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A Hopf bundle over a quantum four-spherefrom the symple
ti
 groupGiovanni Landi1, Chiara Pagani2, Cesare Reina21 Dipartimento di Matemati
a e Informati
a, Universit�a di TriesteVia A.Valerio 12/1, I-34127 Trieste, Italyand I.N.F.N., Sezione di Napoli, Napoli, Italylandi�univ.trieste.it2 S.I.S.S.A. International S
hool for Advan
ed Studies,Via Beirut 2-4, I-34014 Trieste, Italypagani�sissa.it, reina�sissa.itAbstra
tWe 
onstru
t a quantum version of the SU(2) Hopf bundle S7 ! S4. Thequantum sphere S7q arises from the symple
ti
 group Spq(2) and a quantum 4-sphere S4q is obtained via a suitable self-adjoint idempotent p whose entries generatethe algebra A(S4q ) of polynomial fun
tions over it. This proje
tion determines adeformation of an (anti-)instanton bundle over the 
lassi
al sphere S4. We 
omputethe fundamental K-homology 
lass of S4q and pair it with the 
lass of p in the K-theory getting the value �1 for the topologi
al 
harge. There is a right 
oa
tionof SUq(2) on S7q su
h that the algebra of 
oinvariants is the algebra A(S4q ). Thealgebra A(S7q ) turns out to be a A(SUq(2)) faithfully 
at Hopf-Galois extension overA(S4q ), a notion whi
h extends to non
ommutative geometry the one of a prin
ipalbundle in di�erential geometry; it is also not 
left, i.e. not trivial.SISSA-ISAS/50/2004/FM
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1 Introdu
tionIn this paper we study yet another example of how \quantization removes degenera
y" by
onstru
ting a new quantum version of the Hopf bundle S7 ! S4. This is the �rst out
omeof our attempt to generalize to the quantum 
ase the ADHM 
onstru
tion of SU(2)instantons together with their moduli spa
es. In analogy with the 
lassi
al 
ase [1℄, it isnatural to start with the quantum version of the (
ompa
t) symple
ti
 groups A(Spq(n)),i.e. the Hopf algebras generated by matrix elements T ji 's with 
ommutation rules (givenin equation (4)) 
oming from the R matrix of the C-series [25℄. These quantum groupshave 
omodule-subalgebras A(S4n�1q ) yielding deformations of the algebras of polynomialsover the spheres S4n�1, whi
h apparently have been unnoti
ed before.The relevant 
ase for us is n = 2, i.e. the symple
ti
 quantum 7-sphere A(S7q ), whi
his generated by the matrix elements of the �rst and the last 
olumn of T . Indeed, aswe will see, T 4i _ T 14�i; a similar 
onjugation o

urs for the elements of the middle
olumns, but 
ontrary to what happens at q = 1, they do not generate a subalgebra. Thealgebra A(S7q ) is the quantum version of the homogeneous spa
e Sp(2)=Sp(1) and theinje
tion A(S7q ) ,! A(Spq(2)) is a faithfully 
at Hopf-Galois extension with \stru
tureHopf algebra" A(Spq(1)) (see Se
t. 6).Most importantly, we show that S7q is the total spa
e of a quantum SUq(2) prin
ipalbundle over a quantum 4-sphere S4q . The algebra A(S4q ) is 
onstru
ted as the subalgebraof A(S7q ) generated by the matrix elements of a self-adjoint proje
tion p whi
h generalizesthe anti-instanton of 
harge �1. This proje
tion will be of the form vv� with v a 4 � 2matrix whose entries are made out of generators of A(S7q ). The naive generalization ofthe 
lassi
al 
ase produ
es a subalgebra with extra generators whi
h vanish at q = 1.Lu
kily enough, there is just one alternative 
hoi
e of v whi
h gives the right number ofgenerators of an algebra whi
h deforms the algebra of polynomial fun
tions of S4. Atq = 1 this gives a proje
tion whi
h is gauge equivalent to the standard one.This good 
hoi
e be
omes even better be
ause there is a natural 
oa
tion of SUq(2)on A(S7q ) with 
oinvariant algebra A(S4q ). In Se
t. 6 we shall show that the inje
tionA(S4q ) ,! A(S7q ) is a faithfully 
at A(SUq(2))-Hopf-Galois extension.Finally, we set up the stage to 
ompute the 
harge of our proje
tion. We 
onstru
trepresentations of the algebra A(S4q ) and the 
orresponding K-homology. The analogueof the fundamental 
lass of S4 is given by a non trivial Fredholm module �. The natural
oupling between � and the proje
tion p is 
omputed via the pairing of the 
orrespondingChern 
hara
ters 
h�(�) 2 HC�[A(S4q )℄ and 
h�(p) 2 HC�[A(S4q )℄ in 
y
li
 
ohomologyand homology respe
tively [11℄. As expe
ted the result of this pairing, whi
h is an integerby prin
iple, is a
tually �1.Clearly the example presented in this paper is very spe
ial and limited, sin
e it isjust a parti
ular anti-instanton of 
harge �1. Indeed our 
onstru
tion is based on therequirement that the matrix v giving the proje
tion is linear in the generators of A(S7q )and su
h that v�v = 1. This is false even 
lassi
ally at generi
 moduli and generi
 
harge,ex
ept for the 
ase 
onsidered here (and for a similar 
onstru
tion for the 
ase of 
harge1). A more elaborate strategy is needed to ta
kle the general 
ase.3



2 Odd spheres from quantum symple
ti
 groupsWe re
all the 
onstru
tion of quantum spheres asso
iated with the 
ompa
t real form ofthe quantum symple
ti
 groups Spq(N; C ) (N = 2n), the latter being given in [25℄. Laterwe shall spe
ialize to the 
ase N = 4 and the 
orresponding 7-sphere will provide the`total spa
e' of our quantum Hopf bundle.2.1 The quantum groups Spq(N; C ) and Spq(n)The algebra A(Spq(N; C )) is the asso
iative non
ommutative algebra generated over thering of Laurent polynomials C q := C [q; q�1℄ by the entries Tij; i; j = 1; : : : ; N of a matrixT whi
h satis�es RTT equations:R T1T2 = T2T1R ; T1 = T 
 1 ; T2 = 1 
 T :In 
omponents (T 
 1)ij kl = TikÆj l. Here the relevant N2 � N2 matrix R is the one forthe CN series and has the form [25℄,R = q NXi=1 eii 
 eii + NXi;j=1i6=j;j0 eii 
 ejj + q�1 NXi=1 ei0 i0 
 eii+(q � q�1) NXi;j=1i>j eij 
 ej i � (q � q�1) NXi;j=1i>j q�i��j"i"j eij 
 ei0j0 ; (1)wherei0 = N + 1 � i ;eij 2Mn(C ) are the elementary matri
es, i.e. (ej i)kl = ÆjlÆik ;"i = 1; for i = 1; : : : ; n ;"i = �1; for i = n+ 1; : : : ; N ;(�1; : : : ; �N ) = (n; n� 1; : : : ; 1;�1; : : : ;�n) .The symple
ti
 group stru
ture 
omes from the matrix Cij = q�j"iÆij0 by imposing theadditional relations TCT tC�1 = CT tC�1T = 1 :The Hopf algebra 
o-stru
tures (�; "; S) of the quantum group Spq(N; C ) are given by�(T ) = T :
 T ; "(T ) = I ; S(T ) = CT tC�1 :In 
omponents the antipode expli
itly readsS(T )ij = �q�i0+�j"i"j0Tj0 i0 : (2)At q = 1 the Hopf algebra Spq(N; C ) redu
es to the algebra of polynomial fun
tions overthe symple
ti
 group Sp(N; C ).The 
ompa
t real form A(Spq(n)) of the quantum group A(Spq(N; C )) is given bytaking q 2 R and the anti-involution [25℄T = S(T )t = C tT (C�1)t : (3)4



2.2 The odd symple
ti
 spheresLet us denote xi = TiN ; vj = S(T )Nj ; i; j = 1; : : : ; N :As we will show, these generators give subalgebras of A(Spq(N; C )). With the naturalinvolution (3), the algebra generated by the fxi; vjg 
an be thought of as the algebraA(S4n�1q ) of polynomial fun
tions on a quantum sphere of `dimension' 4n � 1.From here on, whenever no 
onfusion arises, the sum over repeated indexes is under-stood. In 
omponents the RTT equations are given byRijkp Tkr Tps = Tjp Tim Rmprs : (4)Hen
e Rijkl Tkr = Tjp Tim RmprsS(T )sl ;and in turn S(T )pj Rij kl = Tia Raprs S(T )sl S(T )rk ;so that S(T )ai S(T )pj Rijkl = Raprs S(T )sl S(T )rk : (5)Conversely, if we multiply Rijkp Tkr = Tj l Tim Rmlrs S(T )sp on the left by S(T ) we haveS(T )lj Rijkp Tkr = Tim Rmlrs S(T )sp : (6)We shall use equations (4), (5) and (6) to des
ribe the algebra generated by the xi's andby the vi's.The algebra C q [xi℄From (4) with r = s = N we haveRij kp xkxp = Tjp Tim RmpNN : (7)Sin
e the only element RmpNN _ emN 
 epN (m; p � N) whi
h is di�erent from zero isRNNNN = q, it follows that Rijkp xkxp = q xjxi ; (8)and the elements xi's give an algebra with 
ommutation relationsxixj = qxjxi ; i < j; i 6= j 0 ;xi0xi = q�2xixi0 + (q�2 � 1) i�1Xk=1 q�i��k"i"k xkxk0 ; i < i0 : (9)The algebra C q [vi℄Putting a = p = N in equation (5), we getvivjRij kl = RNNrsS(T )slS(T )rk :5



The sum on the r.h.s. redu
es to RNNNNS(T )NlS(T )Nk and the vi's give an algebra with
ommutation relations vlvkRlkji = qvivj: (10)Expli
itly vivj = q�1vjvi ; i < j; i 6= j 0 ;vi0vi = q2vivi0 + (q2 � 1) NXk=i0+1 q�k��i0 "k"i0vkvk0 ; i < i0 : (11)The algebra C q [xi; vj℄Finally, for l = r = N the equation (6) reads:vjRijkp xk = TimRmNNsS(T )sp:On
e more, the only term in R of the form emN
eNs (m � N) is eNN
eNN and thereforevjRijkp xk = q xivp : (12)Expli
itly the mixed 
ommutation rules for the algebra C q [xi; vj℄ read,xivi = vixi + (1� q�2) i�1Xk=1 vkxk + (1� q�2)q�i��i0vi0xi0| {z }if i>i0 ;xivi0 = q�2vi0xi ;xivj = q�1vjxi ; i 6= j and i < j 0xivj = q�1vjxi + (q�2 � 1)q�i��j0 "i"j0vi0xj0 ; i 6= j and i > j 0 : (13)The quantum spheres S4n�1qLet us observe that with the anti-involution (3) we have the identi�
ation vi = S(T )Ni =�xi. The subalgebra A(S4n�1q ) of A(Spq(n)) generated by fxi; vi = �xi; i = 1; : : : ; 2ng is thealgebra of polynomial fun
tions on a sphere. IndeedS(T )T = I ) XS(T )NiTiN = ÆNN = 1i.e. Xi �xixi = 1 : (14)Furthermore, the restri
tion of the 
omultipli
ation is a natural left 
oa
tion�L : A(S4n�1q ) �! A(Spq(n))
A(S4n�1q ) :The fa
t that �L is an algebra map then implies that A(S4n�1q ) is a 
omodule algebraover A(Spq(n)).At q = 1 this algebra redu
es to the algebra of polynomial fun
tions over the spheresS4n�1 as homogeneous spa
es of the symple
ti
 group Sp(n) : S4n�1 = Sp(n)=Sp(n� 1).6



3 The Hopf �bration A(S4q ) ,! A(S7q )We now spe
ialize the results of the previous se
tion to the 
ase N = 4. A 
entralpoint will be the 
onstru
tion of a right 
oa
tion of A(SUq(2)) over A(S7q ) su
h that thesubalgebra of 
oinvariants is identi�ed with the algebra of a 4-sphere A(S4q ). In Se
t. 6,we shall also prove that A(S4q ) � A(S7q ) is a faithfully 
at Hopf-Galois extension, i.e. a`good' quantum prin
ipal bundle.3.1 The symple
ti
 7-sphere S7qThe algebra A(S7q ) is generated by the elements xi = Ti4 and �xi = S(T )4i = q2+�i"i0Ti01;for i = 1; : : : ; 4. From S(T ) T = 1 we have the sphere relation P4i=1 �xixi = 1. Sin
e weshall systemati
ally use them in the following, we shall expli
itly give the 
ommutationrelations among the generators.From (9), the algebra of the xi's is given byx1x2 = qx2x1 ; x1x3 = qx3x1 ;x2x4 = qx4x2 ; x3x4 = qx4x3 ;x4x1 = q�2x1x4 ; x3x2 = q�2x2x3 + q�2(q�1 � q)x1x4 ; (15)together with their 
onjugates (given in (11)).We have also the 
ommutation relations between the xi and the �xj dedu
ed from (12):x1�x1 = �x1x1 ; x1�x2 = q�1�x2x1 ;x1�x3 = q�1�x3x1 ; x1�x4 = q�2�x4x1 ;x2�x2 = �x2x2 + (1� q�2)�x1x1 ;x2�x3 = q�2�x3x2 ;x2�x4 = q�1�x4x2 + q�1(q�2 � 1)�x3x1 ;x3�x3 = �x3x3 + (1� q�2)[�x1x1 + (1 + q�2)�x2x2℄ ;x3�x4 = q�1�x4x3 + (1� q�2)q�3�x2x1 ;x4�x4 = �x4x4 + (1� q�2)[(1 + q�4)�x1x1 + �x2x2 + �x3x3℄ ; (16)again with their 
onjugates.Next we show that the algebra A(S7q ) 
an be realized as the subalgebra of A(Spq(2))generated by the 
oinvariants under the right-
oa
tion of A(Spq(1)); in 
omplete analogywith the 
lassi
al homogeneous spa
e Sp(2)=Sp(1) ' S7.Lemma 1. The two-sided *-ideal in A(Spq(2)) generated asIq = fT11 � 1; T44 � 1; T12; T13; T14; T21; T24; T31; T34; T41; T42; T43gwith the involution (3) is a Hopf ideal.Proof. Sin
e S(T )ij / Tj0 i0, S(Iq) � Iq whi
h also proves that Iq is a *-ideal. One easilyshows that "(Iq) = 0 and �(Iq) � Iq 
A(Spq(2)) +A(Spq(2)) 
 Iq.7



Proposition 1. The Hopf algebra Bq := A(Spq(2))=Iq is isomorphi
 to the 
oordinatealgebra A(SUq2(2)) �= A(Spq(1)).Proof. Using T = S(T )t and setting T22 = �; T32 = 
, the algebra Bq 
an be des
ribedas the algebra generated by the entries of the matrixT 0 = 0BB� 1 0 0 00 � �q2�
 00 
 �� 00 0 0 1 1CCA : (17)The 
ommutation relations dedu
ed from RTT equations (4) read:��
 = q2�
� ; �
 = q2
� ; 
�
 = �

 ;��� + �

 = 1 ; ��� + q4
�
 = 1 : (18)Hen
e, as an algebra Bq is isomorphi
 to the algebra A(SUq2(2)). Furthermore, the re-stri
tion of the 
oprodu
t of A(Spq(2)) to Bq endows the latter with a 
oalgebra stru
ture,�(T 0) = T 0 :
 T 0, whi
h is the same as the one of A(SUq2(2)). We 
an 
on
lude that alsoas a Hopf algebra, Bq is isomorphi
 to the Hopf algebra A(SUq2(2)) �= A(Spq(1)).The restri
tion of the 
oprodu
t of A(Spq(2)) to A(Spq(1)) does also yield a right
oa
tion �R : A(Spq(2))! A(Spq(2)) :
A(Spq(1)) by �R(T ) = T :
 T 0.The following proposition holdsProposition 2. The algebra A(S7q ) � A(Spq(2)) is the algebra of 
oinvariants with respe
tto the 
oa
tion �R.Proof. It is straightforward to show that the generators of the algebra A(S7q ) are 
oinvari-ants: �R(xi) = �R(T 4i ) = xi 
 1 ; �R(�xi) = �q2+�i"i �R(T 1i ) = �xi 
 1thus the algebra A(S7q ) is made of 
oinvariants. We refer to Appendix B for a sket
hyproof that these are the only 
oinvariants.In Se
t. 6 we shall show that A(S7q ) ,! A(Spq(2)) is a faithfully 
at A(Spq(1))-Hopf-Galoisextension.The next natural step is to 
onstru
t a map from S7q into a deformation of the Stie�elvariety of unitary frames of 2-planes in C 4 to parallel the 
lassi
al 
onstru
tion as re
alledin the Appendix A. The naive 
hoi
e we have is to take as generators the elements oftwo (
onjugate) 
olumns of the matrix T . We are a
tually for
ed to take the �rst andthe last 
olumns of the matrix T be
ause the other 
hoi
e (i.e. the se
ond and the third
olumns) does not yield a subalgebra sin
e 
ommutation relations of their elements willinvolve elements from the other two 
olumns. If we setv = 0BB� �x4 x1q�1�x3 x2�q�3�x2 x3�q�4�x1 x4 1CCA ; (19)8



we have v�v = I2 and the matrix p = v v� is a self-adjoint idempotent, i.e. p = p� = p2. Atq = 1 the entries of p are invariant for the natural a
tion of SU(2) on S7 and generate thealgebra of polynomials on S4. This fails to be the 
ase at generi
 q due to the o

urren
eof extra generators e.g.p14 = (1� q�2)x1�x4; p23 = (1� q�2)x2�x3; (20)whi
h vanish at q = 1.3.2 The quantum sphere S4qThe fa
ts at the end of the previous se
tion indi
ate that the quantum analogue of thequaternioni
 proje
tive line as a homogeneous spa
e of Spq(2) has not the right numberof generators. Rather surprisingly, we shall anyhow be able to sele
t another subalgebraof A(S7q ) whi
h is a deformation of the algebra of polynomials on S4 having the samenumber of generators. These generators 
ome from a better 
hoi
e of a proje
tion.On the free module E := C 4 
A(S7q ) we 
onsider the hermitean stru
ture given byh(j�1i ; j�2i) = 4Xj=1 ��1j�j2 :To every element j�i 2 E one asso
iates an element h�j in the dual module E� by thepairing h�j (j�i) := h�j�i = h(j�i ; j�i):Guided by a variant of the 
lassi
al 
onstru
tion whi
h we review in Appendix A, we shalllook for two elements j�1i ; j�2i in E with the property thath�1j�1i = 1 ; h�2j�2i = 1 ; h�1j�2i = 0 :As a 
onsequen
e, the matrix valued fun
tion de�ned byp := j�1i h�1j+ j�2i h�2j ; (21)is a self-adjoint idempotent (a proje
tion).In prin
iple, p 2 Mat4(A(S7q )), but we 
an 
hoose j�1i ; j�2i in su
h a way that the entriesof p will generate a subalgebra A(S4q ) of A(S7q ) whi
h is a deformation of the algebra ofpolynomial fun
tions on the 4-sphere S4. The two elements j�1i ; j�2i will be obtainedin two steps as follows.Firstly we write the relation 1 =P �xixi in terms of the quadrati
 elements �x1x1, x2�x2,�x3x3, x4�x4 by using the 
ommutation relations of Se
t. 3.1. We have that1 = q�6�x1x1 + q�2x2�x2 + q�2�x3x3 + x4�x4 :Then we take, j�1i = (q�3x1;�q�1�x2; q�1x3;��x4)t ; (22)(t denoting transposition) whi
h is su
h that h�1j�1i = 1.9



Next, we write 1 =P �xixi as a fun
tion of the quadrati
 elements x1�x1; �x2x2; x3�x3; �x4x4:1 = q�2x1�x1 + q�4�x2x2 + x3�x3 + �x4x4 :By taking, j�2i = (�q�2x2;�q�1�x1;�x4;��x3)twe get h�2j�2i = 1. The signs will be 
hosen in order to have also the orthogonalityh�1j�2i = 0; for j�2i = (q�2x2; q�1�x1;�x4;��x3)t (23)this is satis�ed.The matrix v = (j�1i ; j�2i) = 0BB� q�3x1 q�2x2�q�1�x2 q�1�x1q�1x3 �x4��x4 ��x3 1CCA : (24)is su
h that v�v = 1 and hen
e p = vv� is a self-adjoint proje
tion.Proposition 3. The entries of the proje
tion p = vv�, with v in (24), generate a subalge-bra of A(S7q ) whi
h is a deformation of the algebra of polynomial fun
tions on the 4-sphereS4.Proof. Let us 
ompute expli
itly the 
omponents of the proje
tion p and their 
ommuta-tion relations.1. The diagonal elements are given byp11 = q�6x1�x1 + q�4x2�x2 ; p22 = q�2�x2x2 + q�2�x1x1 ;p33 = q�2x3�x3 + x4�x4 ; p44 = �x4x4 + �x3x3 ;and satisfy the relation q�2p11 + q2p22 + p33 + p44 = 2 : (25)Only one of the pii's is independent; indeed by using the 
ommutation relations andthe equation P �xixi = 1; we 
an rewrite the pii's in terms oft := p22 ; (26)as p11 = q�2t ; p22 = t ; p33 = 1 � q�4t ; p44 = 1� q2t :Equation (25) is easily veri�ed. Noti
e that t is self-adjoint: �t = t.2. As in the 
lassi
al 
ase, the elements p12; p34 (and their 
onjugates) vanish:p12 = �q�4x1x2 + q�3x2x1 = 0 ; p34 = �q�1x3x4 + x4x3 = 0 :10



3. The remaining elements are given byp13 = q�4x1�x3 � q�2x2�x4 ; p14 = �q�3x1x4 � q�2x2x3 ;p23 = �q�2�x2�x3 � q�1�x1�x4 ; p24 = q�1�x2x4 � q�1�x1x3 ;with pji = �pij when j > i.By using the 
ommutation relations of A(S7q ), one �nds that only two of theseare independent. We take them to be p13 and p14; one �nds p23 = q�2�p14 andp24 = �q2�p13.Finally, we also have the sphere relation,(q6 � q8)p211 + p222 + p244 + q4(p13p31 + p14p41) + q2(p24p42 + p23p32) = (X �xixi)2 = 1 : (27)Summing up, together with t = p22, we set a := p13 and b := p14. Then the proje
tion ptakes the following formp = 0BBBBBBBB� q�2t 0 a b0 t q�2�b �q2�a�a q�2b 1� q�4t 0�b �q2a 0 1� q2t 1CCCCCCCCA : (28)By 
onstru
tion p� = p and this means that �t = t, as observed, and that �a;�b are 
onjugateto a; b respe
tively. Also, by 
onstru
tion p2 = p; this property gives the easiest way to
ompute the 
ommutation relations between the generators. One �nds,ab = q4ba ; �ab = b�a ;ta = q�2at ; tb = q4bt ; (29)together with their 
onjugates, and sphere relationsa�a+ b�b = q�2t(1� q�2t) ; q4�aa+ q�4�bb = t(1� t) ;b�b� q�4�bb = (1� q�4)t2 : (30)It is straightforward to 
he
k also the relation (27).We de�ne the algebra A(S4q ) to be the algebra generated by the elements a; �a; b;�b; twith the 
ommutation relations (29) and (30). For q = 1 it redu
es to the algebra ofpolynomial fun
tions on the sphere S4. Otherwise, we 
an limit ourselves to jqj < 1,be
ause the map q 7! q�1; a 7! q2�a; b 7! q�2�b; t 7! q�2tyields an isomorphi
 algebra.At q = 1, the proje
tion p in (28) is 
onjugate to the 
lassi
al one given in AppendixA by the matrix diag[1;�1; 1; 1℄ (up to renaming the generators).11



Our sphere S4q seems to be di�erent from the one 
onstru
ted in [4℄. Two of our gener-ators 
ommute and most importantly, it does not 
ome from a deformation of a subgroup(let alone 
oisotropi
) of Sp(2). However, at the 
ontinuous level these two quantumspheres are the same sin
e the C�-algebra 
ompletion of both polynomial algebras is theminimal unitization K�C Iof the 
ompa
t operators on an in�nite dimensional separableHilbert spa
e, a property shared with Podle�s standard sphere as well [24℄. This fa
t willbe derived in Se
t. 4 when we study the representations of the algebra A(S4q ).3.3 The SUq(2)-
oa
tionWe shall now 
onstru
t a \�bration from S7q to S4q with stru
ture group SUq(2)". InSe
t. 6 this will be proven to be a faithfully 
at Hopf-Galois extension.We start by 
onstru
ting a 
oa
tion of the quantum group SUq(2) on the sphere S7q .Let us observe that the two pairs of generators (x1; x2); (x3; x4) both yields a quantumplane, x1x2 = qx2x1 ; �x1�x2 = q�1�x2�x1 ;x3x4 = qx4x3 ; �x3�x4 = q�1�x4�x3 :Then we shall look for a right-
oa
tion of SUq(2) on the rows of the matrix v in (24). Otherpairs of generators yields quantum planes but the only 
hoi
e whi
h yields a proje
tionwith the right number of generators is the one given above.The de�ning matrix of the quantum group SUq(2) reads�� �q�

 �� � (31)with 
ommutation relations [31℄,�
 = q
� ; ��
 = q�
� ; 
�
 = �

 ;��� + q2�

 = 1 ; ���+ �

 = 1 : (32)We de�ne a 
oa
tion of SUq(2) on the matrix (24) by,Æ(v) := 0BB� q�3x1 q�2x2�q�1�x2 q�1�x1q�1x3 �x4��x4 ��x3 1CCA :
 �� �q�

 �� � : (33)We shall prove presently that this 
oa
tion 
omes from a 
oa
tion of A(SUq(2)) on thesphere algebra A(S7q ). For the moment we remark that, by its form in (33) the entriesof the proje
tion p = vv� are automati
ally 
oinvariants, a fa
t that we shall also proveexpli
itly in the following.On the generators, the 
oa
tion (33) is given expli
itly byÆ(x1) = x1 
 �+ q x2 
 
 ; Æ(�x1) = q�x2 
 �
 + �x1 
 �� = Æ(x1) ;Æ(x2) = �x1 
 �
 + x2 
 �� ; Æ(�x2) = �x2 
 �� �x1 
 
 = Æ(x2) ;Æ(x3) = x3 
 �� q x4 
 
 ; Æ(�x3) = �q�x4 
 �
 + �x3 
 �� = Æ(x3) ;Æ(x4) = x3 
 �
 + x4 
 �� ; Æ(�x4) = �x4 
 �+ �x3 
 
 = Æ(x4) ; (34)12



from whi
h it is also 
lear its 
ompatibility with the anti-involution, i.e. Æ(�xi) = Æ(xi).The map Æ in (34) 
an be extended as an algebra homomorphism to the whole of A(S7q ).Then, as alluded to before, we have the followingProposition 4. The 
oa
tion (34) is a right 
oa
tion of the quantum group SUq(2) onthe 7-sphere S7q , Æ : A(S7q ) �! A(S7q )
A(SUq(2)) : (35)Proof. By using the 
ommutation relations of A(SUq(2)) in (32), a lengthy but easy
omputation gives that the 
ommutation relations of A(S7q ) are preserved. This fa
t alsoshows that extending Æ as an algebra homomorphism yields a 
onsistent 
oa
tion.Proposition 5. The algebra A(S4q ) is the algebra of 
oinvariants under the 
oa
tion de-�ned in (36).Proof. We have to show that A(S4q ) = fx 2 A(S7q ) j Æ(x) = x 
 1g. By using the
ommutation relations of A(S7q ) and those of A(SUq(2)), we �rst prove expli
itly that thegenerators of A(S4q ) are 
oinvariants:Æ(a) = q�4Æ(x1)Æ(�x3)� q�2Æ(x2)Æ(�x4)= q�4x1�x3 
 (���+ q2�

)� q�2x2�x4 
 (
�
 + ���)= (q�4x1�x3 � q�2x2�x4)
 1 = a
 1Æ(b) = �q�3Æ(x1)Æ(x4) � q�2Æ(x2)Æ(x3)= �q�3x1x4 
 (���+ q2�

)� q�2x2x3 
 (
�
 + ���)= �(q�3x1x4 + q�2x2x3)
 1 = b
 1Æ(t) = q�2Æ(�x2)Æ(x2) + q�2Æ(�x1)Æ(x1)= q�2�x2x2 
 (���+ q2�

) + q�2�x1x1 
 (
�
 + ���)= (q�2�x2x2 + q�2�x1x1)
 1 = t
 1By 
onstru
tion the 
oa
tion is 
ompatible with the anti-involution so thatÆ(�a) = Æ(a) = �a
 1; Æ(�b) = Æ(b) = �b
 1In fa
t, this only shows that A(S4q ) is made of 
oinvariants but does not rule out thepossibility of other 
oinvariants not in A(S4q ). However this does not happen; a proof willbe given in Appendix B.The right 
oa
tion of SUq(2) on the 7-sphere S7q 
an be written asÆ(x1; x2; x3; x4) = (x1; x2; x3; x4) :
0BB� � ��
 0 0q
 �� 0 00 0 � �
0 0 �q
 �� 1CCA ; (36)13



together with Æ(�xi) = Æ(xi).In the blo
k-diagonal matrix whi
h appears in (36) the se
ond 
opy is given by SUq(2)while the �rst one is twisted as� � ��
q
 �� � = �1 00 �1�� � �
�q
 ����1 00 �1� :A similar phenomenon o

urs in [4℄.Remark 1. It is also interesting to observe thatÆ(v�v) = v�v 
 1 = 1
 1 :Indeed,Æ(h�1j�1i) = Æ(q�6�x1x1 + q�2x2�x2 + q�2�x3x3 + x4�x4)= (�q�5�x2x1 + q�2x1�x2 + q�1�x4x3 � x3�x4)
 �
�+(q�4�x2x2 + q�2x1�x1 + �x4x4 + x3�x3)
 �

+(q�6�x1x1 + q�2x2�x2 + q�2�x3x3 + x4�x4)
 ���+(�q�5�x1x2 + q�2x2�x1 + q�1�x3x4 � x4�x3)
 ��
= h�2j�1i 
 �
�+ h�2j�2i 
 �

 + h�1j�1i 
 ���+ h�1j�2i 
 ��
= 1
 (�

 + ���) = 1 
 1 ;Æ(h�2j�2i) = Æ(q�2x1�x1 + q�4�x2x2 + x3�x3 + �x4x4)= (q�4�x2x1 � q�1x1�x2 � �x4x3 + qx3�x4)
 ��
+(q�4�x2x2 + q�2x1�x1 + �x4x4 + x3�x3)
 ���+(q�4�x1x1 + x2�x2 + �x3x3 + q2x4�x4)
 
�
+(q�4�x1x2 � q�1x2�x1 � �x3x4 + qx4�x3) 
 
 ��= �q h�2j�1i 
 ��
 + h�2j�2i 
 ��� + q2 h�1j�1i 
 
�
 � q h�1j�2i 
 
 ��= 1
 (��� + q2
�
) = 1 
 1 ;Æ(h�1j�2i) = q�5Æ(�x1)Æ(x2)� q�2Æ(x2)Æ(�x1)� q�1Æ(�x3)Æ(x4) + Æ(x4)Æ(�x3) = 0sin
e Æ de�nes a 
oa
tion on S7q and so preserves its 
ommutation relations.Remark 2. Let us de�ne the determinant bydet�a11 a12a21 a22� := a11a22 � q a12a21 : (37)(Note that a12; a21 do not 
ommute and so in the previous formula the ordering betweenthem is �xed.) Let mij be the minors of (24) obtained by 
onsidering the i; j rows. Thenm12 = q2p11 = t ; m13 = p14 = b ;m14 = �q p13 = �q a ; m23 = p24 = �q2�a ;m24 = �q p23 = �q�1�b ; m34 = �q p33 = q�3t� q : (38)This re
e
ts the 
lassi
al situation in whi
h the minors of the matrix v in (24) give Pl�u
ker
oordinates [1℄. 14



4 Representations of the algebra of S4qLet us now 
onstru
t irredu
ible �-representations of A(S4q ) as bounded operators on aseparable Hilbert spa
e H. For the moment, we denote in the same way the elementsof the algebra and their images as operators in the given representation. As mentionedbefore, sin
e q 7! q�1 gives an isomorphi
 algebra, we 
an restri
t ourselves to jqj < 1.We will 
onsider the representations whi
h are t-�nite [20℄, i.e. su
h that the eigenve
torsof t span H.Sin
e the self-adjoint operator t must be bounded due to the spheri
al relations, fromthe 
ommutation relations ta = q�2at; t�b = q�4�bt; it follows that the spe
trum shouldbe of the form �q2k and a;�b (resp. �a; b) a
t as rising (resp. lowering) operators on theeigenve
tors of t. Then boundedness implies the existen
e of an highest weight ve
tor,i.e. there exists a ve
tor j0; 0i su
h thatt j0; 0i = t00 j0; 0i ; a j0; 0i = 0; �b j0; 0i = 0 : (39)By evaluating q4�aa+ b�b = (1 � q�4t)t on j0; 0i we have(1� q�4t00)t00 = 0A

ording to the values of the eigenvalue t00 we have two representations.4.1 The representation �The �rst representation, that we 
all �; is obtained for t00 = 0. Then, t j0; 0i = 0 impliest = 0. Moreover, using the 
ommutation relations (29) and (30), it follows that thisrepresentation is the trivial one t = 0; a = 0; b = 0 ; (40)the representation Hilbert spa
e being just C ; of 
ourse, �(1) = 1.4.2 The representation �The se
ond representation, that we 
all �; is obtained for t00 = q4. This is in�nite dimen-sional.We take the set jm;ni = Nmn�ambn j0; 0i with n;m 2 N, to be an orthonormal basis ofthe representation Hilbert spa
e H, with N00 = 1 and Nmn 2 R the normalizations, to be
omputed below.Then t jm;ni = tmn jm;ni ;�a jm;ni = amn jm+ 1; ni ;b jm;ni = bmn jm;n+ 1i :By requiring that we have a �-representation we have also thata jm;ni = am�1;n jm� 1; ni ; �b jm;ni = bm;n�1 jm;n� 1i ;15



with the following re
ursion relationsam;n�1 = q�2am;n ; bm�1;n = q�2bm;n ; bm;n = q2a2n+1;m :By expli
it 
omputation, we �ndtm;n = q2m+4n+4 ;am;n = NmnN�1m+1;n = (1 � q2m+2) 12 qm+2n+1 ;bm;n = NmnN�1m;n+1 = (1 � q4n+4) 12 q2(m+n+2) : (41)In 
on
lusion we have the following a
tiont jm;ni = q2m+4n+4 jm;ni ; (42)�a jm;ni = (1 � q2m+2) 12 qm+2n+1 jm+ 1; ni ;a jm;ni = (1 � q2m) 12 qm+2n jm� 1; ni ;b jm;ni = (1 � q4n+4) 12 q2(m+n+2) jm;n+ 1i ;�b jm;ni = (1 � q4n) 12 q2(m+n+1) jm;n� 1i :It is straightforward to 
he
k that all the de�ning relations (29) and (30) are satis�ed.In this representation the algebra generators are all tra
e 
lass:Tr(t) = q4Xm q2mXn q4n = q4(1 � q2)(1� q4) ;Tr(jaj) = qXm;n(1 � q2m+2) 12 qm+2n = q1� q2 Xm (1� q2m+2) 12 qm� q1 � q2 Xm qm = q(1 � q)(1� q2) ; (43)Tr(jbj) = q4Xm;n(1� q4n+4) 12 q2(n+m) = q41 � q2Xn (1� q4n+4) 12 q2n� q41 � q2 Xn q2n = q4(1 � q2)2 :From the sequen
e of S
hatten ideals in the algebra of 
ompa
t operators one knows[29℄ that the norm 
losure of tra
e 
lass operators gives the ideal of 
ompa
t operators K.As a 
onsequen
e, the 
losure of A(S4q ) is the C�-algebra C(S4q ) = K � C I.5 The index pairingsThe `de�ning' self-adjoint idempotent p in (28) determines a 
lass in the K-theory of S4q ,i.e. [p℄ 2 K0[C(S4q )℄. A way to prove its nontriviality is by pairing it with a nontrivialelement in the dual K-homology, i.e. with (the 
lass of) a nontrivial Fredholm module[�℄ 2 K0[C(S4q )℄. In fa
t, in order to 
ompute the pairing of K-theory with K-homology,16



it is more 
onvenient to �rst 
ompute the 
orresponding Chern 
hara
ters in the 
y
li
homology 
h�(p) 2 HC�[A(S4q )℄ and 
y
li
 
ohomology 
h�(�) 2 HC�[A(S4q)℄ respe
tively,and then use the pairing between 
y
li
 homology and 
ohomology [11℄.The Chern 
hara
ter of the proje
tion p in (28) has a 
omponent in degree zero
h0(p) 2 HC0[A(S4q )℄ simply given by the matrix tra
e,
h0(p) := tr(p) = 2 � q�4(1� q2)(1 � q4) t 2 A(S4q ): (44)The higher degree parts of 
h�(p) are obtained via the periodi
ity operator S; not needingthem here we shall not dwell more upon this point and refer to [11℄ for the relevant details.As mentioned, the K-homology of an involutive algebraA is given in terms of homotopy
lasses of Fredholm modules. In the present situation we are dealing with a 1-summableFredholm module [�℄ 2 K0[C(S4q )℄. This is in 
ontrast to the fa
t that the analogouselement of K0(S4) for the undeformed sphere is given by a 4-summable Fredholm module,being the fundamental 
lass of S4.The module � := (H;	; 
) is 
onstru
ted as follows. The Hilbert spa
e isH = H��H�and the representation is 	 = �� �. Here � is the representation of A(S4q ) introdu
ed in(42) and � given in (40) is trivially extended to H�. The grading operator is
 = �1 00 �1� :The 
orresponding Chern 
hara
ter 
h�(�) of the 
lass of this Fredholm module has a
omponent in degree 0, 
h0(�) 2 HC0[A(S2nq )℄. From the general 
onstru
tion [11℄, theelement 
h0(�ev) is the tra
e� 1(x) := Tr (
	(x)) = Tr (�(x)� �(x)) : (45)The operator �(x)� �(x) is always tra
e 
lass. Obviously � 1(1) = 0. The higher degreeparts of 
h�(�ev) 
an again be obtained via a periodi
ity operator.We are ready to 
ompute the pairing:h[�℄; [p℄i := 

h0(�); 
h0(p)� = �q�4(1 � q2)(1� q4) � 1(t)= �q�4(1 � q2)(1� q4)Tr(t) = �q�4(1� q2)(1 � q4)q4(1� q2)�1(1 � q4)�1= �1 : (46)This result shows also that the right A(S4q )-module p[A(S4q )4℄ is not free. Indeed, anyfree module is represented in K0[C(S4q )℄ by the idempotent 1, and sin
e h[�℄; [1℄i = 0, theevaluation of [�℄ on any free module always gives zero.We 
an extra
t the `trivial' element in the K-homology K0[C(S4q )℄ of the quantumsphere S4q and use it to measure the `rank' of the idempotent p. This generator 
orrespondsto the trivial generator of the K-homology K0(S4) of the 
lassi
al sphere S4. The latter(
lassi
al) generator is the image of the generator of the K-homology of a point by thefun
torial map K�(�) : K0(�) ! K0(SN�1), where � : � ,! SN�1 is the in
lusion ofa point into the sphere. Now, the quantum sphere S4q has just one `
lassi
al point',17



i.e. the 1-dimensional representation � 
onstru
ted in Se
t. 4.1. The 
orresponding 1-summable Fredholm module ["℄ 2 K0[C(S4q )℄ is easily des
ribed: the Hilbert spa
e is Cwith representation �; the grading operator is 
 = 1. Then the degree 0 
omponent
h0(") 2 HC0[A(S2nq )℄ of the 
orresponding Chern 
hara
ter is the tra
e given by therepresentation itself (sin
e it is a homomorphism to a 
ommutative algebra),� 0(x) = �(x) ; (47)and vanishes on all the generators whereas � 0(1) = 1.Not surprisingly, the pairing with the 
lass of the idempotent p is,h["℄; [p℄i := � 0(
h0(p)) = �(2) = 2 : (48)6 The Hopf-Galois stru
tureWe now prove that our �brations are faithfully 
at Hopf-Galois extensions, a notion whi
his an analogous in non
ommutative geometry of the one of prin
ipal bundles in di�erentialgeometry. Let us �rst re
all some relevant de�nitions, [21℄ (see also [22℄). We remind thatwe work over the �eld k = C .De�nition 1. Let H be a Hopf algebra and P a right H-
omodule algebra with multipli-
ation m : P 
 P ! P and 
oa
tion �R : P ! P 
H. Let B � P be the subalgebra of
oinvariants, i.e. B = fp 2 P j �R(p) = p 
 1g. The extension B � P is 
alled an HHopf-Galois extension if the 
anoni
al map� : P 
B P �! P 
H ;� := (m
 id) Æ (id
B �R) ; p0 
B p 7! �(p0 
B p) = p0p(0) 
 p(1) ; (49)is bije
tive.We use the notation �Rp = p(0) 
 p(1). The 
anoni
al map is left P -linear and right H-
olinear and is a morphism (an isomorphism for Hopf-Galois extensions) of left P -modulesand right H-
omodules. It is also 
lear that P is both a left and a right B-module.The inje
tivity of the 
anoni
al map dualizes the 
ondition of a group a
tion X �G ! X to be free: if � is the map � : X � G ! X �M X; (x; g) 7! (x; x � g) then�� = � with P;H the algebras of fun
tions on X;G respe
tively and the a
tion is freeif and only if � is inje
tive. Here M := X=G is the spa
e of orbits with proje
tion map� : X ! M; �(x � g) = �(x), for all x 2 X; g 2 G. Furthermore, � is surje
tive if andonly if for all x 2 X, the �bre ��1(�(x)) of �(x) is equal to the residue 
lass x � G, thatis, if and only if G a
ts transitively on the �bres of �.In the de�nition of a prin
ipal bundle in di�erential geometry there is mu
h more thatthe requirement of inje
tivity of the 
anoni
al map. A better algebrai
 translation of thenotion of a prin
ipal bundle is en
oded in the requirement that the extension B � P ,beside being Hopf-Galois, is also faithfully 
at. We shall not elaborate more on this pointand we refer to [27℄. Here we shall give some basi
 de�nitions. Following [17℄ we have,De�nition 2. A right module P over a ring R is faithfully 
at if the fun
tor P 
R � isexa
t and faithful on the 
ategory RM of left R-modules.18



Flatness means that the fun
tor asso
iates exa
t sequen
es of abelian groups to exa
tsequen
es of R-modules and the fun
tor is faithful if it is inje
tive on morphisms. Equiv-alently one 
ould state that a right module P over a ring R is faithfully 
at if a sequen
eM 0 !M !M 00 in RM is exa
t if and only if P 
RM 0 ! P 
RM ! P 
RM 00 is exa
t.The 
ru
ial theorem by S
hneider whi
h 
hara
terizes faithfully 
at Hopf-Galois ex-tensions is the following ([28℄, Th. I).Let BM (resp. MB) be the 
ategory of left (resp. right) B-modules and MHP (resp.PMH) the 
ategory of (P;H)-Hopf modules, that is right P -modules and right (resp.left) H-
omodule with P -linear 
omodule stru
ture.Theorem 1. Let H be a Hopf-algebra, let P be an algebra 
arrying a right H-
omodulestru
ture �R with 
oinvariant algebra B = fp 2 P j �R(p) = p 
 1g and let� : P 
B P ! P 
H be the 
anoni
al map (see e.g. (49)). Assume that the antipode ofH is bije
tive, then the following 
onditions are equivalent:1. P is inje
tive as right H-
omodule and � is surje
tive;2. P is faithfully 
at as left B-module and � is an isomorphism;3. P is faithfully 
at as right B-module and � is an isomorphism.4. the map MB !MHP ; M 7!M 
B P is an equivalen
e;5. the map BM!P MH; M 7! P 
B M is an equivalen
e;In parti
ular, if the Hopf algebra H is also 
osemisimple (as it happens for A(SUq(2))),then any right H-
omodule is inje
tive [22℄ and the above theorem states that the sur-je
tivity of the 
anoni
al map is enough to ensure that it is bije
tive (so that we have anH-Galois stru
ture) and (left and right) faithfully 
at.Finally, an additional useful result [26℄ is that the map � is surje
tive whenever, forany generator h of H, the element 1 
 h is in its image. This follows from the left P -linearity and right H-
olinearity of the map �. Indeed, let h; k be two elements of H andP p0i
 pi; P q0j 
 qj 2 P 
P be su
h that �(P p0i
B pi) = 1
h; �(P q0j
B qj) = 1
 k.Then �(Pp0iq0j 
B qjpi) = 1
 kh, that is 1
 kh is in the image of �. But, sin
e the map� is left P -linear, this implies its surje
tivity.We need also the following,De�nition 3. Let P be a bimodule over the ring B. Given any two elements j�1i andj�2i in the free module E = Cm 
 P , we shall de�ne D�1 :
B �2E 2 P 
B P byD�1 :
B �2E := mXj=1 ��j1 
B �j2 : (50)Analogously, one 
an de�ne quantities D�1 :
 �2E 2 P 
P with the same formula as aboveand tensor produ
ts taken over the ground �eld C .19



Proposition 6. The extension A(S7q ) � A(Spq(2)) is a faithfully 
at A(Spq(1))-Hopf-Galois extension.Proof. Now P = A(Spq(2), H = A(Spq(1)) and B = A(S7q ) and the 
oa
tion �R of H isgiven just before Prop. 2. Sin
e A(Spq(1)) ' A(SUq2(2)) has a bije
tive antipode and is
osemisimple ([20℄, Chapter 11), from the general 
onsiderations given above in order toshow the bije
tivity of the 
anoni
al map� : A(Spq(2)) 
A(S7q ) A(Spq(2)) �! A(Spq(2)) 
A(Spq(1)) ;it is enough to show that all generators �; 
; ��; �
 of A(Spq(1)) in (17) are in its image.Let jT 2i ; jT 3i be the se
ond and third 
olumns of the de�ning matrix T of Spq(2). We shallthink of them as elements of the free module C 4 
 A(Spq(2)). Obviously, hT ijT ji = Æij.Re
alling that A(Spq(2)) is both a left and right A(S7q )-module and using Def. 3, we havethat �0BB� DT 2 :
A(S7q ) T 2E DT 2 :
A(S7q ) T 3EDT 3 :
A(S7q ) T 2E DT 3 :
A(S7q ) T 3E 1CCA = 1 :
0� � �q2�

 �� 1A :Indeed,�(DT 2 :
A(S7q ) T 2E) = T 2i�RT 2i = 
T 2jT 2�
 �+ 
T 2jT 3�
 
 = 1
 � ;�(DT 3 :
A(S7q ) T 2E) = T 3i�RT 2i = 
T 3jT 2�
 �+ 
T 3jT 3�
 
 = 1
 
;a similar 
omputation giving the other two generators.Proposition 7. The extension A(S4q ) � A(S7q ) is a faithfully 
at A(SUq(2))-Hopf-Galoisextension.Proof. Now P = A(S7q ), H = A(SUq(2)) and B = A(S4q )) and the 
oa
tion Æ of H is givenin Prop. 4. As already mentionedA(SUq(2)) has a bije
tive antipode and is 
osemisimple,then as before in order to show the bije
tivity of the 
anoni
al map� : A(S7q ) 
A(S4q ) A(S7q ) �! A(S7q )
A(SUq(2)) ;we have to show that all generators �; 
; ��; �
 of A(SUq(2)) in (31) are in its image.Re
alling that A(S7q ) is both a left and right A(S4q )-module and using Def. 3, we have that�0BB� D�1 :
A(S4q ) �1E D�1 :
A(S4q ) �2ED�2 :
A(S4q ) �1E D�2 :
A(S4q ) �2E 1CCA = 1 :
0� � �q�

 �� 1A ;where j�1i ; j�2i are the two ve
tors introdu
ed in eqs. (22) and (23). Indeed�(D�1 :
A(S4q ) �1E) = ��q�6�x1 
A(S4q ) x1 + q�2x2 
A(S4q ) �x2+q�2�x3 
A(S4q ) x3 + x4 
A(S4q ) �x4�= q�6�x1Æ(x1) + q�2x2Æ(�x2) + q�2�x3Æ(x3) + x4Æ(�x4)= q�6�x1x1 
 �+ q�5�x1x2 
 
 + q�2x2�x2 
 � � q�2x2�x1 
 
+q�2�x3x3 
 �� q�1�x3x4 
 
 + x4�x4 
 �+ x4�x3 
 
= h�1j�1i 
 � = 1 
 � ;20



�(D�2 :
A(S4q ) �1E) = q�5�x2Æ(x1)� q�2x1Æ(�x2)� q�1�x4Æ(x3) + x3Æ(�x4)= q�5�x2x1 
 � + q�4�x2x2
 � q�2x1�x2 
 �+ q�2x1�x1 
 
�q�1�x4x3 
 � + �x4x4 
 
 + x3�x4 
 �+ x3�x3 
 
= h�2j�1i 
 �+ h�2j�1i 
 
 = 1 
 
 ;with similar 
omputations for the other generators.It was proven in [5℄ that the bundle 
onstru
ted in [4℄ is a 
oalgebra Galois extension[10, 7℄. The fa
t that our bundle A(S4q ) � A(S7q ) is Hopf-Galois shows also that these twoHopf bundles are di�erent.On our extension A(S4q ) � A(S7q ) there is a strong 
onne
tion. Indeed an H-Hopf-Galois extension B � P for whi
h H is 
osemisimple and has a bije
tive antipode isalso equivariantly proje
tive, that is there exists a left B-linear right H-
olinear splittings : P ! B 
P of the multipli
ation map m : B 
P ! P; m Æ s = idP [27℄. Su
h a map
hara
terizes the so 
alled strong 
onne
tion [13, 14℄.In parti
ular, if H has an invertible antipode S, an equivalent des
ription of a strong
onne
tion 
an be given in terms of a map ` : H ! P 
 P satisfying a list of 
onditions[8℄ (see also [16, 6℄). We denote by � the 
oprodu
t on H with Sweedler notation �(h) =h(1) 
 h(2), by Æ : P ! P 
 H the right-
omodule stru
ture on P with notation Æp =p(0) 
 p(1), and Æl : P ! H 
 P is the indu
ed left H-
omodule stru
ture of P de�ned byÆl(p) = S�1(p(1)) 
 p(0). Then, for the map ` one requires that `(1) = 1
 1 and that forall h 2 H, �(`(h)) = 1 
 h ;`(h(1))
 h(2) = (id
 Æ) Æ `(h) ;h(1) 
 `(h(2)) = (Æl 
 id) Æ ` (h) (51)The splitting s of the multipli
ation map is then given bys : P ! B 
 P ; p 7! p(0)`(p(1)) :Now, if g; h 2 H are su
h that `(g) = g1
 g2 and `(h) = h1
h2 satisfy 
ondition (51) sodoes `(gh) de�ned by `(gh) := h1g1 
 g2h2 : (52)If H has a PBW basis [19℄, this fa
t 
an be used to iteratively 
onstru
t ` on
e one knowsits value on the generators of H.For H = A(SUq(2)), with generators, �; 
; �� and �
, the PBW basis is given by �k
l�
m,with k; l;m 2 f0; 1; 2; : : : g and 
k�
l��m, with k; l 2 f0; 1; 2; : : : g and m 2 f1; 2; : : : g [31℄.Then, for our extension A(S4q ) � A(S7q ) the map ` 
an be 
onstru
ted as follows. Firstly,we put `(1) = 1
 1. Then, on the generators we set`(�) := D�1 :
 �1E ; `(��) := D�2 :
 �2E ;`(
) := D�2 :
 �1E ; `(�
) := �q�1 D�1 :
 �2E :These expressions for ` satisfy all the properties (51):21



Firstly, �(`(�)) = 1 
 � follows from the proof of Prop. 7. Then,(id
 Æ) Æ `(�) = q�6�x1 
 Æx1 + q�2x2 
 Æ�x2 + q�2�x3 
 Æx3 + x4 
 Æ�x4= D�1 :
 �1E
 � + D�1 :
 �2E 
 
= `(�) 
 �� q`(�
)
 
 = `(�(1))
 �(2) :Moreover(Æl 
 id) Æ `(�) = q�6(�
 �x1 � q2�
 
 �x2)
 x1 + q�2(q�
 
 x1 + �
 x2)
 �x2+ q�2(q2�
 
 �x4 + �
 �x3)
 x3 + (�q�
 
 x3 + � 
 x4)
 �x4= � 
 D�1 :
 �1E� q�
 
 D�2 :
 �1E= � 
 `(�) � q�
 
 `(
) = �(1) 
 `(�(2)) :Similar 
omputations 
an be 
arried for 
; �� and �
.That an iterative pro
edure 
onstru
ted by using (52) on the PBW basis leads to awell de�ned ` on the whole of H = A(SUq(2)) will be proven in the forth
oming paper[23℄ where other elaborations 
oming from the existen
e of a strong 
onne
tion will bepresented as well.6.1 The asso
iated bundle and the 
oequivariant mapsWe now give some elements of the theory of asso
iated quantum ve
tor bundles [12℄ (seealso [27℄). Let B � P be a H-Galois extension with �R the 
oa
tion of H on P . Let� : V ! V 
H be a 
orepresentation of H with V a �nite dimensional ve
tor spa
e andset �(v) = v(0) 
 v(1), with v 2 V . A 
orresponding 
oequivariant map is a linear map' : V ! P , with the property that'(v(0))
 S(v(1)) = �R'(v) ; 8 v 2 V ; (53)here S is the antipode of A(SUq(2)). The 
olle
tion ��(V; P ) of 
oequivariant maps is aright B-module with this stru
ture given by (' � b)(v) := '(v)b.The algebrai
 analogue of bundle nontriviality is translated in the fa
t that the Hopf-Galois extension B � P is not 
left [27℄. On the other hand, it is knows that for a 
leftHopf-Galois extension, the module of 
oequivariant maps ��(V; P ) is isomorphi
 (as aright B-module) to the free module �(V;B) of all linear maps from V to B [9, 15℄.For our A(SUq(2))-Hopf-Galois extension A(S4q ) � A(S7q ), let � : C 2 ! C 2
A(SUq(2))be the fundamental 
orepresentation of A(SUq(2)) with ��(C 2; A(S7q )) the right A(S4q )-module of 
orresponding 
oequivariant maps.Now, the proje
tion p in (28) determines a quantum ve
tor bundle over S4q whosemodule of se
tion is p[A(S4q )4℄, whi
h is 
learly a right A(S4q )-module.Proposition 8. The modules p[A(S4q )4℄ and ��(C 2; A(S7q )) are isomorphi
 as right A(S4q )-modules.A proof of this Proposition will be given in a forth
oming paper [23℄. There, we shallalso extend our 
onstru
tions to any irredu
ible 
orepresentation of A(SUq(2)), and inparti
ular we shall 
onstru
t the proje
tions giving the 
orresponding asso
iated bundles.22



Proposition 9. The Hopf-Galois extension A(S4q ) � A(S7q ) is not 
left.Proof. As mentioned, the 
leftness of the extension does imply that all modules of 
o-equivariant maps are free. On the other hand, the nontriviality of the pairing (46) betweenthe de�ning proje
tion p in (28) and the Fredholm module � 
onstru
ted in Se
t. 5 alsoshows that the module p[A(S4q )4℄ ' ��(C 2 ; A(S7q )) is not free.A
knowledgmentsWe are grateful to Tomasz Brzezi�nski and Piotr M. Haja
 for several important remarkson a previous version of the 
ompus
ript. Also, Eli Hawkins, Walter van Suijlekom,Mar
oTarlini are thanked for very useful dis
ussions.A The 
lassi
al Hopf �bration S7 ! S4We shall review the 
lassi
al 
onstru
tion of the basi
 anti-instanton bundle over the fourdimensional sphere S4 in a `non
ommutative parlan
e' following [18℄. This has been usefulin the main text for our 
onstru
tion of the quantum deformation of the Hopf bundle.We write the generi
 element of the group SU(2) asw = � w1 w2� �w2 �w1 � : (54)The SU(2) prin
ipal �bration SU(2)! S7 ! S4 over the sphere S4 is expli
itly realizedas follows. The total spa
e isS7 = fz = (z1; z2; z3; z4) 2 C 4 ; 4Xi=1 jzij2 = 1g ; (55)with right diagonal a
tionS7 � SU(2) ! S7 ; z � w := (z1; z2; z3; z4)0BB� w1 w2 0 0� �w2 �w1 0 00 0 w1 w20 0 � �w2 �w1 1CCA : (56)The bundle proje
tion � : S7 ! S4 is just the Hopf proje
tion and it 
an be expli
itlygiven as �(z1; z2; z3; z4) := (x; �; �) withx = jz1j2 + jz2j2 � jz3j2 � jz4j2 = �1 + 2(jz1j2 + jz2j2) = 1� 2(jz3j2 + jz4j2) ;� = 2(z1�z3 + z2�z4) ; � = 2(�z1z4 + z2z3) : (57)One 
he
ks that j�j2 + j�j2 + x2 = (P4i=1 jzij2)2 = 1 .We need the rank 2 
omplex ve
tor bundle E asso
iated with the de�ning left repre-sentation � of SU(2) on C 2 . The qui
kest way to get this is to identify S7 with the unitsphere in the 2-dimensional quaternioni
 (right) H -module H 2 and S4 with the proje
tive23



line P1(H ), i.e. the set of equivalen
e 
lasses (w1; w2)t ' (w1; w2)t� with (w1; w2) 2 S7and � 2 Sp(1) ' SU(2). Identifying H ' C 2, the ve
tor (w1; w2)t 2 S7 readsv = 0BB� z1 z2��z2 �z1z3 z4��z4 �z3 1CCA : (58)This is a
tually a map from S7 to the Stie�el variety of frames for E. In parti
ular,noti
e that the two ve
tors j 1i ; j 2i given by the 
olumns of v are orthonormal, indeedv�v = I2. As a 
onsequen
e, p := vv� = j 1i h 1j+ j 2i h 2j (59)is a self-adjoint idempotent (a proje
tor), p2 = p, p� = p. Of 
ourse p is SU(2) invariantand hen
e its entries are fun
tions on S4 rather than S7. An expli
it 
omputation yieldsp = 120BB� 1 + x 0 � �0 1 + x ��� ���� �� 1 � x 0�� � 0 1� x 1CCA ; (60)where (x; �; �) are the 
oordinates (57) on S4. Then p 2 Mat4(C1(S4; C )) is of rank 2by 
onstru
tion.The matrix v in (58) is a parti
ular example of the matri
es v given in [1℄, for n =1; k = 1; C0 = 0; C1 = 1; D0 = 1; D1 = 0. This gives the (anti-)instanton of 
harge �1
entered at the origin and with unit s
ale. The only di�eren
e is that here we identify C 4with H 2 as a right H -module. This notwithstanding, the proje
tions 
onstru
ted in thetwo formalisms a
tually 
oin
ide. Finally re
all that, as mentioned already, the 
lassi
allimit of our quantum proje
tion (28) is 
onjugate to (60).The 
anoni
al 
onne
tion asso
iated with the proje
tor,r := p Æ d : �1(S4; E) ! �1(S4; E)
C1(S4;C) 
1(S4; C ); (61)
orresponds to a Lie-algebra valued (su(2)) 1-form A on S7 whose matrix 
omponents aregiven by Aij = h ijd ji ; i; j = 1; 2 : (62)This 
onne
tion 
an be used to 
ompute the Chern 
hara
ter of the bundle. Out of the
urvature of the 
onne
tion r2 = p(dp)2 one has the Chern 2-form and 4-form givenrespe
tively by C1(p) := � 12�i tr(p(dp)2) ;C2(p) := � 18�2 [tr(p(dp)4)� C1(p)C1(p)℄ ; (63)with the tra
e tr just an ordinary matrix tra
e. It turns out that the 2-form p(dp)2 hasvanishing tra
e so that C1(p) = 0 : (64)24



As for the se
ond Chern 
lass, a straightforward 
al
ulation shows that,C2(p) = � 132�2 [(x0dx4 � x4dx0)(d�)3 + 3dx0dx4 � (d�)2℄= � 38�2 [x0dx1dx2dx3dx4 + x1dx2dx3dx4dx0+x2dx3dx4dx0dx1 + x3dx4dx0dx1dx2 + x4dx0dx1dx2dx3℄= � 38�2 d(vol(S4)) : (65)The se
ond Chern number is then given by
2(p) = ZS4 C2(p) = � 38�2 ZS4 d(vol(S4)) = � 38�2 83�2 = �1 : (66)The 
onne
tion A in (61) is (anti-)self-dual, i.e. its 
urvature FA := dA+A ^ A satis�es(anti-)self-duality equations, �HFA = �FA, with �H the Hodge map of the 
anoni
al(round) metri
 on the sphere S4. It is indeed the basi
 Yang-Mills anti-instanton foundin [2℄.B Proof of Prop.s 5 and 2We sket
h how the proof of Prop. 5 on the fa
t that elements of A(S4q ) are the only
oinvariants, 
an be 
ompleted. A similar argument will work also for Prop. 2 
on
erningthe algebra of 
oinvariants A(S7q ) .Let us 
onsider the grading A(S7q ) = �Ad(S7q ); where Ad(S7q ) denote the subspa
es ofhomogeneous polynomials of degree d. First of all, noti
e that there 
annot be 
oinvariantsof odd degree d due to the fa
t that Æ preserves the grading. For d = 2m, the basi
 ideais to noti
e that the 
oinvariant subspa
es (of degree d) are the kernels of the linear map~Æd : Ad(S7q )! Ad(S7q )
Ad(SUq(2)) given by~Æd(x) = Æ(x)� x
 (��� + q2�

)m (67)One 
an easily 
onvin
e oneself that it is possible to 
hoose generators (not ne
essarilyindependent) in the sour
e and in the target of ~Æd in su
h a way that the matrix Mdrepresenting ~Æd has s
alar entries whi
h are independent of q. Choosing a basis amongthe generators amounts to delete some lines and 
olumns of Md yielding a matrix with
onstant entries as before. A

ordingly the dimension of the kernel is independent ofq and it is equal to the 
lassi
al 
ase (q = 1). It remains to show that we have asmany 
oinvariants at ea
h degree as 
lassi
ally. This has been already 
he
ked at d = 2.At higher degrees we use the diamond lemma [3℄, whose notation and terminology areadopted in the following. We use the redu
tion systemS = 8>><>>: (ba; q�4ab) ; (b�a; �ab) ; (�bb; q4t(1 � t)� q8�aa)(at; q2ta) ; (�at; q�2t�a) ; (b�b; (1� q�4)t2 + q�4�bb)(�ba; a�b) ; (�b�a; q4�a�b) ; (b�b; q�2t(1� q�2t)� a�a)(bt; q�4tb) ; (�bt; q4t�b) ; (a�a; (1 � q�2)t� q4�aa) 9>>=>>; ;25



in su
h a way that the 
orresponding ideal of relations gives pre
isely the 
ommutationrelations (29), (30) and their 
onjugates. Furthermore we use the lexi
ographi
 orderingindu
ed by the following ordering of the letterst < �a < a < �b < bwhi
h is 
ompatible with S and obviously satis�es the des
ending 
hain 
ondition. Thereare only overlap ambiguities in S, whi
h 
an be all resolved. Then by Th. 1.2 [3℄, a ve
torspa
e basis for the spa
e Ad(S4q ) 
an be 
hosen to 
onsist of the S-irredu
ible elementsgiven by fti�ajaj0�bkbk0 with kk0 = 0; i+ j + j 0 + k + k0 = dg:This result is in a

ordan
e with a similar one in [4℄. These same elements form a basis forthe 
lassi
al 
oinvariants as well; thus the 
ardinality of the basis is the required one.
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