 2Now we present the lemmawhich is important for the existence of the inverse operatorsfor the Frechet derivatives of l(V ); h(V ):Lemma 4.2. Suppose that functions V; g 2 H and (g; 'n � #n) = 0 if Ln = 0: Letfunctions f(E) = R 10 U(x;E; V )g(x)dx and f0(E) = f(E)+2 _F (E)(#0; g); E 2 C: Supposethat fAng11 is some sequence of distinct complex numbers such that f(An) = �2n2 + o(1)as An !1 and one of the following condition is ful�lleda) f(An) = 0 for any n � 1, or b) f0(An) = 0 for any n � 1: Then g � 0:Proof. First we consider the case a). By (3.8) we see that all conditions of Lemma4.1 are ful�lled and hence f � 0: Note that since V 2 H the vectors 'n � 1 form abasis for H (see [PT]). There are two cases . First, let Ln 6= 0: Then by (3.5) we havef(Dn) = �2 _F (Dn)('n; g) = 0 and hence ('n � 1; g) = 0: Second, let Ln = 0: Thenby (3.6) we have _f(Dn) = ( _U(Dn); g) = � �F (Dn)('n + #n; g) = 0 and by the condition('n � #n; g) = 0 we obtain ('n � 1; g) = 0 and hence g � 0:Let us consider the case b). We introduce the function f1 = f0(E)=(E � N0): Thefunction f1 is entire since by (3.5) f0(N0) = 0: Then by (3.7), (3.8) we see that allconditions of Lemma 4.1 are ful�lled and hence f1 � 0; f0 � 0: By (3.7), (3.8) we get thatU; _F have di�erent asymptotics as jEj ! 1: Hence (#0; g) = 0 and f = 0: Then by a) weget g � 0:2Letter on in this section we will obtain estimates on l; h;M; � in some Hilbert spacesand V 2 H. First we bound the Neumann eigenvalue N0 in terms kV k: We do it becausein [KK] we estimated l; h;M� and N20 + kV k2:Lemma 4.3. Suppose that V 2 H: ThenjN0j � kV k(1 + kV k=3): (4.1)Proof.Let Nn(0) = (�n)2 be the Neumann eigenvalues for V = 0 and e0 = 1; en =p2 cos 2�nx; n � 1 be the corresponding eigenfunctions. Let f be the Neumann eigen-function corresponding to N0: Suppose that kfk = 1 and f = f0+f1; where f0 = e0(f; e0):By �f 00 + V f = N0f we obtain f1 = �Xn>0 en(V f; en)Nn(0)�N0 ;15



then jf1(x)j � 2kV kXn>0 1Nn(0)�N0 � 2kV k�2 Xn>0 1n2 = 2kV k�2 �26 = kV k3 ;where 0 < x < 1; since N0 � 0 and Pn>0 1n2 = �26 : Hence we get�N0 = �2(V f1; f0)� (V f1; f1)� kf 01k2 �2jf0jkV kkf1k+ kV kkf1kkV k3 � kV k(1 + kV k3 ):2First we estimate l; h;M; �; L; in terms of kV k. Introduce the constants h+ = supn>0 jhnj;and ! = coshh+: We have the theoremTheorem 4.4. Suppose that V 2 H: Then! = cosh h+ � ekV k; (4.2)kLk2 � (kV k2 +N20 ) � 2kV k2(1 + kV k)2; (4.3)4k�k1 � p2!2kV k(1 + kV k); (4.4)4kMk2 � !k�k1; (4.5)jlnj � 2jhnj � 2�j��n j; jlnj � 2j��n j; if n � 1: (4.6)Proof. In [PT] there is an estimate jF (E)j � exp(kV k); E 2 R: Then by F (�n) =(�1)n cosh hn we get (4.2). In [KK] there is the �rst estimate in (4.3) and by (4.1) we getthe second one. In [KK] there are estimates (4.6) and 2n � !a�n ; n � 1: Then by (4.15)we have !2jLnj = !2j(a+n +a�n )lnj � 4nj�nj: Hence !2kLk � 4k�k1 and by (4.3) we obtain4k�k1 � !2kLk � !2p2kV k(1 + kV k) then we get (4.4). Moreover by �n = 2anMn weget j�nj! � 4njMnj and then we have (4.5). 2Now we are going to estimate (kV k2 +N20 ) in terms of klk1; khk1; k�k1: This result isimportant in the checking of the point iii) of the Direct Method. Unfortunately, we cannot obtain the same estimate for M;L:Theorem 4.5. Suppose that V 2 H: ThenkV k2 +N20 � 16� Xn>0 jhnlnj(a+n )2; (4.7)(a+n )2 � 2((�n)2 + n nXm>0 l2m) � 2((�n)2 + nklk2); (4.8)kV k2 +N20 � 64�fkhk21 + 4�2khk2khk212 g; (4.9)kV k2 +N20 � 64(�2k�k21 + 4k�k2k�k212 ); (4.10)16



kV k2 +N20 � 16� (�2klk21 + klk2klk212 )eklk1: (4.11)Proof. In [KK] there are (4.7) and a+n � �n +Pnm>0 jlmj; n > 0: Then we have (4.8) andby (4.6-8) we get kV k2 +N20 � 16� 2Xn>0 2h2n((�n)2 + 4nkhk2);and we have (4.9). Moreover by (4.6-8) we obtain (4.10):kV k2 +N20 � 16� 2�Xn>0 2�2n((�n)2 + 4nk�k2):By (4.7), (4.8) and (4.14) we havekV k2 +N20 � 16� p!Xn>0 l2n((�n)2 + nklk2);and by (4.12) we obtain (4.11) .2Estimating kV k in the terms of klk1 , see (4.11), we used the following results.Lemma 4.6. Suppose that V 2 L1(0; 1): Thenh+ �Xn>0 jlnj � �p6klk1; (4.12)cosh hn � 1 + jlnj2 !min( jlnj4 ; 1); (4.13)h2n � jlnj!min( jlnj4 ; 1); (4.14)�+n � ��n � jlnj!: (4.15)Proof. We need the following fact from [Fr],[L]. Let S be a closed subset of a real axissuch that for some values L <1 and � > 0 the Lebesgue measure of the intersection ofS and any interval of length L is not less then �. Then there exists the unique functionv(z) which is harmonic in the domain C n S and has the following properties:i) a.e. on S the function v(z) has zero limit values,ii) for every z 2 C; 0 � v(z)� jImzj � 2L� log cot ��4L :Let v(z) = Imk(z); z 2 Z:We take L = al; � = (a�1)l; l = 2Pn>0 jlnj: Then we obtainh+ � lima!1 2l� a log cot �4 (1 � 1a) = l2 :and hence h+ �Xn>0 jlnj � (Xn>0 1n2 ) 12klk1;17



and by Pn>0 1n2 = �26 we get (4.12).Recall that F0(z) = F (N0+ z2; V ): The function F0 is real entire and F0(z) = cos k(z):We have k(z) = z + O(1=z) , as jzj ! 1 (see [KK]). The function v1(z) = v(z)� y; z =x+ iy; is positive harmonic in C+ and has the maximum on the real line0 � supz2C+(v(z)� y) = supx2R v(x) = supn>0 jhnj = h+:Hence jF0(z)j = j cos k(z)j � cosh v(z) � cosh(y + h+); z 2 C+;and F0 is of exponential type 1 andsupz2R jF0(z)j = supz2R j cos k(z)j = supz2R cosh v(z) = supn>0 cosh(hn) = ! <1:Let for simplicity n be even and 2ja�n �p�nj � jlnj; the proof for a+n is the same. ThenF0(a�n ) = F0(p�n) + F 000 (tn)(a�n �p�n)2=2; for some tn 2 (a�n ;p�n): Hence by Bernsteininequality we getF0(q�n) = cosh hn � 1 + supz2R jF 000 (z)jl2n=8 � 1 + (cosh h+)l2n=8;and by analogyF (�n) = F0(q�n) = coshhn = 1 + F 00(zn)(a�n �q�n) � 1 + (coshh+)jlnj=2;for some zn 2 gn: Then by (4.13) we obtain (4.14).By ��n = (�1)n+1F0(a�n )0z and again by Bernstein's inequality we get�+n � ��n = (�1)n+1(F 00(a+n )� F 00(a�n )) � jlnj supz2gn jF 000 (z)j � jlnj!:2Now we consider the estimates for the small e�ective masses.Lemma 4.7. There is an estimatek�k21 � 8�2fkMk22 + 23k�k21kMk21g: (4.16)Let 4�kMk1 � p3" for some 0 < " < 1: ThenkV k2 +N20 � 83�4kMk221 � "2 f1 + 32kMk221� "2 g: (4.17)Proof. In [KK] there is an estimate a+n � �n +Pnm>0 jlmj; n > 0: Then and by (4.6) weget (a+n )2 � 2((�n)2 + 4( nXn>0 j�nj))2 � 2�2(n2 + 23k�k21);18



since Pn>0 1n2 = �26 . Hence by �n = 2anMn we obtain the �rst estimatek�k21 = 4Xn>0 n2a2nM2n � 8Xn>0 �2n2(n2 + 23k�k21)M2n = 8�2fkMk22 + 23k�k21kMk21g:Suppose we have 4�kMk1 � p3", then (1� "2)k�k21 � 8�2kMk22; and by (4.10) we obtainkV k2 +N20 � 64k�k21(�2 + 4k�k21) � 83�2kMk221� "2 (�2 + 32�2kMk221 � "2 );and then we get (4.17). 25 . The MappingsIn this section we prove the main theorems. First we present "the basic estimate" fromnonlinear functional analyses.Theorem 5.1. Let H;H1 be real separable Hilbert spaces with the norms k � k; k � k1:Suppose that a map f : H ! H1 obeys the following conditions.i) the map f is real analytic or from the class Cp; p � 1;ii) the operator dV f has inverse for any V 2 H,iii) there is a nondecreasing function g : [0;1) ! [0;1); g(0) = 0; such that kV k �g(kf(V )k1) for any V 2 H:iv) there exists a basis feng11 for H1 such that for any n > 0; the map (f(�); en)1 :H ! R is compact.Then the map f is a real analytic isomorphism between H;H1.Proof. By i), ii) and by the Inverse Function Theorem the set f(H) is open. Let usprove that it is closed also.Let hn = f(Vn) ! h strongly as n ! 1: Then by iii) we have kVnk � g(khnk1) �g(supn>0 khnk1): Hence there exists a subsequence fVnmg1m=1 such that Vnm ! V weaklyas m!1. Then by iv) we get (f(Vnm ); ek)1 ! (f(V ); ek)1 and (f(V ); ek)1 = (h; ek)1 at�xed k > 0: But feng11 is the basis for H1, hence h = f(V ) and f(H) = H1 since H1 isconnected.Let us show that f is an injection. We de�ne setsKm = fh : (h; en)1 = 0 as n > mg � H1and Mn = f�1(Km) � H: The map f is a smooth local isomorphism on H; then Mm is areal smooth submanifold of H with dimension m: Hence the topology on Mm generatedby the norm k � k is equal to the topology on Mm induced by the weak topology of H, i.e.from weak convergent we get strong convergent.Denote by Em the set of points in Km having more than one preimage. Then Em isopen because f is a local isomorphism. But Em is also closed. Indeed, let there exist19



distinct points Vj and Wj in Mm such that f(Vj) = f(Wj) ! h as j ! 1: Then byiii) there are two subsequences such that Vjq ! V; Wjq ! W; as q ! 1; and by iv)we have V;W 2 Em: If V = W then Vj = Wj for large j; because the map f is localhomeomorphism. Hence V 6= W and Em is closed. But 0 =2 Em and then Em = ;: Hencef :Mm ! Km is isomorphism.Suppose that f : H ! H1 is not an injection. Then some point h 2 H1 has at least twopreimages. Since f is a local homeomorphism the same is truth in some neighborhood of hand then for some h0 2 Km such that (h0; ek)1 = (h; ek)1; if 1 � k � m and (h0; ek)1 = 0if k > m: Here m is su�ciently large. But this contradicts that f : Mm ! Km isisomorphism.2Now we check all conditions of this theorem for our maps. First we prove very simpleresult on analytical mappings.Lemma 5.2. Let f = ffng11 and a map fn : H ! R be compact real analytic. Supposethat there are asymptotics fn = V̂n +O( 1n); (5.1)(@fn)(x) = cos 2�nx+O( 1n ); (5.2)uniformly on bounded subsets of [0; 1] � Hc. Then the map f : H ! `2 is real analiyticand dV f � � is compact operator for any V 2 H:Proof. By (5.1) we get that the map f(V ) is locally bounded and by the uniformboundness principle it is real analytic.By (5.2)we have that dV f is the sum of the operator � and a compact operator. 2Now we shall prove main theorems.Proof of Theorem 2.1 We check all conditions of Theorem 5.1.i) By Lemma 5.2 and Theorem 3.7 we get that the function h(V ) is real analytic.ii) By Lemma 5.2 and Theorem 3.7 we obtain that dV h + (2�p2)�1I1� is compactoperator and hence dV h is the Fredholm operator. Let g 2 H be the solution of theequation (dV h)g = 0; or f(@hn; g) = 0; n > 0g:Introduce the function f(E) = R 10 U(x;E; V )g(x)dx;E 2 C: If Ln 6= 0; then hn 6= 0 andby (3.34) we obtain that f(�n) = 2(�1)n(sinhhn)(@hn; g) = 0: If Ln = 0; then by (3.6)we get that f(�n) = 0; and by (3.36) we obtain ('n � #n; g) = 0: Hence f(�n) = 0; forany n > 0 and by (3.15) we have �n = (�n)2 + o(1) as n! 1: Then by Lemma 4.2 weget g = 0:iii) The estimates (2.1), (2.2) are proved in Theorems 4.4 and 4.5.iv) In Theorem 3.7 it was shown that the map hn : H ! R is compact for n > 0:2Wepresent the next proof on the small gaps.Proof of Theorem 2.2 We check all conditions of Theorem 5.1.i) By Lemma 5.2 and Theorem 3.4 we get that the function l(V ) is real analytic.20



ii) By Lemma 5.2 and Theorem 3.4 we obtain that dV l + (�p2)�1I1� is compactoperator and hence dV l is the Fredholm operator.Let g 2 H be the solution of the equation(dV l)g = 0; or; f(@ln; g) = 0; n > 0g:Introduce the functions f0(e) = f(E)+2 _F (E)(#0; g); f(E) = R 10 U(x;E; V )g(x)dx;E 2 C:We have two cases. First let ln 6= 0; then by (3.17), (3.5) we obtain that0 = � f0(Dn)4an _F (Dn) + f0(Nn)4bn _F (Nn) ;but _F (Dn) _F (Nn) < 0: Hence f0(Dn)f0(Nn) � 0 and there exits a point An 2 [A�n ; A+n ]such that f(An) = 0:Second, let Ln = 0; then by (3.6) and _F (Dn) = 0 we get that f0(An) = 0; An = Dn;and by (3.19) we obtain ('n � #n; g) = 0:Hence we have the sequence An = (�n)2+ o(1) as n!1: Then by Lemma 4.2 we getg = 0:iii) The estimates (2.3), (2.4) are proved in Theorems 4.4 and 4.5.iv) In Theorem 3.4 it was shown that the map ln : H ! R is compact for n > 0:2We gave the proofs of two theorems on h; l. We shown that all conditions of Theorem5.1 are ful�lled. Unfortunately, we can not do it for �;M:Proof of Theorem 2.3 We check all conditions of Theorem 5.1.i) By Lemma 5.2 and Theorem 3.6 we get that the function �(V ) is real analytic.ii) By Lemma 5.2 and Theorem 3.6 we obtain that dV � + (2�p2)�1I1� is compactoperator and hence dV � is the Fredholm operator.iii) The estimates (2.5), (2.6) are proved in Theorems 4.4 and 4.5.iv) In Theorem 3.6 it was shown that the map �n : H ! R is compact for n > 0:Suppose that kerdV � = f0g for any V 2 H then the operator dV � has inverse forany V 2 H. Hence all conditions of Theorem 5.1 are ful�lled and � is a real analyticisomorphism. 2Now we consider the e�ective masses.Proof of Theorem 2.4 We check all conditions of Theorem 5.1.i) By Lemma 5.2 and Theorem 3.5 we get that the function M(V ) is real analytic.ii) By Lemma 5.2 and Theorem 3.5 we obtain that dVM + (4�2p2)�1I2� is compactoperator and hence dVM is the Fredholm operator.iii) The estimate (2.7) is proved in Theorems 4.4.iv) In Theorem 3.5 it was shown that the map Mn : H ! R is compact for n > 0:Now we consider the case of the small e�ective masses. The estimate (2.8) is proved inLemma 4.7. The derivative dVM at the point V = 0 has the inverse operator. Then bythe inverse function theorem there exists local isomorphism M : W ! B(0; "); for some" > 0 and some neighborhood of zero. 2 21



Now we reprove the result of Garnett-Trubowitz on the gaps.Theorem 5.3. The map L : H ! `2 is real analytic and for any n > 0; the mapLn : H ! R is compact. Moreover for any V 2 H the operator dL� +p2� is compactand there is an estimate kLk0 � 2kV k(1 + kV k): (5.3)Suppose that there exists a nondecreasing function g : [0;1)! [0;1); g(0) = 0; suchthat kV k � g(kL(V )k0): Then the map L : H ! `2 is a real analytic isomorphism.Proof. We check all conditions of Theorem 5.1.i) By Lemma 5.2 and Theorem 3.2 we get that the function L(V ) is real analytic.ii) By Lemma 5.2 and Theorem 3.2 we obtain that dV L +p2� is compact operatorand hence dV L is the Fredholm operator.Let g 2 H be the solution of the equation(dV L)g = 0; or; f(@Ln; g) = 0; n > 0g:Introduce the function f(E) = R 10 U(x;E; V )g(x)dx;E 2 C: If Ln = 0; then by (3.6)we get that f(An) = 0; for An = �n: By (3.11) we obtain ('n � #n; g) = 0:Second, let Ln 6= 0; then by (3.5) we have that0 = (@Ln; g) = � f(Dn)2 _F (Dn) + f(Nn)2 _F (Nn) ;but _F (Dn) _F (Nn) < 0: Hence f(Dn)f(Nn) � 0 and there exits a point An 2 [A�n ; A+n ] suchthat f(An) = 0: Hence we obtain the sequence An = (�n)2 + o(1) as n ! 1: Then byLemma 4.2 we get g = 0 and we have proved the existence of the inverse operator.iii) By (4.3) we get (5.3).iv) By Theorem 3.2 we obtain that the map Ln = Dn �Nn is compact for n > 0:2References[F] Firsova N.: Direct and inverse problem of scattering for one dimensional perturbedHill operator. Mat. Sb. 130(172), 3(7), 349- 385 (1986), Russian.[Fr] Fryntov A.: One external problem of potential theory. Dokl. Akad. Nauk SSSR.300, no.4, (1988); English transl. in Soviet Math. Dokl. 37, 754-755.[GT1] Garnett J., Trubowitz E.: Gaps and bands of one dimensional periodic Schr�odingeroperator. Comment. Math. Helv. 59, 258-312 (1984)[GT2] Garnett J., Trubowitz E.: Gaps and bands of one dimensional periodic Schr�odingeroperator. Comment. Math. Helv. 59, 258-312 (1987)[IM] Its A., Matveev V.: Schr�odinger operators with the �nite-gap spectrum and theN-soliton solutions of the Korteveg de Fries equation. Teoret. i Mat. Fiz. 23, 51-68(1975), Russian.[KK] Kargaev P., Korotyaev E.: E�ective masses and conformal mappings. Commum.Math. Phys. to appear 22
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